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7 Filtering for Markov Chains

Let £ = {1,...,K} be the state space of a finite state Markov Chain (X,,),>0,
K

with stationary transition probabilities p(i, 7) ‘ o1 Let P = (p(i,j))

ij=1
denote the transition matrix of the Markov Chain. Let g = (u1, ..., ux) be
the distribution of X,. The state of the Markov Chain cannot be observed
but instead we observe

Y, = ha.(X,) (7.1)
where Y,, takes its values in the set G = {1,2,..., M}, and
P(Yn:j’Xn:k) =¢"j) , keE , jeG , n=012...
(7.2)

We assume that the Y,,’s are conditionally independent given X,,, X,,_;. Let
n

H'“:P(Xn:kz‘Yo,...,Yn> (7.3)

and let [, = (I1%, ..., II%).
Filtering. We would like to obtain a recursion

Hiﬂ = Fn<H7IL(+17Yk+1) , k=12,...K (7.4)



for some appropriate function F),. Now

P(Xn+1 :j

Y():y07~~-Yn:yn7Yn+l :y)

P<Xn+1 :j;Yn—H =Y YE):yOaYn:yn>
- (7.5)

P(Yn+1=y Yozyo,-..Ynzyn)

Zkes P(Xn+1 =5 Xn=kY1=y

}/E):ymyn:yn)

Zz,meSP<Xn+1 =0, Xn =m, Yo =y ‘ Yo =1vo,...Yn = yn)

VJEEa vy()v"'ayn?yEG'

Now,

P(Xn+1:£7Xn:mayn+1:y’%:y()a"'yn:yn)

= P(XTL+1 = 67 Xn =m, hn—‘rl(é) =Y ‘ YO = Yo, -- Yn = yn> (76)

Now h,,11(¢) is independent of Yy, ..., Y, given X, ., and X,,. Hence

P<Xn+1 :&Xn:mahn+1(€)‘Yb:ym“-yn:yn>
= q£<y) ' P<Xn+l:eaXn:m‘Yb:yﬂwﬂyn:yn>



Hence from (7.5) and (7.3), we get

- J k, )k
ZieE q (y) ZkeE p(kv Z>Hn
: ey
IT) —_ 7.9
° >k M (20) (79)
Let > = (v4,...,) be the set of all probability vectors and let
F : Y xG— X bethe map
(p,y) — (Fl(p, Y),-- - Filp, y))
where
J k. i
Fy(p,y) = = (yz ke Pk 1) (7.10)
ZieE q (y) ZkeEp<k7 Z)”k
We then have
... = #dl,.v) . »n=0,1,2,...
I, = ,...,115) (7.11)
J 134’ (20)
>k Hkq"(20)
We may view ([[][,,)n>0 as a Markov Chain whose state space is the space
of probability vectors v = (vq,...,vg. Let ¢ be a bounded Borel function
>} — R. Then
E(¢(Hn+1) Yo =yo,...Y, = yn>
= E(zb[F(]H[n, Yoi1)] ‘ Yo=1vo,...Y, = yn> (7.12)
But II,, is a random variable measurable w.r.to o(Yy,...,Y,). Hence

3



= Zw[F(lﬂln,y)}P(YnH :y‘yb:yOw-anzyn)

yeG
= > [P »)| Y dw) Y sk m; (7.13)
yeG i€k keE

(from (7.6) and (7.7)).
Now define the operator P : ¥ — ¥, by

(POW) =3¢ [Fr.y) D ¢ (w)mp(k. i) (7.14)

yeG i,k€E

Then from (7.13) and (7.14) we get

E@ﬂmﬂ>%=mwwm:%gzpwng,

showing that P is the transition operator of a Markov Chain evolving on 3,
the space of probability vectors v = (vq, ..., V).



