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Historical background



3

Motivation and framing

Motivation and Context

• Solving non-linear hyperbolic 

conservation laws:

𝑼𝑡 + 𝑭 𝑼 𝑥 = 𝟎

• Explicit (parallelizable), stable 

high-order time integration scheme

• Total variation diminishing = No-

new maxima introduced by the 

solver.

Different options:

-Spectral methods

-WENO/ENO (Weighted Essentially Non-
Oscillatory) scheme

-Discontinuous Galerkin methods
• Parallelizable
• High order accuracy
• BUT can lead to numerical oscillations
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Methods

Step 1: Space discretization

න
𝐾

𝑢ℎ 𝑡𝑣ℎ𝑑𝑥 − න
𝐾

𝑓 𝑢ℎ ⋅ 𝛁𝑣ℎ𝑑𝑥 + න
𝜕𝐾

መ𝑓 𝑢ℎ ⋅ 𝑛𝐾𝑣ℎ𝑑𝑠 = 0

Step 3: Generalized Slope Limiter

Use of a non-linear projector ΛΠℎ

Step 2: RK time discretization       dt uh = 𝐿 𝑢ℎ



5

Methods

Step 1: Space discretization

න
𝐾

𝑢ℎ 𝑡𝑣ℎ𝑑𝑥 − න
𝐾

𝑓 𝑢ℎ ⋅ 𝛁𝑣ℎ𝑑𝑥 + න
𝜕𝐾

መ𝑓 𝑢ℎ ⋅ 𝑛𝐾𝑣ℎ𝑑𝑠 = 0

Step 2: RK time discretization       dt uh = 𝐿 𝑢ℎ

Step 3: Generalized Slope Limiter

Use of a non-linear projector ΛΠℎ



6

Methods: Space discretization

𝜕𝑡𝑢 + 𝛁 ⋅ 𝒇 𝑢 = 0

∀𝑇𝑘=1..𝑁, 𝑉ℎ
𝑘 = 𝜑:Ω → ℝ, 𝜑 = 

𝑙=1

𝑃𝑘

𝑎𝑙𝜓𝑙
𝑘 𝜒𝑘

𝑢ℎ = 

𝑘=1

𝑁

𝜒𝑘 𝒙 

𝑗=1

𝑃𝑘

𝑢𝑘
𝑗
𝑡 𝜓𝑘

𝑗
(𝒙)

∀𝑘′ ∈ 1, 𝑁 , ∀𝑖 ∈ 1, 𝑃𝑘′ , න
Ω

𝜕𝑡𝑢ℎ(𝑡, 𝒙) + 𝛁 ⋅ 𝒇 𝑢ℎ(𝑡, 𝒙) 𝜓𝑘′
𝑖 𝒙 = 0



𝑗=1

𝑃𝑘

න
𝑇𝑘

𝜓𝑘
𝑗
𝜓𝑘
𝑖 𝑑𝒙 𝑑𝑡𝑢𝑘

𝑗
𝑡 − න

𝑇𝑘

𝒇(𝑢ℎ (𝑡, 𝒙)) ⋅ 𝛻 𝜓𝑘
𝑖 (𝒙)𝑑𝒙 + න

𝜕𝑇𝑘

𝜓𝑘
𝑖 𝑠 𝒇 𝑢ℎ 𝑡, 𝒔 ⋅ 𝒏𝑑𝑠 = 0

We often consider that: 𝒇(𝑢ℎ 𝑡, 𝒙 ) = σ𝒇 𝑢𝑘
𝑗
𝑡 𝜓𝑘

𝑗
(𝒙)
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Methods: Time integration

1. 𝑢ℎ
(0)

= 𝑢ℎ
𝑛

2. 𝑢ℎ
(𝑖)

=

𝑙=0

𝑖−1

𝛼𝑖𝑙𝑤ℎ
𝑖𝑙 , 𝑤ℎ

𝑖𝑙 = 𝑢ℎ
(𝑙)
+
𝛽𝑖𝑙
𝛼𝑖𝑙

ΔtnLh uh
(l)

3. 𝑢ℎ
𝑛+1 = 𝑢ℎ

𝐾
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Methods: Slope limiter (Modified time integration) 

1. 𝑢ℎ
(0)

= 𝑢ℎ
𝑛

2. 𝑢ℎ
(𝑖)

= ΛΠℎ 

𝑙=0

𝑖−1

𝛼𝑖𝑙𝑤ℎ
𝑖𝑙 , 𝑤ℎ

𝑖𝑙 = 𝑢ℎ
(𝑙)
+
𝛽𝑖𝑙
𝛼𝑖𝑙

ΔtnLh uh
(l)

3. 𝑢ℎ
𝑛+1 = 𝑢ℎ

𝐾
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Results: 1D Linear advection
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Results: Riemann Problems

Initial flow discontinuity.

Each cell edge can be 

seen as a Riemann 

problem. 
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Results: 1D Euler equations - Shock-capturing
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Results: 1D Euler equations - Shock-capturing

MUSCL DG4
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Results: 1D Euler equations - Shock-capturing
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Results: 2D simulations – Taylor-Green vortices
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Results: 2D simulations – Taylor-Green vortices


