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Theorem 1.1 Ifb € R™ and A € L(R",R™) has full column rank ( so n < m) , then
min max A+ 0A)z — (b+ 0b)||2 = ||AZ — b||a + y||Z]|2 + A,
in | max (A4 8A)z = (b+ @)l = 43 = b+
where & = (A'A + )"t A'D.
Proof:
We will first show that: for any = € R"
m +dA)z — (b+db Az — bl + + A 1
B (A +34)z = b+ 8b)lla = 14z = b + ] M
Then we will demonstrate that .
(AA+~y) A = argmin(||Az — blls +7llz]l2), (2)
which will prove the theorem.
For any fixed = and dA, subject to ||db]|2 < A, we have
[(A+6A)z — (b+db)ll2 < |I(A+6A4)z —bll2 + [|db]]2 < [I(A +dA)z —bll2 + A
with equality achieved for (db)y = )\”{(ij%_:b—blg, which satisfies ||(db)g|l2 < A. Therefore,
Iiélﬁia)é«\ [[(A+dA)z — (b+ db)||2 = ||[(A+ dA)z — bl|2 + A. (3)
Now, we claim that: for any fixed x
max |[(A+dA)z — b2 = ||Az + bl|2 + v]|z]|2- 4
e [1(4+64)2 = bl = [l Az + blla + 1l (1)
First observe that subject to the constraint ||[§A||s < vy, we have
I(A+64)z —bllz < ||Az — bl|2 + |[6Az]|2 < [|Az — bll2 + [|64]2]lz]l2 < [|Az — bl + 7l|z]]. (5)
To prove Equation 4 we have to find a (§A4)p that satisfies the constraint and achieves equality in 5. Let
i I
(6A)0 = Unxm [“f gm} : (6)
mxn
where U is any m x m unitary matrix that maps the unit vector W [3] to the unit vector ﬁ,
ie., :
U 1 |:3:] _ Az —b '
llzllz [0),0x: Az —Bll2
(Note that one way to construct such a U is as follows: Construct two orthonormal basis of R™: vy, ..., v,,
and wy, ..., wy, with v, = ﬂ?lﬂg g} and w, = ﬂ?l:c—bﬂz Then let U be the linear transformation that
mx1
maps v; to w; for i = 1,...,m. Because both basis are orthonormal U must be unitary.)

From Equation 6, which is the SVD form of (6A4)y, we know that all the singular values of (§4), are
equal to 7. So [|6A4||2 = 7, i.e., (6A4)o satisfies the constraint. To see why it achieves equality in 5, note that

(A + (64)o)z — bll2 = [|Az — b + [|z[|2(6A)0 =l
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Therefore

(4 + (64)o) — bll2 = [|[Az — b+ ||zll2y 7——— ll2 = |4z — bll2 + 7|z,
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which prove the correctness of Equation 4. Using 3 and 4, we get

[6A||2<7,{|5b1|2<)\|t( )z = ( iz (o ||5b\|2</\”( )z —( )2

{||(A + dA)z — bl|2 + A)( From 3)

||5-"-|
|Az — b||2 +7llz|l2 + A( From 4),

which proves Equation 1. So we are left with Equation 2. We have

Az—b]' [A:c—b]

Az + bllz + izl = (Az = b)'(Az - b) + 2" /77w = [ ek vz

Noting that [qu_:rb] = [\/éf] T — [g], we obtain

(18 5) () B

We are assuming that the matrix A has full column rank, so the matrix \/{17 I} also has a full column rank.

Therefore, we have an overconstrained least square estimation problem. So, the value Z of z that achieves
the minimum of expression 7 is

o ([A) [A) (A 8] eeacman

which proves Equation 2. O
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