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Pretface

There are many problems in the hydrologic and geologic sciences in which
data need to be fused with models. There is often either the abundance of
measurements which hampers interpretation or a deficit of information which
leaves degrees of freedom in diagnosing a problem. In either case observations
and models are elements that need to be combined in solving problems in
fields such as hydrology and geology where the systems are inherently highly
heterogeneous but nevertheless governed by known physical laws.

Observations are error-prone and they may represent indirect or under-
sampled measures of model states and parameters. Furthermore there may
be scattered or overlapping measurements from different sensors with varying
observing scales (e.g. point sampling vs. areal mean remote sensing).

Models are imperfect representations of physical systems and they of-
ten include parameterizations that are unobservable directly. Nevertheless
models are capable of imposing strong physical constraints in relating rele-
vant variables in systems and may hence reduce the degrees of freedom in
interpreting data. Multidimensional models, by virtue of their dynamic or
spatial dependencies, may also serve to advect information from the observed
domains of the data space to other unobserved portions.

Data assimilation is the process of merging measurements and models. It
is essentially directed towards the determination of model variables based on
measurements using statistical estimation and inverse solution techniques.

The report here represents notes from a short course held at the Faculty
of Engineering of the University of Perugia in June 1998 under the auspices of
the Consiglio Nazionale delle Ricerche-Massachusetts Institute of Technology
Cooperative Agreement on Climate Change and Hydrogeologic Hazards in the
Mediterranean Area. The notes are strictly restricted to the theoretical bases
of data assimilation techniques applicable to hydrologic and geologic sciences.
Furthermore mostly linear systems are considered in order to turn the focus
on the impact of noise and sampling issues in data assimilation. The material
contained herein is based on a number of different sources but there is some
attempt to provide basic albeit theoretical interpretation of the similarities
and differences between the various approaches.

The report is designed to introduce graduate students to the theoret-
ical underpinning of data assimilation which is believed to be a powerful
yet underutilized approach to hydrologic and geologic characterization and
forecasting problems.



1 Estimation and Inverse Solution of Linear
Systems

1.1 General Formulation of the Estimation Problem

Estimates X of the the state x are formed based on measurements/observations
z. The estimator X=X (z) is:

e unbiased if its expectation is the same as the expectation of x, i.e.
E[X] = Ex],

e minimum-variance if the error variance is less than or equal to any
other estimator, i.e. var [x—X (z)] < var [x—X' (z)],

e consistent if it converges to the true value of x as the number of mea-
surements increase.

We will consider unbiased, minimum-variance and consistent estimators.
In linear systems it is assumed that observations may be linearly combined
to form estimates of the state, i.e.

X(z)=X =Wz

where W is a matrix of linear weighting coefficients. The measurements
or observations have additive noise or error as in

z=Hx+v

where z is an (m x 1) vector of measurements, x is an (n X 1) vector of
states, v is an (m X 1) vector of measurement errors and H is an (m x n)
matrix of constants relating measurements to the states (see Appendix A for
a basic review of probability and statistics concepts).

Three estimators will be derived based on successive sets of assumptions.
They are:

1. Least-squares estimators (LSE): No assumptions on the distributions
of z, x, and v are made,

2. Maximum-likelihood estimators (MLE): Assume distributions for mea-
surements z,

3. Bayesian estimators: Assume distributions for measurements z and
state x.



1.2 General Formulation of the Inverse Problem

Where a model f (d,m) = [f; (d,m), fo (d,m), ..., fz (d,m)]" = 0 consist-
ing of L elements relate a data vector (length N) d =[dy,ds, ...,dn]" and a
parameters vector (length M) m = [my, mo, ..., mM]T, then the forward and
the inverse problems may be posed with the following definitions:

Forward problem: find estimates of the data d given the model f and
estimates of the model parameters m (and possibly some ”prior” information
on d).

Inverse problem: find estimates of the model parameters m given the
model f and estimates of the data d (and possibly some ”prior” information
on m).

A special case is the implicit linear form

f(d,m)_O_F[iI]

where F is an L x (M + N) matrix
The explicit form would be
f(dm)=0=d—g(m)

for which the linear form is

f(dm)=0=d—-Gm
where L = N and G is an N x (M + N) matrix.

1.3 Performance Criteria

In order to fit data to models for both the estimation and inverse problems,
especially when measurements are noisy and/or the model is imperfect, met-
rics of performance need to be defined. Optimization of the metrics yeld
optimal estimators and optimal solutions to the inverse problem. The basic
principle is to minimize the norm of the prediction error.

For the case of the inverse problem:

e — dobs — drre

where d°** are the observed data and d”"¢ = Gm®" are the predicted
data on the basis of the estimated model parameters m®.
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For the case of estimation:

e=z—Hx(z)

where HX (z) is the predicted measurement based on the estimator.
Types of norm are:
L1 norm: lefl; = > el

1

1/2

Ly norm: llell, = [Z ]eiﬂ
' 1/n

L,, norm: lell,, = |>_ lel”

L, norm: le]l,, = max; |e;]|

The choice of the more appropriate norm depends on how much ”weight”
is to be given to "outliers” (more precisely, it depends on the probability
distribution of the data, as discussed further on in the maximum likelihood
view-point).

1.4 The Simple Least-Squares Estimator

If the measurement errors are zero-mean and no information on distributional
features are available, then the best estimate of the state X is found by
considering the Ls-norm of the predicted measurement errors as in

E=e"e=(z—HX) (z - HX)
which should be minimized with respect to X. Expanding this expression
E=27"7z-%x"H"z - z"Hx + x"H"Hx

The function is minimized by taking its first derivative and setting it to
Zero as in

0~ D) - L (@H) - L (PBR) + o (FTHTER)
~ 0-H"z— (z"H)" + |H'HZ + (H'H)" %]
= —2H"z+2H"Hx
=0



whose solution for X is
%= (H'H)  H'z
Thus L
W=(H'H) H"
n
X =Wz

for least-squares estimators with no assumptions on the statistics and
distributions of the states and the measurements.

1.5 The Least-Squares for Linear Inverse Problems

The general form for the ”prediction error” is now

E = ele=(d—-Gm)" (d—Gm) =
= i[dz iGijmj] di_iGikmk] =

M M
_ ZZm]meGqu 2ZmJZGud +Zd2

=1 k=1 =1 i=

<.

Differentiating F (find the minimum) with respect to the generic para-
meter m,, the various terms are (let 6;; be the Kronecker delta):

M:

M M
= Z qu + mjékq] Z szsz =
=1

o [ 3 Gt

1 k=1 j=1 k:l
M M
k=1 =1
M N N
—2— [Z m; chd =2 8jq Y Giidi = =2 Gigd;
i= j=1 i=1 i=1
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Then:

108 L X a
ia—mq = ;me;quGik — ;qudi =0

In matrix notation:

G'Gm - G'd =0

Note that GTG is a square M x M matrix and both m and G’d are
vectors of length M, so we have a linear algebraic system which, if [GTG} -
exists (to be discussed later), gives the solution:

m*' = [GTG] ' G'd
Sometimes it is useful to ”weight” differently the various prediction errors

(i.e. some data are more ”certain” than others). The following weighted error
needs then to be minimized, given a N x N weight matrix W.:

E=¢e"We=(d—Gm) W, (d - Gm)

The solution to this minimization problem is called weighted least squares
and is given by:

m* = [GTW,.G] " G"W.d

1.5.1 The Existence of the Least-Square Solution

In general, linear inverse problems may be classified as:

Overdetermined Problems - There is excess information in the equa-
tion Gm = d, in the sense that N > M and [GTGrl exists. There is no
solution with zero prediction error, and we may use the Least-Squares tech-
nique to select the one with minimum prediction error (in the Least-Squares
sense).

Even-Determined Problems - There is exactly enough information to
determine the parameters (N = M and [GTG] ! exists). Typical example



is fitting a line with two data points. There is only one solution with zero
prediction error.

Underdetermined Problems - The equation Gm = d does not provide
enough information to determine uniquely all the model parameters. Typical
example is the case of fitting a line with only 1 data point: there exist infinite
solutions with zero prediction error. Underdetermind problems may occur
when N < M and all the model equations are ”consistent”, in this case
they are called Purely Undetermined Problems. It may also be the case
that N > M but [GTGT1 does not exist, in this case we have Mixed
Determined Problems.

These cases are treated separately below.

1.5.2 The Purely Undetermined Problem

Suppose that a problem has been identified to be purely undetermined. To
solve the problem, we need to define a criteria to single out one of the many
(infinite) solutions with zero prediction error, that is we need to add to the
problem some information which is not contained in the equation Gm = d.
This type of information is called prior information. There are many kinds
of prior information, which characterize the type of solution ot the inverse
problem.

One first kind of prior information is termed simplicity, quantified by
some norm of the solution m (i.e. the Ly norm).

We can then consider the following constrained minimization problem:
find the m®? that minimizes L = m” m subject to the constraint e = d — Gm =0.

This problem can be solved using the method of Lagrange multipliers \;,
minimizing the function:

d(m)=L+A"e=m"m+ A" (d - Gm)

Deriving with respect to the generic parameter m, we obtain:

0P
omy

N
= ...= qu - Z)\ZGW =0
=1

which in matrix notation is 2m = G X. Substituting this in Gm = d
gives d = Gm = GG A/2. Note that GG” is a N x N square matrix (not

MxM as GTG). If [GGT] ! exists (this is the meaning of the consistency of
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the model equations), then we can solve for the unknown Lagrange multipliers
A =2 [GG”] " d and finally obtain:

m*' = GT [GGT] 'd
The one above is just a particular choice of priori information. The de-
rived solution procedure can be however generalized to include both a priori

parameter estimates (m) (such as some knowledge of the parameters ex-
pected value) and some weighting matrix W,,, (M x M ):

L = [m— (m)]" W, [m— (m)]
m* = (m) + W,,G” [GW,,GT] " [d — G (m)]

1.5.3 The Mixed Determined Problem

In the mixed determined problem, the avaliable information is redundant
(overdetermining) for some of the parameters and insufficient (underdeter-
mining) for some others. To clearly separate the overdeternined from the
underdetermined ones, a particular technique is required (singular value de-
composition, discussed in Appendix C). The general idea is to build a trans-
form G'm’ = d’ of the original problem Gm = d which can be cast in the

form:
G” 0 m’ ] [adf
0 GY m* | | d¥

where G”m® = d is purely overdetermined and G*m" = d
undetermined.

Another approach, less computational demanding but suitable only for
slightly undetermined problem, is based on directly ”weighting” the least-
squares and constrained minimization approaches without splitting the prob-
lem. This technique is called damped least squares and is based on the
minimization of the function:

v is purely

d(m)=E+e’L=ee+c’m’m
where €% is an ad-hoc (to be determined by trial and error in order to

obtain a reasonably small value of F). The solution to the minimization of
such a function is (let I be the identity matrix):
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m® = [GTG+¢%T) ' G'd
This can be again generalized, to account for prior information and weights,
as:

m* = (m) + W;'G” [GW,!G” 4+ W] "' [d - G (m)]

1.6 Generalized Inverses

All the solution methods previously described may be cast in the form m® =
Md + v, where M is a M x N matrix and v is a vector, both independent
of the data. Since the matrix M solve (inverts) the problem Gm = d, it is
called the generalized inverse G™9. Studying the properties of G™9 one may
obtain useful information on may aspects of the inverse problem.

1.6.1 The Resolution and Unit-Covariance Matrices

A basic question in inverse problems is how well the estimated parameters
m° fits the data. Using the generalized inverse we obtain:

drre — Gmest — GGfgdobs — Ndobs

The N x N matrix N = GG™7 is called data resolution matrix. The case
where the data are perfectly predicted would be simply N = 1. A measure
of how well the data are predicted (without knowing the data in advance!)
may be then defined through the Dirichlet spread function:

spread (N) = [N — I

true true

Suppose that a ”perfect” parameter set m*™"¢ exists such that Gm"™"° =
d°®*. One may ask how well the given solution to the inverse problem ap-
proximates such true parameters. Using again the generalized inverse we
obtain:

mest — G—gdobs — G—gGmtrue — Mmtrue

The M x M matrix M = GG is called model Resolution Matrix. The
case where the parameters are perfectly guessed would be simply M =1. A
measure of how well the parameters are guessed (without knowing the data in
advance!) may be then defined again through the Dirichlet Spread Function:

12



spread (M) = ||M —T|;

The covariance of the model parameters depends on the covariance of the
data and the way in which error is mapped from data to model. The degree
of error amplification in this mapping may be characterized by the unit-
covariance matrix (equal to the correlation matrix in case the normalizing
factor is the variance):

[cov,m] = G~ [cov,d] G
whose measure is given by the sum of the diagonal elements:

M

trace ([cov,m]) = Z [cov,m],;

In the case of uncorrelated data, it is simply [cov,d] = I, so that [cov,m]| =
G 9G9I,

1.6.2 The General Generalized Inverse

A general Gneralized Inverse may be ontained by minimization of:

ayspread (N) + agspread (M) + agsize ([cov,m))

Where the as are arbitrary constants. It may be demonstrated (with some
involved algebra) that minimization of the above sum gives the following
implicit equation fro the Gneralized Inverse:

o [GTG} GI9+GY {agGGT + o [covud]} = (a; +ay) GT
Explicit solutions can be found for special cases only for uncorrelated
data, such as:

Least Squares: (g, as,a3) = (1,0,0)

[GTG] G =GT

G =[G'G] ' GT

13



N=GG?=G[G"G] ' GT

M =G tG = [G"G] 'GTG =1

1

cov,m] = GG = [GTG] ' GTG [G"G] ' = [GTG] "
Minimum Lenght: (o, as, a3) = (0,1,0)

G [GGT] = G”
G =GT[GGT]"
N=GG=GG" [GGT] ' =1
M=G*G=G [GGT]'G

[cov,m] = G9G 9T = GT [GGT] ~1 [GGT}_l ar

Damped Least Squares:(a;, as, a3) = (1,0, &?)

[GTG) G+ G721 = GT
G =[GTG+€4] ' GT

1.6.3 The Backus-Gilbert Spread Function and its Generalized
Inverse

When there is a natural ordering of the data and model parameters, the
Dirichlet spread function may not be an appropriate measure, since the off-
diagonal elements of the resolution matrix are all weighted equally. One could
prefer to have large elements of the resolution matrix as close as possible to
the main diagonal, implementing what is call a local averaging.

To achieve this, the following Backus-Gilbert spread function may be used
in the place of the Dirichlet one:
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M M
spread (M) = Z Zw (i,7) (My; — I;)?
i=1 j=1
where the weights w (7, j) depends on the ”physical distance” between m;
and m;. As an example, for linearly ordered parameters, one could simply
choose w (i, j) = (i — §)°.
Similar expressions apply for the data resolution matrix.
As an example of the use of the Backus-Gilbert spread function, we con-
sider again the purely underdetermined problem. This is anologous to deriv-
ing the minimum length solution using the Dirichlet spread function, using

M
the Backus-Gilbert spread function instead. We also require that > M;; =1,
j=1
so that the rows of model resolution matrix M are unit averaging functions
acting on the true model parameters. The solution is now more involved be-
cause of the presence of the weights w (7, 7). After some algebra, the following

expression for the generalized inverse is obtained:

S [Saly s

—g i
Gk;l - N

N —1
> uing [Sal),

I
—_

1=

,_.
<
Il

i

{SlJ]k = Z w (Z, k) GilGjl

1.7 The Maximum Likelihood Approach

If we know that the data in the linear inverse problem have a multivariate
Gaussian distribution f (d) with known covariance matrix [covd]. The quan-
tity Gm gives our estimate (prediction) of the data expected value, so that
our estimate of f (d) is:

£(d) o exp —% (d - Gm)” [covd] " (d — Gm)

15



This estimate clearly depends on the values of the parameters m.
For the estimation probelm, we would have a multivariate Gaussian dis-
tribution for measurements z given x, f (z|x), with mean Hx:

f (z|x) x exp —% (z — Hx)" [covz] " (z — Hx)

The Maximum Likelihood principle states that the best parameters
estimate or estimator is (the) one that maximizes the probability
of actually observing the data, that is (the) one that maximizes
either f(d) with respect to m or f (z|x) with respect to x.

1.8 The Maximum-Likelihood Estimator

The same objective function as for least squares may be posed but instead
a weighting matrix is included to weight the contributions of various mea-
surement errors to the estimation. For S™ being an (m x m) symmetric and
positive-definite weighting matrix (otherwise arbitrary), then the estimation
becomes:

E=(z—HX)" S (z - HX)

The estimator that minimizes this objective function in this case becomes:
%= (H'S'H) 'H"S 'z

There is no probablistic interpretation of the arbitrary matrix S~! so far.
However one may adopt a maximum likelihood viewpoint in which the value
of the estimator X is inferred from the assumption that, given the value of the
state x, the measurements z will arrange themselves to form a mode in the
probability distribution. In this case given x, the probability of z occuring
is maximized, i.e. maximize f (z | x).

Here we need to introduce assumptions on the distribution of the mea-
surements. If it is assumed that the measurements are gaussian distributed,
then the conditional probability density function f (z | x) may be character-
ized by its mean and variance. Given

z=Hx-+v

with £ [v] =0 and E [vv'] =R , i.e. the measurement errors are zero-
mean additive errors with covariance R, then the conditional mean E (z | x)

16



and variance var (z | x) may be developed to yield the conditional probability
density function f(z |x). If x is given, then it is treated as a constant in
z = Hx + v and

E(z|x)=Hx

since E [v] = 0. Since Hx is a constant when statistics are conditioned
on X, then
var (z | x) =R

Thus the gaussian probability density function may be written as

1

fz]x) = ——F—ex
(2m)"™" R|?

1
p {—5 (z—Hx)"R™ (z — Hx)}
Maximizing f (z | x) is equivalent to minimizing the exponent of the
exponentiation {—% (z—Hx)"R ! (z — Hx)} This will be identical to
the weighted least-squares estimator if S~ = R™!. Thus the maximum-

likelihood linear estimator that assumes gaussian measurement error distri-
bution is

%= (H'R™'H) 'H'R 'z

Note that if the measurement errors are uncorrelated and have equal
variance (equivalent to having no information on the relative weight of the
measurement errors), then

R =r1

which, when substituted yields the previous simpler least-squares estima-
tor

-1

»)
I

(H"IH) H'rI 'z
= ; (HTH) ' H7
1

= (H'H) H'z

1.9 Maximum Likelihood for Inverse Problems

Given the gaussian distribution f (d) for the data in the inverse problem, its
maximization corresposponds to the minimization of (d — Gm)” [covd] ' (d — Gm).

17



The solution is then just a weighted least squares. Note that the hypothesis
of Gaussian distribution of the data is necessary to obtain the least-squares
solution from the maximum likelihood principle!

As before, such a solution is unique only if the problem is not undeter-
mined.

1.9.1 The Underdetermined Problem and A Priori Distributions

When the linear inverse problem is undetermined, f (d) has no distinct max-
imum with respect to variations in the model parameters. Some prior infor-
mation is needed to solve the problem, which in probabilistic terms may be
represented as an a priori probability distribution f4 (m) for the model pa-
rameters. Analogously, instead of defining directly f (d), we can summarize
our knowledge about the data in the a priori data distribution f4(d). An
a priori data distribution simply summarizes the observations, so its mean
is d°* and its variance is equal to the expected variance of the data. Since
fa(d) and f4 (m) are independent, we can define the joint a priori distribu-
tion fa (m,d) = fa (m) fa(d).

If the model Gm = d may be regarded as exact, it defines a surface in the
space (m, d), where also f4 (m,d) is defined. The maximum likelihood prin-
ciple than translate into finding the maximum of f4 (m,d) on the Gm = d
surface.

If the model Gm = d may be regarded as inexact, that is there are errors
associated also with the matrix G, we may regard it, rather than as a sur-
face, as a (conditional) distribution f, (d|m) which is centered on the surface
Gm = d and whose spread around this surface depends on the uncertainty
of the model. Because the model is assumed to be independent of the actual
values of data and parameters, the maximum likelihood principle translates
in simply finding the maximum, with respect to m, of a total probability dis-
tribution defined as fr (m,d) = f4 (m,d) f, (djm). To find the maximum
with respect to m only, we must ”sum” all the probabilities along surfaces
with constant m in the (m,d) space, that is we need to find the minimum
of the ”projected” probability distribution:

fp (m):/fT(m,d)dd

18



1.9.2 The General Linear Gaussian Case

We assume the following gaussian multivariate distribution in the linear prob-
lem Gm = d:

fa(m) o exp —% (m— (m))” [covm] " (m— <m>)]
fa(d) o exp _—% (d - dObS)T [covd] ™! (d - d"bs)]
fo(dm) o< exp _—% (d— Gm)” [covg] ' (d — Gm)]

The total distribution fr (m,d), product of the baove three, may be
proved to be again a multivariate gaussian distribution. After projection to
obtain fp(m) and its maximization, the following general linear gaussian
maximum likelihood solution is obtained:

m® = (m) + G 7 [d** — G (m)]

where G™¢ may be written as:
G¢ = [covm]G" {[covd] + [covg] + G [covm] GT}_l
if [GGT] b erists
or:
G = {G"[[covd] + [covg] ' G+ [covm}_l}_l GT {[covd] + [covg]}
if [GTG] 1 exists

1.9.3 Limiting cases with uncorrelated quantities

For uncorrelated a priori model parameters ([covm] = 02 1), data ([covd] =
o7I) and model ([covg] = o2T), we obtain:

GY = oG {(UZ + 03) I+ afnGGT}_l
if [GG'] b exists
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or:

~1 1)t -1
G = {(hot) GTa () 1) 6T (o o
if [GTGTl exists

For exact data and model, setting 03 = 02 = 0 we simply obtain:

G? = G"[GG"]™
if [GGT]fl exists

that is the constrained-minimization solution for the purely undetermined
problem, or:

G¥ = [GTG]'GT
if [GTG]_l exists

that is the least-squares solution for the overdetermined problem.

1.9.4 The General Linear Problem with Exponential Distribu-
tions

Consider the linear inverse problem Gm = d with uncorrelated data and
parameters, known means d** and (m) and known standard deviations o4
and o,,. The joint distribution is assumed to be exponential:

£(d, m) 9—(N+M)/2 IJ_V[ -1 1]\_/[[ -1 1 zN: el 1 i/[: |Li]
,m) = o 0, €Xp | ———= - — —
i=1 ‘ i=1 V2 i—1 Odi V2 i—1

Omi

where e = d — Gm is the prediction error and 1 = m— (m) is the solu-
tion length. Finding the maximum likelihood is equivalent to finding the
minimum of the argument of the exponential, that is minimizing the sum of
the weighted L; norms of the prediction error and solution length:

el | = ]
E+L:Za_d-+z_
7 v =1

1 Omi
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Note that now the weights are proportional to the inverse of the standard
devitation, not to the inverse of the variance as in the gaussian case!

The above, apparently non-linear, minimization problem can be trasformed
in a linear programming problem of the form:

Find the vector x that maximizes (or minimizes) z = ¢’

x subject to the

constraints Ax b and x > 0.

IN IV

Let us consider, for the sake of simplicity, the purely undetermined prob-
lem with a priori model parameters (m) and o, so that we want to minimize
the weighted L; norm of the solution length:

<NA
L B Zl: Omi

subject to the constraint Gm = d.
We then introduce 5 new vectors m’, m”, a, x, X', each of length M, and
consider the following lienar programming problem

(let also s = [0}, 075, .-, U;llM]T)'

Minimize z = s«
subject to the constraints:
Gm'-m" =d
m'—m"” +x — a = (m)
m'—m” — x'+a = (m)
m>0 m’">0, >0, x>0, x>0

If one makes the identification m = m’ — m”, signs of m are not con-
strained, while the ones of m’ and m” are (as required by linear program-
ming). Then two of the constraints are equivalent to:

a —x =[m— (m)]
a—x'= — [m— (m)]

Now if [m— (m)] is positive, the first equation requires o > [m— (m)]
since x is non-negative, while the second can be satisfied by some appropriate
x'. If [m— (m)] is negative, the second equation requires o > — [m— (m)]
since x’ is non-negative, while the first can be satisfied by some appropriate
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x. Then these two equations are equivalent to the constraint c > jm— (my)|,
and minimizing s’ o is equivalent to minimizing L.

Similar procedures may be easily developed for the overdetermined and
the mixed-determined problems.

1.10 The Bayesian Estimator
1.10.1 Cost Function with Complete Prior Information

When there is knowledge of the distributional features of both measurements
and states, a superior estimator may be constructed using Bayes theorem.
The Bayesian estimators states that the optimal estimate of X should mini-
mize the cost function

CX(z),x)=C®x) = (x-%)T8 ! (x—%)

over all possible values of x and z given their distributional assumptions.
The Bayes risk function may thus be defined

B®E).x) = B&x = [ [ xRS xR/ (xa)dx

where f (x,z) is the joint probability density function of x and z. This
expression may be re-written as

BEx0 = [ [ xRS xR fx 2 i ()

using

f(x2) = f(x|2)f(2)
Since B (X,x) is being minimized with respect to x and the terms out-

side of the brackets {-} are independent of x, then minimizing B (X, x) is
equivalent to minimizing the conditional Bayes risk function

B&|z) - /_OO (x—R)7S (x - %) f (x | 7) dx

o0

= ElC(xx) |7
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Taking derivative and setting to zero

BR|x) . [7 -
MBEX 2/ S (x — %) f (x| 7) dx

—00

=0
has the solution
ﬁ/ f(x|z)dx:/ xf(x|z)dx
The left-hand and right-hand sides of this expression are simply
x=F [x | z

i.e. the Bayesian estimator is the conditional expectation of the state
X given measurements z. In order to complete this derivation by evaluat-
ing F[x | z], the conditional probablity density function f (x| z) needs to
be developed. The Bayes theorem may now be used to identify the condi-
tional distribution f (x | z) based on the statistics of the state x and the
measurements z. Bayes theorem states that

f(z]x) f(x)
f(2)

1.10.2 The Case of Gaussian Distributions

fx|z) =

Now x and z are assumed to be gaussian distributed. Since gaussian distrib-
utions may be characterized through the mean and variance only, we seek to
develop the statistics for the probability density functions f (x), f(z), and
f(z|x). We assume

Elx] =m

var[x] = E |(x —m) (x —m)" | =P

The statistics of the measurements may similarly be established

Elz] = E[Hx+vV|
= F[Hx|+ E|v]
= HE[x] =Hm
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and
var[z) = E[zz"| =E [(Hx +v) (Hx + V)T]
= E [HXXTHT+2HXVT + VVT]
= HEFE [XXT} HT + E [VVT}
= HPH" + R
since the measurement errors and the state are not correlated, i.e. £ [HXVT} =
0.

We have further established that if x is given, then it is treated as a
constant in z = Hx 4+ v and

E(z|x)=Hx

since F [v] = 0. Since Hx is a constant when statistics are conditioned
on X, then
var (z | x) =R
Using these statistics (E [x],var [x], E [x],var [x], F [z | x|, var |z | x])
and the gaussian distributional assumptions, we may find the probability
density function f (x | z). Using these moments of the distributions we write:

f0 = mexp{—— )P ()

! r —1(z - Hx
0= o p{ 510" R (- Fix)}
and
1 1 T T -1
z) = -exp4q —= (z — Hm) (HPH R z — Hm
IO = e T p{ 5 (o Hm)” (HPHT + R) " (2 - Fim)}

Use these distributions in Bayes theorem:

f(z]x) f(x)

_ (]
fle|z) = =22
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to write

[HPH” + R? { 1
(27)"? |P|? R/

%= (P'+H'R'H) ' (H'R 'z + P 'm)
and
X '=P '+H'R'H

have been defined. The estimator alternately be written as
x=X(HR 'z+P 'm)

The Bayes estimator is a most general estimator in this context. If nothing
is known about the state x, i.e. P —ool or P~!— 0, then the Bayesian
estimator collapses into the MLE estimator

x=(H'R'H) H'R 'z

consistent with the distributional assumptions. If furthermore the measure-
ment errors are uncorrelated and characterized by equal variance, i.e. R =rl,
the MLE estimator further reduces to the LSE estimator

%= (H'H)  H'z

The Bayesian estimator weights the prior estimates of the state from the
distribution of the state with the measurements.

For further interpretation of the Bayesian estimator take H = I which
gives
(P+R ™) (R'z+ P 'm)
= PR DR 2+ (P1+R Y P
- (R(P'4R" 1)) z+ (P(P1+RY))
= ((RP74I)) "zt (I+PR ) 'm
(R+P)P )* +(R+P)RT)
— (R+P)P ) "2+ (R+P)RY)
PR+P) z+R(R+P) 'm

»)
I

m
m

m

m
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Now if measurements are more trustworthy than the prior estimates of
the state, i.e. R is smaller than P, then estimate of X will mostly rely on
the measurements z. On the other hand if the measurements are exceedingly
noisy, then R is larger than P, then the prior estimate of the mean of the
state (m) forms the best estimate of the state X. In reality both the prior and
the measurements are needed to form the estimate X and they are weighted
in proportion to their uncertainty through the variance matrices. If a weight

K=PR+P)"'
is defined, then

I-K = I-P(R+P)"!
= (R+P)-P)(R+P)"
- R(R+P)™!

so that
x=Kz+(I-K)m

The weights sum to unity.

2 Estimation in Time and Inverse Dynamic
Problems

2.1 Estimation in Dynamic Systems
2.1.1 State-space Formulation of Forced Dynamical Systems

A linear dynamic system consisting of an nx 1 state vector x (t) is propagated

in time according to

dx
b F (t)x(t)

Given an initial condition x (y), the solution to this equation is
x (t) = @ (t,t0) x (to)
The linear transition matrix ® (t,t,) itself obeys

dd
== T (tt)

subject to ® (to,tg) = 1
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It is also possible to relate values of the state at successive time periods
to the initial state as in

X (tg) = & (tg, tl) X (tl)
()] (tg, tl) b (tl, to) X (to)

When the system is time-invariant meaning that F is not a function of time,
then the transition depends only on the time separation, i.e.

P (tg, tl) =& (tg — tl)

For this case the solution to the dynamic system is obtained by first
expanding the state into a Taylor series around the initial state

dx Px (t —tp)
) =x(tg) + — (t —to) + —~—2
x(t) =x (o) + 77 (t —to) + Tz —;
Notice that for the time-invariant case

dx

E = Fx (to)

d*x 9
W = F*x (to)

d>x 3
ﬁ = F’x (to)
and so on so that
t—t
x(t) = I+F(t—t0)+F2( o 0) +oe | x (t)

eFlt—to)x (to)

so that ® (t,t,) = eFlt—t0),

When the system is forced by a deterministic signal u (¢) as in
dx
dt

then the transition is given by the linear state propagation and a convo-

lution of past deterministic forcing,

F(t)x(t)+L(t)ul(t)

x (t) = @ (t,t9) x (o) +/ ® (t,7)L(r)u(r)dr

to

27



When there is also a stochastic forcing w (¢) present, then
dx
i F)x(t)+ L) u(t)+ G (t)w(t)

and

x (1) —<I><t,to>x<to>+/

to

t t

@(t,T)L(T)u(T)dT—i-/ ®(t,7)G(T)wW(T)dr

to

If the expression is evaluated for discrete time increments t = k - At and
the convolution is simplified in terms of matrices Ay = Li’““ D (tp, ) L(T)u(r)dr

and Ty, = [[**' ® (t,7) G (r) w (7) d, then

Xkt+1 = q)ka + Akuk + Fka

2.1.2 Propagation of Expectations and Covariances
The dynamic state (mean-removed) with system uncertainty is given by
Xipr1 = PpXp + Tpwy

If the estimate of the state at time k includes all the measurements up
to that time, then the latest estimate of the state is the conditional mean
denoted by Xyx. The mean square error of this state is also given by Py
and it is known. A forecast of the state conditional on past observations
is performed by taking the expectation of the system equation (conditional
expectation given past observations):

Xk+1lk = ‘I)ka|k
The error of forecast is

OXpsilk = X1k — Xktl
D Xp — (Pexi + Trwi)
= @, (Xppe — %) — Dewpy
= Ppoxpp — Lpwy,
The error covariance matrix is
P = B [0%p4166% 1]
= ¢,.F [5xk|k6x£‘k} TR D) [5xk‘kwﬂ ri
—TE [wibxiy,| 4 + ThE [wew | T}
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When the system errors and forecasts errors are uncorrelated (i.e. F [5xk,‘ kwﬂ =

E [Wk(Sxa k] = 0) and the system noise covariance is F [Wkwg] = Qg, then

Py = 1P ®] + TQil)

This equation is used to propagate the uncertainty of forecasts given
observations until time k. Once an observation of the form

Zi+1 = Hp X1 + Vi

becomes available, it must be combined with the conditional forecasts of the
state Sc\kﬂ‘ k- The observation noise is characterized by F [vkvﬂ = R;.
This may be achieved by considering the two values that must be merged
to form a new (updated) estimate of the state. The first is the forecast Xy 1/,
and it has covariance P ;. The second is the observation z;,;. These two
should be linearly weighted to obtain the updated state §k+1|k+1 as in

A~ I A~
Xer1lkr1 = K1 Xer1k + Ker1Ze

Since

5Xk+1\k+1 = Xg4+1lk+1 — Xkl
/ A~
= KXo + Kir1Ze1] — Xe
!
= [Kk+1 [sz+1 + 5Xk+1|k} + Kpr1 [Hpp1Xpq1 + Vk+1” — Xgt1

= [ §c+l + Kk+1Hk+1 - I] Xp+1 + K;€+15Xk+1‘k + Kk+1vk+1

Since F [(5xk+1|k} =F [(5xk+1|k+1} = 0 due to the unbiasedness condition
and E [vii1] = 0, then

[ o1 T K1 Hiyr — I} =0

and therefore

K. =1-Ki 1 Hpy

Thus the update of the conditional mean is

Xirihr1 = = KppiHepr] Xppap + Kip12r01

= X1 + K1 [Zer1 — Hps1Xes i)
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Substituting for z;,; gives

Xprifer1 = Kisik + K [HepXe1 + Vi — Hya X
= [ - Ky Hep1 Xpsape + K Hii X1 + K1 Vi

Subtract the true state at time k + 1 to derive the forecast error after
update

§k+1\k+1 — Xg+1

(5Xk+1|k+1
= I - KppiHep | Xesapp — I — Koy Hi ) X1 + K1 Vi
= [ = KppiHip1] 0% + K1 Vi

The update of the covariance is achieved by noting that
Piiijprs = B [6Xps1por10Xp 4]
= F [[I — K1 Hp ] Xi s [ﬁfﬂ\k I— Ky He]" + V£+1K;‘cp+1”
+Kk 1Vt |:§g+l|k 01— Ko Hy] + V£+1KZ+1]

: _ T T 1 _
Since Py, = E [5xk+1|k6xk+1‘k] and F [vkﬂvkﬂ} = Ry.1, then the
error covariance update equation is

Priijpr = I - K He | P [T - K He ) + K Ren K7

given F [5xk+1|kv,:§+1} =0.
The remaining question is the optimum choice for K; ;. The optimal
choice is once that minimizes the cost function

J=F [5X£+l‘k+lsilé)(k+1‘k+1:|
where S is an arbitrary positive-definite matrix. If we choose S = I, then
J =trace [Pk+1|k+1]

Taking partial derivative with respect to the unknown matrix Kj,; and
setting to zero yields

—2[1 - Ky 1 Hyo1 ) Proap HE  + 2K Ry = 0
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Solve for Kj. 1,

~1
Kit1 = PropHly B PrpnHi ) + Ry

This matrix is known as the Kalman gain matrix and the collection of
forecast and update equations below represent the Kalman-Bucy filter for
estimation of state in noisy dynamic linear systems with noisy measurements:

Forecast :  Xgr1pp = PuXpk
Piap = ®Pup®) + QL)
Update : Xgi1ppse1 = Xpr1je + K [Zk+1 — Hk+1§k+1\k]
Pipiper = 1=Kt He) Prpap [T - Ko Hen]” + K Ren Ki

. —1
with K1 = PrpapHp,, [HeaProapHE, + Rigd]

In order to interpret the effects of system noise and observation noise on
measurements, suppose that Hy.; = I so

Update : Rpp1pert = X1 + Kt [Zor1 — Xiap
= [I—- K ik-&-l\k + Kyr12Zp1
Pipiper = [T — Kt Proape [T — Kiot]” + K R K

) 1
with Ky11 = Prpg [Pk+1|k + Rk+1}

In the update of the state §k+1|k+1, the forecast >/Ek+1‘ r and the measurements
Zp.1 are weighted by [I — K.;] and K;;. As in a Bayesian estimator the
weighting matrix is composed of the covariance matrices, i.e. similar to the
Bayesian estimator, the Kalman gain matrix itself is the ratio of the covari-
ances associated with the forecast and the observations. If the measurements
are exceedingly noisy, i.e. Ryi1 — ocol, then K;.; — 0 and in the update
of Xj11)k+1 the system forecast Xy 1), is favored. On the other hand if the
measurements are perfect, i.e. Ryy; — 0, then Ky.; — I and the new
observations form the updated system states. Similarly for the updated co-
variance, if the measurements are exceedingly noisy, i.e. Ryy; — ocl, then
K1 — 0 and P41 = Pryqpp. However if the measurements are perfect,
ie. Ry — 0, then K;.; — I and the updated state covariance is the
measurement covariance.
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In the forecast step, the interpretation is simplified if we assume that
®, = pI where p < 1 (e.g. first-lag autocorrelation in an autoregressive
model) and T'y, = I. The forecast equations now become

Forecast :  Xpi1jx = Xk
Pive = p"Prp+ Qy
and with N-step ahead forecasts

Forecast : Xpinpk = pNﬁk‘k
N—i-1
2N 2AN—i—1
Piinveg = o7 P+ E p*l Qi
=0

For Q.; = Q, i.e. the system noise level is constant in time, then as
N — oo the conditional mean X N[k approaches zero or the unconditional
mean and the covariance approaches Py i = ﬁQ owing to > -, al =
ﬁ for a < 1. Thus the forecast error in this illustration asymptotically
approaches the unconditional variance of an autoregressive model forced by
white noise with covariance Q.

So far the system equation is assumed to be forced only with stochastic

inputs. If deterministic inputs are also present, then
Xpt1 = Prxp + Apug + Tpwy,
and only the forecast and update equations for the state itself are affected
as in
Forecast : Xpi1p = ®rXpp + Aruy
Update : Xpiijpe1 = Xpgip + Apug
+Koi1 [Zr1 — He X1 — Hior Agug |

The equations for P and K are unchanged because they are based on
errors 0x that do not contain deterministic inputs. This is due to the fact
that the deterministic inputs are subtracted out when forming 6x.

2.2 The Variational Approach to the Dynamic Inverse
Problem

2.2.1 Optimization of Dynamic Systems

As the simplest case, we consider a single-stage dynamic system. The initial
state of the system is described by a n-dimensional state vector x (0), while
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an m-dimensional control vector u(0) determines the transition to a new
state x (1) through the equation:

x (1) = £2[x(0),u(0)]
We wish to choose u (0) to minimize a performance index J of the form:

J=¢x Q)]+ L"[x(0),u(0)]

conditional to the transition equation.

Formally this is an optimization problem with equality constraints which
may be solved through the Lagrange multipliers technique. We then intro-
duce a n-dimensional vector A of undetermined multipliers in the new index:

J =J+ AT (1) {f'[x(0),u(0)] —x(1)}
Now, let:

H°[x(0),u(0), A(1)] = L° [x (0) ,u (0)] + AT (1) £ [x (0) , u (0)]
so that:

J' = ¢ x (1) + H [x(0),u(0), A(1)] = A" (1)x (1)

and consider the variations of J' with respect to infinitesimal variations
in x (1) and u(0) (x(0) is given, so that dx (0) = 0):

, | 09 T OH°
dJ = l@x(l) A (1)} dx (1) + 7 (O)du (0)
A convenient choice for X is then:
()0, OHY
T N r_
AT (1) = o (1) = dJ = 7a (O>du (0)

so that a stationary point of J’, and hence of J constrained to x (1) =
£ x (0),u(0)], is simply given by the system of 2 X n 4+ m equations for the
unknowns [x (1), A (1),u(0)]:
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x(1) = £[x(0),u(0)

) = 85?1)
oHO
ou(0)

We consider next a multi-stage system which may be described by the
nonlinear difference equation:

x(i+1)=f[x(i),u(s)]

where x (0) is given and ¢ = 1, ..., N — 1. The performance index is now:

The problem is now to find a sequence of control vectors u (i) that maxi-
mizes (or minimizes) J. As before, we define the new index with a sequence
of multipliers A (4):

N-1

T =J+> N+ 1) {fx@),ul@)]-x@+1)}

1=0

and the scalar sequence:

Hi[x(@),u(@),A(i+1)] =L [x@G),u@@)]+AT(G+1)f [x(i),u(s)]

so that (with a change of summation index):

=

J =¢[x(N)] - AT (N)x(N)+ - [H' — AT (i)x (i)] + H°

i=1

Taking variations (with x (0) given):
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laqﬁ

(N N)} dx(N)+ ——=

S

=1

(z)} dx (i) + a‘?l[i)du (z‘)}

and choosing the multipliers sequence as:

OH'

AT =0, i=0,..N—1
% (1) (®) b T e

¢
T(N) —
AT (N) Ox (N)
the variation of J' reduces to:
~ 9H!

dJ' =

> u() ™

For this to be zero (constrained minimization of J) for any arbitrary
sequence du (i), it must be:

OH®
ou (7)
In summary, to find a control vector sequence u (7) that produces a sta-

tionary (minimum or maximum) value of the performance index .J, we must
solve the following two-point boundary value problem:

=0, i=0,..,N—1

x(i+1)=f[x(i),u(i)]; x(0) given

A() = laif(;)rA(z‘H)jt lax(i)r; A(N) = L‘)X(N)

together with:




The numerical solution of this problem is computational demanding: note
that boundary conditions are set at 0 for the first difference equation and at
N for the second, and that such equations are coupled through u (7).

An iterative solution procedure may be constructed, known as sweep
method (whose convergence is not guaranteed in general):

1. Guess an initial value for the sequence u (7)
2. Integrate forward in time the first difference equation to find x ()

3. Compute the coefficients in the second difference equations (which de-
pend on u (i) and x (¢)) and integrate it backward in time to find the
multipliers sequence A (i)

4. Update the values of u () using the third equation

5. Go back to step 2 and iterate until some converge criterion is satisfied.

2.2.2 Quadratic performance index with linear system equations

Consider a performance index in the form:

N-1 1

J= %XT (N) A (N)x(N) + 3 EXT (i) A (3)x (i) + 5u” (i) B () u i)

where A (i) and B (i) are given positive definite matrices, with the linear
system of equations (x (0) given):

x(i+1)=®(i)x (i) +T (i) u(s)
The H* sequence for the problem is then:

Hi= %XT (i) A (i) x (i)+%uT (0) B (i) w (i) + A" (i + 1) [® (i) x (i) + T (i) u (3)]

Setting OH'/0u (i) = 0 we then obtain:

u(@) =BG TT@AGE+1)

which substituted in the first equation gives:
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x(i+1)=®()x(i)—T(4)[B (i)]_1 rr ()A(i+1); x(0) given
to be solved with:
)\(@'):@T(i))\(@'le)—l—A(i)x(i); A(N)=A(N)x(N)

This linear two-point boundary value problem may be solved using a
single sweep:
A (1) =8 (i)x (i)

where S () is easily determined through the backward recursive relation:

S(i) = (@) [S(i+1)+THBHTT )] @ (i) + A (i)
S(N) = A(N)

2.2.3 Continuous systems with no terminal constraints
Consider the system described by the following nonlinear initial value prob-

lem:

x=fx(t),u(t),t]; x(t) =x%x0; to<t<ty

where x (t) is a n-vector function and u (¢) is a m-vector function.
Then consider a scalar performance index:

J:¢h@ﬁ¢ﬂ+/th@ﬂﬂﬂﬂﬁ

to

The problem is to find u (¢) that maximizes (or minimizes) J. To do this,
adjoint the differential equations to J with Lagrange multiplier functions

A(t):
J’:¢[x(tf),tf]+/tf{L[x(t),u(t),t]+>\T(t) (f[x(t),u(t),t] — %)} dt

The scalar function H (t) (called Hamiltonian) is constructed as:
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Hx(t),u(t),X(t),t] = Lx(t),u(t)t] + X" (t)f[x(t),u(t),t]

After integration by parts, the adjoint performance index J' may be writ-
ten as:

J= () ty] = X () x (tr) + AT (o) x (to) +

+/:{H[x<t>,u<t>,x<t>,ﬂ+xT<t>x<t>}dt

Considering its variations with respect to x (¢) and u (¢) (note now the use
of the symbol ¢ for function variation, which is ”transparent” to integration
(see calculus of variations) and being 6x (t5) = 0:

tr .
()] (et
ox 1=t to ox ou

From this expression, it is evident that it is convenient to choose:

ox o ox T oox

with boundary conditions:

o
A (ty) = {—}
! ox 1=t
so that:

ty H
8J = a—5udt

, Ou

Thus, for 6.J to be zero for any independent variation éu, the following
equation must hold:

oH
o
Then again, we ended up with a two-point boundary value problem with
an additional relation.

0, to<t<ty
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2.2.4 Inverse Problems as Optimized Dynamic Systems
Consider again the multi-stage dynamic model:
x(i+1)=f[x(i),u(i)]
where x (0) is given and i = 1,..., N — 1.
Let x°* (k;) be a set of observations (data) with0 < k; < N, j=1,..,. M

and max (k;) = N.
The inverse problem may be stated as follows: find the parameters se-

quence u®* (i) which minimizes the following weighted-damped least squares

performance index:

constrained to:

x(i+1) =f£" [x(i),u” (i)]; x(0) given
where (u (7)) is the a priori information on the parameters sequence. Note
that the problem is generally a mixed determined one (Exactly determined

if M = N and k; = j, purely undetermined if M < N).
The H* sequence for the problem is then (6 is now the Kroneker delta):

H = % Z [x (k) X (ky)}TA (kj) [x (kj) X (k;)] 6 (kj — i) +
é [ (i) = ((i)]" B (5) [u (5) — (w(@))] +
AT @+ 1) £ [x (i), u™ (3)]

The Lagrange multipliers are chosen such that:
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While setting 0H'/0u®" (i) = 0 we obtain:
B (i) [ue‘“ (1) — (u (Z)ﬂ + AT+ 1) i =0
Juest (7)
The sweep method to solve the above two-point boundary value problem
is then the following:
1. Obtain from a priori information a first estimate of the parameter se-
quence u®! (1) = (u(i))

2. Integrate forward in time the model to compute the sequence x (7)

3. Integrate backward in time the adjoint equation to compute the se-
quence X (7)

4. Update the estimate of the parameter sequence as:
() = (i) ~ B () AT (6+ 1) | o
ouest (’l)

5. Consider the new estimate as a priori information (u (7)) = u®* (i), go
back to step 2 and iterate until some converge criterion is satisfied.

Note that in an "exact model” with "exact data” the convergence
should be:
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2.2.5 Extension to Continuous Systems

Consider again the initial value problem:

x=f[x(t),u(t),t]; =x(to) =x%x0; to<t<ts

Now the state x is a continuous function of time. Oservations (data) of the
state are not: they are always a discrete set ﬁ?bs, j=1,...., M. Furthermore,
they can be some ”istantaneous” oservations of the state, averages of the
state over given limited time intervals, or combinations of both types.

Then, in order to ”compare” observations with model predictions, a data

parametrization needs to be introduced:

ty
ij_/ & [x (), dt: =1, M
t

0
In the case of istantaneous observations at discrete times ¢y < ¢; < ¢ it
is simply:

2]
X —/ x(t)o(t—t))dt=x(t;); j=1,...M
to
while in the case of (generally weighted) averages over given intervals
to < to; <t <ty <tyitis (let h be the Heaviside step function):

ty

% - / W, (£)% (£) h (t — to;) B (t; — 1) dt =
to
tfj

= W, (t)x(t)dt; j=1,...M

to,

Assume that the given data parametrization may be expressed in the
following linear form:

tf
55]:/ G () (t)dt; j=1,.., M
t

0
Suppose now that we want to gain as much information as possible about
(estimate 7) z (t) given the data Z;. This is just a static continuous linear
inverse problem, which is a natural limiting extension of the discrete case il-
lustrated in part II. Note that such a problem is inherently underdetermined,
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given that the number of data is finite while the "number” of ”parameters”
x (t) to be estimated is infinite. Attempts to exactly estimate x (t) at any
specific time ¢t = ¢’ are futile, so that a ”local average” perspective must be
used.

It is then convenient, in order to solve this problem, to extend to the
contiuous case the Backus-Gilbert Generalized Inverse, defining a resolving
kernel R (¢, t) (analogous to the model resolution matrix of the discrete case):

W9 ( ZG 9 —/tfR(t’,t)x(t) dt;

to

where:

SDEAIGIENT

The average is localized around ¢’ if the resolving kernel is peaked near
t'. To optimize this, it is then convenient to use the Backus-Gilbert spread
function:

J(t) = /ttf w(t',t) R (', t)dt

0
where w (#',t) is a non-negative function that is zero for t = ¢ and that
grows monotonically away from that point (such as |t — #'|*). Minimization
of such a spread function gives the following expression for the generalized
inverse:

G
= 050w
Sy (t) = /tfw(t’,t)GJ (1) G (1) dt
w = [ G

to

The procedure may be easily extended to vectorial cases to obtain:
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M
X9 () =G ()%,
j=1

According to the above line of reasoning, we can define the following

observation smoothing:

M
X9 (1) =Y G ()X
Jj=1

The (weighted damped least squares) performance index may be then

generally expressed as:

g = L / " (8) — x5 ()] A (£) [x (£) — x9 (£)] dt +

2 /.,
[ 0 - o) B0 0 )]
+% [ (tg) = x™ (t)]" C [x(t) —x™ (ty)]

The Hamiltonian:

H(t) = 5be(t)—x0 ()] A1) e (t) — x* (1) +
b [0 () — ( (6)) " B0) [0 (1) — (u (1)
AT () f [x (), u”" (), 1]

And the adjointed performance index:

J’—J+/tf)\T(t) (Ex(8),u(t),f — %) dt

to
which, after integration by parts, may be written as:

7= L) —xm ) Clx ) —x ()] -
AT (tp)x (t5) + AT (to) x (to) +

+/: {H [x (), u®" (t) , A (t),1] +)}T (t)x(t)}dt
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Considering its variations with respect to x () and u®’(¢) and being
ox (to) =0:

57 = (Clx(ty) —x" (t)] - AT) éx (1) +

Y[(OH T OH _ .
+/to |:<& —|—A )6X+8u68t6u ] dt

From this expression, it is evident that it is convenient to choose:

T 0OH
A = —— =
ox
with boundary conditions:

—A (1) [x (t) —x™9 (t)] — AT%

AT (tg) = Clx(ty) —x™ (tf)]
so that:

8uest

Thus, for §J' to be zero for any independent variation Su®?, the following
equation must hold:

ty H’
6J = / 0 sutdt
to

0H . i<
mzo, tg_t_tf

that is:

of [x (t) , u®' (t), ¢]
8uest (t)
Then again, we ended up with a two-point boundary value problem with

an additional relation, which can be solved analogously to the multi-stage
discrete case.

u (t) = (u(t)) - BT (H) A" (¢)
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3 Estimation and Inverse Solutions in Multi-
dimensional Systems

3.1 Estimation in Space

Given scattered point measurements at locations u;, ¢« = 1,...,m in space
z (u;), the objective is to estimate the value of the field at a location uy
within the field by linearly weighting all the available measurements as in

m

Z(ug) = > A(w)z(w)

i=1
where \ (u;) are weights that need to be determined via estimation. The

unbiasedness condition implies that

m

E [T (w)] =) A(w) B[z (u)]

i=1

3.1.1 Stationary Fields

For a stationary field with a constant spatial mean m, the left- and right-hand

sides become
m

m:Z)\(ui)m

The minimum-variance condition, here imposed as mean square error,
implies that the estimation error

E [(z (wp) — T (u0))’]

which implies

must be minimized.
Estimators are developed assuming that the measurements of the state
are direct (i.e. H=1) and error-free (i.e. R =0). Thus z(uw;) = z(w),
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Vi. Expanding this expression and substituting = (ug) = > -, A (w;) 2 (u;) =

S A (w) z (uy)

) = T (u))’]
*] = 2B [z (u0) T (wo)] + E [7 (wo)’]

[:c(u

= E [z (uo)

= Elr(w)’] -2E x(uo)ZA(ui)a}(ui) +E Z)\(u)x(ui)Z)\(uj)x(uJ)
= E[z(u)’] -2 Z)\ (W) E [z (wp) z (w;)] + ZZ M) A () E [z () 2 (u;)]

Using the definition of covariance

cov [z (u;) , 7 (uy)]

Substitute

E [(x () — 7 (up))’]
= covlx (ug),z (ug)] —m?* — 2 Z A (W) cov [z (ug) , o (w)] + 2m? Z A(w)

FD0 DM ) Auy)cov A
= cov [z (), (ug)] — 2 Z A (u;) cov [z (ug) , z (1))
+ Z Z A (i) A (uy) cov [z (w;) ,  (uy)]

using the unbiasedness condition » ., A; (w;)=1. If the random field is
second-order stationary, then the covariance depends only on distance v;; =
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cov [z (w;), 2 (u;)] = covlu; —uy

= cov [vj]
or P;; for short. The estimation error may now be written as

E [(2 (uo) = 2 (uo))’]

m m

— Py— QZ)\ Py + sz:)\z/\]Pw

=1 =1 j=1

where the notation \; = A (u;) is used. This expression must be mini-
mized with repsect to the weights ); subject to the unbiasedness constraint
S Ai=1. The constraint is added to a scalar objective function using
lagrange multiplier 20 as in

P00—2Z)\RU+ZZ)\)\ P,

=1 j=1

+283

ZA—1]

Taking derivatives with respect to unknowns and setting to zero,

oFE
o\

= 2Py 42> NP;+28=0

j=1
OF i
36 = ;)\i—l—o

which yield m+1 linear equations for m+1 unknowns (6 and \; i=1...m)

m

Z)\jpij+ﬁ = Py

j=1

In the first set of m equations, the estimation location is specified only in
the right-hand side as a forcing. The left-hand side of these linear equations
are the same for estimation at any location.
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The optimal set of weights A] (known as kriging coefficients) result from
the simultaneous solution of these m + 1 linear equations. The error of
estimation may be found by multiplying the first m system of equations with
A; and summing

DY MNP =Y NPo—8Y A
=1 =1

i=1 j=1

When substituted for the last term in the existing expression

E [(z () — T (uo))’]

= Fuo _QZ)\iPiO+ZZ)\i/\jPij
i=1

i=1 j=1

2

_— O'*

but with \; = A, then the minimized error of estimation becomes

Uz:POO_Z)\ZPiO_ﬁ

i=1
Thus for situations where the spatial field is noisy and lacks any covari-
ance, i.e. Py =0 for i # 0, then (neglecting 3)

0'3—)P00

or the variance of the field. On the other hand if there is strong covari-
ability in the field and P,y — Py Vi, then

2

.0

o

and the estimation is good.
For a simple illustration take m = 2 in which case

MPi+XMPao+ 08 = Py
MNP+ XMoPos+ 08 = Py
AMt+A = 1

Substitute Ay = 1 — A; in the first two equations and subtract to eliminate

B
)\I(Pll_P21)+(1_)\1)(P12_P22):Plo_P20
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and solve for \;
_ Pig— Py — Pia+ Py

- Pi— Py — Pia+ P
If covariances Poy = Py = P and P;; = pi; P and pij = pj; are correlation
coefficients, then

At

A = Pro— P2 — P2t 1
L= pgy —p1a+1
Furthermore take the measurements to be far apart and uncorrelated (i.e.
p12 = py = 0), then

_ 14 pig — Py

B 2

Now if the measurements are equally distant to the estimation location
(up), then pyy = pyy and Ay = Xy = £ or equal weight is given to each of the
two measurements. However if p;q =1 and py; = 0, then A\; =1 and Ay =0
which weights only the first observation in forming an estimate. Conversely
if the second measurement is closer to the estimation point, then p,; = 1 and

p1o =0, then Ay =1 and \; = 0.

A

3.1.2 Increment Stationary Fields

The assumptions of first-order stationarity (¥ [x (u)] = m) and second-order
stationarity (cov [z (w;),z (u;)] = cov [u; — u;]) may be relaxed by requiring
that only the increments of the field be stationary, i.e.
Elxz(u)—z(u+v)] = 0
var [z (u) —z(u+v)] = 2v(v)
where 7y (v) is the semivariogram. For second-order stationary fields, as

a function of separation h, v (h) = cov(0) — cov(h). But for increment
stationary fields, the covariance may not exist but 7 (v) must exist. Again
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considering

the estimation error and using the fact that > /" \;=1

E [(f(uO) —  (ug))’]

= F

Zm w) -z u0> <ZM~ W) — 110))]

Z Z AN E — 2 () (2 (uy) —  (uo))]

=1

Jj=1

The expectation may be written as

E(z (w) — 2 (o)) (z (u;) — z ()]

1

= SE[(x(w) — 2 ()" + (z (w) — 2 (w))” — (z (w) — z (u;))’]

2

which in

terms of semivariograms v,; = v (w; — u;) is simply

E(x (w) — 2 (uo)) (x (u5) — 2 (w0))] = vio + 750 = 735

The estimator objective function now becomes

E [(2 (up) — = (u9))’]
= Z Z Aij (%’0 + %0 — 'Yij)

iljl

- - Z Z Ai )‘3713 + Z )‘1710 + Z )‘JPYJO

lljl

= _ZZAAJ71]+QZ)\17zO

=1 j=1

Minimizing this expression with respect to A; and imposing the unbiased-
ness constraint using lagrange multiplier 23 is performed on the objective
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function

Z)\ Ajvij + 2me (Z )\i—l)
=1

=1 j=1

that yields the m + 1 linear system of equations

Z/\i)‘jVij+ﬁ = Yo
=1

for the m + 1 unknowns (5 and \; i=1...m).

3.1.3 Estimation of Field Mean: Stationary Case

In the same way that the measurements and spatial covariance of the state
may be used to estimate the value of the state at a point, the scheme may
be used to estimate the field mean. For this case the estimator for

mz%/Am(u)du

m
m = E Az (u
i—1

Since the field is stationary the condition Y ", A\;=1 still applies. The
mean error variance of estimation is

1S

oo = El[(m- fﬁ)2]
= E[m?] = 2E [mm] + E [’]

After substitution

R A “2>d“1d“2——/2w u)] du
P30S ANE [ () ()

i=1 j=1
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Given that the field is second-order stationary cov (x () ,x (u2)) = cov (u; — uy)
and

cov (u; — up) = E [z (u1) x (ug)] — m?
Then

) 1 m?
Om = B ], cov (u; — uy) duydug + e ], du;duy
2 [ & 2m? “
—— Aicov (u —u;) du — —/du Ai
1 2 pe i flaed
+ Z Z )\Z‘)\jCO’U (ui — Uj> + m2 Z Z )‘2/\]

i=1 j=1 i=1 j=1

The terms involving m? cancel to leave

1
O'?n = E/A/Acov(ul—ug)dulclUQ
2 Y A d
- A; ;cov (U —u;) du

+ i i )\Z‘)\jCO’U (ui — u]')

i=1 j=1
which needs to be minimized with respect to the unknown kriging coeffi-

cients \; subject to the constraint Y., \;=1. The objective function using
lagrange multiplier 20 is

E =0}, +28 (Z )\i—1>
i=1

Taking derivatives and setting them to zero,

OF 2 -

j=1
oFE
75— 2 N1=0
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These m + 1 system of linear equations may be rewritten as

= 1
Z Ajcov(w; —uj)+ 0 = — / cov (u — ;) du
j=1 AJa

for the m + 1 unknowns (5 and \; i=1...m).

3.1.4 Estimation of Field Mean: Nonstationary Case

Fields with nonstationary drift may be characterized by linear combinations

of basis functions fj (u) as in

m(u) = axfi(u)

The problem is to estimate the coefficients ai, k = 1... L. Estimators of
the coefficients «y, are ap which weight the error-free observations z (u;) =

z(w),i=1...m. Thus

ay = Zm: iz ()
i=1

After the coefficients \; are estimated based on observations, then the

estimate mean (M (u)) is

M ()= arfi(w)

Unbiasedness condition requires that
FE [ak} =

which implies that

E

Z i (ul)] = Z MNE [z (w)] = ag

i=1 i=1
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which may be written as

Z/\ Zakfk = oY Aifi(u)
i=1 k=0 i1

This equation may only be satisfied if
> Xifi(u) =6 (ki) for k=0...L
i=1

where 6 (i,7) = 1 and 6 (4,j) = 0 for ¢ # j. These form L + 1 constraints.
The variance of estimation, again in terms of mean squared deviations, is

E [(ak — Oék)2]
— E[d}] - 2E [a) E o) + E [a}]
= El[a;] - E[of]

= D ) ANE[z(w)z(w)] - E [of]

i=1 j=1

= Z Z Aidjeov [u; — wy] + Z Z Aidm (w) m (u;) — B [af]

i=1 j=1 =1 j=1
Since oy, = Z;il A (u;),
E [(ar — ar)’]

— E [of]

= Z Z Aidjcov [u; — uy] + Z Z Aidjm () m(u;) — Z Z Aidym (w;) m(u;
i=1 j=1 i=1 j=1

i=1 j=1
m m

= E E /\i)\jCOU [112‘ — llj]
i=1 j=1

The constaints and this estimation error variance are combined in one
scalar objective function using the lagrange multipliers 23,

E:ZZ)\)\cov u; — uy] +2Zﬁkz Aifi (0) — 6 (K, 7))

i=1 j=1
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Minimizing the function by taking the derivative and setting to zero yields
m + L + 1 linear equations

Z Ajcov [u; — uj| — Zﬁkfk (u) = 0
j=1 k=0

for the m + L + 1 unknowns (5, k=0...Land \; i=1...m).

Since the estimation of the covariance cov [u; — u;] requires knowledge
of the mean drift M (u), an iterative algorithm is required to estimate the
covariance and the kriging coefficients together.

An alternate approach is to use increment and generalized covariances of

order L. Take \g = —1 so that > " \; = 0. Also a two-dimensional field of
order L has

m
> Nyl =0 forp>0,g>0,p+q<L
=0

so that for L =1

i =0

=0 =0 =0

and so on.

The mean squared error of estimation (here we take the example of esti-
mation at a point) is

E [(z (wp) — T (u0))’]

= Ko—2) MK+ Y ANKy
i=1

i=1 j=1
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where K;; is a generalized covariance of order L based on assumed spatial
drift forms such as

Kij =K (Uij) = 90(5 + (91 "Uij‘ + 92 ‘Uij’3 + (93 ‘Uij‘f)

When 6, = 03 = 0, the generalized covariance corresponds to a constant
drift situation. When 63 = 0, the generalized covariance is for linear drift with
x, and y components. With all the terms included, the basis functions include
additional terms with 22, y2, and 2y dependence for drift basis function. The
value of 6y denotes a "nugget” effect.

Using the fact that \y = —1, this expression is written as

E [(z (wp) — T (uo))’]

= (-1?Koo— 2 Y _AKio— X Y NEKjo+ > Y ANK;
i=1 j=1

i=1 j=1

Adjoining the constraints ). \;az¥y! = 0 by lagrange multipliers and min-
imizing results in the system of linear equations

Y ONEK =Y Batyl = Ki
Jj=1 P,

i)\ixfyg =0
i=0

For example if L = 1, then the system of equations are

> NKi; = By = Bomi — By = Kig
j=1

=0 =0 =0

The variance of estimation is

var [z (0g) — T (ug)] = 02 = Koo + B + Bomo + B3yo — Z A Ko

=1
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This function depends on the parameters of the generalized covariance
function. An iteration scheme is implemented to estimate the parameters of
the generalized covariance function Kj;;. In the iteration cross-validation is
used in which the error of cross-validation is

e; = x(ug) — 7 (up)

where here x (ug) is a measured value withheld from the estimation and 7 (uy)
is its kriging estimate. Each of the m observations may be withheld individ-
ually. The estimation of the kriging coefficients along with the parameters
of the generalized covariance minimizes the function

li (¢ az)r

with respect to the generalized covariance parameters. An unconstrained
nonlinear minimization algorithm is used for solution procedure.

3.2 Inverse Problems in Multidimensional Dynamic Sys-
tems

Extension of the variational approach to the solution of inverse problems in
multidimensional dynamic systems, such as those governed by partial differ-
ential equations in time and space, is not straightforward. The differential
operator used in the previous dynamic case was first order and linear, that
is d/dt. Common problems in the space-time domain present higher order
and sometimes non-linear differential operators. This adds complexity to the
treatment of the boundary values and the adjoining of the model’s equation,
which in the purely dynamical case was approched with a simple integration
by parts.

A general method is not easy to develop, and each problem needs to be
addressed with ”problem-specific techniques”. An example is given in the
following section.

3.2.1 The Adjoint Problem for Groundwater Flow in Confined
Aquifers
Two-dimensional groundwater flow in an isotropic and confined aquifer can

be described by the following partial differential equation:
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3%_V(TW’>—Q=O; (r,y) €Q; 0<t<t;

subject to initial and boundary conditions:

¢($7y>t)|t:0 fO (%,y)
¢($>yat)|(;p,y)eF1 = fl (ZL‘,y,t)
[T ¢-0] e, = f2(2,9,1)

where:

¢ (x,y,t) = piezometric head (L);

S (x,y) = storage coefficient (dimensionless);

T (x,y) = transmissivity (L?/T);

= (0/0x,0/dy) = gradient operator vector (L)

Q) = flow region in the (z,y) plane with boundaries I'; and T's;

n = unit vector normal to I'y;

f1, fo, f3 = given functions;

Let the transmissivity 7' be the unknown parameter to be estimated.
Consider a penalty function in the very general form (explicit reference to
observation data is omitted for simplicity):

iy
- / / F(6,T: 2y, ) 2t
0 Q

Then consider A (z,y,t) as an arbitrary function having continuous first
derivative in time and second derivative in space, and build an adjoint penalty
function as:

E’(¢,T>=E<¢,T>+/Otf/QA<a:,y,t> {S%—v-(Tw)—Q} a0

Taking variations with respect to 6¢ and 67"

//[ 6¢+—6T}d§2dt+

/0 /QA[S%_ (5TV¢)—V'(TVé¢)] dQdt
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and:

6¢ (l’, Y, t)|t:0 = O
66 (, v, t)|(:p,y)€F1 =0

After integration in time by parts, §E may be written as:

/ tf /l 5¢+—6T] dQudt + / (S| d2 —

ty
- Sép— — A - (8T — Ay (T 7 66)| dQd
[ [|s05 -1 6190 - 29 (v 0| an

Such an integration allowed to drop the term AS06¢/0t in favour of
SépéA/Ot. This passage is needed to derive the adjoint equation fro A.
Analogously, we need to find a means of dropping A 57 - (T' v/ 6¢) in favour
of partial derivatives in space of A\. To do this, let us start with the Gauss’
divergence theorem for a continuous differentiable vector function F (z,y) =
[F, (z,y), F; (x,y)] defined in an space domain €2 with boundary I':

/v«FdQ_/F-ndP
Q N

When F is defined by two scalar functions ¢ and ¢ as F =i 7 ¢, the
above relation gives the Green’s first theorem:

A(V¢'V¢+¢V2¢)d92/¢v¢-ndf
r
Similarly, with F =y <7 ¢ — ¢ 71, the Green’s second theorem is obtained:

/(¢V2¢—¢V2¢)d§2=/(¢V¢—¢V¢)-ndr
Q T

These can be extended to include either a scalar function u or a vector
function v, and combining them the following identities can be derived:

/cbv-(uwb)dﬂ = —/u(v¢-v¢)d9+/u¢v¢~ndP

Q Q I
/¢V'(UV¢)dQ—/U(¢V¢—¢v¢)-ndF
0 T

59



/Q¢V-(vz/1)dﬂ—/Qwv-v¢dﬂ+/r¢¢v-ndf

Using these relations we may then write:

A
/Q[Sé(b%_AV'(fSTv@—Av-(Tv&qb)] Q) =

_ / [5% (TvA)] 53 — /Q (VA - 76) 6TdO

—/6¢Tv)\-ndF+/)\Tv6¢-ndF+/6T)\v¢-ndF
I I I

Using the homogeneous boundary conditions for §¢ and defining:

)‘(xayat)“x,y)eFl =0
77 A n] =0

|(w7y) €l2

all the intergals along the boundary in the above expression vanish, hence:

/ / [ 6¢+—6T} dQdt + / [SAS¢] d2 —
/ /{ +v- TVA)](SgbdetJr/ /w 6) ST

If X\ is selected to satisfy the following partial differential equation:

oA oF

with boundary and final conditions:

)\ (l'? Y, t)|t:tf

A (l'? Y, t)|(;v,y)€F1
77 A~ n

|
o o o

|(w7y) €l
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then the variation of the adjointed performance index reduces to (also
using the homogeneous initial condition for 6¢):

ts OF
SE' = / / {—Jr(w-w)] STdQdt
o JolOT

Thus, for 6 E’ to be null for any independent variation of 67, the following
equation must be satisfied:

OF
a—T+(vA-v¢>)=0

We have ended again with two coupled (partial) differential problems,
one to be integrated forward in time to guess a prediction ¢ (A, T") and one
to be integrated backward in time to estimate A (¢, T'), plus a third equation
to update T (), ¢).
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4 APPENDIX A - Probability and Statistics
Background

For a random variable X, the probability that its value is less than or equal
to a certain magnitude z is given by the cumulative distribution function
(cdf) F (x):

F (x) = prob [X < z]

The properties of this function are
F(—00)=0 and  F(o0)=1

as well as F'(z1) < F (z3) for x; < z5. If the cumulative distribution
function is differentiable and continuous, the probability density function
(pdf) f (z) is defined as
dF (z)
dx

flx) =
The properties of f (z) are

/_Zf(y)dft =1

An example of a probability density function is the gaussian

(r) = - 8’

vV 2mo?

Bivariate random variables are characterized by the cumulative distribu-
tion function

F('ray) = probX<:1:andY<y]

:/ / £ (v, w) dvdw

where the joint probability density function is
82

F
920y (z,y)

f(zy) =
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with the property that

/Z/Zf(x7y)d$dy:1

Marginal probability density function may be derived from the joint dis-
tribution by considering all possible values of the remainder random variables
as in -

flx) = / [z, y)dy

An example of a bivariate probability density function is the joint-gaussian

1
2no,0, (1 — p?) '

- ()

When the two random variables are independent

f(z,y)=f(2)f(y)

so in the example p = 0 and

o = e 3((52) - (52))

= f(@)f(y)

For more than two variables (say x? = [z xy---1,] ), this same proba-
bility density function becomes

flzy) =

1 1 Pt
160 = oo { g w) S )

The moments of probability density functions are

mk:/mxkf(x)dx

—00
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The central moments are defined as

mj, :/00 (. —my)" f (z)dz
For joint densities, the cross-moments are

My = /°° oy f (z,y) dzdy

and -
m;cl = / (z — m10)k (y — mOl)k [ (z,y) dedy

[e.o]

The first moment is the expectation

my = 1] :/Zajf(:v)dx

which is a measure of central tendency. The operator F [-| is a linear
operator so that

Ela+yl = Elz]+Ely
Elcx] = cElx] cisa constant
El = ¢

The second central moment is a measure of spread and it is the variance

my = var[x]:/oo (x — Ez)? f (z)dx

—00
[e.9]

(:U2 — 2zE [z] + E? [1]) f (2) d

[mQ—QmE[aj |+ E* [z]]
[ﬂ—QEx [z] + E? [x]
[2°] — E*[a]

This is a nonlinear operator but has the following properties

I
m mtqk\\

2

var [cx] = cvar [z]
varlc] = 0
var [z +y| = wvar|x] +var[y| — cov [z, y]
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where

covlz,y] = mj

- /%CV—EMD@—Ewa@wﬂm@

= El(z—Ez])(y— Ey))

For bivariate random variables the covariance matrix (P) consists of

P[22 - Bb) w-EW) ]

or in the multivariate case
P-—FE [(x—m)(x—m)T]

where x is an n X 1 vector of random variables and m is the vector of
expectations of the same. The n x n matrix P is symmetric and the diagonal
elements represent the variances.

Conditional probability denisty functions and moments (as well as cumul-
tative distribution functions, expectations, variances and covariances, etc.)
may also be defined. The conditional probability density function for x given
the value of y is

[z ]y)
so that the joint density is

flx,y)=f(z]y) f(y)

A property of the conditional probability density function is

/:ﬂﬂww—l

Using the definition of the conditional probability density function, the

65



Bayes theorem states that

flzly) =

based on
f(x)Z/_Oom,y)dy:/_oof(y\az)f(x)dy

The advantage of the Bayes theorem is that if f (x | y) is the a posteriori
probability of x given y and f (y | x) is the a priori probability of y given x.
Since a priori probabilities are estimate based on past measurements, Bayes
theorem represents a method to estimate a posteriori probabilities based on
past measurements.

For random function (random variables indexed on space x or time ¢
the process is said to be first-order stationary if its probability distribution
function is not dependent on the index. Hence for a temporal process the
probability density function

fx(t)) = f(z(t))

The moments of this probability distribution function are also independent
of the index so that E [z] and var [x] are constants.

Second order stationarity means that the joint distribution of the random
function at two different index values, i.e.

flz(t),z(t2))

is dependent only on the relative separation so that F [x] and var [z]| are
constants and
cov [x (1), z (t2)] = cov [z (t),x (t + v)]
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5 APPENDIX B - The Singular Value De-
composition

5.1 Vector Spaces and Unitary Transformations

We may regard at the set d as a generic vector in the vector-space S (d), and
at the model parameters m as a generic vector in the vector space S (m).
Then, the linear model Gm = d is a map from S (d) to S (m) and m®* =
G 9dis amap from S(m) to S(d).

One important property of vector spaces is the arbitrary choice of the
coordinate system (basis vectors). If m is the representation of a vector in
one coordinat system and m’ is its representation in another, we can write
the coordinate transformation in simple matrix notation as m’ = Tm and
m = T~'m’. If the basis vectors of both coordinate systems are unit vectors,
then T represents simple rotations and reflections and, satisfying the property
T '=T7, it is called a unitary transformation.

If we apply this type of transformations to the linear inverse problem, we
obtain:

d=Gm=GIm=GT 'Tm = G'm’

For the solution length we obtain:

L =mim = (T—lm/)T (T—lm/) —m7 (T—1TT—1) m' = mTm’
For the prediction error we obtain:

€ =Te=T(d—Gm)=Td—-TGm=d — G'm

Then, unitary transformations do not alter the properties of the linear
inverse problem.

5.2 The Mixed-Determined Problem

If the problem is to some degree undetermined, than the equation Gm = d
contains information about only some combination of the model parameters
which lies in the subspace S, (m) (contained in S (m)). No information is
given for the rest of the parameter space, called null space Sp(m). Anal-
ogously, if the problem is to some extent overdetermined, only a subspace
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Sy (d) of the data space can be span by Gm, while no combination of data
lying in Sy (d) can be satisfied by any choice of the model parameters. If we
are able to divide the data and parameters into parts that lie in the p and 0
subspaces, then we can write Gm = d as:

G [m, +mg| = [d, + do]

L =[m, + mg]" [m, + mg] = mm, + m{m,

E = [dy+do — Gm,]" [d, +dy — Gm,] =
= [dy— Gmp}T [d,—Gmy,| + dng
where we have used the properties Gmy = 0, m!m, = m{m, = 0,

d/dy =djd, =0.

We can now define precisely what we mean by a solution to the mixed
determined problem that minimizes prediction error while adding a minimum
of a priori information: a priori information is added to specify only those
linear combinations of the model parameters that reside in the null space
So (m), and the prediction error is reduced to only the portion in the null
space Sy (d) by satisfying e, = [d,—Gm,] exactly. One possible choice of
a priori information is m§* = 0, which is called the natural solution of the
mixed-determined problem.

The key step is then finding a coordinate transformation which ”separate”
the p and 0 components of data and parameters.

5.3 Singular-Value Decomposition and the Natural Gen-
eralized Inverse

Any N x M matrix G can be written as the product of three matrices:

G = UAVT

where:

- Uis a N x N matrix of eigenvectors that span the data space S (d).
The vectors are orthogonal to one another and can be chosen to be of unit
length, so that UT=U"".
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- Vis a M x M matrix of eigenvectors that span the data space S (m).
The vectors are orthogonal to one another and cab chosen to be of unite
length, so that UT=U"'.

- A is a N x M diagonal eigenvalue matrix whose diagonal elements
are non-negative and are called singular values, usually arranged in order of
decreasing size Ay > Ay > ... > A, > 0O:

=0 o)
A0 .0

A= 0 X ... 0
AN

Denoting with U, and V,, the first p columns of U and V, we obtain:

G =UAV' =U,A, V]

Similarly denoting with Ug the columns p+1, ..., N of U, and with V the
columns p+1, ..., M of V, we observe that the equation Gm = d = UpApng
contains no information about the part of model parameters in the space
spanned by V( because m is multiplied by V, which is orthogonal to V.
Then V, lies completely in S, (m) and Vj lies completely in Sy (m). By
analogous reasoning, we find that U, lies completely in S, (d) and Uy lies
completely in Sy (d).

It is then demonstrated that the above singular-value decomposition fully
separates the null and p spaces of the given linear inverse problem. It also
gives the natural solution of the linear inverse problem as:

m*' = V,A 'Ud

For this solution to be the natural one, we need to prove that m®¢ has no
component in Sy (m) and the prediction error e has no component in S, (d).
These conditions are easily proven by observing that:

Vim®™'= Vg (V,A, U7 d) = (ViV,) A, 'UJd =0
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5.4 Derivation of the Singular-Value Decomposition
We first construct the following (N + M) x (N + M) square matrix:
0 G
R
We then solve the eigenvalue problem Sw; = \;w;, obtaining (N + M)

eigenvalues \; (only p non-null) and (N + M) eigenvectors w;.
Then it can be demonstrated that choosing:

T
u; = [U}l,...,w]\[]i
v, = [wN+17 e wN+MLT

and:

U =[uy,uy, ..., uy]

A O 0
A |0 A 0
0 0 Ap

we have the sought singular-value decomposition G = UAVT.
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