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Abstract

Nonlineardimensionalityeductionis formulatedhereasthe problemof trying to
find a Euclidearfeature-spacembeddingf a setof observationshatpreserves
ascloselyaspossiblgheirintrinsicmetricstructure-thedistance®etweerpoints
on the observatiomrmanifold asmeasuredilong geodesigaths. Our isometric
featuremapping proceduregrisomapjs abletoreliablyrecovetow-dimensional
nonlinearstructurein realistic perceptuablatasets,suchasa manifold of face
images,where conventionalglobal mappingmethodsfind only local minima.
The recoveredmap providesa canonicalset of globally meaningfulfeatures,
whichallowsperceptuatransformationsuchasinterpolationextrapolationand
analogy- highly nonlineartransformationén theoriginal observatiorspace-to
be computedwith simplelinear operationsn featurespace.

1 Introduction

In psychologicabrcomputationatesearclonperceptuatategorizationt isgenerallytaken
for grantedthatthe perceivethasa priori accesdo arepresentatioof stimuli in termsof
someperceptuallyneaningfufeatureshatcansupportherelevantlassificationHowever
thesdeatureswvill berelatedotherawsensorynput(e.g. valuesof retinalactivity orimage
pixels) only througha very complextransformationwhich must somehowbe acquired
throughacombinatiorof evolution,developmentandlearning.Fig. Lillustrateshefeature-
discoveryproblemwith anexampleérom visualperception.Thesetof viewsof afacefrom
all possibleviewpointsis anextremelyhigh-dimensionadatasetwhenrepresentedsimage
arraysin a computeror on a retina;for example,32 x 32 pixel grey-scalémagescanbe
thoughtof aspointsin al,024-dimensionalbservatiorspace. Theperceptuallymeaningful
structureof theseimages however is of muchlower dimensionality;all of the imagesin
Fig. 1 lie on atwo-dimensionamanifold parameterizethy viewing angle. A perceptual
systemthat discoversthis manifold structurehaslearneda model of the appearancef
this face thatwill supporta wide rangeof recognition,classificationand imagerytasks
(somedemonstratedh Fig. 1), despitethe absencef any prior physicalknowledgeabout
three-dimensionalbjectgeometrysurfacetexture,or illumination conditions.

Learning a manifold of perceptualobservationds difficult becauseheseobservations
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Figurel: Isomaprecoversaglobaltopographienapof faceimagesvaryingin two viewing
angleparametersazimuthandelevation. Imageinterpolation(A), extrapolationB), and
analogy(C) canthenbecarriedoutby linearoperationsn this featurespace.

usually exhibit significantnonlinearstructure. Fig. 2A providesa simplified versionof
this problem. A flat two-dimensionamanifold hasbeennonlinearlyembeddedh athree-
dimensionalobservationspace,! and must be “unfolded” by the learner For linearly
embeddednanifolds, principal componentanalysis(PCA) is guaranteedo discoverthe
dimensionalityof the manifold and producea compactrepresentatioiin the form of an
orthonormabasis.However PCA is completelyinsensitiveto the higherorder nonlinear
structurethatcharacterizethe pointsin Fig. 2A or theimagesn Fig. 1.

Nonlineardimensionalityreduction— the searchfor intrinsically low-dimensionalstruc-
turesembeddedhonlinearlyin high-dimensionabbservations- haslong beena goal of
computationallearning research. The most familiar nonlineartechniquessuchas the
self-oganizingmap (SOM; Kohonen,1988),the generativedopographianapping(GTM;
Bishon,Svensen& Williams, 1998),0r autoencodeneuralnetworks(DeMers& Cottrell,
1993), try to generalizePCA by discoveringa single global low-dimensionalnonlinear
modelof the observationsin contrastjocal methodgBregler& Omohundro1995;Hin-
ton, Revow & Dayan, 1995) seeka setof low-dimensionalmodels,usuallylinear and
hencevalid only for a limited rangeof data. Whenappropriatea singleglobal modelis

1Givenby £1 = z1C09z1), 2 = z1SIN(21), 23 = 22, for z; € [37/2,97/2], z> € [0, 15].



Figure2: A nonlinearlyembeddedhanifoldmaycreateseverdocalminimafor “top-down”
mappingalgorithms.(A) Rawdata.(B) BestSOMfit. (C) BestGTM fit.

morerevealingandusefulthanasetof local models.However local linearmethodsarein
generafar morecomputationallyefficient andreliablethanglobalmethods.

For example,despitethe visually obvious structurein Fig. 2A, this manifold was not
successfulynodeledby eitherof two popularglobal mappingalgorithms,SOM (Fig. 2B)
andGTM (Fig. 2C), undera wide rangeof parametesettings. Both of thesealgorithms
try to fit agrid of predefinedusuallytwo-dimensionaljopologyto the data,usinggreedy
optimizationtechniqueghatfirst fit the large-scale(linear) structureof the data,before
makingsmall-scalgnonlinearyefinementsThecoarsestructureof such*folded” datasets
asFig. 2A hidestheir nonlinearstructurefrom greedyoptimizers,virtually ensuringthat
top-downmappingalgorithmswill becomedrappedn highly suboptimakolutions.

Ratherthantrying to forcea predefinednapontothedatamanifold,this papershowshowa
perceptuasystemmaymapasetof observationg a“bottom-up”fashion by firstlearning
thetopologicalstructureof themanifold(asin Fig. 3A) andonly thenlearningametricmap
of thedata(asin Fig. 3C)thatrespectshistopology. Thenextsectiondescribeshegoalsand
stepsof the mappingprocedureandsubsequergectionsdemonstrat@pplicationgo two
challengindearningtasks:recoveringa five-dimensionamanifoldembeddeadhonlinearly
in 50 dimensionsandrecoveringhe manifoldof faceimagesdepictedn Fig. 1.

2 |sometricfeature mapping

We assumeour datalie on an unknownmanifold M embeddedn a high-dimensional
observatiorspaceX. Let () denotethe coordinatef the ith observation.We seeka
mappingf : X — Y fromtheobservatiorspaceX to alow-dimensionaEuclidearfeature
spacey thatpreservesswell aspossibleheintrinsic metricstructureof the observations,
i.e. thedistancedetweerobservationasmeasure@longgeodesig¢locally shortestpaths
of M. Theisometric feature mapping, or isomap,procedurepresentedelow generates
an implicit descriptionof the mapping f, in termsof the correspondindgeature points
y = f(z®) for sufficiently many observations:(*). Explicit parametricdescriptions
of f or £~ canbefoundwith standardechniquef functionapproximation(Poggio&
Girosi, 1990)thatinterpolatesmoothlybetweertheknowncorrespondingairs{z(?), y(9)}.

A Euclideanmap of the datas intrinsic geometryhasseveraimportantproperties.First,
intrinsically similar observationshouldmapto nearbypointsin featurespace,support-
ing efficient similarity-basedclassificationand informative visualization. Moreover the
geodesipathsof themanifold,whicharehighly nonlinearin theoriginalobservatiorspace,
shouldmapontostraightlinesin featurespace.Thenperceptuallynaturaltransformations
alongthesepaths,suchasthe interpolation,extrapolationand analogydemonstratedn
Figs.1A-C, maybecomputedy trivial linearoperationsn featurespace.
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Figure3: The resultsof the three-stepsomapprocedure.(A) Discreterepresentationf
manifold in Fig. 2A. (B) Correlationbetweenmeasuredyraphdistancesand true mani-
fold distances.(C) Correspondencef recoveredwo-dimensionafeaturepoints{yi, y»}
(circles)with original generatingrectors{ z1, z»} (line ends).

Theisomapprocedureonsistof threemain steps,eachof which might be carriedout by
more or lesssophisticatedechniques.The crux of isomapis finding an efficient way to
computethe true geodesidaistancebetweerobservationsgiven only their Euclideandis-
tancesn the high-dimensionabbservatiorspace.lsomapassumeshat distancebetween
pointsin observatiorspaces an accuratemeasureof manifold distanceonly locally and
mustbeintegratedverpathsonthemanifoldto obtainglobaldistancesAs preparatiorior
computingmanifold distanceswe first constructa discreterepresentationf the manifold
in theform of atopology-preservingetwork(Fig. 3A). Giventhis networkrepresentation,
we thencomputethe shortest-pathlistancebetweenany two pointsin the networkusing
dynamicprogramming.This polynomial-timecomputatiorprovidesagoodapproximation
totheactualmanifolddistancegFig. 3B) withouthavingto searchoverall possiblepathsn
the network(let alonethe infinitely manypathson the unknownmanifold!). Finally, from
thesemanifold distancesyve constructa global geometry-preservinmap of the observa-
tionsin alow-dimensionaEuclideanspaceusingmultidimensionatcaling(Fig. 3C). The
implementatiorof this proceduras detailedbelow

Step 1: Discrete representation of manifold (Fig. 3A). From the input dataof » observations
{9, ..., ("™}, werandomlyselectasubsebf r pointsto serveasthenodes{¢'?, ..., 4"’} of the
topology-preservingietwork. We thenconstruct graphG overthesenodesby connectingg*) and
¢\ if andonly if thereexistsatleastonex*) whosetwo closeshodeg(in observatiorspacepreg(*)
andg!?) (Martinetz& Schulten1994). Theresultinggraphfor thedatain Fig. 2A is shownin Fig. 3A
(with » = 10 r = 10%). This graphclearlyrespectshetopologyof themanifoldfar betterthanthe
bestfits with SOM (Fig. 2B) or GTM (Fig. 2C). In thelimit of infinite data,the graphthusproduced
convegesto the Delaunaytriangulationof the nodes restrictedto the datamanifold (Martinetz &
Schulten,1994). In practice,n = 10* datapointshaveprovensuficient for all examplesve have
tried. This numbermay be reducedsignificantlyif we know the dimensionalityd of the manifold,
but herewe assumeno a priori informationaboutdimensionality The choiceof r, the numberof
nodesn G, istheonly freeparametein isomap.If r is toosmall,theshortest-patdistancedetween
nodesin G will give apoorapproximatiorto their true manifolddistance.If r is too big (relativeto
n), G will bemissingmanyappropriatdinks (becauseachdatapoint x(*) contributesat mostone
link). In practice choosingasatisfactory is notdifficult — all threeexamplegpresentedh this paper
user = n/10,thefirst valuetried. | amcurrentlyexploringcriteriafor selectinghe optimalvaluer
basedn statisticalagumentsanddimensionalityconsiderations.

Step 2: Manifold distance measur e (Fig. 3B). Wefirstassigraweightto eachlink w;; in thegraph
G, equalto d = ||z — z(9)||, the Euclideandistancebetweemodes: and; in the observation
spaceX . Thelengthof a pathin G is definedto bethe sumof link weightsalongthatpath. We then
computethegeodesi(distanceig (i.e. shortespathlength)betweenrall pairsof nodes: andj in G,

usingFloyd's O(r®) algorithm (Foster 1995). Initialize dg = d?( if nodes: andj areconnected
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and oo otherwise. Thenfor eachnodek, seteachd?, = min(d%, d% + d%7). Fig. 3B plotsthe
distances!;, computedbetweemodesi andj in thegraphof Fig. 3A versustheir actualmanifold
distanced?;. Notethatthecorrelationis almostperfect(R > .99), butd, tendsto overestimate’),
by aconstanfactordueto thediscretizatiorintroducedby the graph.As the densityof observations
increasesso doesthe possiblegraphresolution. Thus,in thelimit of infinite data,the graph-based
approximatiorto manifolddistancenaybe madearbitrarily accurate.

Step 3: Isometric Euclidean embedding (Fig. 3C). We useordinalmultidimensionascaling(MDS;
Cox & Cox, 1994; code providedby Brian Ripley), also called “nonmetric” MDS, to find a k-
dimensionaEuclideanembeddinghatpreservesiscloselyaspossiblethe graphdistancesiy.. In
contrastto classical'metric” MDS, which explicitly triesto preservedistancesprdinal MDS tries
to preserveonly therankorderingof distancesMDS findsa configurationof k-dimensionafeature
vectors{yM), ..., 4"}, correspondindo the high-dimensionabbservationdz'?, ..., z("}, that
minimizesthe stressunction,
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Hered? = ||y(*) — y\)||, the Euclideandistancebetweenfeaturevectors: andj, andthe d* are

somemonotonictransformatiorof the graphdistancest,. We useordinal MDS becausét is less
senstitiveto noisy estimatef manifold distance. Moreover whenthe numberof pointsscaledis
large enough(asit is in all our examples)prdinal constraintsaloneare sufficient to reconstruce
precisemetricmap. Fig. 3C showsthe projectionsof 100 randompointson the manifoldin Fig. 2A
onto a two-dimensionafeaturespacecomputedoy MDS from the graphdistance®utputby step2
above.Thesepointsarein closecorrespondenc@fterrescalingwith the original two-dimensional
vectorsusedto generateghe manifold (seenotel), indicatingthatisomaphassuccessfullyunfolded
themanifoldontoa 2-dimensionaEuclidearnplane.

(1)

3 Examplel: Five-dimensional manifold

This sectiondemonstratesomaps ability to discoverandmodela noisyfive-dimensional
manifold embeddedvithin a 50-dimensionakpace. As the dimensionof the manifold
increasedeyondtwo, SOM, GTM, and otherconstrainectlusteringapproachesecome
impracticaldue to the exponentialproliferation of clustercenters. Isomap,howevey is
quitepracticalfor manifoldsof moderatelimensionalitybecaus¢he estimate®f manifold
distancefor a fixed graphsize degradegracefullyasdimensionalityincreases Moreover
isomapis able to automaticallydiscoverthe intrinsic dimensionalityof the data, while
conventionamethodamustbeinitialized with a fixed dimensionality

We consider5-dimensionaianifoldparameterizetly {z1, . . ., z5} € [0, 4]°. Thefirst10
of 50observatioimensionsveredeterminedvy nonlineafunctionsof theseparameters.

°p1 = coyrzi), z2 = SiN(rz1), zz3 = COS(%’Tzl), T4 = Sin(%”zl), r5 = COS(%zl),
T = sin(%zl), T7 = 2Z2 CO§(33221) + ZaSinz(aizzl), g = ZzSinz(alzzl) + ZaCOé(Slzzl), 9 =

z4 CO§(31221) =+ z5 sinz(aizzl), 10 = 2Z4 smz(alzzl) + z5 COSZ(SLZZl).



Low-amplitudegaussiamoise(4-5% of variancewasaddedo eachof thesedimensions,
andthe remaining40 dimensionsvere setto purenoiseof similar variance. Theisomap
procedureappliedto this data(n = 10* r = 10°) correctlyrecognizedts intrinsic five-
dimensionality as indicatedby the sharpdecreasef stress(seeEq. 1) for embedding
dimensionsup to 5 andonly gradualdecreaséhereafter(Fig. 4A). In contrastboth PCA
andrawMDS (usingdistance$n observatiorspaceatherthanmanifolddistancesidentify
the 10-dimensionalinear subspacecontainingthe data, but show no sensitivity to the
underlyingfive-dimensionamanifold (Fig. 4B).

4 Example2: Two-dimensional manifold of faceimages

This sectionillustratesthe performanceof isomapon the two-dimensionamanifold of
faceimagesshownin Fig. 1. To generatehis map,32 x 32-pixelimagesof a facewere
first renderedin MATLAB in many different poses(azimuth& [—90°,90°], elevation
€ [-10°, 10°]), usinga 3-D rangeimageof anactualheadanda combinatiorof lambertian
and speculareflectancemodels. To savecomputationthe data(n = 10* images)were
first reducedto 60 principal componentsand then submittedto isomap(r = 10%. The
plot of stressS vs. dimensionindicateda dimensionalityof two (evenmoreclearly than
Fig.4A). Fig. 1 showghetwo-dimensionaleaturespacehatresultsfrom applyingMDS to
the computedyraphdistanceswith 25 faceimagesplacedat their correspondingpointsin
featurespace Notethe cleartopographiaepresentationf similar views at nearbyfeature
points. The principalaxesof thefeaturespacecanbeidentifiedasthe underlyingviewing
angleparameterssedto generatéhedata. The correlationf thetwo isomapdimensions
with thetwo poseanglesare R = .99 and R = .95respectively No otherglobalmapping
procedurdried (PCA,MDS, SOM, GTM) producednterpretableesultsfor thesedata.

The humanvisual systems implicit knowledgeof anobject’s appearances not limited to
arepresentationf view similarity, andneitheris isomaps. As mentionedn Section2, an
isometricfeaturemapalsosupportanalysisandmanipulatiorof data,asa consequencef
mappinggeodesic®f the observatiommanifold to straightlinesin featurespace.Having
founda numberof correspondingairs{z(®), (!} of imagest(*) andfeaturevectorsy(®),
it is easyto learnanexplicitinversemappingf~! : Y — X from low-dimensionafeature
spaceo high-dimensionabbservatiorspaceusinggenericsmoothinterpolatiortechniques
suchasgeneralizedadial basisfunction (GRBF) networks(Poggio& Girosi, 1990). All
imagesin Fig. 1 havebeensynthesizedrom sucha mapping.?

Figs. 1A-C showhow learningthis inversemappingallows interpolation,extrapolation,
and analogyto be carriedout using only linear operations. We caninterpolatebetween
two imagesz(Y andz(? by synthesizinga sequencef imagesalongtheir connectingdine
(y® — yV) in featurespace(Fig. 1A). We canextrapolatethe transformatiorfrom one
imageto anothemandfar beyondby following theline to theedgeof themanifold(Fig. 1B).
We can map the transformationbetweentwo imagesz(Y) and z(? onto an analogous
transformatiorof anotheiimagez(®, by addingthetransformatiorvector(y(?) — y(1) to
y(® andsynthesizinga newimageat the resultingfeaturecoordinategFig. 1C).

A numberof authors(Bregler & Omohundro,1995; Saul & Jordan,1997; Beymer&
Poggio,1995) have previouslyshownhow learningfrom examplesallows sophisticated

3Themapfrom featurevectorsto imagesvaslearnedy fitting a GRBFnetto 1000corresponding
pointsin both spaces.Eachpoint corresponds$o a nodein the graphG usedto measurananifold
distancesothefeature-spacdistancesequiredto fit the GRBFnetaregiven(approximatelypy the
graphdistancesl;; computedn step2 of isomap. A subsetC of m = 300 pointswererandomly
choserasRBF centersandthe standardieviationof the RBFswassetequalto max jec d/v/2m
(asprescribedy Haykin, 1994).



imagemanipulationgo becarriedoutefficiently. Howevertheseapproachedonotsupport
asbroada rangeof transformation@sisomapdoes,becausef their useof only locally
valid modelsand/orthe needto computespecial-purposémagefeaturessuchas optical
flow. SeeTenenbaun{1997)for furtherdiscussionaswell asexamplef isomapapplied
to morecomplexmanifoldsof visualobservations.

5 Conclusions

The essenceof the isomapapproachto nonlineardimensionalityreductionlies in the
novel problemformulation: to seeka low-dimensionaEuclideanembeddingof a setof
observationghatcapturesheirintrinsicsimilarities,asmeasuredlonggeodesipathfthe
observatiomanifold. Herel havepresenteanefficientalgorithmfor solvingthis problem
andshownthatit candiscovermeaningfulfeature-spacenodelsof manifoldsfor which
conventionaltop-down” approachefail. As adirectconsequencef mappinggeodesics
to straightlinesin featurespacejsomaplearnsarepresentatioof perceptuabbservations
in whichit is easyto performinterpolationandothercomplextransformationsA negative
consequencef this strongproblemformulationis thatisomapwill not be applicableto
everydatamanifold. However aswith the classictechniqueof PCA, we canstateclearly
the generalklassof datafor whichisomapis appropriate- manifoldswith no “holes” and
no intrinsic curvature— with a guaranteghatisomapwill succeedn datasetsfrom this
class,given enoughsamplesrom the manifold. Futurework will focuson generalizing
this domainof applicability to allow for manifoldswith more complextopologiesand
significantcurvature aswould be necessaryo modelcertainperceptuamanifoldssuchas
thecompleteview spaceof anobject.
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