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Hub #1 Delays Under Different Connectivities 
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Figure 9. Average aircraft delays at two hubs under different degrees of connectivity. Note that 
the x-axis is in terms of banks rather than continuous time, thus 2-1 indicates the half 
of the second bank, 7-2 second half of the seventh bank, etc. 

Figure 9 plots average cumulative delay per arriving 
aircraft (this is essentially the sum of all waiting times for 
the aircraft minus slack). The early banks show zero 
delay, while the later banks reflect delay carried over 
from previous points in the itinerary. The figure indicates 
a degradation in performance at hub 1 when it is isolated, 

as well as the corresponding benefits of isolation at hub 
2. Conversely, the fully connected case benefits hub 1 at 
the expense of hub 2. The latter result is perhaps unex- 
pected. Examining the situation more closely, one finds 
that the delays at hub 1 in the connected case seem to lag 
behind the delays in the disconnected case by about two 
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banks (2 hours), a circumstance explained by the fact 
that the minimum time between an aircraft's successive 
visits to the same hub is four hours in the connected case 
but only two in the disconnected case. This 2-hour lag does 
not fully explain the difference in the heights of the two 
curves, however. The remaining difference is explained by 
the fact that in the connected case, late aircraft leaving hub 
1 have the opportunity of recovering some of the delay 
through slack at the next stop (uncongested hub 2). This 
opportunity is not available in the disconnected case, be- 
cause the next stop is (congested) hub 1. 

This result has interesting implications for a strategy of 
hub isolation. In the case of a hub which is believed to be 
the source of a large amount of congestion, such a strat- 
egy will indeed protect other hubs in the system from the 
uncertainties and disruptions produced by the problem 
hub. On the other hand, disruption at that hub itself may 
worsen because many of its later arrivals will have had 
an earlier scheduled stop there already. The carrier 
trades off the benefit of limiting the scope of propagation 
against the cost of a higher scale of delay achieved 
through focusing the problem in one location. 

Cases 5a-d illustrate the effect of aircraft slack. As 
Figure 8 shows, higher slack acts to preserve the demand 
peaks of the original schedule and thus may actually in- 
crease local queueing delays; lower slacks smooth the 
schedule but do less to reduce the cumulative delay ex- 
perienced by aircraft, as is illustrated in Figure 10. 

5. CONCLUSION 

In this paper, we have developed two related analytical 
models for the difficult problem of modeling transient 
queueing behavior in an airline network and studying the 
network effects of air traffic congestion. We would sum- 
marize our major findings as follows: 

1. The importance of traffic splitting phenomenon: High 
uncertainty in the levels of delay encountered by air- 
craft is a prominent feature of the network problem. 
We have developed two different approximation 
schemes for modeling this phenomenon. When, how- 
ever, successive airline banks are narrowly spaced, 
accuracy in keeping track of aircraft amid this uncer- 
tainty is limited by high computational complexity. 

2. Role of deterministic effects: The peaked pattern of 
demand at hub airports remains a strongly determin- 
ing factor in predicting waiting times, particularly 
when major banks are separated by adequate lengths 
of time. 

3. The delay and smoothing: On the other hand, in cases 
where banks are narrowly spaced, delay propagation 
exerts a strong smoothing effect on the demand and 
waiting time profiles. 

4. The effects of hub isolation: A policy of isolating a 
congestion-prone hub clearly does have the effect of 
improving performance at others. On the other hand, 

under this policy the isolated hub produces delays 
which disrupt its own future schedule. 

By providing insights into such difficult issues, models of 
this type could serve as powerful planning tools in ad- 
dressing strategic issues related to airline network design 
and flight scheduling. As we remarked earlier, airlines 
are currently undertaking efforts in this area, though 
from a quite different perspective and with a completely 
different modeling approach. The queueing approach de- 
veloped here has the advantage of modeling congestion 
phenomena directly rather than using empirically-derived 
estimates of past delays. It therefore offers the ability to 
evaluate schedules over the range of capacity scenarios 
and under future traffic scenarios which are not reflected 
in historical data. 

The decomposition approaches discussed clearly show 
the difficulty of the underlying queueing problem and the 
need for further work. Some of the difficulties are 
straightforward to address (e.g., the run time reductions 
discussed at the end of Section 1). Others, such as the 
adequate modeling of sample-path "splitting," are more 
difficult because they involve high-dimensional computa- 
tional complexity. In the test problems considered in this 
paper, we have shown that the "tail" cases (arrivals 
whose delay is so large that they are pushed back to 
low-traffic periods) are the main source of degradation in 
model accuracy. Additional work is necessary to see 
whether this phenomenon is equally important in other 
test cases. In the event this proves true (as is likely), 
model refinements should focus on attempts at updating 
arrivals in a way which captures these tail phenomena 
more fully, without necessarily attempting to encompass 
the full sample space of potential demand paths. Such 
refinements, coupled with the inherent advantages of an- 
alytical approaches over simulation, will eventually make 
models such as this one a viable alternative. 

APPENDIX 
Network Algorithms 

First Decomposition Algorithm for Air Network 
Congestion 

Initialize 
Fork = 1 to K 

For n = 1 to N 
sl(n, k) = 0 

**first itinerary stops are deterministic since not affected 
by earlier delays** 
For n = 1 to N 

For v = 1 to V 

YJ(n, K(tv)) = st(n, K(tv)) U v 
Set dv = 0 for all v. 

Main Loop 
Fork = 1 to K 

For n = 1 to N 
Set Ak = |s/(n, k)|. 
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Using the recursive method at each airport, calcu- 
late E [ Wk], * * *, E [ W'k]. 
For v E s4(n, k): 
**find the part of the itinerary corresponding to this 
stop ** 

Find m: (nv, tv, sv) E 9(v) and K(tv + dV) = 

k. 
Set n = nm, t = tm + dV, S = Sm, f' = 
nm+l, t' = tm+, Si = SM+l 

Set a = K(t) - t/(At). 
**calculate propagated delay** 

Set dv+1 = [dV + aE[WnK(t)-l] + 

(1 - a)E[JV(t)] -s']+. 
**determine next arrival period and update data 
structure' * 

Set s4(n', K(t' + dV)) = -s (n', K(t' + dV)) U 
V. 

END. 

Second Decomposition Algorithm for Air 
Network Congestion 

Initialize 
For k = 1 to K 

For n = 1 to N 
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Figure 10. Effect of slack on total delay at each hub under 50% connectivity. 
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sl(n, k) = d?, E[A(n, k)] = 0, +2[A(n, k)] = 0 
For v = 1 to V 

s?L(n, K(tv)) = sl(n, K(tv)) U V 
For each (n, t, s) E S(v), E[An(t] = E[An(t] + 

1 

Set dv = 0 for all v. 

Main Loop 
For k = 1 to K 

For n = 1 to N 
From E[A(n, k)] and +2[A(n, k)] determine the 
quantities 

An(j), ..., An(R) and yk(l), ekn(R). 
Using the recursive algorithm with probabilistic in- 
put A, 1tt 

calculate E[WJ, *. , E[Wk] and u2(Wk) ... 

0-'(WkN) 

**Update itineraries-same way as first algorithm*** 
For v E sl(n, k): 

Find m: (nv, tn, sm) E J(v) and K(tv + dV) = k 
Set n = nm, t = tm + dv, S = Sm, n = 

im+1' t = tm+1 S' = SM+l 
Set a = K(t) - t/(At). 

Set dv~1 = [dv + aE[WfKt(t)l1] + (1 - 

a)E[WnK(t)] s ] 
Set sL(n', K(t' + dv)) = si(n', K(t' + dv)) U v. 

**Update future arrival rates** 
From a, E[Wk], and o&2(Wkn), determine 
the densities {Jf(w)}. 
From the densities fn(w), determine the 
quantities 

p v (0),--, pv(C) and kv(0),... 
kv(C) for all v E i(n, k). 

For c = 0 to C: 

E[k(VC)] = E[k(vc)] + PV(C) 

k(v~c)) = o2(k(v~c)) + PV(C) 
(1 -pv(c)). 
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