Fall 2002. 10.34. Numerical Methods Applied to Chemical Engineering
Homework # 3. Nonlinear algebraic equations and matrix eigenvalue problems
Assigned Friday 9/20/02. Due Friday 9/27/02
Problem 1. M odeling chemical reaction with diffusion in a catalyst pellet

In HW # 1, we considered the use of the finite difference method to convert a boundary
value problem into a set of linear algebraic equations. In HW # 2, we considered the use of
Newton’'s method to solve sets of nonlinear algebraic equations. In this problem, we com-
bine these two approaches to solve a boundary value problem that contains a nonlinear
term involving chemical reaction. This problem isinspired by the discussion of noniso-
thermal catalyst particlesin section 3.9 of G. F. Froment and K. B. Bischoff, Chemical
Reactor Analysis and Design, 2nd ed., Wiley, 1990.

We consider the case of a spherical catalyst pellet of radius r (seefigure below).

external
fluid Area = Axr?
c,(R)= Chs

JT®=T,

N

solid catalyst pellet

Area = dn(r+dr)?

FIGURE 1. Nonisothermal reaction/diffusion within a catalyst pellet. (Ieft) Geometry of problem
with known surface concentration, temperature. (right) Spherical shell control volume used to
derive governing equations.

Within the catalyst pellet, we have the chemical reaction
A-B (EQ1)
that follows afirst order rate law,
R = K(T)Ca (EQ2)
The heat of reaction, aH, is assumed to be negative (exothermic reaction), and we model

the temperature dependence of the rate constant as

-E. T
K(T) = Kret exp[ﬁ%%f—%} (EQ3)
re
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E, iStheactivation energy, R istheideal gas constant, and k. iSthe value of the rate con-
stant at areference temperature T,

We wish to calculate the profiles of the concentration of A, c,(r), and the temperature T(r)

within the catalyst pellet. We assume that at the surface of the catalyst pellet, the concen-
tration and temperature are known, yielding the Dirichlet boundary conditions

Ca(R) = Cp ¢ T(R) = Tg (EQ4)

We obtain the governing equation for the concentration of A by applying a mass balance
to the shell control volume between r and r +dr (see figure above),

[ 2
O+ (41rr dr)(—kcy) (EQ5)

r+d

0 = 4" 3D, | O-41(r +dr) " G-Dpy—
O Adr 0 O Adr

Thefirst term isthe flux of A into the control volume by diffusion, the second term is the
corresponding flux out, and the third is the rate of disappearance of A due to chemical
reaction. b, isthe effective diffusion constant for A within the catalyst pellet. Dividing by

4mdr yields,

1%) 2dcy 20CA }D 2
0== (r+dr)— —r" "1 O-r"(kc,) (EQ6)
er A|: dr r+dr dr r A
Thisyields the differential equation
dl2. dca7 2 _
m[r DAa J—r (kcy) = O (EQ7)

Similarly, we derive a governing equation for the temperature field by writing an energy
balance on the spherical shell control volume,

0 = 41r E)—)\d—T O—41(r +dr) El—)\d—T

[

r+d

The first and second terms are the fluxes in and out of the control volume due to heat con-
duction. A isthe effective thermal conductivity of the catalyst pellet. The third termisthe
generation of heat due to chemical reaction. Division by 4ndr yields

_ 1 2dT
0= ar it {(r+dr) ar

The governing equation for the temperature field is therefore

2dT
dr

}E-H (-AH)(kca) (EQ9)
r

r+dr
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d[ dT
d

o )\—JH (-AH)(kc,) = 0 (EQ 10)

We now have a set of two coupled differential equations with the boundary conditions

BC#1  cu(R)=cps T(R) =T, (EQ11)
dc

BC#2 _A =0 ar =0 (EQ 12)
dr f=o dr f=0o

The first boundary condition arises from the known concentration and temperature at the
pellet surface. This boundary condition holds when we assume that there is no external
resistance to heat and mass transfer in the surrounding fluid. The second boundary condi-
tion arises from the symmetry condition at the center of the catalyst pellet.

We now simplify the problem for the case where the heat of reaction, diffusivity, and ther-
mal conductivity are assumed to be constant. We divide the energy balance by -aH,

drf2 A dT 2 _
a[r —(_AHW}H (kcy) = 0 (EQ13)

When we add this equation to the mass balance on A, we obtain,

d[ 2~ 9a1, d[2_ A dT] _
m[r Dagr J+a[r camar) = (EQ14)
Integrating this equation once yields,
dCA A dT]
[DAdr —AH)d_H =G Q1)
Dividing by r? yields,
d A _ G
W[DACA-F(—AH)TJ = g (EQ 16)

From the symmetry boundary condition at the center of the spherical pellet, we know that
c, must be zero, so that a second integration yields

A A

DaCp+ (—AH)T_CZ DAcAS (——AH)TS (EQ 17)

We have employed the known concentration and temperature at the catalyst surface (from
the first boundary condition) to obtain the value of ¢, .
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Upon rearrangement, thisyields a linear relation between the temperature and concentra-
tion fields.

DA(AH)

Writing the temperature dependence of the rate constant explicitly, the boundary value
problem that we must solve is the following,

Find the function c,(r) that satisfieson r 0[0,R the differential equation

df.2dca1 2 L et O _
Aﬁ[r ar }—r K of exp[—RTrefDT —1D:|CA =0 (EQ19)

subject to the boundary conditions

dc,

Ca(R) = Cp ¢ ar =0 (EQ 20)

r=0
where the temperature field is calculated directly from the concentration field as

DA(AH)
T(r) = Tg+ N [ca(r) —Ca 4 (EQ21)

To solve this problem, we again use the method finite differences to convert the boundary
value problem into a system of algebraic equations. Now, however, the system of alge-
braic equationsis nonlinear and must be solved iteratively.

To implement the finite difference method in spherical coordinates, we place agrid of
points {ry,r,, ...,ry Withintheinterior of the domain, with o<r, <r, <... <ry <R, and require

that at every grid point j, the differential equation be satisfied locally,

d [ 2dcs
DAm[r ar }

Here we have used the notation T,=T(r)), ¢, j=c,(r) -

—E, T
2 _—afllref 40l =
r — I Kres eXp[RTrefDTj IEJCA’J 0 (EQ22)

i

We define the values of r midway between the j™ grid point and its neighbors as

1 1
r1‘+1/2E§(rj +Ti4q) r;'—1/255(%”;_1) (EQ23)

and form a central difference approximation for the second derivative,
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O
O
rj—l/p

2 [t

r +1/2%7r

O-r_1/20+
j-1/2
rj+1/J] er

(EQ24)

d[rzﬁﬂ _
drl dr ]|

J, (fj+1/2=j-1/2)

For each of the mid-point first derivatives, we use another finite difference approximation,

dc Cpi1—Cnp:
~_ A+l A
dA ~ Aj+1 A (EQ25)
' fi+1/2 rj+1_rj
dc Cp:—Cp :
A ~ ZAj Aj-1
— = EQ 26
dr ri—=ri_q (FQ20)

fi-1/2 N

We can write the finite difference approximation for the second derivative as

d [r2$A:|
drl dr |

in which case the nonlinear algebraic equation for interior grid point j takesthe form

=A—1Ca -1 TACA T A 4 1Ca 41 (EQ27)

j

Ai-1Ca -1 T ACA T A +1CAj+1

_ -E. T (EQ 28)
12 a [Lref .0 —
-D,rik exp[— - Jc =0

A Tj Pref RTr of 0 Tj ]D A, |

In our previous calculation using finite differences in one dimension, we saw that the
resulting set of linear equations had non-zero matrix elements only on the principal diago-
nal, the diagonal immediately above, and the diagonal immediately below. This tridiago-
nal structure meant that the equations could be solved very quickly in o(N) operations
using Gaussian elimination. Here, we have a set of nonlinear equations; however, we see
that once again, the equation for grid point j depends only on the values of the concentra-
tion at grid points j, j-1, and j + 1. This means that the Jacobian matrix will have atridi-
agonal structure, and that we can solve very quickly the linear equation at each Newton’'s
method iteration,

A = gy K oA oo, 1] (EQ29)

We note that some modification of the above equation isrequired for the first and last grid
points. At the last grid point, j = N, the discretized form of the differential equation is

AN N-1CA N—1 T ANNCa N T AN N+1CA N+ 1

_ —E, T (EQ 30)
12 [T ref _
—D, T K exp[—R_l_a D‘I'r,j _]E:|CA,N =0

ref
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We see that this equation refers to the value of the concentration at the non-existent grid
point N+ 1. We correct this problem by placing the fictitious grid point at the boundary, i.e.
ry+1 = R, and employ the boundary condition to write ¢, ., = c, ;. The algebraic equa-

tion for grid point N then becomes

AN N-1Ca N—1 T ANNCA N T AN N+1CA s

_ -E. T (EQ31)
1.2 [T ref _
SN exp[—R_l_a D%; —IE}CA,N =0

ref

We have asimilar problem at the first grid point j = 1, where the discretized form of the
differential equation is

-E. T
-1.2 a f —
A10Ca 0 A11Ca 1+ A12Ca 2~ D rlkrefeXp[RT D{e - %}CA, 1=0
ref 1

Again, we need to employ a boundary condition to remove the dependence on the ficti-
tious grid point concentration c, ,. We place the zeroth grid point at the origin, r, = 0, and

use the symmetry boundary condition,

dc,

ar =0 (EQ 32)

)

If we were evaluating the derivative at an interior point, we would use the central differ-
ence approximation,

dc Caisq1—Cai
d_A ~CAj+1TPA -1 (EQ 33)
o fiva=lie

When we try to apply thisformulaat r, = 0, we obtain aformula
dcal Ca1—Cas
— | === EQ 34
dr r{—r_ (EQ39)

)

that we cannot use because thereisno grid point at r_, . We could use the one-sided differ-
ence formula,

dc,

dr

C —C
~ Al A, 0 (EQ 35)

o ri—ro
but thisis not as accurate as a central difference approximation. To obtain a more-accurate
one-sided finite difference approximation for the boundary derivative, we use the values at
ro T, T, tOfit locally aquadratic description of the concentration profile,
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ca(r)=ag+agr+ a2r2 (EQ36)
We can immediately determine the value of a, by noticing that at r, = 0,
Ca(0) = 8y = Ca g (EQ37)

Similarly, evaluating the polynomial approximation at r, and r, yields the equations
2
Ca1=Ca0 = &l 30 (EQ38)

: 2
Ca2—Cpo = 4t ay,; (EQ39)

When these equations are solved for a; and a,, we can approximate the derivative at
ro =0 by

dc,
dr

= %[ao +ayr + azrz] = a, (EQ40)
o r=0

When the grid points are uniformly spaced, this yields the approximation formula,

dcy
dr

_—Cp2t4Cs 1—3Ch g
2(Ar)

(EQ41)

Asthe symmetry boundary condition states that this derivative is zero, we have the fol-
lowing expression to estimate c, , fromc, , andc, ,,

4 1
Cao0 = 30 173%2 (EQ42)

The modified algebraic equation for the first grid point is therefore

4 1
[All + §A10} Ca1™t [A12 - éAloJ Ca 2
(EQ 43)

-E, A
-1.2 a ref O —
-D,rik exp[— - Jc =0
A T18ref RT 0T, 15/ 1

We have introduced the problem in terms of the familiar real-life parameters such as diffu-
sivity and activation energy; however, we can use dimensional analysis to convert the
problem to a dimensionless form that provides clearer insight into the physical behavior.

First, we define a dimensionless distance ¢ from
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r==¢&R (EQ 44)

The governing equation for the concentration field, written in terms of this scaled dis-
tance, is

d [ 2dCA7 2.2 o et O], _
Dage St | & R ke ©P| gt 7 15 ca = 0 (FQ49

Next, we define a scaled concentration variable v, ,
Wa=Cp/Cps (EQ 46)

The governing equation of this scaled concentration is

2
d2d¥Wa] 2Rk 0 —Ea it .0

& ==""|—= — —_— — Y, =0 EQ4
R R e et s | (EQ4D

We now take as the reference condition for the rate constant the known surface tempera-
ture,

kr ef = ks = k(Ts) Tref = Ts (EQ 48)
The governing equation then becomes
2
d zdLPA ZER kSD __Eaﬂ-l;s 0 _
dew e h el o e
We now define the Thiele modulus ¢ as,
®=R,/ks/ Dy (EQ 50)

When o «1, the effect of diffusion limitation is minimal, but when ¢ » 1, we expect that
the reaction rate will be affected by the dow diffusion of A into the catalyst pellet.

Similarly, we write the activation energy in dimensionless form as the parameter

Ea
= BT, (EQ5Y)
S
The governing equation in dimensionless form is now
dl.2d%Ya] 2. 2 T _
ﬁ[ & }—E o exp[y%l—%}PA =0 (EQ52)
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Finally, we use the linear relation between the temperature and concentration fields to
write

T T (1-¥,) (EQ53)

S S

We now define the dimensionless number g as the relative importance of the heat of reac-
tion compared to thermal conduction,

AT

(EQ54)

S

We then write the exponential term in the governing equation as,

T yB(1-Y,)
31 = TR A
eo[vA-71] = *p|Trpzu,) (FQ59
so that the differential equation becomes,

ATy TYBLW) 1
deltaE | T e g,y e T O (FQ %9

The boundary conditions in dimensionless form are

W) =1

3 =0 (EQ 57)

§€=0

The number of independent system parameters has now been reduced to three, o, vy, and
B.

Question A.1. Writea MATLAB program that employsthefinite difference method
outlined above to solve the problem in dimensionless form. Asinput, take the values
of thethree dimensionless parameters, o, y, and g. The program should plot the
dimensionless concentration profileand compute the value of the effectivenessfactor
(defined below).

To determine the effectiveness factor, we calcul ate the total rate of reaction within the cat-
alyst pellet,

R
Reot =, K(T)eA(n) (4T )dr (EQ50)

Rewriting thisintegral in terms of the dimensionless quantities yields,
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Y B(1—Wa(8)) Jzqu (EQ 59

1
Ror = 5B o] 3, Ya @20 15, gy

The product of the first two factorsisthe total reaction rate that we would observe if there
were no concentration (or temperature) gradients within the catalyst particle. We define
the effectiveness factor from

Riot = %nRﬁ(kscA, JIN (EQ 60)

so that we can calculate the effectiveness factor from the dimensionless profile,

y B(1-WA(€))
1+B(1-Wa()

! 2
N = 3f Wa®)ex| |eee EQe6)

To perform thisintegration, you can use the MATLAB integration function trapz(), using
asinput the vector of values of ¢ at each grid point (including ¢, = 0 and &, , = 1) and

the vector of integrand values at each grid point.
Hints:

1. A reasonable initial guessisthat w, isuniformly equal to one when the values of all
three coefficients are zero or very small.

2. If you call the MATLAB solver fsolve() without informing it that the Jacobian is sparse,
the amount of CPU time required to solve the problem will be very large. You have one of
two options. First, you know where the non-zero elements of the Jacobian will be, even if
you don't calculate their exact values. You can set with optimset() the optionsflag ‘ Jacob-
Pattern’ to tell MATLAB that you are providing a sparse matrix S with the same pattern of
non-zero elements as the Jacobian. With thisinformation, fsolve() can perform the finite
difference estimation of the Jacobian more effectively. For atridiagona system, the spar-
sity pattern matrix is generated by the following code:

S=gpalloc(N,N,3*N);

S= S+ diag(ones(N,1));

S= S+ diag(ones(N-1,1),1);

S= S+ diag(ones(N-1,1),-1);
Alternatively, for this problem, the Jacobian may be calculated analytically in the routine
that you provide. Thisis even more computationally efficient than the method above, but
requires alittle more programming on your part. In this case, use the optimset() function

to set the * Jacobian’ flag to ‘on’. | have found for typical values of the grid point size a
speed-up of afactor of 10x when | compute the Jacobian analytically.
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3. For better convergence of fsolve(), | would use optimset() to set the ‘ LargeScale’ flag
to ‘off’.

4. You should increase the number of grid points until you can no longer see any signifi-
cant change in the plot of the concentration profile of the value of the effectiveness factor.
Physically, we expect the highest gradients to occur near the particle surface, so you may
wish to generate a grid that has a tighter spacing of pointsin thisregion. Thiswill yield
more accurate results with the same overall number of grid points. Note that the finite dif-
ference equations derived above did not assume a uniform grid point spacing, except for
the boundary derivative a r = 0. Therefore, you want to make sure that you maintain

(EQ 63)

Question A.2. Using this program, makes plots of the effectivenessfactor n vs. the
Thiele modulus o for the case y = 20 and the following values of g,

B =-0.2,-0.1,0,0.05 (EQ 64)

Make a single master plot with all curves.

Problem 2. Eigenvalues of 3x3 matrices

Consider the following three matrices,

2 1-1 1 2 -3 100
A=1130 B=1]2-314 C=1001 (EQ65)
10 4 345 010

Question 2.A. Which of these matrices can you tell by inspection, without computa-
tion, must have all eigenvalues be real number s?

Question 2.B. Using Gershorgin’stheorem, what are the bounds on the possible val-
ues of the eigenvalues of A? Isispossiblethat any of the eigenvalues of A are nega-
tive?

Question 2.C. Which of these matrices are normal?

Question 2.D.For every matrix that you know has all real eigenvalues, compute the
eigenvalues and the nor malized (unit-length) eigenvector s by hand. Show your calcu-
lations.
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