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Abstract

Anisotropy is one of the most peculiar aspects of the mechanical behavior of
lamellar bone tissue, which exhibits a mechanical and structural anisotropy
owed to both the mechanical anisotropy of its constituent, the mineralized col-
lagen fibrils, and to the pattern in which they are arranged, referred to as rotated
plywood motif. Due to the tissue hierarchical structure, its anisotropic mechan-
ical behavior is a concept that should be treated only with strict relationship to
the length scale of investigation, and it is expected to be length scale dependent
and to undergo homogenization effects. In this light, investigation of its me-
chanical properties should involve multiple hierarchical levels.
In this work, a coupled experimental and numerical approach is employed to
investigate the orientation and length-scale dependent mechanical properties at
the micro and nanostructural hierarchical levels in lamellar bone tissue.
Nanoindentation tests allowed the identification of a modulation of the mechan-
ical properties related to the geometrical features of the lamellar structure of
secondary osteons. A size effect and a critical size at which homogenization of
mechanical response is achieved have been found. The orthotropic elastic con-
stants for a sub-layer of mineralized collagen fibrils within an osteonal lamella
have been identified by means of an analytical model holding for laminate com-
posites. The post-elastic behavior of the tissue has been evaluated through the
finite element method allowing for anisotropic elastic and post-elastic mechan-
ical response. Numerical simulations allowed establishing a relationship be-
tween direction dependent non linear constitutive law and the direction depen-
dent results of the indentation tests.
Understanding structure-property relationships and the effects of structural fea-
tures on the tissue biomechanical properties would enable not only the devel-
opment of more accurate models for analysis of implants and potential bone-
replacement materials, but also the progress in designing bio-inspired structural
materials which take advantage of the mechanical design principles found in na-
ture. These latter topics undoubtedly represent fascinating long-term scientific
goals in the materials science and engineering field.





Contents

Acknowledgements ix

Abstract xi

Contents xv

1 Introduction 1
1.1 Bone tissue as a material . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Bone tissue hierarchical structure . . . . . . . . . . . . 2
1.1.2 Bone tissue composition . . . . . . . . . . . . . . . . . 5
1.1.3 Cortical bone architectures . . . . . . . . . . . . . . . . 5

1.2 Models of lamellar bone . . . . . . . . . . . . . . . . . . . . . 8
1.3 Bone tissue anisotropy at multiple length-scales . . . . . . . . . 15
1.4 Design strategies and structure-function relations in cortical bone 21

2 Instrumented Indentation of Cortical Bone 25
2.1 Theoretical analysis of instrumented indentation . . . . . . . . . 26

2.1.1 Contact mechanics background . . . . . . . . . . . . . 26
2.1.2 The Oliver-Pharr method . . . . . . . . . . . . . . . . . 29
2.1.3 The Swadener-Pharr method . . . . . . . . . . . . . . . 31
2.1.4 Explicit approximations of the indentation modulus of

elastically transversely isotropic and orthotropic solids . 35
2.2 Application to cortical bone . . . . . . . . . . . . . . . . . . . . 41

2.2.1 Experimental measurements . . . . . . . . . . . . . . . 42
2.2.2 Influence of piling-up on indentation data analysis . . . 47
2.2.3 FEM of bone indentation . . . . . . . . . . . . . . . . . 48



xiv Contents

3 Objectives 51
3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2 Thesis postulate . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 Experimental Procedures 57
4.1 Sample preparation . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2 Sample imaging . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.2.1 Optical Microscopy . . . . . . . . . . . . . . . . . . . . 60
4.2.2 Scanning Electron Microscopy . . . . . . . . . . . . . . 60
4.2.3 Atomic Force Microscopy . . . . . . . . . . . . . . . . 61

4.3 Nanoindentation tests and data analysis . . . . . . . . . . . . . 62

5 Results of Experimental Tests 69
5.1 Mechanical modulation at the lamellar level . . . . . . . . . . . 70

5.1.1 Indentation modulus profiles across the osteon . . . . . 70
5.1.2 Length-scale and homogenization effects . . . . . . . . 73
5.1.3 Hypothesis on biomechanical function . . . . . . . . . . 75

5.2 Elastic parameters for a sub-layer within an osteonal lamella . . 76
5.2.1 Analytical model of mineralized collagen fibrils . . . . . 76
5.2.2 Application to indentation tests at higher spatial resolution 78
5.2.3 Validation with the Swadener-Pharr method . . . . . . . 81

5.3 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6 Finite Element Model of Cortical Bone Mechanical Behavior 91
6.1 Elastic anisotropic formulation . . . . . . . . . . . . . . . . . . 92
6.2 Drucker-Prager yield criterion . . . . . . . . . . . . . . . . . . 94
6.3 Inelastic anisotropic formulation . . . . . . . . . . . . . . . . . 96
6.4 Finite element model of nanoindentation tests . . . . . . . . . . 100

6.4.1 Mesh . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.4.2 Contact definition . . . . . . . . . . . . . . . . . . . . . 101
6.4.3 Boundary conditions . . . . . . . . . . . . . . . . . . . 102
6.4.4 Reduction of indentation moduli and hardness . . . . . . 102

7 Results of FE Simulations of Nanoindentation Tests 103
7.1 Preliminary investigations . . . . . . . . . . . . . . . . . . . . 104

7.1.1 Identification of the elastic parameters . . . . . . . . . . 104
7.1.2 Plastic parameters and friction . . . . . . . . . . . . . . 105
7.1.3 Effects of transverse to axial material yield stress ratio . 108
7.1.4 Effects of friction and inelastic deformation modes . . . 111
7.1.5 Comparison with data from literature . . . . . . . . . . 112



Contents xv

7.2 Comparison with experimental instrumented indentation curves . 113
7.2.1 Experimental data analyses . . . . . . . . . . . . . . . . 113
7.2.2 Input and analyses of the simulated indentation curves . 115
7.2.3 Effect of the opening angle of the cone, dilatation angle

and friction on indentation curves . . . . . . . . . . . . 116
7.2.4 Introduction of the post-yield anisotropic model . . . . . 120

7.3 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

8 Conclusions and Perspectives 127
8.1 Summary of results . . . . . . . . . . . . . . . . . . . . . . . . 128
8.2 Future developments . . . . . . . . . . . . . . . . . . . . . . . 130

Bibliography 132





Chapter 1

Introduction

Section 1.1 contains an overview of the bone tissue hierarchical structure, com-
position and architectures at the microstructural level.

Lamellar bone structure models, in particular the plywood-like motifs as-
sumed for the mineralized collagen fibrils, are presented in Section 1.2.

A brief summary of cortical bone tissue properties at the macro, micro, sub-
micro and nano scales follows in Section 1.3.

Finally, in Section 1.4 design strategies and structure-function relations in
cortical bone are illustrated.
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1.1 Bone tissue as a material
Bone is a mineralized connective tissue with structural and metabolic functions.
The structural functions of bone consists in supplying stiffness and strength to
withstand the physiological and accidental loads acting on the body, to support
the soft tissues of the organism and to protect important districts of the body.
Bone has also important metabolic functions, serving as the main reservoir of
calcium ions in the body and playing a major role in the hematopoiesis.
Bone is a hierarchical structured, heterogeneous and anisotropic composite bio-
material. Its fundamental unit is the mineralized collagen fibril, which con-
sists in a framework of collagen and plate-shaped crystals of carbonated apatite
(Weiner et al., 1999). Usually these mineralized collagen fibrils are organized
in bundles or aligned arrays that can be arranged in different ways depending
on the type of bone tissue and anatomical site. Bone tissue microstructure and
composition are the result of a long-term structure-function adaptation driven
by evolutionary processes (Cowin, 1989, 2001; Cowin and Doty, 2007; Weiner
et al., 1999).
In this Section, an overview of the bone tissue hierarchical structure, composi-
tion and architectures at the microstructural level are presented.

1.1.1 Bone tissue hierarchical structure
Bone displays several different arrangements of material constituents and struc-
tures at multiple length scales acting in conjunction to fulfill its mechanical, bi-
ological and chemical functions (Katz and Bronzino, 2000). The length scale of
interest is of primary relevance in discussing bone architecture as the structure
is hierarchical and complex: thus, in order to investigate the mechanical proper-
ties of bone material, it is important to focus on both the mechanical properties
of its component phases and the structural relationship between them at the var-
ious levels of hierarchical structural organization (Landis, 1995; Mehta, 1995;
Weiner and Traub, 1992).
These levels and the corresponding structures are (Rho et al., 1998):

1. the macrostructure: cancellous and cortical bone;

2. the microstructure (from 10 to 500 µm): Haversian systems (osteons),
lamellar bone, fibro-lamellar bone, woven bone, single trabeculae;

3. the sub-microstructure (1-10 µm): lamellae;

4. the nanostructure (from a few hundred nanometers to 1 µm): fibrillar
collagen and embedded mineral;



1.1. Bone tissue as a material 3

5. the sub-nanostructure (below a few hundred nanometers): molecular struc-
ture of constituent elements, such as mineral crystals, collagen fibrils, and
non-collagenous organic proteins.

Figure 1.1 shows the hierarchical structure of a human femur (Rho et al., 1998).
The detailed description of the five identified structural levels is here presented.

Figure 1.1: The hierarchical structural organization of bone tissue. From left to right: cortical
and cancellous bone; Haversian systems (osteons); lamellae; collagen fiber assemblies of collagen
fibrils; bone mineral crystals, collagen molecules and non-collagenous proteins (Rho et al., 1998).

Macrostructural level

At the macrostructure level, bone can be classified as cortical (or compact) and
cancellous (or trabecular). Cancellous bone is much more active metabolically,
undergoes more frequent remodeling processes and is on average younger than
cortical bone. Cancellous bone represents the 20% of the total skeleton mass
and has a porosity in the range of 45-95%, while cortical bone accounts for
the remaining 80% of skeleton mass and possesses a small porosity (5-10%).
Although both bone types, cortical and cancellous, are usually distinguished at
this hierarchical level by their degree of porosity or density, true differentiation
comes from histological evaluation of the tissues microstructure.
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Microstructural level

Planar arrangements of mineralized collagen fibers are called lamellae (3-7 µm
wide). These laminates of mineralized collagen fibers form lamellar (or os-
teonal) bone when they lie in concentric layers of about 3-8 lamellae around
a central canal, fibrolamellar bone when they are arranged into linear lamellar
groups, woven bone when the mineralized collagen fibers are less well ordered
and no pattern can be distinguished (see Subsec. 1.1.3). Cancellous bone, in-
stead, is made of an interconnecting framework of trabeculae in a number of
combinations, all comprising the following basic cellular structures: rod-rod,
rod-plate, or plate-plate. A trabecular rod is about 50-300 µm in diameter (Rho
et al., 1998).

Sub-microstructural level

Bone lamellae are 3-7 µm thick, but the arrangement and orientation of the
mineralized collagen fibers in the layers constituting a lamella is still debated,
in particular in the case of lamellar bone. The most common perception of the
arrangement of the collagen fibers in lamellar bone is that they lie in paral-
lel layers within each lamella, with a change in the orientation of fibers from
one layer to the next described figuratively with plywood structures (Gebhardt,
1906; Giraud-Guille, 1988; Weiner et al., 1997). According to this represen-
tation, adjacent layers within a single lamellae have different orientations, the
most common of them being either longitudinal, with the collagen fibers ori-
ented along the long axis of the lamellar sheet, or transverse, with the collagen
fibers perpendicular to the long axis (see Subsec. 1.2).

Nanostructural level

The most important structures seen at this scale are the collagen fibers, at a
length scale from hundreds of nanometers to 1 µm. The collagen fibers are
surrounded as well as infiltrated by mineral. This collagen-mineral compos-
ite is usually referred to as mineralized collagen fiber (see Subsec. 1.2). The
attachment sites of macromolecules onto the collagen framework are not dis-
tinctly known, although several immunohistological studies have shown prefer-
ential labeling of some macromolecules in a periodic fashion along the collagen
molecules and fibers (Glimcher, 1989).



1.1. Bone tissue as a material 5

Species %H2O % apatite crystals % dry weight collagen % GAG
Bovine 9.1 76.4 21.5 not available
Human 7.3 67.2 21.2 0.34

Table 1.1: Volumetric composition of adult human and bovine cortical bone (Herring, 1977; Pelle-
grino and Blitz, 1965; Vejlens, 1971). GAG means glycosaminoglycans.

Sub-nanostructural level

At the smallest unit of structure we have the molecular structure of the con-
stituent elements, which are mineral crystals, collagen, and non-collagenous
organic proteins. Plate-like apatite crystals of bone occur within the discrete
spaces within the collagen fibrils, thereby limiting the possible primary growth
of the mineral crystals, and forcing the crystals to be discrete and discontinuous.
The mineral crystals grow with a specific crystalline orientation, the c-axes of
the crystals being roughly parallel to the long axes of the collagen fibrils. The
average lengths and widths of the plates are 50×25 nm, while crystal thickness
is 2-3 nm (Kuhn-Spearing et al., 1996; Landis, 1995; Ziv and Weiner, 1994).
The primary organic component of the matrix is Type I collagen. Collagen
molecules secreted by osteoblasts self-assemble into fibrils with a specific ter-
tiary structure having a 67 nm periodicity and 40 nm gaps or holes between
the ends of the molecules. Non-collagenous organic proteins, including phos-
phoproteins and osteocalcin, may function to regulate the size, orientation, and
crystal habit of the mineral deposits. They may also serve as a reservoir for
calcium or phosphate ions for mineral formation (Rho et al., 1998).

1.1.2 Bone tissue composition
The composition of the main components of bone depends on a large number
of factors, such as the species, the location from which the sample is taken,
the age, sex, and type of bone tissue. An approximated estimate for overall
composition by volume is one-third apatite crystallites, one-third collagen and
other organic components, and one-third water.
Some data in the literature for the volumetric composition of adult human and
bovine cortical bone are given in Table 1.1.

1.1.3 Cortical bone architectures
In addition to the differences in bone organization at the macroscopic level,
there are also different types of architectural structure of cortical bone at the
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Figure 1.2: Lamellar bone (Junqueira and Carneiro, 1989).

microscopic level. Three major forms of cortical bone tissue can be distin-
guished: lamellar (or osteonal), fibrolamellar, and woven bone.
A more detailed description of the three types of cortical bone follows.

Lamellar bone

Figure 1.2 shows the closely packed osteons or Haversian systems which rep-
resent the microstructural building block of lamellar bone. Osteons consists of
lamellae wrapped in concentric layers of about 3-8 lamellae around a central
canal. Osteons look like cylinders of about 200-250 µm in diameter running
roughly parallel to the long axis of the bone. The bone cells (osteocytes) are lo-
cated in spaces, called lacunae, between the lamellae. To provide passageways
through the hard matrix, small channels, known as canaliculi, radiate from the
lacunae to the Haversian canal. The Haversian systems are surrounded by in-
terstitial bone. The Haversian canals contain blood vessels running parallel to
the bone long axis. By way of Volkmann’s canals, these blood vessels inter-
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Figure 1.3: Fibrolamellar bone (Currey, 2002).

connect with vessels on the bone surface. Two kinds of osteons can be recog-
nized: primary and secondary. Primary osteons are structures formed around
blood vessels in the initial growing phase of bone. Secondary osteons form
after remodeling. During this process, bone cells first excavate a tubular path
through the hard tissue, then deposit the osteon layer by layer (Cowin, 1989,
2001; Cowin and Doty, 2007).

Fibrolamellar bone

The form of bone occurring when the lamellae are overall tangential to the
outer surface of the bone and, together with woven bone tissue, form a larger
plywood-type stacking of thicker layers (150-300 µm) around the complete cir-
cumference of the bone, is called fibrolamellar bone (Figure 1.3). Between each
lamina there is a system of blood vessels that is essentially two dimensional.
Each lamina is divided into two zones. The first zone is of highly organized
bone; the second one is a poorly organized tissue. This zone is interrupted
in the middle by a line that, in ordinary light, appears to be bright, and is the
boundary between the two blood supply networks bounding the lamina. The
lamina is symmetric about the bright line (Currey, 1960).

Woven bone

Woven bone is characterized by a random organization of collagen fibers. Wo-
ven bone is found typically in both cortical and cancellous bone of young grow-
ing animals and in adults after a bone injury. Woven bone is weaker than the
previous cortical bone types, but forms quickly; during normal maturation wo-
ven bone is gradually replaced by fibrolamellar bone (Cowin and Doty, 2007).
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1.2 Models of lamellar bone
The theories developed to explain lamellar structure of secondary osteons fall
within two groups, both specifically focused on the so-called alternate osteon,
consisting of alternating layers of two lamellar types, dark and bright.
Different hypotheses regarding the structural characteristics that differentiate
one type of lamella from the other were presented. One group of investigators
attributes this difference to the orientation of the main elementary components
of bone tissue: collagen fibrils and carbonated apatite crystallites (Ascenzi and
Benvenuti, 1986; Giraud-Guille, 1988; Weiner et al., 1997). Gebhardt (1906)
has been one of the first researchers to propose a detailed model able to ex-
plain the experimental evidences. He suggested that the differences observed
in successive lamellae by polarizing light examination were due to a change in
orientation of bundles of fibrils. Although Gebhardt’s theory has long served as
a model for investigations in this field, it is not universally accepted: a second
group (Marotti, 1993, 1996; Marotti and Muglia, 1988) developed a different
theory, attributing the lamellar differences in alternate osteons as dependent on
the relative densities of the elementary components. That is, the composition of
successive lamellae is supposed to alternate mainly between relative predomi-
nance of collagen and cementing substance. Right now, the first hypothesis is
by far the most widely accepted within the scientific community. Thus, the de-
bate focused mainly on the organization of collagen fibrils in successive layers
of a lamella.
However, the organization of the collagen fibrils within a lamella is only one
aspect of its structure: the organization and orientation of the carbonated ap-
atite crystals within and between the fibrils is also object of studies. Thus,
lamellar bone has also been widely modeled in terms of their ultrastructure.
The lamellae were viewed as a composite reinforced with either fibers (Cur-
rey, 1964, 1969; Giraud-Guille, 1988) or platelets (Wagner and Weiner, 1992;
Weiner et al., 1999).
Here, lamellar bone structure models are presented with particular reference to
the plywood-like motifs assumed by the mineralized collagen fibrils and the
carbonated apatite crystallites orientation.

Plywood-like motifs

Ordered fibrous composites, also known as plywood structures, are frequently
encountered in natural systems, mostly in skeletal or protective extracellular
tissues where mineral deposition often occurs (Neville, 1993). This pattern is
characterized by sets of parallel fibrils and/or fiber bundles present in discrete
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(a) (b) (c)

Figure 1.4: Models of osteons as defined by Ascenzi and Bonucci (1968). (a) Type T osteons. (b)
Type A osteons. (c) Type L osteons (Martin and Burr, 1998).

layers, with the fibril orientation in each layer being different.
Plywood-like structural motifs present a fascinating variety of numerical puz-
zles, each of which has an insightful structure-function relation. Therefore, it is
not surprising that several researchers proposed plywood models to model the
structure of the lamellae.

Orthogonal plywood structure

Gebhardt (1906) was the first to interpret the differences in lamellar types in
terms of orientation of higher percentage components. Using polarized light,
he associated a dark or bright appearance to the lamellae, suggesting that the
different appearance is due to a difference of fibrils orientation. More specif-
ically he proposed what in modern terminology is defined as an orthogonal or
quasi-orthogonal plywood osteonal model, where collagen fibrils change orien-
tation from a lamella to the next one.
Ascenzi and Bonucci (1967, 1968, 1970, 1976) suggested that collagen fibrils
within the same lamella are predominantly parallel to one another and have a
preferred orientation within the lamellae. The orientation of collagen fibers be-
tween lamellae may change up to 90◦ in adjacent lamellae. Based on this, three
types of osteons containing three different types of lamellar sub-structures have
been defined. Type L osteons (Figure 1.4(a)) contain lamellae whose collagen
fibers are oriented perpendicular to the plane of the section, or parallel to the
osteon axis. Type A osteons (Figure 1.4(b)) contain alternating fiber bundle ori-
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entations and thus give an alternating bright and dark pattern under polarized
light. Type T osteons (Figure 1.4(c)) contain lamellae with fiber bundles that
are oriented parallel to the plane of the section. Later, Ascenzi and Benvenuti
(1986) and Ascenzi et al. (1987), by more careful examination of the plywood
structures of such lamellar units, evidenced that, in lamellar bone, the thickness
of all the layers are not the same: a thin layer or lamella is often followed by a
thick one. Thus a pair of such thin/thick lamellae constitutes the basic repeat-
ing unit. Moreover, they revealed that there is a transition zone between the thin
and thick lamellae. In many lamellar bones this transition zone is fairly well de-
veloped, and it is clear that the structure is not composed of simple orthogonal
plywood-like material.

Twisted plywood structure

Gebhardt’s model is the simplest plywood-like structure, consisting in parallel
fibril arrays oriented orthogonally to each other in alternate layers. However,
several researchers evidenced far more complexity. Giraud-Guille (1987, 1988)
established the twisted plywood model for the architecture of collagen fibrils in
the compact bone matrix.
Giraud-Guille’s observations by means of Transmitted Electron Microscopy
(TEM) revealed that an orthogonal plywood disposition of collagen fibrils is
actually observed, but also a transition of the collagen fibrils orientation can ex-
ists between these two types of orders. Thus, two main osteonal models coexist
in compact bone. The first obeys the classical description of osteons follow-
ing an orthogonal plywood model, i.e. with two principal orientations of fibrils
(Figure 1.5(a)). The second obeys the twisted plywood model, where the col-
lagen fibrils follow small and regular changes in their orientation; in this case
the structure is continuous but a stratification, i.e. a lamellar aspect, appears in
microscopy each 180 rotation of the fibrillar directions (Figure 1.5(b)).
Giraud-Guille’s proposal is that almost all the mineralized collagen fibrils are
aligned in parallel planes in lamellar bone: however, these parallel arrays of
fibrils have different orientations in different layers. The controversy on the
continuous or discontinuous nature of the fibril orientations from one lamella to
the next is solved by pointing out that two extreme situations exist with all in-
termediate transitions being possible. In orthogonal plywood the angle between
consecutive layers is around 90◦, whereas in twisted plywood the fibrillar di-
rections progress from one layer to the next with intermediate angles. Thus the
twisted plywood model, refining Gebhardt’s model with the continuous rotation
of fiber reinforcement from one layer to the next one, accounts well for certain
optical properties of osteons.
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(a) (b)

Figure 1.5: Two osteon types reinterpreted from the model of Ascenzi and Bonucci (1968). (a)
Two alternating directions of fibrils give rise to either dark or bright type osteons in function of their
orientation with respect to the osteon axis. (b) Successive directions of fibrils, regularly changing
from a small and constant angle, give rise to intermediate-type osteons (Giraud-Guille et al., 2003).

Rotated plywood structure

Weiner and co-authors described in several works the plywood structure of
lamellar bone (Weiner et al., 1997, 1991; Weiner and Wagner, 1998; Ziv et al.,
1996a). Focusing on the orientations of the collagen fibrils in a lamellar unit
(thin lamella, thick lamella, and transition zones), they measured the angles
between successive layers of fibrils and propose a model for the organization
of collagen fibril arrays in a lamellar unit composed of five sub-layers. Their
observations revealed discrete angular differences between successive layers of
parallel collagen fibrils. Measurements of these angles showed that most are
around 30◦, with a significant number being much larger, around 70◦. There-
fore, the structure has four sequential sets of parallel fibril arrays that rotate in
the lamellar boundary plane in approximately 30◦ increments. Moreover, a fur-
ther array of thin fibrils delineates either a large angle (around 70◦) or a small
angle (around 30◦) with one of its neighboring fibril arrays. This characteris-
tic motif can be seen in (Figure 1.6(a)): the characteristic repeating structure
composed of alternating lamellae of collagen fibrils roughly in the plane of the
section and perpendicular to it are shown. Transition zones between them can
also be seen. Each lamella is made up of arrays of collagen fibrils, which are
more or less parallel to each other. The fibrils are clearly visible as bundles
with their long axes well aligned. The different orientations of the bundles in
adjacent layers reveal the plywood-like organizational motif.
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(a) (b)

Figure 1.6: (a) SEM micrography of a fracture surface of human lamellar bone. The orientations
of all five sub-layers can be observed in different portions of the surface. (b) Schematic illustration
of the five sub-layer model of a lamellar unit (Weiner et al., 1999).

The synthesis of these observations enabled them to propose a simple model for
the collagen organization of a single lamellar unit (Weiner et al., 1997). This
is schematically illustrated in Figure 1.6(b). The first array of fibrils adjacent
to one side of the lamellar boundary is aligned perpendicular to the long axis
of the bone, as observed by Weiner et al. (1991) and Ziv et al. (1996a). This is
arbitrarily given a value of 0◦ for the plywood angle. After four increments of
30◦ the final array is oriented at 120◦. Therefore, this model can account for the
major observed peak at around 30◦ and the minor peak at around 70◦. The latter
should ideally have been 60◦, indicating that the model is by no means accurate
to a few degrees. This structure is referred to as rotated plywood model, since
structurally orthotropic mineralized fibrils are rotated both with respect to the
lamellar boundary as well as around their own fibril axis. This model is consis-
tent with observations that the two major arrays of parallel collagen fibrils in a
lamellar unit are orthogonal to each other. As well as the orthogonal, even the
twisted plywood structure is included in the model, since it is consistent with
the fact that between these so-called thick and thin lamellae there is a transi-
tional zone with fibrils in intermediate orientations. In fact, the thick lamella is
oriented roughly orthogonal to the thin lamella: if the transition zone between
the two is small, then it will have the appearance of orthogonal plywood; if the
transition zone is large, it will have the appearance of twisted plywood. There-
fore, the rotated plywood model conceptually offers a synthesis for all lamellar
bone models described. A lamellar unit is composed of five sub-layers, each
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sub-layer being an array of aligned mineralized collagen fibrils. The orienta-
tions of these arrays differ in each sub-layer with respect to both collagen fibril
axes and crystal layers, such that a complex rotated plywood-like structure is
formed. The main variable in terms of collagen fibrils is the different thick-
nesses of the sub-layers, rather than the angle of procession from one layer to
the next.
Recently, the employment of a novel method combining synchrotron X-ray tex-
ture measurements with a 1 µm wide beam and scanning of a thin (3-5 µm thick)
section of a secondary osteon in steps of 1 µm has allowed getting detailed
quantitative information on the osteonal structure (Fratzl and Gupta, 2007; Wa-
germaier et al., 2006, 2007). Figure 1.7 shows the variation of the fibril ori-

Figure 1.7: Model of the fiber orientation inside the lamellae of an osteon (Fratzl and Gupta, 2007).

entation across and within bone lamellae, with 1 µm spatial resolution. The
fibers are arranged at different angles inside single lamellae: the fiber axis ori-
entation varies periodically with a period of 5 µm corresponding approximately
to the width of a single lamella. This implies that each lamella consists of a
series of fibril layers oriented at different angles to the osteon axis (Figure 1.7,
left). On average they have a positive spiral angle µ, implying that on average,
the fibers form a right-handed spiral around the osteon axis like a spring. In
addition, there is a periodic variation of the spiral angle µ across the osteon
diameter (Figure 1.7, right), with a period close to the lamellar width (≈5 µm)
It is interesting to notice that the angles are always positive, except for radii
larger than 40 µm when a cross-over to interstitial bone surrounding the osteon
occurs. This implies that on average each lamella has a non-zero spiral fibril
angle with respect to the long axis of the osteon, with a right-handed helicity.
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Figure 1.8: SEM of a fracture surface showing the prominent layered structure of the fourth sub-
layer and possibly also the third sub-layer (arrows) and the relatively thin fifth sub-layer oriented in
a different direction (Weiner et al., 1999).

Crystal organization

Crystal organization in bone is much more difficult to investigate than colla-
gen organization, mainly because of the difficulties in preparing thin specimens
containing mineral for examination.
Weiner et al. (1991) showed that the crystals are arranged in parallel layers that
traverse the fibril. The crystals grow inside the collagen framework and there
is relatively more crystalline material by volume in the gap regions than in the
overlap region. The layered crystal organization spans several adjacent colla-
gen fibrils. They deduced from the above observations that the predominant
motif of crystal organization in an individual sub-layer of a lamellar unit is an
array of parallel fibrils with the crystal layers in alignment from one fibril to the
next. The previous observations were confirmed by TEM tomographic studies
(Landis et al., 1993) and Atomic Force Microscopy (AFM) (Erts et al., 1994).
The effect of rotation can be observed qualitatively in micrographs of fracture
surfaces examined in the SEM (Figure 1.8). The crystal layer orientation adja-
cent to one lamellar unit boundary appears to be parallel to the boundary plane,
whereas in some of the other sub-layers it is rotated: this has clearly occurred
in the fourth and fifth sub-layers, such that they are in a different orientation
compared to the first sub-layer. Judging from the frequency of bone particles
examined in the TEM in which the crystal layers are rotated relative to each
other, but the c axes are still aligned, the authors suspected that the rotation of
crystal layers occurs within the second and third sub-layers as well.
The Authors concluded from these observations that the collagen fibrils in ad-
jacent sub-layers are not only oriented in different directions, giving rise to the
plywood-like motif, but are also rotated around their axes in order to change
the orientations of the crystal layers. This is schematically illustrated in Figure
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1.6(b), where the layers of crystals in successive sub-layers rotate in a given di-
rection to form a rotated plywood, as described in detail previously. The actual
azimuthal angles of rotation have not, as yet, been measured.

1.3 Bone tissue anisotropy at multiple length-scales
As illustrated in Section 1.1, cortical bone tissue is a heterogeneous, hierar-
chical composite material with important structural features spanning multiple
length-scales each of which contribute to macroscopic biomechanical function
(Cowin, 2001; Currey, 2002; Weiner and Wagner, 1998).
Mechanical properties of cortical bone depend on the mechanical properties of
its constituents as well as on the hierarchical contribution of each of the hierar-
chical levels explained in Subsec. 1.1.1. Moreover, properties vary with orien-
tation, as one of the most characteristic aspects of cortical bone is its anisotropic
mechanical behavior. Thanks to the particular organization of its components
and the ability of the tissue, widely known as Wolff’s law (Wolff, 1986), to
adapt and transform according to mechanical loading, bone shows remarkable
mechanical properties, as can be seen in the chart presented in Figure 1.9 where
they are compared to the ones of typical engineering materials.
The large-scale behavior of bone has been largely documented, but it is ac-
knowledged that its mechanical properties change with the observation scale
due to the different mechanical properties of its component phases and the struc-
tural relationships between them at the various hierarchical levels.
In general, cortical bone tissue anisotropy has been described in the literature by
means of two symmetry arrangements. Several authors (Katz and Ukraincik,
1971; Lang, 1969; Yoon and Katz, 1976a,b) assumed bone to be transversely
isotropic with the long bone axis as the unique axis of symmetry. Any small
difference in elastic properties between the radial and circumferential direc-
tions is considered negligible and does not alter the basic symmetry. Therefore,
in this case, only 5 elastic constants are independent. Instead, other authors
(Ashman et al., 1984; Knets and Malmeisters, 1977; Van Buskirk et al., 1981)
used the small differences in elastic properties between the radial and tangential
directions to assess that bone is an orthotropic material; this requires 9 elastic
constants to be independent. Basically, the choice of a material symmetry for
an elastic model of bone depends to a large extent to the type of cortical bone
tissue the researchers are dealing with and the intended application of the model
(Cowin, 1989; Katz and Bronzino, 2000).
A brief summary of cortical bone tissue properties at the macro, micro, sub-
micro and nano scales follows. Here, focus has been made on data obtained
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Figure 1.9: Material property chart for bone tissue and common engineering materials. Young’s
modulus is plotted against density (Garcia, 2006).

(a) (b)

Figure 1.10: Stress-deformation curves for bovine cortical bone (Meyers et al., 2008). (a) Effect
of orientation in uniaxial tension tests (Currey, 2002). (b) Anisotropic behavior in tension and
compression (Lucas et al., 1999).

with conventional mechanical tests (tension, compression, torsion tests) as well
as ultrasounds and acoustic microscopy measurements; the use of instrumented
indentation on cortical bone tissue is the subject of Section 2.2.
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Property Human Bovine
Osteonal Plexiform

Modulus Longitudinal [GPa] 17.9 26.5
Modulus Radial [GPa] 10.1 11.0

Strength Longitudinal [MPa] 135 167
Strength Radial [MPa] 53 55

Table 1.2: Mechanical properties of human secondary osteonal bone and plexiform bovine bone
(Reilly and Burstein, 1974).

Macroscale

Cortical bone tissue mechanical properties at the macroscale have been mea-
sured most often for secondary Haversian human and bovine bone as well as
for bovine plexiform bone. Though bone in general shows a time-dependent
mechanical behavior, at the quasi-static strain rates in conventional mechanical
testing and even at the ultrasonic frequencies used experimentally, cortical bone
is often treated as an anisotropic, linear elastic solid with Hooke’s’ law as the
appropriate constitutive equation (Katz and Bronzino, 2000).
At the macroscopic hierarchical level, bone has higher strength in compression
than in tension and shows an highly elastic anisotropic behavior, as reported
in Figure 1.10 (Turner et al., 1999). Cortical bone yields with an almost lin-
ear hardening up to a failure strain of about 2.5% in tension, on the other hand
in compression yield occurs at higher stresses with rapid strain hardening to a
peak that then decreases up to failure at a strain of about 1.5% (Meyers et al.,
2008).
Engineering elastic constants for human cortical bone have been reported in
several studies. Reilly and Burstein (1974) measured the stiffness and strengths
of human secondary osteonal bone and plexiform bovine bone (Table 1.2). It
is interesting to notice that bone stiffness is greater in the longitudinal direction
along the osteonal axis than in the transverse direction across the osteons.
The difference in mechanical properties between plexiform bone and human
secondary osteonal bone has been studied in detail by Katz et al. (1984), who
measured and compared the orthotropic elastic constants for the two bone types
(Table 1.3). The type of material symmetry depends on the different types of
structural features at the microscopic hierarchical level: osteons are tube struc-
tures which exhibit a more transversely isotropic symmetry while the brick like
structures of plexiform bone exhibit an orthotropic symmetry depending on the
aspect ratios of the brick.
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Elastic Constant Plexiform Osteonal
Bone [GPa] Bone [GPa]

C1111 22.4 21.2
C2222 25.0 21.0
C3333 35.0 29.0
C2323 8.2 6.3
C1313 7.1 6.3
C1212 6.1 5.4
C1122 17.9 11.7
C2233 13.6 11.1
C1133 15.8 12.7

Table 1.3: Mechanical properties of plexiform bone and human secondary bone (Katz et al., 1984).

Property Direction Human Bovine
Elastic Modulus [GPa] Transverse 17.4 20.4
Elastic Modulus [GPa] Longitudinal 9.6 11.7
Shear Modulus [GPa] - 3.5 4.1

Tensile Yield Stress [MPa] Longitudinal 115 141
Compressive Yield Stress [MPa] Longitudinal 182 196
Compressive Yield Stress [MPa] Transverse 121 150

Table 1.4: Human and bovine cortical bone elastic properties and strengths (Martin and Burr,
1998).

An overview (or representative average) of human and bovine cortical bone
elastic properties and strengths were presented by Martin and Burr (1998) (Ta-
ble 1.4). A mismatch between tensile and compressive strengths is found. It is
worth to notice what the yield stress represent: although bone is not an elastic-
plastic material in the classic sense like metals, bone will yield.

Microscale

Mechanical data available at the microstructural level of cortical bone mainly
regards the properties of single osteons.
Ascenzi and co-workers examined the mechanical properties of single Haver-
sian systems by means of conventional mechanical testing: tensile (Ascenzi and
Bonucci, 1967), compressive (Ascenzi and Bonucci, 1968) and torsion (Ascenzi
et al., 1994) tests (Table 1.5). The terms longitudinal, transverse and alternating
refer to how the collagen fiber bundles are oriented with respect to the plane
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Osteon type Mechanical Test Elastic Modulus Ultimate Stress
[GPa] [MPa]

Longitudinal Tension 11.7 114
Alternating Tension 5.5 94

Longitudinal Compression 6.3 110
Transverse Compression 9.3 164
Alternating Compression 7.4 134

Longitudinal Shear 3.3 46
Transverse Shear 4.2 57
Alternating Shear 4.1 55

Table 1.5: Haversian systems mechanical properties (Ascenzi and co-workers).

of the osteon section (see Figure 1.4): longitudinal (or transverse) osteons have
the majority of lamellar orientation in the longitudinal (or transverse) direction
while osteons that have adjacent lamella orientations at sharp angles to each
other are called alternating osteons. The osteonal segments had elastic moduli
of 11.7 and 5.5 GPa in tension and strengths of 114 and 94 MPa, where the
first value refers to longitudinal and the second to alternating osteons. When
examining isolated osteons in compression, it was found that they have differ-
ent stiffnesses (6.3 and 7.4 GPa) but are equally as strong as in tension (110
and 134 MPa). In general, collagen fiber bundles oriented with the direction of
testing produce a higher normal stiffness while collagen fiber bundles oriented
out of the plane of testing produce a lower normal stiffness but a higher shear
stiffness.

Submicro and nanoscale

In order to investigate cortical bone anisotropy at the sub-microscale, mechan-
ical properties of individual lamellae in several orientations are needed. How-
ever, although a lot of structural information at this level has been obtained us-
ing optical microscopy, x-ray diffraction and electron microscopy, direct mea-
surement of anisotropic mechanical properties at this scale becomes extremely
complicated due to the existence of its intrinsic hierarchical architecture, mak-
ing it a really demanding task to be solved.
Seto et al. (2008) focused on the material properties of individual fibrolamel-
lar units of plexiform bone under tension and controlled humidity conditions.
Since fibril texture and orientation vary significantly over length scales of 10-
100 µm, a combination of micrometer-sized samples with homogeneous fibril
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texture coupled with microtensile testing have been adopted to determine the
anisotropic mechanical properties of the basic fibril unit in fibrolamellar bone.
Fibrolamellar bone units were sectioned at different angles relative to the main
collagen fiber axis. Mechanical tensile measurements were performed: when
the load is applied to samples at 0, 10, 20, 30, 45, 60 and 90◦ to the main col-
lagen fiber axis, both the elastic moduli and ultimate tensile strength undergo
a remarkable decrease as the orientation angle of the sample shifts away from
the fiber axis. The extent of this decrease indicates the degree of anisotropy.
Anisotropy ratios, defined as the quotient of the longitudinal direction stiffness
coefficient divided by the transverse direction stiffness coefficient, have been
measured: ratios as large as 1:20 in elastic modulus and 1:15 in tensile strength
between orientations perpendicular and parallel to the main mineralized colla-
gen fiber orientation in wet bone is obtained; whereas, these ratios reduce to 1:8
and 1:7, respectively, under dry conditions. These results show a high degree of
mechanical anisotropy in fibrolamellar bone.
At the nanoscale, some studies which used selective demineralization and acous-
tic methods have come up with explanations about the complementary role of
the collagen and the mineral (Hasegawa et al., 1994; Pidaparti et al., 1996;
Turner and Burr, 1997; Turner et al., 1995). Anisotropy ratios have been mea-
sured on demineralized and decollagenized bone tissue. Anisotropy ratios of
around 1.5 and 1.1 for decollagenized and demineralized bone, respectively,
have been found. This suggests that the mechanical anisotropy in bone tissue
is mainly derived from the inorganic phase (bone mineral) as the anisotropy ra-
tios measured were essentially the same in the cases of intact bone tissue and
decollagenized one: indeed, isolated collagen is more or less isotropic and only
by the impregnation of mineral does its anisotropic ratio increase.

Relevant factors

Mechanical properties of cortical bone depend on several parameters such as
species, age and sex, presence of pathologies, etc. Moreover its properties vary
among different individuals, in different bones of the same individual and also
in different locations of the same bone (Goldstein, 1987; Rho et al., 1995).
For various types of human bones (including the femur, tibia, humerus, lum-
bar vertebrae, mandible, patella), the site-specific elastic moduli, shear moduli,
Poissons ratios, and densities have been studied as a function of position (Rho,
1991; Rho et al., 1995) using ultrasonic techniques. The mechanical properties
of human cortical bone from the tibia, femur, and humerus have been found to
vary between subjects.
Porosity, fibrillar organization and composition play a relevant role too in deter-
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mining cortical bone mechanical behavior (Hoc et al., 2006; Rho et al., 1999a,
1997; Roy et al., 1999; Zysset et al., 1999). Porosity influences mechanical
properties (Sevostianov and Kachanov, 2000) as well as mineralization, which
is strongly related to age. In general, by increasing the mineral content bone
results to be stiffer and less tough.
When testing bone the grade of hydration is an important factor, since in fact
dry bone is stiffer; hydration influences toughness and hardness too (Cowin,
2001; Rho and Pharr, 1999). Seto et al. (2008) show a high degree of hydration
sensitivity on mechanical anisotropy of fibrolamellar bone (see Section 1.3).
Bone tissue also shows viscoelastic behavior due to its composition, being gen-
erally stiffer and stronger at higher stain rates (Cowin, 2001).

1.4 Design strategies and structure-function rela-
tions in cortical bone

It is known that, in structural biological materials, the structural and mechanical
anisotropies are highest at the molecular scale, and progressively reduce as the
scale increases: this occurs, in general, when large arrays of single fiber-based
plies or lamellae are arranged into layered or laminated structures at various
angles. This is a usual aspect of structural design in nature motivated by the
fact that complex macroscopic structures are usually not designed uniquely for
a single type of stress, but rather against stresses of various types applied in
various directions. The design criteria, therefore, are varied and structural com-
plexity is unavoidable (Weiner et al., 2000).
As introduced in Subsec. 1.1.1, the mineralized collagen fibril is the building
block of the bone family of materials: their two major components, collagen and
apatite crystals, have completely different properties. The host organic frame-
work has a fibrous structure at the level of individual triple-helical molecules,
fibrils, and assemblages of fibrils that form fibers. In contrast, within a fib-
ril, the structure is crystalline with orthotropic symmetry (Figure 2.10) due to
the plate-shaped apatite crystals which are inside the fibril and surround them
(Weiner and Traub, 1992).
However, although the detailed internal structural organization of each fibril
has an orthotropic symmetry, understanding fibril array structures, especially in
terms of the mechanical implications, should address the question of whether
the neighboring fibrils are aligned in all three dimensions, forming an extended
crystalline structure, or, at the other extreme, are aligned only to their fibril
axes. The difference between these two arrangements is important in terms of
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(a) (b)

Figure 1.11: Schematic illustration (not drawn to scale) taken from Weiner and Wagner (1998).
(a) Arrangement of mineralized collagen fibrils aligned both with respect to crystal layers and fibril
axes. This structure has orthotropic symmetry. (b) Arrangement of mineralized collagen fibrils with
only the fibril axes aligned. This structure is transversely isotropic.

symmetry: one would be fully orthotropic and the other transversely isotropic
(Figure 1.11). Furthermore, the way the fibril arrays are packed to form large
ordered structures determines the mechanical properties at higher hierarchical
levels Weiner and Wagner (1998).
Actually, since mineralized collagen fibers are almost always present in bundles
or arrays aligned along their lengths, it is not unexpected that a bundle of these
fibrils, in which the crystal layers are aligned between neighboring fibrils, is
also highly anisotropic.
In fibrolamellar bone, as well as in calcified tendon, this structural motif extends
to the microscopic hierarchical level, and this structure reflect on mechanical
properties: fibrolamellar bone has a much higher modulus value in the direction
parallel to the axis of long bones than in the orthogonal directions, as reported
in Tables 1.2 and 1.3.
Lamellar bone, instead, has a totally different structure. The mineralized fibrils
are all aligned and anisotropy is at its maximum only within an individual sub-
layer of the lamellar structure; whereas, the structure of a lamella determines a
reduction in anisotropy at the microstructural level (Weiner and Addadi, 1997;
Weiner et al., 2000) achieved in two ways: first, by arranging the sub-layers
in different directions so to form a plywood-like structure; secondly, by the in-
troduction of the progressive rotation of the mineralized collagen fibril bundles
around their axes within the sub-layers that make up a lamellar unit (Figure
1.6(b)). Therefore, the lamellar structure, involving packing in different direc-
tions and rotations of the anisotropic building units, determines very different
mechanical properties if compared to the ones for fibrolamellar bone.
While the ratio of the elastic modulus of fibrolamellar bone measured along the
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fibril axis direction and perpendicular to the fibril axis is around 2.4, in circum-
ferential lamellar bone it is around 1.7 (Liu et al., 2000a,b). Lamellar bone is
still anisotropic, but less so than the parallel array of aligned building blocks.
The previous considerations show that fibrolamellar bone represents the extent
of anisotropy of one sub-layer in a lamellar unit. In lamellar bone, instead, the
introduction of the differently oriented sub-layers, together with the rotation
around the fibril axes, reduces the extent of anisotropy. It appears that the de-
sign motif of lamellar bone is to form a mineralized structure that tends towards
isotropy, even though the building block used is highly anisotropic. The basis
for decreasing anisotropy is thus built into the higher order organization of the
mineralized fibrils at the sub-micro and microstructural levels (Weiner et al.,
2000).
One relevant aspect to the relative distribution between fibrolamellar and lamel-
lar bone that may have mechanical implications is the clear preference for the
cylindrical motif in situations where large loads are applied to the bone. It
is therefore of interest to understand the benefits of the cylindrical motif over
the parallel motif, as well as to relate the lamellar unit structure to its function
(Weiner et al., 1999).
The highly anisotropic structure of parallel fibril arrays has the advantage that
they can be aligned in specific directions to adapt to their mechanical functions.
The attachment of a tendon to a bone surface is an example of this adaptation:
the elastic properties are maximized in a given direction, and the stiffening of
the structure essentially fixes the orientation. Instead, as evidenced in Section
1.4, the rotated plywood structure results in a material that is more isotropic
than the building block from which it is constructed (Weiner et al., 2000). This
may reflect the requirement for lamellar bone to withstand compressive forces
in many directions, unlike fibrolamellar bone. Therefore, it seems that lamellar
bone can not be associated with any specific mechanical function, while seem-
ing to be designed to fulfill a variety of different mechanical functions, perhaps
by fine-tuning the basic structural theme to prevailing conditions (Weiner et al.,
1999).
Osteonal lamellae are built as three-dimensional helicoids around the central
blood vessel. Such helicoidal structures have been found in other connective
tissues, for example in the secondary wood cell wall (Lichtenegger et al., 1999;
Neville, 1993), and the sense of the helicity (right-handedness) is the same.
Actually, both structures fulfill a similar biomechanical support and protection
function, the osteon for the inner blood vessels and the wood cell wall for the
water/nutrient transport. Moreover, such a helicoidal structure has biomechani-
cal advantages as well: the non-zero average spiral angle means that the osteon
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is extensible (and compressible) like a spring along its long axis. For example,
this elastic extensibility would be useful in absorbing energy during mechani-
cal loading, thus helping in protect the sensitive inner blood vessels (Fratzl and
Weinkamer, 2007).
Since it seems that fibrolamellar bone has higher strength and stiffness than
lamellar bone, the question is why humans and other active mammals have sec-
ondary bone rather than fibrolamellar bone. An important aspect of how bone
tissue microstructure affects cortical bone mechanics at the macroscopic level
is crack propagation and fatigue life, since human bone is much more subject
to fatigue failure than other smaller mammals like cows and sheep. With re-
spect to this, one mechanical advantage of secondary bone is that it has many
compliant interfaces such as cement lines, which provide many opportunities
for crack arrest and thus make secondary osteonal bone more fatigue resistant.
Moreover, the modulated structure at the lamellar level can serve as an inner
crack stopping mechanism. It is known that microcracks are more frequent in
the surrounding interstitial bone than than in the osteonal bone itself (Qiu et al.,
2005). It can be therefore speculated that this structure acts to trap microcracks,
avoiding them from propagating within the lamellae from the interstitial bone
to the inner blood vessel.
Actually, specific functions for lamellar bone could not be identified. It has
been thus proposed that the design strategy relative to lamellar bone is to be
structured so as to be as isotropic as possible with respect to at least some of
its mechanical properties: there is presumably a major advantage for a material
that is required to fulfill many different functions to be isotropic. In this light,
the lamellar structure can be considered as the “concrete” of the bone family of
materials (Weiner et al., 1999).



Chapter 2

Instrumented Indentation of
Cortical Bone

Section 2.1 presents an overview of the theory of indentation. Further, the an-
alytical model developed by Oliver and Pharr (1992), Swadener and Pharr
(2001) and Delafargue and Ulm (2004) to analyze indentation measurements
are outlined.

The application of instrumented indentation tests to cortical bone tissue and
the use of numerical simulations to get a deeper insight into the problem of in-
dentation of cortical bone tissue are described in Section 2.2.
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2.1 Theoretical analysis of instrumented indenta-
tion

An indentation test consists in pressing an indenter onto the surface of inter-
est. The tip of the indenter is made of a hard material, usually diamond, and
can have different shapes. During the test, the load P and the displacement h
are continuously measured during one cycle of loading and unloading to build
the load-displacement curve, usually indicated as P − h curve, whose analysis
allows the calculation of hardness and indentation modulus, related to the ma-
terial elastic properties. In Figure 2.1 a typical load-displacement curve during
one cycle is shown: the loading curve is obtained while the indenter penetrates
the surface causing both elastic and plastic deformations; during the retraction
of the indenter the unloading curve is acquired, which depends only on the elas-
tic properties. A residual plastic deformation remains after complete removal
of the tip.
This Section presents a brief introduction to the theory of indentation. The
theory of hertzian contact between a rigid sphere and a flat surface will be de-
scribed at first, as well as its extension to conical indenters. Then the Oliver-
Pharr method (Oliver and Pharr, 1992) to analyze indentation measurements
will be outlined with particular reference to a conical tip. Successively, the
problem of indenting an anisotropic surface, also with a conical indenter, will
be treated illustrating the Swadener-Pharr method (Swadener and Pharr, 2001).
Finally, a model for the explicit approximation of the indentation modulus of
elastically orthotropic and transversely isotropic solids with conical indenters
proposed by Delafargue and Ulm (2004) will be examined.

2.1.1 Contact mechanics background
The key parameter when analyzing indentation is the indentation modulus M .
Generally M depends on the elastic properties of the material as well as on
the shape of the indenter and, therefore, the shape of the contact area. With
the assumption of axisymmetric indenters and homogeneous, elastic, isotropic
materials, M can be computed with the simple relation:

M =
E

1− ν2
(2.1)

where E and ν are respectively the Young’s modulus and the Poisson’s ratio of
the material.
The first step of the theoretical analysis of indentation is to describe the contact
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Figure 2.1: Typical load-displacement curve.

Figure 2.2: Scheme of a spherical indentation onto an isotropic surface.

between two bodies. Hertz (1882) studied the contact of a rigid spheric inden-
ter onto a flat isotropic half-space (Figure 2.2) and defined the radius a of the
circular contact area as:

a3 =
3
4
PR

E∗
(2.2)

where P is the load, R is the radius of the indenter and E∗, called reduced
modulus, is a combination of the indentation moduliM of indenter and sample,
respectively indicated by the subscript i and s:

1
E∗

=
1− ν2

i

Ei
+

1− ν2
s

Es
. (2.3)

Usually the indenter tip is made of diamond, with E = 1141 GPa and ν = 0.07.
The displacement of the sample’s surface depends on the distance r from the
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axis of symmetry and can be described with the relation (valid for r ≤ a):

h =
1
E∗

3
2
P

4a

(
2− r2

a2

)
. (2.4)

Combining Equations (2.2) and (2.4), the penetration depth δ on the axis (r = 0)
is:

δ3 =
(

3
4E∗

)2
P 2

R
(2.5)

The load P as a function of depth h can be expressed as:

P =
4
3
E∗R

1
2h

3
2 . (2.6)

The mean contact pressure can be obtained from:

pm =
P

πa2
=
(

4E∗

3π

)
a

R
. (2.7)

The relations described above for the case of frictionless indentation of an
isotropic half-space with a rigid sphere were extended to the case of a coni-
cal indenter by Sneddon (1965). He obtained the expression of the total load
P :

P =
πa

2
E∗a cotα (2.8)

where α is the cone half angle and a the contact radius. The displacement of
the surface is given by (valid for r ≤ a):

h =
(π

2
− r

a

)
a cotα . (2.9)

The displacement on the axis (r = 0) is:

hmax =
π

2
a cotα (2.10)

and the correspondent load can be written as:

P =
2
π
E∗h2

max tanα . (2.11)

The initial unloading contact stiffness S is defined:

S =
dP

dh
|h=hmax . (2.12)
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Therefore, using Equations (2.11) and (2.12) and considering the projected con-
tact area A = πa2, the reduced modulus results:

E∗ =
S

2

√
π

A
. (2.13)

It is worth to notice that the relations presented by Sneddon are exactly satisfied
only by a perfect cone with a sharp tip that, in practice, is impossible to manu-
facture. Thus, since all real indenters have a rounded tip, typically with 10-100
nm radii, the initial phase of contact is more similar to the spherical one.

2.1.2 The Oliver-Pharr method
In this work, bone tissue reduced modulus E∗ and hardness H are evaluated
using the method proposed by Oliver and Pharr (1992). This procedure employs
Equation (2.13), deduced for a conical indenter, and adapts it to different shaped
tips by adding the correction factor β, dependent on the indenter geometry (for
example, β = 1.034 for a Berkovich tip):

E∗ =
S

2β

√
π

A
. (2.14)

The other important material property that can be estimated is hardness H ,
which is computed as the ratio between the maximum load Pmax and the con-
tact area A:

H =
Pmax
A

. (2.15)

Here below will be explained how, when the geometry of the indenter is known,
these material parameters can be estimated from the load-displacement data.
The Oliver-Pharr procedure begins by fitting the unloading curve with a power-
law relation:

P = k(h− hf )n (2.16)

where k, hf and n are the parameters to be identified. Thus the estimated
contact stiffness at maximum depth S results:

S = nk(hmax − hf )n−1 . (2.17)

The contact area depends on the indenter geometry and displacement. In the
following a Berkovich indenter (Figure 2.3) will be considered since is the one
actually used in this work. It is a three-sided pyramid indenter with a character-
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Figure 2.3: Features of the Berkovich indenter.

(a) (b)

Figure 2.4: (a) Schematic of a conical indentation on isotropic half-space. (b) Sketch of the contact
between material and indenter during testing.

istic angle θ = 65.27◦ (or θ = 65.02◦ for the modified Berkovich) between the
faces and the normal to the base. Therefore the contact area A is:

A = 3
√

3h2
c tan2 θ = 24.56h2

c (2.18)

where hc is named contact depth (Figure 2.4). In the analytical analyses of
nanoindentation, a pyramidal tip is approximated with a conical indenter with
the same area-to-depth ratio. Since the contact area with a conical tip with an
angle α is:

A = πh2
c tan2 α (2.19)

to calculate the equivalent cone angle, Equation (2.18) is put equal to Equation
(2.19) and an angle α = 70.3◦ is obtained. For the calculation of hc the unload-
ing curve data are used. Substituting r = 0 and r = a in Equation (2.9), it
results (see Figure 2.4):

he = h(r = 0) =
π

2
a cotα

′
(2.20)
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ha = h(r = a) =
(π

2
− 1
)
a cotα

′
. (2.21)

Therefore:

ha =
(
π − 2
π

)
he (2.22)

and hmax = hc + ha is computed as:

hmax = hc +
(
π − 2
π

)
he (2.23)

where he is obtained adapting Equations (2.11) and (2.12) to α
′
:

he =
2P
S

. (2.24)

Finally the value of hc, needed for the calculation of the contact area, is:

hc = hmax −
2(π − 2)

π

Pmax
S

. (2.25)

The constant ε = 2(π − 2)/π, equal to 0.72 for a conical indenter, can be
adapted to other indenter’s shapes by multiplying for the geometric correction
factor β (eg. ε = 0.75 for a Berkovich tip being β = 1.034).
For the detailed procedure, the reference paper is Oliver and Pharr (1992).

2.1.3 The Swadener-Pharr method
For isotropic materials and axisymmetric indenter geometries, the general solu-
tion of the elastic contact problem is well known and a common nanoindenta-
tion analysis method has been reported in Subsec. 2.1.2. For anisotropic mate-
rials, some solutions of the Hertzian contact problem are available in literature.
In particular, Vlassak and Nix (1993) defined the indentation modulus M for a
general anisotropic material through the use of the following equation, which
connects the indentation modulus M and the initial unloading contact stiffness
S:

S = 2M

√
A

π
(2.26)

where A is the projected area of contact, which is in general elliptical (Willis,
1966). Moreover, the indentation modulus M depend on the shape and orienta-
tion of the contact ellipse, i.e. the indentation modulus is dependent in general
on the indenter shape and on its orientation, thus is a complex function of the
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Figure 2.5: Conical indentation in an anisotropic material: the contact perimeter around the in-
denter has different depths. (e1, e2, e3) is the material coordinate system, (a1,a2,a3) is the
corrected indentation coordinate system, P is the applied load and δ the indenter displacement
(Franzoso, 2008).

material’s elastic constants (Vlassak and Nix, 1993, 1994). Using the surface
Greens function for an anisotropic half-space developed by Barnett and Lothe
(1975), Vlassak and Nix (1993, 1994) obtained simplified expressions for the
indentation modulus M in the case of a flat punch indenter and in the case of
an indenter with a parabolic shape (parabola of revolution), with material sym-
metries that produce circular contact.
Here the indentation of an elastic anisotropic half-space by a rigid frictionless
cone follows the procedure introduced by Swadener and Pharr (2001), which is
based on the modification of the method by Oliver and Pharr (1992) to take into
account for material anisotropy. A sketch of the geometry is shown in Figure
2.5. Provided that the stiffness tensor of the anisotropic material and the inden-
tation direction are known, the evaluation of the indentation modulus M of an
elastic anisotropic half space indented by a rigid frictionless cone requires the
introduction of two assumptions: indeed, in this case the contact area and the
pressure distribution are not known a-priori. First, the projected area of contact
A is assumed elliptic (Figure 2.6); second, the pressure distribution acting over
the indented anisotropic material is assumed to be a modification of the one act-
ing over an elliptical region in the isotropic case, following Willis (1966). By
means of numerical and analytical methods, these assumptions were validated.
The assumed form of the pressure distribution is:

p(y) = p0 cosh−1

(
1√

(y1/a1)2 + (y2/a2)2

)
(2.27)
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Figure 2.6: Angle α for the elliptical projected area of contact orientation and angle γ for the
definition of t (Franzoso, 2008).

where a1 and a2 are the semi-axes lengths of the elliptical projected area of
contact, y is a vector lying in the projected area of contact plane (e′1, e

′
2) and p0

is a load dependent constant which, in order to respect the boundary conditions,
has to satisfy the relation:

P =
∫∫

A

p(y)dy = πa1a2p0 (2.28)

where P is the total load acting on the indenter. This pressure distribution,
together with the surface Green’s function of Barnett and Lothe (1975), leads to
the surface displacements at the point located by the position vector y in case
of conical indentation of an anisotropic half-space:

u(y,C,a3) =
1

2π

∫∫
A

p0 cosh−1{1/
√

(y ′1/a1)2 + (y ′2/a2)2}
|y − y ′|

·
(
B−T (y − y ′,C) · a3

)
dy ′ (2.29)

where A = πa1a2 is the projected area of contact and a3 is the unit vector of
the indentation direction. B(t,C) is the second-order, symmetric and positive
definite Barnett & Lothe tensor tensor that takes into account for the material
elastic properties. For the calculation of B, it is necessary to introduce the new
right-hand orthogonal reference system t, r, s (Figure 2.6). B(t,C) is defined
as (Barnett and Lothe, 1975; Lothe and Barnett, 1976):

B(t,C) = − 1
2π

∫ 2π

0

[(rs)(ss)−1(sr)− (rr)] dϕ (2.30)
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in which ϕ is the projection angle of the unit vector r on the (e′1, e
′
2) plane.

Vector t = t(γ) lies on the (e′1, e
′
2) plane and forms an angle γ with the a1 axis,

whereas B(t(γ),C) = B(t(γ + π),C). The second order tensors appearing in
Equation (2.30) are function of the stiffness tensor C:

(vw)ij = vhChijkwk . (2.31)

The penetration depth δ (Figure 2.5) due to the total applied load P is equal to
the surface displacement in the a3 direction at y = 0, which is given from Equa-
tion (2.29) applying the coordinate transformation ρ cos γ = y′1/a1, ρ sin γ =
y′2/a2 and integrating the variable ρ in the interval [0, 1]:

δ =
P

4π
√
a1a2

∫ 2π

0

B−1(t(γ),C) : [a3 ⊗ a3]√
(a1/a2) cos2 γ + (a2/a1) sin2 γ

dγ . (2.32)

For the calculation of the indentation modulus, the evaluation of the ellipti-
cal projected area of contact orientation α (Figure 2.6) enables updating the
the indentation coordinate system (e′1, e

′
2, e
′
3) and calculate the correct ellipse

semi-axis ratio a1/a2. The angle α is found imposing, due to symmetry, that
the displacements in any lateral direction must be zero at the center of the el-
lipse (y = 0). Choosing for example the direction a1, from Equation (2.29)
must be: ∫ 2π

0

B−1(t(γ + α),C) : [a1(α)⊗ a3]√
(a1/a2) cos2 γ + (a2/a1) sin2 γ

dγ ≡ 0 . (2.33)

Again owing to symmetry, if the orientation of α is correct, Equation (2.33) can
be iteratively solved for an arbitrary value of a1/a2. To update the indentation
coordinate system, an α rotation of the initial indentation coordinate system
around the e′3 axis is required. Equating two different expressions for the sur-
face deflection in the a3 direction at the end of the a1 semi-axis, from Equation
(2.29) follows:

1
2

[
1− 2

π

(
a1

a2

)1/2
]

·
∫ 2π

0

B−1(t(γ),C) : [a3 ⊗ a3]√
(a1/a2) cos2 γ + (a2/a1) sin2 γ

dγ =

=
∫ π/2

−π/2

(
1− |sinγ ′|

)
·
(
B−1(t(γ ′),C) : [a3 ⊗ a3]

)
√

(a1/a2) cos2 γ ′ + (a2/a1) sin2 γ ′
dγ ′ (2.34)
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which iteratively solved gives the value of the a1/a2 ratio.
Finally, once the a1/a2 ratio has been determined solving Equation (2.34), the
indentation modulus M is computed integrating the contact stiffness Equation
(2.26) and substituting the obtained P in Equation (2.32):

M(C,a3) =
4π∫ 2π

0

B−1(t(γ),C) : [a3 ⊗ a3]√
(a1/a2) cos2 γ + (a2/a1) sin2 γ

dγ
. (2.35)

Equation (2.35) is valid for anisotropic materials indented with cones, parabo-
lae of revolution or flat elliptical punches. For the detailed procedures see the
reference article (Swadener and Pharr, 2001).
In the present work, a previously developed FORTRAN subroutine (Franzoso,
2008) which implements the Swadener-Pharr method has been used to compute
the indentation modulus M when the material stiffness tensor C was already
known.

2.1.4 Explicit approximations of the indentation modulus of
elastically transversely isotropic and orthotropic solids

The problem of the elastic contact between an axisymmetric indenter and an
anisotropic half space has not been explicitly solved in closed form. Willis
(1966) firstly established implicit methods to determine the indentation modu-
lus. The most refined solution schemes for general anisotropic materials were
proposed by Swadener and Pharr (2001) for conical and parabolic indenters (see
Subsec. 2.1.3) and by Vlassak et al. (2003) for conical and spherical indenters.
However, both solution schemes involve computational demanding operations
even in their approximated versions.
The link between the indentation modulus and the elastic constants of a general
anisotropic material is far more complicated than in the isotropic case. Closed
form solutions, such as the one valid for homogeneous, elastic and isotropic
materials (Equation (2.1)) are only available for some particular cases, such as
for conical indentation of a transversely isotropic half-space along its axis of
symmetry (Elliot, 1949; Hanson, 1992). Having easy implementable explicit
expressions for the indentation moduli of anisotropic materials would be very
useful. Indeed, if simple and explicit relations between stiffness constants and
indentation moduli were available for anisotropic solids, then a few indentation
tests performed in various directions would potentially become a standard pro-
cedure to characterize the elastic properties of general anisotropic materials.



36 Chapter 2. Instrumented Indentation of Cortical Bone

Figure 2.7: Indentation in the solid’s axis of symmetry (Delafargue and Ulm, 2004).

Delafargue and Ulm (2004) proposed an explicit solution for the indentation
moduli of a transversely isotropic medium and a general orthotropic medium
under rigid conical indentation in the three principal material symmetry direc-
tions. They first gave the explicit expression for the indentation modulus of
transversely isotropic solids indented in the axis of symmetry, based on the
Elliot-Hanson solution. This solution also motivates the extension to indenta-
tion normal to the axis of symmetry, based on a sinusoidal approximation of the
half-space Green’s function. This method does not require the entire expression
of the function and thus leads to explicit expressions of the indentation modu-
lus. They finally extended this approach to orthotropic materials, and compared
the results with the ones obtained by Swadener and Pharr (2001) and Vlassak
et al. (2003).
Here below their solution for transversely isotropic solids is reported in detail.

Indentation along the axis of symmetry

Let’s consider direction x3 as normal to the plane of isotropy and directions
x1 and x2 as parallel to the plane of isotropy, so that the resulting coordinate
system S is a right-hand Cartesian one, with the first indented point as ori-
gin O (Figure 2.7). The problem of elastic conical indentation of transversely
isotropic materials along direction x3, i.e. when the plane of isotropy is parallel
to the half space surface, has been solved analytically (Elliot, 1949; Hanson,
1992). Indeed, since the problem is axisymmetric, the projected area of contact
in the plane (x1,x2) is circular. The Elliot-Hanson solution reads:

P =
2

π2H
h2 tanα . (2.36)
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where H is a constant depending on the material stiffness coefficients:

H =
1

2π

√
C11

C2
31 − C2

13

(
1
C44

+
2

C31 + C13

)
. (2.37)

where the reduced notation is used:

C11 = C1111; C13 = C1133 = C3311; C44 = C2323 = C1313;

C33 = C3333; C31 =
√
C11C33 > C13. (2.38)

This solution depends on four of the five elastic constants of a transversely
isotropic material (C11,C33,C44,C13): the fifth independent constant C12 =
C1122 = C1111 - 2C1212 does not appear in the expression of H . This hap-
pens only for the perfect axisymmetric case, for which the factor H turns out
to be the constant in the Green’s function, i.e. the surface displacement induced
by a concentrated unit load:

η (r) =
H

r
. (2.39)

In general, the Green’s function depends on both polar coordinates (r,θ) defined
on the indented surface and centered at the load point, while for the perfect
material axisymmetric case it does not depend on θ. Thus, the following explicit
expression of the indentation modulus M3 in the axis of symmetry (direction
x3) is derived:

M3 =
1
πH

(2.40)

or equivalently using Equation (2.37):

M3 = 2

√
C2

31 − C2
13

C11

(
1
C44

+
2

C31 + C13

)−1

. (2.41)

Indentation normal to the axis of symmetry

In case of indentation direction normal to the axis of symmetry, the half-space’s
surface is orthogonal to the material’s planes of isotropy, the area of contact is
not circular and the problem is no longer axisymmetric (Figure 2.8). The load
versus displacement relation in such a contact problem can be found in two
steps:
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Figure 2.8: Indentation orthogonal to the solid’s axis of symmetry (Delafargue and Ulm, 2004).

Figure 2.9: Reference system for indentation normal to the axis of symmetry (Delafargue and Ulm,
2004).

1. finding the displacement field corresponding to a concentrated load (the
Green’s function (Vlassak and Nix, 1994)):

η(y) =
1

8π2 |y|

[
αkB

−1
km

(
y
|y|

)
αm

]
= η (r, θ) =

H (θ)
r

(2.42)

where y is the position vector of Q relative to the load point P ; (r, θ)
are polar coordinates of Q (θ = 0 along direction x2); α1, α2, α3 are the
cosines of the direction normal to the indented surface; B is the second
order, Barnett & Lothe tensor (Equation (2.30)); finally, η (r, θ) is the
surface Green’s function, homogeneous in r−1 (Figure 2.9);

2. integrating the Green’s function to find the displacement field resulting
from an assumed pressure distribution under the indenter (Swadener and
Pharr, 2001; Willis, 1966), and verifying that result matches with the
boundary conditions.

In the particular case of transverse isotropy, the indentation axis (x1) belongs
to two planes of symmetry: (x1,x3) is orthogonal to the planes of isotropy,
and (x1,x2) is parallel to it. In this case, an evaluation of Equation (2.42) for
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(α1,α2,α3) = (1,0,0) yields the exact values of the Green’s function η in the x2-
direction (θ = 0), and in the x3-direction (θ = π/2):

H (θ = 0) =
1

2π

√
C33

C2
31 − C2

13

(
1
C44

+
2

C31 + C13

)
= H2 ; (2.43)

H
(
θ =

π

2

)
=

1
π

C11

C2
11 − C2

12

= H3 . (2.44)

Comparing Equations (2.37) and (2.43), H2 =
√
C33/C11H , while H3 turns

out to be the Green’s function constant for an isotropic material with stiffness
constants C11 and C12. Furthermore, since the Green’s function is even and
π-periodic by symmetry, H2 and H3 are extreme values of H (θ). Therefore,
it seems appropriate to consider a first order approximation H̃ (θ) that inter-
polates the Green’s function η (r, θ) ≈ H̃ (θ) /r so that H̃ (θ = 0) = H2 and
H̃ (θ = π/2) = H3:

H̃ (θ)) = H0 +Hc1 cos (2θ) (2.45)

where
H0 =

H2 +H3

2
; Hc1 =

H2 −H3

2
. (2.46)

The proposition of interpolating the Green’s function between two extreme val-
ues is restricted to the geometrical configuration of indentation in the principal
material axes.
The projected contact area is generally assumed to be elliptical for conical in-
dentation of general anisotropic materials (Swadener and Pharr, 2001; Vlassak
et al., 2003). By symmetry, the axes of the elliptical contact area must coincide
with x2 and x3. If a2 and a3 are the ellipse dimensions in the respective direc-

tions x2 and x3, then the ellipse eccentricity is e =
√

1− (a2/a3)2 if a2 < a3,

and e =
√

1− (a3/a2)2 otherwise. Assuming that the pressure distribution
has the form proposed by Swadener and Pharr (2001) and reported in Equation
(2.27), the indentation modulus M1 in the indentation direction x1 is given by
(Swadener and Pharr, 2001; Vlassak et al., 2003):

M1 =
1

α (e,Θ) (1− e)1/4
(2.47)

where:

α (e,Θ) =
∫ π

0

η (θ + Θ)√
1− e2 cos2 (θ)

dθ (2.48)
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Θ is the angle between the major axis of the contact ellipse and the direction x2

or θ = 0: by symmetry Θ = 0 if H2 < H3, Θ = π/2 otherwise. The solution of
Equations (2.47) and (2.48) requires as input the eccentricity. For the proposed
Green’s function approximation (Equation (2.45)), an explicit expression of the
eccentricity e is obtained:

e =

√
2 |Hc1|

H0 + |Hc1|
=

{√
1− H2

H3
, if H2 < H3,

√
1− H3

H2
, else

}
(2.49)

or equivalently,
a2

a3
=
√
H3

H2
(2.50)

Finally, substituting the eccentricity (Equation (2.49)) in (2.47) and (2.48):

M1 =
1

2E (e)H3/4
2 H

1/4
3

. (2.51)

E (e) is the complete elliptic integral of the second kind. It is useful to rewrite
Equation (2.51) in the form:

M1 = Ψ (e)
1

π
√
H2H3

(2.52)

where

Ψ (e) = π

(
1− e2

)1/4
2E (e)

(2.53)

It is worth to notice that 0.99 ≤ Ψ (e) ≤ 1 if e ≤ 0.6, which corresponds to
an ellipse axis ratio smaller that 1.25. Therefore, using Ψ (e) ≈ 1 in Equation
(2.52) simplifies the expression of the indentation modulus normal to the axis
of symmetry:

M1 ≈
1

π
√
H2H3

=
√
M12M13 (2.54)

where:

• M13 appears as the indentation modulus obtained by indentation in an
isotropic solid, for which the elastic properties in direction x3 coincide
with the elastic properties in direction x1 and x2:

M13 =
1

πH3
=
C2

11 − C2
12

C11
(2.55)
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• M12 would be the indentation modulus in direction x1, if the elastic prop-
erties in direction x2 had been set equal to the properties in direction x3:

M12 =
1

πH2
=
√
C11

C33
M3 (2.56)

From the results obtained for an indentation normal to the axis of symmetry,
the extension of the analytical framework here presented to the indentation of
orthotropic solids is straightforward.
The presented approximations were tested on two transversely isotropic and
orthotropic materials. The proposed closed form expressions resulted to be in
very good agreement with the implicit solution schemes. The high accuracy of
the closed form expressions is due to a combination of two different aspects: (1)
a first order approximation of the Green’s function appears to be highly relevant
for many materials; and (2) the eccentricities encountered with many materials
are rather small. On the other hand, the proposed solutions only apply to the
three principal material directions.
In this work, the explicit solution for the indentation moduli of a transversely
isotropic solid has been adopted to identify the elastic moduli of lamellar bone
tissue when indented along the axial and transverse directions with respect to
the Haversian canal axis; furthermore, the same procedure has been employed
to reduce elastic moduli of the mineralized collagen fibers arrays forming the
sub-layers of the lamellar structure in the longitudinal and perpendicular direc-
tions with respect to the mineralized collagen fibers axis direction.

2.2 Application to cortical bone
When reducing mechanical properties of cortical bone from nanoindentation
tests, three main aspects have to be taken into particular consideration: first,
hierarchical arrangement of constituents; second, anisotropy of the material
response; third, difficulty of fabricating representative small bone specimens
(Fratzl and Weinkamer, 2007). A testing technique able to take into account
these three characteristic features is instrumented indentation (Section 2.1),
since the micro and nanoindentation laboratory test is a widely used experi-
mental technique able to characterize the mechanical behavior of materials and
tissues at small length scales. Indeed, the capability of such a tool to probe me-
chanical properties of tissues and materials at a small scale on samples that do
not require complex preparation procedures makes this experimental technique
particularly attractive when the relationship between mechanical properties and
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microstructural arrangement of material constituents is sought (Ebenstein and
Pruitt, 2006; Lewis and Nyman, 2008); at the same time, the application of
indentation at a sufficiently deep penetration depth enables the determination
of the mechanical properties at a length scale covering several microstructural
features, thus obtaining an averaged homogenized mechanical response repre-
sentative of the mechanical properties at the tissue level; whereas, anisotropic
mechanical response of the material can be investigated by applying indentation
tests along different directions.

2.2.1 Experimental measurements

In the last decade, nanoindentation has been widely used to characterize several
aspects of the nano- and microscale mechanical properties of bone.
This technique has been adopted to study the differences between cortical and
trabecular bone, evaluating microstructural properties of osteons and interstitial
lamellae in human tibial bone (Rho et al., 1997) and femur (Hengsberger et al.,
2001; Turner et al., 1999; Zysset et al., 1999), as well as in individual thoracic
vertebral trabeculae (Rho et al., 1999a) and vertebrae (Roy et al., 1999). The
effect of different locations in the same bone has been investigated too (Hof-
fler et al., 2000). Nanoindentation was also applied to bovine bone (Hoc et al.,
2006; Wang et al., 2006).
Bone tissue anisotropy is investigated through nanoindentation introducing the
testing in two different directions (longitudinal and transversal with respect to
the bone axis), both for trabecular and cortical bone, as in Rho et al. (1999b)
and Roy et al. (1999). Bone anisotropy was studied in human tibiae (Fan et al.,
2002; Swadener and Pharr, 2001) and equine radius (Rho et al., 2001a) at
lamellar level. Reduced elastic modulus and hardness of secondary osteonal
bone and of interstitial bone were examined as a function of the angle with the
bones transverse plane (Rho et al., 2001a). The same properties were measured
through the thickness of the human femoral cortex of various ages (Rho et al.,
2002). Nanoindentation on fibrolamellar mineralized turkey tendons showed a
variation of 10-24 GPa in compressive indentation modulus on varying angle
relative to fibril axis from 0 to 90◦ (Fratzl et al., 2004). Franzoso and Zysset
(2009) is one the most recent papers in which nanoindentation tests have been
used to characterize the elastic anisotropy of human cortical bone tissue. In
the latter work, reduction of the orthotropic elastic constants from indentation
tests carried out along two perpendicular directions is presented. In this pa-
per, human lamellar bone was tested at a maximum penetration depth of 800
nm; each indentation involved two or three lamellae. Furthermore, the analyt-



2.2. Application to cortical bone 43

ical relationship between the indentation modulus along a given direction and
the elastic constant of an anisotropic continuum has been used (Swadener and
Pharr, 2001) with the purpose to quantify elastic anisotropy at lamellar level.
Nanoindentation data were also compared to scanning acoustic microscopy
measurements both on trabecular and on cortical femoral bone. Turner et al.
(1999) found similar anisotropy ratios between the elastic moduli in the longi-
tudinal and in the axial direction, whereas Hengsberger et al. (2002a) found a
weak correlation between the indentation modulus and the longitudinal wave
modulus.
Although instrumented indentation tests have been used to characterize cortical
bone tissue by several Authors, these studies seldom reports values on tissue
hardness, being mostly focused on elastic properties of the material. Among
these, Rho et al. (1999a) reports an axial elastic modulus of 22.4 ± 1.2 GPa
and hardness 617 ± 39 MPa and a transverse elastic modulus of 16.6 ± 1.1
GPa and hardness of 564 ± 34 MPa obtained by nanoindentation on human
tibial osteonal bone. Rho et al. (1997) tested tibial osteons in the longitudinal
direction obtaining an elastic modulus of 22.5 ± 1.3 GPa and hardness 614 ±
42 MPa, whereas Rho et al. (2002) reported an elastic modulus of 21.7 ± 1.7
GPa and hardness 590 ± 60 MPa in the endosteal osteonal region of human
femoral bone. No information about the mechanical properties in the transverse
direction are reported in the two previous works. For bovine bone, instead, a
transverse to axial hardness ratio HT /HA = 0.76 (HA = 811 MPa; HT = 647
MPa) was found by Wang et al. (2006), while the elastic moduli in the axial and
transverse directions were 24.7 ± 2.5 GPa and 19.8 ± 1.6 GPa, respectively.
All the above experimental results refer to dehydrated tissue samples.
Ziv et al. (1996b) measured the microhardness of fibrolamellar bone from bovine
femur and planar circumferential lamellar bone from the rat tibia. In fibrolamel-
lar bone, the hardness values in three orthogonal directions are quite different.
On the plane parallel to the macroscopic bone outer surface (periosteum) (P in
Figure 2.10), the hardness values are 480 ± 60 MPa, while on the face parallel
to the longitudinal axis of the bone (L in Figure 2.10) and transverse to it (T
in Figure 2.10), the values are 600 ± 60 and 705 ± 90 MPa, respectively. The
extent of anisotropy is probably much greater because the structure is not per-
fectly regular to micron-scale dimensions. The microhardness measurements of
planar circumferential lamellar bone in many different orientations with respect
to the rotated plywood structure showed highest values in the plane perpendic-
ular to the long axis of the bone (around 830 MPa) and lower values in the
orthogonal planes (685-735 MPa).
The high spatial resolution of nanoindentation allows the characterization of
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Figure 2.10: Schematic illustration of the nanometer-scale structure of the mineralized collagen
fibril showing the triple helical molecules of collagen (cylinders) and the location of the plate-
shaped crystals. The arrows show the three principal symmetry directions. (Ziv et al., 1996b).

bone at sub-micron level and thus the properties of single lamellae in human
cortical and trabecular femoral bone were studied (Hengsberger et al., 2002b;
Xu et al., 2003). Another application of nanoindentation at the same scale was
to examine the variations in the individual thick lamellar mechanical properties
within osteons as a function of the distance from the Haversian canal (Rho et al.,
1999b). Lamellar properties from near to the center of the osteon were found
greater than those from the outermost osteonal lamella. In order to improve
the precision in positioning the indenter tip on human femoral bone specimens,
Hengsberger et al. (2001) used an atomic force microscope to acquire an image
of the indented region, before and after the indentation.
Nanomechanical investigations of the local stiffness and hardness of the osteon
reveal a modulation of micromechanical properties at the lamellar level (Gupta
et al., 2006a). Specifically, the indentation modulus of the sub-lamellae within
a single lamella, as measured by nanoindentation, varies from about 24 to 27
GPa, with thin layers of lower stiffness alternating with wider layers of higher
stiffness (Figure 2.11). Quantitative back-scattered electron imaging has been
used to determine the local mineral content at the same positions as those mea-
sured by nanoindentation. The lower axial stiffness was partly due to the lower
stiffness of a fiber normal to its long axis relative to the stiffness along its long
axis. However, results also showed that the regions of lower stiffness have a
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(a) (b)

Figure 2.11: Example of a 2D area scan of the indentation modulus around an osteon (Gupta et al.,
2006a). (a) SEM image of the region of interest after indentation. (b) 2D interpolated color plot of
the reduced indentation modulus.

lower mineral content.
By means of site-matched Raman microspectroscopy, acoustic microscopy and
nanoindentation, the structure, chemical composition and anisotropic elasticity
of individual lamellae in secondary osteons were investigated by Hofmann et al.
(2006). Acoustic impedance was correlated with the indentation elastic mod-
ulus, both parameters being sensitive to elastic tissue anisotropy. The lowest
values were obtained in the direction perpendicular to the femoral long axis.
Acoustic images exhibit a characteristic bimodal lamellar pattern of alternating
high and low impedance values. A homogeneous distribution of the phosphate
band intensity in the osteons, suggesting a relatively homogeneous deposition of
mineral in the adjacent thin and thick lamellar layers, was observed. Moreover,
the weak correlation found between impedance and phosphate band intensity
supports the hypothesis that the degree of mineralization may not be the domi-
nant factor for the observed alteration of elastic modulus in alternating lamellae:
this modulation was attributed to variations of the lamellar orientation which re-
sults from the twisted plywood structure made of inherently anisotropic fibers.
Rho et al. (2001b), studying intramuscular herring bones, used nanoindentation
to prove that the hydroxyapatite crystals strongly influences the elastic proper-
ties of the mineralized collagen fibrils. In intramuscular herring bone, mineral-
ized collagen fibrils have a single orientation with a variation in mineralization
along the length, from bone tissue at earliest stages of calcification in the distal
region to fully mineralized in the proximal region. Results showed that not only
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the indentation modulus but also the modulus anisotropy ratio are influenced by
the mineralization: the anisotropy ratio between longitudinal and perpendicu-
lar directions in the fully mineralized region is ≈2.1; in the earliest stages of
mineralization, instead, the anisotropy ratio drops to ≈1.1. Thus, the presence
of the mineral crystals is the major determinant for the difference in the elastic
properties along different directions, while the collagen fibril itself behaves as
an isotropic material when the mineral content is low.
Several works (Fan and Rho, 2002; Tang et al., 2007) studied the effects of
viscoelasticity on Young’s modulus measured by nanoindentation and observed
that they are similar to the ones in macroscopic tests. Nanoindentation was also
used to describe the effects of different other parameters such as mineralization
(Tai et al., 2005) and its role during lamellar bone formation (Busa et al., 2005),
age (Hengsberger et al., 2002a; Rho et al., 2002) or the presence of pathologies
like osteogenesis imperfecta (Fan et al., 2006).
Finally, two different specimen preparation techniques were also compared (Xu
et al., 2003): microtomed samples present stiffer thick than thin osteonal lamel-
lae, whereas in polished samples no statistically significant differences were
found. Moreover, because drying produces an increase in stiffness of bone
(Rho and Pharr, 1999), to simulate physiological conditions, nanoindentation
tests were performed on specimens immersed in a liquid cell (Hoc et al., 2006;
Hoffler et al., 2005, 2000; Zysset et al., 1999). In particular, Hengsberger et al.
(2002b) sought to quantify the indentation modulus and hardness of both thin
and thick lamellae selected from human trabecular and compact bone structural
units. The indentation modulus and hardness of bone ECM were investigated
as a function of lamella type and indentation depth under wet and dry condi-
tions. The influence of lamella type (thick or thin) and indentation depth were
examined under both dry and physiological conditions. For this purpose, a com-
bination of atomic force microscopy and nanoindentation has been applied to
perform reliable indentations with depths as low as 100 nm. For low depth
indents, thick lamellae showed a higher indentation modulus than thin lamel-
lae. With increasing indentation depth, thick lamellae exhibited a significant
decrease in indentation modulus and hardness, whereas, for thin lamellae, the
effect of indentation depth was much less significant. Drying influenced the
level of indentation modulus and hardness of human bone tissue, but did not
affect the comparative trends of indentation depth and lamella type, which ap-
peared similar for dry and physiological conditions.
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Figure 2.12: Effect of piling-up and sinking-in on contact area.

2.2.2 Influence of piling-up on indentation data analysis

The pile-up phenomenon occurs when the deformed surface lifts up over the
undeformed level. This effect, together with the opposite one called sinking-in,
often appears in FE indentation models affecting the prediction of the contact
area with the Oliver-Pharr procedure even with an error of 50% (see Figure
2.12).
The presence of one or the other effect depends on the constitutive properties
of the indented surface and, according to Bolshakov and Pharr (1998), can be
predicted calculating the ratio between the residual indentation depth hr, which
is left after unloading, and the maximum depth reached at peak load hmax (see
Figure 2.4(a)). Note that the ratio hr/hmax, easily derived from the P−h curve,
doesn’t depend on the peak load and it is reasonable that 0 ≤ hr/hmax ≤ 1:
the lower limit corresponds to completely elastic deformation and the upper one
to a rigid plastic material. Pharr (1998) showed that the amount of pile-up in-
creases when approaching hr/hmax = 1 and in particular when hr/hmax ≥ 0.7
the presence of work-hardening in the σ − ε behavior of the material is a key
factor to reduce the undesired effect in case of conical indentation. The same
conclusion was reached for other indenter shapes (Alcalá et al., 2000).
In a recent study on bone, Fan et al. (2004) observed by AFM cross-sectional
images that piling-up doesn’t occur and verified that the use of strain-hardening
to Hill plasticity in a Finite Element Model successfully eliminated the effect.
More details on the use of FEM to simulate cortical bone tissue nanoindenta-
tions follow in the next Subsection.



48 Chapter 2. Instrumented Indentation of Cortical Bone

2.2.3 FEM of bone indentation

Several experimental studies involved nanoindentation of cortical bone, how-
ever the influence of different parameters on the mechanical properties evalu-
ated during the tests needs to be better understood. A deeper insight into the
mechanical problem of indentation of materials and tissues is gained through
the numerical simulation of the experiment by making use of Finite Element
Models (FEM), which permits the easy variation of one parameter at a time and
thus may help to distinguish the effects of different variables. In this context
some FEM of bone indentation tests have been created in the last few years and
can contribute to the understanding of the constitutive behavior of bone.
Several papers have been published on finite element simulations of the indenta-
tion tests investigated at various length scales, from Atomic Force Microscopy
indentations (Tai et al., 2007), up to micro and nanoindentations, among others
Fan et al. (2004), Tai et al. (2006), Zhang et al. (2008) and Mullins et al. (2009).
In a work by Fan et al. (2004), the behavior of cortical bone was modeled with
transverse isotropic elastic properties and anisotropic plasticity. The yield sur-
face was introduced extending the Von Mises criterion to the anisotropic case
using a Hill’s potential function, which requires the definition of yield ratiosRij
respect to a reference yield stress σ0 (e.g. the yield stress in a certain direction
σij is defined as Rij · σ0). Due to the lack of yield values in different direc-
tions, they assumed the Tabor theory: hardness is three times the yield stress. In
this model, both the direction dependent indentation moduli and hardness are
evaluated. Hardness results have been compared with experimental data in the
axial direction, while indentation moduli matched reasonably well the experi-
mental data in the axial and transverse directions. Strain hardening has been
added to the model in order to reduce the piling-up of the material, which is not
evidenced by experimental tests.
The previous work, employing elastic anisotropy and plastic pressure indepen-
dent anisotropy, did not account for tension/compression yield stress mismatch.
Actually, pressure dependence of yield surface was recognized to be impor-
tant in order to catch the nanogranular nature of the bone tissue. Indeed, bone
has been classified as an hydrated nanocomposite like concrete and shale (Ulm
et al., 2007), and the fact that its compressive yield stress is much higher that in
tension suggests pressure-dependent plasticity. Tai et al. (2006) modeled cor-
tical bone as a cohesive frictional material: in this work, that did not address
hardness of the tissue, a three-dimensional isotropic elastic-perfectly plastic
FEM using the Mohr-Coulomb criterion was adopted to simulate the direction
dependent indentation moduli with two different indenters, Berkovich and cube
corner. Two material properties were reduced from the experimental data: the
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interparticle cohesion c, which is the finite value of cohesive shear strength re-
quired to cause sliding when the normal stress is zero, and the internal friction
angle φ, which provides the failure envelope given by the relationship of the
linear slope between shear and normal stress. The predictions of the theoretical
fits were compared to nanoindentation force versus indentation depth data taken
on loading of adult bovine cortical bone perpendicular to the long bone axis for
both the Berkovich and Cube Corner geometries.
The aim of incorporating the tension/compression yield stress mismatch in cor-
tical bone pushed Mullins et al. (2009) to introduce a Drucker-Prager yield
model to accurately capture the post-yield behavior of bone accounting for
the frictional mechanisms which are central in its post-yield behavior. In their
work, the post-yield behavior of cortical bone was investigated using finite el-
ement modeling, nanoindentation and atomic force microscopy. Nanoindenta-
tion testing was performed using a spheroconical indenter tip, and subsequent
atomic force microscopy at the indented site shows that bone does not exhibit
surface pileup. By simulating the nanoindentation test, it is found that a Von
Mises based constitutive law could not simultaneously capture the deforma-
tions and load-displacement curve produced during nanoindentation. Instead,
the Drucker-Prager model, accounting for pressure dependent yield, was able
to catch the postyield behavior of bone accurately.
Zhang et al. (2008) analyzed the interactions occurring between instrumented
indentation creep tests parameters and average hardness and elastic modulus
obtained as a function of indentation testing conditions (maximum load, load-
ing/unloading rate, load-holding time and indenter shape). The results of the
nanoindentation experiments showed that material creep occurs during the load-
hold phase. In addition, permanent deformation of the bone is visible after un-
loading. Thus, a specific constitutive material model is required that includes
both visco-elastic and plastic behavior. To accomplish that, a four-parameter
constitutive model where cortical bone has been modeled as an isotropic, visco-
elastic-plastic material with an isotropic, pressure independent yield surface
was developed to simulate the indentation data. The parameters were then cor-
related with mechanical property measurements. Good agreement between the
experimental data and finite element model was obtained when simulating the
visco-elastic/plastic response of bone.
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3.1 Motivation

Anisotropy is one of the most characteristic aspects of cortical bone tissue me-
chanical behavior; however, since cortical bone is a hierarchically structured
material, its anisotropic mechanical behavior is a concept that should be treated
only with strict relationship to the length scale of investigation (Fratzl et al.,
2004; Fratzl and Weinkamer, 2007; Rho et al., 1998; Weiner and Wagner, 1998).
Chapter 1 contains an overview of the most important features of the mechan-
ical behavior of cortical bone tissue with respect to its hierarchical structure.
Lamellar bone anisotropy may arise from the inherent anisotropy of the min-
eralized collagen fibrils due to the crystallinity of hydroxyapatite crystals and
macromolecular intra- and intermolecular interactions, as well as to geometric
arrangements of the mineralized collagen fibrils (Fritsch and Hellmich, 2007;
Wagermaier et al., 2007). The plywood structure of the mineralized collagen
fibrils layers in secondary osteons determines the transformation of the material
bone from an orthotropic material, as in plexiform bone where the mineralized
collagen fibrils are oriented along the same direction, into a more transversely
isotropic one, where the isotropy plane is perpendicular to the osteonal axis di-
rection (Fratzl and Weinkamer, 2007; Wagermaier et al., 2006, 2007; Weiner
et al., 1997, 1999). In this light, cortical bone tissue exhibits a mechanical and
structural anisotropy, owed to both the mechanical anisotropy of its constituents
and to the pattern in which these constituents are arranged: thus, osteonal bone
results to be structurally designed to reduce the extent of mechanical anisotropy
of the tissue constituents, in order to fulfill a multi-purpose function. Indeed,
the tissue anisotropy is hypothesized to be critical to cortical bone macroscopic
biomechanical function, since the tissue is required to provide an adequate me-
chanical response both to physiological (largely compressive, elastic) and acci-
dental (bending, fracture) loadings (Fratzl and Weinkamer, 2007; Weiner et al.,
2000).
Due to the tissue hierarchical structure and to the characteristic length of each
hierarchical level, the anisotropy of lamellar bone in the osteonal structures is
expected to be length scale dependent and to undergo homogenization effects.
In this light, investigation of mechanical properties of lamellar bone should be
performed at multiple hierarchical levels.
As illustrated in Subsec. 2.2.1, instrumented indentation is a valid method to
measure mechanical properties of bone tissue at various structural levels (Eben-
stein and Pruitt, 2006; Lewis and Nyman, 2008; Rho et al., 1999a, 1997, 2002;
Wang et al., 2006). The determination of the elastic and inelastic properties of
bone from nano or micro indentation experimental tests should be performed
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by carefully considering at least two main factors: hierarchical arrangement
of constituents and anisotropy of the material response (Cowin, 2001; Currey,
2002; Weiner and Wagner, 1998). Indeed, indenting at different penetration
depth permits the evaluation of the mechanical properties of the tissue spanning
its structural features at multiple length scales; whereas, indentation along dif-
ferent directions may allow for anisotropic response of the tissue.
The numerical approach can be successfully used to investigate aspects of bone
tissue mechanics that analytical methods solve in approximate way or do not
cover (Subsec. 2.2.3). At the present time not all the above mentioned features
of experimental response of the tissue are correctly simulated by the most com-
mon finite element models. This aspect indicates that mechanisms of bone de-
formation (Gupta et al., 2006a,b, 2005) under indentation load are not fully un-
derstood, and relevant constitutive models are not yet fully established. While
previous works have provided significant new insights into bone indentation
behavior (Fan et al., 2004; Mullins et al., 2009; Tai et al., 2006; Zhang et al.,
2008), accurate predictions of direction-dependent indentation moduli (Rho
et al., 1999a; Swadener and Pharr, 2001), direction-dependent hardness (Rho
et al., 1999a), and negligible pile up (Fan et al., 2004; Mullins et al., 2009;
Rho et al., 1999a) simultaneously still remain a challenge. Therefore, it is of
particular interest to establish a relationship between the previously mentioned
aspects of bone tissue response during an indentation test and the constitutive
parameters ruling the inelastic behavior of the bone tissue.

3.2 Thesis postulate
In this work, experimental and computational approaches are employed to in-
vestigate the orientation and length-scale dependent mechanical properties at
the micro and nanostructural hierarchical levels in lamellar bone tissue.
The main objectives of the present thesis are:

1. to quantify the effect of characteristic length of mechanical probing on
the anisotropy of lamellar bone (length scale effect) and to determine the
critical length scale beyond which homogenization of mechanical prop-
erties is achieved;

2. to determine the elastic constants for a sub-layer of mineralized collagen
fibrils within an osteonal lamella;

3. to provide a rigorous scientific linkage between refined constitutive mod-
els representing the tissue’s fundamental material properties and the com-
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plex multiaxial stress field generated during an indentation test by devel-
oping an ad-hoc pressure-dependent and anisotropic post-yield material
model.

According to these objectives, the thesis organization is briefly explained here-
inafter.
Chapters 4 and 5 are aimed at pursuing objectives 1 and 2 of the present thesis.
Modulation of mechanical properties within individual osteons induced by hi-
erarchical arrangements of the structural components is investigated by means
of the nanoindentation experimental technique. A home built sample prepara-
tion stage is designed in order to test two orthogonal orientations on the same
osteon, namely along the axial (corresponding to the long bone axis as well as
osteonal axis) and transverse (normal to the osteonal axis) directions. Different
penetration depths are explored in order to achieve knowledge of the tissue me-
chanical properties at different length-scales. The smallest length scale probed
is comparable to the size of a couple of mineralized collagen fibrils; whereas,
the largest length scale sampled will seek for the mechanical properties of mul-
tiple groups of mineralized collagen fibrils arrays within an individual lamellae
in an osteon. Then, an analytical model valid for laminate composites which
considers the inherent anisotropy of the mineralized collagen fibrils is applied
to the indentation moduli obtained at the highest spatial resolution. This model
allows determining the elastic constants for a sub-layer of mineralized colla-
gen fibrils within an osteonal lamella on the basis of the spatial arrangements
of the fibrils. Finally, structural anisotropy of individual osteons is analyzed in
relation with the tissue biomechanical function, in particular the hypothesized
capability of the tissue to act as a protective mechanism which opposes cracks
propagation at the lamellar level.
Chapters 6 and 7 are aimed at pursuing objective 3 of the present thesis. A
finite element model is developed for numerical simulations of nanoindenta-
tion tests on lamellar bone tissue. The tissue inelastic behavior is modeled via
the classical elastic-plastic material behavior by defining a yield surface and a
flow rule for the material. The yield surface for anisotropic plasticity is ob-
tained through a suitable transformation of the pressure dependent, isotropic
Drucker-Prager surface by means of a stress transformation rule able to account
for material anisotropy directions. In particular, the tissue yield stress along the
axial and transverse directions as well as the parameters defining the flow of ir-
reversible strain (the flow rule) are investigated. Probe tip-tissue friction is also
recognized to have a relevant effect on the material pile-up during indentation
experiments on bone tissues; therefore, this parameter has also been investi-
gated. Direct comparison between the experimental and simulated indentation
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tests along the axial and transverse directions is performed in order to evalu-
ate the capability of the constitutive model to predict the loading-unloading in-
dentation curve, direction-dependent indentation moduli, direction-dependent
hardness, and negligible pile-up of the tissue.
Finally, in Chapter 8 a summary of the obtained results and an outlook on future
perspectives is presented.





Chapter 4

Experimental Procedures

The preparation of the lamellar bone tissue samples tested in this work is pre-
sented in Section 4.1.

The experimental characterization of the bone samples using Optical Mi-
croscopy (OM), Scanning Electron Microscopy (SEM), and Atomic Force Mi-
croscopy (AFM) is the subject of Section 4.2.

Section 4.3 illustrates the experimental testing protocol and the methods
adopted for the data analysis.
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4.1 Sample preparation

In order to keep the samples in as close to physiological conditions as possi-
ble, sample preparation involved no alcohol dehydration, freezing, embedding,
thermal drying, long-term storage in ambient conditions, or chemical fixation.
Fresh adult compact bone from between the tibial metaphysis and diaphysis was
obtained from a 30 months old cow.
The bone was sectioned down to approximately 5 mm cubic specimens using a
diamond-impregnated annular wafering saw (Isomet 5000, Buehler, Inc., Lake
Bluff, IL, USA) running at 400-600 rpm under constant water irrigation, taking
care that the first two cuts were performed approximately normal to the femoral
shaft and the second ones approximately parallel to it.
Each resulting cubic sample showed two opposite faces, where osteons were cut
approximately perpendicular to the Haversian canal axis, corresponding to the
upper and the lower face of the cube, respectively, and herein called A-sections;
whereas, in two other opposite faces of the cube, both normal to the previous
ones, osteons were sliced more or less parallel to the Haversian canal axis: these
are the lateral faces of the cube, and are called T-sections. The other two lateral
faces, i.e. the external and the internal, are not used in this work.
The samples were then polished down in 1-2 minute intervals (without embed-
ding) starting with one of the A-sections. A metallographic polishing wheel
(Buehler, at ≈100 rpm) and adhesive papers with successively smaller (9, 3, 1
µm) Al2O3 particle grit sizes and again with 50 nm silica nanoparticles embed-
ded in a soft polishing cloth pad (South Bay Technologies Inc., San Clemente,
CA, USA) were employed. Samples were rinsed copiously with deionized (DI)
water as lubricant followed by ultrasonication in DI water between polishing
intervals in order to remove debris.
After this first step, the A-sections were inspected under an optical microscope
to measure the exact amount of material that needs to be removed from the
T-sections in order to obtain any osteons sliced along their axis, as to expose
the osteons’ Haversian canal. With the same procedure as before, the desired
amount of material was removed from the T-sections.
Bone samples were kept wet during preparation and tested soon after.
A total of five approximately cubic blocks of cortical bone were extracted and
prepared with the protocol described above. The approximate thickness of the
final samples used for nanoindentation testing is around 5 mm. All the speci-
mens underwent the same treatments and were processed during the same day.
Following Rho et al. (2001a), Franzoso (2008) and Franzoso and Zysset (2009),
because most osteons run roughly parallel to the bone long axis, extracting cubic
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(a) (b)

Figure 4.1: Optical microscopy image of bovine cortical bone tissue osteonal microstructures after
polishing (a) in the axial direction with respect to the bone long axis (A-section, perpendicular to the
long axis of bone) and (b) in the transverse direction with respect to the bone long axis (T-section,
parallel to the long axis of bone). The surfaces are orthogonal. Magnification is 200x.

specimens as described guarantees with a good approximation the possibility to
perform nanoindentations both in the axial and in the circumferential direction
of single osteons.
Further details on the structural characterization protocols by X-Ray Diffrac-
tion (XRD), Back-Scattered Electron Microscopy (BSEM) imaging to quantify
mineral content, and Raman spectroscopy to measure the chemical composi-
tion and mineral-to-organic ratio performed on the same type of bone samples
as studied in this work were provided previously (Tai, 2007; Tai et al., 2007,
2005, 2006).

4.2 Sample imaging

After polishing, the relevant structural features for the adult bovine tibial cor-
tical bone samples used in this research were characterized experimentally via
Optical Microscopy (OM), Scanning Electron Microscopy (SEM), and Atomic
Force Microscopy (AFM).
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Figure 4.2: Scanning Electron Microscopy (SEM) imaging of a single osteon on a face perpendic-
ular to the long bone axis.

4.2.1 Optical Microscopy

Optical Microscopy images were taken with a Nikon Eclipse L150 (Nikon Co.,
Chiyoda-ku, Tokyo, Japan) at 25, 100, 200, and 500 magnifications.
OM pictures of a bone sample in two orthogonal orientations with respect to the
osteonal axis at 200 magnifications are shown in Figure 4.1.
The tissue microstructure composed of secondary osteons, which are multi-
layered hollow cylindrical structures composed of mineralized collagen fibrils
and fibers (bundles or arrays of mineralized collagen fibrils aligned along the
same direction) circumferentially arranged in lamellae, is evident both the A
and T-sections. The alternate orientations of the lamella sub-layers are seen as
alternately bright and dark.

4.2.2 Scanning Electron Microscopy

For Scanning Electron Imaging, polished samples were fixed on a steel support
using conductive tape and then sputter-coated with 10 nm of Au-Pd in a Denton
Vacuum Desk II.
SEM imaging was performed using a JEOL SEM 6320FV (Peabody, MA) at 3
kV accelerating voltage and 5-7 mm working distance to assess the morphol-
ogy of the bone samples, with particular reference to the microstructure of the
circumferentially arranged lamellae. The sample plane was oriented perpendic-
ular to the electron beam incidence.
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Figure 4.3: Atomic Force Microscope (AFM) imaging of the A-section of a bone sample after
polishing.

Figure 4.2 shows an example of SEM image of a single osteon on the face per-
pendicular to the long bone axis (A-section).
Imaging enabled the quantification the average osteonal diameter as ≈200 µm;
the average thickness of the individual circumferential lamellae obtained in
multiple locations on three different osteons was measured as 5.01 ± 0.10 µm.

4.2.3 Atomic Force Microscopy

The a.c. intermittent contact-mode Atomic Force Microscope imaging at ambi-
ent temperature and humidity was employed with a 3D molecular force probe
(AFM, MFP-3D, Asylum Research, Inc., Santa Barbara, CA, USA) on lamellar
bone samples using a silicon etched OMCL-AC160TS (Olympus Co., Shinjuku-
ku, Tokyo, Japan) rectangular cantilever with a tetrahedral probe tip geometry
(nominal spring constant k ≈56.2 Nm−1 and nominal probe tip end radius≈10
nm). A scan rate of 2 Hz and a maximum sampling size of 512×512 pixels
were employed.
Figure 4.3 shows an AFM image of a section perpendicular to the long axis of
bone after polishing.
Imaging was performed to image nanoscale surface topography and assess the
RMS surface roughness achieved with the polishing procedure. Calculated on
a 2×2 µm area in different locations on the three osteonal structures examined
before, the surface roughness was lower than 4.67 ± 5.97 nm.
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Figure 4.4: Home built sample preparation stage designed in order to test two orthogonal orien-
tations on the same osteon. A cubic, approximately 5×5×5 mm bone specimen is glued into its
groove.

4.3 Nanoindentation tests and data analysis
The polished bone samples were attached using a cyanoacrylate glue (Loctite
495) into the groove of a home-built sample holder (Figure 4.4). During this
procedure, care was taken that the upper A-section and the T-section where
the osteons’ Haversian canal are exposed are positioned as illustrated in Figure
4.5(a), in order to preserve the original orientation of the specimens with respect
to the long bone axis.
The holder has been designed as to allow for mechanical testing of the same os-
teonal structure in multiple directions with respect to the Haversian canal axis,
namely along the axial direction (tests on the A-section) and transverse one
(tests on the T-section). The holder consists of a stainless steel base, with di-
mensions of 25.4×25.4×8.0 mm, and in a machined stainless steel cubic block
with an 8 mm side that can be screwed to the base with three different orienta-
tions:

1. with the A-sections parallel to the plate;

2. with the T-sections parallel to the plate;

3. with the lateral faces parallel to the plate (this last position was not used
in this study).
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(a) (b)

Figure 4.5: (a) Sketch of the indentation test axial (A) and transverse (T) directions with respect
to the tissue microstructure represented in Figure 4.1. An A-section and a T-section of a bone cube
are shown: individual osteons with the sliced Haversian canals are the ones where nanoindentation
testing was performed. (b) Picture taken during an indentation test.

The groove, in which the specimens are glued, has a cubic shape with dimen-
sions 3×3×3 mm. Therefore, 2 mm of each exposed face protrude from the
holder.
All instrumented indentation experiments in this study were conducted in the
osteonal region of the adult bovine cortical bone. A Triboindenter (Hysitron,
Inc., Minneapolis, MN, USA) was employed in ambient conditions (approxi-
mately 20◦C and 50% relative humidity) with a Berkovich (trigonal pyramid)
diamond probe tip (end radius ≈300 nm) to carry out experiments with pro-
gressively larger maximum contact diameters. The instrument is housed in a
granite frame environmental isolation chamber so as to minimize instabilities
due to the ambient background noise, with active piezoelectric vibration con-
trol stages, and a thermal drift calibration step.
The tip area function was calibrated on a Fused Silica reference sample by per-
forming 100 indentations between 100 to 10000 µN maximum forces, obtaining
a reduced modulus (E∗FS = 69.59 ± 0.95 GPa) constant over the whole range.
The frame compliance has been evaluated with a similar protocol.
The piezoelectric transducer was allowed equilibrating for 660 s (the last 60 s
with digital feedback) prior to each indent. The drift rate of the transducer was
automatically monitored by the software before indentation was initiated. A 3
seconds hold at zero force in which the probe tip is barely kept in contact with
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Figure 4.6: Scanning Electron Microscopy (SEM) image of the A-section of one of the three osteon
tested in the experimental set n◦1. The position, maximum depth, spacing between indents, number
of indents per row and number of rows are shown with reference to the osteonal microstructure.

the sample allows for tip-sample equilibration.
Two sets of experiments have been carried out:

• Set n◦1: displacement-controlled instrumented indentation experiments
with progressively larger maximum contact diameters were performed
along arrays going radially out from the Haversian canal edge to the os-
teonal external boundaries.
Four different penetration depths have been explored in order to achieve
knowledge of the tissue mechanical properties at different length-scales:
50, 100, 200, and 300 nm, corresponding to average contact diameters
at the maximum load obtained using the calibrated tip area function be-
ing ≈0.4, ≈0.7, ≈1.3, and ≈2.0 µm, respectively. In particular, 41×3
indentations with a 0.5 µm spacing were performed at 50 nm maximum
depth; 31×3 indentations with a 1 µm spacing were performed at 100 nm
maximum depth; 21×3 indentations with a 2 µm and 3 µm spacing were
performed at 200 and 300 nm maximum depth, respectively: Figure 4.6
shows a SEM image with the position, maximum depth, spacing between
indents, and number of indents per row with reference to the osteonal
microstructure. Loading/unloading rates varied in accordance with the
maximum depth. The inter-indent spacing was sufficiently large for min-
imal interference with a neighboring residual inelastically deformed zone
as well as residual stresses.
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(a)

(b)

Figure 4.7: Average loading-unloading indentation curves in the axial (a) and transverse (b) direc-
tions at the four tested maximum depths in the experimental set n◦1.

This experimental procedure has been employed on three osteons in both
the axial and the transverse directions, i.e. on the A and T-sections, re-
spectively. A total of around 2000 indentations were carried out for this
set of experiments.
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(a) (b)

Figure 4.8: Optical microscopy images of bovine cortical bone: (a) A-section (cut perpendicularly
to the long axis of bone) (b) T-section (cut parallel to the long axis of bone). Indentation mea-
surements in the experimental set n◦2 were conducted within the osteonal regions schematically
indicated by the white boxes.

Force versus penetration depth curves from multiple experiments per-
formed at the same maximum depth and from the different sample lo-
cations investigated with the radial path were averaged and illustrated in
Figure 4.7. Standard deviations are calculated at 70% of the maximum
load during the loading curve and at 90% of the maximum load during
the unloading curve.

• Set n◦2: displacement-controlled instrumented indentation experiments
with progressively larger maximum contact diameters were conducted in
the osteonal region depicted in Figure 4.8.
Six different penetration depths have been explored: 50, 100, 200, 300,
450, and 600 nm, corresponding to average contact diameters at the max-
imum load obtained using the calibrated tip area function being ≈0.4,
≈0.7, ≈1.3, ≈2.0 µm, ≈2.8 µm, and ≈3.7 µm respectively. A total of
6 square, 6×6 indentation grids were carried out on a single osteon in
both the axial and the transverse directions, i.e. on the A and T-sections,
respectively. The inter-indent spacing was set to 10 times the maximum
penetration depth as in the previous experimental set. A total of around
450 indentations were carried out.
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(a)

(b)

Figure 4.9: Average loading-unloading indentation curves in the axial (a) and transverse (b) direc-
tions at the four tested maximum depths in the experimental set n◦1.

Force versus penetration depth curves from multiple experiments per-
formed at the same maximum depth were averaged and shown in Figure
4.9. Standard deviations are calculated as previously stated.
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For both the experimental sets, the Oliver-Pharr method (Oliver and Pharr,
1992), see Subsec. 2.1.2, was applied in order to extract bone tissue reduced
modulus E∗ and hardness H from the unloading portion of each force-depth
curve so as to evaluate lamellar bone elastic as well as inelastic mechanical be-
havior, respectively. An unloading segment range between 95% and 40% of
maximum force was chosen for data fitting. A Poisson’s ratio νdiamond = 0.07
and an elastic modulus Ediamond = 1141 GPa were successively adopted as the
diamond tip elastic parameters to calculate the indentation modulus M at each
indentation point.
Experimental set n◦1 results will be employed for the analysis of the orienta-
tion and length-scale dependent mechanical properties between the micro and
nanostructural hierarchical levels (see Chapter 5); whereas, experimental set
n◦2 results will be employed for the comparison between experimental and nu-
merically simulated indentation tests, which is the subject of Chapter 7.



Chapter 5

Results of Experimental Tests

Section 5.1 reports the orientation and length-scale dependent modulation of
mechanical properties in lamellar bone, where a characteristic length scale
due to the periodicity of the osteonal lamellae has been identified.

A methodology to identify the elastic constants for a sub-layer of mineral-
ized collagen fibrils within an osteonal lamella from the indentation moduli,
based on the application of an analytical model which considers the inherent
anisotropy of the mineralized collagen fibrils as well as their spatial arrange-
ment, is presented in Section 5.2.

Section 5.3 contains a discussion of the obtained results.



70 Chapter 5. Results of Experimental Tests

5.1 Mechanical modulation at the lamellar level

5.1.1 Indentation modulus profiles across the osteon
In this Section, results obtained with set n◦1 of instrumented indentation exper-
iments are presented.
In this experimental set, the smallest length scale probed (50 nm maximum
depth, ≈400 nm contact diameter) is comparable to the size of a couple of
mineralized collagen fibrils; whereas, the largest length scale sampled (300 nm
maximum depth,≈2.0 µm contact diameter) will seek for the mechanical prop-
erties of multiple groups of mineralized collagen fibrils arrays within an indi-
vidual lamellae in an osteon.
The indentation modulus M plots along the radial paths represented in Figure
4.6 have been reported in Figure 5.1 and Figure 5.2, where the results obtained
at the four different penetration depths indenting along the axial and transverse
directions are depicted.
The indentation modulus M shows a periodic alternating trend of stiffer layers
with less stiff layers with spatial distance across the osteon. The oscillatory
function (Gupta et al., 2006a):

M (x) =
∆M

2
· sin

(
2πx
w

+ c

)
+M0 (5.1)

was chosen to fit the stiffness modulation along the indentation paths. In Equa-
tion (5.1), x represents the radial position across the osteon, x = 0 being the
Haversian canal edge; w is the mean value of the experimentally observed
lamellar width (5.013 µm); ∆M represents the oscillatory function amplitude;
M0 is the function mean value, equal to the indentation modulus mean value
obtained experimentally. The correlation coefficients R2 for fits of the experi-
mental data to Equation (5.1) ranges between 0.66 and 0.16. Higher correla-
tions were found for data taken at the lower depths (50 nm) while lower values
corresponded to indentations carried out at 300 nm depths in both directions.
In a previous work, Gupta et al. (2006a) performed the scanning indentation
technique on secondary osteons from the human femoral midshaft, in the axial
direction only, finding that the indentation modulus shows a periodic variation
within a single lamella with an indentation modulus mean value M0 = 25.5 ±
0.16 GPa and an amplitude of the modulation ∆M = 3.27 ± 0.44 GPa, calcu-
lated by applying Equation (5.1). Experiments were performed along the long
bone axis direction in force control at a maximum load of 500 µN, correspond-
ing to an average maximum indentation depth of 137.0 ± 13.1 nm. Thus, if
we compare these results with the ones obtained in this study, we find that in
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(a) (b)

(c) (d)

Figure 5.1: Osteonal stiffness trends at (a) 50, (b) 100, (c) 200 and (d) 300 nm maximum depth
for indentations in the axial direction (A-section). Each data point represents the mean value and
standard deviation for a total of 9 different measurements. Fitting with the oscillatory function in
Equation (5.1) is also shown.

the work by Gupta et al. (2006a) the amplitude of the modulation as well as
the mean value of the indentation modulus are higher than in the present work,
in which at 140 nm maximum depth the amplitude is ≈1.7 GPa and the mean
value≈22 GPa, in the axial direction. The discrepancy in the mean value can be
accounted for considering the different type of bone tested (femoral human vs.
femoral bovine) and sample preparation. The higher modulation, instead, could
be an effect of performing the tests in force instead of displacement control:
indeed, prescribing the maximum force instead of the maximum depth, no ac-
curate control of the contact area can be achieved. Where the material is stiffer
(thick layer) the contact area is smaller and the stiffness is overestimated, while
where the material is less stiff (thin layer) the larger contact area further under-
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(a) (b)

(c) (d)

Figure 5.2: Osteonal stiffness trends at (a) 50, (b) 100, (c) 200 and (d) 300 nm maximum depth for
indentations in the transverse direction (T-section). Each data point represents the mean value and
standard deviation for a total of 9 different measurements. Fitting with the oscillatory function in
Equation (5.1) is also shown.

estimates the stiffness. In the present work, this drawback has been overcome
by performing displacement-controlled tests: the maximum depth experimen-
tally obtained during the tests were 49.98 ± 0.26 nm, 99.68 ± 0.39 nm, 199.4
± 0.55 nm and 299.0 ± 1.16 nm.
Figure 5.1 and Figure 5.2 show that the mean values of M0, as well as the am-
plitude of the modulation, depend on maximum depth and orientation of the
indentation tests. Modulation of mechanical properties is amplified at the lower
maximum depths, where the spatial resolution is higher, and in the transverse
direction; at 300 nm maximum depth, instead, the mechanical modulation al-
most disappears.
With this experimental procedure, a characteristic length scale due to the peri-
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(a)

(b)

Figure 5.3: Indentation modulus mean value (a) and amplitude (b) trends with respect to indenta-
tion depth in the axial (A-section) and transverse (T-section) directions. Standard deviations refer
to the three different osteons tested.

odicity of the osteonal lamellae has been identified.

5.1.2 Length-scale and homogenization effects

In Figure 5.3, the indentation stiffness mean values M0 and amplitudes ∆M
in both the axial and transverse directions as a function of maximum depth



74 Chapter 5. Results of Experimental Tests

Maximum depth [nm] Testing direction M0 [GPa] ∆M [GPa]
50 Axial 26.19 ± 0.49 2.48 ± 0.33

Transverse 23.56 ± 0.42 5.53 ± 0.29
100 Axial 22.52 ± 0.49 1.88 ± 0.22

Transverse 21.01 ± 0.32 2.52 ± 0.24
200 Axial 20.44 ± 0.57 0.94 ± 0.25

Transverse 15.26 ± 0.20 1.52 ± 0.04
300 Axial 19.72 ± 0.54 0.32 ± 0.10

Transverse 15.40 ± 0.21 0.53 ± 0.19

Table 5.1: Indentation stiffness mean values (M0) and amplitudes (∆M ) in the two testing direc-
tions at the four different maximum depths. Standard deviations are reported too.

of indentation estimated from fits to Equation (5.1) are depicted. These mean
values show the tissue to be stiffer when loaded in the axial direction (between
7% and 33% depending on the maximum depth). Simultaneously, the spatial
modulation of the mechanical properties is higher in the transverse one (i.e.
higher ∆M have been found). Table 5.1 reports the indentation stiffness mean
values and amplitudes with the corresponding standard deviations.
A decrease in the indentation moduli mean values as a function of increasing
the indentation depth is observed between 50 and 200 nm maximum depths
(Figure 5.3(a)). This decay is more pronounced in the transverse than in the
axial direction, while smaller difference is noticeable between 200 and 300 nm.
The amplitude of the stiffness modulation (Figure 5.3(b)) decreases with the
indentation depth, as well. The amplitude along transverse direction is about
two times higher than that along axial direction at 50 nm depth, while the two
trends are similar beyond 100 nm depth: indeed, at high indentation depths, the
amplitude values in both directions decrease and their gap becomes negligible.
The investigation across multiple length scales enabled identifying a decrease
in the values of indentation moduli with the penetration depth which indicate a
possible length scale effect of the cortical bone tissue. At the same time, small
values of amplitude ∆M indicate that the indentation experiment is involving
a sufficient amount of tissue volume such that homogenized material properties
are sensed by the indentation probe. Asymptotic value of the mean indentation
modulus M0 and decay to a negligible value of the amplitude of the oscillatory
function ∆M have been found at approximately the same length scale (between
200 and 300 nm). This suggest that the homogenization process is achieved at a
length scale of approximately 300 nm depth, corresponding to a≈2 µm contact
diameter between the tissue and the indenter.
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(a) (b)

Figure 5.4: (a) Microcracks propagating from osteonal bone propagate freely to the sensitive inner
Haversian canal in the case of homogeneous material stiffness in the osteon. (b) The lamellar
structure and associated mechanical modulation results in microcracks being trapped in the thick
lamellae (for the given loading mode). External applied stress direction is given by arrows (Gupta
et al., 2006a).

5.1.3 Hypothesis on biomechanical function

In Subsec. 5.1.2 we have already noticed how cortical bone is stiffer in the
axial direction with higher spatial modulation of the mechanical properties in
the transverse direction. Basic structure-function considerations can help in the
interpretation of the presented results.
It is well known that cortical bone tissue is subjected to physiological compres-
sive loading as well as to accidental loadings acting along the axial direction,
corresponding to the long bone axis direction. The higher stiffness values in
this direction compared to the transverse one, as well as its reduced decay with
length scale due to the lamellar structure of osteons, are both beneficial for
containment of physiological deformations within the elastic regime and for
preventing fractures.
The modulation of mechanical properties at the lamellar level, where thin layers
of lower stiffness alternate with wider layers of higher stiffness (Figure 2.11),
provides advantages too. Mechanically, such a modulated structure has the ca-
pability to oppose the crack’s propagation since the microcracks remain trapped
within the lamellae (Gupta et al., 2006a; Gupta and Zioupos, 2008), as schemat-
ically represented in Figure 5.4. Indeed, modulations in stiffness and yield
strength have been already shown to be effective crack stopping mechanisms in
artificial multilayered composites (Kolednik, 2000; Simha et al., 2003; Suresh
et al., 1993).
In the transverse direction (normal to long bone axis) the tissue is less stiff than
in the axial one, while the modulation of the mechanical properties is more
pronounced. In this light, the mechanical modulation acts as a protective mech-
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Figure 5.5: Schematic illustration of the organization of the collagen fibrils (cylinders) and the
plate-shaped crystals within the fibrils in a lamella unit of bone. Not drawn to scale. Note the
plywood motif, as well as the rotations of the fibrils and their associated crystals around their axes.
The actual thicknesses of the five sub-layers have not been depicted. The indentation direction with
respect to the long bone axis is represented, as well as the fibrils inner reference system.

anism that seems to be amplified in the transverse direction, where accidental
loads occur.

5.2 Elastic parameters for a sub-layer within an
osteonal lamella

5.2.1 Analytical model of mineralized collagen fibrils

An analytical model (Currey, 1969; Hofmann et al., 2006; Reilly and Burstein,
1975; Seto et al., 2008) which considers the inherent anisotropy of the mineral-
ized collagen fibrils is here introduced in order to determine the elastic constants
for a sub-layer of mineralized collagen fibrils within an osteonal lamella on the
basis of the spatial arrangements of the fibrils.
For sake of simplicity, transverse isotropy is assumed for the mineralized colla-
gen fibrils array. Assuming that the mineralized collagen fibrils are at an angle
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θ with respect to the indentation direction, the orientation dependent uniaxial
Young’s modulus E is as follows:

E (θ) =
[
cos4(θ)
EL

+
sin4(θ)
EP

+
(

1
GLP

− 2
νLP
EL

)
cos2(θ)sin2(θ)

]−1

(5.2)
in which EL is the uniaxial Young’s modulus in the longitudinal direction with
respect to the mineralized collagen fibrils long axis direction; EP is the uniax-
ial Young’s modulus perpendicular to the mineralized collagen fibrils long axis;
GLP is the shear modulus and νLP the Poisson’s ratio.
The periodic modulation of the stiffness within a single lamella represented
in Figure 5.1 and Figure 5.2, particularly evident at lower indentation depths,
arises from its lamellar structure, since the alternating of higher and lower stiff-
ness values corresponds to the mechanical properties of the alternate thick lay-
ers (i.e. where fibrils are roughly oriented along the long bone axis direction)
and thin layers (i.e. where fibrils are roughly oriented normal to the long bone
axis direction). Indeed, indentation along the long bone axis direction (axial)
resulted in maximum values of the indentation modulus obtained in correspon-
dence to the thick layer, while the minimum values corresponded to the thin
layer. Indentation in the transverse direction, instead, showed the opposite
trend, with the maximum stiffness values corresponding to the thin layer and
the minimum to the thick ones.
This suggests that the stiffness trends can be related to the actual orientation
of the mineralized collagen fibrils within the osteonal lamellae in the two di-
rections. Indeed, these observations agree with the rotated plywood model in-
troduced by Weiner et al. (1991) and depicted in Figure 5.5. The azimuthal
rotation of the fibrils generates mechanical properties depending on the crystal
orientations besides the fibrils axis orientation: thus, the difference in the crys-
tal orientation in thin and thick layers reflects on their mechanical properties
perpendicular to the fibrils axis.
Following this evidence, the analytical model in Equation (5.2) has been em-
ployed to fit the stiffness modulation at the higher spatial resolution (lower in-
dentation depth, 50 nm). Indeed, varying the indentation site from the Haver-
sian canal edge to the osteonal external boundary implies that the angle be-
tween the indentation direction and the mineralized collagen fibrils direction
was continuously changing due to the spiral twisting variation of the miner-
alized collagen fibrils within a single lamella. Therefore θ, which represents
the angle between the mineralized collagen fibrils and the indentation direction,
continuously changes along the radial indentation path. In this analytical model,
longitudinal refers to the direction of the mineralized collagen fibrils long axis
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within a lamella while perpendicular means normal to it.

5.2.2 Application to indentation tests at higher spatial reso-
lution

In order to apply Equation (5.2), the uniaxial Young’s modulus E as a function
of the angle θ has to be calculated from the experimental indentation moduli.
This operation has been carried out by applying the explicit approximations of
the indentation modulus of elastically transversely isotropic solids introduced
by Delafargue and Ulm (2004) and presented in Subsec. 2.1.4.
This model, which explicitly relates the indentation moduli in the principal
materials direction to the bone tissue stiffness tensor coefficients, is employed
to get the uniaxial Young’s moduli for a transversely isotropic material model
from the corresponding indentation moduliM represented in Figures 5.1(a) and
5.2(a). This procedure should ideally be adopted at each indentation location;
however, since the Delafargue-Ulm approach is valid in the principal material
symmetry directions, the procedure has been applied only at locations where
indentation directions were parallel and perpendicular to the mineralized colla-
gen fibrils long axis. This is accomplished by employing the Delafargue-Ulm
model at the maximum and minimum points of the indentation modulus vs. lo-
cations functions.
Therefore, in 9 different points x̄ at radial distances from the Haversian canal of
0, 2.5, 5, 7.5, 10, 12.5, 15, 17.5 and 20 µm (Figure 5.6), corresponding roughly
to the peaks and valleys of the stiffness modulation, the elastic moduli ĒL(x̄)
and ĒP (x̄) for a transversely isotropic solid are calculated. In order to simul-
taneously solve Equations 2.41 and 2.54 for ĒL and ĒP , the three remaining
material constants ν̄PP , ν̄PL and ḠPL are set to:

ν̄PP = 0.358; ν̄PL = 0.242; ḠPL =
ĒL + ĒP

2
· 1

2 · (1 + ν̄P L+ν̄LP

2 )
.

(5.3)
ν̄PP and ν̄PL are average values taken from the literature (Yoon and Cowin
(2008), see Table 5.3) and refer to the mechanical properties of a single lami-
nate in an osteonal lamella.
The analytical model has been independently applied to the experiments per-
formed along the indentation path in the axial (Figure 5.6(a)) and transverse
(Figure 5.6(a)) directions.
Fitting with Equation (5.2) the observed dependence of Ē on x̄ and therefore on
θ, the elastic parameters EL, EP and GLP can be extracted for the two experi-
mental trends, thus allowing the prediction of the stiffness at any arbitrary angle
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(a) (b)

Figure 5.6: Elastic moduli trends at 50 nm maximum depth in the axial (a) and transverse (b) direc-
tions. Each data point represents the value Ē obtained by applying the Delafargue-Ulm approach
at the peaks and correspondent valley of the indentation moduli trends in Figures 5.1(a) and 5.2(a).
Fitting with the analytical model in Equation (5.2) is also shown.

Testing direction EL [GPa] EP [GPa] GLP [GPa] νLP [-]
Axial 27.70 ± 1.26 22.60 ± 1.12 9.26 ± 0.29 0.301

Transverse 26.17 ± 2.02 17.98 ± 2.16 8.16 ± 0.59 0.330

Table 5.2: Results of the composite rule of mixtures fitting applied to the indentation results at
50 nm maximum depth. Italics fonts indicate parameters that were assumed for the fitting. The
correlation coefficients R2 and the root mean square error RMSE of E(θ) are provided in the text.

with respect to the fibril axis. In both cases, the Poisson’s ratio νLP has been set
to the corresponding literature values valid for a single laminate in an osteonal
lamella found by Yoon and Cowin (2008), where 0.301 and 0.330 corresponds
to ν32 and ν31 in Table 5.3, respectively. The periodicity of the modulation has
been preliminarily set to the experimentally observed lamellar width (≈5 µm).
Results of the fitting are showed in Table 5.2. The correlation coefficients R2

for fits of the experimental trends to Equation (5.2) in the axial and transverse
directions are 0.88 and 0.86, respectively; the root mean square error RMSE are
1.06 (axial direction) and 1.77 (transverse direction).
The 5.67% discrepancy between the Young’s moduli EL obtained in the two
data sets (calculated as 2·

∣∣EAXIALL − ETRANSV.L

∣∣ /(EAXIALL +ETRANSV.L )),
corresponding to the mechanical properties of the mineralized collagen fibrils
arrays along their axis in a thick and thin layer, indicates that roughly simi-
lar mechanical properties are obtained when indenting a mineralized collagen
fibril along its long axis, regardless the global indentation direction (axial or
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transverse with respect to long bone axis), i.e. the fact that they belong to
the thick or thin layers. Differently from EL, the parameter EP exhibited a
higher mismatch between the value indentified from axial and the transverse
indentation tests: the 23% discrepancy in the obtained values of EP (calculated
as 2 ·

∣∣EAXIALP − ETRANSV.P

∣∣ /(EAXIALP + ETRANSV.P )) indicates that the
mineralized collagen fibrils belonging to the thin and the thick layers exhibit
different behavior when probed in direction perpendicular to their long axis. It
can be speculated that the mineral platelets, which both lie within the fibrils and
surround them, have a intrinsic orientation that could play a role in determining
the mechanical properties normal to the fibrils long axis.
These arguments are consistent with the plywood model (Figure 5.5). In this
model, the mineralized collagen fibrils that make up one sub-layer of the lamel-
lar unit are rotated both with respect to the lamellar boundary as well as around
their own axis. Therefore, the azimuthal rotation of the fibrils generates me-
chanical properties depending on the apatite crystals, which are known to be
orthotropic.
Actually, considering the azimuthal rotation of the fibrils, the experimental tests
allowed identifying the material properties along three orthogonal directions
with respect to the fibrils inner reference system; thus, a set of elastic parameters
for a mineralized collagen fibrils array can be inferred from the previous fitting
(Table 5.3). In fact, the 23% discrepancy in the stiffness calculated orthogonally
to the mineralized collagen fibrils long axis between the axial (22.60 GPa) and
transverse (17.98 GPa) experimental trends evidenced in Table 5.3 suggests to
adopt an orthotropic model for a mineralized collagen fibrils sub-layer within
an osteonal lamella. This hypothesis is further supported by the similar stiffness
values (27.70 vs. 26.17 GPa) obtained indenting along the mineralized collagen
fibrils long axis.
In the proposed set of elastic parameters, the uniaxial Young’s modulus EL
corresponds to the mean value of the Young’s moduli evaluated along the fibrils
long axis in thin and thick layers (Table 5.2) ; instead, uniaxial Young’s mod-
uli EP1 and EP2, as well as the shear stresses GP1L and GP2L, are directly
obtained from the previous fitting with a transversely isotropic material model.
To complete the stiffness tensor, the shear stress and the Poisson’s ratio in the
P1 −P2 plane have been taken from literature (Yoon and Cowin, 2008).
The obtained set of elastic parameters can be directly compared with the ones
obtained by Yoon and Cowin (2008) for a single laminate in an osteonal lamella
using a micromechanical approach. The relationship EL > EP2 > EP1 and
νP2P1 > νP2L > νP1L are maintained, as well as GP2L > GP1L. Detailed
comparison of the results is presented in Table 5.3.
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EP1 EP2 EL GP1P2 GP1L GP2L

[GPa] [GPa] [GPa] [GPa] [GPa] [GPa]
17.98 22.60 26.94 7.2 8.16 9.26

Present work ——- ——- ——- ——- ——- ——-
νP1P2 νP1L νP2P1 νP2L νLP1 νLP2

[-] [-] [-] [-] [-] [-]
0.334 0.220 0.420 0.253 0.330 0.301
EP1 EP2 EL GP1P2 GP1L GP2L

[GPa] [GPa] [GPa] [GPa] [GPa] [GPa]
16.4 18.7 22.8 7.2 7.1 8.4

Yoon and Cowin (2008) ——- ——- ——- ——- ——- ——-
νP1P2 νP1L νP2P1 νP2L νLP1 νLP2

[-] [-] [-] [-] [-] [-]
0.334 0.237 0.381 0.247 0.330 0.301

Table 5.3: Set of elastic parameters for a sub-layer of mineralized collagen fibrils within an osteonal
lamella in the present work and obtained by Yoon and Cowin (2008) for a single laminate in an
osteonal lamella. Italics fonts indicate parameters that were assumed for fitting.

5.2.3 Validation with the Swadener-Pharr method

In order to independently assess the validity of the proposed procedure to in-
dividuate the set of elastic parameters for a sub-layer of mineralized collagen
fibrils within an osteonal lamella, the Swadener-Pharr method (Swadener and
Pharr, 2001) has been employed.
This method, as explained in Subsec. 2.1.3, permits the computation of the in-
dentation modulus M in all the directions of the space when the material stiff-
ness tensor C is known. The purpose is to compare the computed results with
the indentation moduli M plots experimentally obtained along the radial paths
at 50 nm maximum depth (Figures 5.1(a) and 5.2(a)). The procedure is car-
ried out considering both the transversely isotropic material models obtained
by independently fitting the experimental trends in the two indentation direc-
tions (data reported in Table 5.2) and the orthotropic model for the mineralized
collagen fibrils array (Table 5.3). The indentation moduli are computed using a
5◦ step, corresponding to a spacing of ≈140 nm in the radial paths.
Comparison between the experimental and computed trends of indentation mod-
uli are shown in Figure 5.7 for the transversely isotropic elastic behavior and
Figure 5.8 for the orthotropic elastic behavior. Both material models agree rea-
sonably well with the experimental values.
Results from the application of the Swadener-Pharr method are also presented
in Tables 5.4 and 5.5, where the experimental maximum and minimum values
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(a)

(b)

Figure 5.7: Comparison between the indentation moduli trends obtained experimentally (bars) and
the ones computed with the Swadener-Pharr method (dots) with a≈140 nm spacing in the axial (a)
and transverse (b) directions. The material model is transversely isotropic. The input parameters
are reported in Table 5.2.

at 50 nm maximum depth, calculated as the peaks and valleys of the oscillatory
function best fitting the data (see Equation (5.1) and Table 5.1), are compared
to the computed maximum and minimum of the oscillatory trends (green dotted
lines in Figures 5.7 and 5.8).
The percentage discrepancies between the experimental and the computed in-
dentation values, defined as emax = |Mcomp−max −Mexp−max| /Mexp−max
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(a)

(b)

Figure 5.8: Comparison between the indentation moduli trends obtained experimentally (bars) and
the ones computed with the Swadener-Pharr method (dots) with a≈140 nm spacing in the axial (a)
and transverse (b) directions. The material model is orthotropic. The input parameters are reported
in Table 5.3.

and emin = |Mcomp−min −Mexp−min| /Mexp−min, are lower than 4% for the
transversely isotropic elastic behavior and below 3% for the orthotropic behav-
ior. Thus, discrepancies of roughly the same magnitude are found calculating
the indentation moduli based on the two different material models.
The evidences provided in this Subsection support both the reliability of the
elastic parameters obtained through application of Equation (5.2) to the data
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Testing Mexp
max M comp

max Mexp
min M comp

min emax emin
direction [GPa] [GPa] [GPa] [GPa] [%] [%]

Axial 27.43 28.48 24.95 25.51 3.83 2.25
Transverse 26.33 25.65 20.80 20.64 2.57 0.75

Table 5.4: Comparison between the experimental and computed maximum and minimum indenta-
tion moduli in the axial and transverse direction. Definition of the percentage discrepancies emax

and eminis provided in the text. The material model is transversely isotropic.

Testing Mexp
max M comp

max Mexp
min M comp

min emax emin
direction [GPa] [GPa] [GPa] [GPa] [%] [%]

Axial 27.43 27.01 24.95 24.58 1.52 1.47
Transverse 26.33 27.01 20.80 21.24 2.61 2.15

Table 5.5: Comparison between the experimental and computed maximum and minimum indenta-
tion moduli in the axial and transverse direction. Definition of the percentage discrepancies emax

and eminis provided in the text. The material model is orthotropic.

and the assumption of orthotropy to model the elastic mechanical behavior of a
sub-layer of mineralized collagen fibrils within an osteonal lamella.

5.3 Discussions

The aim of this Section was to investigate the orientation and length-scale de-
pendent mechanical properties of cortical bone single osteons between the mi-
cro and nanostructural hierarchical levels. A further aim of this work was to
establish a relationship between the arrangements as well as the anisotropy of
the single constituents and the anisotropic mechanical response of the laminate
structures in an osteonal lamella.
This investigation required an approach which covers multiple length-scales
as to take into proper account the tissue non-homogeneity and hierarchical
structure. Thus, four different penetration depths have been explored in order
to achieve knowledge of the tissue mechanical properties at different length-
scales. Indentation experiments have shown a periodic alternating of stiffer
layers with less stiff layers in which the indentation modulus mean values as
well as the amplitude of the modulation depend on maximum depth and orien-
tation of the indentation tests. In this way, a characteristic length scale due to
the periodicity of the osteonal lamellae has been identified. Moreover, the elas-
tic constants for a sub-layer of mineralized collagen fibrils within an osteonal
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lamella have been obtained from the indentation moduli measured at the higher
spatial resolution by applying an analytical model which considers the inherent
anisotropy of the mineralized collagen fibrils as well as their spatial arrange-
ment.
The smallest length scale probed (50 nm maximum depth, ≈400 nm contact
diameter) is comparable to the size of a couple of mineralized collagen fibrils:
this length scale will primarily access the mechanical properties of mineralized
collagen fibrils arrays constituting the sub-layers of the lamellar structure, and
will depend on the internal fibril structure in terms of density, size, and shape
distribution of hydroxyapatite particles, organic-mineral interactions, etc., as
well as on the characteristics of the self-assembly of the mineralized fibrils in
terms of their orientation, interfaces, and diameter distribution. Whereas, the
largest length scale sampled (300 nm maximum depth, ≈2.0 µm contact di-
ameter) may fit ≈10 collagen fibrils and thus will involve multiple layers of
mineralized collagen fibrils in an osteon.
The adopted approach enabled the identification a decrease in the average values
of indentation moduli with the penetration depth (Figure 5.3), which indicate a
length scale effect of the mechanical properties lamellar bone tissue.
Homogenization arguments can justify the decrease in spatial modulation of in-
dentation modulus: larger probed areas (i.e. deeper indentations) involve more
sub-layers of the rotated plywood structure, and this results in smoother spatial
variations. However, homogenization issues do not justify, from a quantitative
standpoint, the decrease of mean indentation moduli obtained at deeper pene-
tration depths. Indeed, average indentation moduli M0 are lower than minima
values estimated at the highest spatial resolution: the indentation moduli mean
values at 300 nm maximum depth in the axial and transverse directions are
19.72 and 15.40 GPa, respectively, while the minima values estimated by ap-
plying the fitting of Equation (5.1) to the 50 nm maximum depth experiments in
the axial and transverse directions are 24.94 and 20.80 GPa, respectively. Thus,
the decay in stiffness can be quantified in ≈24% and ≈34% in the two direc-
tions.
Actually, the decrease in indentation modulus with increasing indentation depth
may be explained by considering bone tissue deformation mechanisms at the
microstructural level. Several bone tissue deformation mechanisms at the nanos-
tructural level have been hypothesized in the literature, such as shear trans-
fer between mineral particles via intermediate ductile organic layers (Jäger and
Fratzl, 2000), slippage at the collagen-mineral interface (Mercer et al., 2006),
phase transformation of the mineral phase (Carden et al., 2003), sacrificial bond
disruption between fibrils (Fantner et al., 2005), microcracking (Zioupos, 1999),
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and uncracked ligament bridging (Nalla et al., 2003).
Gupta et al. (2006c, 2005) showed that fibrillar strain is about half the tissue
strain and, beyond the yield point, the fibrillar strain tends to keep a constant
value. Since the fibrils are surrounded by extrafibrillar matrix, a possible mech-
anism could be that critical interfacial shear strength between the fibril and the
interfibrillar matrix layer is exceeded when the bone is compressed above the
yield point. When this happens, the matrix flows past the fibrils, resulting in
frictional losses and debonding of the fibrils and extrafibrillar matrix. A further
evidence for this is achieved considering a single-cycle loading of bone (Figure
5 in Gupta et al. (2006c)). A single loading-unloading cycle shows that when
a deformed bone specimen is unloaded after being deformed beyond the yield
point, irreversible deformations develop at the tissue level but not at the fibril
level. Moreover, comparing the loading and unloading stiffnesses at the tissue
level, damage induced decrease in the tissue Young’s modulus occurs. The lat-
ter results are particularly useful for interpretation of data reported in the present
paper. In fact, the damage induced decay in stiffness evidenced by Gupta et al.
(2006c), quantified in ≈20-25%, could be responsible for the progressive di-
minishing of the stiffness mean value achieved while increasing the maximum
depth evidenced in the present work. Moreover, Gupta et al. (2006a) carried
out measurements along the axial direction on interstitial bone with maximum
loads ranging from 0.5 to 5 mN to estimate the depth dependence of the reduced
indentation modulus in bone. They reported a ≈10% decrease, from around 30
to 27 GPa, over this load range. This finding is consistent with the results of
the present work; indeed, it has been found that the mean indentation modulus
in the axial direction between 100 and 300 nm (i.e. between ≈0.35 mN and ≈2
mN) decrease from 22.5 to 19.7 GPa (around 12%).
In this Section, it is claimed that the orientation of the crystal layers influences
the outcome of the experimental results in terms of modulation of the indenta-
tion modulus. In their work, Gupta et al. (2006a) reported also that the local
mineral content (from the calcium volume fraction), determined from quanti-
tative backscattered electron imaging, shows a lamellar level modulation that
is positively correlated with the indentation modulus at the same tissue posi-
tion. In contrast, Hofmann et al. (2006), using Raman spectroscopy, observed
a homogeneous distribution of the phosphate band intensity in the osteons thus
suggesting a relatively homogeneous deposition of mineral in the adjacent thin
and thick lamellar layers. Moreover, the weak correlation they found between
impedance and phosphate band intensity supports the hypothesis that the degree
of mineralization may not be the dominant factor for the observed alteration of
elastic modulus in alternating lamellae, which results from the twisted plywood
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structure made of inherently anisotropic fibrils.
The data here presented and the relevant interpretation model do not enable me
to confirm any of the two above results. However, further evidence that the
hydroxyapatite crystals strongly influences the elastic properties of the mineral-
ized collagen fibrils along different directions is provided by Rho et al. (2001b),
which studied intramuscular herring bones (see Subsec. 2.2.1). Mineralized
collagen fibrils in intramuscular bone have a single orientation with a variation
in mineralization along the length, from bone tissue at earliest stages of calcifi-
cation in the distal region to fully mineralized in the proximal region. Results
showed that not only the indentation modulus but also the modulus anisotropy
ratio are influenced by the mineralization: the anisotropy ratio between lon-
gitudinal and perpendicular directions in the fully mineralized region is ≈2.1;
whereas, in the earliest stages of mineralization, the anisotropy ratio drops to
≈1.1. Thus, the presence of the mineral crystals is the main responsible for the
difference in the elastic properties along different directions, while the collagen
fibril itself behaves as an isotropic material when the mineral content is low.
In terms of experimental limitations, the surface flatness can potentially affect
the value of the indentation moduli at low depths, as shown by Xu et al. (2003)
in the comparison of microtomed versus polished surfaces. In this work, the au-
thors found that the thin lamellae are removed more easily by mechanical abra-
sion during the polishing process, thus gradual depressions of approximately
200 nm depth were observed in thin lamellae, while the thick lamellae lied on
plateaus or peaks. Gupta et al. (2006a) evaluated the approximate variation in
measured indentation modulus when the tip indents on a peak, finding a 2.5%
reduction in indentation moduli of bone peaks compared to a flat surface in case
of a 200 nm gap. Even if the polishing procedure used in our study, reducing the
height gap between thin and thick lamellae to less than 100 nm, improved the
surface flatness, there may have been a remaining dependency of the contact
area of the Berkovich indenter on the surrounding surface topography (either
plateau, hillside or valley), and thus may have affected the estimated indenta-
tion modulus.
The bone samples are tested in ambient conditions and are thus not wet. Al-
though samples still retain a significant degree of hydration in ambient condi-
tions, in general this could results in an artificial increase in stiffness and reduc-
tion in ductility compared to the native state (Hengsberger et al., 2002b). The
samples used in this study were kept immersed in aqueous solution until inden-
tation experiments. The experimental tests were carried out well prior to the
observation of any such drying effects, and the sample preparation and experi-
ments were carefully designed to mimic as closely as possible in vivo conditions
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with currently available instrumentation. Therefore, the main observation of the
relative modulations in mechanical properties, arising from cortical bone lamel-
lar structure, is expected to remain valid, as well as the comparison between the
mechanical properties at the different length scales and along different direc-
tions.
The effect of pore water has been disregarded in this study. The water, acting as
a plasticizer for the collagenous phase, may have a significant effect on tissue
anisotropy properties as shown in Akhtar et al. (2005), Bembey et al. (2005)
and Oyen et al. (2005), in which hydrated and dehydrated bone tissues where
subject to nanoindentation. In the above mentioned papers, the effect of hydra-
tion on the transverse to axial ratio of the indentation response was investigated
by means of spherical indentation with tip radius of 20 µm. In particular, in
Bembey et al. (2005) it was found that hydrated bone samples did not show a
statistically significant transverse to axial indentation moduli ratio, in contrast
to what was found on dehydrated samples. Indeed, the Authors found that the
degree of anisotropy in bone changes dramatically with hydration state, with
less anisotropy observed in wet samples than in dried and embedded samples,
thus claiming that the effect of drying could not be the same in all directions.
It is still to be proven that this results is independent on the specific choice for
the indenter geometry, and further studies are needed in order to extend these
findings to pyramidal indentations. Seto et al. (2008), as reported in Subsec.
2.2.1, while studying the orientation dependence of the nanoindentation modu-
lus in plexiform bovine cortical bone found that the variation of the indentation
modulus with collagen fibrils orientation was dependent on humidity; indeed,
the degree of anisotropy is larger for a higher water content, reaching a ratio of
1:20 in elastic modulus between orientations perpendicular and parallel to the
main mineralized collagen fibrils orientation in wet bone, while in dry condi-
tion this ratio reduces to 1:8. Therefore there’s no consensus on the effect of
hydration on the anisotropy ratio of bone tissue.
Hengsberger et al. (2002b), as reported in Subsec. 2.2.1, adopted instrumented
indentation to compare dry and wet samples at different length-scales, which are
comparable to the one investigated here. Basically, what they found is that: (i)
thick lamellae exhibited a significant decrease in indentation modulus with in-
creasing indentation depth, as reported in this study; (ii) the comparative trends
of indentation depth and lamella type were similar for dry and physiological
conditions. Thus the effect of testing dry instead of wet samples but seems the
same at multiple length-scales. These results confirm the reliability of the data
collected and supports the validity of the considerations on the tissue structure
and biomechanical function.
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A final remark refers to the plywood model adopted to extrapolate the elastic
tensor parameters for a sub-layer of mineralized collagen fibrils within an os-
teonal lamella. In the rotated plywood model, the angle of tilting of the collagen
fibrils in adjacent layers has been implicitly considered as corresponding to the
azimuthal rotation of the fibrils around their axis: this means that in case two
mineralized collagen fibrils layers are perpendicular, the mineral crystals within
the fibrils are rotated by 90◦. The previous assumption has been chosen for con-
venience since there’s no accurate measurement of the angles of rotation of the
fibrils around their own axis. In this way, obtaining the set of elastic parameters
for an orthotropic material model (Table 5.3) from the individual fitting with a
transversely isotropic model is straightforward.





Chapter 6

Finite Element Model of
Cortical Bone Mechanical

Behavior

Section 1.1 presents the formulation of the elastic constitutive model of cortical
bone tissue.

The Drucker-Prager (Drucker and Prager, 1952), pressure-dependent post-
elastic material model is introduced in Section 1.2.

In Section 1.3, an extension of the Drucker-Prager isotropic yield criterion
to the anisotropic case has been formulated to model the post-elastic mechani-
cal behavior of the bone tissue under nanoindentation.

Finally, the finite element model of nanoindentation tests on cortical bone
developed in this work is presented in Section 1.4.
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6.1 Elastic anisotropic formulation
Cortical bone at microstructural level is here modeled as an homogeneous solid
neglecting its porosity.
Cortical bone elastic behavior can be modeled with a linear anisotropic model.
As reported in Section 1.3, several studies affirm that cortical bone can be con-
sidered an orthotropic material, that is the material has three orthogonal symme-
try planes and 9 independent parameters are needed to completely characterize
the material elastic behavior. An additional assumption of transverse isotropy
has been done in other works: defining a reference system with the vertical axis
coincident with the long axis of a long bone, the radial-circumferential plane
can be considered a plane of isotropy. In this case, the independent parame-
ters are reduced to 5. Under the assumption that an homogenized continuum
model can be used for simulating nanoindentation tests carried out at this hier-
archical level, a transversely isotropic elastic model has been adopted. In the
present work, the transverse isotropy of the tissue mechanical behavior is ob-
tained through a suitable transformation of equations for linear elastic isotropic
materials (Zysset and Curnier, 1995).
Using an indicial notation, the stress-strain relationship valid for a linear elastic
isotropic material in the small deformation regime can be expressed as:

σij = λεkkδij + 2µeij (6.1)

and the relevant stiffness tensor C is:

Cijkl = λδijδkl + 2µIijkl (6.2)

in which σij is the Cauchy stress tensor, eij the deviatoric component of the
deformation tensor, εkk is the specific volumetric deformation (summation over
index k is assumed), λ and µ the Lamè constants and I is the fourth order unit
tensor:

Iijkl =
1
2

[δikδjl + δilδjk] . (6.3)

Since an orthotropic material has three orthogonal symmetry planes, in order
to transform the above equations into a set of equations for anisotropic mate-
rials three perpendicular unit vectors g1, g2 and g3 are introduced having the
physical meaning of principal material directions; furthermore, the second order
tensor G is introduced as follows:

Gij = p1g
1
i g

1
j + p2g

2
i g

2
j + p3g

3
i g

3
j (6.4)
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where p1, p2 and p3 represent the weights of the 3 directions in terms of elastic
properties.
An anisotropic material is simulated by substituting the second order identity
tensor δ with a new second order tensor:

I ′ij = p0δij +Gij (6.5)

so the anisotropic elastic constitutive law now results:

Cijkl = λI ′ijI
′
kl + µ

[
I ′ikI

′
jl + I ′ilI

′
jk

]
. (6.6)

In matrix notation C reads:

C=


2µr2

1 + λr2
1 λr1r2 λr1r3 0 0 0

λr1r2 2µr2
2 + λr2

2 λr2r3 0 0 0
λr1r3 λr2r3 2µr2

3 + λr2
3 0 0 0

0 0 0 µr1r2 0 0
0 0 0 0 µr1r3 0
0 0 0 0 0 µr2r3


(6.7)

with:
ri = p0 + pi. (6.8)

The constraint:
3∑
i=0

pi = 1 (6.9)

is also introduced in order to obtain a set of independent constitutive parame-
ters.
Hence it is clear that orthotropy can be modeled identifying the 6 parameters
µ, λ and pi of which only 5 are independent. Thus the model cannot rep-
resent the most general case of orthotropy that, as said before, is described
by 9 independent constants. Assuming p0 = 1 without losing generality, or-
thotropy degenerates into transverse isotropy when, for example, p2 = pA and
p1 = p3 = pT 6= pA (where the subscripts A and T refer to the axial and
transverse directions, respectively) and into isotropy when p1 = p2 = p3 = 0 .
The presented elastic formulation is similar to a simpler form of the one pro-
posed by Zysset and Curnier (1995). This theory represents the elasticity tensor
starting from the fabric tensor of the material, whose definition is similar to
Equation (6.4), assuming that its mechanical anisotropy is identical in macro
and microscale. Zysset and Curnier (1995) proposed a stiffness tensor C in the
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Figure 6.1: Drucker-Prager yield function in the p− σ̄ plane.

following form:

C=


2µn2k

1 + λn2k
1 λnk

1n
k
2 λnk

1n
k
3 0 0 0

λnk
1n

k
2 2µn2k

2 + λn2k
2 λnk

2n3k 0 0 0
λnk

1n
k
3 λnk

2n
k
3 2µn2k

3 + λn2k
3 0 0 0

0 0 0 µnk
1n

k
2 0 0

0 0 0 0 µnk
1n

k
3 0

0 0 0 0 0 µnk
2n

k
3


(6.10)

where ni are related to the eigenvalues of the fabric tensor and have the same
meaning of ri, while the exponent k is the degree of the homogeneity property.
The elastic model used in this work corresponds to the one proposed by Zysset
and Curnier (1995) when imposing k = 1.
In the finite deformation regime, the above expounded elastic stress-strain rela-
tionships are used in incremental form ∆σij = Cijhk∆εhk with suitable rota-
tions of the principal material directions gi during the deformation process.

6.2 Drucker-Prager yield criterion
The Drucker-Prager yield criterion is a pressure-dependent model introduced
for soils (Drucker and Prager, 1952). It describes the behavior of granular ma-
terials in which plastic deformations may be related to frictional mechanisms
such as sliding of particles across each other. In this type of material the yield
stress depends on hydrostatic pressure, that is the strength of the material in-
creases with pressure rising, and thus it has already been applied to rock, con-
crete, polymers, foams, and other pressure-dependent materials including bone.
The yield surface is assigned using two invariants: the equivalent pressure p
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Figure 6.2: Drucker-Prager and Von Mises yield surfaces in the principal stresses plane.

and the equivalent Von Mises stress σ̄. In order to define the two invariants, it
is useful to express the stress tensor as a combination of its hydrostatic, p, and
deviatoric, Sij , components:

σij = pδij + Sij . (6.11)

The equivalent pressure is the hydrostatic component of the stress:

p =
1
3
σii. (6.12)

The equivalent Von Mises stress depends on the deviatoric component and it
can be written as:

σ̄ =

√
3
2
SijSij . (6.13)

In general an isotropic plastic domain assumes the form:

φ(σij) = 0. (6.14)

In the particular case of the Drucker-Prager criterion, the yield function, repre-
sented in the p− σ̄ plane in Figure 6.1, is:

φ(σij) = tanβp+ σ̄ − σ̄eq = 0. (6.15)

The friction angle β defines the slope in the p − σ̄ plane and it is related to
the ratio of uniaxial yield stresses in tension and in compression. The cohesion
of the material σ̄eq quantifies the strength required to cause sliding among the



96 Chapter 6. Finite Element Model of Cortical Bone Mechanical Behavior

Figure 6.3: Drucker-Prager and Mohr-Coulomb yield surfaces in the deviatoric space.

particles. In Figure 6.1 the effect of strain hardening on the yield surface is also
shown.
In 3D space of the principal stresses the Drucker-Prager yield surface is a cone
open towards compressions and with the apex in the tensions side. In the devia-
toric principal stress plane the yield surface coincides with the Von Mises circle
(Figure 6.2). It can be considered a smooth version of the Mohr-Coulomb yield
surface, as it can be seen in the representation of both surfaces in the deviatoric
space in Figure 6.3.

6.3 Inelastic anisotropic formulation
The post-elastic mechanical behavior of the bone tissue under nanoindentation
load has been modeled making use of an elastic-plastic constitutive law with
anisotropic yield locus and non associative plastic flow rule. Traditional proce-
dures for deriving the constitutive equations for anisotropic elasto-plastic ma-
terials are based on the description of appropriate yield and potential functions
in terms of the characteristic material properties and principal directions. Sat-
isfaction of the invariance conditions in these cases can be difficult (Malvern,
1969). A procedure to guarantee this conditions is to define the properties of the
real anisotropic material in terms of a fictitious isotropic solid. This is achieved
by relating the stress between the real and fictitious spaces using a linear tensor
transformation (Car et al., 2000).
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In this work, an extension of the Drucker-Prager plasticity isotropic model
(Drucker and Prager, 1952) to the anisotropic case has been formulated by
defining a suitable stress tensor projection into the anisotropic space allowing
for material principal directions gi. The proposed modified Drucker-Prager
model is able to account for the tension/compression yield stress mismatch ex-
hibited by the cortical bone tissue under macroscopic tension/compression me-
chanical loading (Cowin, 1989; Meyers et al., 2008).
As reported in Section 6.2, the plasticity domain for an isotropic material can
be written in the general form as:

φ(σij) = 0. (6.16)

The second order tensor M is introduced, the components of which depends on
the principal material directions gi as follows:

Mij = q0δij + q1g
1
i g

1
j + q2g

2
i g

2
j + q3g

3
i g

3
j (6.17)

in which a proper weight is assigned to each material direction through the
parameters qi.
Again the following constraint is assumed:

3∑
i=0

qi = 1. (6.18)

Also imposing q0 = 1 , a plastically isotropic material is characterized by setting
q1 = q2 = q3 = 0 and transverse isotropic plasticity for example with q2 = qA
and q1 = q3 = qT 6= qA.
A new stress tensor projected into the anisotropic space σ∗ is introduced:

σ∗ij = Mijklσkl (6.19)

in which the fourth order tensor M is defined as

Mijkl =
1
2

[MikMjl +MilMjk] . (6.20)

The new yield locus for the anisotropic model is therefore expressed in a general
form as:

φ
(
σ∗ij
)

= 0. (6.21)

The yield locus adapted to the modified Drucker-Prager plasticity model for the
anisotropic bone tissue is as follows:

φ
(
σ∗ij
)

= 3
√

3αp∗ + σ̄∗ − σ̄eq = 0 (6.22)
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where 3
√

3α = tanβ, σ̄eq is the intercept of the yield surface with the σ̄∗ axis
in the p∗− σ̄∗ plane (hence σ̄eq has a similar meaning to d in Figure 6.1), while
the projected stress components p∗ and σ̄∗ have a similar expression to the ones
described respectively in Equations (6.12) and (6.13):

p∗ =
1
3
σ∗ii; (6.23)

σ̄∗ =

√
3
2
S̄∗ijS̄

∗
ij . (6.24)

Here, S∗ij is the deviatoric component of the Cauchy stress tensor σ̄∗ij . α and
σ̄eq are material parameters: α rules the tension/compression yield stress ratio,
while σ̄eq depends on the tensile or compressive yield stress (or elastic limit)
of the tissue. For sake of simplicity, a perfect elastic-plastic material model has
been assumed; that is to say no strain hardening has been introduced.
The flow rule which determines the irreversible (“plastic”) strain within the
tissue is as follows:

dεpij = dλ
∂Q(σ∗)
∂σ∗pq

∂σ∗pq
∂σij

(6.25)

in which the plastic potential Q(σ∗) has been introduced:

Q(σ∗) = 3
√

3αdefp∗ + σ̄∗ (6.26)

where αdef is the dilatation angle. In the case in which αdef = α the associa-
tive plastic flow rule is obtained.
In the above flow rule, dλ is a scalar parameter that can be obtained by solving
the non linear set of Equations (6.25) the stress-strain incremental relationship
dσ = C(dε − dεp) and the consistency condition dφ = 0. These equations
are solved by means of the iterative Newton-Raphson procedure applied at each
integration point and at each time increment during the finite element simula-
tion. To this purpose, the standard computational procedures for elastic-plastic
finite element models have been adopted in which consistent tangent stiffness
matrix has been computed to solve for the displacement vector (see for example
Zienkiewicz and Taylor (1991)).
In the specific case, a transversely isotropic elastic-plastic behavior has been
used in which the plane of isotropy of the tissue is perpendicular to the axial
direction for long bones by making the following assumptions:

q2 = qA; q1 = q3 = qT . (6.27)
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Under these assumptions the stress components p∗ and σ̄∗ are:

p∗ =
1
3
σ2 (q0 + qA)2 +

1
3

(σ1 + σ3) (q0 + qT )2 (6.28)

σ̄∗ =
√
σ2

2(q0 + qA)4 + (σ2
1 + σ2

3 − σ1σ3)(q0 + qT )4 − (σ2σ1 + σ2σ3)q4
123

(6.29)
in which:

q4
123 = q4

0 +(2qA+2qT )q3
0 +(q2

A+q2
T +4qAqT )q2

0 +(2qAq2
T +q2

AqT )q0+q2
Aq

2
T .

(6.30)
The tensile and compressive yield stress along the axial direction (σtA, σcA) can
be obtained by setting σ1 = σ3 = 0:

σtA =
σ̄eq

1 +
√

3α
1

(q0 + qA)2 ; σcA =
σ̄eq

−1 +
√

3α
1

(q0 + qA)2 (6.31)

whereas, the tensile and compressive yield stress along the transverse direction
(σtT , σcT ) can be obtained by setting σ2 = σ3 = 0:

σtT =
σ̄eq

1 +
√

3α
1

(q0 + qT )2 ; σcT =
σ̄eq

−1 +
√

3α
1

(q0 + qT )2 . (6.32)

The tensile to compressive yield stress ratio turns out to be independent on the
material direction and ruled by the material parameter α only:

Rtc =
σtA
σcA

=
σtT
σcT

=
| − 1 +

√
3α|

1 +
√

3α
(6.33)

and the axial to transverse yield stress ratio is as follows:

RAT =
σtA
σtT

=
σcA
σcT

=
(q0 + qT )2

(q0 + qA)2 . (6.34)

Similarly to the elastic formulation, the conditions:

q0 = 1; q0 + qA + 2qT = 1. (6.35)

are adopted, thus only one of the qi material parameters results to be indepen-
dent.
The anisotropic elasto-plastic constitutive model here presented is implemented
into the FORTRAN subroutine UMAT and linked to the commercial finite ele-
ment code ABAQUS (ABAQUS, 2009).
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(a) (b)

Figure 6.4: (a) Sketch of the axisymmetric model. (b) Sketch of the three-dimensional model.

6.4 Finite element model of nanoindentation tests

An axisymmetric ideal conical indenter with an angle of 70.3◦ with the axis
has the same area-to-depth ratio of a three sided Berkovich pyramid, therefore
it is a good approximation of a Berkovich indenter, which is mostly used on
bone. Since the indenter tip is made of diamond, which is much stiffer than
bone (Ediamond = 1141 GPa; Ebone ≈ 20 GPa), the tip is modeled as a rigid
body. Indentations along axial as well as transverse directions are simulated.
Given the transverse isotropic constitutive behavior assumed for cortical bone,
an axisymmetric model is set up for indentation along the axial direction (Figure
6.4(a)), while a three-dimensional model is created for indentations along the
transverse direction. In the latter case, only a quarter of the system is modeled
by exploiting the symmetry of the material at 90◦ and the axisymmetry of the
conical indenter (Figure 6.4(b)). In both models the bone sample is represented
as cylinder of 100 µm in both height and radius.
The analyses are conducted using the displacement based commercial finite
element code ABAQUS/Standard (ABAQUS, 2009). Due to the considerable
amount of displacement and displacement gradients that occur during an in-
dentation test, large strains and large rotations are expected, therefore the large
deformation theory is used in the numerical models. The loading and unload-
ing phases of the experiments are simulated by applying the displacement and
repositioning the indenter in its original position in two separate steps.
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(a) (b)

Figure 6.5: (a) The structured mesh designed to increase its density only under the indenter’s tip in
the axisymmetric model. (b) Detail of the three-dimensional mesh under the indenter’s tip.

6.4.1 Mesh
A suitable mesh refinement has been applied under the indenter tip where large
strain gradient are expected (Zhang et al., 2008). The two dimensional finite
element mesh has 12658 quadratic elements of both types CAX6 and CAX8
(Figure 6.5(a)). The characteristic element size in the refined region immedi-
ately under the tip is 70 nm. Similarly the 57600 elements three-dimensional
mesh is denser in proximity of the contact area (Figure 6.5(b)), where linear
C3D8 and C3D6 eight-node, hexahedral elements elements are used. The ele-
ment characteristic length in the refined region just under the indenter is 30 nm.
In order to simulate the effect of an infinite solid domain in the region far from
the indenter tip, linear infinite elements (CIN3D8) have been used (ABAQUS,
2009).

6.4.2 Contact definition
Indenter-tissue interaction has been modeled by means of a shear stress propor-
tional to contact pressure, which accounts for the Coulomb friction between the
surfaces and by means of a hard contact algorithm based on Lagrange multipli-
ers to account for the contact along the direction normal to the surfaces. In the
code, the analytical rigid surface of the indenter is defined as master and the
one of bone as slave. Since it is not possible to assign a surface to CIN3D type
elements, in the three-dimensional model the slave surface is limited to the C3D
type elements immediately under the indenter’s tip, which is the region actually
involved with the contact.
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6.4.3 Boundary conditions
To avoid rigid body motions, displacement is prevented along the direction per-
pendicular to the planes of symmetry and at the base of the sample. In particular,
referring to Figure 6.4(b), displacement in the direction z is imposed zero to the
nodes of the x−y face, while on the y−z face are blocked movements towards
direction x. To the nodes at the base of the sample (x− z plane) displacements
towards direction y are prevented. Similar boundary conditions are imposed to
the axisymmetric model (Figure 6.4(a)): zero displacements in direction x on
the y − z plane and in direction y on the x− z plane.

6.4.4 Reduction of indentation moduli and hardness
The analysis of the loading-unloading force-displacement P−h curves obtained
from the finite element simulations was carried out by applying the Oliver-Pharr
method (Oliver and Pharr, 1992), see Subsec. 2.1.2.
The indentation modulus M (which is here equal to the reduced modulus E∗

since the tip is modeled as a rigid body) and indentation hardness H are there-
fore calculated as:

M = E∗ =
S

2

√
π

Ap
(6.36)

H =
Pmax
Ap

, (6.37)

respectively, where in case of the numerical simulationsAp (hp) is the projected
contact area calculated at maximum indentation load Pmax obtained from the
finite element solution. For a conical indenter one has Ap = πξ2 in which ξ
is the radial coordinate of the nodal point in contact with the rigid surface (see
Figure 2.4). Being the indenter modeled as a rigid body, there is no need to
correct the results for compliance of the loading frame, which is a typical pro-
cedure for postprocessing of experimental measurements.
Calculations for indentation moduli and hardness have been carried out for axial
as well as transverse indentation simulations. The Oliver-Pharr method is ap-
plied by fitting the unloading curve between 95% and 40% of maximum force.



Chapter 7

Results of FE Simulations of
Nanoindentation Tests

In Section 7.1, preliminary investigations aimed at assessing the role of anisotropy
of yield locus, deformation modes associated to inelastic phenomena, and fric-
tion between the indenter and the tissue surface on the axial and transversal in-
dentation moduli and indentation hardness as well as pile-up are investigated.

Direct comparison between the experimentally obtained and numerically
simulated indentations is presented in Section 7.2, where the effects of the open-
ing angle of the cone, dilatation angle, friction and transverse to axial yield
stress ratio on the loading-unloading indentations curves are examined.

Section 7.3 contains a discussion of the obtained results.
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7.1 Preliminary investigations

The parameter sets used in the numerical simulations have been chosen with the
purpose to assess the role of anisotropy of yield locus, the deformation modes
associated to inelastic phenomena and the friction between the indenter and the
tissue surface. In particular, the effects of the above mentioned parameters on
the axial and transversal indentation moduli and indentation hardness as well as
their axial to transverse ratio are investigated. Furthermore, the effects of the
simulation parameters on the pile-up is also studied.
Although anisotropy of material properties is the key topic of this Section, the
influence of friction on the numerical results has also been presented because of
its relevant role in catching the experimental evidence reported by other Authors
(Fan et al., 2004; Mullins et al., 2009) that no or very limited pile-up or is
observed on residual profiles of axial nanoindentations.

7.1.1 Identification of the elastic parameters

Considering the directions 1-radial, 2-axial and 3-circumferential (plane 1-3 of
isotropy), the independent engineering constants are defined using an average of
the ones reported in literature by Cowin (1989) for human cortical bone (Table
7.1), from which the others can be calculated: G13 = GT = 4.04 GPa and
ν23 = νAT = 0.380. The stiffness tensor C, which results from the assumed
elastic constants, is:

C [GPa] =


21.18 13.03 13.10 0 0 0
13.03 31.23 13.03 0 0 0
13.10 13.03 21.18 0 0 0

0 0 0 5.49 0 0
0 0 0 0 4.04 0
0 0 0 0 0 5.49

 (7.1)

In order to implement the transverse isotropic elasto-plastic model, the identifi-
cation of the elastic and plastic parameters is necessary.
The elastic tensor C′

in the form of Equation (6.7) is estimated starting from
C presented in Equation (7.1). The best fit is calculated using a least-squares
approach, in particular:

min

∑
ij

(cij − c′ij)2

 (7.2)
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E1 = E3 = ET E2 = EA ν12 = νTA ν13 = νT G12 = GA

12.01 GPa 21.33 GPa 0.214 0.487 5.49 GPa

Table 7.1: Independent elastic constants reported in Cowin (1989) for human cortical bone.

µ [GPa] λ [GPa] pT [-] pA [-] p0 [-]
5.33 13.60 -0.064 0.128 1

Table 7.2: Elastic parameters obtained by fitting.

The minimization is obtained using the Nelder-Mead method, which is a com-
monly used non-linear optimization algorithm, applying the condition from
Equation (6.9) with p0 = 1. The estimated elastic parameters µ, λ and pi are
presented in Table 7.2. The estimated stiffness tensor C′

results:

C
′
[GPa] =


21.24 14.36 11.90 0 0 0
14.36 30.91 14.36 0 0 0
11.90 14.36 21.24 0 0 0

0 0 0 5.63 0 0
0 0 0 0 4.67 0
0 0 0 0 0 5.63

 (7.3)

thus the relative error results:

Error% =


0.31 10.20 −9.16 0 0 0
10.20 −1.03 10.20 0 0 0
−9.16 10.20 0.31 0 0 0

0 0 0 2.63 0 0
0 0 0 0 15.66 0
0 0 0 0 0 2.62

 (7.4)

where eij = 100(c
′

ij − cij)/cij . The elastic constants are kept unchanged for
all simulations.

7.1.2 Plastic parameters and friction
Although the anisotropic elastic properties of cortical bone at microstructural
level have been reported by several studies in literature, there is no agreement
on yield strength values for this tissue at the same hierarchical level. Therefore
in order to provide input data necessary to the FEM, macroscopical yield values
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Yield stress [MPa]
σtA 115 (11.2)
σcA 182 (14.4)
σcT 121 (9.2)
τ 54 (5.2)

Table 7.3: Mean values and standard deviations of macroscopic yield values for human cortical
bone (Cowin, 1989).

Analysis set αdef µa σT /σA

RATA 0.1 0 0.5→ 1
RATT 0.1 0 0.5→ 1
FrA 0.1 0→ 0.2 0.5
AdefA 0.1→ 0.06 0.2 0.5

Table 7.4: Values of the simulation parameters for the four sets of numerical preliminary analyses.

from Table 7.3, obtained from studies on human femur and tibiae, are adopted.
Four sets of analyses have been carried out by changing one parameter at a time
(see Table 7.4); in particular, the analysis set RATA refers to simulations of axial
indentation in which the ratio σT /σA has been chosen in the interval 1 → 0.5,
being σT /σA = 1 the case of isotropic yield locus. Only σT < σA has been
considered in order to be consistent with the expectation that axial yield strength
is higher than that along the transverse direction at the length scales of interest
for this study. Transverse to axial compressive yield stress ratio lower than 0.5
where not taken into consideration consistently with macroscopic strength data
on human cortical bone in Cowin (1989) and with compression strength data on
bovine lamellar bone reported in Meyers et al. (2008).
The constitutive parameter qA has been selected on the basis of Equation (6.34)
such as a prescribed value of the transverse to axial yield stress ratio is obtained
(see Figure 7.1(a)). The constitutive parameter σ̄eq has been chosen such that
axial compressive yield stress is σcA = -182 MPa for all analyses whereas the
transverse compressive stress changes according to the value of RAT (see Fig-
ure 7.1(b)). The constitutive parameter α is set to α = 0.13 which corresponds
to a fixed tension to compression yield stress ratio Rtc = 0.63 and to an axial
tensile yield stress σtA = 115 MPa reported in Cowin (1989) for cortical human
femur; the parameter αdef is set to 0.1. The tensile yield data are also con-
sistent with those reported in Mullins et al. (2009), Reilly and Burstein (1975)
and Bayraktar et al. (2004): these latter literature data refers to cortical bovine
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(a) (b)

Figure 7.1: (a) Transverse to axial yield stress ratio vs constitutive parameter qA. Dashed line
represents an isotropic yield function. (b) Compressive yield stress along axial and transverse di-
rections vs constitutive parameter qA. The parameter σ̄eq has been suitably chosen so that an axial
compressive yield stress of 182 MPa is obtained for all values of qA.

femur data; a slightly lower value was reported for human cortical femur. In a
similar way the analysis set RATT refers to simulations of transverse indentation
tests. All the above analyses are carried out for µa = 0.
In the analysis set FrA different values of friction coefficient between the in-
denter and the tissue surface have been set in numerical simulations of axial
indentation tests. Only values in the interval 0 → 0.2 will be presented. In the
last analysis set Adef the non associative flow rule for plastic deformation has
been used by exploring different values of the angle αdef in Equation (6.26).
In the above analyses, a friction contact between the indenter and the tissue has
been assumed (µa = 0.2).
The analysis parameters for each of the above expounded set are summarized
in Table 7.4. All analyses were carried out in a displacement control mode, in
which a full loading-unloading indentation experiment is simulated. The inden-
ter was moved toward the bone tissue up to a maximum displacement of 210
nm and thereafter moved back to its original position. The constitutive model
does not account for time dependent phenomena, therefore loading rate was not
an analysis parameter. The force-displacement P − h curves obtained from the
finite element simulations were processed by fitting the unloading curve with
Equation (2.16).
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(a) (b)

Figure 7.2: Indentation moduli (a) and hardness (b) for simulations along axial and transverse
indentations vs transverse to axial yield stress ratio.

7.1.3 Effects of transverse to axial material yield stress ratio

The sets of analyses RATA and RATT have been post-processed by calculating
indentation moduli and material hardness in both axial and transverse direction
for different values of the transverse to axial material yield stress for a pre-
scribed anisotropic elastic tensor.
The axial and transverse indentation moduli for values of σT /σA ranging from
0.5 to 1 are reported in Figure 7.2(a). Consistently with the results reported in
literature, higher indentation modulus was found in the axial direction with re-
spect to the indentation modulus found in the transverse direction. In particular,
axial indentation modulus was found to range between 20.0 GPa and 22.5 GPa;
whereas, transverse indentation modulus was found to range between 15.0 GPa
and 17.5 GPa with limited sensitivity with respect to the yield stress ratio for
both the directions.
The axial and transverse material hardness for different values of the ratio
σT /σA are reported in Figure 7.2(b). Similarly to the finding for the inden-
tation modulus, also axial hardness was found to be higher in the axial direction
with respect to the results found in transverse indentation simulations. In par-
ticular, axial hardness was found to range from about 0.90 GPa to 0.72 GPa for
σT /σA = 1 (i.e. isotropic yield locus) and σT /σA = 0.5, respectively; whereas,
transverse hardness was found to range from 0.90 GPa, for σT /σA = 1 to 0.51
GPa for σT /σA = 0.5. Therefore, differently from the results on indentation
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Figure 7.3: Transverse to axial indentation moduli and hardness ratios vs transverse to axial yield
stress ratio.

moduli, indentation hardness exhibited a high sensitivity with respect to the ax-
ial to transverse yield stress ratio.
Furthermore, the axial to transverse hardness ratioHT /HA is also highly sensi-
tive to the parameter σT /σA (see Figure 7.3). The solid line represents the case
HT /HA = σT /σA. The results show that for σT /σA < 0.8 the hardness ratio
is higher than the yield stress ratio; whereas, for σT /σA > 0.8 we have roughly
HT /HA = σT /σA. In particular, for an isotropic yield locus, HT /HA = 0.98
has been found, indicating that the elastic anisotropy is not sufficient to justify
the direction dependence of indentation hardness observed in experiments.

Figure 7.4: Contour maps of the inelastic strain r−z component (εprz , where z and r are axial and
transverse directions, respectively) for: isotropic yield locus model (left), σT /σA = 0.8 (center),
σT /σA = 0.5.
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Figure 7.5: Plots of the inelastic strain r − z component (εprz) along a radial path on the surface
from the axi-symmetry axis for: isotropic yield locus model, σT /σA = 0.8, σT /σA = 0.5.

For comparison purposes, Figure 7.3 reports also the transverse to axial inden-
tation modulus ratio; it can be observed that the indentation moduli ratio is
scarcely affected by the yield stress ratio.
Figure 7.4 shows the inelastic shear strain (εprz) under the indenter for three ref-
erence cases (isotropic yield locus, σT /σA = 0.8 and σT /σA = 0.5). Here, z
corresponds to the axial indentation direction while r is the transverse (namely
radial) one. From inspecting the contour maps of εprz , it can be observed that for
high yield stress transverse to axial mismatch, inelastic shear strain magnitude
and its spatial gradient along the radial direction increase (see also Figure 7.5
for line plots of εprz along the radial path on the surface). This lead to higher
lifting of material, with respect to the isotropic case, resulting in an increase of
the contact area, which in turn decreases the axial hardness with respect to the
transverse hardness.
The indentation simulations allowed the calculation of the piling up of the mate-
rial for a maximum penetration depth of 210 nm. The pile-up is here measured
as the vertical displacement of the external boundary of the contact area at the
maximum penetration depth with respect to the original surface level. Positive
values of piling-up means the the material rises with respect to the undeformed
surface, this being the typical case occurring in indentation of ductile metals;
whereas, negative values means that the material sinks-in with respect to the
undeformed surface. This latter case is typical of ceramic brittle materials with
a low young’s modulus to yield stress ratio. The set of analysesRATA has shown
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(a) (b)

Figure 7.6: (a) Pile-up vs transverse to axial yield stress ratio for three different values of tissue-
probe friction coefficient. (b) Axial hardness (left vertical axis) vs friction coefficient µa; axial
indentation modulus (right vertical axis) vs µa.

an increasing piling up for decreasing transverse to axial yield stress ratio. A
maximum pile-up of 40 nm has been found for σT /σA = 0.5. This result is
shown in Figure 7.6(a) (curve labeled µa = 0).

7.1.4 Effects of friction and inelastic deformation modes

The effect of friction between indenter and tissue surface has been investigated
in the analyses set FrA, in which axial indentations have been simulated. It has
been found that friction affects both the the pile-up and the indentation hard-
ness. The effect of friction on the pile-up is shown in Figure 7.6(a) for three
values of the friction coefficient and for different values of the transverse to
axial tissue yield stress ratio. In this Figure, it is shown that the increase of
friction coefficient substantially decreases the pile-up for all values of σT /σA.
For friction coefficient µa > 0.1 and for σT /σA > 0.75 sink-in is observed.
Simultaneously, friction increases the tissue hardness up to µa = 0.2; for larger
values of the µa no further increase of hardness is found (see Figure 7.6(b)). It
is worth to notice that friction does not affect the axial indentation modulus, as
shown in Figure 7.6(b).
Furthermore, the contribution of the inelastic deformation mode is required to
avoid piling up of the material for the transverse to axial yield stress ratio em-
ployed in the previous analyses (σT /σA = 0.5). The set of analyses AdefA have
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(a) (b)

Figure 7.7: (a) Axial hardness (left vertical axis) vs αdef ; axial indentation modulus (right vertical
axis) vs αdef . (b) Axial indentations, pile-up vs αdef for µa = 0.2.

shown that the inelastic deformation mode, ruled by the parameter αdef , has
a moderate effect on the axial hardness and on the axial indentation moduli
(Figure 7.7(a)); whereas, it strongly affects the pile-up. Indeed, as shown in
Figure 7.7(b), the pile-up decreases significantly when decreasing αdef . For
αdef < 0.09 the sink-in effect is observed. In this case, both the evidences
regarding the direction dependent hardness and absence of piling-up of the ma-
terial are simultaneously addressed.

7.1.5 Comparison with data from literature

Results obtained with these preliminary investigations match remarkably well
the experimental data of the literature.
The indentation moduli values reported in Figure 7.2(a) are similar with the
ones obtained by Rho et al. (1999a) (22.4 GPa and 16.6 GPa in the axial and
transverse directions, respectively), Rho et al. (1997) (22.5 GPa, axial direc-
tion) and Rho et al. (2002) (21.7 GPa, axial direction) for human tibial cortical
tissue. Regarding the tissue hardness (Figure 7.2(b)), for human tibial cortical
tissue Rho et al. (1999a) reported a transverse to axial hardness ratio of 0.91:
this anisotropy ratio corresponds to the one obtained in this study for a trans-
verse to axial yield stress ratio σT /σA = 0.9. For bovine bone, the transverse
to axial hardness ratio HT /HA = 0.76 reported in Wang et al. (2006) as well as
the hardness values HA = 811 MPa and HT = 647 MPa are all consistent with
a transverse to axial yield stress ratio σT /σA ≈ 0.6 in this model.
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Figure 7.8: Indentation modulus and indentation hardness from FEM simulations in the axial direc-
tion (symbols); shaded area represent the values (mean± sd) from experiments (Rho et al., 1999a).
See text for model parameter values.

In order to present a quantitative comparison on absolute M and H values be-
tween those obtained through the present model and those reported in Rho et al.
(1999a), a further set of indentation simulations were run along axial direction
with different penetration depths from 210 to 500 nm. Figure 7.8 shows that
the computed axial indentation modulus and hardness are roughly insensitive
with respect to maximum penetration depth; in the same figure the shaded area
bounds the experimental finding (mean ± sd) for both M and H . In the trans-
verse direction, the computed indentation modulus and hardness were MT =
16.39 GPa andHT = 0.58 GPa, respectively; whereas, experiments in Rho et al.
(1999a) reported MT = 16.6 ± 1.1 GPa and HT = 0.56 ± 0.034 GPa, respec-
tively. Therefore, in both directions a pretty good agreement has been found for
indentation modulus as well as for indentation hardness between numerical and
experimental values.

7.2 Comparison with experimental instrumented
indentation curves

7.2.1 Experimental data analyses

To further investigate the model, comparison with the set n◦2 of experimental
tests (see Section 4.3) is performed. In particular, focus has been made on the
300 nm maximum penetration depth curves: mean curves obtained in the ax-
ial and transverse directions are reported in Figure 7.9. The mean values and



114 Chapter 7. Results of FE Simulations of Nanoindentation Tests

Figure 7.9: Mean curves obtained from experimental data set n◦2 at 300 nm maximum depth
indenting along the axial and transverse directions.

Direction M [GPa] H [GPa] PMAX [mN]
Axial 22.51 ± 2.12 0.74 ± 0.07 2.18 ± 0.05

Transverse 16.73 ± 2.17 0.64 ± 0.11 1.83 ± 0.05

Table 7.5: Values of axial and transverse indentation modulus, hardness and peak load computed
from the experimental curves at 300 nm maximum depth using the Oliver-Pharr theory.

standard deviations of axial and transverse indentation modulus, hardness, and
maximum load computed from the experimental curves using the Oliver-Pharr
theory (Subsec. 2.1.2), are presented in Table 7.5. As expected, both the phys-
ical quantities are higher in axial direction. Anisotropy ratios calculated on the
mean indentation moduli and hardness as MT /MA and HT /HA are 0.74 and
0.86, respectively.
Since focus on the post-elastic behavior of the tissue has been made, the ex-
plicit solution for the indentation moduli of a transversely isotropic solid has
been adopted to determine the elastic moduli of lamellar bone tissue from the
corresponding indentation moduli M along the indentation directions (Subsec.
2.1.4). Considering the axial direction as x2 and the transverse directions as
x1 and x3, the elastic moduli E2 and E1 for a transversely isotropic solid are
calculated solving simultaneously Equations 2.41 and 2.54 for E2 and E1. To
perform this operation, the three remaining material constants ν13, ν12 and G12
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E1 = E3 = ET E2 = EA ν12 = νTA ν13 = νT G12 = GA

13.02 GPa 21.75 GPa 0.214 0.487 7.49 GPa

Table 7.6: Independent elastic constants identified from the loading-unloading indentation curves.

are set to:

ν13 = 0.487; ν12 = 0.214; G12 =
E2 + E1

2
· 1

2 · (1 + ν12+ν21
2 )

. (7.5)

ν12 and ν13 are average values taken from the literature (Cowin, 1989) and refer
to the macroscopical properties of cortical bone.

7.2.2 Input and analyses of the simulated indentation curves

Table 7.6 summarizes the independent engineering elastic constants used to
build up the stiffness tensor C required as input into the model, which is:

C [GPa] =


22.46 12.93 13.71 0 0 0
12.93 30.99 12.93 0 0 0
13.71 13.71 22.46 0 0 0

0 0 0 7.49 0 0
0 0 0 0 4.38 0
0 0 0 0 0 7.49

 (7.6)

The elastic tensor C′
in the form of Equation (6.7) estimated starting from C

presented in Equation (7.6) results:

C
′
[GPa] =


23.02 13.62 11.82 0 0 0
13.62 30.59 13.62 0 0 0
11.82 13.62 23.02 0 0 0

0 0 0 6.46 0 0
0 0 0 0 5.60 0
0 0 0 0 0 6.46

 (7.7)

and the corresponding estimated elastic parameters are µ = 13.04 GPa, λ = 6.19
GPa, pA =0.097 and pT = -0.048.
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The relative error results:

Error% =


2.47 5.37 −13.79 0 0 0
5.37 −1.29 5.37 0 0 0
−13.79 5.37 2.47 0 0 0

0 0 0 −13.79 0 0
0 0 0 0 27.93 0
0 0 0 0 0 −13.79


(7.8)

where eij = 100(c
′

ij − cij)/cij .
The FEM model is the same as described in Subsec. 6.4 except for the shape
of the indenter tip, which in this case is axisymmetric but spheroconical with a
70.3◦ angle with the axis and a 300 nm end radius, estimated by the calibration
curve on the fused silica reference sample.
The load-displacement FE curves are obtained plotting the load applied to the
indenters reference point versus the vertical displacement of the first node in
contact with the tip.
The ability of the FEM to predict the behavior of cortical bone is quantified by
evaluating the indentation modulus M and hardness H . The indentation modu-
lus and hardness, computed with the Oliver-Pharr method by fitting the unload-
ing curve between 95% and 40% of maximum load, are indicated respectively
as MO−P and HO−P . The same two parameters are calculated evaluating the
contact area directly from the simulations data (i.e. measuring hc from the de-
formed surface at the end of the loading step). They are indicated as MS and
HS .
Since compression is the most relevant stress component in an indentation test,
the yield stress in compression, in particular the one in direction of maximum
strength (axial), is taken as reference and comes from literature data for bovine
cortical bone (Bird et al., 1968; Cowin, 1989; McElhaney et al., 1964): the con-
stitutive parameter σ̄eq has been chosen such that the axial compressive yield
stress is σcA = -150 MPa for all analyses. Instead, the angle of the Drucker-
Prager cone, corresponding to α in the anisotropic model (Equation 6.22) and
β in the classical Drucker-Prager formulation (Equation 6.15), as well as the
dilatation angle φ (where 3

√
3αdef = tanφ), are used as fitting parameters.

7.2.3 Effect of the opening angle of the cone, dilatation angle
and friction on indentation curves

Firstly, a sensitivity analysis aimed at evaluating the role of the opening angle of
the cone β, the dilatation angle φ, and friction µa on the shape of the indentation
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Figure 7.10: Effect of cone angle β on the axial loading-unloading curves. Continuous lines
indicate the simulated curves, dashed line indicates the experimental one.

loading-unloading curve has been carried out considering simulated indentation
tests in the axial direction using the Drucker-Prager yield criterion.
The opening angle of the cone β is preliminarily set to 34◦, which corresponds
to a fixed tension to compression yield stress ratio Rtc = 0.63, as reported in
Cowin (1989): the corresponding axial tensile yield stress results σtA = 109
MPa. In order to reduce the piling-up effect (i.e. deformed surface lifting up
over the undeformed surface level), a non associative flow rule with smaller
volumetric inelastic strain has been employed, thus the dilatation angle φ is
preliminarily set to 10◦. With the assumed tension-compression mismatch, the
peak load is largely overestimated. Therefore, the effect of cone angles between
34◦ to 20◦ is investigated.
The FE curves are compared to the experimental one in Figure 7.10. Table 7.7
reports the maximum load Pmax and the contact area computed with the Oliver-
Pharr method (AO−P ) and from the deformed surface at the end of the loading
step (AS). Moreover, the error between the computed and the experimental
peak load (eP ) as well as the discrepancy between the two contact areas (eA),
calculated as:

eP =
Pmax − P expmax

P expmax
· 100; eA =

AO−P −AS

(AO−P +AS)/2
· 100, (7.9)
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RCT β Pmax AO−P AS eP eA
[deg] [mN] [µm2] [µm2] [%] [%]

0.78 20 2.13 3.07 3.40 -2.16 -2.50
0.73 25 2.17 3.03 3.34 -0.51 -2.39
0.68 30 2.28 2.98 2.99 4.69 -0.07
0.63 34 2.33 2.94 2.95 7.23 -0.14

Table 7.7: Effect of cone angle β on the simulated maximum load and contact area. eP is the
discrepancy between the computed and the experimental peak load (2.18 mN), while eA the dis-
crepancy between AO−P and AS .

αdef φ Pmax AO−P AS eP eA
[deg] [mN] [µm2] [µm2] [%] [%]

0.02 8 2.11 3.04 3.32 -2.87 -2.16
0.03 10 2.17 3.03 3.34 -0.51 -2.39
0.04 12 2.24 3.02 3.36 3.11 -2.68
0.05 14 2.32 3.00 3.70 6.84 -5.16

Table 7.8: Effect of dilatation angle φ on the simulated maximum load and contact area.

are reported.
The peak load is best-fitted for an angle of 25◦, while the discrepancy in the cal-
culated areas shows that a small amount of pile-up occurs when moving towards
ideal plasticity (β = φ). The latter effect can be potentially reduced adopting fur-
ther small volumetric inelastic strains. Thus, an opening angle β=25◦ is fixed
and the effect of different dilatation angles φ on the loading-unloading curve is
analyzed using the axisymmetric model in order to evaluate the effect of this
parameter on the indentation curve and on the material pile-up.
The obtained FE curves are compared to the experimental one in Figure 7.11.
Table 7.8 reports the maximum load and the contact areas AO−P and AS , as
well as the error between the computed and the experimental peak load and the
discrepancy between the two contact areas. Since varying the dilatation angle
from the previously set value of 10◦ results in a higher discrepancy between the
experimental and computed indentation curves, the pile-up cannot be reduced
by means of the solely decrease of the volumetric dilatation of the material.
In this light, a simulation has been carried out with the same constitutive pa-
rameters that were found to best-fit the experimental data (β = 25◦ and φ = 10◦)
adding a friction contact with µa = 0.2 between the tissue and the indenter.
Figure 7.12 shows both the frictionless curve and the one where friction contact
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Figure 7.11: Effect of the dilatation angle φ on the axial loading-unloading curves. Continuous
lines indicate the simulated curves, dashed line indicates the experimental one.

Figure 7.12: Effect of a friction coefficient µa = 0.2 on the loading-unloading curves in axial
direction.
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µa Pmax AO−P AS eP eA
[mN] [mN] [µm2] [%] [%]

0 2.16 3.03 3.34 -0.51 -2.39
0.2 2.16 3.00 3.21 -0.73 -1.71

Table 7.9: Effect of friction coefficient µa on the simulated maximum load and contact area.

µa MS
A HS

A eM eH
[GPa] [GPa] [%] [%]

0 24.04 0.65 6.70 -12.35
0.2 23.30 0.67 3.43 -9.17

Table 7.10: Effect of friction coefficient µa on indentation modulus and hardness. Comparison is
made with respect to the experimental mean values M = 22.51 and H = 0.74.

was employed, which are virtually indistinguishable for shapes and peak loads.
The experimental curve used as reference is depicted too. Table 7.9 reports the
maximum load and contact areas in the two cases. The indentation modulus
and hardness estimations, evaluated using the actual contact area, are presented
in Table 7.10, where the discrepancy e between the experimental and simulated
values is calculated as:

eM =
M −Mexp

Mexp
· 100; eH =

H −Hexp

Hexp
· 100 (7.10)

and the data in Table 7.5 are used as reference.
Results show how adding friction enables the reduction of the pile-up while
maintaining a good agreement between the experimental and the simulated
curves; furthermore, the prediction of the simulated indentation modulus and
hardness improves.

7.2.4 Introduction of the post-yield anisotropic model
Once identified a suitable set of elastic and post-elastic material parameters for a
classical Drucker-Prager yield surface able to best-fit the experimental loading-
unloading indentation curves in the axial direction, the anisotropic post-elastic
material model has been introduced with the purpose to evaluate the effect of
the post-elastic anisotropy on the shape of the simulated curves.
The simulated curves in the axial and transverse directions for values of σT /σA
ranging from 0.5 to 1 are reported in Figures 7.13 and 7.14, respectively. Axial
direction curves show a small increase of the peak load when the yield stress
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Figure 7.13: Effect of yield stress ratio σT /σA on the axial loading-unloading curves. Continuous
lines indicate the simulated curves, dashed line is the experimental one.

Figure 7.14: Effect of yield stress ratio σT /σA on the transversal loading-unloading curves.
Continuous lines indicate the simulated curves, dashed line is the experimental one.
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Figure 7.15: Indentation modulus and hardness from FEM simulations in the axial direction;
shaded areas represent the values (mean ± sd) from experiments. Straight lines corresponds to the
mean values of M and H .

ratio decreases, while a more pronounced decrease in the peak load in the trans-
verse direction is achieved. This effect can be explained noting that the σT /σA
ratio has been changed while keeping constant the yield stresses in the axial di-
rection (σA), thus the indentation in the axial direction is only slightly affected
by the post-elastic anisotropic behavior; whereas, simulations in the transverse
direction are more significantly affected by post-elastic anisotropy due to the
decrease of the yield stress σT along the indentation direction.
The indentation modulus and hardness calculated through the Oliver-Pharr anal-
ysis are presented in Figure 7.15; Figure 7.16 report the same results for simu-
lations along the transverse direction. In both figures, the shaded areas bound
the experimental finding (mean ± sd) for both M and H , while straight lines
corresponds to the experimental mean values (see Table 7.5).
The hardness in the transverse direction is correctly predicted for a yield stress
ratio just below 0.9: this is coherent with the model behavior presented in Sub-
sec. 7.1.3, since the experimental HT /HA is equal to 0.86 and the relationship
between the ratios σT /σA andHT /HA has been showed to be roughly linear in
this range (see Figure 7.3). Good estimates of both the axial indentation mod-
ulus and hardness for σT /σA ≈ 0.9 are found, while the highest discrepancies
between the experimental and simulated data are obtained for the transverse
indentation modulus, where an overestimation of about 12% occurs.
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Figure 7.16: Indentation modulus and hardness from FEM simulations in the transverse direction;
shaded areas represent the values (mean ± sd) from experiments. Straight lines corresponds to the
mean values of M and H .

7.3 Discussions

The general purpose of Chapters 6 and 7 was to investigate the direction depen-
dent response of the cortical bone tissue subject to nanoindentation along the
axial and transverse directions in terms of indentation moduli, hardness, pile-
up or sink-in and agreement with loading-unloading indentation curves. This
objective was pursued by making use of the FE simulations of the indentation
experiment. The specific aim was to establish the role of direction dependence
of the tissue yield stress on the tissue response with particular regards to the
axial to transverse tissue hardness mismatch and to the material pile-up.
Anisotropic elastic properties results in a direction dependent indentation mod-
uli regardless of the anisotropic post-elastic properties, since a transverse to
axial indentation moduli mismatch is obtained even in cases of isotropic yield
locus (see Figure 7.2(a)). Considering that indentation modulus is largely de-
pendent on the initial stage of the unloading P − h curve with the assumption
that during this phase only elastic phenomena occur, the above mentioned re-
sult is expected. The slight dependence observed on the indentation moduli
with the transverse to axial yield stress ratio is mainly owed to differences in
the computed contact area at maximum load. Instead, anisotropic post elas-
tic properties, i.e. anisotropic yield locus and plastic potential, are required in
order to obtain a direction dependent tissue hardness (see Figure 7.2(b) where
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axial as well as transverse tissue hardness are reported as function of transverse
to axial yield stress ratio). Indeed, isotropic yield surface predicts very close
values of axial and transverse tissue hardness; whereas transverse to axial hard-
ness mismatch is observed for anisotropic yield locus only. Of course, adopting
a transversely isotropic elastic and post-elastic model allows capturing a dif-
ference in the material behavior in the axial vs. transverse direction, without
distinguish between radial and circumferential material directions with respect
to the osteonal structure.
Another key observation is that piling-up of the material under the indenter is
affected by at least two different factors; i) the tissue-indenter friction and ii)
the inelastic deformation mode (represented in this model by the constitutive
parameter αdef ). In particular, the pile-up is small or even become negative
(sink-in) when the dilatation angle is reduced and when the probe-tissue fric-
tion is accounted for. This finding has a great relevance, since experimental
measures have shown that bone tissue indentation produce a negligible piling-
up. Indeed, in Mullins et al. (2009) it was found that the pile-up is not signif-
icantly greater than the surface roughness in nanoindentation of ovine cortical
bone with maximum penetration depth of 500 nm; in Fan et al. (2004), AFM
measurements carried out on cortical bone tissue from human tibia have shown
that indentation tests with penetration depth of 500 nm did not produce any ob-
vious pile-up around the residual imprint.
It is of particular interest to discuss the effect of the dilatation angle on the in-
dentation pile-up in relationship with the tissue constitution. High values of
αdef (with the upper limit αdef = α i.e. associative flow rule) implies high
volumetric dilatation for all values of the hydrostatic stress component. It is
therefore justifiable to assume small values of the dilatation angle to reduce the
volume increase during inelastic deformation process. However, the calibration
of this particular constitutive parameter is still a open problem that goes beyond
the scope of this study.
The comparison between the experimental and simulated loading-unloading
indentation curves also provides interesting insights on the anisotropic, post-
elastic model behavior. The simulated curves in the axial direction are less
sensitive to the yield stress ratio than the transverse ones, where a marked de-
cay in the peak load is achieved. Furthermore, the model is able to catch the
experimental evidence of a direction dependent loading-unloading curve, elas-
tic, and post-elastic material behaviors, here evaluated in terms of peak loads,
indentation moduli and hardnesses, respectively.
The analyses of the simulated indentation curves revealed a good agreement be-
tween the experimental and simulated indentation curves for a yield stress ratio
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σT /σA ≈ 0.9. Considering the axial and transverse hardnesses, discrepancies
in the order of 5% (see Figures 7.15 and 7.16) are found; instead, the estimate
of the indentation modulus is affected by higher errors, in particular in the trans-
verse direction.
The latter result can be explained observing that the elastic-plastic constitutive
law does not represent the most general anisotropic transversely isotropic stress-
strain relationship (see Section 6.1). In particular, the elastic tensor (Equation
(6.7)), in which r1 = r3 = rT is assumed, depends on 3 independent param-
eters instead of 5, as required by transverse isotropy; this issue is discussed in
Zysset and Curnier (1995). Furthermore, the post-yield constitutive law is char-
acterized by a compressive to tensile yield stress ratio independent of material
direction; which does not match exactly with experimental finding (see for ex-
ample Cowin (1989)). Moreover, the identification of the elastic parameters
using the explicit solution for the indentation moduli requires to preliminarily
set three of the five elastic constants required to describe a transversely isotropic
solid. Therefore, inaccuracies in the estimated hardness and, in particular, in-
dentation moduli can be brought back to these model limitations. However, the
above mentioned limitations do not affect the main conclusions described in
this research and the capability of the model to catch both the elastic and post-
elastic direction dependent mechanical behavior.
Compressive and tensile axial yield stresses used in the above sensitivity analy-
ses (180MPa and 115 MPa, respectively) corresponds to a material cohesion, as
defined in the Drucker-Prager strength criterion (σ̄eq = 141 MPa); instead, the
values identified by best-fitting the loading-unloading indentation curve (σcA =
150 MPa and β = 25◦) corresponds to a cohesion σ̄eq = 126 MPa. This mate-
rial parameter is consistent with that found in Mullins et al. (2009) (σ̄eq = 122
MPa) which refers to microscale indentation experiments and it is lower than
that found in Mercer et al. (2006) (σ̄eq = 171 MPa) which refers to macroscale
experiments. These differences may suggest that a size dependence exists in
the post-elastic material behavior as well with the cohesive strength increasing
with increasing size scale, as expected since the tissue exhibits a hierarchical
structure.
It should be also underlined that the effect of pore water has been disregarded
in this study. The water acts as a plasticizer for the collagenous phase filling
the 50% volume fraction of interfibrillar and the 20% of the extrafibrillar space
and may have a significant effect on tissue anisotropy properties as shown in
Bembey et al. (2005), Oyen et al. (2005) and Akhtar et al. (2005) in which
hydrated and dehydrated bone tissues were subject to nanoindentation. In the
above mentioned papers, the effect of hydration on the transverse to axial ratio
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of the indentation response was investigated by means of spherical indentation
with tip radius of 20 µm. In particular, in Bembey et al. (2005) it was found that
hydrated bone samples did not show a statistically significant transverse to axial
indentation moduli ratio, in contrast to what was found on dehydrated samples.
The model presented in this paper applies for dehydrated tissue samples as in
Rho et al. (1999a) and Fan et al. (2002); however, it is still to be investigated
whether the independence of indentation moduli on test directions found for
hydrated samples in Bembey et al. (2005), is owed the specific indenter geom-
etry. Further studies are needed in order to extend these findings to pyramidal
indentations.
The choice of a plasticity framework for the numerical simulation of indenta-
tion of the bone tissue is widely accepted (one of the most recent paper which
deals with this issue is Mullins et al. (2009)). Although it is well known that
plastic deformations, as defined for metals, are not physical in bone tissue, it
has been shown by several experimental studies on the nanoscale deformation
modes of bone that a stress-strain curve of tissue exhibits a non linear relation-
ship with the achievement of a yield stress which may be correlated to the onset
progressive disruption of the sacrificial bonds during which the tangent to the
stress-strain curve progressively decreases (Gupta et al., 2006a,b, 2005; Peter-
lik et al., 2006). This behavior can be phenomenologically reproduced by the
elastic-plastic constitutive law. The disruption of sacrificial bonds, however,
generates a decrease of elastic modulus of the tissue in a damage-like mech-
anism. An appropriate physically consistent post-yield model should define a
flow rule, i.e. the law ruling the development of inelastic strain, accounting for
deformation energy, that has been shown to be dissipated by shearing of a thin
glue layer between mineral-reinforced collagen fibrils (Peterlik et al., 2006).
Further development of the presented model accounting for the most relevant
above specified limitations will improve our knowledge of the post-elastic be-
havior of the cortical bone tissue and its relationship with the tissue constitution.
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8.1 Summary of results
In the present thesis, experimental and numerical approaches were employed
to investigate the orientation and length-scale dependent mechanical properties
at the micro and nanostructural hierarchical levels in lamellar bone tissue by
means of the nanoindentation technique.
In Chapters 4 and 5, knowledge of the tissue mechanical properties at multiple
length-scales was achieved by testing the same osteonal structure at different
penetration depths and along two orthogonal orientations. An analytical model
valid for laminate composites which considers the inherent anisotropy of the
mineralized collagen fibrils was applied to the experimental test results at the
highest spatial resolution.
In Chapters 6 and 7, the numerical approach was used to develop a finite el-
ement model which allows for anisotropic elastic and post-yield behavior of
the tissue, which is evidenced in instrumented indentation experiments carried
out along different directions on lamellar bone. The constitutive model for the
post-yield behavior included a tension-compression mismatch and a direction
dependent yield stress.
With respect to the objective 1 of the thesis declared in Chapter 3:

to quantify the effect of characteristic length of mechanical probing on the
anisotropy of lamellar bone (length scale effect) and to determine the crit-
ical length scale beyond which homogenization of mechanical properties is
achieved,

on the basis of the results and discussions illustrated in Sections 5.1 and 5.3,
the following considerations can be drawn:

• the hierarchical arrangement of lamellar bone, consisting in mineralized
collagen fibrils that make up the sub-layers of the lamellar unit by ro-
tating both with respect to the lamellar boundary as well as around their
own axis (rotated plywood structure), was found to be a major determi-
nant for modulation of mechanical properties and anisotropic mechanical
behavior of the tissue (see Subsec. 5.1.1);

• the effect of length scale on lamellar bone anisotropic mechanical behav-
ior, evidenced by the decay of indentation modulus versus probe size, and
the critical length at which homogenization of the mechanical properties
occurs (≈200-300 nm maximum indentation depth) were determined by
measuring the spatial modulation of indentation response (see Subsec.
5.1.2);
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• the structural anisotropy and mechanical modulation associated to the
lamellar structure of individual osteons are consistent with the hypoth-
esized capability of the tissue to act as a protective mechanism which
opposes cracks propagation at the lamellar level (see Subsec. 5.1.3).

With respect to the objective 2 of the thesis declared in Chapter 3:

to determine the elastic constants for a sub-layer of mineralized collagen fibrils
within an osteonal lamella,

on the basis of the results and discussions illustrated in Sections 5.2 and 5.3,
the following considerations can be drawn:

• the elastic constants for a sub-layer of mineralized collagen fibrils within
an osteonal lamella were determined on the basis of the spatial arrange-
ments of the fibrils by employing an analytical model valid for laminate
composites (see Subsec. 5.2.1);

• the elastic constants for an orthotropic material model were found to be
consistent with an analogous set available in the literature (see Subsec.
5.2.2);

• the values of the elastic constants found through the previous expounded
method were validated through the Swadener-Pharr model which was
adopted to compare the experimental values of indentation moduli to the
predicted ones (see Subsec. 5.2.3).

With respect to the objective 3 of the thesis declared in Chapter 3:

to provide a rigorous scientific linkage between refined constitutive models rep-
resenting the tissue’s fundamental material properties and the complex multi-
axial stress field generated during an indentation test by developing an ad-hoc
pressure-dependent and anisotropic post-yield material model,

on the basis of the results and discussions illustrated in Chapter 7, the following
considerations can be drawn:

• indentation experiments along the axial (corresponding to the long bone
axis as well as osteonal axis) and transverse (normal to the osteonal
axis) directions were simulated. The developed model is able to pre-
dict direction-dependent indentation moduli, direction-dependent hard-
ness, and negligible pile-up of the material simultaneously;
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• the yield locus anisotropy resulted to be necessary to predict the direction-
dependent hardness, while it was found to be less important to predict
the direction-dependent indentation moduli. A small inelastic volumetric
strain (achieved through a non associative plastic potential) and friction
between tissue and indenter played a key role in addressing the experi-
mental evidence of negligible pile-up (see Section 7.1);

• direct comparison between the experimental and simulated indentation
tests evidenced a good agreement also in terms of peak load and loading-
unloading indentation curves for a transverse to axial yield stress ratio
comparable to the experimentally obtained transverse to axial hardness
ratio (see Section 7.2).

8.2 Future developments
A natural extension of the present work may include nanoindentation tests in a
third direction perpendicular to the previous ones, namely in a radial direction
with respect to the osteonal cylindrical structure. This development, allowing
the distinction the transverse directions between circumferential and radial with
respect to the osteonal axis, could lead to the identification of elastic constants
of a full orthotropic constitutive law. The currently available home built sample
holder has been designed to this purpose.
The experimental procedures can be also modified by considering the possibil-
ity to performing the experimental tests with the bone tissue in hydrated condi-
tions. This would bring results which may have much more clinical relevance
since testing in physiological environment is carried out. Accounting for factors
like age, injury, and/or disease on bone mechanical performances will become,
therefore, possible.
In the future, microstructurally-based FEA models could be coupled to the
present continuum-based approach to assess the role of localized deformation
mechanisms and specific microstructural features and to determine the limita-
tions and applicability of the continuum approach. Moreover, this approach
would enable relating the mechanical properties of lamellar bone at the nanos-
tructural level with those at the micro and macrostructural level. Also, the ap-
plication the plasticity framework to indentation tests carried out at lower scales
(i.e. lower penetration depths), where the tissue does not exhibit an homoge-
nized response, could provide elastic as well post-elastic constitutive parameters
for individual sub-layers.
Instrumented indentation tests coupled with the observation of indentation pro-
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files and residual imprints (e.g. using Atomic Force Microscopy) could lead to
a comparison between experiments and simulations not only in terms of inden-
tation curves but also between the numerically predicted residual imprint and
that experimentally measured. This approach would provide a wider view of
the deformation mechanisms associated with the pile-up or sink-in of the mate-
rial, better clarifying the role of inelastic deformation modes and friction in an
indentation test.
The structural complexity of bone tissue requires that the assessment of its me-
chanical properties involves multiple hierarchical levels, from the macroscopic
scale down to the micro and nanostructural level till the most basic compo-
nents. Understanding structure-property relationships and the effects of struc-
tural features on the biomechanical properties of bone would enable not only
the development of more accurate models for analysis of implants and poten-
tial bone-replacement materials, but also the progress in designing bio-inspired
structural materials which take advantage of the mechanical design principles
found in nature. These latter topics undoubtedly represent fascinating long-term
scientific goals in the materials science and engineering field.
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