
1

c
v
p
h
o
c
�
i
t
t
l
a
I
a
b

N

s
l

J

Downl
D. Carnelli
Department of Structural Engineering,

Laboratory of Biological Structure Mechanics
(LaBS),

Politecnico di Milano,
20133 Italy;

Department of Materials Science and
Engineering,

Massachusetts Institute of Technology,
Cambridge, MA 02139

D. Gastaldi

V. Sassi

R. Contro

Department of Structural Engineering,
Laboratory of Biological Structure Mechanics

(LaBS),
Politecnico di Milano,

20133 Italy

C. Ortiz
Department of Materials Science and

Engineering,
Massachusetts Institute of Technology,

Cambridge, MA 02139

P. Vena
Department of Structural Engineering,

Laboratory of Biological Structure Mechanics
(LaBS),

Politecnico di Milano,
20133 Italy;

IRCCS,
Istituto Ortopedico Galeazzi,

Milano, 20161 Italy
e-mail: vena@stru.polimi.it

A Finite Element Model for
Direction-Dependent Mechanical
Response to Nanoindentation of
Cortical Bone Allowing for
Anisotropic Post-Yield Behavior
of the Tissue
A finite element model was developed for numerical simulations of nanoindentation tests
on cortical bone. The model allows for anisotropic elastic and post-yield behavior of the
tissue. The material model for the post-yield behavior was obtained through a suitable
linear transformation of the stress tensor components to define the properties of the real
anisotropic material in terms of a fictitious isotropic solid. A tension-compression yield
stress mismatch and a direction-dependent yield stress are allowed for. The constitutive
parameters are determined on the basis of literature experimental data. Indentation ex-
periments along the axial (the longitudinal direction of long bones) and transverse di-
rections have been simulated with the purpose to calculate the indentation moduli and the
tissue hardness in both the indentation directions. The results have shown that the trans-
verse to axial mismatch of indentation moduli was correctly simulated regardless of the
constitutive parameters used to describe the post-yield behavior. The axial to transverse
hardness mismatch observed in experimental studies (see, for example, Rho et al. [1999,
“Elastic Properties of Microstructural Components of Human Bone Tissue as Measured
by Nanoindentation,” J. Biomed. Mater. Res., 45, pp. 48–54] for results on human tibial
cortical bone) can be correctly simulated through an anisotropic yield constitutive model.
Furthermore, previous experimental results have shown that cortical bone tissue subject
to nanoindentation does not exhibit piling-up. The numerical model presented in this
paper shows that the probe tip-tissue friction and the post-yield deformation modes play
a relevant role in this respect; in particular, a small dilatation angle, ruling the volumet-
ric inelastic strain, is required to approach the experimental findings.
�DOI: 10.1115/1.4001358�

Keywords: cortical bone, indentation, finite element, anisotropic yield function
Introduction
The technique of nanoindentation allows for the mechanical

haracterization of bone tissue at small length scales, thereby pro-
iding a pathway to explore the relationship between mechanical
roperties and fundamental structural constituents �1–6�. It also
olds potential for use as a diagnostic tool �7�. Traditional meth-
ds of estimating material properties from indentation data in-
lude the Oliver–Pharr contact mechanical analytical formulation
8�, which defines an indentation modulus that, in the case of an
sotropic, elastic half-space continuum, can be explicitly related to
he elastic constants. Since bone is a hierarchical �multiscale� ma-
erial, homogenized responses are achieved at sufficiently large
ength scales while the mechanical properties of distinct micro-
nd nanostructural features can be probed at smaller length scales.
n addition to possessing a hierarchical structure, bone is also
nisotropic �9�. Mineralized collagen fibrils, the fundamental
uilding blocks of bone, are structurally anisotropic �10�, and
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hence, parallel fibered bone exhibits a transverse �normal to fiber
axis�/axial �parallel to fiber axis� elastic modulus ratio �0.42 �11�.
Osteonal bone is less anisotropic, exhibiting a transverse �r
=normal to Haversian canal long bone axis�/axial �z=parallel to
Haversian canal long bone axis�/elastic modulus ratio �0.6
�12,13�. The latter observation can be attributed to the fact that in
osteonal bone, mineralized collagen fibrils bundle into layers with
varying directions to form a plywood-like structure unit, as well
as rotate around their axes within these layers �10,14�. Cortical
bone is also known to exhibit a tension/compression yield asym-
metry �15�, which is associated to a pressure-dependent mechani-
cal behavior �16–18�.

Analysis of nanoindentation data using more refined constitu-
tive laws and finite element analyses �FEA� can provide deeper
insights into these unique structural and mechanical features of
the bone tissue �17–22�. Previously reported literature in this area
includes the use of elastic anisotropy, plastic pressure-independent
anisotropy, and strain hardening �20� and, separately, a nanogranu-
lar pressure-dependent yield models, such as the Drucker–Prager
�17� or the Mohr–Coulomb models �18�, capturing the known
tension/compression yield stress mismatch. Another study �21�,

utilized a viscoelastic-plastic, isotropic, constitutive model based
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n a spring-dashpot approach to viscoelasticity and on the
amberg–Osgood relationship for the isotropic post-yield behav-

or. While these works have provided significant new insights into
one indentation behavior, accurate predictions of direction-
ependent indentation moduli �23,1�, direction-dependent hard-
ess �1�, and negligible pile-up �1,17� simultaneously still remain
challenge.
In this paper, we approach this problem by formulating a FEA
odel which captures elastic and post-elastic anisotropy, as well

s pressure-dependent yield �tension/compression asymmetry� of
ortical bone tissue. The elastic behavior of the tissue is modeled
hrough the transversely isotropic elastic tensor �24� and the post-
lastic behavior is introduced via a yield surface and a flow rule
btained by a suitable stress transformation of the Drucker–Prager
urface by means of a stress transformation rule to account for
aterial anisotropy. A tension/compression yield stress mismatch,

ypical of the cortical bone tissue observed at the macroscopic
cale �15,16�, is accounted for. Parametric studies on the degree of
issue anisotropy, the friction between the indenter and tissue, and
he amount of volumetric inelastic strain governed by the dilata-
ion angle in a nonassociative plastic flow rule were carried out.
oad versus penetration depth was predicted and the Oliver–Pharr
nalysis was used to estimate indentation properties. The
ransverse/axial indentation moduli �ET

� /EA
��, the transverse/axial

ardness values �HT /HA�, as well as the pile-up, are predicted and
ompared with experimental data on cortical bone reported in lit-
rature �1,4–6�.

Methods

2.1 Elastic Anisotropic Model for Cortical Bone. Cortical
one is modeled as a homogeneous continuum. A transversely

sotropic elastic model is used and obtained through a suitable

ases can be difficult �25�. A procedure to guarantee that these

81008-2 / Vol. 132, AUGUST 2010
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transformation of equations for isotropic linear elasticity �24�. Us-
ing indicial notation, the stress-strain relationship for a linear elas-
tic, isotropic material in the small deformation regime is

�ij = ��kk�ij + 2�eij �1�
and the relevant stiffness tensor is

Cijkl = ��ij�kl + 2�Iijkl �2�

where �ij is the Cauchy stress tensor, eij is the deviatoric compo-
nent of the deformation tensor, �kk is the specific volumetric de-
formation �summation over index k is assumed�, � and � are the
Lamè constants, �ij is the Kronecker symbol, and Iijkl is the
fourth-order unit tensor.

Iijkl =
1

2
��ik� jl + �il� jk� �3�

In order to transform the above equations into a set of equations
for anisotropic materials, three perpendicular unit vectors g1, g2,
and g3 are introduced having the physical meaning of principal
material directions; furthermore, the second-order tensor Gij is
introduced as follows:

Gij = p1gi
1gj

1 + p2gi
2gj

2 + p3gi
3gj

3 �4�

where p1, p2, and p3 represent the weights of the three directions
in terms of elastic properties. We simulate an anisotropic material
by substituting the second-order identity tensor �ij with a new
second-order tensor

Iij� = p0�ij + Gij �5�
so the anisotropic elastic constitutive law now reads

Cijkl = �Iij� Ikl� + ��Iik� Ijl� + Iil�Ijk� � �6�

In matrix notation it reads
C = �
2�r1

2 + �r1
2 �r1r2 �r1r3 0.0 0.0 0.0

�r1r2 2�r2
2 + �r2

2 �r2r3 0.0 0.0 0.0

�r1r3 �r2r3 2�r3
2 + �r3

2 0. 0.0 0.0

0.0 0.0 0.0 �r1r2 0.0 0.0

0.0 0.0 0.0 0.0 �r1r3 0.0

0.0 0.0 0.0 0.0 0.0 �r2r3

� �7�
ith

ri = p0 + pi �8�

he constraint �i=0
3 pi=1 is also introduced in order to obtain a set

f independent constitutive parameters. The value p0=1 has been
ssumed. For transversely isotropic simulations, p1= pA and p2
p3= pT, where the subscripts A and T refer to the axial and trans-
erse directions, respectively. In the finite deformation regime, the
bove expounded elastic stress-strain relationships are used in in-
remental form ��ij =Cijhk��hk with suitable rotations of the prin-
ipal material directions gi during the deformation process.

2.2 Yield Locus for Anisotropic Tissue. The post-elastic me-
hanical behavior of the bone tissue was modeled using an elastic-
lastic constitutive law with anisotropic yield locus and a nonas-
ociative plastic flow rule. Traditional procedures for deriving the
onstitutive equations for anisotropic elastoplastic materials are
ased on the description of appropriate yield and potential func-
ions in terms of the characteristic material properties and princi-
al directions. The satisfaction of invariance conditions in these
conditions are satisfied is to define the properties of the real an-
isotropic material in terms of a fictitious isotropic solid. This is
achieved by relating the stress between the real and fictitious
spaces using a linear tensor transformation �26�.

In this work, an extension of the Drucker–Prager plasticity iso-
tropic model �27� to the anisotropic case has been formulated by
defining a suitable stress tensor projection into the anisotropic
space allowing for material principal directions g. The proposed
modified Drucker–Prager model is able to account for the tension/
compression yield stress mismatch exhibited by the cortical bone
tissue under macroscopic tension/compression mechanical loading
�15,28�.

The plasticity domain for an isotropic material can be written in
the general form as

���ij� = 0 �9�

The second-order tensor M2 is introduced, the components of

which depends on the principal material directions g as follows:
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Mij
2 = q0�ij + q1gi

1gj
1 + q2gi

2gj
2 + q3gi

3gj
3 �10�

n which a proper weight is assigned to each material direction
hrough the parameters qi.

A new stress tensor �ij
� projected into the anisotropic space is

ntroduced

�ij
� = Mijkl

4 �kl �11�

n which the fourth-order tensor M4 is defined as

Mijkl
4 =

1

2
�Mik

2 Mjl
2 + Mil

2Mjk
2 � �12�

he new yield locus for the anisotropic model is therefore ex-
ressed in a general form as

���ij
� � = 0 �13�

he yield locus of the modified Drucker–Prager plasticity model
or the anisotropic bone tissue is as follows:

���ij
� � = 3	3�p� + �̄� − �̄eq = 0 �14�

n which the projected stress components p� and �̄� are defined as

p� =
1

3
�ii

� ; �̄� =	3

2
Sij

� Sij
� �15�

nd � and �̄eq are the material parameters; whereas Sij
� is the

eviatoric component of the Cauchy stress tensor �ij
� . The param-

ter � rules the tension/compression yield stress ratio; whereas,
he parameter �̄eq depends on the tensile or compressive yield
tress �or elastic limit� of the tissue. For sake of simplicity, a
erfect elastic-plastic material model has been assumed; that is to
imilar to the elastic formulation, the conditions

ournal of Biomechanical Engineering
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say no strain hardening has been introduced.
The flow rule, which determines the irreversible strain �“plas-

tic” strain� within the tissue is as follows:

d�ij
p = d�

�Q����
��pq

�

��pq
�

��ij
�16�

in which the plastic potential Q���� has been introduced.

Q���� = 3	3�defp
� + �̄� �17�

where �def is the dilatation angle. In the case in which �def=�, the
associative plastic flow rule is obtained.

In the above flow rule, d� is a scalar parameter that can be
obtained by solving the nonlinear set of equations �Eq. �16��, the
stress-strain incremental relationship d�=C�d�−d�p� and the
consistency condition d�=0. These equations are solved by
means of the iterative Newton–Raphson procedure applied at each
integration point and at each time increment during the finite el-
ement simulation. To this purpose, the standard computational
procedures for elastic-plastic finite element models have been
adopted in which consistent tangent stiffness matrix has been
computed to solve for the displacement vector �see, for example,
Ref. �29��.

In the specific case, a transversely isotropic elastic-plastic be-
havior has been used in which the plane of isotropy of the tissue is
perpendicular to the axial direction for long bones by making the
following assumptions:

q1 = qA; q2 = q3 = qT �18�

Under these assumptions the stress components p� and �̄� are

p� =
1

�1�q0 + qA�2 +
1

��2 + �3��q0 + qT�2 �19�

3 3
�̄� = 	�1
2�q0 + qA�4 + ��2

2 + �3
2 − �2�3��q0 + qT�4 − ��1�2 + �1�3��q123

4 � �20�
n which

q123
4 = q0

4 + �2qA + 2qT�q0
3+

+ �qA
2 + qT

2 + 4qAqT�q0
2 + �2qAqT

2 + qA
2qT�q0 + qA

2qT
2 �21�

he tensile and compressive yield stress along the axial direction
�A

t ,�A
c � can be obtained by setting �2=�3=0.

�A
t =

�̄eq

1 + 	3�

1

�q0 + qA�2 ; �A
c =

�̄eq

− 1 + 	3�

1

�q0 + qA�2 �22�

hereas the tensile and compressive yield stress along the trans-
erse direction ��T

t ,�T
c� can be obtained by setting �1=�3=0

�T
t =

�̄eq

1 + 	3�

1

�q0 + qT�2 ; �T
c =

�̄eq

− 1 + 	3�

1

�q0 + qT�2 �23�

he tensile to compressive yield stress ratio turns out to be inde-
endent from the material direction and ruled by the material pa-
ameter � only.

Rtc =
�t

�c =

− 1 + 	3�


1 + 	3�
�24�

nd the axial to transverse yield stress ratio is as follows:

RAT =
�A

t

�T
t =

�A
c

�T
c =

�q0 + qT�2

�q0 + qA�2 �25�
q0 = 1; q0 + qA + 2qT = 1 �26�

are adopted, thus only one of the qi material parameters results to
be independent.

2.3 Finite Element Model of Indentation Tests. The virtual
indenter employed was axisymmetric, conical with an angle of
70.3 deg and the same area-to-depth ratio as a three sided Berk-
ovich pyramid. The indenter was modeled as perfectly rigid since
it is composed of diamond, which is much stiffer than bone
�Ediamond=1141 GPa; Ebone�20 GPa�. The indentations along
the axial, as well as transverse directions, were simulated.

Given the transversely isotropic constitutive behavior of corti-
cal bone, an axisymmetric model was employed for indentation
along the axial direction. For indentations along the transverse
direction, a three-dimensional model was created. In the latter
case, only a quarter of the bone tissue/indenter system was mod-
eled by exploiting the symmetry of the material at 90 deg and the
axisymmetry of the conical indenter. In both models the bone
sample is represented as cylinder of 100 �m in both height and
radius �Figs. 1 and 2�. Suitable mesh refinement was applied un-
der the indenter tip, where large strain gradients occur. The two-
dimensional mesh had 12,658 quadratic elements of both types
CAX6 and CAX8. The characteristic element size in the refined
region was 70 nm �see Fig. 2�. In order to simulate the effect of an
infinite solid domain in the region far from the indenter tip, linear
infinite elements were used �30�. The three-dimensional finite el-

ement mesh had 57,600 eight-node, hexahedral elements. The el-
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ment characteristic length in the refined region was 30 nm.
The analyses were conducted using the commercial finite ele-
ent code ABAQUS/STANDARD �30�. Due to large displacement and

isplacement gradients that occur during an indentation test, large
trains, and large rotations are expected, therefore the large defor-
ation theory was used in the numerical models.
The loading and unloading phases of the experiments are simu-

ated by applying the displacement and repositioning the indenter
o its original position in two separate steps. The frictional inter-
ction between the indenter and bone tissue was modeled by
eans of a shear stress proportional to the contact pressure, which

ccounts for the Coulomb friction between the surfaces and by
eans of a hard contact algorithm based on Lagrange multipliers

o account for the contact along the direction normal to the sur-
aces. The anisotropic elastoplastic constitutive model here pre-
ented is implemented into the FORTRAN subroutine UMAT and
inked to the commercial finite element code ABAQUS �30�.

2.4 Calculation of Indentation Moduli and Tissue Hard-
ess From Numerical Simulations of the Indentation Tests. In
rder to compare with experimental data reported in literature, the
liver–Pharr method �8� was employed to calculate the indenta-

ion moduli �E�� and hardness �H� in the axial and transverse
irections from the FEA simulated unloading force �P� versus
isplacement �h� data. This method is based on the assumption
hat the initial part of the P−h unloading curve is unaffected by

ig. 1 View of the two-dimensional finite element mesh used
or axial indentation simulations with detail of discretization
nder the conical indenter; the left side represents the axis of
ymmetry

ig. 2 View of the three-dimensional finite element mesh used
or simulations of transverse indentations; only the detail un-
er the indenter is shown. Axial direction is the z axis, trans-

erse directions are: r „indentation direction… and c.

81008-4 / Vol. 132, AUGUST 2010

oaded 02 Jul 2010 to 18.19.0.100. Redistribution subject to ASME 
inelastic phenomena. The method is applied by fitting the top 60%
of the unloading curve using the following fitting equation:

P = A�h − hr�n �27�

in which P is the load applied on the indenter, where hr, A, and n
are the fitting parameters. The parameter hr has the physical
meaning of residual depth.

The indentation modulus E� and indentation hardness H are
therefore calculated as

E� =
S

2
	 	

Ap
�28�

H =
Pmax

Ap
�29�

respectively, in which S is the contact stiffness dP /dh calculated
by differentiating Eq. �28� at P= Pmax.

S = An�h − hr��n−1� �30�

and Ap�hp� is the projected contact area calculated at maximum
indentation load Pmax, which is obtained from the finite element
solution. For a conical indenter Ap=	
2 in which 
 is the radial
coordinate of the nodal point in contact with the rigid surface �see
Fig. 3�. Calculations for reduced moduli and hardness were car-
ried out for axial as well as transverse indentation simulations.

2.5 Numerical Examples. The parameter sets used in the nu-
merical simulations have been chosen with the purpose to assess
the role of anisotropy of yield locus, the deformation modes as-
sociated to inelastic phenomena �nonassociative flow rule�, and
the friction between the indenter and the tissue surface. Further-
more, indenter-tissue friction was included in the FEA simulations
because of its relevant role in predicting the absence or very lim-
ited residual pile-up observed experimentally after nanoindenta-
tion �17,20�.

The parameters used in the FEA simulations are summarized
Table 1. Four sets of analyses have been carried out by changing
one parameter at a time �see Table 1�; in particular, the analysis set
RA

AT refers to simulations of axial indentation in which the ratio

Fig. 3 Sketch of deformed surface under the indenter. The
measure of the sink-in „pile-up… is shown.

Table 1 Values of the simulation parameters for the four sets
of numerical analyses

Analysis set �def �a �T
c /�A

c

RA
AT 0.1 0 0.5→1

RT
AT 0.1 0 0.5→1

FrA 0.1 0→0.2 0.5
AA

def 0.1→0.06 0.2 0.5
Transactions of the ASME
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T
c /�A

c has been chosen in the interval 1→0.5, consistent with
eported literature �15,28�, where �T

c /�A
c =1 represents the case of

sotropic yield locus.
The constitutive parameter qA has been selected on the basis of

q. �25� such as a prescribed value of the transverse to axial yield
tress ratio is obtained �see Fig. 4�. The constitutive parameter �̄eq

as chosen such that axial compressive yield stress is ��̄A
c =

182 MPa� for all analyses, whereas the transverse compressive
tress changes according to the value of RAT �see Fig. 5�. The
onstitutive parameter � is set to �=0.13, which corresponds to a
xed tension to compression yield stress ratio Rtc=0.63 and to an
xial tensile yield stress ��̄A

t =115 MPa�, as reported in Ref. �15�
or cortical human femur; the dilatation angle �def was set to 0.1.
hese tensile yield data are consistent with those reported in Refs.

31,32�, which refers to cortical bovine femur data; a slightly
ower value was reported for human cortical femur.

Similarly, the analysis set RT
AT refers to simulations of trans-

erse indentation tests. All the above analyses are carried out for
a=0. In the analysis set FrA, the friction coefficient between the

ndenter and the tissue surface was varied between 0→0.2.

ig. 4 Transverse to axial yield stress ratio versus constitutive
arameter qA. Dashed line represents an isotropic yield

unction.

ig. 5 Compressive yield stress along axial and transverse
irections versus constitutive parameter qA. The parameter �̄eq

as been suitably chosen so that an axial compressive yield

tress of 182 MPa is obtained for all values of qA.

ournal of Biomechanical Engineering
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In the last analysis set Adef the nonassociative flow rule for
plastic deformation has been used by exploring different values of
the dilatation angle �def in Eq. �17�. In these analyses, a friction
contact between the indenter and the tissue has been assumed
��a=0.2�.

The analysis parameters for each of the above expounded sets
are provided in Table 1. The elastic constants were kept un-
changed for all simulations; the parameters �, �, and pi, reported
in Table 2, correspond to the following elastic tensor entries �units
in GPa�:

C11 = 21.24; C12 = 14.35; C13 = 11.90

C22 = 30.91; C44 = 5.63; C55 = 4.67 �31�
The above values have been obtained by fitting the model param-
eters �, �, pr, and pa to the elastic constants reported in Ref. �15�
for human cortical bone.

All analyses were carried out in a displacement control mode in
which a full loading-unloading indentation experiment is simu-
lated. The indenter, initially at contact with the tissue surface, was
displaced downward up to a maximum displacement of 210 nm on
loading and thereafter reversed and displaced back to its original
position on unloading.

The constitutive model does not account for time dependent
phenomena, therefore loading rate was not an analysis parameter.

3 Results
The fitting parameters A, hr, and n as well as the maximum

indentation force are reported in Table 3 for all simulations.

Table 2 Elastic constants employed in the numerical
simulations

� �GPa� � �GPa� pT pA p0

5.33 13.6 −0.064 0.1286 1

Table 3 Fitting parameters n, A, and hr „see Eq. „28…… of the
unloading P−h curves and maximum indentation force „Pmax…

for all the performed simulations

n
A

�mN nm−n�
hr

�nm�
Pmax
�mN�

RA
AT��T

c /�A
c =0.5� 1.305 54.840 160.5 1.081

RA
AT��T

c /�A
c =0.6� 1.341 56.325 155.5 1.130

RA
AT��T

c /�A
c =0.7� 1.333 53.400 154.5 1.127

RA
AT��T

c /�A
c =0.8� 1.293 47.316 155.5 1.096

RA
AT��T

c /�A
c =0.9� 1.251 41.261 157.3 1.039

RA
AT��T

c /�A
c =1� 1.233 37.932 159.0 0.965

RT
AT��T

c /�A
c =0.5� 1.144 27.760 175.1 0.596

RT
AT��T

c /�A
c =0.6� 1.277 37.202 166.2 0.685

RT
AT��T

c /�A
c =0.7� 1.251 33.154 160.5 0.770

RT
AT��T

c /�A
c =0.8� 1.252 31.422 155.3 0.826

RT
AT��T

c /�A
c =0.9� 1.237 28.679 151.3 0.860

RT
AT��T

c /�A
c =1� 1.229 26.970 147.1 0.899

FrA��a=0� 1.305 54.838 160.5 1.081
FrA��a=0.05� 1.374 59.382 153.3 1.145
FrA��a=0.1� 1.382 56.575 148.9 1.183
FrA��a=0.15� 1.356 51.100 147.4 1.191
FrA��a=0.2� 1.324 49.967 146.9 1.177
AA

def��def=0.01� 1.326 45.967 146.9 1.178
AA

def��def=0.09� 1.329 45.899 148.9 1.115
AA

def��def=0.075� 1.323 44.916 153.6 1.037
AA

def��def=0.060� 1.354 48.346 153.6 0.978
AUGUST 2010, Vol. 132 / 081008-5
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3.1 Effect of the Transverse to Axial Yield Stress Ratio
�T

c Õ�A
c =0.5\1…. The axial �EA

�� and transverse �ET
�� indentation

oduli for values of �T
c /�A

c ranging from 0.5 to 1 are reported in
ig. 6. Consistent with results reported in literature �1�, a higher

ndentation modulus was obtained in the axial direction �20.0–
2.5 GPa� compared with the transverse direction �15.0–17.5
Pa�. Limited sensitivity to the yield stress ratio was observed for
oth the directions.

The axial and transverse hardness as a function of the ratio

T
c /�A

c are reported in Fig. 7. Similar to the indentation moduli,
he axial hardness values were also found to be higher in the axial
irection compared with the transverse indentation simulations.
owever, hardness exhibited a high sensitivity to the transverse to

xial yield stress ratio. In particular, axial hardness was found to
ange from about 0.90 GPa for �T

c /�A
c =1 �i.e., isotropic yield

ocus� to 0.72 GPa for �T
c /�A

c =0.5; whereas, transverse hardness
as found to range from 0.90 GPa for �T

c /�A
c =1 to 0.51 GPa for

T
c /�A

c =0.5. Furthermore, the transverse to axial hardness ratio

T /HA is also highly sensitive to the parameter �T
c /�A

c �see Fig.
�. The solid line in Fig. 8 represents the case of HT /HA=�T

c /�A
c .

he results show that for �T
c /�A

c �0.8 the hardness ratio is higher
han the yield stress ratio �an amplification effect�; whereas, for

T
c /�A

c �0.8, HT /HA=�T
c /�A

c . In particular, for an isotropic yield

ig. 6 Indentation moduli for simulations along axial and
ransverse indentations versus transverse to axial yield stress
atio

ig. 7 Indentation hardness for simulations along axial and
ransverse indentations versus transverse to axial yield stress

atio
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locus, HT /HA=0.98 has been found, indicating that the elastic
anisotropy is not sufficient to justify the direction-dependent in-
dentation hardness observed in experiments. Figure 9 shows con-
tour maps of the inelastic shear strain ��rz

p � under the indenter for
three reference cases �isotropic yield locus, �T

c /�A
c =0.8, and

�T
c /�A

c =0.5�. From inspecting the contour maps of �rz
p , it can be

observed that for high yield stress transverse to axial mismatch,
the inelastic shear strain magnitude and its spatial gradient along
the radial direction increase �see also Fig. 10 for line plots of �rz

p

as a function of the distance from the indentation point�. This
leads to a higher contact depth with respect to the isotropic case,
resulting in an increase in the contact area, which in turn de-
creases the hardness. It must be kept in mind that, in this para-
metric study, the axial yield stress is kept constant; whereas, the
transverse yield stress is not; therefore transverse hardness is con-
tinuously decreasing with �T

c /�A
c consistently with the decrease in

�T
c . For comparison purposes, Fig. 8 reports also the transverse to

axial indentation moduli ratio; it can be observed that the inden-
tation moduli ratio is largely unaffected by the yield stress ratio.

The indentation simulations allowed the calculation of the
pile-up at a maximum penetration depth of 210 nm �Fig. 11�.
According to the sketch provided in Fig. 3, the pile-up here is
measured as the vertical displacement of the external boundary of
the contact area with respect to the original surface level. Positive
values of pile-up indicate that the material rises with respect to the
undeformed surface �typical for ductile materials�; whereas, nega-
tive values indicate that the material sinks-in with respect to the
undeformed surface. This latter case is typical of ceramic brittle
materials with a low elasticity to yield stress ratio. The set of
analyses RA

AT shows an increasing pile-up for decreasing trans-
verse to axial yield stress ratio. A maximum pile-up of 40 nm has
been found for �T

c /�A
c =0.5 �Fig. 11 curve labeled �a=0�.

3.2 Effects of the Inelastic Deformation Mode and of
Friction. The effect of friction between indenter and tissue sur-
face was investigated in the analyses set FrA �see Table 1� in
which axial indentations were simulated. It was determined that
friction affects both the pile-up �see Fig. 11� and the indentation
hardness �see Fig. 12�. The increase in friction coefficient substan-
tially decreases the pile-up for all values of �T

c /�A
c �Fig. 11�. For

friction coefficients �a�0.1 and for �T
c /�A

c �0.75, sink-in is ob-
served. Simultaneously, increases in tissue hardness are observed
up to �a=0.2 �see Fig. 12�; for larger values of the �a no further
hardness increases take place �data not shown�. Notably, friction
does not affect the axial indentation modulus �see Fig. 12�.

Furthermore, the contribution of the inelastic deformation mode
c c

Fig. 8 Transverse to axial indentation moduli and hardness
ratios versus transverse to axial yield stress ratio
is required to avoid piling-up of the material for �T /�A=0.5. The
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et of analyses AA
def have shown that the inelastic deformation

ode, governed by the parameter �def, has a moderate effect on
he axial hardness and indentation moduli �Fig. 13�; whereas, it
trongly affects the pile-up �Fig. 14�. Indeed, as shown in Fig. 14,
he pile-up decreases markedly with decreasing �def. For �def

0.09, sink-in effect is observed. In this case, both direction-
ependent hardness �Fig. 8� and absence of piling-up of the ma-
erial �Fig. 14� are simultaneously observed.

Fig. 9 Contour maps of the inelasti
r are the directions parallel and perp
tion, respectively… in an axial inden
�T

c /�A
c =0.8 „center…, and �T

c /�A
c =0.5

ig. 10 Plots of the inelastic strain �rz
p component as a func-

ion of the distance from the indentation point on the surface
or: isotropic yield locus model, �T

c /�A
c =0.8, and �T

c /�A
c =0.5

ig. 11 Pile-up versus transverse to axial yield stress ratio for

hree different values of tissue-probe friction coefficient

ournal of Biomechanical Engineering
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4 Discussions and Conclusions

4.1 Origins of Direction-Dependent Response. The trans-
versely isotropic elasticity assumption is a primary determinant of
the observed indentation moduli anisotropy ratio �Fig. 8 compared
with Eq. �31��. It was confirmed that the degree of plastic aniso-
tropy �including the isotropic yield locus� had little effect on the
direction-dependent elastic moduli �Fig. 6�, which is attributed to
the fact that little plasticity takes place during the initial stage of
the unloading P−h curve. The slight dependence of the indenta-
tion moduli on the transverse to axial yield stress ratio is attrib-
uted to differences in the computed contact area at maximum load.

It was also shown that anisotropic post-elastic properties, i.e.,
anisotropic yield locus and plastic potential, are required in order

rain rz component „�rz
p , where z and

dicular to the long bone axis direc-
ion simulation for: �T

c /�A
c =1 „left…,

ht…

Fig. 12 Axial hardness versus friction coefficient „left vertical
axis… for �def=0.1; axial hardness versus friction coefficient
„right vertical axis… for �def=0.1

Fig. 13 Axial hardness „left vertical axis… versus �def; axial in-
c st
en
tat
dentation modulus „right vertical axis… versus �def
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o obtain a direction-dependent tissue hardness �see Fig. 7�. In-
eed, isotropic yield surface predicts the values of the ratio of
ransverse to axial hardness very close the yield anisotropy ratio
Fig. 8�. However, interestingly an amplification effect is ob-
erved, whereby hardness anisotropy ratios exceed yield stress
nisotropy ratios for �T /�A�0.8. This effect is owed to the de-
reasing of transverse yield stress, which produces a decreasing
xial hardness for �T /�A�0.8.

4.2 Comparison With Previously Reported Experimental
ata. The results are highly consistent with experimental data of

iterature �1,4–6�. The indentation moduli values reported in Fig.
are comparable to those obtained by Rho et al. �1� �22.4 GPa

nd 16.6 GPa in the axial and transverse directions, respectively�,
4� �22.5 GPa, axial direction�, and �5� �21.7 GPa, axial direction�
or human tibial cortical tissue. Regarding hardness �Fig. 7�, �1�
eports a transverse to axial hardness ratio of 0.91 for human tibial
ortical tissue. This anisotropy ratio corresponds to the one ob-
ained in this study for a transverse to axial yield stress ratio

T
c /�A

c =0.9 �Fig. 8�. For bovine bone, the transverse to axial hard-
ess ratio HT /HA=0.76 reported in Ref. �6� as well as the magni-
ude of the hardness values HA=811 MPa and HT=647 MPa are
ll consistent with a transverse to axial yield stress ratio �T

c /�A
c

0.6 in this model. Compressive and tensile axial yield stresses
sed in the above analyses �180 MPa and 115 MPa, respectively�
orrespond to a material cohesion �̄eq=141 MPa, as defined in
he Drucker–Prager strength criterion �14�. This material param-
ter is consistent with that found in Ref. �17� ��̄eq=122 MPa�,
hich refers to microscale indentation experiments and it is lower

han that found in Ref. �16� ��̄eq=171 MPa�, which refers to mac-
oscale experiments. These differences may suggest that a size
ependence exists with the cohesive strength increasing with in-
reasing size scale as expected when investigating tissues exhib-
ting a hierarchical structure.

In order to carry out a quantitative comparison of the FEA
redictions to the magnitude of E� and H reported in Ref. �1�,
xial indentation simulations were run to different penetration
epths �hmax� up to 500 nm �which is consistent with that used in
ef. �1��. Since the FEA simulations assume a homogeneous con-

inuum �rather than taking into account specific microstructural
eatures, as in Ref. �33��, the estimated mechanical properties,
uch as indentation modulus and hardness, are, by definition, in-
ensitive with respect to length scale �maximum force and depth�.
igure 15 verified that the axial indentation modulus and hardness
ere indeed approximately independent from penetration depth;

n the same figure the shaded area bounds the experimental find-
ngs �meansd� for both E� and H from Ref. �1�. In the trans-
erse direction, the computed indentation modulus and hardness

�

Fig. 14 Axial indentations: pile-up versus �def for �a=0.2
ere ET=16.39 GPa and HT=0.58 GPa, respectively; whereas,

81008-8 / Vol. 132, AUGUST 2010
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experiments in Ref. �1� reported ET
� =16.61.1 GPa and HT

=0.560.034 GPa, respectively. Therefore, good agreement was
obtained for indentation moduli as well as for indentation hard-
ness between predicted and experimentally reported values.

Another key result of this study is that pile-up of the material is
affected by: �i� the tissue-indenter friction and �ii� the inelastic
deformation mode �in this model represented by the dilatation
angle �def�. In particular, the pile-up is small or even becomes
negative �i.e., sink-in� when the dilatation angle is decreased and
when the probe-tissue friction is accounted for. This finding has a
great relevance since experiments have shown that bone tissue
indentation produce a negligible pile-up �17,20�. High values of
the dilatation angle �def �with the upper limit �def=�, i.e., asso-
ciative flow rule� implies high volumetric dilatation for all values
of the hydrostatic stress component. It is therefore justifiable to
assume small values of �def to reduce the volume increase during
the inelastic deformation process.

4.3 Model Limitations. In the following we provide a sum-
mary of the limitations of the current model.

The elastic-plastic constitutive law does not represent the most
general anisotropic transversely isotropic stress-strain relation-
ship. In particular, the elastic tensor �6� in which r2=r3=rT is
assumed, depends on three independent parameters instead of five,
as required by transverse isotropy; this issue is discussed in Ref.
�24�. Furthermore, the post-yield constitutive law is characterized
by a compressive to tensile yield stress ratio independent of ma-
terial direction; which does not match exactly with experimental
finding �see, for example, Ref. �15��. This model has the advan-
tage to be dependent on fewer parameters, as opposite to more
general models, and simpler sensitivity analysis. The results have
shown that the above mentioned limitations do not affect the main
conclusions described in this research.

A further limitation concerns the assumed conical geometry for
the indenter. This is a typical assumption for finite element simu-
lations of nanoindentation and the equivalence between simula-
tions carried out with spherical indenters and those with actual
pyramidal geometry has been well documented �34,35�.

It should be also underlined that the effect of pore water has
been disregarded in this study. The water acts as a plasticizer for
the collagenous phase filling the 50% volume fraction of inter-
fibrillar and the 20% of the extrafibrillar space and may have a
significant effect on tissue anisotropy properties, as shown in
Refs. �36–38�, in which hydrated and dehydrated bone tissues,
where subject to nanoindentation. In the above mentioned papers,
the effect of hydration on the transverse to axial ratio of the in-
dentation response was investigated by means of spherical inden-
tation with tip radius of 20 �m. In particular, in Ref. �36�, it was
found that hydrated bone samples did not show a statistically sig-

Fig. 15 Indentation modulus and indentation hardness from
FEM simulations in the axial direction „symbols…; shaded area
represent the values „mean±sd… from experiments †1‡
nificant transverse to axial indentation moduli ratio, in contrast to
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hat was found on dehydrated samples. The model presented in
his paper applies for dehydrated tissue samples as in Refs. �1,39�;
owever, it is still to be investigated whether the independence of
ndentation moduli on test directions found for hydrated samples
n Ref. �36� is owed to the specific indenter geometry. Further
tudies are needed in order to extend these findings to pyramidal
ndentations.

The choice of a plasticity framework for the numerical simula-
ion of indentation of the bone tissue is widely accepted �one of
he most recent papers which deals with this issue is Ref. �17��.
lthough it is well known that plastic deformation, as defined for
etals, are not physical in bone tissue, it has been shown by

everal experimental studies on the nanoscale deformation modes
f bone that a stress-strain curve of tissue exhibits a nonlinear
elationship with the achievement of a “yield” stress, which may
e correlated with the onset progressive disruption of the sacrifi-
ial bonds during which the tangent to the stress-strain curve pro-
ressively decreases �40–43�. This behavior can be phenomeno-
ogically reproduced by the elastic-plastic constitutive law. The
isruption of sacrificial bonds, however, generates a decrease in
lastic modulus of the tissue in a damage-like mechanism. An
ppropriate physically consistent post-yield model should define a
ow rule, i.e. the law ruling the development of inelastic strain,
ccounting for deformation energy, which has been shown to be
issipated by shearing of a thin “glue” layer between mineral-
einforced collagen fibrils �43�. Further developments of the pre-
ented model accounting for the most relevant above specified
imitations will improve our knowledge of the post-elastic behav-
or of the cortical bone tissue and its relationship with the tissue
onstitution.

In summary, the technique of indentation is increasingly being
sed for bone mechanics characterization and has potential for use
s a diagnostic tool. Our study provides a rigorous scientific link-
ge between refined constitutive models representing the tissue’s
undamental material properties and the complex multiaxial stress
eld generated during a penetration. This work provides interest-

ng results on the relationship between bone indentation aniso-
ropy and anisotropy in uniaxial stress fields. More specifically,
he model presented is able to predict direction-dependent inden-
ation moduli, direction-dependent hardness, and negligible
ile-up simultaneously. In the future, this model may be used to
ssess the effect of variations of constitutive parameters due to
ge, injury, and/or disease on bone mechanical performance in
ultiaxial stress fields. Furthermore, microstructurally based FEA
odels could be coupled to the present continuum-based approach

o assess the role of localized deformation mechanisms and spe-
ific microstructural features �40–42� and to determine the limita-
ions and applicability of the continuum approach.
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omenclature
A � parameter for fitting P−h curve

Ap � indentation contact area
Cij � components of elasticity tensor �matrix

notation�

Cijkl � fourth-order elasticity tensor
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E� � indentation modulus
EA

� � indentation modulus along axial direction
ET

� � indentation modulus along transverse direction
eij � deviatoric strain components

gk
i ; i ,k=1. .3 � components of unit vectors along principal

material directions
H � hardness

HA � hardness along axial direction
HT � hardness along transverse direction
hr � residual indentation depth

Iijkl � fourth-order unit tensor
Mij

2 � second-order constitutive tensor
Mijkl

4 � fourth-order constitutive tensor
n � parameter for fitting P−h curve
P � indentation load

Pmax � maximum indentation load
pi ; i=0.3 or

i=A ,T � weight parameters for elastic anisotropy
p� � hydrostatic pressure in fictitious anisotropic

space
qi ; i=0.3 or

i=A ,T � weight parameters for inelastic anisotropy
RAT � axial/transverse yield strength ratio
Rtc � tension/compression yield strength ratio

S � slope of P−h curve
Sij

� � deviatoric stress components in fictitious aniso-
tropic space

� � Drucker–Prager constitutive parameter
�def � dilatation angle

�ij � Kronecker delta function
�ij � total strain components
�rz

p � inelastic strain components
� � elastic constitutive parameter
� � elastic constitutive parameter

�a � friction coefficient
�A

c � compressive strength along the axial direction
�A

t � tensile strength along the axial direction
�T

c � compressive strength along the transverse
direction

�T
t � tensile strength along the transverse direction

�ij � components of Cauchy stress tensor
�̄eq � material cohesion parameter
�ij

� � stress components in fictitious anisotropic
space

�̄� � Von Mises equivalent stress in fictitious aniso-
tropic space

� � Drucker–Prager yield locus
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