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We also note that to make a curvature uniform by minimizing the variance of     
any measure over a surface is equivalent to minimizing the total squared         
curvature, provided that the integral of curvature is constant. This follows from       
the  well-known  fact  that,  for  any  function  f(x),

Variance of f f f dx f dx fdx x= − = − [ ]∫∫∫ ( ) /2 2
2

∆                        (4)

On any developable surface for which the Gaussian curvature G is every-             
where zero, and on a surface for which the orientation is known everywhere at          
its boundary (e.g., the boundary is extremal), the integral of G and its             
integrated  square  are  equivalent.

In itself, however, uniformity of the Gaussian curvature is not sufficiently
constraining. By this criterion, any developable surface is perfectly uniform.   
Therefore, considerable ambiguity remains, as is evident in Fig. 6.2 where all          
the developable surfaces satisfy the same boundary conditions (provided by            
two parallel lines in the image). A secondary constraint, such as uniformity of       
mean  curvature,  is  thus  necessary  to  find  the  smoothest  developable  surface.

In the absence of specific assumptions about the nature of a surface, it is    
reasonable to adopt a pragmatic approach. We seek a technique that yields            
exact reconstructions for the special symmetrical cases of spherical and cylin-      
drical surfaces, as well as intuitively reasonable reconstructions for other            
smooth surfaces. In particular, given surface orientations that are defined              
around a circular outline corresponding to the extremal boundary of a sphere,              
or along two parallel lines corresponding to the extremal boundary of a right       
circular cylinder, we require interpolation to yield the correct spherical or        
cylindrical surface with uniform (Gaussian, mean, and principal)  curvature.           
These test cases are important because they require reconstructions that                     
are   symmetrical  in  three  dimensions  and   are  independent   of  viewpoint.   Many

FIG. 6.2. Surfaces with zero Gaussian curvature satisfying common boundary conditions.
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FIG. 6.3. Coordinate frame.

simple interpolation techniques fail this test, producing surfaces that are too             
flat or too peaked. If we get good performance on the test cases, we can expect
reasonable  performance  in  general.

6.2. A reconstruction algorithm

Although in principle correct reconstruction for our test cases can be obtained          
in many ways, the complexity and generality of the interpolation process            
depends critically upon the representation employed. For example, represent-          
ing surface orientation in terms of gradient space leads to difficulties, because     
gradient variation is extremely nonlinear across the image of a smooth surface,
becoming infinite at extremal boundaries. We shall now propose an approach          
that  results  in  elegantly  simple  interpolation  for  our  test  cases.

6.2.1. Coordinate frames

Given an image plane, we shall assume a right-handed Cartesian coordinate        
system with x- and y-axes lying in the plane (see Fig. 6.3). We also assume
orthogonal projection in the direction of the z-axis. Each image point (x, y) has       
an associated range, Z(x, y); the corresponding scene point is thus specified by        
(x, y, Z(x, y)).

Each image point also has an associated unit vector that specifies the local        
surface  orientation  at  the  corresponding  scene  point:

N(x, y) = (Nx(x, y), Ny(x, y), Nz(x, y))

Since  N  is  normal  to  the  surface  Z,

Nx/Nz  = -∂Z/∂x   and   Ny/Nz = -∂Z/∂y.                                      (5)

(The derivatives ∂Z/∂x and ∂Z/∂y correspond to p and q when the surface          
normal  is  represented  in  gradient  space  form  (p, q, -1).)



98                                                                                           H.G. BARROW AND J.M. TENENBAUM

Differentiating  (5),  we  obtain

∂(Nx/Nz)/∂y = -∂2Z/∂y ⋅ ∂x

and                                                                                                            (6)

∂(Ny/Nz)/∂x = -∂2Z/∂x ⋅ ∂y.

For  a  smooth  surface,  the  terms  on  the  right  of  (6)  are  equal;  hence

∂(Nx/Nz)/∂y = ∂(Ny/Nz)/∂x.                                                                 (7)

Finally,  since  N  is  a  unit  vector,

N N Nx y z
2 2 2 1+ + = .                                                                     (8)

6.2.2. Semicircle

Let us begin by considering a two-dimensional version of surface recon-         
struction. In Fig. 6.4 we observe that the unit normal to a semicircular surface       
cross section is everywhere aligned with the radius. It therefore follows that      
triangles  OPQ  and  PST  are  similar,  and  so

OP  : OQ  : QP  = PS : PT : TS.                                                          (9)

But the vector OP is the radius vector (x, z), and PS is the unit normal vector        
(Nx, Nz). Moreover, the length OP is constant (equal to R), and the length PS            
is  also  constant  (equal  to  unity).  Hence

Nx = x/R     and    Nz = z/R .                                                              (10)

FIG. 6.4. Linear variation of N on a semicircle.

6.2.3. Sphere

Now consider a three-dimensional spherical surface, as shown in Fig. 6.5. Here        
too the radius and normal vectors are aligned, and so from similar figures we        
have

Nx = x/R ,    Ny = y/R     and    Nz = z/R .                                             (11)

It  should  be  noted  that  Nx  and  Ny  are  both  linear  functions  of  x  unit  length.
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FIG. 6.5. Linear variation of N on a sphere.

6.2.4. Cylinder

The case of the right circular cylinder is only a little more complicated. In Fig.       
6.6 observe a cylinder of radius R  centered upon a line in the x-y plane,             
inclined at an angle A  to the x axis. Let d be the distance of point (x, y, 0) from       
the  axis  of  the  cylinder.  Then

d = y ⋅ cosA  - x ⋅ sin A                                                                    (12)

and

z2 = R 2 - d2.                                                                                   (13)

Let  Nd  be  the  component  of  vector  N  parallel  to  the  x-y   plane:   it  is  clearly

FIG. 6.6. Linear variation of N on a cylinder.
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perpendicular to the axis of the cylinder. Now, since a cross section of the        
cylinder  is  analogous  to  our  first,  two-dimensional  case,

N d = d/R .                                                                                      (14)

Taking  components  of  Nd  parallel  to  the  x  and  y  axes:

Nz = Nd ⋅ sin A    and    Ny = -Nd ⋅ cos A .                                          (15)

Substituting  in  this  equation  for  Nd  and  then  for  d,  yields

Nx = ((y cos A - x sin A) ⋅ sin A)/R

and                                                                                                          (16)

Ny = (-(y ⋅ cos A - x ⋅ sin A) ⋅ cos A)/R.

Observe that, as was true for the sphere, Nr and Ny are linear functions of x          
and  y,  and  that  Nz  can  be  derived  from  Nx  and  Ny.

6.3. A computational model for surface reconstruction

Because of the global nature of the linearity of Nx and Ny for spherical and     
cylindrical surfaces, it is possible to interpolate the normal vector everywhere            
in the image from known values at any three noncollinear points. Moreover, Nx        
and Ny can be treated as independent variables, and yet the vector field                
produced is guaranteed to satisfy the integrability constraint of (7). This may be
verified by substituting for Nx, Ny, and Nz from (11) or (16) (for the sphere or      
cylinder, respectively) and (8). Hence, the orientation field can be integrated to      
recover  range  values.

For arbitrary surfaces, approximated locally by spherical or cylindrical pat-         
ches, Nx and Ny may be regarded as linear locally, but not globally. The      
interpolation scheme, therefore, must also be local in nature. While in principle      
the integrability constraint should not be ignored, in actual practice it is weak;         
Nx and Ny can be interpolated independently without introducing significant          
errors.

We have implemented a recovery model that exploits these notions of local      
linearity and separability to reconstruct arbitrary smooth surfaces. The overall      
system organization is a subset of the array stack architecture first proposed in       
[4]. In concept it consists of two primary arrays: one for range and the other for  
surface normal vectors. The arrays are in registration with each other and with          
the input image. Values at each point within an array are constrained by local  
processes that maintain smoothness, as well as by processes that operate           
between arrays to maintain the differential/integral relationship. The system is  
designed to be initialized with orientation values and constraints derived from             
the preceding boundary interpretation stage. (Partially constrained orientations       
along  discontinuity  boundaries,  however,  have  not  yet  been  implemented.)
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6.4. The interpolation process

At each point in the orientation array we can imagine a process that is      
attempting to make the two observable components of the normal, Nx and Ny,      
each vary as linearly as possible in both x and y. The process looks at the           
values of Nx (or Ny) in a small patch surrounding the point, and attempts to           
infer the linear function, f = ax + by + c, that best models Nx locally. It then          
tries  to  relax  the  value  for  the  point  so  as  to  reduce  the  supposed  error.

There are numerous ways to implement such a process, and we shall describe      
some with which we have experimented. One of the simplest is to perform a        
local least-squares fit, deriving the three parameters a, b, and c. The function f            
is then used to estimate a corrected value for the central point. The least-            
squares fitting process is equivalent to taking weighted averages of the values in         
the  patch,  using  three  different  sets  of  weights:

x Ni xi
i

⋅∑ ,    y Ni xi
i

⋅∑ ,    Nxi
i

∑ .                                                  (17)

The three parameters of f are given by three linear combinations of these             
three  averages.

If we are careful to use a symmetrical patch with its origin at the point in      
question, the sets of weights and the linear combinations are particularly           
simple–the  three  sums  in  (17)  correspond,  respectively,  to

a xi
i

⋅ ∑ 2 ,    b yi
i

⋅∑ 2 ,    c
i

⋅ ∑1.                                                      (18)

Equations (17) and (18) can be readily solved for a, b, and c; but note that          
under the above assumptions f(0, 0) = c, so that computation of a and b is     
unnecessary  for updating  the  central  point,  unless  derivatives  are  also  of interest.

An alternative approach to interpolation follows from the fact that a linear      
function  satisfies  the  equation

∇ 2f = 0.                                                                                         (l9)

The numerical solution of this equation, subject to boundary conditions, is           
well  known.  The  ∇ 2 operator  may be  discretely  approximated  by the operator

      -1
-1    4   -1 .
      -1

Applying this operator at a point in the image leads to an equation of the               
form

4Nx0 = Nx1 - Nx2 - Nx3 - Nx4 = 0,                                                        (20)
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and hence, rewriting,

Nxo = (Nx1 + Nx2 + Nx3 + Nx4)/4 .                                                       (21)

Equation (21) is used in a relaxation process that iteratively replaces the              
value of Nx0 at each point with the average of its neighbors. Although the      
underlying theory is different from least-squares fitting, the two methods lead           
to  essentially  the  same  discrete  numerical  implementation.

The iterative local-averaging approach works well in the interior regions of a
surface, but difficulties arise near surface boundaries where orientation is          
permitted to be discontinuous. Care must be taken to ensure that the patch           
under consideration does not fall across the boundary, otherwise estimation of         
the parameters will be in error. On the other hand, it is necessary to be able to  
estimate values right up to the boundary, which, for example, may result from
occlusion  by  another  surface.

The least-squares method is applicable to any shape of patch which we can        
simply truncate at the boundary. However, the linear combination used to         
compute each parameter depends upon the particular shape, so we must either
precompute the coefficients for all possible patches (256 for a 3 X 3 area) or         
resort to inverting a 3 X 3 matrix to derive them for each particular patch.           
Neither of these alternatives is attractive, although we might consider pre-      
computing coefficients for the more common patch shapes, and deriving them        
when  needed  for  the  less  common  ones.

The above disadvantages can be overcome by decomposing the two-dimen-      
sional fitting process into several one-dimensional fits. We do this by consider-      
ing a set of line segments passing through the central point, as shown in Fig.         
6.7. Along each line we fit a function, f = ax + c, to the data values and thus   
establish a corrected value for the point. The independent estimates produced            
from the set of line segments can then be averaged. If the line segments are          
each symmetrical about the central point, then the corrected central value is            
here too simply the average of the values along the line The principal             
advantage of the decomposition is that we can discard line segments that             
overlap a boundary; often at least one is left to provide a corrected value. We        
would  prefer  to use  short  symmetrical  line segments,  since they  form  a  compact

FIG. 6 7. Symmetric linear interpolation operators.
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FIG. 6.8. Asymmetric linear interpolation operators.

operator, but to get into corners we also need to resort to one-sided segments      
(which effectively extrapolate the central value). We have implemented a           
scheme that uses the compact symmetric operator when it can, or, if this is not
possible  an  asymmetric  operator  (see Fig. 6.8).

We have experimented with a rather different technique for coping with       
boundary discontinuities. It is of interest because it involves multiple inter-       
related arrays of information. For each component of the orientation vector we
introduce two auxiliary arrays containing estimates of its gradient in the x and           
y directions. For surfaces of uniform curvature, such as the sphere and             
cylinder, these gradients will be constant over the surface. For others we           
assume they will be slowly varying. To reconstruct the components of the         
normal, we first compute its derivatives, then locally average the derivatives            
and,  finally,  reintegrate  them  to  obtain  updated  orientation  estimates.

Derivatives at a point are estimated by considering line segments through the     
point parallel to the axes. We again fit a linear function, but now we record its   
slope, rather than its intercept, and insert it into the appropriate gradient array.         
In the interior of a region we may use a symmetric line segment, while near
boundaries, as before, we use a one-sided segment. The gradient arrays are      
smoothed by an operator that takes a weighted average over a patch which            
may easily be truncated at a boundary. (To form the average over an arbitrarily     
shaped patch all that is necessary is to compute the sum of weighted values of      
points within the patch and the sum of the weights, and then divide the former          
by the latter.) A corrected orientation value can be computed from a neigh-         
boring value by adding (or subtracting) the appropriate gradient. Each neigh-       
boring point not separated by a boundary produces such an estimate, where-           
upon  all  the  estimates  are  averaged.

6.5. Estimation of surface range

The process of integrating orientation values to obtain estimates of range Z is       
very similar to that used in reintegrating orientation gradients. We again use a
relaxation technique and iteratively compute estimates for Z from neighboring      
values  and  the  local  surface  orientation.   Here  we  need  orientations  expressed  as



104                                                                                         H.G. BARROW AND J.M. TENENBAUM

∂Z/∂x and ∂Z/∂y, which are obtained from Nx and Ny by (5). At least one         
absolute value of Z must be furnished to serve as a constant of integration.      
Providing more than one initial Z value constrains the surface to pass through           
the specified points. However, since the inverse path from Z to N has not yet          
been implemented, the resulting range surface is not guaranteed to be con-         
sistent  with  the  orientations.

6.6. Experimental results

An interactive system was implemented in MAINSAlL [22] to experiment with        
and to evaluate the various interpolation algorithms discussed above. This           
system includes facilities for generating quadric surface test cases, selecting
interpolation  options,  and  plotting  error  distributions.

6.6.1. Test cases

How well does each of the above interpolation techniques reconstruct the test    
surfaces? To answer this, we performed a series of experiments in which the        
correct values of Nx and Ny were fixed along the extremal boundaries of a             
sphere or cylinder, as shown in Fig. 6.9. The surface orientations reconstructed        
from these boundary conditions were compared with those of ideal spherical or
cylindrical  surfaces  generated  analytically.

The first set of experiments involved a sphere of radius 7, centered in a                  
17 X 17 interpolation array. We deliberately used a coarse grid to test the         
accuracy of the reconstruction under difficult conditions. (A coarse grid also              
has the experimental advantage of minimizing the number of iterations needed           
for convergence.) Correct values for Nx and Ny were fixed at points in the array      
falling just inside the circular extremal boundary of the sphere. Table 6.1      
summarizes the results for this test case, in which various interpolation opera-       
tors  were  used.

The results of the spherical test case are almost uniformly good. In all cases       
except gradient smoothing, the maximum absolute error is less than one           
percent  after  100  iterations  (-1.0 < Nx, Ny < 1.0).   On  any  cross  section  through

FIG. 6.9. Spherical (a) and cylindrical (b) test cases.
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TABLE 6.1. interpolation results for spherical test case

the sphere the maximum error occurs approximately a quarter of the way in          
from both boundary points, the error being zero at the boundary points and            
also on the symmetry axis halfway between them. We conclude that 8-         
connected, uniformly weighted averaging and 8-way linear interpola-   
tion/extrapolation are superior in terms of speed of convergence, with the            
linear operator preferred because of its advantages at boundaries and corners.          
These conclusions generalize to all the test cases we have studied to date. Thus,         
for the sake of brevity, the experimental results that follow are reported only             
for  the  8-way  linear  operator.

The second set of experiments involved a cylinder of radius 6, centered in a           
17 X 17 interpolation array. Here too correct values for Nx and Ny were fixed at    
points in the array falling just inside the parallel lines representing the extremal
boundaries of the cylinder. With the cylinder oriented parallel to the x- or                
y-axis, the maximum absolute error in Nx or Ny after 50 iterations was 0.018          
and the RMS average error 0.01. After 100 iterations, the absolute error             
dropped to 0.0004 and the RMS average to 0.0002. When the major axis of the
cylinder was inclined 60 degrees to the x-axis, the errors took much larger: 0.12
absolute and 0.03 RMS after 50 iterations; 0.108 absolute and 0.03 RMS after        
100  iterations;  0.09  absolute  and  0.02  RMS  after  300  iterations.

The erroneous orientations were concentrated solely in the upper right                
and lower left corners of the array, where the cylinder boundary is effectively       
occluded by the array edge. The slow rate of convergence is due to extrapola-            
tion of  values  from  the  central  region,  where  the  orientations  are  very  accurate,
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into these partially occluded corners. After 1000 iterations, however, orien-          
tations  are  highly  accurate  throughout  the  array.

6.6.2. Other smooth surfaces

Since that orientations for uniformly curved surfaces can be accurately recon-      
structed, the obvious next question to ask is how well the algorithms perform         
on other surfaces for which curvature is not globally uniform. A simple but  
interesting case is that of a right circular cone for which curvature along a      
generator is zero everywhere and curvature in an orthogonal direction is           
inversely proportional to the distance from the apex. From Fig. 6.10 it is clear        
that the component of the surface normal in the direction of the cone's axis is  
constant. Thus it is trivially linear and will be properly reconstructed by local
averaging. For any cross section of the cone in the image the normal com-        
ponent perpendicular to the cone's axis varies linearly between the antisym-         
metric values at the extremal boundaries. The rate of variation, however, is      
inversely proportional to the distance from the apex, which violates the      
assumption of global linearity. (For a cone with its apex at the origin and its          
axis aligned with the y-axis we have Nx = K ⋅ x/y, where K is a constant of
proportionality.) Nonetheless, the algorithm performed more than adequately              
on a number of conical test cases. For example, a reconstruction was per-          
formed for a 17 X 17 image of a cone (semiangle of 0.4 radians) with orien-       
tations initialized along extremal boundaries. After 100 iterations the errors            
were as follows: for Nx, 0.192 maximum absolute error and 0.073 average RMS    
error, and for Ny, 0.0014 maximum absolute and 0.0065 RMS error. After 400
iterations the maximum absolute errors had dropped to 0.0098 for Nx and 0.013       
for Ny while the RMS errors were 0.0036 for Nx and 0.0064 for Ny The         
maximum error in Nx was located at the point farthest from the boundaries (i.e.          
on the axis of symmetry, at the edge of the image), and Nx was underestimated.         
The latter was to be expected, since it was extrapolated linearly from the interior          
of  the  image;  the  true  value,  however,  falls  off  as  1/y.

FIG. 6.10. Normals of a cone.
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The results for cones should extend to generalized cylinders, which have a      
circular cross-section whose radius varies along a well-defined axis. Such bodies
comprise a broad range of common shapes, from anatomical components           
(limbs, trunk) to household items, such as the vases in Fig. 6.11. Where the      
radius of the cross section is locally constant the surface approximates a            
cylinder and will be reconstructed fairly accurately; where the variation in              
radius is roughly linear the surface is approximately conical and, as we have seen,    
will  be  treated  reasonably.

Any inaccuracies in reconstructing cones and generalized cylinders arise         
because the interpolation is two-dimensional. A one-dimensional algorithm,
interpolating perpendicularly to the symmetry axis, would reconstruct the          
circular cross sections of these objects exactly. While one-dimensional inter-   
polation is simpler, it requires the additional step of first determining the       
symmetry axis. A simple experiment suggests that people perform two-dimen-     
sional interpolation, despite their well-known ability to determine axes of    
symmetry. The two vases of Fig. 6.11 have generators of the same shape, but  
differing radii. For the broader vase the perceived variation of depth along the          
axis of symmetry is less pronounced than it would be if reconstruction were       
perfect. One explanation is that the reconstruction is two-dimensional, which        
tends to smooth the surface far from the boundaries, rather than one-dimen-         
sional, which produces accurate cross sections. There may, of course, be other
explanations. It is interesting to note that, if the broad vase is interpreted as a
rectangular sheet undulating in depth, rather than a solid of revolution, the        
perceived variation of depth along the symmetry axis becomes much more  
pronounced.

Another interesting case to consider is interpretation of the surface defined              
by an elliptical boundary. In this case, however, we immediately run into the      
problem of what is to be taken as the ‘correct’ reconstruction. When people are       
asked what solid surface they perceive, they usually report either an elongated           
or squat object, roughly corresponding to a solid of revolution about the major         
or  minor  axis,  respectively.  The elongated  object  is  preferred,  and  one  can argue

FIG. 6.11. The same generator, but different perceived surfaces.
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FIG. 6.12. Elliptical test case.

that it is more plausible on the grounds of general viewpoint (a fat, squat           
object looks elongated only from a narrow range of viewpoints). When           
presented with initial orientations for an elliptical extremal boundary (Fig            
6.12), our algorithms reconstruct an elongated object with approximately          
uniform curvature about the major axis. In effect, they reconstruct a general-          
ized cylinder [16], but without explicitly invoking processes to find the axis of
symmetry  or  matching  the  opposite  boundaries.

In a representative experiment, initial values for Nx and Ny were fixed inside         
an elliptic extremal boundary (major axis 15, minor axis 5). The reconstructed
orientations were then compared with the orientations of the solid of rev-          
olution, generated when the ellipse was rotated about its major axis. The          
resulting errors after 50 iterations were as follows: for Nx, 0.02 maximum                 
3 absolute error and 0.006 average RMS error; for Ny, 0.005 maximum absolute          
and  0.002  RMS.

6.6.3. Occluding boundaries

We also wish to know how well the reconstruction process performs when the
orientation is not known at all boundary points. In particular, when the surface          
of interest is occluded by another object, the occluding boundary imposes no
constraints. In such cases the orientation at the boundary must be inferred              
from that of neighboring points, just as at any other interior point of the          
surface. The 8-way linear operator will handle these situations correctly, since             
it is careful to avoid interpolating across boundaries. We take advantage of this
capability by treating the borders of the orientation array as occluding boun-         
daries, so that we may deal with objects that extend beyond the image. For         
example, spherical surface orientations were correctly recovered from the             
partially visible boundary shown in Fig. 6.13. The case of the tilted cylinder  
discussed  above  is  a  second  example.

Experiments with occluded boundaries raised the question of just how little   
boundary information suffices to effect recovery. We experimented with                      
a  limiting  case   in  which  we   attempted  to  reconstruct  surface   orientation  of  a
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FIG. 6.13. Test case with occluding boundaries. FIG. 6.14. Test case with sparse boundary
conditions.

sphere from only four initial boundary values at the corners of the array. This
corresponds to the image of a large sphere whose boundary circumscribes the       
square array (see Fig. 6.14). The surface orientations produced from these        
extremely sparse initial conditions were as accurate as when all the boundary
orientations are given, but more iterations were required. For example, when            
the Nx and Ny orientations at the corners of a 17 X 17 square array were fixed             
to the values for a sphere of radius 12, the maximum absolute error of the   
reconstructed  interior  orientations  after  400  iterations  was  less  than  0.005.

6.6.4. Qualitative boundary conditions

In each of the above experiments, boundary conditions were provided by       
specifying exact orientations at all unoccluded points along extremal boun-        
daries. The values of Nx and Ny at these points were initially inserted in the          
arrays and were held fixed through all iterations. In a complete visual system it           
is necessary to derive these values from the shape of extremal boundaries in            
the image. In principle this can be done easily since the surface normal at each       
point is constrained to be orthogonal both to the tangent to the boundary and              
to the line of sight. (For orthogonal projection, the normal must thus be            
parallel to the image plane.) In a spatially quantized image, the accurate       
determination of tangent is difficult, particularly when the object is not very          
large  compared  with  the  quantization  grid.

One way to overcome this problem is to introduce the notion of qualitative,  
partially constraining boundary conditions. We can, for example, constrain the    
surface normals along a quantized extremal boundary to be approximately           
parallel to the image plane and point outward across the boundary. We then              
rely on the iterative process to reconstruct exact values for the normals at            
points on the boundary, treating them just like interior points. To implement        
this approach we introduce a step that, with each iteration, checks the orien-          
tation at boundary points. For each boundary element adjacent to the point we       
check   whether  the  surface  normal   has  a  component   directed  outward  across  it.



110                                                                                         H.G. BARROW AND J.M. TENENBAUM

If it does not, the value of Nx and Ny is modified appropriately. The value of Nz          
is also checked to be close to zero, and vector N is normalized to ensure that it  
remains a unit vector. This process was applied to the spherical, cylindrical, and
elliptical test cases; after only 100 iterations it was found to yield orientation        
values accurate to within ten percent for both interior and boundary points.              
The principal limitation on accuracy appears to be the coarse quantization grid        
being  used.

7. Discussion

7.1. Summary

We have made a start toward a computational model for interpreting line          
drawings as three-dimensional surfaces. In the first section we proposed a               
three-step model for interpretation, based on constraints on local surface          
orientation along extremal and discontinuity boundaries. We then described          
specific computational approaches for two key processes: recovering the three-
dimensional conformation of a space curve (e.g., a surface boundary) from its         
two-dimensional projection in an image, and interpolating smooth surfaces           
from  orientation  constraints  along  extremal  boundaries.

Some important unresolved problems remain. Our technique for interpreting          
a three-dimensional space curve is slow and ineffectual on noisy image curves.
Furthermore, the surface interpolation technique must be extended to handle        
partially  constrained  orientations  along  discontinuity  boundaries.

Aspects of line-drawing understanding not yet considered include                        
the effects of context and high-level knowledge. As Fig. 7.1 illustrates, the
interpretation of a surface depends strongly on the perception of adjoining          
surfaces. Thus, the top surface of the object in Fig. 7.1a appears to undulate in      
height, while the identically drawn top surface of the object in Fig. 7.1b             
appears  to  undulate  in  depth.  Moreover,  as  suggested  in  Fig.  7.2,  interpretation

FIG. 7.1. Perception of surface shape depends upon adjoining surfaces (after Yonas).
(a) Top surface appears to undulate in height.
(b) Top surface appears to undulate in depth.
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FIG. 7.2. Perception of object shape depends on context (after Shepard).

is influenced even by nearby surfaces that are not directly connected (although         
we suspect that this influence depends upon a connection through an implied      
ground plane). Higher levels of interpretation interact with surface perception,          
as illustrated in Boring's familiar ambiguous figure, “Mother-in-Law/Wife”;          
when the interpretation flips at the cognitive level, it does so at the surface              
level as well (Fig. 7.3). Many psychologists believe that environmental cues,        
such as the predominance of vertical and horizontal orientions, right angles,        
parallel lines (leading to vanishing points), and, of course, familiar views of      
familiar objects play an important role in interpreting pictures of both natural         
and man-made scenes [23]. A competent line drawing interpretation system             
must  eventually  take  all  of  these  factors  into  account.

FIG. 7.3. E.G. Boring's figure–ambiguous mother-in-law.
She is seen sometimes as a young girl, at other times as an old woman. These are the two most  

probable  object  interpretations  of  this  figure,  which  are  entertained  in  turn.
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7.2. Relevance to machine vision research

Our interest in line drawings is motivated principally by their possible role in           
a general theory of low-level vision, specifically their potential for explaining     
surface perception in regions where photometry is uninformative or too com-           
plex to model analytically. Line drawings are, however, an extreme abstraction           
of gray-level imagery, containing no photometric variation. As every artist         
knows, qualitative shading gradients can be extremely helpful–for example in
emphasizing surface relief. It is thus relevant to inquire how photometric       
information  can  be  used  qualitatively  in  interpreting  a  gray-level  image.

Photometric information is initially used to extract a line drawing from the       
image. The two major steps in extraction are the detection of intensity      
discontinuities and the discrimination of those discontinuities that correspond              
to  significant  surface  discontinuities.

While it is naive to expect a perfect description of intensity discontinuities         
from any low-level process, David Marr's recent technique for edge detection     
appears to perform somewhat better than earlier approaches [24]. Marr sug-           
gests that edge events correspond to zero crossings in the second derivative of       
band-passed versions of an image, obtained by convolving the image with      
Gaussian masks of various sizes. Aside from the physiological justifications that
motivated Marr, the approach has some very attractive practical consequences:        
edges are found without arbitrary thresholds, they are guaranteed to form            
closed contours; both step and gradient edges are detected over a wide range              
of slopes, independent of orientation; weak edges are detected in noise              
(because of the use of large mask sizes, the smallest of which covers nearly           
1000 pixels); the convolved image can be reconstructed from just zero crossing
information (which suggests that little information may be lost in a line         
drawing). Drawings derived from zero crossings, while still far from perfect,          
should be good enough to at least initialize the recovery process; erroneous      
fragments can be subsequently refined in the light of three-dimensional inter-   
pretations [4].

Following detection, intensity discontinuities corresponding to surface dis-
continuities must be distinguished from those corresponding to shadows, sur-          
face markings, and other nonstructural features. Our research on intrinsic          
images leads us to believe that such discrimination may be possible using local     
image features that do not involve analytic photometry. Illumination edges   
(shadows), for example, can be distinguished on the basis of their high contrast
(typically greater than 30:1) and textutal continuity across the edge.            
Reflectance edges (painted surface markings, textures) can be distinguished by     
equality of the ratios of intensity to the intensity gradient on both sides of the        
edge, as well as by the continuity of gradient direction across the edge. Gloss,             
highlights, and other specularities have the properties of light sources and can            
be distinguished by means of local tests developed by Ullman [25] and Forbus         
[26].   After  illumination,  reflectance,   and  specular  edges  are  eliminated,   the  re-
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remaining discontinuities correspond to legitimate surface discontinuities:          
extremal boundaries, occlusion edges, intersection edges, creases, folds, dents,        
and  so  forth.

A natural scene often contains so much surface detail that a line drawing  
representing all visible edges would be of unmanageable complexity. The            
crucial question is how to determine which edges represent significant detail for       
the task in hand, and should therefore be included. This question, faced by             
every artist in sketching a scene, must also be dealt with by any automatic      
procedure for line-drawing extraction. While we have no solution to this          
problem, it would seem reasonable to employ a hierarchy of line drawings–  
progressing from a crude sketch of major surfaces to the detailed micro-           
structure of local surface features. The levels at which a given edge should be
represented would seem to be related to the spatial frequency bands of a        
hierarchical edge detection scheme such as Marr's. The lowest-frequency edges       
would delimit the larger surfaces, and the resulting reconstruction would         
correspond to a first-order approximation of them. Evidence from higher-          
frequency bands corresponding to smaller surface detail could refine this         
description.

Having established a subset of edges comprising a line drawing at a           
manageable level of detail, photometric information can be used qualitatively          
for  inferring  the  physical  nature  of  both  boundaries  and  surfaces.

The reasonable assumption that illumination incident on a surface is               
locally continuous (e.g., from some unspecified, distant point source) leads to a  
variety of potentially valuable clues. For example, it implies that shading      
gradients on Lambertian surfaces are caused predominantly by surface cur-            
vature and not by a falloff of illumination with distance, that gradient direction
corresponds approximately to the direction of maximum curvature on the         
surface, and that inflections in gray value often correspond to inflections in       
surface curvature. At extremal boundaries the gradient normal to the boundary             
is thus likely to be very high, while at occluding contours the gradient is likely          
to be high along the boundary in the direction of maximum curvature (Fig. 7.4).      
At arbitrary points on a surface, intensity gradients and their derivatives in two
orthogonal directions can provide a clue to Gaussian curvature, indicating          
whether the surface is locally planar, cylindrical, elliptic (e.g., spherical), or   
hyperbolic (inflexive) [11]. They indicate the presence of a bump or dent on an
otherwise  smooth  surface,  as  well  as  the  relative  height  of  the  anomaly.

Qualitative photometric cues are also valuable on specular surfaces. As Kent  
Stevens observed [17, Section 3.2.2, p. 143], a localized highlight is indicative of       
an elliptic surface, while a linearly extended one is indicative of a cylindrical        
surface. Steven's mathematical results are consistent with psychological findings       
by J. Beck that the presence or absence of a few highlights profoundly              
influence a viewer’s perception of a surface as entirely shiny or matte, or                 
as  either  curved  or  flat  (see  Fig.  7.5)  [27].   It  is  almost  as  if  the  presence  of
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FIG. 7.4 Qualitative photometric cues to surface shape and boundary type.

FIG. 7.5. The effect of highlights on surface perception (after Beck).
Highlights, or regions of strong specular reflection, on a three-dimensional object such as a vase       

help to make the entire surface of the vase appear glossy (left). When the photograph is retouched          
to remove the highlights,  the surface of the vase appears matte (right).
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highlights serves as a switch for selecting a global interpretation. Here too it is
significant that highlights and gloss contours can be locally distinguished from      
other  image  intensity  features [25, 26].

The above observations, together with the experimental results documented            
in Fig. 1.3, lead us to speculate that the primary role of photometric cues in        
human vision may be in qualitative determination of boundary and surface            
types, rather than in quantitative determination of shape, as has long been         
advocated by Horn [13]. If this is true, an analogous case could be made for the
qualitative  interpretation  of  texture  gradients.

Surface boundaries depicted in line drawings provide a good estimation of        
surface structure in the absence of other information. In a complete vision        
system information from contours must be combined with information from          
many other sources—such as texture gradient, stereopsis, and shading–to             
recover a more accurate and complete description of surface shape. Since         
contour, texture, and stereopsis rely on the geometry of intensity dis-        
continuities, rather than the photometry of shading gradients, they are in-        
herently easier to model. Moreover, since discontinuities can be classified by         
using only qualitative photometry, it is easier to decide that a geometric cue is
applicable than to decide that a shading gradient should be attributed to               
surface curvature (in contrast to, say, an illumination gradient). These thoughts   
suggest that geometric cues may be primary in early vision, providing an         
estimate of surface structure that can then be refined, where possible, by          
exploiting photometric cues, e.g., to detect bumps and dents. Once the surface   
structure has been recovered, reflectance characteristics can be properly esti-            
mated by using the techniques of Land [28] and Horn [12]; strictly speaking,          
these  are  applicable  only  over  continuous  surfaces.

This view that geometric cues may be primary is not necessarily inconsistent       
with our previous recovery model for intrinsic images [4]; a key concept of         
which was the simultaneous recovery of all surface attributes. The geometric         
cues simply provide additional information that can be used to improve the       
boundary conditions that initialize the recovery process. However, the pos-          
sibility of an alternative sequential recovery model that recovers surface            
structure from geometric cues before involving photometric characteristics is
intriguing. A critical psychological experiment to determine which model most     
closely  resembles  the  human  visual  process  would  be  valuable.
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