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A New Information-Theoretic Approach to Signal
Denoising and Best Basis Selection
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Abstract—The problem of signal denoising with an orthogonal
basis is considered. The existing approaches convert the consid-
ered problem into one of finding a threshold for estimates of basis
coefficients. In this paper, a new solution to the denoising problem
is proposed. The method is based on the description length of the
noiseless data in subspaces of the bases. For each subspace, we es-
timate the desired description length and suggest choosing the sub-
space for which this quantity is minimized. We provide a method
of probabilistically estimating the reconstruction error. This esti-
mate is used for probabilistic validation of the desired description
length.

In existing thresholding methods, the optimum threshold is
obtained as a function of the additive noise variance. In practical
problems, where the noise variance is unknown, the first step
is to estimate the noise variance. The estimated noise variance
is then used in calculating the optimum threshold. Unlike such
approaches, in the proposed method, the noise variance estimation
and the signal denoising are done simultaneously.

Index Terms—Best basis, Shannon code, signal denoising,
thresholding.

I. INTRODUCTION

HE problem of estimating an unknown signal embedded

in Gaussian noise has received a great deal of attention
in numerous studies. The denoising process is to separate an
observed data sequence into a “meaningful” signal and a re-
maining noise. One important approach is based on data pro-
jection on an orthogonal family of bases. The best representa-
tion of the noiseless signal is then chosen based on a proper
choice of the associated nonzero bases. The choice of the de-
noising criterion depends on the properties of the additive noise,
smoothness of the class of the underlying signal, and the se-
lected signal estimator.

The pioneer method of wavelet denoising was first formal-
ized by Donoho and Johnstone [5]. This wavelet thresholding
method removes the additive noise by eliminating the basis
coefficients with a small absolute value, which tend to be
attributed to the noise. The method assumes a prior knowledge
of the variance of the additive white Gaussian noise. Hard and
soft thresholds are obtained by solving a minmax problem in
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the estimation of the expected value of the reconstruction error
[4]. The suggested optimal threshold for the basis coefficient is
owy/2log(N), where o2 is the additive noise variance, and N
is the data length. The method is well adapted to signals that are
approximately piecewise-smooth. The argument, however, fails
for families of signals that are not smooth, i.e., the families of
signals for which the noiseless coefficients might be nonzero,
very small, and comparable with the noise effects, for a large
number of basis functions.

The approach to the denoising problem in [7] proposes a
thresholding method for any family of basis functions. Here, the
challenge is to calculate the mean-square reconstruction error
of the signal as a function of any given threshold. It provides
estimates of such error for different families of basis functions
such as wavelet and local cosine bases. The choice of the op-
timum threshold is given experimentally. The best basis search
is based on the mean-square reconstruction error estimate. It
demonstrates that for some class of signals, 0.,,4/2 log(N) may
not necessarily be the optimal wavelet threshold.

A different denoising approach is recommended in [8]. In
each subspace of the basis functions, the normalized maximum
likelihood (NML) of the noisy data is defined as the description
length of the data. The minimum description length (MDL) de-
noising method suggests choosing the subspace that minimizes
this description length. Here, noise is defined to be a part of the
data that cannot be compressed with the considered basis func-
tions, whereas the meaningful information-bearing signal need
not be smooth. The method provides a threshold that is almost
1/+/2 of the suggested wavelet threshold in [5]: ,,+/log(N).

A new method of denoising is presented in this paper. The
method is based on using a new information theoretic cri-
terion that is the description length of the “noiseless” data.
The description length of data is probabilistically validated
for different subspaces of the bases. The method suggests
choosing the subspace with minimum noiseless description
length (MNDL). Since one of the main goals of this approach is
to extract the most information from the noisy data, the method
does not provide a threshold before estimating all the basis
coefficients. Therefore, the subspace comparison can provide a
threshold that is a function of the noisy data, the noise variance,
and the basis coefficients. One advantage of the method is that
the noiseless signal need not be smooth, i.e., need not be repre-
sented by a few elements of the basis family. It is important to
mention that in the process of estimating the new description
length, the reconstruction error is estimated probabilistically.

The existing thresholding methods provide thresholds that are
functions of the additive noise variance. However, in most prac-
tical problems, the variance of the noise is unknown. The noise
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variance is estimated by using some of the fine coefficients that
are considered to be the noise coefficients [4], [8]. The variance
estimate is then applied to provide the optimum threshold.

In the new approach, the data description length in each sub-
space is a function of the given data and the noise variance.
To estimate the noise variance, we suggest choosing the noise
variance and the subspace for which the description length of
the data is minimum. Therefore, unlike the existing denoising
methods, the estimation of the noise variance and the signal de-
noising are not two separate procedures.

In this paper, we consider additive Gaussian noise and orthog-
onal basis. However, unlike the existing thresholding methods,
the new approach can be expanded and used for additive non-
Gaussian noise and a complete nonorthogonal basis [6], [2].

The paper is organized as follows. Section II describes the
considered denoising problem. Section III briefly describes the
existing thresholding methods. Section IV introduces the new
information theoretic approach. Sections V-VII focus on the re-
construction error and provide a new method of estimation of
this error using the observed data. Sections VIII and IX finalize
the discussions on subspace comparison, unknown noise vari-
ance, and best basis search. Section X provides the simulation
results, and Section XI is the conclusion.

II. DENOISING PROBLEM AND SUBSPACE SELECTION

The unknown noiseless data 4 is corrupted by an additive
white Gaussian noise w. The noisy data y of length N is
available
=9(n) +w(n)

y(n) (D

fori =1,2,...,N.

The additive noise w(n) is a sample of the zero mean random
variable W (n)) with variance o2 . Data denoising is achieved by
using an orthogonal basis that approximates the noiseless data
with fewer nonzero coefficients than the length of the data.

Assume that the noiseless data belongs to the space Sy, 4" €
Sy (for example, if the elements of § are real, one choice is

Sy = R™M). The orthonormal basis vectors s, sa, ..., Sx span
the space Sy and are such that
1, ifi=y

where (a, b) is the inner product of vectors a and b. The noiseless
data is represented by this basis as follows:

N
TR Z 0% (1)s;
i=1

()"

3)

where gV = [5(1),9(2), ... , and 0*(4) is the ith coef-
ficient of the noiseless data.
The least square error estimate of the ith basis coefficient

using the observed data (in (1)) is

A(i) = (si,y™) (4)
=60 (i) + (si,w") (5)
where 3V [y(1),4(2),...,y(N)]T, and w™ = [w(1),

w(2),. ( )]¥. If the noiseless signal has very few nonzero
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coefficients, there exists a large number of basis vectors for
which 6*(i¢) = 0. For these bases, the projection of the noisy
signal A\(7) = (s;,w) is a sample of a zero mean Gaussian
random variable with variance o2 . Therefore, if the variance
is small, this projection is usually very small with a high
probability.

The main challenge of signal denoising is how to decide
which of the estimated coefficients A()s should be ignored
(set to zero) and which of them should be used to represent the
noiseless data. We restate the denoising problem by using a
subspace selection method: Consider S,,,, which is a subspace
of Sy that is spanned by m elements of the basis. The estimate
of noiseless data in this subspace is

N
g8, = 0s,.(i)si ©)
i=1
where for the estimated coefficient fs_ (i), we have
o [AG), ifsi€ Sm
s,.(i) = {0, otherwise. 7

The denoising question is which subspace S,,(and, therefore,
which g)gn € Sy») should be chosen to best represent the noise-
less data.

Two important elements in analyzing the denoising problem
are the following errors:

1
Data error : zg, = NHy1 -5 13 ®
1
Reconstruction error : zg,, = NngN - 95 13- ©

The (noisy) data error xg,, is the distance between the noisy
observed data and its projection on subspace S,,. This error is
available for each subspace. However, the noiseless data error
zs,, (reconstruction error) is not available since it is a function
of the unknown noiseless data. This error is a desired criterion
in both the existing denoising methods and the new method,
which is proposed in this paper. In Section VI, we provide a
novel method for estimating this error. The objective is to use
the knowledge about the additive noise and the observed data to
provide bounds on this error. In the next section, the importance
of the reconstruction error in existing thresholding methods is
reviewed.

III. EXISTING THRESHOLDING METHODS

In the hard thresholding method, a threshold 7 is used for
the coefficient estimates A(z)s.! The coefficient estimates with
absolute value less than the threshold are ignored

éH(L) — {3/(2)7 1f|)‘( )| >T

if |A(9)| < 7.
This thresholding method is equivalent to the following sub-
space selection approach: Given a threshold 7, a subspace S,,,(-)

(10)

1n soft thresholding, the coefficients estimates are

sss [ sgn(AEDIND] =71, i [AG)] > T
b7 = { 0 if|A(3)] < 7.

This method is not discussed here.
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is selected, where m(7) is the number of nonzero coefficients in

vector O, and Sm(r) 18 a subspace of Sy for which
8 € Sp(ry, iff A1 (3) # 0. (11)
Therefore, for any chosen 7, a subspace is selected
T — Spn(r)- (12)

The main concern in thresholding is how to choose a proper
threshold and, therefore, the optimum subspace. One important
factor in the thresholding methods has been the mean square
reconstruction error ([5], [7])

B(Zs,)= < B (I VA1) a3
In the existing approaches, it is desired to estimate this error
for different thresholds and choose the threshold that minimizes
this desired criterion [10]. The development in [5] estimates an
upper bound for this error and provides an optimum threshold
based on analysis of this upper bound. In this paper, we provide
probabilistic upper and lower bounds on this error.

IV. NEW INFORMATION THEORETIC DENOISING METHOD

Inspired by the Kolmogorov complexity and the notion of
minimal description length for a data string, we intend to search
for the subspace .S,,, that can provide the minimum description
length (DL) of the data.

The probability density function of the noisy data in (1) is

1
N.-Ny _
f@h9") = ——=
(\ / 27“’121;)
where 3"V is a sample of random variable Y V. For ¢, which is

any sample of random variable YV, the Shannon code is used.
Therefore, the codelength of the binary prefix code is

e~ =V15/200 (14)

;o _ 1 _N
DL(g";7%) = - + loga(£(9™; 7)) (15)
g™ — ™13
= IOgQ 2’ITO' + W 10g2 e. (16)

This denotes the DL of g’ when it is described by the noiseless
data v

In each subspace S,,,, the best representative of the noiseless
datais g}fg\’n _in (6). For the random variable generated by this rep-
resentative of ng , Shannon code is used. Therefore, the code-
length of g%V, using this representation, is

||g —Us,,,l
202 N

’lH

DL(g"; 43 ) = log, /2702 + logy e. (17)

In existing information theoretic approaches such as normalized
MDL (NMDL), the goal is to compare the codelength of the
noisy data by using the estimate gjfgvn _ in different subspaces [3],

(8]

- log
DL(yA yg ) =logy /2702 + :175 (18)

m*

20 2

Note that since the noisy data is observed, the data error zg,, in
(8) is also available. For nested subspaces of different order, the
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data error =g, is a decreasing function of order m and is zero
in Sn. Therefore, comparison and minimization of this code-
length for a set of nested subspaces always leads to choosing
the subspace with highest order Sy .2

We believe comparison of this error fails since the noisy data
is used to provide the estimate g]fgvn _, and then, the estimate is
used to describe the same noisy data in (18). However, it is rea—
sonable to use the noisy data once to provide the estimate 1/5
and then use this estimate to describe the nmseless data.” The
DL of the noiseless data in subspace S,,, using ysm, is

1 -
DL(5"59d,) = logy V2703, + 5525, (19)
U'w
The MNDL is obtained for S,,,~ when the following holds:
Sp- = argmin DL(5"; 93 ). (20)

m

In order to compare the new DLs, the noise variance and the
reconstruction errors zg,, in (9) are needed. If the noise vari-
ance is known, it is enough to estimate the reconstruction error.
In the following section, we present a method for estimating the
reconstruction error. We discuss the denoising problem with un-
known variance in Section VIII-B.

V. RECONSTRUCTION ERROR

The reconstruction error zg, in (9) is a sample of random
variable Zg_ . As was mentioned previously, the expected value
of this random variable in (13) is an important element in the
existing thresholding methods.

Here, we provide probabilistic bounds on both errors zg_, and
E(Zs,,). Note that based on Parseval’s theorem, the coefficient
error (1/N)||6* — 2 is the same as the reconstruction error

1 — *
25, = 319~ = 95,115 = —||9 —bs, |3 @D

We now study the characteristics of this random variable closely.

A. Reconstruction Error zs,, in Subspace Sy,

For simplicity and without loss of generality, we assume
that S, corresponds to only the first m bases (s; € Sy,
1 = 1,...,m). For subspace S,,, (1) can be rewritten as
follows:

*

Sm

yN =[As, Bs,] +wN (22)

As,,

where the columns of matrix Ag  ares; € Sp,, 1 <@ < N,
and the columns of matrix Bg,, are basis vectors that are not in

2In two-stage MDL, the data description length is defined as

DL(y"; S,.) & — ﬁ log,(N) 4+ DL(y"; 55 ).

The extra term m logz(\/J\_f ) is the codelength of elements of S,,,. Unlike the
second term, this term is an increasing function of m, and therefore, the min-
imum of this DL occurs for some S,,,, m < N. The codelength is the re-
sult of partitioning each dimension of the 6, coefficients with grids of width
log, V' N. However, the partitioning can be done with any other discretization
per dimension. The codelength for all of the 65, coefficients is m log,(A)
when each dimension has log,(A) elements [1].
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S, Si € Sp,. The vector ¢’ contains the coefficients of the

noiseless data in S,,,
(23)

where Ag,  is a vector of length N — m, corresponding to the
coefficients of bases that are not in S, - Therefore, the vector of
coefficient estimates, with the ith element 6 s, (3)in (7), is
H 6N
As y

* H N
05, +As,,w

fs (24)

O(N—mx1) O(N—mx1)

The subspace coefficient error zg, can be expressed as a
function of the basis vectors, additive noise, and the noiseless
coefficients:

13 (25)

1 1 1
28y = NH@* - = NHAgmwNH% + NHASm
where ||Ag, ||2 is the l3-norm of the vector of discarded coeffi-
cients in subspace S, .

Lemma 1: The coefficient error zg,, , in (25), is a sample of a

random variable Zs,, = (1/N)||0* — 2. For this random
variable, we have

N

pry (Zsm - —IIAsm 2) ~ Xom (26)

where 2, is a Chi-square random variable of order 1. There-
fore, Zs, has the following expected value and variance:

E(Zs,) =500+ Nll sull2 27)
2m
var(Zs, ) = m(afu)2. (28)

Proof: In (25), the noise-dependent component of zg_ is
a function of

u1
N

(29)

1
ﬁAgm’w =

Um

where the u;s are independent, zero mean, white Gaussian
noises with variance o2 /N. Hence, zs,, in (25), which is

1 m
25, = wllAs, I3+ Juil? (30)
=1

has the expected value and variance provided in this lemma. <

B. The Mean Square Reconstruction Error B(Zs, ), if
|As,, |13 Is Available

(Zs,,) is provided by (27). This
expected value has two components: one caused by the noise
and the other by the ignored vector coefficients. The tradeoff
between these two parts minimizes E(Zs, ) for some m. This
is called the bias-variance trade-off approach.
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C. Probabilistic Bounds on zs,,

The random variable zg,
as follows:

is near its mean with probability p;

Pr{|Zs,, — E(Zs,)| < Ds,.} =1 €1y

where Dg_ is a function of p; and the structure of random vari-

able Zg,, . Slnce Zs,, has the structure of a Chi-square random
variable, Dg, can be found using the table of Chi-square
random variables and is only a function of the mean and the
variance of Zs_ in (27) and (28). Therefore, Dy, is a function
of ||As,, |13, 0w, m, and p;. With probability p;, the recon-

struction error is bounded as follows:

2s,, (p1) < zs,, < zs,,(p1) (32)

where by using (27) and (31),

25, (1) = N o ~ Ds,,(p1, 0w, 3.
(33)

_ 1
'm,(pl) N O N| %+D5m(p1701177m7| 9 %)
(34)

These bounds provide bounds for the desired description
length in (19). The bounds can be used for the comparison of
subspaces. For this comparison, it is important to compare the
events with the same probability in the competing subspaces.
For each subspace, the event is described by (31), which hap-
pens with a chosen probability p;.

VI. BOUNDS ON zg, AND E(Zg, ) USING THE OBSERVED

m

Noisy DATA y™

In the previous section, E(zg,, ) and probabilistic bounds on
zg,, were provided when ||As, ||3 was known. However, in the
denoising problem, the only available information is the noisy
data 3™V In this section, we provide a method that probabilisti-
cally validates ||As, ||3 by using the noisy data. These bounds
can then be used in providing probabilistic bounds on E(Zg, )

and zg,, .

A. Probabilistic Bounds on ||Ag,,
Data yN

|3 Using the Observed

Using the observed data, we show that with validation
probability po

1
Ls, (y",p2) < N“ASmH% <Us, (yV,p2). (35

The validation is done through the use of the data error =g, in
(8). First, we discuss the properties of this error.

B. Data Error xs,, in Subspace S,

The estimate of data in subspace S,,, in (6) is

is, = [As,. Bs, 10s, (36)

and the data representation error is

Ts, e ||BsmA5m +Gs, w3 37)

1
C= e -1 =
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where

Gs, =1—As, A =Bs, B§ (38)

m m m

is a projection matrix.

Lemma 2: The observed error in (37) is a sample of a Chi-
square random variable Xs,, = (1/N)||y™ — Y& |[3. For this
random variable, we have

Xe ~ o2 39

w

where x%._,,, is a Chi-square random variable of order N — m.
Therefore, X s, has the following expected value and variance:

m 1
E(Xs) = (1 - N) 0%+ 14,13 (40)
2 m 403‘
var(Xs, ) = 5 (1= %) (02)? + T2l14s, B @)
Proof: In Appendix A. O

C. Probabilistic Bounds on |Ag

Given the noisy data x s, , one sample of the random variable
Xs,, is available. The variance of this random variable is of
order 1/N of its expected value. Therefore, if the length of data
is long enough, the variance of this random variable is close
to zero. In this case, one method of estimating ||As, || is to
assume that the available sample x s, is a good estimate of its
expected value in (40)

|3 Using .,

™m

2~ — (1 _ %) o2 (42)

SlAs,
However, if this estimate is used to compare the different sub-
spaces, the variance of Xg  is ignored. In each S,,, as shown
in (41), X, has a variance that is a function of m, N, and
|As,, ||3. Therefore, the confidence of the estimate in (42) for
different subspaces is different. Similar to the argument for es-
timation of the reconstruction error, we suggest a probabilistic
validation method based on comparison of events that occur
with the same probability as follows:
The Chi-square probability distribution of the data error is
a function of ||As,, ||3 and the noise variance. We suggest vali-
dating ||As, ||3 such that x s, isin the neighborhood of its mean
with probability po. For each value of ||As, ||3, we have

PI‘{|X5m — E(Xsm )

< Js,}=p2. (43)

The bound Js,, is a function of ||As, ||2, 02, m, and py. The
value of Js_ is calculated based on these numbers and the Chi-
square table.?

30ne choice for Jg,, in (43)is Jg,, =
the Chebychev inequality, we have

vy/varXs, . In this case, by using

1
p2>1—— or v <
P2 2 72 7> 1— o

which shows how ~ and p- are related. The closeness of v to 1/1/(1 — p2)
depends on the distribution of the error in each subspace.
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Therefore, given x5, and with validation probability pa, we
validate ||Ag, ||%s for which

|zs,, — E(Xs,,) 3. @4

< JSm (p27 Uin m, ||A51n

This validation provides Ug,, and Lg,  upper and lower bounds
on (1/N)||As,, ||3 as a function of 4 and ps in (35).

Note that setting ps in (43) to zero is the same as ignoring the
variance of X . In this case, Js,, = 0 for all the subspaces,
and instead of probabilistic bounds on [|Ag, |3

5, we have the
estimate in (42).

m

D. Bounds on the Reconstruction Error

Using the bounds on ||Ag, ||3 from the previous section, we
can provide bounds on the reconstruction error. Note that when
|As,. |13 is known, the bounds are only functions of the confi-
dence probability p; in (32). Here, with validation probability
p2 and confidence probability p;, the reconstruction error is
bounded as follows:

zs, (p1,y" ,p2) < zs,, < zs,, (p1,yN,p2)  (45)

where

ZS.m (p17 yN*,pZ)

=min {0, min {E(Zs,)—Ds,, }} (46)
A/MAs,, I3€(Ls,, Us,n)
ZSm (p17 yN"/ pZ)

= max

_ E(Zs. )+ Ds. ).
arias B e v,y P Fsn) + Ds, )

(47)

These upper and lower bounds are provided using the
Chi-square table, o2, m, N, and the observed data yN for

w?

a choice of confidence probability p; and validation probability
p2.

VII. GAUSSIAN DISTRIBUTION ESTIMATION AND
RECONSTRUCTION ERROR

To provide bounds on zg, , in both probabilistic validation
steps in the previous section, we used the Chi-square distribu-
tion table. In this section, we suggest using the Central Limit
Theorem (CLT) to approximate the Chi-square distributions
with Gaussian distributions. This gives us the advantage of
finding mathematical expressions for the bounds on ||As, |3,
without using any lookup table. In this case, the bounds on
the reconstruction error in (46) and (47) are only functions of
P1, Ows M, P2, and the observed noisy signal. The advantage
of these closed forms is that their calculation is easy, and they
provide some informative insights on the tightness of bounds
on zs,, .

A. Bounds on ||Ag, ||3

In calculating bounds for [|A s, ||3, in (35), the observed data
error g, and the table of Chi-square random variables are used.
The Chi-square distribution of X, is a sum of N —m indepen-
dent squared Gaussian random variables. Since the noise vari-
ance is finite, the CLT enables us to estimate this Chi-square
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distribution with a Gaussian distribution when N — m is large
enough. The following theorem allows us to provide closed-
form bounds for ||As, . ||3, instead of using the Chi-square table,
by employing the properties of a Gaussian distribution.
Theorem 1: If N — m is large enough, the random vari-
able Xs_ can be well estimated by a Gaussian distribution. In
this case, the validation probability ps is considered in the form
p2 = Q(a), where Q(a) = [ (1/V/2m)e~*"/2dz. If po, or

equivalently «, is chosen large enough such that

N m  Is >
a>——— (1 T 48
= VAN - m) ( N @
then with validation probability p» = Q(«), we have
1
Ls, (4. Q) < 145,115 < Us, (y,Q(c)) (49
where
a?o?
Us, (v, Q(a)) = zs,, 7nw'+'—7vlﬂ‘*f(sm(a) (50)
and
2 2
Ks, (a) :2aa—wN\/a]\7w + s, — =My (51)
_(1_M\ 2
- (1 N) o2. (52)
The lower bound L, (y, Q(«)) is zero if
(my — a/fvs,,) < s, < (My + y/Vs,)) (53)
where
2 my 4
vs, = % (1 - N) ot (54)
Otherwise, the lower bound is
20202,
Ls, (y,Q(a)) = zs,, — my + N Ks, (a). (55)
Proof: In Appendix B. &

B. Bounds on the Reconstruction Error

In the previous section, we showed how to simplify calcula-
tion of bounds on || A s, ||3 for some subspaces. Another step for
calculation of bounds on zg,, is the calculation of Dg  in (33)
and (34). For this calculation, we use the table of Chi-square
random variables after choosing the confidence probability p; .
This calculation can be simplified if n is large enough. The
Chi-square distribution of the reconstruction error Zg, _ in (30)
is the sum of m independent squared Gaussian random vari-
ables. Therefore, if m is large enough, we can estimate this Chi-
square distribution with a Gaussian distribution. In this case,
with p; = Q(8), the probabilistic event (31) can be written in
the form

pPr{|Zs, — E(Zs,,)

m

< By/varZs, } = Q(p)

(56)
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which implies that

Ds,, =p\/varZs,, (57)

= (58)

Therefore, the bounds on zs,, (33) and (34), when ||As,, [|3 is
known, are simply

25,(QUB) = o + llas, I - 22002 50

2, (@) = % + s, B+ D50 60)

The last step is to use the observed data to provide bounds on
these upper and lower bounds. The bounds on (m/N)o?2 +
(1/N)||As,, ||3, which is the expected value of Zs, in (27), can
be calculated by using the bounds on (1/N)||As,, ||3, which was
discussed in Section VI-C.

If both N — m and m are large enough, we can use not only
(58) for Dg,, but, in addition, Theorem 1 to provide bounds on
IAs,. ||3. In this case, the lower bound (46) and upper bound
(47) on zg, , with confidence probability Q(/) and validation
probability of Q(«), are

m 2m
75, (Q(B).y", Q) = ou, + Ls, (v, ) = f=——00,
N N
(61)
m V2m
ZSm(Q(ﬂ)?Z/N?Q(a)) :NU’IZU +U5m(yN7a> +ﬂ N 01211
(62)
where Ls, (yV,a) and Us, (y™,a) are calculated in

Theorem 1.

C. Proper Choices of Validation Probability ps and Confidence
Probability pq

The bounds on zg,, in previous sections are provided proba-
bilistically. This means that with p; = 0.3 and p2 = 0.4, the true
zs,, 1s between the provided bounds with confidence probability
0.3 and validation probability 0.4. The higher these probabilities
are, the more confidence there is on the provided bounds. There-
fore, it is important to choose the two probabilities close to one.
The price for this choice is that the gap between the upper and
lower bounds becomes larger as the probabilities approach one.

It is easier to observe the behavior of the bounds as a func-
tion of the two probabilities in (61) and (62). In this case, pa-
rameters « and (3 can be chosen large enough such that py =
Q(«) and p; = Q(P) are close to one. However, to have tight
bounds on zg, , /N has to be chosen small enough such that
+3(v/2m/N)o2, are close. In addition, the upper and lower
bounds on (1/N)||As,, ||3 in (49) have to be close to each other.
If « is chosen such that «/ \/N is small, then the bounds pro-
vided by Theorem 1 are tight. Therefore, if these conditions are
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satisfied, the method provides tight bounds on the reconstruc-
tion error with confidence and validation probabilities close to
one.

VIII. SUBSPACE COMPARISON AND BEST BASIS SEARCH

If the noise variance is known, comparison of the noiseless
data description length in (20) for different subspaces is the
same as comparison of the reconstruction error zg,_ . For such a
comparison, we suggest comparing the probabilistic worst-case
reconstruction error zg,_ and choosing the optimum subspace
based on this criterion

Spme = arg Iglin m (63)

This decision is made with confidence probability p; and vali-
dation probability po.

A. Gaussian Distribution Estimation

For the subspaces in which the distributions of Z5_ and Xg,
are estimated with Gaussian distributions, the bound on the re-
construction error in (62) can be used. Therefore, the optimum
subspace, based on the worst-case reconstruction error, is

Sun- = argmin zs,, (Q(B),y™, Q(a) 64)

m

which is valid with confidence probability Q(/3) and validation
probability Q(«).

B. Unknown Noise Variance

The existing thresholding methods are based on the knowl-
edge of the additive noise variance. However, in most practical
problems, the additive noise variance is not known, and only
a range of possible noise variances is available. In [4] and for
wavelet thresholding, it is suggested to estimate the variance
with 6, = MAD/0.6745, where MAD is the median of ab-
solute value of normalized fine scale wavelet coefficients. An-
other popular variance estimation is the maximum likelihood
(ML) estimator. In these variance estimation methods and sim-
ilar approaches, a primary threshold is first chosen to pick the
fine-scale wavelet coefficients. The noise variance is estimated
using these coefficients. The estimated noise variance is then
used to provide the optimum threshold. The sensitivity of this
approach to the choice of the first threshold, which estimates
the noise variance, is not known. These methods of estimation
are successful only if enough of the coefficients can be assumed
to be noise dependent only. This requires the noiseless data to
have a small number of nonzero coefficients, i.e., the noiseless
data to be a smooth signal.

In the new proposed method, the noiseless DL in (20)
DL,2 (gN; @é\fn ) is a function of the noise variance. To estimate
the noise variance, we suggest the following approach: Find
the optimum subspace S,,+ as a function of noise variances in
the given range. For any noise variance o2, the bounds on the

w
reconstruction error provides bounds on the description length

DL, (™398 ) < DLo2 (7395 ) < DLo2 (V95 ) (65)
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where upper and lower bounds are calculated using (19) and the
upper and lower bounds on zg, in (45). Therefore, the MNDL
as a function of the noise variance and the observed data is

MNDL(y™, 07,) = min DLz (573§ ). (66)
To estimate the unknown variance, we suggest choosing the

noise variance that minimizes the noiseless data DL. Therefore,
the optimal noise variance is such that

&,3} = arg mgn MNDL(yN, 0121))' (67)

w

C. Best Basis Search

One important advantage of the new method is that the esti-
mated description length can be used to compare different basis
families. For each basis family B;, the MNDL is provided by

MNDLg, (yV,02) = min DL, (g™ 9Y ). (68)
m€Bi v
The comparison of basis results
MNDL(y") = arg min MNDLp, (y, o2). (69)

If the noise variance is unknown, it can be estimated simultane-
ously by using (67). For each basis, the optimum noise variance
is 62 (B;). The optimum Basis is the one for which the MDL is

minimized

(70)

w

MNDL(y") = arg min MNDLp, (y™N,6%(B))).

IX. NEW THRESHOLDING METHOD

Search for the best basis among all 2V subspaces of Sy may
not be practically feasible. One alternative subspace comparison
method is to compare nested subspaces of different order. After
calculation of the least square estimates of coefficients A(7)s in
(5), they are sorted in a decreasing order based on their absolute
value. This provides a nested set of subspaces. Subspace S is
the subspace spanned by s;, where A\(j) = max; |A(7)], and
subspace S; is spanned by the first ith bases associated with the
sorted set. In this case, the number of subspaces is at most V.
Let S, be the optimum subspace that minimizes the DL among
these nested subspaces. This choice also provides the optimum
threshold that is the maximum absolute value of coefficients
associated with S,

T*:m?X|/\(i)|» i €{j| s; € S} (71)
Therefore, a hard thresholding method results from the choice
of Sy,
S — 7. (72)
Comparing this approach with the thresholding method in
(12), the new method provides an optimum threshold that is a
function of the observed noisy data, validation, and confidence
probabilities.
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Fig. 1. Noiseless signal §[n] and noisy signal y[n].
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Noiseless signal coefficients 6* and noisy signal coefficients A.

X. SIMULATION

In this section, we provide three denoising simulation exam-
ples. In the first example, the additive noise variance is known.
In the second example, the same problem is considered when
the noise variance is unknown. The third example highlights the
performance of the new approach for an unsmooth signal.

A. Wavelet Denoising and Reconstruction Error Bounds

Fig. 1 shows the considered signal and its noisy version of
length N = 1024. The noiseless signal is the standard blocks
signal introduced in [5]. The signal-to-noise ratio of the noisy
signal is 2.8 dB. Fig. 2 shows the 1024 wavelet coefficients of
both signals in series (the first 32 numbers are approximation
coefficients; the rest are detail coefficients of length 32, 64, 128,
256, and 512) with Haar wavelet filters at level five. While the
noisy data has 1024 nonzero coefficients, the noiseless signal
has only 66 nonzero coefficients. In most denoising problems,
the goal is not only to estimate the noiseless data but to provide
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Fig. 4. Solid line is the reconstruction error for the nested .S, s. The dashed
lines are the upper and lower bounds with validation probability (2(15) and
confidence probability Q(3) = Q(70).

an optimum (minimum) number of nonzero coefficients for the
purpose of compression as well.

To denoise the noisy observed signal, we consider the nested
subsets of Sys, which are explained in Section IX. For example,
S1 corresponds to the subspace associated with the first element
of the sorted coefficients. Fig. 3 shows the available data error
xg,, and the desired reconstruction error zg,, . The goal is to use
Ts,, in each subspace to provide bounds on zg, . Fig. 4 shows
the probabilistic bounds on the reconstruction error zg,_, using
the data error x g, . It shows the bounds for the first 400 sub-
spaces. To choose the optimum subspace zs__, the upper bound
on the reconstruction error is minimized. As the figure shows,
the minimum of upper bound is at m* = 30.

Table I shows the results of using different thresholding
methods. Methods (1) and (2) use the worse-case proba-
bilistic bound on the reconstruction error zg_ in (47). In the

™m

first method, the validation and confidence probabilities are
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TABLE 1
(1) NEW METHOD (MNDL) WITH p> = Q(15.5) AND p; = Q(40). (2) NEW
METHOD WITH p» = Q(15.5) AND p; = Q(70). (3) DONOHO AND
JOHNSTONE THRESHOLDING WITH 7% = 0,,1/2log(N). (4) MDL

THRESHOLDING WITH 7% = 0, /log(N)
H @ 6
Number of
nonzero Coeffs. m* 66 30 27 38
Reconstruction error
zs,.. 2845 1661 0.175 175
Threshold
™ 2.29 3.27 3.87 274

p2 = Q(«a), where « = 1.5log(N) = 15, and p1 = Q(8),
where 5 = 40. In method (2), the probabilities are closer to one:
p2 = Q(15) and p; = Q(70). For these methods, the optimum
subspace S,,« is the subspace that minimizes the worse-case
upper bound. Method (1) chooses m* = 66, and method (2)
chooses m* = 30. As it was explained in Section VII-C, the
choices of a and (8 partially depends on the observed data.
For example, for the subspaces that the Chi-square random
variables are estimated with the Gaussian distributions, « has
to satisfy the inequality in (48). The « in this example is the
minimum value for which this inequality holds. For p;, 3
is chosen to be much larger than o and such that o/vV/N is
comparable with 3/N.

The table shows the reconstruction errors associated with
the chosen subspaces. As it was discussed in Section IX, the
choice of optimum subspace provides an optimum threshold
7%, which is given in the table. Methods (3) and (4) are the
existing thresholding methods. In method (3), the well-known
wavelet threshold o,,1/21og(N) is used [5]. In method (4),
the existing MDL threshold o, +/log(N) is used [8]. As was
discussed in Section III, the choice of threshold in these two
methods leads to the choice of an optimum subspace with order
m™, which is shown in the table.

In this example, the reconstruction error in Fig. 4 is mini-
mized for m* = 31, and the minimum is 0.1534. Table I shows
the associated reconstruction error for the different methods.
Based on this error, the optimum approach among these four
methods is method (2), in which the minimum reconstruction
error is 0.1661. It is important to mention that the comparison
of the bounds on the reconstruction error is equivalent to the
comparison of the DL bounds. This is due to the fact that the
DL is an affine function of the reconstruction error (67).

Note that in this simulation the reconstruction errors in
methods (3) and (4) are the same with two different thresholds.
In addition, it is important to stress that unlike methods (3) and
(4), the new approach in methods (1) and (2) not only provide
the thresholds but also provide the probabilistic bounds on the
reconstruction error.*

B. Unknown Variance and Denoising

In the previous example, the noise variance (or SNR) was
known. Here, we consider the same problem when the noise

4The soft threshoding method with the Donoho and Johnstone threshold pro-
vides 27 nonzero coefficients, and the reconstruction error in this method is 0.43.
The performance of this method is worse than its counterpart hard thresholding
with the same threshold.
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Fig. 6. New minimum description length for SNRs between 1 and 5 dB.

variance (U?U = 1)is unknown. Therefore, the first step is to esti-
mate the DL in (18) as a function of noise variance. For this step,
using the observed data, the upper and lower bounds on the re-
construction error as a function of noise variance are calculated.
Similar to method (2), in the previous example, we provide the
bounds with validation probability p, = Q(15) and confidence
probability p; = Q(70). Consequently, these bounds provide
bounds on the DL. Fig. 5 shows the upper bound on the descrip-
tion length for two different noise variances (or SNRs). For each
noise variance, the optimum subspace is chosen by minimizing
the provided upper bound on the description length. As Fig. 5
shows the MDL (and optimum subspace) for SNR = 4 dB is
2.51 (and m* = 33). The minimum for the true SNR = 2.8 dB
is 2.46 with m* = 30.

Fig. 6 shows the provided MDL for SNRs between 1 and 5 dB
(variances between 1.64 and 0.65). The last step is to compare
these MDLs to estimate the noise variance (67). As the figure
shows, the minimum is for SNR = 2.2 dB, or equivalently,
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Fig. 8. Noiseless signal §[n] and noisy signal y[n].
62 = 1.25. With this noise variance, the optimum subspace

has order m* = 27.

To compare this example with method (2) in the previous
example, we can compare the corresponding reconstruction
error associated with the optimum subspaces chosen for dif-
ferent noise variances. Fig. 7 shows the true reconstruction
error for different SNR assumptions. As the figure shows, the
reconstruction error when the noise variance is estimated to be
1.25 (SNR = 2.2) is 0.1750. Therefore, the reconstruction error
here is 0.1750 — 0.1661 worse than the case with the known
variance.

C. Unsmooth Noiseless Signal

Here, we repeat the same simulation as in Section X-A for
another signal. Fig. 8 shows the noiseless signal of length 256,
for which all 256 wavelet coefficients are nonzero. For the noisy
signal, the SNR is 10 dB. Fig. 9 shows the wavelet coefficients
of both signals when the same wavelet as in the previous exam-
ples is used. Fig. 10 shows the desired reconstruction error and
the probabilistic bounds, which are provided by using the data
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Fig. 10. Solid line is the reconstruction error for the nested .S,,, s. The dashed
lines are the upper bound and lower bound with validation probability Q(«a) =
Q(5) and confidence probability Q(10).

error. In this example, « = 5, and 8 = 10. The desired recon-
struction error is minimized for m* = 230, and the minimum
is 0.092, with threshold 7* = 0.3. Table II shows the number
of nonzero coefficients, the threshold, and the associated recon-
struction error for the four methods.5

As the table shows, methods (3) and (4) provide thresholds
that are very far from the optimum threshold that minimizes
the reconstruction error. Note that the [>-norm of the noise-
less signal is one. Therefore, the reconstruction errors in both
methods (3) and (4) are almost 33% and 16% of the [5-norm
of the noiseless signal itself. The new methods choose smaller
thresholds and more nonzero coefficients. The reconstruction
error for these methods are much smaller than methods (3) and

.

5The soft threshoding method with Donoho and Johnstone threshold provides
97 nonzero coefficients, and the reconstruction error in this method is 0.6. The
performance of this method is worse than its counterpart hard thresholding with
the same threshold.
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TABLE 1I
(1) NEW METHOD (MNDL) WITH p> = Q(5) AND p; = (10). (2) NEW
METHOD WITH p> = Q(5) AND p; = Q(25). (3) DONOHO AND
JOHNSTONE THRESHOLDING WITH T* = 0,,1/2log(N).
(4) MDL THRESHOLDING WITH 7* = 0, \/log(N)

0 ® B 0
Number of
nonzero Coeffs. 192 190 97 149
Reconstruction error
Zs,. 1120 1122 033 .16
Threshold
™ 0.389 0.4 1 0.75

The new method provides the optimum threshold based on
the probabilistic bounds on the reconstruction error. The bounds
not only provide an information about the behavior of the re-
construction error but also provide a quality evaluation method
for any given threshold. For example, consider a scenario where
for the purpose of data compression, a reconstruction error of
order 0.3 is acceptable. In this case, method (1) accepts any
threshold smaller than or equal to 0.9, and the minimum number
of nonzero coefficients is 120. This decision is based on the
behavior of the probabilistic upper bound, which is shown in
Fig. 10. In this case, Method (2) accepts any threshold smaller
than or equal to 125. However, neither method (3) nor (4) can
provide any other threshold for this case. This example illus-
trates the potential application of the new proposed method not
only for thresholding but for data compression as well [9].

In this example, if the noise variance is unknown, the new
method efficiently estimates the noise variance. However, the
existing methods of noise estimation, such as ML and MAD,
cannot be used since the approach is very sensitive to the choice
of the fine wavelet coefficients.

XI. CONCLUSION

In this paper, a new approach to signal denoising is proposed.
In this method, no particular assumption on the data length or the
number of nonzero coefficients of the noiseless data is needed.
The probabilistic bounds of the new description length is given
by using the probabilistic bounds on the reconstruction error.
The method provides a probabilistic confidence region for the
desired reconstruction error. By using the noisy data, we vali-
date the expected value and the variance of the reconstruction
error. The bounds are provided with two important probabili-
ties: confidence and validation probabilities. The paper also dis-
cusses the proper choices of the probabilities and the asymptotic
behavior and tightness of the error bounds as a function of the
two probabilities.

The new method also provides an estimate of the noise vari-
ance for signal denoising. The advantage of this method is that
the denoising and the noise variance estimation are provided
simultaneously.

The new approach not only provides an optimum threshold
but also provides bounds on the desired criterion as a function of
any threshold. Therefore, it can be used as a method of quality
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evaluation for any given threshold. The consistent theory be-
hind the proposed method promises to overcome several prac-
tical problems with the existing noise variance estimation and
thresholding methods.

APPENDIX A
PROOF OF LEMMA 2

Rewrite the data error in (37) using the projection matrix

Gs, = Bs, By .
Sl =95 1B = 11Bs, As,, + G, 0”3
= N”Bsm(ﬁsm +B§ w3 (73)
= %IIAsm + B, w3 (74)
1 2
= \/—NAsm +v ) (75)

Equation (74) is obtained from (73) since
Bg BSm = IN—mXN—m

and since v = (1/\/—)BH N'is a vector of length N — m
whose elements are white Gaussian random variables. Each el-
ement v; has a zero mean with variance o2 /N, and v;s are in-
dependent. Therefore, we have

2 = z_:é—i—vz

where the sum of means of the Chl-square random variable is

N—m
E 2 _
i=1

Therefore, the data error is a Chi-square random variable that is
the sum of N —m independent Gaussian random variables. The
expected value and variance of the data error are

AN

—||3/ (76)

3 (77)

1
—||A
N” S

E(Xs, ) =(N —m)var(v Z o7 (78)

N—m

)+ 2 Z 5).(79)

By using (77) and var(v;) = o2 /N, we have (40) and (41).

var(Xg ) =2var(v;) <(N m)var(v

APPENDIX B
PROOF OF THEOREM 1

If m is large enough, using the CLT, the Chi-square distri-
bution is estimated by a Gaussian distribution. Therefore, the
probabilistic bounds on xg,, are provided by choosing Jg,, =

By/varX s and ps = Q(«) in (43)
Pr{|Xs, — E(Xs, )| < ay/var(Xs )} =Q(a). (80)

Define 7s,, —(1—m/N)o?2,. By using (40) and (41) in
(80), we want to validate ms = (1/N)||As,, ||3 for which

402 B 402
ms = a\| ms +vs,, < Ts,, <ms+a N ms + vs,,

(81)
= (2/N)(A=m/N)oy,

=Ts,

where m,, = (1—m/N)o?,and vs,,
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A. Lower Bound on mg

2

N
If zs, < a,/vs,,, the inequality holds for ms > 0.
If zs,, > «a,/vg,,, the lower bound for ms is the smallest
root of the following equation:

Zg, —ms <« ms + vs,, . (82)

_ 2 2 40121)
(Zs, —ms)” =a” | —2ms + vs,, (83)
N
which is
20202 2a0 o202 1
L =T w — w w — =My 84
S =TS, + N N i + s, 5™ (84)
Note that Ls , < Zg,, .
B. Upper Bound on ms
4 2
ms — Ts,, > ai/ %mg + vs,, . (85)

Ifzs, < —a,/vg, , then the inequality does not hold for any
meg.

If £s, > —a,/vs,,, then the upper bound is the largest root
of equation

= 2 2 4‘712,;
(Zs,, —ms) =« N Mo +vs,, (86)
which is
_ 20202 20, [a202 1
Usm =1Ts,, N \/N N +xs, — Emw. 87

To calculate the upper bound and to avoid the case in which no
upperbound can be found, where Zs,, < —«,/vg, , o has to be
chosen large enough such that

N m  Ig, )
a> — (1 - — — == ). 88
> ( ) (88)
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