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PROBLEM SET 4

Due: Tuesday, March 16 in class

REMINDER: MIDTERM EXAM in class on Thursday, March 18!

Reading: Chapters 4 and 5 in Phillips, The Physics of Stars. Also, read Sections 2.3–2.4 in Hansen &

Kawaler, Stellar Interiors (I will hand out a photocopy of this in lecture.) You may also find parts of

Chapters 10 and 13 of Carroll & Ostlie (Introduction to Modern Astrophysics) helpful. Polytropic equations

of state are discussed in great detail in Chapter 7 of Hansen & Kawaler.

1. Stability against convection. In lecture, we derived the following condition for stability against

convection in a star,
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where P is the pressure, ρ is the density, γ is the exponent in the adiabatic equation of state (P = Kργ),

and r is distance from the stellar center. Using the ideal gas law P = ρkT/µmp, show that this condition

can also be written as
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Furthermore, use the relevant stellar structure equations (for a radiative star) to show that this reduces

to
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where L(r) and M(r) are the luminosity and enclosed mass at radius r, κ is the opacity, and a is the

radiation constant.

2. Properties of polytropic stars. Recall that in polytropic stars, pressure and density are simply

related as P = Kρ(1+1/n), where K and n are constants and n is called the polytropic index. These

stars satisfy the Lane-Emden equation,
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where the dimensionless variables θ and ξ are defined in terms of radial coordinate r and density ρ as

r = aξ and ρ = ρcθ
n(r) and ρc is the central density. The relevant boundary conditions are θ(0) = 1

and θ′(0) = 0 at the center (ξ = 0) and θ(ξ1) = 0 at the surface (the first zero-crossing of θ, which

occurs at ξ = ξ1).

Show the following:

(a) The variable θ is a dimensionless temperature, such that T (r) = Tcθ(r).

(b) The total mass of a polytropic star is M = −4πa3ρcξ
2
1(θ′)ξ1

.

(c) The ratio of the mean density to the central density is 〈ρ〉
ρc

= −(3/ξ1)(θ
′)ξ1

.

(d) The central pressure is Pc = [4π(n + 1)(θ′)2ξ1
]−1 (GM2/R4).



3. Solutions for polytropic models.

(a) Show that solutions to the Lane-Emden equation for polytropes of index n can be expanded as

θ(ξ) = 1 −
ξ2

6
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nξ4

120
+ · · · ,

for ξ small (i.e. near the center of the star). To do this, first show that polynomial expansions of

θ(ξ) contain only even terms of ξ, and then substitute such a polynomial into the Lane-Emden

equation and find the first three coefficients.

(b) Numerically integrate the Lane-Emden equation for polytropic indices of n = 1.0, 1.5, 2.0, 2.5,

3.0, and 3.5. Do this by breaking up the second-order differential equation into a pair of first-

order coupled equations in u = dθ/dξ and du/dξ, and use a numerical integration scheme (e.g.,

4th-order Runge-Kutta or some other equivalent scheme) to find θ(ξ), applying the appropriate

boundary conditions. To help start the integration near the center, use the first two terms of the

analytic expansion you derived above for θ(ξ).

Plot the dimensionless temperature θ(r) and the dimensionless density θn(ξ) for all six values of

n. (Put all the temperature curves on one plot and all the density curves on another.)

4. Classical Coulomb coliisions.

(a) What temperature would be required for two protons to collide if quantum mechanical effects

are neglected? Assume that nuclei having ten times the rms value for the Maxwell-Boltzmann

distribution can overcome the Coulomb barrier. Compare your answer with the estimated central

temperature of the Sun.

(b) Calculate the ratio of the number of protons having velocities ten times the rms value to those

moving at the rms velocity for a Maxwell-Boltzmann distribution.

(c) Assuming (incorrectly) that the Sun is pure hydrogen, estimate the number of hydrogen nuclei in

the Sun. Are there enough protons moving with a speed ten times the rms value to account for

the solar luminosity?

5. Coulomb barrier penetration. Consider a head-on collision between two atomic nuclei whose

charges are Z1e and Z2e and whose masses are A1 and A2 (in atomic mass units). Using the WKB

approximation, show that the quantum mechanical tunneling probability for this encounter is given by
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where v is the relative velocity of the two nuclei and e is the proton charge. Show also that this can

be written in the form

T ' exp(−31.28 Z1 Z2 A1/2 E−1/2),

where A is the reduced mass of the two nuclei (in atomic mass units) and E is the center-of-mass

kinetic energy (in keV) of the two nuclei at a large separation before the collision.



6. Nuclear binding energies. The Q value of a nuclear reaction is the amount of energy released

(or absorbed) in the reaction, defined such that energy released is positive. Compute the Q values

(in MeV) for each of the following nuclear reactions. Indicate whether the reaction is exothermic or

endothermic.

(a) 12C + 12C →
24Mg + γ

(b) 12C + 12C →
16O + 24He

(c) 19F + 1H →
16Mg + 4He

(d) 1H + 1H →
2H + e+ + ν

(e) 15N + 1H →
12C + 4He

You may compute the atomic mass excesses for each isotope yourself, but it is easier to consult a table

(see, e.g., Table 4-1 in Clayton, Principles of Stellar Evolution and Nucleosynthesis or Table 38 in

Lang, Astrophysical Formulae, 2nd ed. 1980).

7. Lower and upper main sequence stars.

(a) Estimate the hydrogen-burning lifetime of stars on the lower and upper ends of the main sequence.

The lower end of the main sequence occurs near 0.085 M�, with log Te = 3.438 and log(L/L�) =

−3.297. Assume that the upper end of the main sequence occurs at 90 M� with log Te = 4.722

and log(L/L�) = 6.045. Assume that the 0.085 M� star is entirely convective so that, through

convective mixing, all of its hydrogen becomes available for burning rather than just the inner

10%.

(b) Use the information above to calculate the radius of a 0.085 M� star and a 90 M� star on the

main sequence.

8. Evolution on the red giant branch. Once a low-mass star leaves the main sequence and ascends

the red giant branch, its luminosity is provided by hydrogen burning in a thin shell surrounding a

degenerate helium core. As hydrogen is burned in the shell, the mass of the helium core grows and

the star continues to ascend the giant branch. It turns out that both the luminosity and the radius

of red giants can be written as steep functions of their helium core mass alone, nearly independent of

any other quantity. These expressions are
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where mc is the helium core mass, and L and R are the luminosity and radius of the (entire) red giant,

respectively. Note that these expressions are “empirical” in that they are based on the results of stellar

evolution calculations and are not derived analytically.

Use these relations to compute the evolution of a star (L and R as functions of time) as it ascends the

red giant branch. Take the initial core mass value to be mc = 0.1M� and the final value (at the tip of

the giant branch) to be mc = 0.45M�. (Note that L = 0.007Ṁc2, where Ṁ represents both the rate

that hydrogen is burned in the shell around the core, and the rate of growth of the degenerate helium

core.)

Plot the radius, luminosity, and effective temperature of the star as a function of time on the giant

branch. Also, plot the track of the evolving giant on an H-R diagram (i.e., log L versus log T , with

log T increasing to the left).


