
Abstract—We developed non-negative factorization algorithms 
based on statistical distributions which are members of the 
exponential family, and using multiplicative update rules.  We 
compared in detail the performance of algorithms derived 
using two particular exponential family distributions, assuming 
either constant variance noise (Gaussian) or signal dependent 
noise (gamma).  These algorithms were compared on both 
simulated data sets and on muscle activation patterns collected 
from behaving animals.  We found that on muscle activation 
patterns, which are expected to be corrupted by signal 
dependent noise, the factorizations identified by the algorithm 
assuming gamma distributed data were more robust than those 
identified by the algorithm assuming Gaussian distributed 
data.

Keywords—matrix factorization, blind source separation, 
multiplicative update rule, signal dependent noise, EMG, 
muscle synergy  

I. INTRODUCTION

In many experimental contexts, investigators are faced 
with highly complex and high dimensional data.  Often, this 
complexity is only apparent, and the data in fact exist in a 
simpler, low dimensional subspace of the total possible 
dimensionality.  The problem for the investigator is to 
identify a representation of the data which captures this low 
dimensional subspace, thereby characterizing the critical 
features of the observed data. 
 Many methods have been proposed to perform this 
subspace identification, or matrix factorization.  Here we 
describe a general framework for the factorization of data 
sets consisting of non-negative data.  This work extends the 
framework developed by Lee and Seung [7] [8], to non-
negative data sets generated according to any of the 
probability distributions belonging to the exponential family.  
This approach allows us to develop factorization algorithms 
which can be adapted to data sets with different expected 
statistical properties.  We illustrate this approach using a 
factorization algorithm based on generalized gamma 
distributions, for which the standard deviation of a data 
point is proportional to its mean.  Such signal dependent 
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noise is expected for many physiological data sets, such as 
muscle activation patterns [6].

II. NON-NEGATIVE ALGORITHMS MODELING NOISE WITHIN 
THE EXPONENTIAL FAMILY

Let D be a non-negative M T data matrix comprising T
samples of a M-dimensional data vector.  We model the data 
matrix as a linear combination of N basis vectors, N M,
such that 

;0,,; CWDCWD        (1) 
where each column of W (M N) represents a basis vector, 
and each row of C (N T) represents the coefficients for a 
corresponding basis across all data samples.  We further 
assume that the observed D is generated by corrupting W C
with noise that can be characterized as a distribution in the 
exponential family.  Our problem is to estimate W and C
given D.
 Assuming that the data samples and the data dimensions 
are both independently distributed, the likelihood function 
for D can be expressed as follows for any noise distribution 
in the exponential family:  
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where h, y  0, tq , zq , h, y are real-valued functions, and K
an integer, which together characterize a particular 
distribution in the exponential family.  We set one of the 
parameters defining the distribution, e.g., one related to 
E(Dij), to be W C, and let the rest of the parameters in the 
density function (denoted by ) to be constants.  Thus, for 
example, for the Gaussian distribution requiring two 
parameters (  and  , respectively representing the mean 
and standard deviation),  can be set to [W C]ij , and  = .
 We estimate W and C through maximization of the log-
likelihood function.  To accomplish this, we first 
differentiate log P(D|W,C) with respect to each component 
of W and C:
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The log-likelihood function can then be maximized through 
a 2-step iterative gradient ascent procedure.  In the first step, 
W is updated while keeping C fixed; in the second step, C is 
updated while keeping W fixed.  Denoting the learning rates 
of the first and second steps by W and C, respectively, we 
obtain the following additive update rules: 
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Since W and C are assumed to be non-negative, both of the 
above learning rates can be formulated component-wise as 
functions of W and C.  Let 
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using the expressions in (3), the additive update rules in (3) 
can be reformulated as multiplicative update rules: 
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with the  and  matrices as defined in (3). 
 In this paper, we focus on two non-negative algorithms, 
derived using (5) from the Gaussian and the generalized 
gamma distributions, respectively.  In the Gaussian case, if 
we set WC, then  = D / 2, and  = [WC] / 2.
Substituting these expressions for  and  into (5), we 
obtain the update rules for the Gaussian algorithm (GAU), 
which are the same as the non-negative matrix factorization 
update rules proposed by Lee and Seung [7] [8]. 
 To model signal-dependent noise, we use the generalized 
gamma distribution having the following form: 
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where  and  are parameters for the distribution, and ( )
is the gamma function (note that (6) can be re-expressed as a 
standard gamma distribution with  = / ).  If we set  = 
[WC]ij , and define  = 1/ , we obtain the following 
relationship between the mean and standard deviation of 
each data point:
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Thus, the generalized gamma distribution defines a signal-
dependent noise model in which the standard deviation of 
the noise is proportional to the data amplitude.  Such signal-
dependent noise has been observed to underlie variation of 
control signals in the motor system [6].  Update rules for the 
generalized gamma algorithm (GGM) can be obtained by 
deriving expressions for  and :
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and the noise proportionality constant  in (7) can be 
obtained by estimating  using standard maximum 
likelihood methods.              

III. ASSESSING PERFORMANCE OF THE GAU AND GGM
ALGORITHMS WITH SIMULATED DATA SETS.

We assessed the ability of the GAU and GGM algorithms 
described above to identify underlying basis vectors from 
simulated data sets generated by known bases.  Ten different 
simulated data sets were initially generated.  Each contained 
1000 data samples, and was generated by linearly combining 
a set of 5 basis vectors.  The components of both the basis 
vector matrix (W) and the coefficient matrix (C) used for 

data generation were uniformly distributed in (0, 1).  Each of 
these 10 data sets was then corrupted by two different types 
of noise – Gaussian noise, and signal-dependent noise with a 
generalized gamma distribution.  In the case of Gaussian 
noise, the data set, D, was corrupted so that 
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where g(x) = x if x  0, and g(x) = 0 if x < 0.  Such 
thresholding of the data was necessary to ensure that the 
simulated data set stayed non-negative.  Each simulated data 
set was corrupted by Gaussian noise of 8 different 
magnitudes, corresponding to the following values of :
(0.01, 0.02, 0.05, 0.1, 0.15, 0.2, 0.25, 0.3).  In the case of 
signal-dependent noise, each of the 10 data sets was 
corrupted so that 
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As in the case of Gaussian noise, each of the 10 original 
simulated data set was corrupted by noise of 8 different 
magnitudes using the following values of : (20, 40, 60, 80, 
100, 120, 150, 300).  Thus, there was a total of 10 2 8 = 
160 data sets, 80 of which contained Gaussian noise, and the 
other 80, signal-dependent noise. 
 For each type of noise, and for each noise level, we 
quantified noise magnitude by calculating 1-R2, where R2 is 
the coefficient of determination representing the percentage 
of variance in the noise-corrupted data set explicable by the 
original uncorrupted data set. 
 We then proceeded to extract 5 basis vectors from each of 
these 160 data sets using both the GAU and GGM 
algorithms.  For each extraction, we also randomly and 
independently shuffled each row of the data matrix, and 
extracted basis vectors from this shuffled data set.  This 
allowed us to assess the baseline similarity between the 
extracted and original basis vectors (see below). 
 Performance of the two algorithms was assessed by 
comparing the extracted bases and the original bases 
generating the simulated data set.  Similarity was quantified 
by calculating the sum of the cosine of the principal angles 
between the two sets of bases [5].  Since 5 bases were 
identified in each extraction, the maximum similarity value 
was 5.  To account for the possibility that a fraction of the 
calculated similarity value is expected by chance, for each 
data set, each noise magnitude, and each algorithm, the 
normalized similarity (snorm) was calculated as follows:   

),5()( baselinebaselinenorm ssss
where s is the similarity value between the original bases 
and the bases extracted from unshuffled data, and sbaseline is 
the similarity value between the original bases and those 
extracted from shuffled data. 
 Figure 1 summarizes the performance of the two 
algorithms in the two types of noise-corrupted data sets.  
Results from both the GAU algorithm (solid line) and the 
GGM algorithm (dotted line) are presented (mean  SD, n
=10).  It is apparent from Fig. 1A that for data sets with 
Gaussian noise, when the noise magnitude was low, both 
algorithms performed equally well (with snorm close to 1).  
But for Gaussian noise magnitudes >20%, the GAU 
algorithm performed substantially better than the GGM 
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algorithm.  On the other hand, as shown in Fig. 1B, for data 
sets containing signal-dependent noise, the GGM algorithm 
performed better than the GAU algorithm for all noise 
magnitudes tested.  Thus, the non-negative algorithm is 
better able to recover the original generative basis vectors if 
the actual noise structure of the data set agrees with the 
noise structure assumed by the algorithm. 

Fig. 1. Assessing performance of the GAU and GGM algorithms with 
simulated data sets.  Basis vectors extracted using the GAU algorithm (solid 
line) and GGM algorithm (dotted line) were compared with the original 
basis vectors generating the data sets.  Data sets were corrupted by either 
constant variance Gaussian noise (A) or signal-dependent noise (B).  Mean 

 SD plotted (n=10).  

Fig. 2.  Testing the performance of the Akaike Information Criterion.  The 
AIC values were computed using results obtained from both the GAU (solid 
line) and GGM (dotted line) algorithms.  The simulated data sets were 
corrupted by either constant variance Gaussian noise (A) or signal-
dependent noise (B).  Note that for data sets with low noise magnitudes, we 
were unable to obtain the AIC values for the signal-dependent noise model, 
because the gamma function in Matlab cannot handle large input 
arguments. Mean  SD plotted (n=10). 

IV. TESTING THE PERFORMANCE OF AN OBJECTIVE MODEL 
SELECTION CRITERION – THE AIC

As shown above, the closer the data noise structure is to 
the noise structure assumed by the algorithm, the better the 
algorithm performs in retrieving the correct basis vectors.  
However, the noise structure of any given physiological data 
set is often not known.  Whether results of any one 
algorithm are potentially “better” or “worse” than those of 
another in capturing underlying data structures has to be 
determined by some model selection criteria.  Here, we 
tested whether the well-known Akaike Information Criterion 
(AIC) [1] could reveal the underlying data noise structure in 
the simulated data sets described above: the lower the AIC, 
the better the fit of the parameters to the observed data. 

For each of the 160 simulated data sets described in the 
previous section, the AIC was computed for both the GAU 
and GGM algorithms using their respective extracted bases 
and coefficients.  Figure 2 shows the AIC values obtained 
from the two algorithms (GAU: solid line; GGM: dotted 
line; mean  SD, n =10).  It is apparent that for data sets 
corrupted with constant-variance Gaussian noise, the GAU 
algorithm consistently yielded results with lower AIC 
values, indicating that the Gaussian noise model of the GAU 
algorithm was a better fit to the data than the signal-
dependent noise model.  On the other hand, for data sets 
corrupted with signal-dependent noise, the AIC values from 
the GGM results were lower than those from the GAU 
results for all noise magnitudes tested.  Hence, the 
underlying noise structure of the data set could be revealed 
by comparing the AIC values obtained through different 
algorithms having different assumptions of noise structure. 

V. APPLYING THE ALGORITHMS TO EMG DATA
We next proceeded to analyze electromyographical 

(EMG) data sets collected from 13 hindlimb muscles of the 
frog during jumping in order to identify the basis vectors, or 
muscle synergies, underlying these high-dimensional data 
sets.  Previous studies [2] [3] [9] have suggested that the 
frog motor system might simplify control of the many 
degrees of freedom in the muscle space through linear 
combination of a small number of muscle synergies.  
However, none of the above-mentioned studies compared 
performance of different algorithms assuming different 
noise structures.  It is not known also whether frog EMGs 
collected during natural behaviors are corrupted by signal-
dependent noise similar to the kind suggested by Harris and 
Wolpert [6].  Here, we address this question by applying 
both the GAU and GGM algorithms to frog EMG data sets, 
and by comparing AIC values from both algorithms to see 
which noise model might be a better fit to these 
physiological data.  
 Methods for data collection have been described 
previously [4].  Data collected from 6 different intact frogs 
during jumping were analyzed.  For each frog, the GAU and 
GGM algorithms were applied to the EMG data to extract 5 
synergies.  Such a model order was suggested by previous 
studies [2] [3].  Also, synergy extraction was repeated 5 
times for each frog and each algorithm, each time with 
different initializing W (the synergy matrix) and C (the 
coefficient matrix).  The AIC value for each extraction was 
also computed. 
 Table 1 lists the AIC values for both the GAU and GGM 
models applied to each of the 6 frogs.  For all frogs, the AIC 
of GGM was smaller than the AIC of GAU.  Such a 
consistent result suggests that the noise underlying frog 
EMGs might be better described using a signal-dependent 
noise model whose noise standard deviation is proportional 
to the mean EMG amplitude.  Another implication is that the 
muscle synergies extracted using GGM might be closer to 
the actual physiological synergies underlying jumping than 
the GAU synergies. 
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Table 1.  The Akaike Information Criterion (AIC) values for the GAU and 
GGM models applied to frog jumping EMG data (13 muscles, 5 synergies; 
mean, n=5).  The MLE estimate for the  parameter in the GGM noise 
model (eqn. 7) is also listed (mean ± SD, n=5).
Animal GAU (x106) GGM (x106) MLE est. for  (GGM) 
Frog 1 -1.9236 -3.8506 0.5002±0.0117 
Frog 2 -0.5617 -1.2010 0.4529±0.0284 
Frog 3 -0.5095 -1.3870 0.5275±0.0242 
Frog 4 -0.6505 -1.3020 0.4688±0.0112 
Frog 5 -0.6310 -1.2783 0.4606±0.0115 
Frog 6 -0.3357 -0.7764 0.5162±0.0051 

Fig. 3.  Muscle synergies (Syn) of frog 2 extracted using the GGM (A) and 
the GAU (B) algorithms.  Results from the extraction repetition with the 
lowest AIC were shown.  The 13 recorded muscles were rectus internus 
major (RI), adductor magnus (AD), semimembranosus (SM), 
semitendinosus (ST), ilio-psoas (IP), vastus internus (VI), rectus femoris 
anticus (RA), gastrocnemius (GA), tibialis anticus (TA), peroneus (PE), 
biceps (or ilio-fibularis) (BI), sartorius (SA), and vastus externus (VE).  
Synergies from the two synergy sets were matched by calculating scalar 
products. 

 Figure 3 shows the jumping muscle synergies extracted 
using GGM (A) and GAU (B) for one frog.  In this figure, it 
can be seen that both algorithms yielded similar results for 
synergies 3-5, all of which were activated during the flexion 
phase of the jump.  However, for synergies 1-2, both of 
which were activated during jump extension, the GGM and 
GAU synergies are quite different from each other.  A closer 
examination of these two synergies reveals, for example, 
that both synergies 1 and 2 from GAU have a strong 
gastrocnemius (GA) component; however, only synergy 1 
from GGM contains GA activation.  An interpretation of this 
observation is that because GA was activated strongly 
during extension, its EMG was also more variable due to 
signal-dependent noise.  Such variability forced the GAU 
algorithm to divide the GA extension bursts up between two 
different synergies.  Whether the GAU or GGM synergies 
correspond better to other physiological measures (such as 
kinematics) would require further studies and analyses.

VI. DISCUSSION AND CONCLUSION
In this paper, we have derived a non-negative blind 

source separation algorithm capable of modeling any noise 
distribution in the exponential family (eqn. 5).  It is shown 
that our update rules can be reduced to the non-negative 
matrix factorization algorithm proposed by Lee and Seung 

[7] [8] by assuming constant-variance Gaussian noise.  Also, 
update rules for a signal-dependent noise model were 
derived (eqn. 6).  The ability of both the Gaussian (GAU) 
and generalized gamma (GGM) algorithms to recover bases 
from data corrupted with noise was tested using simulated 
data sets, and it was confirmed that the algorithm performs 
better if the data noise structure agrees with the noise model 
of the algorithm (Fig. 1).  It was further shown that the AIC 
could be used as a model selection criterion to decide which 
algorithm might be better fitted to the data (Fig. 2).  Both the 
GAU and GGM algorithms were then applied to EMG data 
collected from 6 frogs.  Calculation and comparison of AIC 
values suggested that frog EMG data might be better 
described using a signal-dependent noise model.   
 One of the most important features of the algorithm 
presented here is that it is generalized to any noise 
distribution in the exponential family, thus allowing 
modeling of signal-dependent noise.  In this paper we have 
presented one possible formulation of signal-dependent 
noise using the generalized gamma distribution.  But other 
formulations, such as Gamma(WC, 1) or N(WC, WC), are in 
principle possible, provided that the resulting algorithms 
converge.  Such flexibility of our algorithm would be 
particularly useful in analyses of data sets with unknown 
noise structures.  In such cases, basis vectors can be 
extracted using multiple versions of our algorithm having 
different noise model assumptions, and a model selection 
criterion such as AIC can then be applied to gain insight into 
the underlying data noise structure.  For this reason, we 
think the algorithms presented here might be useful in 
analyses of not only EMG signals, but also a wide variety of 
high-dimensional physiological data (such as neuronal firing 
rates of multiple neurons).   
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