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Introduction

• Modeling of high frequency acoustic propagation is 
prevalent in numerous applications (ex: underwater 
ocean acoustics).

• Traditionally accomplished using a method known as 
ray tracing (a Lagrangian approach).

• In this work, we look to investigate an alternate 
Eulerian approach to tackle this problem through the 
Level Set Method. 
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Euler’s Equation Equation of State
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⇢0 = Equilibrium Density

⇢ = Instantaneous Density

⇢a = ⇢� ⇢0 = Acoustic Density
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p0 = Equilibrium Pressure

p = Instantaneous Pressure

pa = p� p0 = Acoustic Pressure
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• Define the following variables:

• Now consider the propagation of acoustic waves:

p = p0 + ⇢a
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Continuity Equation

Assumption : Acoustic Pressure 
and Density Small

Acoustic Wave 
Equation

The Acoustic Wave Equation
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• We consider now solving for the evolution of acoustic waves at high 
frequencies.

• Assume a solution of the following form:

• !(#, %) is the phase function. At any given point of time, the 
level surfaces of !(#, %) correspond to points at which the phase 
is the same (surfaces of constant phase). 
• We refer to these surfaces of constant phase as the 

wavefront as well.

• Substitution into the wave equation, (and retaining the highest 
order terms in ') we obtain:

• This has the form a Hamilton-Jacobi Equation.

The High Frequency Solution
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t = c3
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Hamilton-Jacobi Equation 
General Form

S(x, t) + c|rS(x, t)| = 0
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• Considers a discrete set of particles on the initial 
wavefront:
• Trajectory of each point governed by 

characteristics of the Hamiltonian system:

• Difficulty: Points originally close together may 
diverge at later times (poor wavefront resolution)

Approaches to Evolve the Wavefront
Lagrangian Approach Eulerian Approach

dx

dt
= c(x)2p

dp

dt
= � 1

c(x)
rxc(x)
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• Consider the front to be the level surface of an 
implicit function (!) in a higher dimension:
• Evolve the implicit function by solving a PDE 

governing the implicit functions evolution (the 
Hamilton-Jacobi equations).

• Difficulty: The Level Set method has issues when 
wavefronts become multivalued.



Level Set Methods with Codimension-Two Objects
• Traditional Level Set Methods use codimension-one 

objects:
• Example: If we are interested in solving for the 

evolution of an interface in ℝ", evolve the 
surface as the zero isocontour of an implicit 
function in ℝ#.

• Codimension-two objects in Level Set Methods:
• Example: Points in ℝ", Curves in ℝ#.
• Represent the object in the level set framework 

as the intersection of the isocontours of two
functions %& and %".
• Evolve each level set function as in the 

standard approach.
• Treatment may be needed to evolve the 

level sets while keeping them as orthogonal 
as possible.



• We look to evolve the acoustic wavefront as a curve/strip in a higher 
dimensional reduced phase space with coordinates (", $, %).
• % gives the normal direction of a given point on the wavefront 

(measured from the +" axis).
• The wavefront is then found by projecting this curve onto the (", $)

plane.

• The velocity field for the strip’s propagation can be derived to be:

• The strip is represented as the intersection of two level set functions 
whose evolution is governed by:

• The wavefront (surfaces of constant phase) is given as:

Level Set Formulation in a Reduced Phase Space

V(x, ✓) =

2

4
c(x) · cos(✓)
c(x) · sin(✓)

@c(x)
@x · sin(✓)� @c(x)

@y · cos(✓)

3

5
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@�1

@t
+V(x, y, ✓) ·r�1 = 0

@�2

@t
+V(x, y, ✓) ·r�2 = 0
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�1 = �1(x, y, ✓, t)

�2 = �2(x, y, ✓, t)
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W (x, y, t) = {(x, y) | �1(x, y, ✓, t) = �2(x, y, ✓, t) = 0}
<latexit sha1_base64="QGVlwcuckl/s6PEbwN3x6kXOzDw="></latexit><latexit sha1_base64="QGVlwcuckl/s6PEbwN3x6kXOzDw="></latexit><latexit sha1_base64="QGVlwcuckl/s6PEbwN3x6kXOzDw="></latexit><latexit sha1_base64="QGVlwcuckl/s6PEbwN3x6kXOzDw="></latexit>



Implementation
@�1

@t
+V(x, y, ✓) ·r�1 = 0

@�2

@t
+V(x, y, ✓) ·r�2 = 0

<latexit sha1_base64="ZwCTl5ciza/+Kj4IEUVlByuzGYE="></latexit><latexit sha1_base64="ZwCTl5ciza/+Kj4IEUVlByuzGYE="></latexit><latexit sha1_base64="ZwCTl5ciza/+Kj4IEUVlByuzGYE="></latexit><latexit sha1_base64="ZwCTl5ciza/+Kj4IEUVlByuzGYE="></latexit>

Discretize explicitly in time. In this 
work, have used TVD Runge-Kutta

Schemes.

Discretize in space using upwinding
for all spatial derivatives. 

• Boundary Conditions:
• Absorbing BCs implemented by imposing a zero-Neumann condition on the boundary.
• Reflecting BCs implemented by imposing a Dirichlet BC given by:

�1(x, y, ✓refl, t) = �1(x, y, ✓inc, t)

�2(x, y, ✓refl, t) = �2(x, y, ✓inc, t)
<latexit sha1_base64="ElyR7rlTnohkVNxGrD3azGcoFZ4="></latexit><latexit sha1_base64="ElyR7rlTnohkVNxGrD3azGcoFZ4="></latexit><latexit sha1_base64="ElyR7rlTnohkVNxGrD3azGcoFZ4="></latexit><latexit sha1_base64="ElyR7rlTnohkVNxGrD3azGcoFZ4="></latexit>

✓refl = 2✓B � ✓inc � ⇡
<latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="grPUdopaLpNDYvVbniV7wYzbvpw=">AAACDXicbZDNSgMxFIXv+Ftr1erWTVAEN9YZN7oRRDcuFawttMOQSe/YYOaH5I5Qhj6GG1/FjQtF3LrzbczUEdR6IfDlnITknDBT0pDrfjgzs3PzC4u1pfpyY2V1rbneuDZprgW2RapS3Q25QSUTbJMkhd1MI49DhZ3w9qz0O3eojUyTKxpl6Mf8JpGRFJysFDT3+zRE4kGhMVJjdswOWKWcsr1vLGQixuU2k0Fz2225k2HT4FWwDdVcBM33/iAVeYwJCcWN6XluRn7BNUmhcFzv5wYzLm75DfYsJjxG4xeTYGO2Y5UBi1JtV0Jsov68UfDYmFEc2pMxp6H565Xif14vp+jIt7GynLDMVj4U5YpRysqW2EBqFKRGFrjQ0v6ViSHXXJDtsm5L8P5Gnobrg5bntrxLF2qwCVuwCx4cwgmcwwW0QcA9PMIzvDgPzpPz+lXXjFP1tgG/xnn7BOJ9nWQ=</latexit><latexit sha1_base64="grPUdopaLpNDYvVbniV7wYzbvpw=">AAACDXicbZDNSgMxFIXv+Ftr1erWTVAEN9YZN7oRRDcuFawttMOQSe/YYOaH5I5Qhj6GG1/FjQtF3LrzbczUEdR6IfDlnITknDBT0pDrfjgzs3PzC4u1pfpyY2V1rbneuDZprgW2RapS3Q25QSUTbJMkhd1MI49DhZ3w9qz0O3eojUyTKxpl6Mf8JpGRFJysFDT3+zRE4kGhMVJjdswOWKWcsr1vLGQixuU2k0Fz2225k2HT4FWwDdVcBM33/iAVeYwJCcWN6XluRn7BNUmhcFzv5wYzLm75DfYsJjxG4xeTYGO2Y5UBi1JtV0Jsov68UfDYmFEc2pMxp6H565Xif14vp+jIt7GynLDMVj4U5YpRysqW2EBqFKRGFrjQ0v6ViSHXXJDtsm5L8P5Gnobrg5bntrxLF2qwCVuwCx4cwgmcwwW0QcA9PMIzvDgPzpPz+lXXjFP1tgG/xnn7BOJ9nWQ=</latexit><latexit sha1_base64="pRCymSNl/iSh+Njimwm91L/VTQw=">AAACGHicbVDLSgMxFM3UV62vUZdugkVwY53pRjdCqRuXFWwttKVk0jttaOZBckcoQz/Djb/ixoUibrvzb8zUEbT1QODknHtJzvFiKTQ6zqdVWFldW98obpa2tnd29+z9g5aOEsWhySMZqbbHNEgRQhMFSmjHCljgSbj3xteZf/8ASosovMNJDL2ADUPhC87QSH37vIsjQNZPFfhySq9oleZKnZ790FSEfJpdY9G3y07FmYMuEzcnZZKj0bdn3UHEkwBC5JJp3XGdGHspUyi4hGmpm2iIGR+zIXQMDVkAupfOg03piVEG1I+UOSHSufp7I2WB1pPAM5MBw5Fe9DLxP6+ToH/ZM7HiBCHLlj3kJ5JiRLOW6EAo4CgnhjCuhPkr5SOmGEfTZcmU4C5GXiatasV1Ku6tU67V8zqK5Igck1PikgtSIzekQZqEk0fyTF7Jm/VkvVjv1sf3aMHKdw7JH1izL7JrnuM=</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit><latexit sha1_base64="7GcXGzuKNXwq8018rxLIPcpDZvk=">AAACGHicbVDLSgMxFM3UV62vqks3wSK4sc4UQTdCqRuXFewD2lIy6Z02NPMguSOUoZ/hxl9x40IRt935N2bqCNp6IHByzr0k57iRFBpt+9PKrayurW/kNwtb2zu7e8X9g6YOY8WhwUMZqrbLNEgRQAMFSmhHCpjvSmi545vUbz2A0iIM7nESQc9nw0B4gjM0Ur943sURIOsnCjw5pde0QjOlRs9+aCICPk2vkegXS3bZnoMuEycjJZKh3i/OuoOQxz4EyCXTuuPYEfYSplBwCdNCN9YQMT5mQ+gYGjAfdC+ZB5vSE6MMqBcqcwKkc/X3RsJ8rSe+ayZ9hiO96KXif14nRu+qZ2JFMUKaLX3IiyXFkKYt0YFQwFFODGFcCfNXykdMMY6my4IpwVmMvEyalbJjl527i1K1ltWRJ0fkmJwSh1ySKrklddIgnDySZ/JK3qwn68V6tz6+R3NWtnNI/sCafQGzq57n</latexit>



Case 1: Constant Wave Speed (Open Domain)

Wave Speed: Constant value of 1
Spatial Discretization: !" = !$ = !% = 40
Temporal Discretization:  ( ∈ 0.0, 6.0 ,   Δ( = 1 ∗ 1001
Time Stepping Scheme: Forward Euler
Spatial Derivatives Scheme: First Order Upwind Approximation



Case 2: Variable Wave Speed (Open Domain)

Wave Speed: Variable Distribution
Spatial Discretization: !" = !$ = !% = 50
Temporal Discretization:  ( ∈ 0.0, 3.2 ,   Δ( = 1 ∗ 1012
Time Stepping Scheme: Second order TVD RK
Spatial Derivatives Scheme: Second Order Upwind Approximation



Case 3: Constant Wave Speed (Reflecting Boundary)

Wave Speed: Constant value of 2.5
Spatial Discretization: !" = !$ = !% = 50
Temporal Discretization:  ( ∈ 0.0, 5.2 ,   Δ( = 1 ∗ 1001
Time Stepping Scheme: Third order TVD RK
Spatial Derivatives Scheme: Fifth Order Upwind Approximation 

(using WENO scheme)



Case 4: Variable Wave Speed (Reflecting Boundary)

Wave Speed: Variable Distribution
Spatial Discretization: !" = !$ = !% = 50
Temporal Discretization:  ( ∈ 0.0, 5.2 ,   Δ( = 1 ∗ 1001
Time Stepping Scheme: Third order TVD RK
Spatial Derivatives Scheme: Fifth Order Upwind Approximation 

(using WENO scheme)



Conclusion

• Level set methods provide an effective approach to propagate wavefronts in an 
Eulerian framework relative to standard ray tracing methods.

• However, increased computational costs occurred as we are solving in a higher 
dimensional reduced phase space.
• For 2D propagation, need to evolve level set implicit functions in ℝ"
• For 3D propagation, need to evolve level set implicit functions in ℝ#

• Future Work:
• Improve computational cost by incorporating the narrow band level set 

method.
• Investigate the incorporation of schemes to compute the amplitude.



Thank You!


