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Abstract

Nonlineardimensionalityreductionis formulatedhereastheproblemof tryingto
find aEuclideanfeature-spaceembeddingof a setof observationsthatpreserves
ascloselyaspossibletheirintrinsicmetricstructure–thedistancesbetweenpoints
on the observationmanifold asmeasuredalonggeodesicpaths. Our isometric
feature mapping procedure,or isomap,isabletoreliablyrecoverlow-dimensional
nonlinearstructurein realisticperceptualdatasets,suchasa manifold of face
images,whereconventionalglobal mappingmethodsfind only local minima.
The recoveredmap providesa canonicalset of globally meaningfulfeatures,
whichallowsperceptualtransformationssuchasinterpolation,extrapolation,and
analogy– highly nonlineartransformationsin theoriginalobservationspace– to
becomputedwith simplelinearoperationsin featurespace.

1 Introduction

In psychologicalorcomputationalresearchonperceptualcategorization,it isgenerallytaken
for grantedthat theperceiverhasa priori accessto a representationof stimuli in termsof
someperceptuallymeaningfulfeaturesthatcansupporttherelevantclassification.However,
thesefeatureswill berelatedto therawsensoryinput(e.g.valuesof retinalactivityor image
pixels) only througha very complextransformation,which mustsomehowbe acquired
throughacombinationof evolution,development,andlearning.Fig.1illustratesthefeature-
discoveryproblemwith anexamplefromvisualperception.Thesetof viewsof afacefrom
all possibleviewpointsisanextremelyhigh-dimensionaldatasetwhenrepresentedasimage
arraysin a computeror on a retina; for example,32 x 32 pixel grey-scaleimagescanbe
thoughtof aspointsin a1,024-dimensionalobservationspace.Theperceptuallymeaningful
structureof theseimages,however, is of muchlower dimensionality;all of the imagesin
Fig. 1 lie on a two-dimensionalmanifoldparameterizedby viewing angle. A perceptual
systemthat discoversthis manifold structurehaslearneda modelof the appearanceof
this face that will supporta wide rangeof recognition,classification,and imagerytasks
(somedemonstratedin Fig. 1), despitetheabsenceof anyprior physicalknowledgeabout
three-dimensionalobjectgeometry, surfacetexture,or illuminationconditions.

Learning a manifold of perceptualobservationsis difficult becausetheseobservations
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Figure1: Isomaprecoversaglobaltopographicmapof faceimagesvaryingin two viewing
angleparameters,azimuthandelevation. Imageinterpolation(A), extrapolation(B), and
analogy(C) canthenbecarriedoutby linearoperationsin this featurespace.

usuallyexhibit significantnonlinearstructure. Fig. 2A providesa simplified versionof
this problem.A flat two-dimensionalmanifoldhasbeennonlinearlyembeddedin a three-
dimensionalobservationspace,1 and must be “unfolded” by the learner. For linearly
embeddedmanifolds,principal componentanalysis(PCA) is guaranteedto discoverthe
dimensionalityof the manifold andproducea compactrepresentationin the form of an
orthonormalbasis.However, PCA is completelyinsensitiveto thehigher-order, nonlinear
structurethatcharacterizesthepointsin Fig. 2A or theimagesin Fig. 1.

Nonlineardimensionalityreduction– the searchfor intrinsically low-dimensionalstruc-
turesembeddednonlinearlyin high-dimensionalobservations– haslong beena goal of
computationallearningresearch. The most familiar nonlineartechniques,suchas the
self-organizingmap(SOM; Kohonen,1988),thegenerativetopographicmapping(GTM;
Bishon,Svensen,& Williams, 1998),or autoencoderneuralnetworks(DeMers& Cottrell,
1993), try to generalizePCA by discoveringa single global low-dimensionalnonlinear
modelof theobservations.In contrast,local methods(Bregler& Omohundro,1995;Hin-
ton, Revow, & Dayan,1995)seeka set of low-dimensionalmodels,usually linear and
hencevalid only for a limited rangeof data. Whenappropriate,a singleglobal modelis

1Givenby � 1 � � 1 cos
� �

1 ��� � 2 � � 1 sin
� �

1 ��� � 3 � �
2, for � 1 �	� 3
�� 2 � 9
�� 2
 � � 2 ��� 0 � 15
 .
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Figure2: A nonlinearlyembeddedmanifoldmaycreateseverelocalminimafor “top-down”
mappingalgorithms.(A) Rawdata.(B) BestSOM fit. (C) BestGTM fit.

morerevealingandusefulthanasetof localmodels.However, local linearmethodsarein
generalfar morecomputationallyefficient andreliablethanglobalmethods.

For example,despitethe visually obviousstructurein Fig. 2A, this manifold was not
successfulymodeledby eitherof two popularglobalmappingalgorithms,SOM (Fig. 2B)
andGTM (Fig. 2C), undera wide rangeof parametersettings.Both of thesealgorithms
try to fit a grid of predefined(usuallytwo-dimensional)topologyto thedata,usinggreedy
optimizationtechniquesthat first fit the large-scale(linear) structureof the data,before
makingsmall-scale(nonlinear)refinements.Thecoarsestructureof such“folded” datasets
asFig. 2A hidestheir nonlinearstructurefrom greedyoptimizers,virtually ensuringthat
top-downmappingalgorithmswill becometrappedin highly suboptimalsolutions.

Ratherthantrying to forceapredefinedmapontothedatamanifold,thispapershowshowa
perceptualsystemmaymapasetof observationsin a“bottom-up”fashion,by first learning
thetopologicalstructureof themanifold(asin Fig.3A) andonly thenlearningametricmap
of thedata(asin Fig.3C)thatrespectsthistopology. Thenextsectiondescribesthegoalsand
stepsof themappingprocedure,andsubsequentsectionsdemonstrateapplicationsto two
challenginglearningtasks:recoveringa five-dimensionalmanifoldembeddednonlinearly
in 50dimensions,andrecoveringthemanifoldof faceimagesdepictedin Fig. 1.

2 Isometric feature mapping

We assumeour datalie on an unknownmanifold � embeddedin a high-dimensional
observationspace� . Let ������� denotethe coordinatesof the � th observation.We seeka
mapping� : ����� from theobservationspace� to alow-dimensionalEuclideanfeature
space� thatpreservesaswell aspossibletheintrinsicmetricstructureof theobservations,
i.e. thedistancesbetweenobservationsasmeasuredalonggeodesic(locally shortest)paths
of � . The isometric feature mapping, or isomap,procedurepresentedbelow generates
an implicit descriptionof the mapping � , in termsof the correspondingfeaturepoints� �����! �#"$� �����$% for sufficiently manyobservations� ����� . Explicit parametricdescriptions
of � or �'& 1 canbe foundwith standardtechniquesof functionapproximation(Poggio&
Girosi,1990)thatinterpolatesmoothlybetweentheknowncorrespondingpairs ()� ������* � ������+ .
A Euclideanmapof the data’s intrinsic geometryhasseveralimportantproperties.First,
intrinsically similar observationsshouldmapto nearbypointsin featurespace,support-
ing efficient similarity-basedclassificationandinformativevisualization. Moreover, the
geodesicpathsof themanifold,whicharehighlynonlinearin theoriginalobservationspace,
shouldmapontostraightlinesin featurespace.Thenperceptuallynaturaltransformations
along thesepaths,suchas the interpolation,extrapolationandanalogydemonstratedin
Figs.1A-C, maybecomputedby trivial linearoperationsin featurespace.
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Figure3: The resultsof the three-stepisomapprocedure.(A) Discreterepresentationof
manifold in Fig. 2A. (B) Correlationbetweenmeasuredgraphdistancesand true mani-
fold distances.(C) Correspondenceof recoveredtwo-dimensionalfeaturepoints ( � 1 * � 2 +
(circles)with originalgeneratingvectors(-, 1 * , 2 + (line ends).

Theisomapprocedureconsistsof threemainsteps,eachof which might becarriedout by
moreor lesssophisticatedtechniques.The crux of isomapis finding anefficient way to
computethe truegeodesicdistancebetweenobservations,givenonly their Euclideandis-
tancesin thehigh-dimensionalobservationspace.Isomapassumesthatdistancebetween
pointsin observationspaceis anaccuratemeasureof manifolddistanceonly locally and
mustbeintegratedoverpathsonthemanifoldto obtainglobaldistances.As preparationfor
computingmanifolddistances,we first constructa discreterepresentationof themanifold
in theform of a topology-preservingnetwork(Fig.3A). Giventhisnetworkrepresentation,
we thencomputetheshortest-pathdistancebetweenany two pointsin thenetworkusing
dynamicprogramming.Thispolynomial-timecomputationprovidesagoodapproximation
to theactualmanifolddistances(Fig.3B)withouthavingtosearchoverall possiblepathsin
thenetwork(let alonetheinfinitely manypathson theunknownmanifold!). Finally, from
thesemanifolddistances,we constructa globalgeometry-preservingmapof theobserva-
tionsin a low-dimensionalEuclideanspace,usingmultidimensionalscaling(Fig.3C).The
implementationof thisprocedureis detailedbelow.

Step 1: Discrete representation of manifold (Fig. 3A). From the input dataof . observations/ �10 12 �4353635� �70�892;: , werandomlyselectasubsetof < pointsto serveasthenodes
/5= 0 12 �5363535� = 0�>$2�: of the

topology-preservingnetwork.We thenconstructa graph ? overthesenodesby connecting
= 0�@A2 and= 0CBD2 if andonly if thereexistsat leastoneE 0�F52 whosetwoclosestnodes(in observationspace)are

= 0�@C2
and

= 0AB;2 (Martinetz& Schulten,1994).Theresultinggraphfor thedatain Fig.2A isshownin Fig.3A
(with . � 104 � < � 103). Thisgraphclearlyrespectsthetopologyof themanifoldfar betterthanthe
bestfits with SOM(Fig. 2B) or GTM (Fig. 2C). In thelimit of infinite data,thegraphthusproduced
convergesto the Delaunaytriangulationof the nodes,restrictedto the datamanifold (Martinetz&
Schulten,1994). In practice,. � 104 datapointshaveprovensufficient for all exampleswe have
tried. This numbermaybe reducedsignificantlyif we know thedimensionalityG of themanifold,
but herewe assumeno a priori informationaboutdimensionality. Thechoiceof < , thenumberof
nodesin ? , is theonly freeparameterin isomap.If < is toosmall,theshortest-pathdistancesbetween
nodesin ? will giveapoorapproximationto their truemanifolddistance.If < is toobig (relativeto. ), ? will bemissingmanyappropriatelinks (becauseeachdatapoint E 0�@A2 contributesat mostone
link). In practice,choosingasatisfactory< is notdifficult – all threeexamplespresentedin thispaper
use < � .�� 10,thefirst valuetried. I amcurrentlyexploringcriteriafor selectingtheoptimalvalue <
basedon statisticalargumentsanddimensionalityconsiderations.

Step 2: Manifold distance measure (Fig. 3B). Wefirst assignaweightto eachlink H @ B in thegraph? , equalto G @ BI �KJ � 0�@C2'L � 0ABD2 J , theEuclideandistancebetweennodesM and N in the observation
spaceO . Thelengthof apathin ? is definedto bethesumof link weightsalongthatpath.We then
computethegeodesicdistanceG @ BP (i.e. shortestpathlength)betweenall pairsof nodesM and N in ? ,
usingFloyd’s Q � < 3 � algorithm(Foster, 1995). Initialize G @ BP � G @ BI if nodesM and N areconnected
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Figure 4: Given a
5−dimensional manifold
embeddednonlinearly in
a 50−dimensional space,
isomap identifies the
intrinsic dimensionality
(A), while PCA and
MDS alonedonot (B).

and R otherwise. Thenfor eachnode S , seteach G @ BP � min
� G @ BP � G @CFPUT G F;BP � . Fig. 3B plots the

distancesG @ BP computedbetweennodesM and N in thegraphof Fig. 3A versustheir actualmanifold
distancesG @ BV . Notethatthecorrelationis almostperfect( WYX 3 99),but G @ BP tendsto overestimateG @ BV
by aconstantfactordueto thediscretizationintroducedby thegraph.As thedensityof observations
increases,sodoesthepossiblegraphresolution.Thus,in the limit of infinite data,thegraph-based
approximationto manifolddistancemaybemadearbitrarilyaccurate.

Step 3: Isometric Euclidean embedding (Fig. 3C). Weuseordinalmultidimensionalscaling(MDS;
Cox & Cox, 1994; codeprovidedby Brian Ripley), also called “nonmetric” MDS, to find a S -
dimensionalEuclideanembeddingthatpreservesascloselyaspossiblethegraphdistancesG @ BP . In
contrastto classical“metric” MDS, which explicitly tries to preservedistances,ordinal MDS tries
to preserveonly therankorderingof distances.MDS findsaconfigurationof S -dimensionalfeature
vectors

/[Z 0 12 �5363535� Z 0�>$2�: , correspondingto thehigh-dimensionalobservations
/ �70 12 �5353535� �70�>$2;: , that

minimizesthestressfunction,

\ � min
ˆ]5^ _`
a b @�c7B � G @ Bd L ˆG @ BP � 2b @�c1B � G @ Bd � 2 3 �

1�
Here G @ Bd �eJ Z 0�@A2#L Z 0ABD2 J , theEuclideandistancebetweenfeaturevectors M and N , andthe ˆG @ BP are
somemonotonictransformationof thegraphdistancesG @ BP . We useordinalMDS becauseit is less
senstitiveto noisy estimatesof manifold distance.Moreover, whenthe numberof pointsscaledis
large enough(as it is in all our examples),ordinal constraintsalonearesufficient to reconstructa
precisemetricmap. Fig. 3Cshowstheprojectionsof 100randompointson themanifoldin Fig. 2A
ontoa two-dimensionalfeaturespacecomputedby MDS from thegraphdistancesoutputby step2
above.Thesepointsarein closecorrespondence(afterrescaling)with theoriginal two-dimensional
vectorsusedto generatethemanifold(seenote1), indicatingthatisomaphassuccessfullyunfolded
themanifoldontoa2-dimensionalEuclideanplane.

3 Example 1: Five-dimensional manifold

Thissectiondemonstratesisomap’sability to discoverandmodela noisyfive-dimensional
manifold embeddedwithin a 50-dimensionalspace. As the dimensionof the manifold
increasesbeyondtwo, SOM, GTM, andotherconstrainedclusteringapproachesbecome
impracticaldue to the exponentialproliferationof clustercenters. Isomap,however, is
quitepracticalfor manifoldsof moderatedimensionality,becausetheestimatesof manifold
distancefor a fixed graphsizedegradegracefullyasdimensionalityincreases.Moreover,
isomapis able to automaticallydiscoverthe intrinsic dimensionalityof the data,while
conventionalmethodsmustbeinitializedwith a fixeddimensionality.

Weconsidera5-dimensionalmanifoldparameterizedby (-, 1 *gf9fgfD* , 5 +ihkj 0 * 4l 5. Thefirst10
of 50observationdimensionsweredeterminedbynonlinearfunctionsof theseparameters.2

2 �
1 � cos
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Low-amplitudegaussiannoise(4-5%of variance)wasaddedto eachof thesedimensions,
andthe remaining40 dimensionsweresetto purenoiseof similar variance.The isomap
procedureappliedto this data( n  104 *5op 103) correctlyrecognizedits intrinsic five-
dimensionality, as indicatedby the sharpdecreaseof stress(seeEq. 1) for embedding
dimensionsup to 5 andonly gradualdecreasethereafter(Fig. 4A). In contrast,bothPCA
andrawMDS(usingdistancesin observationspaceratherthanmanifolddistances)identify
the 10-dimensionallinear subspacecontainingthe data,but show no sensitivity to the
underlyingfive-dimensionalmanifold(Fig. 4B).

4 Example 2: Two-dimensional manifold of face images

This sectionillustratesthe performanceof isomapon the two-dimensionalmanifold of
faceimagesshownin Fig. 1. To generatethis map,32 x 32-pixel imagesof a facewere
first renderedin MATLAB in many different poses(azimuth hqjAr 90s * 90s�l , elevationhkjCr 10s * 10s�l ), usinga3-D rangeimageof anactualheadandacombinationof lambertian
andspecularreflectancemodels. To savecomputation,the data( n  104 images)were
first reducedto 60 principal componentsand thensubmittedto isomap( ot 103). The
plot of stressu vs. dimensionindicateda dimensionalityof two (evenmoreclearly than
Fig.4A). Fig.1showsthetwo-dimensionalfeaturespacethatresultsfromapplyingMDSto
thecomputedgraphdistances,with 25 faceimagesplacedat their correspondingpointsin
featurespace.Notethecleartopographicrepresentationof similar viewsatnearbyfeature
points.Theprincipalaxesof thefeaturespacecanbeidentifiedastheunderlyingviewing
angleparametersusedto generatethedata.Thecorrelationsof thetwo isomapdimensions
with thetwo poseanglesare v  ef 99and v  wf 95respectively. No otherglobalmapping
proceduretried (PCA,MDS, SOM,GTM) producedinterpretableresultsfor thesedata.

Thehumanvisualsystem’s implicit knowledgeof anobject’s appearanceis not limited to
a representationof view similarity, andneitheris isomap’s. As mentionedin Section2, an
isometricfeaturemapalsosupportsanalysisandmanipulationof data,asaconsequenceof
mappinggeodesicsof theobservationmanifold to straightlines in featurespace.Having
founda numberof correspondingpairs (-� �����5* � ������+ of images� ����� andfeaturevectors� ����� ,
it is easyto learnanexplicit inversemapping�'& 1 : �K��� from low-dimensionalfeature
spacetohigh-dimensionalobservationspace,usinggenericsmoothinterpolationtechniques
suchasgeneralizedradialbasisfunction(GRBF)networks(Poggio& Girosi, 1990). All
imagesin Fig. 1 havebeensynthesizedfrom sucha mapping.3

Figs.1A-C showhow learningthis inversemappingallows interpolation,extrapolation,
andanalogyto be carriedout usingonly linear operations.We caninterpolatebetween
two images� � 1 � and � � 2 � by synthesizinga sequenceof imagesalongtheirconnectingline" � � 2 �xr � � 1 ��% in featurespace(Fig. 1A). We canextrapolatethe transformationfrom one
imagetoanotherandfarbeyond,by following theline to theedgeof themanifold(Fig.1B).
We can map the transformationbetweentwo images � � 1 � and � � 2 � onto an analogous
transformationof anotherimage � � 3 � , by addingthetransformationvector " � � 2 �yr � � 1 �D% to� � 3 � andsynthesizinga newimageat theresultingfeaturecoordinates(Fig. 1C).

A numberof authors(Bregler & Omohundro,1995; Saul & Jordan,1997; Beymer&
Poggio,1995)havepreviouslyshownhow learningfrom examplesallows sophisticated

3Themapfromfeaturevectorsto imageswaslearnedby fitting aGRBFnetto1000corresponding
pointsin both spaces.Eachpoint correspondsto a nodein thegraphG usedto measuremanifold
distance,sothefeature-spacedistancesrequiredto fit theGRBFnetaregiven(approximately)by the
graphdistancesG @ BP computedin step2 of isomap. A subsetz of { � 300pointswererandomly
chosenasRBFcenters,andthestandarddeviationof theRBFswassetequalto max@�| B5}1~ G @ BP �g� 2{
(asprescribedby Haykin,1994).



imagemanipulationstobecarriedoutefficiently. However, theseapproachesdonotsupport
asbroada rangeof transformationsasisomapdoes,becauseof their useof only locally
valid modelsand/orthe needto computespecial-purposeimagefeaturessuchasoptical
flow. SeeTenenbaum(1997)for furtherdiscussion,aswell asexamplesof isomapapplied
to morecomplexmanifoldsof visualobservations.

5 Conclusions

The essenceof the isomapapproachto nonlineardimensionalityreductionlies in the
novel problemformulation: to seeka low-dimensionalEuclideanembeddingof a setof
observationsthatcapturestheirintrinsicsimilarities,asmeasuredalonggeodesicpathsof the
observationmanifold. HereI havepresentedanefficientalgorithmfor solvingthisproblem
andshownthat it candiscovermeaningfulfeature-spacemodelsof manifoldsfor which
conventional“top-down” approachesfail. As a directconsequenceof mappinggeodesics
to straightlinesin featurespace,isomaplearnsarepresentationof perceptualobservations
in which it is easyto performinterpolationandothercomplextransformations.A negative
consequenceof this strongproblemformulationis that isomapwill not be applicableto
everydatamanifold. However, aswith theclassictechniqueof PCA,we canstateclearly
thegeneralclassof datafor which isomapis appropriate– manifoldswith no “holes” and
no intrinsic curvature– with a guaranteethat isomapwill succeedon datasetsfrom this
class,given enoughsamplesfrom the manifold. Futurework will focuson generalizing
this domainof applicability to allow for manifoldswith more complextopologiesand
significantcurvature,aswouldbenecessaryto modelcertainperceptualmanifoldssuchas
thecompleteview spaceof anobject.
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