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Constitutive Modeling of the
Stress-Stretch Behavior of
Two-Dimensional Triangulated
Macromolecular Networks
Containing Folded Domains
The mechanical behavior of the red blood cell membrane is governed by the lipid bilayer
which resists changes in surface area and the underlying spectrin network which resists
changes in shape. The constituent spectrin chains of the network consist of a series of
domains along the chain, which exhibit noncovalent interactions. Upon sufficient exten-
sion of a chain, each folded domain undergoes mechanically-induced unfolding after
reaching a chain force between 10 and 35 pN. Individual spectrin chains within the
network experience their first unfolding event at different levels of macroscopic strain
depending on the macroscopic loading conditions and the orientation of each constituent
chain with respect to the macroscopic loading. A microstructurally-informed continuum
level constitutive model is developed which tracks individual chain deformation behavior
as well as the overall macroscopic network stress-strain behavior. Using the introduced
continuum approach and statistical mechanics based models of the chain force-extension
behavior together with a transition state model of domain unfolding; a constitutive model
for the membrane stress-stretch behavior is constructed. Uniaxial tension and simple
shear behaviors of the membrane are simulated incorporating the unfolding of the indi-
vidual chains. A Taylor averaging approach is used as a first approximation to account
for the irregularities in the spectrin network which result in a near plateau-like force
behavior with increasing stretch. �DOI: 10.1115/1.2745373�
Introduction
Many protein molecules have multidomain structures which re-

ult in a force-extension behavior with a characteristic sawtooth
attern due to stretch-induced unfolding of domains along the
olecular chain �Fig. 1�. During a displacement controlled exten-

ion test, the force increases in a nonlinear manner with stretch
ntil reaching a peak, whereupon there is a drop in the force,
ollowed by a nonlinear rise to a peak, followed by a drop, and so
n �1–5�. Upon reaching a rate-dependent peak force, a domain
ill unfold, releasing an additional chain length which increases

he configurational space available to accommodate the overall
xtended chain length. Due to the entropic nature of the single
olecule extension behavior, the increase in configurational space

esults in the observed drop in force and the increased compliance
fter the force drop.

Single molecule force-spectroscopy has been used to quantify
he force-extension behavior and corresponding mechanically-
nduced unfolding of domains along the spectrin molecule �4,5�.
ief et al. �4� noted that the peak unfolding force is approximately
0 pN when a long chain spectrin molecule is stretched at a rate
f 0.3 �m /s and also identified rate dependence to the peak un-
olding force. Law et al. observed spectrin unfolding to occur at
orces ranging between �10 and �37 pN during the extension of
hort �3–4 repeat units� strands of spectrin at extension rates of
�m /s �4,5�.
In this paper, a microstructurally-informed continuum level
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constitutive model which accounts for the triangulated molecular
network structure is developed which tracks individual chain de-
formation behavior as well as the overall macroscopic network
stress-strain behavior �6�. The force-extension behavior of indi-
vidual chains is modeled using a statistical mechanics representa-
tion of the long chain molecule together with an Eyring-type tran-
sition state model �7� to capture the rate dependence of domain
unfolding. The chain constitutive model taken together with the
network representation determines the effect of individual chain
unfolding events on the overall network stress-strain behavior.

2 Membrane Structure of a Red Blood Cell
The mechanical properties of the red blood cell membrane

are governed by the lipid bilayer, which resists changes in the
membrane surface area of the red blood cell, and the spectrin
network, which resists surface shearing of the membrane. The
surface area stiffness ��500 dyn /cm� is much greater than the
surface shear stiffness ��0.01 dyn /cm�. Hence this membrane is
a two-dimensional analog to a rubbery solid where a rubber ex-
hibits a high bulk modulus ��1 GPa� and a low shear modulus
��1 MPa�. The distinct physical origins of the mechanical behav-
ior of the surface area and that of the surface shear together with
the high contrast in these properties enables separate modeling of
the shear behavior from that of the surface area behavior. Indeed,
in most instances, it is sufficient to approximate the surface area
as remaining constant. Phenomenological neo-Hookean
hyperelastic-type constitutive models have been proposed and
used in early work by Skalak et al. �8� and Evans �9�, and higher-
order hyperelastic models in recent work by Suresh and co-
workers �10,11�. A microstructurally-informed continuum level
model of the large deformation behavior of the spectrin network

has recently been developed by Arslan and Boyce in �6�. The
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rslan and Boyce model predicts the membrane stress-strain be-
avior based on the force-extension behavior of the constituent
hains and the triangulated network geometry. Arslan and Boyce
lso identified the roles of both chain rotation and chain stretching
o the nonlinear stress-strain behavior of the network by examin-
ng networks with linear chain behavior in comparison to net-
orks with nonlinear chain behavior. In this paper, the Arslan and
oyce constitutive model for the spectrin network is enhanced to

ake into account the unfolding behavior of the constituent chains.

Constitutive Model
In recent years, several investigations have adopted and ex-

ended the framework of statistical mechanics based models for
ubber elasticity �e.g., Flory �12�, Treloar �13�, Boyce and Arruda
14�� to develop microstructurally-motivated models of biological
aterials �e.g., Bischoff et al. �15,16�, Bergstrom and Boyce �17�,
olzapfel �18�, Qi, et al. �19,20�, Arslan and Boyce �6,21�, Kuhl,

t al. �22��. Our constitutive model for the general membrane
tress-stretch behavior of the spectrin network follows this suc-
essful methodology �6�. Indeed, a recent review paper �23� high-
ights the need and the trend for models of the behavior of the
arious molecular networks of biological cells to properly account
or the translation of the macroscopic strain to the constituent
lements of these networks. The Arslan and Boyce model for the
nite deformation of triangulated networks is reviewed and ex-

ended below in terms of �1� identification of the networked mi-
rostructure and the mapping of macroscopic deformation onto
he corresponding network representative volume element �RVE�;
2� description of the force-extension behavior of the RVE con-
tituent chains together with a transition-state unfolding criterion;
nd �3� construction of a strain energy density function for the
etwork and its corresponding macroscopic stress-stretch behav-
or.

3.1 Network Idealization, Representative Volume Element,
nd Deformation. The spectrin network of the red blood cell is
ound to possess a triangulated network as shown in the micro-
raphs of spread cell membranes �e.g., �24,25��. We note that the
spread” state of the membrane is a highly biaxially stretched
tate; the triangulated network structure is in tact under these large
eformations showing the robustness of the crosslink sites to me-
hanical deformation. Hence, as in �6�, we idealize the microstruc-

Fig. 1 Schematics of the stages of unf
loading. „1… Corresponds to the undef
distance, „2… corresponds to the nea
reaches a value that will unfold a doma
force drops, and „3… corresponds to the
the chain force starts increasing nonline
dashed lines showing another level of fo
rate. The inset of the plot shows how
extension rate „Schematic adapted from
ure to be perfectly triangulated as shown in Fig. 2. A unit equi-
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lateral triangle is identified as the RVE �Fig. 2�c��. Voronoi
tessellation is used to assess the area affiliated with the RVE �Fig.
2�a��. Therefore the chain density of the network is found to be
�=3 /2Atriangle. A schematic of the undeformed RVE is given in
Fig. 2�c�, where ro is the initial chain end-to-end distance and �A,
�B, and �C represent the orientation of the constituent chains with
respect to the one-direction. In the proposed microstructurally-
informed model, the change in length �the stretching of the
chains� and orientation �the rotation of the chains� of the chains
can be tracked with macroscopic deformation as demonstrated and
discussed in Arslan and Boyce �6�.

An arbitrary macroscopic deformation is mapped onto the unit
cell equilateral triangle RVE. The membrane deformation gradient
F2D is defined in the 1–2 frame as

F2D =
�x

�X
= �F11 F12

F21 F22
�

where x is the deformed position of a material point and X is the
reference position. The RVE is subjected to an arbitrary deforma-
tion gradient giving the stretch of constituent network chains A, B,
C in terms of the macroscopic deformation gradient. The simplic-
ity of the unit cell triangle RVE provides a unique, kinematically-
determined mapping of the macroscopic deformation gradient to
the microscopic network deformation. Denoting the current end-
to-end distance of each chain as ri�i=A ,B ,C�, the axial stretch of
each chain in the network is, �i=ri /ro�i=A ,B ,C� and can be ex-
pressed in terms of an arbitrary deformation gradient as demon-
strated by Arslan and Boyce �6�:

�A = �F11
2 + F21

2 �1/2

�B =
1

2
��F11 − F12

�3�2 + �F21 − F22
�3�2�1/2 �1�

�C =
1

2
��F11 + F12

�3�2 + �F21 + F22
�3�2�1/2

3.2 Force-Extension Behavior of Constituent Chains. The
mechanical behavior of the constituent chains �the spectrin mol-
ecules of the triangulated skeletal network of the red blood cell
are long chain molecules containing many repeat units along the

ing of a single chain under mechanical
ed chain, with a nonzero end-to-end

fully extended chain when the force
a domain then begins to unfold as the
ain after one domain has unfolded and
y with monotonic stretching again. The
e drop correspond to a lower extension
peak force of unfolding changes with
‡….
old
orm
rly
in;
ch
arl
rc

the
†1
length of chain between crosslink sites� of the RVE �A ,B ,C� is
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odeled using the non-Gaussian Freely Jointed Chain �FJC�
odel �e.g., Treloar �13��.2 The chain force-extension expression

s given by

Pch =
Nkb�

Lc
� �2�

ith corresponding chain strain energy,

Uch = kb�N	 r

Lc
� + ln	 �

sinh �


 �3�

here N is the number of Kuhn segments along the chain, kb is
oltzmann’s constant, � is the absolute temperature, Lc=Nl is the
ontour length of the chain, l is the Kuhn segment length, r is the
hain end-to-end distance, and � is the inverse Langevin function.
he Langevin function is defined as L���=coth���− �1 /��, with

he inverse, �=L−1�r /LC�.
To incorporate unfolding of a folded domain in the
icrostructurally-informed model �6�, we utilize a transition state
odel.
Following transition state theory, a domain can be modeled as

eing in one of two states: the folded state, or the unfolded state.
o transfer from the folded state to the unfolded state, an energy
arrier of �G has to be overcome. Following Rief et al. �26� and
i et al. �20�, we use the Bell �27� adaptation of the Eyring model

7�: the energy barrier to translate from one state to the other is
educed by the applied chain force, Pch, multiplied by the width of
he activation barrier, xu, giving a frequency of unfolding, �,

��Pch� = �o exp	− ��G − Pchxu�
kB�


 = 	 exp	Pchxu

kB�

 �4�

here kB is Boltzmann’s constant, � is absolute temperature, and
is a lumped parameter, 	=�o exp�−�G /kB��. 	 and xu are then

btained from the data of peak unfolding force as a function of the
train rate. For completeness, we note that the energy barrier to
nfolding depends on the particular folded domain through its
olecular geometry and the nature of intermolecular interactions;

he axial chain force will map to a combination of shear and
ormal intermolecular stresses within the domain. Hence, the un-
olding of a domain will be due to some combination of normal
nd shear separation and will depend on how the domain is being
oaded. In a long chain molecule with many domains in series, the

2We note here that these flexible molecular chains can be alternatively represented
sing the worm-like chain �WLC� model. Qi et al. �20� have found WLC and FJC

Fig. 2 Schematic of an area of the triangulated netw
tessellation „the superposed hexagon… to identify the a
matic of the isolated „c… undeformed representative v
arbitrary loading condition.
odels to give quite similar results. Therefore, we only present FJC here.

ournal of Applied Mechanics
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domain most favorably oriented to unfold �i.e., the domain which
will unfold at the lowest axial chain force� will be the domain to
unfold; therefore, the experimentally observed unfolding force at
a given rate of extension is repeatable and the effect of the chain
force on lowering the energy barrier is effectively captured by Eq.
�4�.

After a folded domain unfolds, additional chain length is re-
leased from the fold and the contour length increases leading to an
increase in the available configurational space �implying higher
entropy�, and a corresponding drop in the chain force. This behav-
ior of a repeating sequence of a force rise with extension to a peak
followed by a load drop, gives rise to a “sawtooth pattern” �Fig.
1�. Rief et al. �4� have tested the force-extension behavior of long
chain spectrin molecules at different extension rates, observing
unfolding to occur at an average of �27 pN at 0.08 �m /s and
�32 pN at 0.80 �m /s.

Prior to unfolding, the number of the effective rigid links along
the chain is N�t=0�=n−m�t=0��q−1�, where n is the total number of
rigid Kuhn links, m is the number of folded domains, and q is the
effective number of links of length l in a folded domain �19�.
When a domain unfolds, the number of folded domains decreases
by 1, giving m�t=t1�=m�t=0�−1. After one domain unfolds, the ef-
fective number of rigid links at t= t1, N�t=t1� is updated according
to N�t=t1�=n−m�t=t1��q−1�. The contour length,Lc, of the molecule
increases, giving a new contour length of Lc�t=t1�=N�t=t1�l, where l
is the length of the rigid links. The summary of the formulation of
the procedure for force-extension with unfolding is given in Ap-
pendix A.

3.3 Strain Energy Density of the RVE. To determine the
behavior of the network, the strain energy of the RVE, U, is cal-
culated by the summation of the strain energy in each chain. The
strain energy density, U* is given by

U* =
1

2Atriangle
�UA + UB + UC� �5�

where Atriangle is the area of the RVE. Thus, the strain energy
density is given by

UNGC
* =

�

3�kb�N �
i=A,B.C

��iro

Lc
�1 + ln	 �i

sinh �i



− 	 ro

Lc
�o + ln	 �o

sinh �o


� �6�

in „a… the undeformed state, also depicting Voronoi
of the RVE, and „b… an arbitrary deformed state. Sche-
me element, and „d… the RVE when subjected to an
ork
rea
olu
where � is the chain density �=3 /2Atriangle� given earlier, ro is the
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nitial end-to-end distance of a chain �i.e., the initial chain length
r distance between cross-links�, �i�i=A ,B ,C� are the constituent
hain stretches defined earlier as a function of the macroscopic
eformation gradient, and �i=L−1��iro /Lc�.

The Cauchy stress is determined by proper differentiation of the
train energy density function �Appendix B� and is given by

T = � �UA
*

��A
�

��A

�F2D
+

�UB
*

��B
�

��B

�F2D
+

�UC
*

��C
�

��C

�F2D
�F2D

T + hI �7�

ere h is the additional equibiaxial membrane stress �due to the
reservation of area constraint� required to satisfy equilibrium.
he ���i /�F� terms are independent of chain constitutive behavior
nd obtained by direct differentiation of the kinematically speci-
ed relationships �Eq. �1�� connecting the stretch of each chain to

he macroscopic deformation.

3.4 Material Properties. The network and chain properties
or ro, l, and Lo are found as discussed in Arslan and Boyce �6�
nd are given in Table 1. As discussed in �6�, the initial elastic
tiffness of the model with these properties captures the experi-
entally reported modulus for the skeletal spectrin network �as
easured, for example, using cell aspiration tests�. The unfolding

roperties consist of xu, 	, and �L. These properties are deter-
ined from fitting the model to the AFM data of Rief et al. �4,26�

s given in �19� and therefore capture the experimentally observed
ependence of unfolding force on the extension rate.

Results

4.1 Uniaxial Tension. Figure 3�a� shows the Cauchy �true�
nd nominal stress versus stretch behavior of the network when
ubjected to uniaxial tension in the two-direction. The nominal
tress curve has a plateau-like peak stress region where successive
nfolding events occur at a nominal peak unfolding stress of
.5 dyn /cm. The first unfolding event happens at a stretch of �
2.75. In terms of the Cauchy �true� stress, the unfolding stress

ncreases with each unfolding event due to the decrease in load-
earing area as the membrane is stretched. Once an unfolding
vent occurs in a constituent chain, the macroscopic stress drops
ue to the force drop in the chain�s�. After the stress drop, the
tress increases in a nonlinear manner with further extension, but
ow with a lower stiffness because of the increase in the compli-
nce of the constituent chains which have experienced an unfold-
ng event.

Figure 3�b� shows the constituent chain behavior during tensile
tretching. Chains B and C are observed to extend and exhibit a
awtooth force-extension behavior. Chain A does not contribute to
he unfolding events since it is only compressed under this applied

acroscopic stretch.
Figure 4�a� shows the uniaxial stress versus macroscopic

tretch for tension applied in different directions ranging from �
0 deg to 30 deg. Because of the symmetry, 60 deg loading gives

Table 1 Spectrin properties

odel parameters Spectrin network

nitial end-to-end distance, ro �nm� 75
ersistence length, l �nm� 10.25
nitial contour length �nm�, Lo

180
ncrease in contour length due to unfolding, �L �nm� 28.8
ctivation barrier width, xu �nm� 1.7
�
10−6 s−1� 6.0
he same stress response as the 0 deg loading, likewise, 90 deg

11020-4 / Vol. 75, JANUARY 2008
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loading gives the same response as 30 deg loading. 0 deg loading
reflects uniaxial tension in the one-direction and 90 deg loading
reflects uniaxial tension in the two-direction. The sixfold symme-
try of the undeformed microstructure results in isotropy of the
very initial modulus. A nearly direction-independent behavior is
shown to be retained up to rather large stretches ��=2.2�, showing
the isotropic robustness of the triangulated microstructure. How-
ever, at very large stretch values the developing anisotropy begins
to manifest itself. The first unfolding event occurs at a smaller
macroscopic stretch when uniaxial tension is applied at 0 deg than
in the 30 deg case. This shows that the number of unfolding
events and the degree of deformation is dependent on the loading
direction as the sixfold symmetry condition does not hold at larger
stretches due to the developing microstructural anisotropy as cap-
tured naturally in the microstructurally-informed constitutive
model. In actual networks, there exists some irregularities in the
network structure which may lead to ongoing load and deforma-
tion redistribution within the network �and isotropy to larger
stretches� as macroscopic stretching increases, especially when
unfolding begins to occur in some chains.

In order to achieve a stress-stretch curve that represents the red
blood cell membrane behavior more accurately, a Taylor averag-
ing approach �30� is used. As a first approximation, to account for
a slightly irregular triangulated network, we “average” the behav-
ior of constituent unit triangles inclined at 0 deg, 10 deg, 20 deg,

Fig. 3 „a… Stress-stretch behavior of the membrane under
uniaxial tension in the two-direction at a strain rate of 0.1/s
where Cauchy and nominal stress are compared, „b… constitu-
ent chain force-extension behaviors in the RVE during uniaxial
tension in the two-direction
and 30 deg with the one-direction. It is assumed that each con-
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tituent triangle experiences the same deformation gradient, F.3

ased on this assumption, the individual Cauchy stress, T, of each
onstituent triangle is calculated as described earlier and the mac-
oscopic composite stress is calculated by taking a volume aver-
ge of the stress from all constituent triangles. The “average”
urve in Fig. 4�a� depicts the mean of the stress response for
irections: 0 deg, 10 deg, 20 deg, and 30 deg. The dramatic saw-
ooth response obtained for a perfectly triangulated structure is
bserved to smooth out to a behavior with lower peaks and lower
rops. In order to achieve an even more precise and smoothened
tress-stretch response, the macroscopic composite stress was as-
ertained by calculating the average response for a network com-
rised of unit triangles whose orientation varied in 1 deg inter-
als; see the “average” curve shown in Figure 4�b�. The numerous
istributed orientations of the chains in the network result in a
lateau-like force behavior in contrast to the “sawtooth” pattern of
he perfectly triangulated network. This plateau corresponds to
imultaneous chain stretching and domain unfolding events taking
lace in different chains in the rather irregular network. The un-
olding peaks and drops are contained within a stress band of
ild-fluctuations. This plateau-like behavior gives compliance to

3We recognize that the Taylor approach does not capture the ongoing interplay of
ocal load and deformation redistributions on the network chains that an actual ir-
egular structure experiences, but feel this first approach to averaging illustrates the
asic influence of a more complex triangulated network structure on the overall

ig. 4 Stress-stretch behavior of the membrane under uniaxial
ension „a… in a range from 0 deg to 30 deg loading, depicting
he mean stress; „b… in the 11- and the 22-directions, the “aver-
ge” curve depicting the macroscopic composite stress
ehavior
acroscopic stress-strain behavior.

ournal of Applied Mechanics
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the network that enables large scale deformations at nearly con-
stant stresses.

Figure 5 shows the strain-rate dependence of the stress-stretch
behavior under large stretches for strain rates from I /s to as low as
0.001 /s. When the strain-rate decreases, the stretch at which the
unfolding occurs drops, the peak stress decreases, and the stress
drop decreases. The decrease in the peak stresses and the stress
drops also leads to a plateau-like stress level at very low strain
rates which limits and controls the level of force required for large
deformations.

The initial end-to-end distance ro=75 nm implies a pretension
in the network �6,20�. Figure 6 compares the effect of two differ-
ent initial end-to-end distances �75 nm,125 nm� on the uniaxial
tensile response of the network. When the initial end-to-end dis-
tance is taken to be 125 nm �an initial chain end-to-end distance
close to the initial contour length of the chain�, the areal chain
density decreases which would normally be associated with a de-
crease in modulus. However, the fact that ro=125 nm is close to
the contour length gives an increase in the initial modulus and a
decrease in the extensibility of the network; the unfolding events
are found to initiate at much lower stretch levels. Hence we can
see that network pretension strongly influences the overall me-
chanical behavior.

4.2 Simple Shear. Figure 7�a� shows the shear stress versus
nominal shear strain, tan �, behavior of the network at a shear rate
of 0.1 rad /s. We note that the curves of shear stress in the 12- and

Fig. 5 The strain-rate dependence of the nominal stress-
stretch behavior of the membrane under uniaxial tension in the
two-direction

Fig. 6 Effect of pretension on the uniaxial stress-stretch

behavior
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he 21-direction are nearly coincident upto a shear strain of
an �=1.5, demonstrating the robustness of this triangulated mi-
rostructure in providing isotropic mechanical behavior to rela-
ively large strains. At a shear rate of 0.1 rad /s, when shear is
pplied in the 12-direction, the first unfolding happens at tan �
1.97, while for shear in the 21-direction, the first unfolding oc-
urs at tan �=2.2. The shear strains at which the network experi-
nces initial unfolding is very close for shearing in different di-
ections. Figure 7�a� also shows the macroscopic composite shear
tress versus stretch behavior calculated following the Taylor av-
raging approach as discussed in the case of uniaxial tension
here we average over 1 deg increments between 0 deg and
0 deg. The averaging is seen to result in the plateau-like behavior
nce a critical unfolding stress is reached.

Figure 7�b� shows the chain force versus macroscopic stretch
or shearing in the 12-direction. When shear is applied in the
2-direction, only chains B and C deform, stretching and rotating
ith the deformation. Chain B compresses until it makes an angle
f �B=90 deg with the 1-direction, it then extends. This delayed
xtension results in chain C initiating the unfolding in the overall
VE. Therefore, the shear stress-shear strain plot shows an initial
nfolding behavior which is identical to chain C’s unfolding be-
avior.

Summary
The mechanical behavior of the red blood cell membrane is

ig. 7 „a… Stress-stretch behavior of the membrane under
imple shear in the 12-direction and in the 21-direction, the “av-
rage” curve depicting the macroscopic composite stress be-
avior; „b… chain force-extension behavior in the RVE under
imple shear in the 12-direction
overned by the lipid bilayer which resists changes in surface area

11020-6 / Vol. 75, JANUARY 2008
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and the underlying spectrin network which resists changes in
shape. The constituent chains of the spectrin network consist of a
series of domains along the chain, which exhibit noncovalent in-
teractions. Unfolding of these folded domains can be triggered by
the application of large deformation to the macromolecular net-
work, depending on the extension rate and also the statistical dis-
tribution of the strength of the internal bonds of the module. The
force-extension behavior of a single modular macromolecule ex-
hibits a “sawtooth” pattern due to unfolding giving a sequence of
force rise to a peak followed by a load drop, rise to a peak and
drop, etc. A microstructurally informed continuum level constitu-
tive model which tracks individual chain deformation behavior as
well as the overall macroscopic network stress-strain behavior is
developed by Arslan and Boyce �6�. In this paper, using the intro-
duced continuum approach together with single molecule force-
extension behavior and a transition state model of unfolding, large
deformation behavior of two-dimensional triangulated networks
of biomacromolecules is studied. Uniaxial tension and simple
shear behaviors of the membrane are simulated incorporating the
unfolding of the individual chains. The constituent chains of the
representative volume element �RVE� of the idealized network do
not unfold at the same time since the stretch �and force� in each
chain is different depending on the macroscopic deformation. The
triangulated network provides a more realistic approach to mod-
eling the spectrin network than the “four chain” network represen-
tation �20� of macromolecular membranes since it directly ac-
counts for the network geometry. The triangulated structure is
found to be rather robustly isotropic in mechanical behavior to
very large stretches. However, the individual chain deformations
evolve much differently and each molecule unfolds at different
stretch levels during a macroscopic deformation which amplifies
the effect of developing anisotropy on the mechanical response of
the network. In actual networks, there exists some irregularities in
the network structure which may provide additional robustness to
isotropy as macroscopic stretching increases since the load and
deformation will redistribute amongst the network molecules. In
order to account for the irregularities in the spectrin network
structure, a Taylor model approach is used as a first approximation
for averaging, whereby the same deformation gradient is applied
to RVEs with different initial orientations and the resulting stress
is the volume average of the stress on each RVE. It is found that
the distribution in the orientations of RVEs result in a rather
plateau-like stress-stretch response after reaching a critical stress
level that initiates the first unfolding event; the plateau is due to
the multitude of unfolding events occurring at different stretch
levels balanced by ongoing force increases in other chains. The
plateau controls the level of stress required for the deformation of
the red blood cell membrane. Therefore, the averaging approach
gives a first approximation of the stress-strain response of the red
blood cell membrane accounting for aspects of distributions in the
network structure. The effect of the strain rate on the mechanical
response is also investigated in this paper. When the strain rate is
as low as 0.001 /s, the stress peaks and drops become less appar-
ent due to the decrease in the critical stress level needed to initiate
unfolding as the rate is reduced; the predicted network rate depen-
dence is strongly dependent on the rate-dependence of single mol-
ecule unfolding for which there is currently limited data �4,5�.
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Appendix A: Procedure for Force-Extension With Un-
folding

The Monte Carlo algorithm used to model the random unfold-

ing events can be summarized as follows:
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1. A chain is subject to a stretch and its force at that stretch is
determined using the FJC model of Eq. �2�;

2. The unfolding frequency is calculated using Eq. �4�;
3. The probability of unfolding a domain is calculated accord-

ing to dp=mt��t, where mt is the number of folded domains
in the chain at time t;

4. The domains are sampled to determine their unfolding sta-
tus;

5. If unfolding occurs, the contour length L0 of the chain is
updated and the force on that chain is recomputed using its
new, updated structural parameters;

6. The steps are repeated where the macroscopic stretch is in-
crementally increased in each step.

ief et al. �26� and Qi et al. �20� applied the Monte Carlo simu-
ation algorithm to various molecules including dextran and spec-
rin to model the single molecule unfolding.

ppendix B: Formulation of Macroscopic Membrane
tress-Strain Relationship
U*, the strain energy density function, is defined to be a func-

ion of F, the membrane deformation gradient and the number of
ffective rigid links along the chain, N,

U* = U*�F,N� �B1�

ollowing the approach taken by Holzapfel �28�, Qi and Boyce
20,29�, from the Second Law of Thermodynamics, the Clausius-
lanck inequality for an isothermal process is written as

To · Ḟ − U̇* � 0 �B2�

here, To is the first Piola Kirchhoff stress.
Following �B1�, the derivative of the strain energy density func-

ion gives

U̇* =
�U*

�F
· Ḟ +

�U*

�N
Ṅ �B3�

sing �B3� and rearranging �B2�,

	To −
�U*

�F

 · Ḟ −

�U*

�N
Ṅ � 0 �B4�

or an arbitrary deformation,

To =
�U*

�F
, �B5�

nd

−
�U*

�N
Ṅ � 0 �B6�

or an incompressible material, Eq. �B5� gives the first Piola
irchhoff stress and the Cauchy stress is then found to be

T =
�U*

�F
FT − pI

nequality �B6� shows that unfolding a domain is a dissipative
rocess.
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