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Motivation for HDG

* DG is more compact high

order than Finite Volume . uy
- Higher order polynomials in % Ii
cell /\
* Problem: Repeated solution /\/\
T

variables at faces

- More expensive
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Motivation for HDG

* Solution: Add solution
variables at faces

* Now can solve face
variables globally

- Element variables solve T
trivially parellelizable
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Formulation

* Nonlinear advection-diffusion PDE
V- [Fad” (w) — k (u) Vu| = f (x)
* Split into coupled 1st order PDEs
V - [F“d” (u) — Kk (u) q} = f (x)

~ Vu=q
* Make sure we’re conservative

F% (@) +7(u—1)], o= [F@)+7(u-1a)]

LHS RHS

2019-05-15



Formulation

* |n weak form,

(q, V)Th + (u, V- V)Th + (0,v-n)sr, =0
(V@ W)y + (F* (0), Vw) . + (F* (@) n+7(u-1a),wop = (f,w)g,
(kq +F*% (@) -n+7(u—1),pmo7 =0

V(W,W,/.l,) - Vh,p X Wh,p X Mh,p
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Implementation

* Equally spaced nodal bases

- Conditioning problems for very
high orders

* Curved (isoparametric) elements

* Tensor product Gaussian
guadrature

- Exact for polynomials up to 4p
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Implementation

* After discretization
A B FE] [dq

QT

C D L
M N P| |di
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Implementation

* AB C D are block diagonal
* Decompose into two problems

. o ‘A B] ' [E
Global problem:A =P - M N| c D [L_
‘A B '[H

B=G-|M NJ C D [F

Aou =B
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Implementation

* And a local problem (for each element)

6] _[A B]7 ([H] _[F],.
sul — |C D Fl L%
* Global and locals solves at each Newton
iteration
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Burgers
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Can we do better?

*q is a (p+1) order accurate approximation of Vu

* Obtain a new approximation for u
- Solve: Vu™ = q

- Subject to: /udQ:/ u* d0
Th Th

*u”is (p+2) order accurate
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Burgers

U

Error = 0.015 Error = 0.008
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Burgers
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pVi
pVE +p
pV1Va
[ et

Mach = 0.5 mm_ 3

pVa
pVaVi
pVs +p
pVoH

V. [F*% (u) — k (u) Vu] = f (x)

Mach Number

Slip wall P = Pypec
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Current Status

* HDG framework for solving
V- [Fad” (w) — k (u) Vu| = f (x)

* Demonstrated design order accuracy on several
PDEs

* Demonstrated post-processing to (p+2)
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e
Future Work

* Limited robustness with Newton-Raphson
* Expand implementation to solve Navier-Stokes
* Limited application without shock-capturing
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Backup Slides
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