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Abstract

Elastomeric materials experience stretch-induced softening as evidenced by a pre-stretched
material exhibiting a signi1cantly more compliant response than that of the virgin material. In
this paper, we propose a fully three-dimensional constitutive model for the observed softening of
the stress–strain behavior. The model adopts the Mullins and Tobin concept of an evolution in the
underlying hard and soft domain microstructure whereby the e4ective volume fraction of the soft
domain increases with stretch. The concept of ampli1ed strain is then utilized in a mapping of the
macroscopic deformation to the deformation experienced by the soft domain. The strain energy
density function of the material is then determined from the strain energy of the soft domain
and thus evolves as the volume fraction of soft domain evolves with deformation. Comparisons
of model results for cyclic simple extension with the experimental data of Mullins and Tobin
show the e6cacy of the model and suggest that an evolution in the underlying soft/hard domain
microstructure of the elastomer captures the fundamental features of stretch-induced softening.
Model simulations of the cyclic stress–strain behavior and corresponding evolution in structure
with strain for uniaxial tension, biaxial tension and plane strain tension are also presented and
demonstrate three-dimensional features of the constitutive model.
? 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The equilibrium stress–strain behavior of elastomeric materials is observed to un-
dergo a softening with strain history. This phenomenon is referred to as stress-softening,
stretch-induced softening, and/or cyclic softening. It is observed in conventional rub-
bery materials (Mullins and Tobin, 1957, 1965; Harwood et al., 1965; Harwood and
Payne, 1966a,b; Mullins, 1969; Bueche, 1961) as well as in thermoplastic elastomers
such as thermoplastic polyurethanes (Yokoyama, 1978; Bonart and Muller-Riederer,
1981; Qi and Boyce, 2004) and thermoplastic vulcanizates (Boyce et al., 2001a,b). In
rubbery materials, the softening of the equilibrium stress–strain curve is referred to as
the “Mullins’ e4ect”, so named due to the comprehensive study of this behavior by
Mullins on un1lled and 1lled rubbers during the 1950s and the 1960s (Mullins and
Tobin, 1957, 1965; Harwood et al., 1965; Harwood and Payne, 1966a,b; Mullins, 1969).
Fig. 1 illustrates the characteristic features of the softening of the equilibrium nominal
stress-nominal strain behavior of elastomeric materials as observed in a uniaxial tension
test. Three stress–strain curves, each on the same material to a 1nal nominal strain of
3.0 are depicted: Curve 1 gives the monotonic stress–strain behavior of the material
having had no prior strain history; Curve 2 gives the reloading stress–strain behavior
of the material after having been initially subjected to a prior strain of 1.2; Curve 3
gives the reloading stress–strain behavior after having been subjected to a prior strain
of 2.0. The reloading curves exhibit several key features:

• After having been subjected to a prior strain, the material exhibits a more compli-
ant response at strains smaller than the maximum strain incurred in its prior strain
history.

• During reloading, as the reloading strain approaches the maximum strain seen in
its prior strain history, the stress–strain behavior begins to sti4en and rejoin the
reference virgin curve; upon reaching the reference virgin curve, the stress–strain
behavior follows that of the virgin stress–strain behavior.

• A larger prior strain gives a larger increase in compliance (greater softening of the
response) upon reloading.

Although Mullins identi1ed softening to occur in both un1lled and 1lled elastomers,
its e4ect is far more pronounced in 1lled elastomers and therefore is frequently iden-
ti1ed to be a 1lled elastomer phenomenon.
At present, most softening theories are based on two concepts. The 1rst theory origi-

nates from Blanchard and Parkinson (1952) and Bueche (1960, 1961), who considered
the increase in sti4ness produced by sti4 1ller particles to be a result of rubber-1ller
attachments providing additional restrictions on the crosslinked rubber network. They
attributed softening to result from the breakdown or loosening of some of these at-
tachments. Bueche (1960, 1961), Dannenberg (1974), and Rigbi (1980) generalized
the softening to be a result of strain-induced relative motion of carbon and rub-
ber, and in some cases local separation of carbon black particles and rubber. Simo
(1987), Govindjee and Simo (1991, 1992), and Miehe and Keck (2000), and Lion
(1996, 1997) extended the Bueche concept and developed damage-based constitutive
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Fig. 1. Schematic of the Mullins e4ect observed in cyclic uniaxial tension tests: Curve 1 shows the monotonic
stress–strain behavior; curve 2 shows unloading from a strain of 1.2 followed by loading to a strain of 3.0;
curve 3 shows unloading from a strain of 2.0 followed by loading to a strain of 3.0. Symbols are included
on the curves in order to help distinguish overlapping curves.

models to simulate the material behavior within the framework of large strain contin-
uum mechanics.
The second theory posed to explain the softening phenomenon is due to Mullins

and coworkers (Mullins and Tobin, 1957, 1965; Harwood et al., 1965; Harwood and
Payne, 1966a,b; Mullins, 1969). They consider softening to be an evolution in soft
and hard domains within the elastomer whereby stretch produces a quasi-irreversible
rearrangement of molecular networks due to localized nona6ne deformation resulting
from short chains reaching the limit of their extensibility. This nona6ne deformation
produces a displacement of the network junctions from their initial state, which thus
produces some form of rearrangement of hard and soft domains in the elastomeric
phase with strain, acting to increase the e4ective volume fraction of soft domain. The
concept of a phase transition with strain has been used by Wineman and coworkers
(Rajagopal and Wineman, 1992; Wineman and Huntley, 1994) to capture the destruc-
tion and rebuilding of the underlying molecular network upon reaching critical strain
values. The concept of hard/soft domain reorganization with strain has been used as
motivation in the models of Beatty and coworkers (Johnson and Beatty, 1993a,b; Beatty
and Krishnaswamy, 2000) who consider molecular chains to be pulled out from clus-
ters and transformed into soft regions, and of Marckmann et al. (2002) who pro-
pose a network alteration whereby molecular chain density decreases and the aver-
age number of monomer segments in a molecular chain increases, and of Ogden and
coworkers (Ogden and Roxburgh, 1999a,b; Dorfmann and Ogden, 2003; Horgan et al.,
2004) who combine the concept of hard/soft domain reorganization with the damage
approach.
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In the Mullins approach, 1lled rubbers were treated as a composite system and the
concept of ampli1ed strain was used to explain the enhanced softening phenomenon ob-
served in 1lled rubbers. In 1lled elastomers, the average strain (or alternatively, stretch)
in the elastomeric domains is necessarily ampli1ed over that of the macroscopic strain
since the sti4 1ller particles accommodate little of the macroscopic strain. For uniaxial
tension loading, the ampli1ed elastomer stretch is taken to be �=1+X (�− 1), where
X is an ampli1cation factor dependent on particle volume fraction and distribution and
� is the macroscopic axial stretch. These researchers (Harwood et al., 1965) proposed
that cyclic softening was a property of the un1lled vulcanizate and was magni1ed
through the ampli1ed strain for 1lled rubbers, thus producing an apparently greater de-
gree of softening at any given macroscopic strain when compared to the corresponding
un1lled elastomer.
Based on the concept of ampli1ed strain, Mullins and Tobin (1957) in their very

early work suggested that the softening in rubber vulcanizates was due to the de-
crease of volume fraction of e4ective hard domain, vf , as a result of conversion of
hard domain to soft domain. Recently, micro-mechanics studies on 1lled elastomers and
1lled polymers conducted by Boyce and coworkers (Bergstrom and Boyce, 1999, 2000;
Boyce et al., 2001a,b) have provided some additional insights into possible hard/soft
transition mechanisms. Micromechanical modeling of rigid particle 1lled elastomers by
Bergstrom and Boyce (1999) reveals the entrapment of rubber domains within aggre-
gates of sti4 particles, thus resulting in the e4ective volume fraction of sti4 particles
to be larger than the physical fraction, i.e., the “occluded volume” e4ect postulated
by earlier workers (Medalia and Kraus, 1994). Evolution in particle distribution with
deformation could release occluded volumes of rubber and thus soften the material.
Regions of sti4er vs. more compliant elastomer domains in un1lled elastomers could
be thought to evolve in a similar manner. In a study of cyclic softening in ther-
moplastic vulcanizates (TPVs), where the vulcanizates are the 1ller particles, Boyce
et al. (2001a,b) showed that the softening is due to the gradual evolution in par-
ticle/matrix con1guration due to straining during previous loading cycles. The plas-
tic deformation of the contiguous thermoplastic phase acted to “release” vulcanizate
particles creating a pseudo-continuous vulcanizate phase and thus a softer response
during subsequent cycles. Although the material in the TPV study is a system of
soft 1llers/hard matrix, these micromechanical simulations demonstrate how an evolu-
tion in soft/hard microstructures can result in softening of the macroscopic mechanical
response.
In this paper, we pursue Mullins’ early concept and propose a constitutive model

where the softening of the equilibrium stress–stretch behavior is due to an evolution
of the e4ective volume fraction of the soft domain during the deformation process
whereupon occluded soft material domains are released during deformation due to
the relative motions and deformation of the hard domains. Model predictions of the
evolution in structure and corresponding stress–stretch behaviors under cyclic uniax-
ial loading are shown 1rst; comparisons between model and experimental data from
the literature are then presented. The three-dimensional nature of the model is il-
lustrated in simulations of uniaxial tension, equibiaxial tension and plane strain
tension.
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2. Constitutive model description

Constitutive relationships between stress and strain for the equilibrium behavior of
elastomeric materials are most often expressed in terms of strain energy density, U ,
where U is expressed as a function of deformation and material properties. Here, we
follow that approach and further develop stretch invariant based strain energy density
functions to include the e4ects of stretch-induced softening using the Mullins–Tobin
concept of hard/soft domains.
The deformation of a material point may be described by the deformation gradient

F = dx=dX, where x represents the current position and X represents the reference
position. The left Cauchy Green strain tensor is given by B=FFT. The stretch invariants
are given by

I1 = tr B= �21 + �
2
2 + �

2
3; (1a)

I2 = tr B−1 detB= �21�
2
2 + �

2
2�

2
3 + �

2
1�

2
3; (1b)

I3 = detB= �21�
2
2�

2
3; (1c)

where �i are the principal stretches. Here, we will limit our study to the case of incom-
pressible materials; thus, I3 = 1. Therefore, the strain energy density for an isotropic
incompressible elastomer can be expressed as a function of I1 and I2: U = Û (I1; I2).
In elastomeric materials, the 1rst invariant I1 has been found to be a far stronger con-
tributor to strain energy density than the second invariant and therefore we will focus
on I1-based strain energy density functions in this study

U = U (I1): (2)

In particular, as a starting point, we will consider the Arruda–Boyce eight chain model:

U = �
[√
N�chain + N ln


sinh 

]
; (3)

� = nk�;  = L−1
(
�chain√
N

)
;

where L is the Langevin function de1ned as L() = coth − 1=. This model is based
on the statistics of the underlying macromolecular network where n is chain density
(number of molecular chains per unit reference volume), N is the number of “rigid
links” between two crosslinks (and/or strong physical entanglements), �chain =

√
I1=3

is the stretch on each chain in the eight chain network, k is Boltzmann’s constant, and
� is absolute temperature. The Cauchy stress, T, is obtained by proper di4erentiation
of the strain energy density

T= 2
dU
dI1

B − pI; (4)

where p is the additional pressure determined by satisfying the boundary conditions.
For the case of uniaxial tension the Arruda–Boyce model gives the axial Cauchy (true)
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stress–stretch relationship:

� =
�
3

√
N

�chain
L−1

(
�chain√
N

) (
�2 − 1

�

)
;

where

�chain =

√
1
3

(
�2 +

2
�

)
; (5)

where � is the true axial stress and � is the macroscopic axial stretch.
As indicated earlier, Mullins and Tobin (1957) introduced the notion of ampli1ed

strain (or stretch) to capture the e4ects of rigid 1ller particles on the uniaxial stress–
stretch behavior of elastomers. The ampli1ed axial stretch was given by

�= 1 + X (�− 1); (6)

where � is the ampli1ed stretch (the average stretch in the matrix), and X is the
ampli1cation factor which depends on 1ller volume fraction and distribution. Following
their procedure, the stress–stretch behavior of a rigid particle 1lled elastomer is then
obtained by replacing � with � in the axial stress–stretch constitutive model. The
Mullins and Tobin concept of ampli1ed strain was based on earlier work of several
investigators on small strain modulus enhancement due to the presence of rigid 1llers.
Following the earlier work of Einstein (1906, 1911) on viscosity of particle-1lled
viscous Ouids, Smallwood (1944) estimated the e4ective small strain Young’s modulus
〈E〉 of a rigid particle 1lled solid to be

〈E〉 = Em(1 + 2:5vf ); (6′)

where Em is the Young’s modulus of the matrix material and vf is the volume fraction
of the rigid 1ller. A number of attempts of various levels of sophistication have been
conducted to incorporate interactions between neighboring particles to predict the ef-
fective modulus of a composite with a high volume fraction of rigid 1ller. One of the
most cited models for spherical rigid 1llers is the Guth–Gold model (Guth and Simha,
1936; Guth and Gold, 1938; Guth, 1945),

〈E〉 = Em(1 + 2:5vf + 14:1v2f ): (7)

The Mullins and Tobin model of the large stretch behavior of the 1lled elastomers
capitalizes upon the modulus enhancement models by taking the strain ampli1cation
factor to be that of the modulus enhancement factor: for example, taking X = 1 +
2:5vf + 14:1v2f . More recent models (for example, Budiansky, 1965; Mori and Tanaka,
1973; Suquet, 1997; Ponte Castaneda, 1989), some of which estimate an e4ective strain
in the soft phase, o4er a higher level of analytical sophistication, and yield the same
basic form as Eq. (7) (see Bergstrom and Boyce (1999) for a review and comparison
of some of these models).
In the Mullins and Tobin work (1957), it is the uniaxial stretch being ampli1ed.

Bergstrom and Boyce (1999) extended this theory to a general three-dimensional de-
formation state, where the 1rst invariant of the stretch is ampli1ed by

〈I1〉m = X (〈I1〉 − 3) + 3; (8)
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where 〈I1〉m is the average I1 in the matrix, and 〈I1〉 is the overall macroscopic I1 of
the composite material. Depending on the shape and properties of 1llers, and interac-
tions among particles, X can take a general polynomial form of X = 1 + avf + bv2f .
The ampli1ed 〈I1〉m thus can be applied to any I1-based hyperelastic model. For a
neo-Hookean matrix with rigid particles, the strain energy density of the composite
〈U 〉 is found from the strain energy of the matrix 〈Um〉 and is given as

U = (1 − vf )〈Um〉 = (1 − vf ) �m2 [〈I1〉m − 3] = (1 − vf )X �m2 (〈I1〉 − 3): (9)

For the case of a dilute solution, for this approach to reduce to the corresponding
modulus enhancement model, the quantity (1 − vf )X should approach (1 + 2:5vf ) as
vf → 0, resulting in a= 3:5. Therefore,

X = 1 + 3:5vf + bv2f ; (10)

where b is a coe6cient depending on the nature of the dispersion of particles in the
matrix. By comparing with the Guth–Gold model, we take b = 18 to characterize a
system with well dispersed particles.
Applying this same approach to the Arruda–Boyce (1993) model gives a strain

energy density of

U = vs�
[√
N�chain + N ln


sinh 

]
; (11)

where the ampli1ed chain stretch is given by

�chain =
√
X ( R�2 − 1) + 1 (12a)

and

 = L−1(�chain=
√
N ); (12b)

where R�2 = I1=3 and I1 is the 1rst invariant of the macroscopic B. � is the initial
modulus of the soft domain regions, N is the number of rigid links between crosslinks
of the soft domain region, X =1+3:5(1−vs)+18(1−vs)2, and vf has been replaced by
1− vs and vs is the volume fraction of the soft domains. The Cauchy stress is obtained
by properly di4erentiating the strain energy function of Eq. (11) using Eq. (4):

T=
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
B − pI: (13)

For the case of a uniaxial loading, the axial Cauchy stress as a function of the
macroscopic axial stretch is given by

� =
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
(�2 − �−1): (14)

In order to capture the e4ect of stretch-induced softening, we now invoke the concept
of hard and soft domains within the elastomer and the evolution of the hard and soft
domain con1guration with stretch. The volume fraction of soft domains vs is taken to
evolve with deformation where initially occluded regions of soft domains are gradually
released with deformation. We take the current structural state to be characterized by
�max

chain, the maximum local chain stretch in the deformation history. We also assume that
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once an occluded soft domain is released or transformed from the hard domain, it will
not relapse to the original occluded con1guration upon unloading, i.e. the con1guration
change of hard domain to soft domain is taken to be permanent. 1 vs thus remains at
its value attained at the maximum chain stretch encountered during its loading history.
Evolution in vs will be re-activated once the material structure further evolves; structure
evolution is taken to recommence once the local chain stretch exceeds the previous
maximum chain stretch, i.e. when �chain¿�max

chain. Therefore, when �chain¿�max
chain, vs

is modeled to increase with increasing �max
chain, which is updated to be �max

chain = �chain,
and thus the ampli1cation factor X decreases with increasing �max

chain. The evolution of
vs is assumed to take a modi1ed form of saturation type evolution rule (e.g., Miehe and
Keck, 2000), which has the form

v̇s = A(vss − vs)�̇max
chain ; (15)

where A is a parameter that characterizes the evolution in vs with increasing �max
chain and

vss is the saturation value of vs. Here, in order to capture the observed dependence of
softening rate on stretch, Eq. (15) is modi1ed to be 2

v̇s = A(vss − vs) �lockchain − 1
(�lockchain − �max

chain)
2
�̇max

chain ; (16a)

where �lockchain =
√
N is the locking stretch of a molecule chain, and

�̇max
chain =

{
0; �chain¡�max

chain ;

�̇chain ; �chain¿�max
chain :

(16b)

Note, as �max
chain → �lockchain, (vss − vs) → 0 at a faster rate than (�lockchain − �max

chain)
2 → 0,

therefore v̇s → 0, as (vss − vs) → 0.
Note that the strain energy is still given by Eq. (11) and the Cauchy stress is still

given by Eq. (13) where the structure vs now evolves with deformation. This structural
evolution is taken to be irreversible. Although the Cauchy stress is given by Eq. (13),
the evolving nature of vs adds additional subtlety to the thermodynamics that lead to
the di4erentiation of the strain energy density function U needed to obtain the stress
T; the formulation is detailed in Appendix A for completeness.
It is noted that, as shown by Mullins (1948) and James and Green (1975), stretch

induced softening demonstrates a certain level of anisotropy. Although the model pro-
posed in this paper will capture a dependence of softening on the state of imposed
strain (e.g., uniaxial tension, simple shear, uniaxial compression), it does not address
the issue of developing material anisotropy with softening. However, the proposed
model does provide insight into the mechanism of anisotropic softening. The concept
of e4ective volume fraction of soft domain originates from the inhomogeneous distri-
bution of strain in the microscopically heterogeneous material. The e4ective volume

1 In reality, there is a very long time constant to recover back to the original state. This recovery time
constant is far greater than the time period of interest here and we thus take the softening to be irreversible.

2 Eqs. (10), (12) and (16) are solved by forming a nonlinear equation, �chain = g( R�; �chain), which can be
solved numerically using 1xed point iteration for a given R�=

√
I1=3 with �chain from the previous increment

as the initial value for the iteration.
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Table 1
Material parameters used in Fig. 2

� (MPa) N A vs0 vss

1.00 14.0 0.7 0.4 0.85

fraction of soft domain will evolve most e4ectively to enable deformation of maximum
principle stretching, thus creating a stretching-direction sensitive evolution of e4ective
soft domain and producing anisotropy in the stress–strain behavior. In this paper, we
simply assume the evolution of e4ective volume fraction of soft domain is isotropic.

3. Results

The behavior of the constitutive model is now shown in several deformation simula-
tions. First, we take a representative (1ctitious) material and demonstrate key features
of the model prediction of the stress–strain behavior and the stretch-induced evolu-
tion of e4ective volume fraction of soft domain during cyclic deformation. Second,
the model is then 1t to the classic Mullins and Tobin (1957) uniaxial tension data to
demonstrate its ability to capture real material behavior. Finally, the model predictions
of various deformations (uniaxial tension, equibiaxial tension, and plane strain tension)
are compared.

3.1. Demonstration of basic model features

To illustrate the behavior of this constitutive model, we 1rst consider the axial
loading of a representative material with the properties given in Table 1. Two cases
are considered: one where the volume fraction of soft domain does not evolve with
deformation and one where the volume fraction evolves with deformation according
to Eq. (16). Fig. 2 shows the equilibrium stress–strain response for the two cases
(Fig. 2(a)) together with the corresponding evolution in e4ective volume fraction of
soft domain in Fig. 2(b). The sti4est stress–strain behavior (curve 1) corresponds to
the simulation where vs is taken to be constant at 0.40; in this case, the unloading and
reloading behaviors are identical to the initial loading behavior. For the case where
vs is taken to increase with stretch, the stress–strain response is observed to exhibit a
more compliant response than when vs is held constant since, even during the initial
loading stage, the volume fraction of soft domain is increasing with strain as shown in
Fig. 2(b). Upon unloading, vs is taken to be that obtained at the largest stretch achieved
(i.e. the vs = 0:74 value obtained due to the initial strain excursion of 2.0 (curve 2))
and thus the stress–strain curve is more compliant during unloading than that observed
during the initial loading (where vs had been evolving from a value of 0.4 to the
value of 0.74). The stress–strain curve during reloading (curve 3) is identical to the
unloading curve and is observed to rejoin the stress–strain curve of the initial excursion
when reaching the maximum strain of 2.0 incurred during the initial strain excursion.
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Fig. 2. E4ects of evolution of e4ective volume fraction to the stress–strain response: (a) Stress–strain curves;
(b) evolution of e4ective volume fraction of soft domains. In both 1gures, curve 1 shows the results where
e4ective volume fraction does not evolve; curve 2 shows the results of loading to nominal strain of 2.0 then
unloading; curve 3 shows reloading to nominal strain of 3.0 from previously loading to nominal strain of
2.0 and unloading.

Upon increasing the strain beyond 2.0, the stress–strain curve is observed to rollover
and follow the path that an initial strain excursion to larger strain would have taken; as
shown in Fig. 2(b), the vs is observed to begin to increase with strain again when the
reloading strain exceeds the maximum strain of the initial strain excursion (curve 3 in
Fig. 2(b)). The stress–strain behavior observed during unloading from the cycle 2 strain
maximum of 3.0 is yet again more compliant. Note that this model for the evolution
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Table 2
Material parameters for the vulcanizate material of Mullins and Tobin (1957)

� (MPa) N A vs0 vss

1.94 21.0 0.15 0.44 0.90

in soft domain and corresponding stretch-induced softening di4ers substantially from
that proposed by Ogden and coworkers (1999a,b, 2003a,b), who propose the softening
mechanism to evolve during unloading and to evolve back to the unused state during
reloading until reaching the prior maximum stretch. The evolution used in the Ogden
formulation enables rejoining the virgin state stress–strain behavior since the material
state is essentially modeled to return to its virgin state during reloading. The model
of Beatty and coworkers (Johnson and Beatty, 1993a,b; Beatty and Krishnaswamy,
2000) takes the volume fraction of soft material to evolve during deformation and
remain constant during unloading, whereby the quantity m ≡

√
tr B2 is used to monitor

deformation. Beatty and coworkers then utilize a softening function as essentially a
damage-like premultiplier on the strain energy function and thus on the end stress
tensor. Neither the Ogden nor the Beatty approach utilizes the volume fraction of soft
domain in a mapping of macroscopic deformation to deformation in the soft domain
(i.e., they do not use the strain ampli1cation factor concept proposed by Mullins and
Tobin (1957)). Govindjee and Simo (1991, 1992) utilize a mapping of macroscopic
deformation to microscopic deformation in their studies on particle 1lled elastomers,
but utilize a Bueche damage approach to capture the softening phenomenon. While
each of these formerly proposed approaches has merit, the approach proposed in this
paper captures the basic concept of Mullins and Tobin along with some of the more
attractive features of the more recent models of others and does so in a very simple
manner. Below, the behavior of the new model is further demonstrated in comparisons
with the experimental data of Mullins and Tobin (1957).

3.2. Comparison to Mullins and Tobin data

Uniaxial data on a vulcanizate obtained by Mullins and Tobin (1957) are adopted
here to verify the proposed model. 3 A systematic method was developed to obtain the
material parameters in the proposed model and is detailed in Appendix B. The obtained
material parameters are listed in Table 2.
Fig. 3 shows the comparison between model predictions and experimental results.

The model predicts the loading, unloading and reloading stress–strain behavior very
well for all cycles. It is noted that in the material parameter identi1cation, the reloading
curve that has the largest maximum previously attained strain and the loading curve
on virgin material are used. The model predictions show excellent agreement with

3 We note that the Mullins and Tobin data are essentially “equilibrium” data; they reported a 3-min
relaxation period prior to the collection of each data point used in the construction of their stress–strain
curves where little additional relaxation was seen after the allotted 3 min.
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Fig. 3. Mullins and Tobin (1957) experimental results and the model predictions of cyclic nominal
stress–strain behavior of a vulcanizate.

these two curves. Moreover, the model also predicts the reloading curves with smaller
maximum previously attained strain very well.

3.3. Model behavior under di2erent states of deformation

The proposed model is applicable to general multi-axial loading conditions. In order
to illustrate the fully three-dimensional nature of the model, simulations of uniaxial
tension, equibiaxial tension and plane strain tension were conducted.
The material is subjected to loading–unloading–reloading cycles to maximum strains

of �=2:0 and 3.0, and a 1nal reloading to �=3:5. For uniaxial and plane strain tension,
these maximum strains correspond to the imposed axial strain; for equibiaxial tension,
these maximum strains correspond to the equibiaxial tensile strains. The material pa-
rameters used are those obtained from 1tting the Mullins and Tobin results.
The nominal stress (f)-stretch behavior in uniaxial tension is given by

f =
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
(�− �−2); (17)

where �chain =
√

X
3 (�

2 + 2�−1 − 3) + 1, and � is the axial stretch. Fig. 4(a) shows the
cyclic nominal stress-nominal strain curves during uniaxial tension.
The equibiaxial nominal stress–stretch behavior is given by

f1 = f2 =
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
(�− �−5); (18)
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Fig. 4. The nominal stress-nominal strain curves for (a) the uniaxial tension test; (b) the equibiaxial tension
test; (c) the plane strain tension test; (d) the evolution in e4ective volume fraction of soft domains in the
three tests during the 1rst virgin material loading to � = 2:0.

where �chain =
√

X
3 (2�

2 + �−4 − 3) + 1, and �1 = �2 = � is the equibiaxial tension.
Fig. 4(b) shows the cyclic nominal stress-nominal strain curves for equibiaxial tension.
In equibiaxial tension, at any given strain, the material is subjected to a higher molec-
ular chain stretch than at that same strain in uniaxial tension. Therefore, the material
shows a greater amount of softening (a more compliant response) during reloading
under equibiaxial tensile conditions when compared to uniaxial tensile conditions. The
evolution in the volume fraction of soft domains with the di4erent loading states is
shown in Fig. 4(d). Clearly, equibiaxial tensile conditions show a larger volume fraction
of soft domain at any given strain.
The nominal stress–stretch behavior in plane strain tension is given by

f1 =
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
(�− �−3); (19)
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where �chain =
√

X
3 (�

2 + �−2 − 2) + 1, and �1 = � is the axial stretch. Fig. 4(c) shows
the cyclic nominal stress-nominal strain curves for plane strain tension. In plane strain
tension, at a given axial strain, the material is subjected to a slightly higher molecular
chain stretch than when in uniaxial tension. Therefore, the material shows a slightly
more compliant response during reloading. Fig. 4(d) shows the evolution of e4ective
volume fraction of soft domains during each of the tests.

4. Conclusion

A constitutive model accounting for the stretch-induced softening behavior is pre-
sented in this paper. For the softening of the equilibrium path, the model adopts the
Mullins and Tobin concept of an evolution in the underlying hard and soft domain
microstructure whereby the volume fraction of soft domain undergoing deformation
increases with stretch due to structural reorganization of the soft and hard domains.
The concept of ampli1ed strain is then utilized in a mapping of the macroscopic defor-
mation to the deformation experienced by the soft domain. The strain energy density
function of the material is then taken to be derived from the strain energy of the soft
domain and thus evolves as the volume fraction of soft domain evolves with deforma-
tion. Comparisons of model results for cyclic uniaxial extension are found to favorably
compare with the experimental data of Mullins and Tobin. Model predictions for the
equilibrium stress–strain behavior and corresponding evolution in soft domain during
cyclic stretching under di4erent states of stretch are also presented, demonstrating the
fully three-dimensional capabilities of the model. The e6cacy of this softening model
as a softening element within nonlinear viscoelastic models of large strain time depen-
dent behavior of elastomeric-like material is discussed in Qi and Boyce (2004).

Appendix A. Formulation of Cauchy stress tensor

From the 2nd law of thermodynamics, the Clausius Duhem inequality for an isother-
mal process can be written as

1
2 T̃ • Ċ − U̇¿ 0 (A.1)

as expressed in term of work conjugate 2nd Piola Kirchho4 stress T̃=det(F)F−1TFT−1

and the right Cauchy Green tensor C = FTF. U is the free energy, and in the pro-
posed model, is de1ned to be a function of overall chain stretch I1 and the internal
variable vs

U = U (I1; vs): (A.2)

From Eq. (A.2),

U̇ =
@U
@I1

@I1
@C

• Ċ+
@U
@vs

v̇s: (A.3)
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Then the inequality (A.1) gives(
1
2
T̃ − @U

@I1

@I1
@C

)
• Ċ − @U

@vs
v̇s¿ 0: (A.4)

For an arbitrary deformation,

T̃= 2
@U
@I1

@I1
@C

(A.5a)

and

− @U
@vs

v̇s¿ 0: (A.5b)

By taking into account the incompressibility of the material, Eq. (A.5a) gives the 2nd
Piola Kirchho4 stress,

T̃= 2
@U
@I1

@I1
@C

− pC−1: (A.6)

Then the Cauchy stress is

T= −pI + 2
@U
@I1

B: (A.7)

For the strain energy function used in the main text,

U = vs�
[√
N�chain + N ln


sinh 

]
: (A.8)

Eq. (A.7) gives the Cauchy stress as

T=
vs X�
3

√
N

�chain
L−1

(
�chain√
N

)
B − pI: (A.9)

Inequality (A.5b) shows the evolution of e4ective volume fraction is an energy
dissipation process. For the proposed constitutive model, when v̇s¿ 0, @U=@vs¡ 0,
and Eq. (A.5b) is satis1ed; when v̇s = 0, @U=@vs = 0, and Eq. (A.5b) is also satis1ed.
Inequality (A.5b) shows the conversion of hard domains to soft domains is an irre-

versible and dissipative process, which is consistent with the assumptions used in both
damage based and phase transition based models where the damage or phase tran-
sition is an irreversible process (Govindjee and Simo, 1991, 1992; Miehe and Keck,
2000; Beatty and Krishnaswamy, 2000; Marckmann et al., 2002; Ogden and Roxburgh,
1999a,b; Dorfmann and Ogden, 2003). The fact that domain transition is irreversible
was also observed in the study of segmented thermoplastic polyurethane elastomers
(Yokoyama, 1978; Bonart and Muller-Riederer, 1981), which also demonstrates strong
stretch induced softening behavior (Qi and Boyce, 2004).
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Table 3
The v(i)s s and corresponding �(i)

chain for Mullins and Tobin results

i v(i)s �(i)
chain

1 0.5 2.42
2 0.6 3.57
3 0.72 4.03
4 0.8 4.27

2 2.5 3 3.5 4 4

Amplified Stretch

0.4

0.6

0.8

1

V
s

.5

Fig. 5. v(i)s − �(i)
chain plot. The diamond symbols are from the v(i)s obtained by best 1tting reloading curves.

The solid line is from the best 1tting of the v(i)s − �(i)
chain plot using Eq. (16).

Appendix B. Material parameter identi#cation

The material properties include the material properties of the soft domain, � and
N , and the softening properties of the initial volume fraction of soft domain vs0, the
1nal/saturated volume fraction of soft domain vss, and the evolution coe6cient A. In
order to obtain the properties of the soft domain, it is best to use the reloading curve
that has the largest maximum previously attained strain. In the Mullins and Tobin
results, reloading occurs after �1 = 1:0, �2 = 2:0, �3 = 3:0, and �4 = 4:0. Here, we use
the curve corresponding to �4 = 4:0 to exemplify this procedure.
The data suggest that additional softening would occur if the material were strained

beyond a strain of 4.0, therefore, we estimate the volume fraction of soft domain
after a strain of 4.0 to be v(4)s ≈ 0:80, giving a corresponding ampli1cation factor of
X (4) = 2:42. The parameters � and N are determined to be �=1:94 MPa and N =21:0
by best 1tting the reloading curve using the proposed model with v(4)s = 0:80. The
locking chain stretch hence is �lockingchain =

√
N = 4:58.
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The ratio between the initial Young’s moduli of the virgin material curve and the
reloading curve is measured to be E(0)

0 =E
(1)
0 =1:95. From Eq. (14), for uniaxial tension,

E0 = vsX�: (B.1)

Therefore,

E(0)
0

E(4)
0

=
vs0 X (0)

v(4)s X (4)
=

vs0[1 + 3:5(1 − vs0) + 18(1 − vs0)2]
v(4)s [1 + 3:5(1 − v(4)s ) + 18(1 − v(4)s )2]

; (B.2)

a value for vs0 is obtained and found to be 0.44.
The parameters vss and A can thus be obtained to be vss =0:9 and A=0:15 by 1tting

the loading curve of virgin material with � = 1:94 MPa, N = 21:0, and vs0 = 0:44.
As an alternative property 1tting protocol, the parameters vss and A can be determined

from the reloading curves at di4erent maximum strains seen in its prior strain history.
In the Mullins and Tobin results, reloading occurs after �1 = 1:0, �2 = 2:0, �3 = 3:0, and
�4 = 4:0. Using � = 1:94 MPa and N = 21:0 and v(4)s = 0:80, the v(i)s (i = 1; 2; 3) can
be obtained by best 1tting each reloading curve using the proposed model. Table 3
lists the v(i)s and corresponding �(i)

chain. By best 1tting the v(i)s −�(i)
chain plot, we obtained

vss = 0:9 and A=0:16, which is very close to the value obtained by 1tting the loading
curve. Fig. 5 shows the v(i)s − �(i)

chain plot, where curve 1 is from the v(i)s obtained by
1tting the reloading curves and curve 2 is from the best 1tting of the v(i)s −�(i)

chain plot
using Eq. (16).
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