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Abstract

A fundamental limitation of causal inference in observational studies is that perceived
evidence for an effect might instead be explained by factors not accounted for in the pri-
mary analysis. Methods for assessing the sensitivity of a study’s conclusions to unmeasured
confounding have been established under the assumption that the treatment effect is con-
stant across all individuals. In the potential presence of unmeasured confounding, it has
been argued that certain patterns of effect heterogeneity may conspire with unobserved co-
variates to render the performed sensitivity analysis inadequate. We present a new method
for conducting a sensitivity analysis for the sample average treatment effect in the presence
of effect heterogeneity in paired observational studies. Our recommended procedure, called
the studentized sensitivity analysis, represents an extension of recent work on studentized
permutation tests to the case of observational studies, where randomizations are no longer
drawn uniformly. The method naturally extends conventional tests for the sample average
treatment effect in paired experiments to the case of unknown, but bounded, probabilities of
assignment to treatment. In so doing, we illustrate that concerns about certain sensitivity
analyses operating under the presumption of constant effects are largely unwarranted.

1 Introduction

1.1 Constant effects, then and now

It is common to assume that treatment effects are constant across individuals when inferring
both the existence and the magnitude of causal effects. Unease is sometimes expressed about
the restrictiveness of this assumption. Indeed, the strength of the constant effects assumption
(also called the assumption of additivity) was at the core of the “Neyman-Fisher controversy,"
with Fisher favoring the sharp null that the the treatment effect was zero for all individuals and
Neyman recommending tests of the weaker null that the treatment effect was zero on average for
the individuals in a given experiment. Neyman (1935) suggested that inference assuming addi-
tivity in Latin Square designs could be anti-conservative in the presence of effect heterogeneity,
eliciting an acerbic response by Fisher (Fisher, 1935) and, in turn, irrevocably souring relations
between the two; see Sabbaghi and Rubin (2014) for a detailed discussion of the controversy and
its ramifications.
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Evidently, the passage of time has done little to temper the debate, with both camps main-
taining supporters. Those favoring Neyman’s weak null of no effect on average focus on the
seeming inadequacy of the constant effects assumption as a description of reality. Gelman writes
that “the presumption of constant effects corresponds to a simplified view of the world that can
impede research discussion" (Gelman, 2015, p. 636). Advocates of Fisher’s sharp null focus,
among many things, on the central role of hypothesis testing in empirical falsification. Cox
(1958) and Rosenbaum (2002b, §2.4.5) discuss how rejection of the sharp null is in and of itself
useful as a means of promoting future scientific inquiry, despite a rejection of the sharp null
not implying the existence of a treatment effect that is predictably positive or negative. Such
a rejection may well be indicative of underlying subject-by-treatment interactions, hence iden-
tifying the existence of patterns for effects which the current experiment can neither describe
nor predict. Quoting Rosenbaum, “the variation we do not fathom today we intend to decipher
tomorrow" (Rosenbaum, 2002b, p. 40). See Caughey et al. (2017, §2) for additional perspective
and for further quotations supporting both sides.

1.2 Additivity in observational studies

In the context of observational studies, the restrictiveness of the constant effects assumptions
faces additional scrutiny when assessing the robustness of a study’s findings to unmeasured con-
founding through a sensitivity analysis. There is a perception that, with few exceptions, the
methodology described in Rosenbaum (2002b, §4.2) requires the researcher to posit a sharp null
hypothesis, and that the model may not readily extend to tests of average causal effects in the
face of effect heterogeneity. Hill opines that when conducting a sensitivity analysis, “the focus
on additive treatment effects...is potentially problematic" (Hill, 2002, p. 308), while Robins
states that any gain from Rosenbaum’s model for a sensitity analysis is offset “...by Rosenbaum’s
assumption that individual outcomes are deterministic and that an additive treatment effect
model holds" (Robins, 2002, p. 310). There is concern, in particular, that sensitivity analyses
conducted assuming constant effects may paint an overly optimistic picture of the study’s sensi-
tivity to hidden bias. The fear is that certain patterns of unmeasured confounding may conspire
with the unidentified aspects of the constant effects model, rendering the analysis assuming con-
stant effects inadequate. One particular argument is that in observational studies, individuals
may tend to self-select into the treatment group which they know to be most beneficial to them.
For a treated and control individual with the same observed covariate value x, one may then
expect a difference in the observed response between the treated and control individuals due to
this “essential heterogeneity," even if there truly was no average effect of the treatment at that
point z. (Heckman et al., 2006).

1.3 A motivating example: alcohol consumption and genetic damage

Maffei et al. (2000) conducted an observational study on the impact of alcoholism on genetic
damage, wherein 20 alcoholics were paired with 20 non-alcoholics on the basis of covariates
such as gender, age, and smoking habit, with alcoholics having consumed > 120 grams of pure
alcohol per day and the controls consuming between 8 and 13 grams per day. One reported
measure of genetic damage was the frequency of micronuclei harboring whole chromosomes per



Alcoholic-Minus-Control Differences in Genetic Damage
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Figure 1: Evidence of skewness in the distribution of alcoholic-minus-control paired differences
for C+ MN (a measure of genetic damage).

1,000 binucleated cells (C+ MN), about which a sensitivity analysis for the number of positive
Walsh averages was previously reported in Rosenbaum (2003). Higher values for this measure
indicate a larger degree of damage. The average of the alcoholic-minus-control paired differences
was 4.75, and the standard deviation for the paired differences was 4.26. Under the framework
presented in §§2.2-2.3, a sensitivity analysis utilizing the permutational ¢-statistic rejects Fisher’s
sharp null of no effect for any individual until the value I' = 5.04 at o = 0.05. In words, the
value I' = 5.04 means that we would reject Fisher’s sharp null at a = 0.05 for any pattern of
unmeasured confounding which impacted the odds ratio of becoming an alcoholic by a factor of
less than 5.04 in all pairs.

Figure 1 shows a boxplot of the 20 treated-minus-control pair differences, which provides
evidence of substantial right skewness. Under no unmeasured confounding, such an asymmetric
distribution would be precluded by a model of constant effects, as the paired differences would
necessarily be distributed symmetrically about the true treatment effect. It seems likely, then,
that the treatment effects are heterogeneous, violating the assumption underpinning the reported
value of I' = 5.04. How much would the reported robustness to unmeasured confounding change
if we instead test the null that the sample average of the treatment effects for the 40 individuals
in our study is zero while allowing for heterogeneous effects?



1.4 Studentization with hidden bias

Rather than taking a stance on which null hypothesis should be preferred, this work focuses pri-
marily on the ramifications of the debate for the interpretations ascribed to sensitivity analyses.
We have in mind a practitioner who recognizes the need for conducting a sensitivity analysis
when treatment assignment is beyond their control, but who would ideally like the analysis to
attest to the robustness of their findings in the presence of heterogeneous effects, thereby assuag-
ing the potential fears of critics in their field. We specialize our treatment to the case of paired
observational studies, and to inference conducted using the treated-minus-control difference in
means as the test statistic. This amounts to a choice of the permutational t-statistic for con-
ducting a sensitivity analysis in the model of Rosenbaum (2002b, §4.2) when assuming constant
effects, which is reviewed in §§2.2 and 2.3.

In this setting, we assess (i) whether one can construct a valid sensitivity analysis for the
sample average treatment effect in the presence of effect heterogeneity; (ii) if so, whether a
sensitivity analysis for a constant treatment effect using the permutational t-statistic is one
such method; and (iii), if (i) is true but (ii) is false, by what magnitude the methods can
differ. Propositions 1 and 2 of §§3 and 4 validate two procedures which affirmatively answer
(). Proposition 3 of §5 answers (ii) negatively, in the sense that there exists patterns of effect
heterogeneity which lead the test assuming constant effects to have an inflated Type I error rate
in the presence of heterogeneous effects; however, Proposition 4 of §5 indicates that the answer
to (iii) is, stated loosely, “not by much," a position to which the analysis of the data example
in §1.3, concluded in §7, further attests. At its core, the claim stems from the realization that
even under effect heterogeneity, the classical sensitivity analysis based on the permutational ¢-
test creates a candidate worst-case distribution that correctly bounds the ezpectation of the test
statistic’s actual distribution (proven in Lemma 2) but which may have too small a variance
(shown through a numerical counterexample in §5.1). As bias trumps variance in the context
of a sensitivity analysis, the extent to which the analysis based on the permutational ¢-test can
mislead is, thankfully, limited.

In addressing these questions, we illustrate that while a randomization-based sensitivity anal-
ysis for the permutational t-test may have the improper size in the presence of heterogeneous
effects, the issue is avoided through an appropriate “studentization" of the test-statistic while
employing the same worst-case distribution for treatment assignments, aligning with work on
robust permutation tests by Janssen (1997) and Chung and Romano (2013). Under no unmea-
sured confounding, the studentization employed is none other than that recommended by Gosset
himself: the observed difference-in-means is simply divided by the classical standard error esti-
mator for paired studies, hence yielding the usual non-permutational t-statistic. When hidden
bias is allowed to corrupt inference, finding both the appropriate initial test statistic and the
appropriate standard deviation by which to studentize is itself non-trivial, and is presented in
§3.2. The studentized procedure has many attractive features beyond asymptotically maintain-
ing the desired size in the presence of unmeasured confounding, which are discussed in detail in
§85 and 6. Proposition 5 of §6 shows that the design sensitivity for the studentized procedure is
identical to that of the permutational ¢-test, indicating that the procedure provides Type I error
control for heterogeneous effects without sacrificing power. The procedure operates within the
familiar model for biased treatment assignments of (Rosenbaum, 2002b, §4.2) and is straightfor-



ward to implement, with an R script provided in the supplementary materials. The studentized
procedure thus empowers researchers with a sensitivity analysis for the sample average treatment
effect valid in the face of effect heterogeneity, while researchers having conducted a sensitivity
analysis using the permutational-t in the past can be reasonably assured that their results do
not materially overstate insensitivity to hidden bias.

2 Sensitivity analysis for constant effects

2.1 Notation and review

There are I independent matched pairs. In the i** matched pair there is one individual who
receives the treatment, Z;; = 1, and one who receives the control, Z;;; = 0, such that Z;; +Z;2 = 1
for each 7. These pairs are formed on the basis of observed pre-treatment covariates x;; so that
T;1 = T2 in each pair 7; however, individuals may differ on the basis of an unobserved covariate
0 < w;; <1, such that u;1 # u;2. Each individual has a potential outcome under treatment,
r745, and under control, r¢;;. Implicit in this description of the potential outcomes is the stable
unit-treatment value assumption, or SUTVA (Rubin, 1980). Let F; = {(r71ij, rcij, Tij, ij), ¢ =
1,..,1,7=1,2}.

The fundamental problem of causal inference is that the pair of potential outcomes (775, rcij
is not jointly observable, and hence we cannot observe the individual treatment effect 7;;
r7ij — ey for any individual (Holland, 1986). Instead, we observe the response R;; = 17 Z;j +
rcij(1—Z;;), and the observed treated-minus-control paired differences Y; = (Z;1 —Zi2)(Ri1—Ri2).
See Neyman (1923) and Rubin (1974) for more on the potential outcomes framework. Let
A; = (11 + Ti2)/2 be the average of the two treatment effects in pair ¢; let €;; = (rrij + 7cij)/2
be the average of the potential outcomes for individual j in pair i (also referred to as the “level"
of the potential outcomes); and let n; = ¢;; — ;2 be the difference between the potential outcome
levels of individuals 1 and 2 in pair i. Write V; = Z;1 — Z;2, such that V; = 1 if the first unit in
a pair received the treatment and equals -1 if the second unit received the treatment. The i
treated-minus-control paired difference Y; can then be expressed as

~—

Y = Ay + Vims. (1)

2.2 A Model for Hidden Bias in Observational Studies

Let Q7 be the set of 2/ possible values of Z under the matched pairs design, i.e. Qf = {z :
zi1 + zig = 1,4 = 1,...,1}. In a paired randomized experiment, each z € € has probability
271 of being selected. Let Z; denote the event {z € Qr}. For a paired randomized experiment,
m = pr(Zin = 1| Fr, Zr) = 1/2. Both A; and 7; are functions of F7, so are themselves fixed by
conditioning upon 7.

Without control over the assignment mechanism, the probabilities 7;,7 = 1, ..., I, are unknown
to the researcher in an observational study. A concern in the analysis of observational studies is
that m; # 1/2 in a given pair ¢ despite x;; = z;2 due to latent discrepancies between the unob-
served covariates u;; and w;2. Through a sensitivity analysis, one seeks to assess the robustness of
a study’s finding to deviations from a paired experiment caused by unmeasured confounding. A



sensitivity analysis places bounds on the allowable departure from a pair-randomized experiment.
We use the model of Rosenbaum (1987) and Rosenbaum (2002b, §4.2), which controls the allow-
able departure from a paired randomized experiment through a parameter I' = exp(vy) > 1. In
each pair, the model relates u;; and w;o to m; by m; = exp(yui1)/(exp(yui1) + exp(yu;2)), which
implies that 1/(1+T') < m; <T/(1+T). The resulting model for biased treatment assignment
in a paired observational study (Rosenbaum, 1987) with sensitivity parameter I is

I

1 r
i 1-z; -
pr(Z:Z‘ffazI):iI[lﬂ—fl(l—ﬂ'i) Zl, mg’ﬂ'zgm (Z—l,...,[). (2)

I" = 1 recovers a paired randomized experiment, while I' > 1 encodes a family of departures from
unbiased assignments within each pair. Let p = I'/(1 + I') be the corresponding upper bound
on 7; for a particular value of T'.

2.3 Sensitivity analysis under additivity

Suppose interest lies in testing the hypothesis
H: : 7y =rpij —reij =71 forall 4,7,

implying that the treatment effect takes a common value 7 for the 27 individuals in the study.
Consider the adjusted responses Rij = R;; — Z;j7. Under H, Rij = r¢yj for each individual.
We further see from (1) that, conditional upon H;, Y; — 7 = (Zj1 — Zi2)(rci1 — rciz), and as a
result that |Y; — 7] is fixed at |rgi1 — rei2| across randomizations under H, given F; and Z.
Consider the test statistic T(Z, R — Z7) = 1! ZZ'I:1(Y1' —7) =Y — 7, the average of the I
adjusted responses commonly referred to as the permutational ¢-statistic (Rosenbaum, 2007).
Under H, the function T'(z, R — 27) = T'(z,r.) is computable for any z € ;. The distribution
of T(Z,R — Z7) under H, can then be expressed as, for any scalar a,

I 1
pr (Il Y (Yi-7)>al ﬁ,&,fﬁ) = > x{T(ro) Z a} [[ w1 =m)' =20, (3)
1=1

z2€Qg =1

where x{A} is an indicator that the event A occurred. While T'(z,r¢) is known for each z € Q
under H;, (3) remains unknown as it depends on the unknown probabilites 7;. A sensitivity
analysis proceeds by, for a given value of I" in (2), finding the values for m; yielding the worst-
case p-value in (3), thus specifying the worst-case reference distribution for the desired inference.
One then iteratively increases the value of I' until the null hypothesis can no longer be rejected.
This changepoint I" serves as a measure of the robustness of the study’s findings to unmeasured
confounding.

As an illustration, suppose we sought to maximize (3), the p-value with a greater than
alternative, subject to (2) holding at a particular value I'. Consider the I random variables
‘72‘,1"|Y; — 7|, where ‘72‘,1" are conditionally independent given F; and Z; and take the values —1
and 1 with probability (1 —6r) and 0 respectively. Rosenbaum (2007) illustrates that under H,



Y; —7 is stochastically dominated by 1~/2p|YZ —7| = "};’Flroil —rci2| - T(Z,r.) is then stochastically
dominated by 11 Zi]:l Vir|Y; — 7|, whose randomization distribution is computable under H.
In summary, for any scalar a,

I
pr (Y —7>a|Fr, 21, Hy) <pr (I—l S VirlYi— 7l >a| fz,zz,HT>
=1

I I
= Z X {I—l Z(zil — Zi2)|Yi — 7" > a} Helzjl(l _ QF)I_Zﬂ' (4)
=1 i=1

z€Qr

In the preceding illustration, we heavily utilized the assumption that the individual-level treat-
ment effects were specified under H,. In what follows, we evaluate whether or not (4) also
bounds the maximal tail probability when 7 is instead the average of the 21 possibly heteroge-
neous treatment effects.

3 Large sample sensitivity analysis for the sample average treat-
ment effect under effect heterogeneity

3.1 Neyman’s notion of an overall treatment effect

The sample average treatment effect in a paired experiment or observational study, A, is defined
as the average of the treatment effects 7;; for the 2I individuals in our study, that is A =
I-! Zi[:l A; = (207t Zle Z?:l 7;;. Forthcoming developments will focus on developing a
valid level-a sensitivity analysis for the null hypothesis

H.:A=rT1

when (2) is assumed to hold at a particular value for I'. Valid tests of both H, and H, can,
in the usual way, be inverted to form confidence intervals for A (Lehmann and Romano, 2005,
§5.4). If we were to further assume that the treatment effect was constant for all individuals,
the null hypotheses H, and H, would be equivalent, and the sensitivity analysis through the
permutational ¢t-test described in §2.3 would be applicable, yielding both exact tests of hypotheses
and exact confidence intervals. In general, the null hypothesis H, is composite, and there are
infinitely many allocations for 7;;, 4 = 1,..., I, 7 = 1,2 which satisfy H,. The pattern of treatment
effects specified by H, is simply one element of this composite null, which may or may not yield
the worst-case p-value over all patterns of treatment effects in H.-.

3.2 A Neyman-style sensitivity analysis

For any constant 7 and any constant I" > 1, define the random variable D; ;1 by

Dir=Yi—7— (200 ~1)|Yi— 7



At T'=1, D; r1 equals Y; — 7, the average observed treated-minus-control difference in response
minus 7. Observe that while |Y; — 7] is fixed at |rci1 — roie| under H,, |Y; — 7| is generally
a random variable for other elements of H,. Capturing the impact of |Y; — 7| on the overall
variation of D; - when I' > 1 is essential in what follows. DT’F is simply the test statistic used
when conducting a sensitivity analysis through the permutational ¢-test as described in §2.3
minus the expectation of the stochastically bounding distribution for Y — 7 under H,. We now
seek to understand, and subsequently bound, the distribution of DTI under effect heterogeneity.

Towards that end, let S? denote the conventional estimator of the variance for the sample

mean based upon a vector of observations x of length I. For example,

2

1 _
S% = ————> (Dj.r— D,r)*
D.,-’F I(I _ 1) ( 23 7F ,F)

1
=1

)

AtT =1, 81237 , does not depend on 7 and is simply the classical variance estimator for the sample

average treatment effect estimator Y in a paired experiment. Fix o with 0 < a < 0.5. Consider
a candidate level-a test that the sample average treatment effect equals 7 with a greater-than
alternative with allowable degree of bias controlled by I" in (2) of the form

@N(T>avr> = X{DTur/SDT,F > (I)_l(l - a)}

where ®(+) is the cumulative distribution function of the standard normal.

Proposition 1. Suppose that treatment assignment satisfies (2) for a particular T' > 1 and that
T equals the true sample average treatment effect, A. If there exist constants C' > 0, py, and pq
such that as I — oo

I I
DY l>c 1Dy >0 (5)
=1 =1

I 1 I
Iy =0, I gt—=0, IT2Y Al—0,  (6)
i=1 i=1 =1

1

Y @m=m = i, TY milAi =74l + (L= m)[ A =7 —nil = pta, (7)
=1 =1

then

lim E(on (T, 0, 1) | Fr, 21, Hy) < .
I—00

The conditions (5) - (7) serve to preclude certain pathological sequences for the constants
n; and A;, ensuring, for example, that a central limit theorem holds for D,p. Under these
conditions, Proposition 1 implies that for sufficiently large I, if we reject the null hypothesis H,
when D, r/S;r > ®1(1 — a) & ¢n(7,a,T) = 1, then asymptotically we will incorrectly reject
a true null hypothesis with probability at most a when (2) holds at I'. That is, despite the
allowed heterogeneity under H,, ¢n(7,a,T') provides an asymptotically valid level-a sensitivity



analysis for the sample average treatment effect.

The proof is divided into several lemmas, each of which illustrates an important component
of the procedure. Those most essential to the result are presented here, while those stemming
from standard derivations are deferred to the appendix. Lemma 1 constructs a new random
variable ﬁr,r that stochastically bounds DTI for any sample size I; however, its randomization
distribution is not directly useful as it depends on the unknown values of A; and 7;. Lemma 2
shows that the conditional expectation of (_]T,p, and hence of DTI, is bounded above by 0 when
the sample average treatment effect equals 7 and (2) holds at I'. Lemma 3 illustrates that S%)T -

yields an estimator of var(D,r | Fr, Z;) which is conservative in expectation regardless of the
values for the unknown probabilities ;. Lemma 4 shows that the expectation SIQDT I8 also larger

than var(U,r | Fr, Zr) when (2) holds at I'. Together, these results bound, in expectation,
the moments of the stochastically dominating random variable [777F by quantities computable
from the observational study at hand. In the appendix, we illustrate that under conditions (5)
- (7), this sharp bounding random variable has a distribution which is asymptotically normal.
We then demonstrate that despite the true moments for the bounding random variable being
unknown, the true expectation of Uﬁp can be safely replaced by zero, and the true variance
of var(Uy,r | Fr, Z;) similarly replaced by ,S%TF without corrupting the asymptotic size of the
procedure.

Define I new random variables U; - = A; — 7+ ‘Zp|m| —(20r —D){(1+ f/zp)]AZ — T4 |||+
(1 —Vir)|A; — 7 — |nil|}/2, where the random variables V;  are defined as in §2.3.

Lemma 1. Suppose treatment assignment satisfies (2) at I'. Then, for any constant T and any
constant k,

pr(Drr > k| Fr, 2Z1) < pr(Usr > k| Fr, 21) (8)

Moreover, the upper bound is sharp in that sense that (8) holds if m; = Op and n; > —n; for
i=1,..,1

Proof. Vin; = %x[n;| and, by (2), 1 —0r < pr(Vin; = |ns| | Fr,21) < 6. Now, V| = £[nil,
and pr(Vir|mi| = |mi| | Fr,2r) = 6r, so that Vr|n;| stochastically dominates V;n;. As the
function = — (20p — 1)|x| is monotone nondecreasing for all z and for any I', we have that
A — T+ ’772| — (29{* — 1)|Al - T+ |77@H >N —T7— ‘771’ — (29F — 1)|Az — T — ”mH The random
variable D; , r is thus stochastically dominated by U; ;. r given F; and Z; for each ¢, and (8) then
follows from a standard probability inequality (see, e.g., Ahmed et al., 1981, Lemma 3.3). O

Lemma 2. For any constant T, if (2) holds at T', then

1
E(U-r | Fr, 2r) < 400(1 — 00) 171 (A = 7)
1=1

In particular, if T is set to the true sample average treatment effect A, then E(U&F | Fr,21) <0.

Proof. For each i, E(U; rr | Fr,21) = (20r — 1)|n;| + Ay — 7 — (200 — 1){0r|As — 7 + ;4| + (1 —
Or)|A; — 7 —|ni||}. Since 1/2 < Op < 1, the inequality Op|A; — 7+ |ni|| + (1 — 6p)|A; — 7 — ||| >



Ini| + (20r — 1)(A; — 7) always holds (we show this in the appendix for completeness). Hence,
E(Uizrr | Fr, 21) < (200 — Dni| + Ay — 7 — (200 — 1) {|mi| + (20r — 1)(A; — 1)}
= 40r(1 — 0r)(A; — 7). As this holds for all i, the result for the average follows. O

Lemma 3. For any constant 7, and any constant I' > 1

E(S%T,r | f[,Z[) — UCL?”(DTI ’ ./."],Z[)

I
1 _ 2
= S (E(Di,r | F1. 21) — E(D.r | F1, 21)* > 0.
FT—1) & (FPeer | 720 20) = B(Drr | 71 21)) 2.0

Proof. The proof is similar to that of Proposition 1 of Imai (2008), and is deferred to the ap-
pendix. O

Lemma 4. If (2) holds at T, then for any constant T
var (Urr | Fr, Zr) < E(S%T,F | Fr, 21)

Proof. By Lemma 3, it suffices to show that var(D;.r | Fr,2r) > var(U;.r | Fr,2r) for
all . But var(D; v | Fr, 2r) = m(1 — m;) {2n; — (20 — 1)(2\Ai — T4 = A =T =)} >
Or(1—06r) {2|n:| — (20r — 1)(|A; — 7+ |mil| — |Ai — 7 — |mi||) }* = var(U; | Fr, Z1) since (2) holds
at I', proving the result. O

4 A studentized sensitivity analysis

The conclusion of Proposition 1 yields the following corollary:

Corollary 1. Let é[() be a sequence of random distribution functions such that, conditional
upon Fr and Z;, Gi(t) B ®(t) for all points t as I — oo. Then, under the conditions of
Proposition 1,

lim pr(DT»F/SDTF 2 éj_l(l —a) | f[,Z[,Hq—) <,
I—r00 ’

where G;l(l —a) =inf{t: Gy(t) > 1 —a} is the (1 — a) quantile of G(-).

Proof. The result is an immediate consequence of Proposition 1 along with Lemma 11.2.1 of
Lehmann and Romano (2005). O

While any sequence of random distribution functions G 1(t) would do, the utility of the above
corollary is that it allows for sequences of distribution functions which better reflect the finite-
sample distribution of the random variable of interest, here D, /S D, r- As simulations in §5.4
illustrate, seeking improvements in finite sample performance over that imparted by ¢n(:) is
undoubtedly warranted. We now demonstrate that while the conventional worst-case distribu-
tion utilized by the permutational t-based sensitivity analysis need not satisfy the conditions of
Corollary 1, the issue can be alleviated by means of an appropriate studentization.

10



Towards that end, let ‘71',1‘ be defined as before, and define the random variables Aimp(f/p, Y),
i=1,...,1, by

Airr (Ve Y) = Virl¥i = 7| = (20 — D|Y; — 7).

As shorthand, we will sometimes write A; ;1 = ALT,F(VF, Y) and f_l.r,p = AT,F(‘N/F, Y). A; -1 has
expectation and variance

E(Aizr | F1,21) =0, (9)

Var(Aimr | f[,Z[) = 49F(1 — 9{‘) {WZ(Al -7+ 772‘)2 + (1 — ﬂz)(Al — T — 772‘)2} . (10)

Define the random variable S% A== 1)) 'S (A -r—A,1)? ie. the sample variance

of the vector A,r divided by I. For a given realization of Y, define biased randomization
distributions F,p(z) and G,r(z) by

I
Fror(e) =Y x{Arr(z1 — 2,Y) <z} He;u(l — fp)t—F, (11)

ZGQ]

) A (s —
G,r(t) = Z X{ (21 —22,Y < t} Hezn — 6r) 1— Zin (12)

2eQ; SAT r(z1—22,Y)

where z; = (215, 225, ..., 21;) contains the treatment assignments for the 4t unit in each pair.
Frr(x) and G, r(t) are themselves random distribution functions, as they depend on the ob-
served paired differences Y. FTI(:L‘) is simply the left tail of the worst-case randomization
distribution given in (4) shifted by (20p — 1)I~' 37 |V; — 7. While G, () utilizes the same
biased distribution for treatment assignments as does Fﬂp(x), it computes the randomization
distribution of the studentized statistic A, /S A, instead of the non-studentized version A;r.
Critically, both A; (21 — 22,Y) and Sa_ (2, —2,,y) vary across elements of €y in (12).

Define a candidate level-« sensitivity analysis at I" for H, against the alternative that A > 7
based on the permutational t-test by

pr(t,a,T) = x {DT,F/SDT,F > Frp(l - a)/SDT,r} )

and based on its studentized version by
ps(m,a,T) = x {DT,F/SDTI > Gl - a)} .

Proposition 2. Suppose that, in addition to conditions (5) - (7), there exists a constant v* > 0
such that

1
Iy mi(Ai =7+ m)? + (L= ) (A — 7 —mi)” = v (13)
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and let 1/12 = 460p(1 — 0r)v?. Then, for all a and t, and conditional upon F; and Zj,

Err(a/TY?) 2 ®(a/ur)
Grr(t) & o(1)

Proposition 2, in concert with Corollary 1, states that the studentized randomization dis-
tribution G r(t) can be used as a null distribution for the test statistic D, r/Sp, . in order to
conduct an asymptotically conservative sensitivity analysis at level of unmeasured confounding I

for H, even in the presence of effect heterogeneity. That is, under the conditions of Proposition
2

)

IlimE(<pS(T7a7F) ‘ FDZI;HT) <«
—00

when treatment assignment satisfies (2) at I' and the sample average treatment effect, A, truly
equals 7. We call the resulting procedure the studentized sensitivity analysis. In the next section,
we assess the implications of Proposition 2 for the validity of the permutational t-based sensitivity
analysis based on the random measure Fj p(z).

We once again break the proof of Proposition 2 into a series of lemmas, which are presented
in the appendix. There, we first prove that conditional upon F; and Zj, FT,p(a/ I'/2) converges
in probability to ®(a/vr) for all points a by slightly modifying an argument first employed by
Hoeffding (1952) for permutation distributions; see also Lehmann and Romano (2005, Theorem
15.2.3) and Chung and Romano (2013, Theorem 5.1). The argument requires that for indepen-
dent and identically distributed vectors Vp and f/li, 1Y 21‘_17-71“(‘7}‘, Y) and I 1/ 2[17.;(‘714, Y') are iid
and converge jointly to a bivariate normal, each with mean zero and variance 1/%. This follows
from (13), (6), and the Cramér-Wold device. We then illustrate that I Siﬁ converges in prob-

ability to ©2, which follows from (13) and (6). Finally, recalling that G,.r(-) differs from F p(-)
only by studentization, we utilize Slutsky’s t}leorem for randomization distributions (Chung and
Romano, 2013, Theorem 5.2) to show that G (t) converges in probability to ®(t) for all .

5 Implications for the permutational ¢-test

5.1 Potential for improper size at I' > 1

From (10) A;r, the random variable used to facilitate the permutational ¢-based sensitivity
analysis under H., has variance

I
var(App | Fr, 21) = 400(1— 00)1 72 (Ai = 1) + 07 +2(2m; — )ni(A; — 7).
i=1
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Meanwhile DT,F, the random variable whose distribution we seek to bound when testing H, has
variance

I

var(Dyp | Fr, 20) = T2 mi(l— ) {20 — (200 — V(1A = 7+ ni] — |4 =7 —na])}2.
=1

If (2) holds at I' = 1 and we correctly conduct inference at I' = 1 < 6r = 1/2, then
var(A;1 | Fr,2r) = T2 (A = 7)2 + 92 as m = 1/2 for all individuals, while under
the same conditions var(Dy | Fr,Zr) = 72 Zi[:l n? < var(A;1 | Fr,Zr). In combination
with (11), the permutational t-test thus yields asymptotically conservative inference in the
presence of effect heterogeneity at I' = 1 (i.e., in the context of a paired randomized experi-
ment). Meanwhile, the bias expression for SZDT,1 given in Lemma 3 when I' = 1 takes the form
E(S,%ﬂ1 | F1,Zr) = var(Dyy | Fr,Zr) + (I(I —1))71 Zfil(Ai — A)? regardless of the value
of 7. Hence, when 7 is set to the true sample average treatment effect A, the Neyman-style
sensitivity analysis, the studentized sensitivity analysis, and the classical permutational t-based
sensitivity analysis all have the same asymptotic performance under Hy at T = 1. At T > 1,
there exist allocations of potential outcomes for which V&I‘(DTI | Fr, Z1) > V&I‘(ATI | F1,Z1).
This possibility, along with asymptotic normality of both D, and A, r, underpins the following
result concerning the conventional sensitivity analysis based on the permutational ¢-test in the
presence of effect heterogeneity.

Proposition 3. Consider conducting a sensitivity analysis at T' for H, through the permutational
t-test, op(1,a, ). Then, there exist allocations of potential outcomes satisfying the conditions
of Proposition 2 such that, if (2) holds at T’

lim E(op(r,o,T) | Fr, 21, Hy) > a.
I—o00

That is, the conventional sensitivity analysis through the permutational t-test test fails to control
the Type I error rate under effect heterogeneity if (2) holds at T' > 1 for certain patterns of effect
heterogeneity in the composite null H,.

As a numerical illustration of Proposition 3, let I be even and consider the following allocation
for A;, n;, and 7;:

{5,5,4/5} i=1,..,1/2

{0,20,4/5} i=1/2+1,..,1 (14)

{Ai,ni,mi} = {

Here A = 2.5, (2) holds at T" = 4, but the effects are heterogeneous. The random variable D2.5,4
has expectation 0 and variance 151.84/1, while 14_12‘574 has expectation 0 and variance 125.6/1.
Asymptotically, the classical sensitivity analysis utilizing the permutational ¢ will reject Ho s
while attempting to maintain the size at o if Dy 54 > (125.6/I)'/2®~1(1 — a), which occurs with
probability 1 — ®{(125.6/151.84)1/20-(1 — a)} > a if a < 0.5. For example, at a = 0.05, the
permutational t-based sensitivity analysis has an asymptotic Type I error rate of 0.067.
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5.2 Proper asymptotic size at [' + ¢

How severe is the potential anti-conservativeness of the permutational t-test in a sensitivity
analysis? As described in §2.3, a sensitivity analysis typically proceeds by iteratively increasing
the value of I' being tested until we transition from rejecting the null hypothesis to failing
to reject the null hypothesis. In large samples, the behavior of a sensitivity analysis is bias-
dominated (Rosenbaum, 2004). As (9) displays, the permutational ¢-test correctly bounds the
expectation of DTI, and the potential for size greater than « stems only from discrepancies in
the variance in those instances when the upper bound on the expectation is tight. There is hope,
then, that the changepoint I'" returned by the classical permutational ¢t-test may not be grossly
unrepresentative of that of returned by the asymptotically valid studentized procedure. As we
now formalize, asymptotically the changepoint I' for a sensitivity analysis conducted by means
of the permutational t-test is arbitrarily close to that of the asymptotically valid procedures in
the presence of effect heterogeneity.

Proposition 4. Suppose (2) holds at level I' and that the sample average treatment effect equals
7. Consider conducting a sensitivity analysis at level of unmeasured confounding I' + € for any
e > 0 by means of pp(7,a,T + €), the permutational t-based sensitivity analysis valid for the
constant effect hypothesis H.. Then, under the assumptions of Proposition 3,

lim E(pp(r,o,T +€) | Fr, 21, H:) =0
I—oc0

That is, if (2) holds at T, the permutational t-test asymptotically commits a Type I error with
probability 0 when conducting a sensitivity analysis at I'+€, despite potentially having size greater
than o when the sensitivity analysis is conducted at T'.

To illustrate Proposition 4, we return to the example given in in (14). Suppose we con-
duct a sensitivity analysis using the permutational ¢-test at I' = 4.01. The random vari-
able D2.5,4_01 has expectation —0.01 and variance 151.86/1, while 14_12.574.01 has expectation 0
and variance 125.42/1. If we conduct a sensitivity analysis at I' = 4.01 the permutational t-
test rejects the null asymptotically if D2,574,01 > o711 — a)(125.42/I)1/2, or equivalently if
(Das.401 + 0.01)/(151.86/1)Y/2 > {®~1(1 — a)(125.42/1)Y/? + 0.01}/(151.86/1)'/2. The left-
hand side converges in distribution to a standard normal, while the right-hand side simplifies
to {0.017'/2 4 125.42'/20-1(1 — )} /151.86"/2, which goes to co as I increases. Hence, the
test rejects with probability 0 in the limit. In summary, while ¢ (2.5, a,4) does not asymp-
totically control the Type I error rate for this example as illustrated in the previous section,
©r(2.5,,4.01) does asymptotically, as it would replacing I' = 4.01 with I' = 4 4 ¢ for any € > 0.

5.3 Persistence of a permutational paradox

In a recent paper, Ding (2017) described the occurrence of a paradox in the analysis of randomized
experiments (I' = 1), wherein tests based on ¢p(7, @, 1) have lower power than tests based on
on(7,a,1) when A >> 7. The paradox lies in that o (7, , 1) is designed as a test for Neyman’s
weak null that the sample average treatment effect takes on the value 7, while pp(7, o, 1) is a test
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for the null that the treatment effect is constant at 7 (a subset of Neyman’s null). As presented
in the discusssion of the paper by Aronow and Offer-Westort (2017), the paradox is explained by
recognizing that ¢ (7, a, 1) exploits local information when constructing the variance utilized to
perform inference. In short, oy (7, a, 1) uses a variance with residuals centered at the observed
difference in means Y, while pr(7,a, 1) utilizes a reference distribution whose variance centers
residuals at the hypothesized value 7. If A >> 7, then the variance utilized by ¢r(7,a, 1) may
be substantially inflated, resulting in the decrease in power.

We now illustrate that, for the same reasons, this paradox can persist in a sensitivity analysis
when comparing the power of on(7,a,T) and ¢g(7,,T') to that of pp(7,,T) for T' > 1. We
turn attention once again to the allocation of potential outcomes in (14). The sample average
treatment effect is truly 2.5, yet suppose we instead test the null hypothesis that A = 0 through
on(0,0,4), ps(0,a,4) and ¢p(0,a,4). Then, Do 4 has expectation 1.6 and variance 129.28/1,
while flOA has expectation 0 and variance 153.6/1, indicating that the variance of the reference
distribution utilized by the permutational ¢ is larger than necessary. The variance estimator
52 ,» utilized by the studentized procedure, has expectation 129.28/1+2.56/(1 —1) ~ 131.84/1,
Commg much closer to the true variance of Dy 4. S 0.1 is formed by finding the sample variance
of the observations Y; — 0.6]Y;| and then divides by I, while the distribution utilized by the
permutational ¢ is 4(0.8)(0.2)1 2 Zz=1(Y 0.6]Y;])?, hence not centering the terms Y; — 0.6|Y;].
As E(I7! ZLIYZ- —0.6|Yi| | F1,21) = E(Do4 | Fi1,21) = 1.6, the variance utilized by the
permutational t-test is unduly inflated. By virtue of asymptotic normality of the reference
distributions, this provides higher large sample power for ¢pn(0,a,4) and ¢g(0,,4) than for
©r(0,a,4) despite the fact that, logically, falsehood of Neyman’s null at 7 implies falsehood of
the constant effects model at 7. In §6.3, we present a simulation study wherein this phenomenon
occurs for sensitivity analyses conducted in the absence of hidden bias. In §7, we illustrate
through the analysis of our motivating example that this phenomenon can also impact the width
of confidence intervals created by inverting any of these tests.

5.4 The benefits of the studentized sensitivity analysis

The calculations in §§5.1 - 5.3 compare the asymptotic distribution utilized by the conventional
permutational t-test, (7, @, '), to that of the Neyman-style sensitivity analysis ¢ (7, @, ') and,
equivalently, to that of the studentized sensitivity analysis pg(7, o, I"). In small samples, we now
illustrate through a simulation study that the Neyman-style large sample sensitivity analysis can
itself become anti-conservative when the true randomization distribution for Dy p/Sp_ . exhibits
departures from normality. We additionally highlight the ability of the studentized sensitivity
analysis to capture departures from normality in small samples, leading us to recommend the stu-
dentized procedure over its large sample approximation in practice. We once again proceed with
the allocation of {A;,n;,m} in (14), and set I = 100. We then generate 10,000 realizations from
the resulting biased randomization distribution (2) with this allocation of biased probabilities.
Within each realization, we test the null hypothesis A = 2.5 against the alternative that A > 2.5
with desired level o = 0.05 and allowable bias I' = 4 usmg on(2.5,0. 05 4), ¢5(2.5,0.05,4), and
©r(2.5,0.05,4). For ¢g(-) and pp(-), we replace Fj, 5, !,(0.95) and G5} 5.4(0.95) with Monte-Carlo
estimates based on 10,000 randomizations.
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Figure 2: Bounding the randomization distribution in the presence of hidden bias in the simula-
tion study of §5.4. The sample average treatment effect in this simulation equals A = 2.5, and
the smallest I' for which (2) holds equals 4. (Left) The left-hand side shows the true distribu-
tion of 52_5’4 with a solid line, while the dotted line shows the attempted bounding distribution
utilized by the permutational ¢-test. (Right) The right-hand side shows the true distribution
of Da54/Sp,. (solid), along with the bounding distributions from the studentized sensitivity
analysis (dotted) and from the large sample normal approximation (dashed). In both figures,

the vertical lines correspond to the 0.95 quantile of the displayed distributions.

Figure 2 shows the true distributions of Dys54 (left) and Dys54/Sp,, (right), along with
the distributions utilized by a sensitivity analysis for the null that A = 2.5 at I' = 4. For the
sensitivity analysis to control the size at «, the bounding distribution used by each procedure
would need to stochastically dominate the true distribution, such that the quantiles generated
by each procedure should fall to the right of those of the true distribution. The left-hand side of
Figure 2 illustrates that for the permutational ¢-test the opposite holds: the quantiles of the true
distribution fall to the right of those of the candidate worst-case distribution. Correspondingly,
the estimated Type I error rate for the permutational ¢-based sensitivity analysis exceeded 0.05,
and was in fact 0.0702. That is, the permutational t-test at I' = 4 fails to control the Type
I error rate. The right-hand side of Figure 2 illustrates that the Neyman-style large sample
test, while valid in sufficiently large samples by Proposition 1, also fails to bound the true
distribution of Do 54/9 Dy.5.4 10 this finite sample simulation. The large sample test simply uses
a normal approximation to the distribution of Dy54/Sp,,, while the figure illustrates that
the true distribution exhibits skewness. The Type I error rate is even worse than that of the
permutational ¢, estimated at 0.0798. The studentized sensitivity analysis, asymptotically valid
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by Proposition 2, is able to capture the skewness in the true distribution of Da54/Sp, 5.4+ Pigure
2 shows that the estimated 95" percentile for the studentized test is virtually identical to that of
the true distribution. This yields a Type I error rate of 0.053, coming much closer to the desired
level oo = 0.05.

6 Sensitivity analysis in the absence of hidden bias

6.1 A favorable reality unknown to the practitioner

In the absence of hidden bias (i.e., at I' = 1), tests based on ¢n(-), pr(-), and pg(-) all pro-
vide asymptotically valid tests for the null hypothesis H, as described in §5.1. Under these
circumstances, we now assess whether or not the performance of px(-) and pg(-), valid asymp-
totically under effect heterogeneity even when (2) holds at I' > 1, lags behind that of ¢p(-).
We address this question in the context of a scenario which is favorable to the researcher as
advocated in Rosenbaum (2004) and Rosenbaum (2010, §14): the true sample average treatment
effect, A, is larger than the hypothesized value 7, yet unbeknownst to the researcher there is
no unmeasured confounding (I' = 1). The practitioner is, as would be the case in reality, blind
to this fact, and hence would like to not only perform inference under the assumption of no
unmeasured confounding, but also to assess the robustness of the study’s findings to unmea-
sured confounding through a sensitivity analysis. We assume throughout §6.1 that the paired
differences Y; are drawn independently and identically distributed from a distribution Y'(-) with
E(Y?) < . Let E(Y;) = A and var(Y;) = 2. Calculations are then presented with respect to
this superpopulation formulation for various choices of A, o2, and Y(-).

6.2 Design sensitivity

In a sensitivity analysis, bias dominates variance in large samples. In fact, under mild regularity
conditions there is a number T, called the design sensitivity, such that the power of a sensitivity
analysis tends to 1 if I < T and tends to 0 if ' > T as I — oo in the favorable situation of
no bias in treatment assignment (Rosenbaum, 2004). The design sensitivity is closely related to
the Bahadur efficiency of a sensitivity analysis (Rosenbaum, 2015), and can be used as a means
of appraising competing design strategies, comparing different test statistics, and assessing the
impact of different assumptions within a sensitivity analysis. Larger values for [ indicate reduced
sensitivity of inferences to unmeasured confounding in large samples.
For any value of I', pn (+), ¢ (+), and ¢g(-) all utilize the random variable D, p = [~} Z§:1 (Y;—

7) — (260r — 1)|Y; — 7|. Under the favorable situation being considered this random variable has
expectation A — 7 — (20p — 1)E|Y; — 7|, yet in a sensitivity analysis we replace this true expec-
tation with 0, the worst-case expectation for DT,F as proven in Lemma 2. While the variances
of the worst-case null distributions differ between these procedures, this does not affect the de-
sign sensitivity as, once again, the sensitivity analysis becomes bias dominated. Under mild
conditions, for all three procedures the design sensitivity is simply the value of I' that solves
A — 7 — (20r — 1)E|Y; — 7| = 0, which gives rise to the following result.
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Proposition 5. Suppose that the paired differences Y; are iid draws from a distribution Y (-) with
mean E(Y;) = A > 7 and finite variance var(Y;) = 0? < co. Then, ¢r(7,a,T), on(T,a,T), and
ws(7,a, ') have the same design sensitivity for testing the null hypothesis H., given by

i BlYi—r|+[A-7]
BYi—rl—[A -]

(15)

Proof. The result for ¢p(-) is an immediate consequence of Corollary 1 of Rosenbaum (2013).
For on(-) (and, equivalently, pg(-)), under the assumption of iid draws from a distribution with
finite variance I 5’2 . has a limit in probability. Therefore, Proposition 2 of Rosenbaum (2013)
holds, with Corollary 1 of Rosenbaum (2013) once again furnishing the formula for the design
sensitivity. O

6.3 The simulated power of a sensitivity analysis

While a sensitivity analysis is bias-dominated in large samples, in small and moderate samples
discrepancies in variance play a larger role. Through a simulation study, we assess the power
of a sensitivity analysis conducted through ¢r(-), ¢n(:), and pg(-) in finite samples under
the favorable setting described in §6.1 In each simulation, I observed paired differences are
drawn independently from a normal distribution with mean A = 1 /2 and variance 0?2 =1 /2
under I' = 1, no unmeasured confounding. Applying the formula (15) yields that for all three
procedures, I' = 6. For each iteration, we test the null that A = 0 with a greater than alternative
for a range of values for I"'. We conduct this simulation study for I = 50, 100, 500, and 5000 to
compare the relative performance of the tests in this favorable setting for different sample sizes.
For each combination of I and I', we repeat the above process of drawing I pairs and testing the
null that A = 0 at that value of I 10,000 times.

Figure 3 presents the results, showing, for each I, the power of the three procedures being
compared as I' increases. For all values of I, and at all points I', note the consistency of the
power orderings: ¢p(-) is less powerful than ¢g(-), which is itself less powerful than ¢n(-).
That the permutational ¢t-based sensitivity analysis is less powerful than both the studentized
sensitivity analysis and the Neyman-style large sample sensitivity analysis is reflective of the
phenomenon described in §5.3: the procedure based on the permutational t-test does not exploit
local information, while the new procedures do by utilizing the estimated variance 5’2 .As T
increases, we see that for all three procedures, the power profiles approach a step functlon at the
common design sensitivity, I’ = 6, reflective of Proposition 5.

The gap between the power of ¢g(-) and that of ¢ (+), particularly in small samples, stems
from ¢ (-) employing a normal distribution regardless of the true distribution of Dy 1 and despite
using SZ%M in place of var(Dor | Fr, Zr). This increase in power comes at the cost of being anti-
conservative in finite samples when the null is true, even in the case presented here where Y; are
themselves actually normally distributed. For example, at I = 30 if we test the null that A = 1/2
instead of A =0, at I' = 1 and a = 0.05, the permutational t-test and the studentized test both
have Type I error rate of exactly a = 0.05 (Lehmann and Romano, 2005, Theorem 5.8.1), while
through the Type I error rate for the large sample procedure is 1 — Th(®71(0.95)) = 0.055,
where Thg(p) is the p-quantile of a ¢ distribution with 29 degrees of freedom.
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Figure 3: The power of a sensitivity analysis in a favorable situation. The four plots show the
power of the test against the null A = 0 in the absence of unmeasured confounding as a function
of I for I = 50,100, 500, and 5000 pairs.
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Figure 4: (Left) Upper bounds on the p-value as a function of T' for the permutational t-based
sensitivity analysis (solid) and the studentized sensitivity analysis (dashed). (Right) 90% sensi-
tivity intervals for A created by inverting both testing procedures, again as a function of I".

7 Studentized sensitivity analysis in the study of genetic damage
from alcohol

We return now to the motivating example from §1.3 to compare the studentized sensitivity
analysis to the sensitivity analysis based on a permutational ¢-test. From several perspectives,
the results, and the corresponding message, remain virtually unchanged. At a = 0.05, the
studentized sensitivity analysis continues to reject the null until I'g = 5.02, fractionally below the
changepoint reported by the permutational t-test of I'r = 5.04. Figure 4 shows a more detailed
comparison of the two methods. The figure on the left-hand side shows a comparison between
the worst-case p-values reported by the two methods for a range of values for I'. There, we see
that that two methods report worst-case p-values at each point I' which are virtually identical
to each other. The plot on the right-hand side shows 90% confidence intervals (also referred
to in this context as sensitivity intervals) obtained by, at a particular value of I', inverting the
two procedures. The confidence intervals returned by the studentized procedure are consistently
narrower than those returned by the permutational ¢ (though to a negligible degree). This
again results from the discussion in §5.3, as the extremes of the confidence interval represent
ranges of values for the parameter A farther from the observed average of the paired differences.
The results of this analysis highlight that, at least in this data example, the analysis using the
permutational ¢t-test did not materially inflate the perceived robustness of the study’s findings to
unmeasured confounding. As the calculations of §5.2 indicate, this is very likely to be a consistent
conclusion of such comparisons across sensitivity analyses in paired observational studies with
even modest sample sizes.
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8 Concluding remarks

The subtleties of the model of constant treatment effects, and the differences in the implications
of additivity in randomized experiments versus observational studies, may be lost on practition-
ers employing sensitivity analyses. As such, practitioners may well have in mind the null of no
average treatment effect when performing a sensitivity analysis by means of the permutational
t-test. Applied sensitivity analyses typically report the minimal value of I' for which, at a given
level «, the hypothesis test fails to reject the null. The sensitivity analysis based on the permu-
tational t-test, pp(7, o, I'), fails to control the Type I error rate when (2) holds at I" for certain
allocations of potential outcomes whose treatment effects average to 7; however as Proposition
4 demonstrates, simply conducting a sensitivity analysis at I' + ¢ for any € > 0 eliminates the
problem asymptotically. From a practical perspective, this suggests that the reported change-
point values of I' for which studies can no longer reject the null hypothesis when utilizing the
permutational ¢, and with it the perceived robustness of a study’s findings to unmeasured con-
founding, will likely not be substantively larger than what is justified. The discrepancies in the
changepoint I's reported in §7 of 5.04 (permutational ¢) versus 5.02 (studentized) certainly align
with this narrative.

As our exposition has evidenced, in the presence of heterogeneous effects the studentized sen-
sitivity analysis is to be preferred over the conventional permutational t-based sensitivity analysis
for several reasons. It maintains the desired level asymptotically, is able to capture departures
from normality in finite samples, and has the potential to yield more powerful tests than than the
permutational t-test when the true average treatment effect is far from the hypothesized value
7. A worthy caveat is in order. If the constant treatment effects model holds at 7, and (2) holds
at I, then pp(7,,T") is an exact test, in that it controls the Type I error at « for all sample
sizes I. Under the same model, pg(7,,T') only does so in the limit as I — oco. The lack of
exactness under the constant effects model stems from the studentized statistic DTI /S D, not
being arrangement-increasing, while D, r is (Rosenbaum, 2002b, Chapter 2). The distribution
G.r(t) in (12) thus need not stochastically dominate D, /S D, under a constant effects model

for all I, while F,r(z) in (11) does stochastically dominate D, for any I. In a randomized
experiment (I' = 1), this issue does not occur, and the studentized test also yields an exact test
for the constant effects model. This led Loh et al. (2017) to recommend a procedure akin to
ws(7, a, 1) in randomized experiments for testing both Neyman’s weak null at 7 and the null of a
constant effect at 7, eliminating the paradoxical phenomenon observed in §5.3 while maintaining
the benefits in power which gave rise to said phenomenon. To create a single sensitivity analy-
sis which is asymptotically valid for Neyman’s null while exact if the model of constant effects
holds, one path forward is through the test ¢pas(7T, @, ') = @s(7, 0, ') A (7, ,T'), i.e. reject-
ing only if both procedures reject. This would, unfortunately, deprive us of the improvements in
power from exploiting local information described in §5.3. Improving the procedure pppg(-) in
observational studies would be a worthwhile avenue for future research.

Even under the assumption of additivity, the permutational t-test tends to have worse power
in a sensitivity analysis than other choices of test statistics, such as the signed rank test, certain
u-statistics, and other members of the class of m-statistics (Rosenbaum, 2007, 2011), leading it
to not be favored for sensitivity analyses in practice. The extent to which studentized versions of
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those tests provide valid sensitivity analyses for the sample average treatment effect remains an
open question. The machinery underpinning the results presented herein should prove beneficial
in addressing that question.

This work serves to further dispel the notion that the sensitivity analyses based on the model
of Rosenbaum (2002b, §4.2) is only useful for testing sharp null hypotheses. Sensitivity analyses
for composite nulls on binary outcomes have been developed in Rosenbaum (2002a) and Fogarty
et al. (2017), while in the case of continuous outcomes Rosenbaum (2003) presents an exact
sensitivity analysis for the Walsh averages. By providing a sensitivity analysis for the sample
average treatment effect while accommodating effect heterogeneity, we hope to further enable
and encourage researchers to conduct sensitivity analyses when inferring treatment effects in
observational studies.

A Additional proofs

A.1 Proposition 1
Proof of a detail in Lemma 2

We now show that Op|A; — 7+ |ni|| + (1 — 0p)|A; — 7 — [nil| > ] + (260 — 1)(A; — 7). We do
this in three cases depending upon the values for sign(A; — 7 + |n;|) and sign(A; — 7 — |n;])

Case 1 (Aj—7+|ni| >0, A; —7—|n;| > 0). Here A; —7 > |n;|. Recalling that 0 < 20r —1 <1,
Or|Ai =7+ |mil[ + (1 = Op)| A — 7 — |mil[ = (200 — D)[ni| + Ay — 7
> |ni| + (20r — 1)(A; — 7).

Case 2 (A; — 7+ |ni| > 0, A; — 7 — |n;| < 0). Here we have that the result holds with equality,
as Or|Ai — 7+ |nil| + (1 = 0)|Ai — 7 — |mil| = mi| + (200 — 1)(A; — 7).
Case 3 (A;j —7+|ni| <0, A; —7 —|n;| <0). In this case —(A; —7) > |n;|. Noting —(A; —7) =
—291’*(Ai — T) + (2(91" - 1)(Al — 7') and 26r, (2(91" — 1) >0,
Or|Ai =7+ [nil| + (1 = 0r)[Ai = 7 — |mil| = (1 = 20p)|ni| — (Ai —7)
> |mi| + (200 — 1)(Ai = 7).

The inequality thus always holds.

Proof of Lemma 3
For any constant 7, and any constant I' > 1
E(SD. . | Fr, Z1) —var(Drr | F1, 21)

1

1 = 2
= I(I—l); (E(Djrr | F1,21) — E(Dryp | Fr. 21))” > 0.
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Proof. For ease of exposition, we suppress conditioning on F; and Z; at certain points in the
derivation below.

E(S, . | Fr, 21) = ZE D} r)—17" Z (DgrrDeqr)
k,f=1
! 1
=17 D BDlrr) = 727 2 B(Drrr) E(Dirr)
i=1 k#L
I
=17 Z var(Dj -r) + E(D; -r)?) — 7ZE Dy rr)E(Dyrr)
i=1 kA
! 2
=var(D,r | Fr, Z1) + Z Dirr | F1,21) — E(D-r | F1, 21))",
z:1
proving the result. O

Remark 1. The result of Lemma 3 applies beyond the collection of random variables {D; - r}.
Take any collection of I independent random variables {X;} with E(X;) = p; and var(X;) = o
and consider their random average X. Then, E(S%)—var(X) = (I —1)I)~! Zle(ui —j)? > 0.

Lemma 5. For each i, for any constant T

160r (1 — 0r)*n? < var(U .1 | Fr, Z1) < 16031 — 6r)n? (16)
E(U,r) < 12860¢ ((Ai — 7)* + 1) (17)

Further, if treatment assignment satisfies (2) at T,

160r(1 — 0r)*n? < var(D;,r | F1, 21) < 46807 (18)

E(D}, v | Fr, 2r) < 12864 (A — 1) + 1)) (19)

Proof. Let U; = U;rr, and let the analogous hold for D;. To prove (16), observe V&I‘(Ui ]
Fr,Zr) = 0r(1—6r)(2m; — (2(91‘ D)(|A; =74 —|A; —7—mn;]))?, which is at least 160p(1—6r)3n

and at most 1663 (1 — 6p)n?. The proof of (18) simply replaces 6r(1 — 0r) with 1/4 in the upper
bound.

Proving (17) simply requires multiple applications of the fact that (a + b)? < 2a? + 2b* for
scalars a and b. Without loss of generality assume that n; > —n;

(U ‘./T],Z]) —GF(A — T+ — (29p—1)|Ai—T+T]Z-|)4
+ (1= 0r)(Ai — 7 —mi — (200 — D]A; — 7 —mi])*
< 0r(200(A; — 7 +n:))* + (1= 0p) (200 (A; — 7 — )"
< 12807 ((A; — ) +1n})

The proof of (19) is analogous. O
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Lemma 6. Both II/QDTI and I1/2UT,F are asymptotically normal. Further, let

1

1/2
(@) =2""1-a) {1—2 > var(Uirr | Fr, zf)} : (20)

i=1
Then, if (2) holds at T' and the the true sample average treatment effect equals T,

Jim pr(Dryr > kip(@) | Fr, 21) < (21)
—00 ’

Proof. We prove asymptotic normality of I'/ QUT’F, and with it (21) by reference to Lemma 1;
the proof for 1/ 2DT7F is analogous. Let U; = U; rr, and let the analogous hold for D;. The U;
are conditionally independent given F; and Zj. Further, by Lemma 2 and sharpness of U; as

a stochastic upper bound we have that E (I‘l Zle U; | Fr, ZI> < 0. To illustrate asymptotic

normality of I'/2U, it suffices to show that Lyapunov’s condition holds for § = 2, i.e. that
(suppressing conditioning on F; and Z; henceforth)

I I 2
> E|U - E(U)|*/ (Z var(Ui)> -0
=1 i=1

By (16), I"' >0 var(U;) > 160r(1 — 6p)3 1~ =L 02, which is greater than 166 (1 — 6r)3C for
some C' > 0 as I — oo by (5). Applying Jensen’s inequality and utilizing (17) and (6), we have
that I=2 31| E|U; — E(U;)[* — 0. Hence,

I I 2 2
> ElU - E(U)|*/ (Zvar(Ul-)> =1 2ZE|U E(U, ( 12Var >
=1 =1

=1

I
<I?) E|U; - E(Uy)[*/(160p(1 — 6r)>C)* — 0
i=1

This, along with (8), proves the result. O

Lemma 7. Suppose that treatment assignment satisfies (2) at I' and that the sample average
treatment effect equals . If conditions (5) and (6) hold, then for all e > 0, as I — oo

pr(—e+Dypr >0|Fr, Z;) = 0. (22)

I
pr{e +ISh <IN war(Uizr | Fr, 21) | Fi, ZI} -0 (23)
=1

Proof. Let D; = D;.r, Uy = U; 1 and suppress conditioning on F; and Z;. We begin by
demonstrating (22). By Lemma 2, pr (—e+ D > 0) < pr (—e+ D — E(D) > 0). The variance
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of var(D;) is, by (18), less than 46Zn?. Therefore, using (6),

1
var (D) < 40172 Z n? — 0

i=1

as I — oo. Chebyshev’s inequality then yields (22).
We now prove (23). Recall that 183 = (I —1)"'S.I_, D? — I/(I —1)(D)?. By Lemma 4,

1
pr {6—4—1512) <rt Zvar(Ui)}

=1

I
< pr {e +ISH< (I =171 var(Di) + (I -1)"" D (E(D;) — E(D))2}
=1 ]

1

I
= pr {e + (=171 (Z D? — ZE(D?)) —I(I-1)"YD?*-ED)* < 0}
=1 =1

The proof of (22) along with (7) yields that I/(I —1)(D? — E(D)?) converges in probability
to 0. We now show that (I —1)~! (ZZ‘I:1 D2 -1, E(Df)) also converges in probability to 0.
Using (19),

1 1
var {(I -1t ZD?} <(I -1 ED}|Fr,2r)
i=1 1=1
I
< 128641 — 1) 72 (A — 1) + 1),
=1

which converges to 0 as I — oo through (6). Applying Chebyshev’s inequality yields the desired
convergence in probability, which in turn yields (23). O
Proof of Proposition 1

Define rrp(e) = Sp, 1 ® (1 — ) with 0 < a < 0.5. By (23), taking € | 0,

lim pr(k,r(a) > kip(a) | Fr, 2r) = 1.

I—o00

This, in combination with (21), yields the conclusion of the proposition.

A.2 Proposition 2

Lemma 8. Take a vector f{p distributed as in §2.3 with ‘7;7p =41 and~pr(\7i,p =1|Fr, ZI)NZ Or.
Let Vi be an iid copy of Vi. Then, under (6) and (18), I'Y?A, r(V&,Y) and I'2 A, p(VL,Y)
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are itd and converge jointly to a bivariate normal, each with mean zero and variance V% =

49{*(1 - QF)I/Q.

Proof. Recall that Ai,T,p(f/p,Y) = ‘N/,-7F|YQ — 7| — (20r — 1)|Y; — 7|, and that E(Ai’7—7[‘(‘71",Y) |
Fr,2Z1) =0. Let A; = ALT’F(VF,Y), and let A = Aiﬂ—,r(f/li, Y’). Since uncorrelatedness implies
independence for the normal, to show independence of the limiting distributions for A and A’ it
suffices to show that cov(4, A" | F7, Z;) = 0.

cov(A, A" | F1,21) = E{cov(A, A" | Y, F1, Z1) | F1, 21}
+ cov {E(zzl ‘ Kf],Z]),E(A/ ‘ Y,./T[,Z[) ’ .7:[,2]}

1

=I%E {Z(Yl - T)2COV(‘~/Z',F,‘~/,;/’F | F1, Z1) | ]:],ZI} +0
i=1

=0

By the Cramér-Wold device, to show bivariate asymptotic normality it suffices to show that
I'Y2(wy A+ wy A") converge to a normal with mean zero and variance (w? +w3)1 for any vector
of constants (wq,ws). Fixing (wi,ws2), we now show this to be the case through Lyapunov’s
condition. We have E(wlAi + w9 A; ’ Fr, Z[) =0, that E(A,jL | Fi, Z[) = Fz(Al -7 +77i)4 + (1 —
i) (A; — 7 —m)* < 8(A; — 7)* + 8nf, and that E((w1A; +wa AL | Fr, Z1) < 8(wi +wi) E(A? |
Fr1, Z;). Combining this with (6), we have that I=2 31| E((w1A; +waA))* | Fr, Z1) — 0. By
(13), we have that I—! ZZ‘I:1 var(wy A; + wa AL | Fr, Zr) — (w? + w3)vE > 0. Hence,

I I 2
ZE((wlAi + ’U)QA;)4 ’ Fi, Z[)/ (Z Var(wlAi + 'LUQA; ‘ Fi, Z[))

i=1 i=1

I I 2
=12 Z E((wlAz + ngg)4 ’ Fi, Z])/ <I_1(w% + w%) Zvar(Ai ‘ Fi, Z])) — 0.
i=1 i=1
Lyapunov’s condition is satisfied at 6 = 2, thus proving the result. O
Lemma 9. Under the assumptions of Proposition 2, for any point a
Frr(a/TV%) 2 & (ajur),
Proof. Observe that
E(Frr(a/T'?) | Fr. 21) = B(ECATY? Arr(Ve,Y) < a} | Y, Fr, 21) | Fr, 21)
= BEQAI? A r(V0,Y) < a} | F1, 21)
= pr(I'?A,r(Vr,Y) < a)

By Lemma 8, I/ 2[17,1“(‘71“, Y) converges in distribution to a normal with mean 0 and variance 2.

Hence, E(F,.r(a/I'?) | F1,21) — ®(a/vr). Through Chebyshev’s inequality, to illustrate the
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desired convergence in probability it suffices to show that E(nyr(a/II/Q) | F1, Z1) = ®*(a/vr),
which is equivalent to var(F,.r(a/I?) | Fr, Z1) — 0.

E(FZp(a/I'?) | Fir,cZ)

I
=B | > x{IVAr(a - 2,Y) < apx{IV? A p (2] - 24, Y) <a} [[ 0577 (1 - op)> 05 | L 2
=1

2,2/ €Qr

= pr(IY2 A, p(Ve,Y) < a, IY2 A, p(VE,Y) < a) = ®2(a/vr)
as desired, where the last line utilizes Lemma 8. O

Lemma 10.
E(Siﬂr | F1, 21) = Uar(f_lf,p | Fr1, Z1)
Proof. The lemma follows by Remark 1 along with (9). O

Lemma 11. Under the assumptions of Proposition 2,
.751247 - 2 Vi

Proof. Let S% = Si - and let the analogous hold for A;. Decompose IS% =1-1)71 Zi[:l A?—
I/(I —1)A. I/(I —1)E(A | F1,2;) is 0 by (9), while by Lemma 8 A has limiting variance
vZ/I — 0. Hence, I/(I—1)A converges in probability to 0 by Chebyshev’s inequality. Meanwhile,
E(I-1)"! Zi[:l A? | Fr, 2;) — v2 by Lemma 10 and (13). To show that the variance of this
term goes to zero, observe that A} < 8(1 + (20r — 1)*)|Y; — 7|*. Similar arguments to those of
Lemma 7, utilizing (6), then yield that the variance goes to zero, thus yielding the result through
Chebyshev’s inequality. O

Proof of Proposition 2

By Lemma 9, FT,F (a/I'/?), the biased randomization distribution of 11/2[17,1“, converges in prob-
ability to ®(a/vr) for all points a. By Lemma 11 and the continuous mapping theorem I'/28 Arr
converges in probability to vr. Recall that CAJT’F (t) is the biased randomization distribution of the
studentized statistic II/QAT’F/(II/%SAT’F). Setting a = 15.71/25,47’F and using Slutsky’s theorem
for randomization distributions (Chung and Romano, 2013, Lemma 5.2), we have that G, p(t)
then converges in probability to ®(tvp/vr) = ®(t) for all points ¢ as desired.

A.3 Proposition 4

Recall that 6p4c > 6 for any € > 0. Consider D; ;1 =Y, —7-— (20r4c — 1)|Y; — 7. Since (2)
holds at I', by arguments parallel to those in Lemma 1 D, . is stochastically bounded by the
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random variable W.r,p,e, where

Wirre=Ai =7+ Virln| = (2001 = D{(1+ Vir)|A; = 7 + il + (1= Vir)|A; = 7 — |mil[}/2.
Hence, EW,r | F1,21) > E(D;rie | F1, Z1). Further define U; ;e as before, namely

Uirrte = 8 =7+ Virselm| — (20re = D{(1 + Viro) | =7+ |nil | + (1= Virso) | — 7 — |nil[}/2-
We now show that in the limit, E(U, r4c | F1, Z1) > EWrre | Fr, Z1).

E(Urrye | F1,21) — EWepe | Fr, Z1)

I
=1 Z [(Orse — Or) {|ni] — (2004 — 1)|A; — 7 + |03l |}
i=1

+(0r — Ore) {—\ml + (2001 — DA = 7 — |nil[}]

= (Oryc —Or)1 12{2\ml+(29r+e—1)(!A =7 = [mill = [Ai =7+ [nal]) }
=1

(1 - 0F+6)<9F+6 - 91“ ! Z ’772

where the last line follows arguments similar to those used to prove (16). In the limit, the last
line is greater than or equal to 4(1 —6r)(fr+c —0r)C > 0 by (5). Hence, if (2) holds at I' but a
sensitivity analysis is conducted at I'+-€, E(Dy 14 | Fr, Z1) is strictly less than E(U:r+e | Fr1, 21)
asymptotically, which is itself less than or equal to zero if the average treatment effect equals 7
by Lemma 2.

Let up = ]_”/’(1_3771ﬂ+6 | Fr,2r) < 0, and U%/I = Vaur(l_)ﬂurE | Fr,2r). Asymptotically,
the permutational t-test rejects the null of A = 7 in favor of A > 7 at I’ + ¢ for any « if
Il/zDﬂ.,er6 > vry® (1 — a) by Proposition 2.

lim E(@F(Y, a,7,T +¢€) | Fr, 21, Hy)

= lim pr(I'Drrie > vr4ee® (1 — @) | Fr, 21, Hy)

I—o00

= Ilgf)lopr(fl/Q(Dr,He —up)/op > (@711 — a)vrye — I'M?up) fop | Fr, 21, Hy)

2 —1(q —
:hm1—c1>< pp + @~ (1 OO””E):O,

I—00 ap

where the last line stems from pup < 0 and asymptotic normality of I/ QDT,F by Lemma 6.
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