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e For Newtonian Fluid + incompressible + constant u:

aﬂ+V-(pvv)=—Xp+,uV2V+)g

ot
V.v=0

e Due to incompressibility,

V.-(pvv)=pv-Vv

e If we further neglect the pressure term and gravity term,

a—V+V-VV=£V2

:lV2
ot pv,uv
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aa—‘t’+v~Vv=u’V2V

e It should be noted that we can no longer impose the
incompressibility condition, because we have eliminated an

unknown variable.
e We will see how the numerical solution violates the

incompressibility condition.

e In2D,
Bu a_u v8_u:‘u, 82_u+82u
at ax dy ox> 9y’
v v, v [F o
ot Jdx dy x> 9y’
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e Upwind scheme introduces numerical dissipation because
the leading truncation error is a diffusive term.

* We have already known that upwind scheme 1s good for 1D
Burgers Equation in the sense of no oscillation.

* The main idea is to generalize it into multi-dimensional
case.
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e (Consider 1D scalar conservation law:
Ju N df(u) 0

ot o0x

e Corresponding conservative form is

J udV + f(u)

Xis1/2 _

Xic12

e The upwind scheme reads

jf >0,F = f(u)|xi

Xit1/2

df<OF

Xiv1/2
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i+1/2

If%>O,F
du *

If%<0,F
du "

i+1/2

e The last term can be rewritten as
df| X — XU, — U,

du| 2 X, —X

e [t can be seen as a diffusive flux with diffusivity v.

= f),

S Foo=

Xiv1/2

= f(w)

Xit1

)+ fu,) |

df|

xi+

X

u,—u.,

1

2

=-Vv

@
du

V =

X1 — X

2

du|

2

xi+

X

Iui+

xi+

Y

1 X

Derivative at
the interface
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e In 2D or 3D,

d
ajCVudV+ jCSF(u)-ndS=o

@
du

X X

2

d(F-n)
du

A
2

:v:‘

e  We need to calculate the maximum absolute value of the
eigenvalues of [4F-")| "and A is the distance between two
cell centers. du
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* When we refine the grid, each triangle is divided into four

identical triangles.

Refine
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a_u+ua_u+va_u— ’ 82_u+az_u
ot odx dy H dx> 9y’
Q+uﬂ+vﬂ— ’ &+azv
o “ax oy Mooy
% g [ 22 o
F =| Y F =—y/ —
“ uv w ="My
| uv , 0
Fay: 2 de__'ua_
| v/2 y
d u B - -
" CV{ ) }dV+ [ [+ )n +(F +F )n Jds=] sdv o
dy
S =
u
L ax -
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d

u f—
" CV{ ' }dV+JCS[(Fax+Fdx)nx+(Fay+de)ny}dS—J‘CVst

e For the i-th control volume (triangle), we have

dv
dl| # | 9y,
AV — + Y[ (F, +F,)n +(F, +F, )n |S, =V,
dr v, = / y ou
" ox|,
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* Advective Flux (using Numerical Dissipation)

.9
d 3 "oyl
4 + (Fax+Fx)”x+(F +F, )n =AV '
dt v, JZ::‘[ a ] J ou
V._
’axi

F=Fn+F n - -
a ax x ay' 'y

Fa |T +Fa |T u, —u,
| — L R v L R
«le, 2 A
n
v=llun, +vm, 1+ T 142
=\lun, +vn, uvn.n, | | 5 B oundary
dF
T, Imax l[ 3 “j
u
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e Diffusive Flux

i
d 3 "0yl
F +F F =AV ’
de i +§|:( ax+ dx)nx+( ay+ )n ] e i al/l
V. —
" ox|,
Fd=Fdxnx+deny
d| u
F, =—p/—
w="H ax{ v }
n
et
YL Boundary
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e Diffusive Flux

ou
AV —
" ox

e Divergence Theorem
_ i u kU ) o
2 X ej

i J=1

Jdu
dx

_1fou
64_2 0x

7,

A
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e Source Term

i

e Boundary Condition: Ope_n boundary

n
Ju| _ du
F | =Kl ox| ~ ox|, Boundary
e Time Integration: ODE45
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Velocity
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Velocity
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Thanks for your attention.

Q&A
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