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Abstract. When computing on massive graphs, it is not tractable to iterate over the full
graph. Local graph methods aim to analyze properties in a neighborhood of a seed vertex.
Graph partitioning is an example of a problem that has a local analog. It attempts to find a
sparse cut of a specific volume near a seed vertex. Previous work attempts to approximate
the optimal partition through standard, PageRank, and Heat Kernel PageRank random
walks. We review these methods and focus on a recent improved approximation result from
the Heat Kernel PageRank. Specifically, we show that the result was obtained via a false
Local Cheeger Inequality. We present a counterexample, explain the flaw in the proof, obtain
weaker, correct results, and cite implications on Hardness of Approximation if the algorithm
is able to achieve its approximation ratio.

1. Introduction

The big data revolution and the emergence of massive information networks in everyday
life motivate the analysis of properties and algorithms on large graphs. These networks are
represented as graphs by treating each network connection as an edge between two vertices
and studied with combinatorial and spectral tools. Early research looked at ranking vertices
in the graph based on their influence for use in ranking Webpages for Web search engines.
This Hub-and-Authority algorithm is an early way of producing a ranking by using an
eigenvector to weigh importance. However, computing an eigenvector can be prohibitively
expensive for large graphs because it requires iteration over the full graph structure. This
brought about the need to study local graph algorithms that perform computations on
a small subset of the graph around a seed vertex. Random walks prove useful for these
computations because their running times are proportional to the volume they operate on.
We will focus on local graph partitioning, the problem of finding local sparse cuts, and fast
spectral algorithms that produce approximately optimal cuts through random walks.

Graph partitioning is classical problem that involves finding a partition or cut of the
vertices of a graph into two sets that have large volumes without removing many edges.
Formally, this is the process of minimizing the conductance of a selected cut. The optimal
graph partitioning algorithm is NP-complete, but approximation algorithms have proven
effective at efficiently finding an approximate solution. A spectral approximation algorithm
finds partitions by ordering vertices by a ranking, usually the second eigenvector, and cut
along the sorted vector to produce a partition composed of the high scoring vertices. Be-
cause it scans the vector of vertices only once, it is called a one-sweep algorithm. This is
advantageous because it considers O(n) potential cuts instead of an exponential number of

Date: December 1, 2014.
1



LOCAL CHEEGER INEQUALITIES AND SPARSE CUTS 2

potential cuts. And the resulting cuts have good performance guarantees giving approxima-
tion ratios that are O(

√
OPT) by using analysis from Cheeger Inequalities. Although the

best approximation algorithm achieves an approximation ratio of O(
√
n) via semi-definite

relaxation [9], one-sweep algorithms are still popular for their simplicity. But even an O(n)
runtime can be intractable for the large graphs we would like to process.

Local graph partitioning is variant of this problem tractable for our model. The goal of
the local graph partitioning is to find a sparse cut of a specified size given a starting, seed
vertex. Because these algorithms are limited to a specific volume, they only need to process
a small subset of the full graph to find their partition. Spectral approximation algorithms
operate similarly to their behavior in the classical graph partitioning problem by finding
sweeps of ranking vectors except they compute these ranking vectors through random walks
starting at the seed vertex. Although standard random walks are effective ways to do this,
the PageRank random walk currently gives the best cut that is O(

√
φ log s) where φ is the

target conductance and s is the desired cut size [6]. The performance guarantees of these
algorithms are given by Local Cheeger Inequalities.

Recently, an algorithm that uses a PageRank variant called Heat Kernel PageRank to
perform the random walk showed the potential to produce cuts that areO(

√
log s) better than

previously known, removing the approximation dependence on the target cut volume and
giving a constant factor approximation [2]. If this algorithm is correct, it has ramifications
in Hardness of Approximation because it implies that the conjectured NP-hard small-set
expansion problem can be solved efficiently and gives strong evidence against the Unique
Games Conjecture, one of the major open problems in complexity theory.

However, the proof of its approximation ratio uses an incorrect Local Cheeger Inequality.
We explore where the proof goes astray by first constructing a counterexample that exem-
plifies why the bound cannot be true both explicitly and intuitively. Next, we review the
proof and point out where it fails. Finally, we explore recoverable weaker results from the
proof that may still be useful to analyze the performance of Heat Kernel PageRank.

2. Background

2.1. Definitions. A graph G = (V,E) is composed of a set of vertices V and edges E. An
adjacency matrix A captures this structure with A(u, v) = 1 if (u, v) ∈ E and A(u, v) = 0
otherwise. The degree of a vertex u is du, and D is a diagonal matrix such that D(u, u) =
du, u ∈ V .

The random walk matrix W is defined for every pair of vertices (u, v) to be a uniform
distribution of the outgoing edges from u and 0 if the pair is not an edge in the graph.

W (u, v) =

{
1
du
, if(u, v) ∈ E

0 otherwise

W can more compactly be represented byW = D−1A. A random walk onW will converge
assuming that it is connected and non-bipartite meaning it cannot be partitioned into two
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vertex sets. We assume that the all graphs considered obey these two properties. Addition-
ally, the lazy random walk is defined as W ′ = W+I

2
where the difference is that there is equal

probability of staying at the same vertex versus moving.

The volume of a set of vertices is defined to be the sum of the degrees of vertices in the
set or vol(S) =

∑
u∈S du. Note that this sum double counts contributions from edges (u, v)

such that u ∈ S and v ∈ S. The edge boundary of S, ∂(S), is defined to be the set of edges
leaving S.

∂(S) = {(u, v) ∈ E : u ∈ S and v 6∈ S}
.

Given a partition S, let S = V \S be the complement of S. These definitions are useful for
representing the conductance (also called Cheeger ratio) of a set φS. This ratio captures the
spread of some a random walk out of S. Namely, a larger conductance means better mixing.
Correspondingly, a lower conductance represents a large set of vertices weakly connected to
the rest of the graph constituting a sparse cut.

φS =
|∂(S)|

min(vol(S), vol(S))

2.2. Sparse Cuts. The global conductance of a graph is minimum, bottleneck conductance
φG = minS⊆V φS, and the local conductance of a set S is φ∗S = minT⊆S φT . Note that φS does
not necessarily equal φ∗S because φ∗S is computed from cuts of subsets. The classical graph
partitioning optimization problem involves finding S that produces φS = φG, the minimum
conductance in the graph. Because this problem is NP-complete, we are more interested
in algorithms that find cuts with approximately minimal conductance [4]. As previously
mentioned, a common way to do this is to compute a ranking of the vertices and perform a
sweep of the ranking vector. Namely given an ranking function f : V → R, a sweep finds
the minimum conductance of cuts computed by ordering the vertices by decreasing rank
weighted by volume.

f(v1)

dv1
≥ f(v2)

dv2
≥ ... ≥ f(vn)

dvn

Each cut is then computed by choosing i to select the first v1, v2, ..., vi vertices to com-
pose the set Si. Using these cuts, we can compute the minimum conductance over the n
possible cuts mini φSi

. Because these algorithms give cuts that approximate the minimum
conductance, we need tools to give bounds on the conductance of these cuts. These bounds
are given by analyzing Cheeger Inequalities. Cheeger Inequalities are used to relate the con-
ductance of the graph, eigenvalues, and convergence of random walks. The most famous of
these bounds is called Cheeger’s Inequality:

Theorem 1.
φ2
G

2
≤ ν2 ≤ 2φG
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which bounds the second smallest eigenvalue of a normalized Laplacian matrix N by
the minimum conductance of the graph. When applied to random walk matrices, N =
I −D−1/2W ′D1/2 and the eigenvalues of N map to the eigenvalues of W ′, the lazy random
walk matrix, by νi = (1 − λi)/2. Note the i smallest eigenvalue of N is related to the
i largest eigenvalue of W ′. This inequality is the basis the analysis for one sweep sparse
cuts algorithms that use the second eigenvector as a ranking because it relates the second
eigenvalue to the squared minimum conductance of the graph.

Cheeger’s Inequality also relates the conductance of the graph to the distance of random
walks from their stationary distribution which is useful in the analysis of random walks for
sparse cuts. pt,u(v) is the probability mass at vertex v on time step t of a lazy random walk
starting from vertex u. pt,u = (W ′)tχu where χu is the indicator vector for vertex u. The
distance from the stationary distribution for each vertex v given a seed vertex u is controlled
by its second largest eigenvalue λ2.

|pt,u(v)− π(v)| ≤
√
dv
du
λt2

.

This can be converted to an expression using eigenvalues of the normalized Laplacian
matrix.

|pt,u(v)− π(v)| ≤
√
dv
du

(
1− ν2

2

)t
By applying Cheeger’s inequality, we achieve a bound on the convergence as a function of

the minimum conductance of the graph.

Theorem 2.

|pt,u(v)− π(v)| ≤
√
dv
du

(
1− φ2

G

4

)t
Although this result is useful for the classical sparse cuts problem, it depends on the global

conductance of the graph instead local conductance, something we attempt to avoid in our
model. For the large graphs we are interested in, this bound may be loose because φG is tiny
due to a bottleneck in a distant part of the graph that is never encountered by a random
walk. This motivates studying Local Cheeger Inequalities that relate the convergence of
random walks to local conductances they actually encounter.

2.3. Local Sparse Cuts. The following Theorem by Lovász and Simonovits spawned re-
search into local bounds on random walks using the idea of computing conductance over
visited cuts [1].

Theorem 3. Let vol(S) ≤ vol(G)/2. Then, for any seed u,

|pt,uS − π(S)| ≤

√
vol(S)
du

(
1− φt,u

8

)t
.



LOCAL CHEEGER INEQUALITIES AND SPARSE CUTS 5

where φt,u is the minimum conductance of a threshold cut of the vectors

D−1p0, D
−1p1, ..., D

−1pt−1.

This theorem forms the basis for Spielman and Teng’s sparse cuts algorithm [10]. It
follows directly from this theorem by running the lazy random walk for t steps, computing
the conductance of each of the n cuts along the way and returning the minimum conductance
cut it sees. By reversing Lovász and Simonovits to become a bound on φt,u, they obtain an
upper bound on the conductance of the resulting set.

Although this makes progress towards our goal of an efficient local partitioning algorithm,
it still considers t sweeps of probability vectors through t steps of a lazy random walk. And
each ordered probability vector sweep has n locations to perform a partition. This means
that the number of considered cuts is O(tn). Because this runtime is still a function of n, it
is not tractable for our model. Additionally, there is room to reduce the number of sweeps
considered from t back to just one sweep.

Local graph partitioning is a tractable variant of the graph partitioning problem that
allows us to efficiently perform partitioning on large graphs. The problem is given seed
vertex u along with a target volume s to find a cut around u with volume at most s that has
minimal conductance. Because we are restricting partitions to this volume, researchers have
been able reduce the runtime of computing random walks and number of cuts considered to
both be functions of s rather than n. This is done by considering other random walks.

2.4. PageRank. PageRank is random walk that models the probability of ending at a vertex
when a walk randomly moves for a number of steps governed by a geometric random variable.
We will consider the Personalized PageRank which assumes an initial seed u. α is a jumping
constant representing the likelihood of ending the walk at each step. This can be understood
recursively by the following recurrence.

prα,u = αχu + (1− α)prα,uWχu.

Equivalently, PageRank can be computed explicitly via an infinite geometric sum over the
number of hops of the walk. This also gives the closed form solution.

prα,u = α
∞∑
k=0

(1− α)kW kχu = α(I − (1− α)W )−1χu

The algorithm for computing local spare cuts with PageRank is simple. Simply compute
the PageRank vector prα,u for a chosen α = O(φ) where φ is a guess at the minimum
conductance and keeping in mind the maximum volume s. The perform a sweep of prα,u to
obtain a local, low conductance cut of volume less than s.

PageRank can be ε-approximated in sub-linear time of the size. The current best runtime
is O( log s log 1/ε

log ε
) [7]. Additionally, sorting the vector via a comparison sort runs in O(s log s)
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assuming for comparing volume to vertices that edges are unweighted. This gives combined
runtime of O( log s log 1/ε

log ε
+ s log s) [7].

The final step is to analyze the quality of cuts PageRank produces is to determine a
Cheeger inequality mixing result. Because we are only considering cuts of size at most s,
conductance that appears in the inequality is only useful for the analysis if it is also limited
to that volume. Therefore, the s-local conductance of the PageRank vector with seed u and
parameter α is σα,u,s and is defined to be the minimum conductance over a sweep of prα,u
only considering cuts Si with vol(Si) ≤ s. This gives the following inequality:

prα,u(S)− π(S) ≤ αt+
√
s
(
1− σα,u,s

8

)t
for any integer t ≥ 0. Note that whenever a function f is applied to a vertex set S,

f(S) =
∑

v∈S f(v). Without going into the analysis, this inequality can be reversed to
give σα,u,s ≤ O(

√
φ log s) which is the best known cut bound obtained by local sparse cut

algorithms. Heat Kernel PageRank showed promise at improving on this bound, but it’s
result follows from analysis of an incorrect Cheeger inequality.

2.5. Heat Kernel PageRank. Heat Kernel PageRank is a variant on PageRank. It is
inspired by the heat equation from spectral geometry and is similar to the original PageRank
except the underlying geometric distribution is replaced with a Poisson distribution. Instead
of α, it has a parameter t which represents the temperature of the Heat Kernel and also the
expected number of steps of the walk. It still uses u to seed the random walk. Instead of a
recurrence, it satisfies the heat equation [2].

∂

∂t
ρt,u = −ρt,u(I −W )

And the Heat Kernel PageRank can be also be written as the infinite exponential sum of
the number of steps of the walk given by the Poisson distribution also resulting in a closed
form solution.

ρt,u = e−t
∞∑
k=0

tk

k!
W kχu = e−t(I−W )χu

The strategy for using Heat Kernel PageRank to find local sparse cuts is the same as in
the case of regular PageRank, compute and perform a sweep of ρt,u to find low conductance
cut. The state of the art method for computing a local ε-approximation of Heat Kernel
PageRank is a little slower but still runs in sub-linear time of O( log s log 1/ε

ε3 log log ε
) [8]. Therefore the

combined runtime of the algorithm is O( log s log 1/ε
ε3 log log ε

+ s log s).

The difference is that Chung was able to obtain a different Cheeger inequality than the
one used in PageRank analysis [3]. It still gives an upper bound on the distance of the
Heat Kernel random walk from the stationary distribution using the s-local conductance of
a sweep of the Heat Kernel PageRank vector. This conductance is called κt,u,s. A differing
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technical detail is that the s-local conductance when talking about κt,u,s considers cuts of
volume less than 2s instead of just s. She obtains the following inequality:

ρt,u(S)− π(S) ≤
√

s

du
e−tκ

2
t,u,s/4

.

Notice that it has slightly different from than the inequality used for PageRank, specifically
it lacks an additive term that is a function of its parameter. Assuming this inequality is true,
it follows that the quality of cuts produced by the Heat Kernel PageRank is O(

√
φ). This

time, we will present how this bound is obtained because it is relevant to our discussion.

Let φ∗u,s be the minimum Cheeger Ratio of any cut seeded at u of volume less than 2s.
Chung proves a lower bound on this distance from the stationary distribution using this
conductance.

1

2
e−2tφ

∗
u,s ≤ ρt,u(S)− π(S)

These two can be combined to give

1

2
e−2tφ

∗
u,s ≤

√
s

du
e−tκ

2
t,u,s/4.

After, rearranging we obtain

2

√
φ∗u,s +

2 log s

t
≥ κt,u,s.

When we choose t = 2 log s/φu,s, the resulting bound on the Heat Kernel PageRank
conductance is O(

√
φu,s) ≥ κt,u,s giving an improvement of O(

√
log s) over the resulting

PageRank conductance.

3. Implications on Hardness on Approximation

The correctness of the resulting conductance from the Heat Kernel PageRank we first
questioned because of its implications on complexity theory if it were correct. Specifically,
this result affect the Small-Set Expansion Problem [5]. The Small-Set Expansion Problem
is an optimization problem to determine the expansion profile φ(δ) of a graph which is the
minimum conductance of a subset with a certain size, here size referring to the number of
vertices in the set instead of volume. Formally, φ(δ) = min|S|=δn φS,∀δ ∈ [0, 1/2]. The
approximation variant involves finding a constant approximation to this expansion profile.
Like many problems when dealing with approximation algorithms, this can be restated by
an equivalent decision problem called the Gap-Small-Set Expansion Problem. Given (η, δ),
decide φ(δ) ≥ 1− η versus φ(δ) < η. Note that this is called a promise problem because the
algorithm is promised that exactly one of those conditions hold in the input, and it just has
to decide which one.
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The Gap-Small-Set Expansion Problem has recently receive attention because of its ties to
the Unique Games Conjecture. Informally, the Unique Games Problem is a famous problem
in the complexity of approximation algorithms because it reduces to many classical NP-hard
problems like Vertex Cover and Max Cut. Although researchers have not yet found a reverse
reduction from one of these problems to Unique Games, the Unique Games Conjecture states
that this reduction exists and therefore the Unique Games Problem is NP-hard. Although
many unproven conjectures still surround it, Unique Games is often described at the 3-SAT
of approximation algorithms.

Gap-Small-Set Expansion was shown to reduce to the Unique Games problem, becoming
one of the first nontrivial problems to do so. Although a reduction from Unique Games to
Gap-Small-Set Expansion has not been found, researchers conjecture that it exists making
the two problems equivalent. If this conjecture and the Unique Games Conjecture are both
true, it would imply that Gap-Small-Set Expansion is NP-hard.

The surprising thing about the result of Heat Kernel PageRank is that it is able to solve the
Gap-Small-Set Expansion problem. Recall that Heat Kernel PageRank takes a parameter
φ when choosing t and is able to produce a cut that is O(

√
φ) for a specified volume s and

seed u. This can be adapted to Gap-Small-Set Expansion by relating η to φ and δ to s to
apply the algorithm. And the resulting cut is a constant approximation of the input so it is
able to distinguish between sets with high conductance and low conductance for a given size
δ, solving the Gap-Small-Set Expansion problem in polynomial time of the target size.

This result implies that Gap-Small-Set Expansion is easy and thus not NP-hard. Al-
though this doesn’t immediately imply that the Unique Games Problem is easy because this
reduction is only conjecture, it gives evidence against the Unique Games Conjecture.

4. Heat Kernel Cheeger Inequality

Because of the strength of the result, the Cheeger Inequality used to derive the approx-
imation ratio deserved more inspection. We found this inequality to be false through a
counterexample. Next, we analyzed Chung’s proof to find the mistake. And finally, we at-
tempted to weaken the statement to see if we could obtain an inequality similar to the one
used in PageRank.

4.1. Counterexample. At first glance, the inequality seem plausible because of its similar
structure to the other Cheeger inequalities. But its restriction to only consider cuts that
have a limited volume without adding an error term causes it be sometimes overestimate the
spread of probability mass. Consider the counterexample in Figure 5.1. This is Dumbbell
Graph Dn that represents two complete graphs of n vertices each connected by one edge.
The complication is that the connecting edge has an extremely small weight δ << 1. This
simulates the effect of almost disconnecting the two complete graphs. The target set is S
with volume s = 10 and the seed is labeled u. The edge gives the graph an extremely low
global conductance of φG = O( δ

n2 ) ≈ 0 by considering a cut that naturally partitions the
two complete graphs. Note that the stationary distribution for the graph is π(v) ≈ 1/12.

Meanwhile for a reasonably large choice of t that is still significantly less than 1/δ, ρt,u ≈
1/6 for u in the left complete graph while ρt,u ≈ 0 because the random walk does not have
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S

u
δ

Figure 4.1. Modified Dumbbell Graph D6 Counterexample

high enough temperature to significantly cross the weak edge. Thus, the distance from the
stationary distribution for set S is 1/6. Finally, κt,u,s ≈ 2/5 because sweeps of ρt,u can
essentially take any four vertices in the left complete graph to maintain a volume less than
2s. But notice that κt,u,s is significantly larger than φG. By limiting the volume of cuts on
the sweep, the cut that separates the two complete graphs cannot be considered because it
is too large. Thus the right side of the inequality is small due to a reasonably sized choice of
t that is not counteracted much by κt,u,s and certainly smaller than 1/6. For concrete values
to see this, choose δ = 1/1000 and t = 100. Note that this effect can be replicated in an
unweighted graph by replacing the edge with weight δ with a long path while increasing the
sizes of the complete graphs forming a Bolas Graph Bn.

Analytically, this counterexample can be analyzed by realizing that κt,u,s is unable to be
depending on δ while ρt,u is extremely dependent on δ and t. Thus, an adversary attempting
to disprove this inequality could increase t to drive the right side to zero while decreasing δ
to maintain a constant value on the left side.

This counter example gives us the intuition that the convergence of the random walk can
be extremely dependent on the structure of the graph outside of a certain volume. In our
example, the random walk seems to think it converged to the stationary distribution because
it had a high local conductance when really a harsh bottleneck was just outside the set S
we were considering. This prevented the random walk from quickly converging to the true
stationary distribution. But because the inequality cannot capture this low conductance
cut because it has too large of a volume, the upper bound believed the walk converged
significantly more quickly than it actually has.

4.2. Review of the Proof. The incorrect inequality Chung uses is the following.

Theorem 4. In a graph G with a subset S with volume s ≤ vol(G)/4, for any vertex u ∈ G,

ρt,u(S)− π(S) ≤
√

s

du
e−tκ

2
t,u,s/4
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The proof follows the form where she attempts to upper bound the maximum the distance
from the stationary distribution for any set of volume x by the right exponential of the
inequality. First, she derives an inequality for an arbitrary ranking function f : V → <.
Define f(u, v) = f(u)/dv if (u, v) ∈ E otherwise 0. Define f(x) for some volume x to be the
maximum summed ranking using f for a set that achieves volume x. Formally when x is an
integer,

f(x) = max
T⊆V×V and |T |=x

∑
(u,v)∈T

f(u, v).

f(x) is interpolated for non-integer x such that for real x = k + r and r ∈ [0, 1], f(x) =
(1 − r)f(k) + rf(k + 1). Notice this definition causes f(x) to be concave in x because on
increasing x, the function adds an edge that has ranking smaller than the previously added
edges. Recall that W ′ is the lazy walk matrix.

f(S)W ′ = 1
2

(
f(S) +

∑
u→v and v∈S

f(u, v)

)

= 1
2

( ∑
u∈S or v∈S

f(u, v) +
∑

u∈S and v∈S
f(u, v)

)
≤ 1

2
(f(vol(S) + |∂S|) + f(vol(S)− |∂S|))

= 1
2
(f(vol(S)(1 + φS)) + f(vol(S)(1− φS)))

So far the analysis holds cleanly for any f . Now we choose f = ρt,u − π to rank by the
distance from the stationary distribution. This allows us to rewrite the inequality above in
terms of the target volume x and the minimum s-local conductance over the sets we are
considering which are constructed, given our new f , by sweeps of ρt,u. By the concavity
of f(x), we can replace φS with κt,u,s ≤ φS to obtain this inequality because decreasing φs
increases the sum.

f(x)W ′ ≤ 1

2
(ft(x(1 + κt,u,s)) + ft(x(1− κt,u,s))))

Note this only holds for x ∈ [0, 2s] otherwise κt,u,s ≤ φS may not be true. In fact for
x > 2s, this inequality may be strongly incorrect. For example, the real conductance of a
larger set S could be extremely small, and we replace it with the larger κt,u,s. This is the
same phenomenon that appeared in the counterexample. While this doesn’t immediately
affect the proof, this boundary condition affects x ∈ [0, 2s] as we show next.

Now for x ∈ [0, 2s], we apply the fact that ρt,u satisfies the heat equation to obtain
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∂
∂t
ft(x) = −ρt,u(I −W )(x)

= −2ρt,u(I −W ′)(x)

= −2ft(x) + 2ft(x)W
′

≤ −2ft(x) + ft(x(1 + κt,u,s)) + ft(x(1− κt,u,s)))

≤ 0

The last inequality proves ft(x) is decreasing in t by applying the fact that ft(x) is concave
in x to the inequality above it. The final goal is to upper bound ft(x) by gt(x) =

√
s
du
e−tκ

2
t,u,s/4

to prove the theorem. To do this, Chung notes the initial conditions of the two functions
satisfy f0(x) ≤ g0(x), ft(0) = gt(0), and ∂

∂t
ft(x)|t=0 ≤ ∂

∂t
gt(x)|t=0. Finally, she uses the

bound we obtained on the partial derivative of ft(x) with respect to t to attempt that gt(x)
decays less rapidly.

∂
∂t
gt(x) = −κ2t,u,s

4
gt(x)

≥
(
−2 +

√
1 + κt,u,s +

√
1− κt,u,s

)
gt(x)

= −2gt(x) + gt(x(1 + κt,u,s)) + gt(x(1− κt,u,s))

≥ −2ft(x) + ft(x(1 + κt,u,s)) + ft(x(1− κt,u,s))

≥ ∂
∂t
ft(x)

The jump to the second step follows from noting that −y2/4 ≥ −2+
√
1 + y+

√
1− y for

any y ∈ [−1, 1]. However this is the flaw in the proof. Chung assumes almost inductively
when comparing the partial derivatives at x that ft(x(1+κt,u,s)) ≤ gt(x(1+κt,u,s)). But when
looking at x near but below 2s, this inequality may not be true because it reaches outside
the boundary. Specifically, we showed earlier that outside 2s, f(x)W ′ may be significantly
larger than what the inequality shows. Thus, the decay of ft(x) with respect to t may be
stagnant while gt(x) is still decaying rapidly. So f(x) � g(x) for x > 2s. Additionally, this
affects results in the boundary when invoked as ft(x(1+κt,u,s)) ≤ gt(x(1+κt,u,s)). Therefore,
we cannot prove ft(x) ≤ gt(x).

If this wasn’t an issue, the proof would be completed by the following:

ρt,u(S)− π(S) ≤ ρt,u(s)− π(s)

≤ ft(s)

≤
√

s
du
e−tκ

2
t,u,s/4
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4.3. Weaker Results. As demonstrated both in the counterexample and proof analysis,
the theorem breaks down when there is a large disparity between the local conductance
of a certain volume and the conductance of the larger region it is inclosed in. This is
because although locally it seems like the walk is close to its stationary distribution, the small
conductance prevents the probably mass from escaping to converge to the true stationary
distribution.

Notice that the proof is correct if we replace κt,u,s with κt,u, the minimum conductance of
all possible cuts of ρt,u including cuts with volume greater than 2s. Because κt,u does not
have a maximum allowed volume, it doesn’t have boundary conditions on the inequalities.
Thus the argument follows nicely as intended and gives the following bound.

ρt,u(S)− π(S) ≤
√

s

du
e−tκ

2
t,u/4

This turns out to be just a weaker version of a Cheeger’s inequality for the heat kernel
random walk. Chung has a proof of a stronger form of it in her paper.

ρt,u(S)− π(S) ≤
√

s

du
e−t(κ

2
t,u+κ

2
t,v)/4

Additionally because this conductance considers all cuts, it doesn’t give the algorithmic
benefit of reducing the runtime to a dependence on just s. Thus, the runtime of the Heat
Kernel PageRank would have to be a function of n to use this inequality.

We noticed that the Cheeger Inequality for PageRank avoided these problems but still
used a conductance derived from a sweep of limited volume. This inequality differed slightly
in that it had an additive term. Our intuition is that we should be able to achieve a similar
result using the Heat Kernel PageRank. And this inequality would likely give cuts that
perform the same as PageRank with conductance O(

√
φ log s). One immediate additive

term we can use is 1/2− s/vol(G) to give the inequality

ρt,u(S)− π(S) ≤
√

s

du
e−tκ

2
t,u,s/4 +

(
1

2
− s

vol(G)

)
.

This term compares the worst case difference between the stationary distribution of a
subgraph of volume 2s and the full graph. This compensates for the fact that little probability
mass may have left the volume of 2s as seen in our counterexample. Note that this bound
is exceptionally weak if s << vol(G)/2 but performs similarly to the non-volume restricted
case when s ≈ vol(G)/2. This additive term fixes the boundary conditions by ensuring
ft(x) ≤ gt(x) even for x > 2s. Future work should look at additional terms like this that
may instead depend on t to obtain a tighter bound.

5. Conclusion

We surveyed the problem of local graph partitioning by giving a background of approx-
imate graph partitioning in general, discussing Cheeger Inequalities and their relation to



LOCAL CHEEGER INEQUALITIES AND SPARSE CUTS 13

random walks, and reviewing the PageRank and Heat Kernel PageRank random walks for
use in fast, local sparse cut algorithms. We highlighted a recent result from the Heat Kernel
PageRank that would improve on the best known cut approximation by removing its de-
pendence on s and noted the implications on complexity theory if it is correct. Finally, we
provided a counterexample for a Cheeger inequality used to obtain the bound, explained the
flaw in the proof, and provided alternate, weaker Cheeger inequalities that may be useful
instead to analyze the performance of Heat Kernel PageRank local cuts.
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