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Table VII 
Results for Varying Capacity Levels for 1,000 Flights 

Sector Dep. Arr. Obj. % 
Capacity Capacity Capacity Value Time Nonint. 

50 20 20 31,975 425 0 
20 20 20 31,975 427 0 
20 10 10 inf 
15 15 15 68,725 427 0 
12 12 12 244,225 450 0 
11 11 11 inf 
10 12 12 24,225 456 0 
5 12 12 24,350 432 0 
4 12 12 250,975 466 0 
3 12 12 295,225 459 0 
2 12 12 inf 

The sector crossing times, sector and airport capacities, 
and required turnaround times were all provided by the 
FAA. Nothing used in these datasets was generated or 
hypothesized. We believe that these datasets are very com- 
parable to the problem being solved everyday by the FAA. 

For the first problem, consisting of 43,226 constraints 
and 18,733 variables, we found an optimal solution in 
1,141 seconds. Furthermore, the solution obtained was 
completely integral. The second and larger dataset consist- 
ing of 151,662 constraints and 69,497 variables, was solved 
to optimality in 29,920 seconds, again achieving completely 
integral solutions. 

In summary, to address the questions we raised in the 
beginning of Section 5 we remark: 

1. In all but one instance in MAGHP and all instances 
of TFMP the relaxations of (MA4GHP) and (TFMP) were 
integral. 

2. The integrality of solutions was not affected by prob- 
lem parameters, nor the size of the problem, except for the 
one instance in which the solution was nonintegral. 

3. The computational time required to obtain an opti- 
mal solution increases with the degree of connectivity as 
well as with the size of the problem. 

4. Our approach improves upon earlier work particu- 
larly in obtaining integral solutions. 

5. We are able to solve large, realistic size problems in a 
reasonable amount of time. In addition, because we were 
able to solve the two instances of the TFMP with real data, 
we are very optimistic that our approach can effectively 
address the TFMP. Indeed, the reason we did not solve 
bigger problems is the difficulty of obtaining real data and 
memory restrictions of the SPARCstation. 

6. CONCLUSIONS AND DIRECTIONS FOR 
FUTURE WORK 

We have presented what we believe is a realistic and prac- 
tical approach to solve the Air Traffic Flow Management 
Problem. The TFMP model takes into account all the ca- 
pacitated elements in the system (arrival, departure, and 
sector capacity) and easily extends to incorporate the de- 
pendence of airport runway capacity of departures and 

arrivals, hub connectivity, banking, and rerouting flights 
when capacity levels drop drastically. 

The FAA has been operating for several years in Wash- 
ington, D.C. an Air Traffic Control System Command Cen- 
ter (ATCSCC), equipped with outstanding information- 
gathering capabilities that dynamically keeps track of all 
the information about capacities, flight information, 
weather, etc. As we have mentioned earlier, the FAA uses 
a computerized procedure to allocate ground holding de- 
lays based on first-come-first-serve rule. We believe that 
the present optimization-based approach is well suited to 
be the optimization "brain" for this system. However, 
there are important issues that need to be addressed be- 
fore applying an optimization based approach in a real 
world environment: 

(a) Interaction with airlines. After the ground delays are 
issued, the airlines have the opportunity to propose modi- 
fications to these delays through a cancellation and substi- 
tution process. It would be interesting to analyze the 
effects of this interaction. 

(b) Dynamic updating of decisions. Ground and enroute 
delays are both generated simultaneously several hours be- 
fore a flight leaves. In practice, however, enroute delays 
are not issued until after the aircraft is in the air. Clearly 
more research is needed on the implications of issuing 
enroute delays on a much shorter time scale and on how to 
update the previous solution to incorporate any new avail- 
able information. 

(c) Stochastic modeling. The model presented in this 
paper assumes a deterministic environment. Clearly 
more research is needed to account for stochasticities 
inherent in a system that is dependent upon weather 
conditions. 

Although we have presented our formulations in the 
context of air traffic control, we envision other applications 
of our models in any area in which goods are dynamically 
flowing through a system with several types of capacitated 
elements such as manufacturing and ground transportation 
systems. 

APPENDIX A. ON THE POLYHEDRAL 
RELATIONSHIPS BETWEEN GROUND HOLDING 
FORMULATIONS 

We intend to establish Proposition 1. Since 'PMGHP, 

IPVBO and IPTP are valid integer programming formula- 
tions, it is clear that IPMGHP = IPVBO= IPTP. Moreover, 
since the IP is more restrictive than its relaxation, IPM4AGHP 

C P'MAGHP 

To show the relationship PMAGHP C PTP we will start 
with a feasible point in PIAGHP, Zft, and show that this is 
indeed feasible to PTP. The first two constraints and the 
last constraint are identical in the two models. So what 
remains to be shown is that any point, z,- that satisfies the 
third constraint of PMAGHP will also satisfy the third con- 
straint of PTP. SO 
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Zf- Zf',T-Sf -(rf-df) = Zft+(rf-df) Zf,t- s ? 

So the point, -f, satisfies the third constraint of PTP and 
all of the constraints of PTP hold. Thus, the point 

- 
does 

indeed lie in the polyhedron PTP. This establishes the rela- 
tionship PMAGHP C PTP- 

Now we need to prove the relationship PTp C PVBO. To 
show this we will start with a feasible point in PTP, 

- 
, and 

show that this is indeed feasible to PVBO- Once again, the 
first two constraints and the last constraint are identical in 
the two models. So what remains to be shown is that any 
point, Zft, that satisfies the third constraint of PTP will also 
satisfy the third and fourth constraints of PVBO So 

gf = t(2ft -Z,-) - rpS 
teT 

gf - + sf, + rf - gf 

= t(ft - 2fr,t-i) - rf - df + sf + rf 
tET 

- Z t(2ft- f,-j)-rf 
teTf 

-Zf,r; - . . * - Tf + rf + Tf- - df 

+ Sf + rf + fr + . *. + Zf,rt+T;Iil - rf- T + rf 
= -Zfrt -* * -Zf,t+-T-l +Tf - f + Sf + rf 

+ Zf,rf + rf + Zf,rf+IJ-I1 - f 

+rf~~~~~~~r +OT 

- (rf, + Tf - rf +s f + rf -df)+ T df +sf, 

+ r + 0 

-rf - sf' + df - df + sf + rf =O, 

where Tf is maximum amount of time that flight f may 
arrive late, so all the constraints hold and the point Zft does 
indeed lie in the polyhedron PVBO. This establishes the 
relationship PTP C PVBO- 

APPENDIX B. ON THE NONINTEGRALITY OF THE 
POLYHEDRON PMAGHP 

In this section we prove Theorem la, i.e., the polyhedron 
PMAGHP is not integral, by providing the following example 
which has a fractional extreme point. Consider the case in 
which there are two flights arriving and being continued by 
two flights departing from a given airport during a restricted 
time window. The data of the problem is as follows: 

1XI = 1, r = {1, 2, 3, 4}, ( = {(1, 1), (2, 2)}, 

i.e., the arriving flight i is continued by departing flight i. 
The turnaround times are 

Si =?0,S2 = 1. 

The time windows are: 

Ta = {1, 2}, T2 = {1, 2}, Td = {1, 2}, Td= {2, 3}. 

Notice that flight 2 can depart only during time slots 2 and 
3, since the turnaround time for the second flight is 1. The 
decision variables are: 

Yll, Y12, Y22, Y23, Zll, Z12, Z21, Z22, 

with the interpretation that yij = 1 if flight i departs by 
time j and zij = 1 if flight i arrives by time j. Because of 
the time windows, 

Y13 = 1, Y24 = 1, z13==1, Z23=1. 

The capacities are: 

D(1) =D(2) =D(3) = 1, A(1) =A(2) =A(3) = 1. 

The resulting formulation (MA GHP) is: 

Yll ' 1, Y12 Yll + Y22 - 1, 1 -Y12 + Y23 Y22 > 1, 

Zll + Z21 1, z12 -Zll + Z22 -Z21 1, 

1 - Z12 + 1-22 1, Y12 - Yii 0, 

Y23-Y22 0? Z12-Z11 0, 

Z22 -Z21 0, Yll -Zll 0, Y12 -Z12 '- , 

Y22-Z21 0, Y23-Z22 ?- 

Letting 

X (Yll, Y12, Y22, Y23, Zll, Z12, Z21, Z22)' and b 

= (1, 1, 0, 1, 1, -1, 0, 0, 0, 0, 0, 0, 0, 0)', 

and 

Yll Y12 Y22 Y23 Zll Z12 Z21 Z22 

1 0 0 0 0 0 0 0 

-1 1 1 0 0 0 0 0 

O -1 -1 1 0 0 0 0 

O 0 0 0 1 0 1 0 

O O 0 0 -1 1 -1 1 

O O 0 0 0 -1 0 -1 

A= 1 -1 0 0 0 0 0 0 

O 0 1 -1 0 0 0 0 

O O 0 0 1 -1 0 0 

O O 0 0 0 0 1 -1 

1 0 0 0 -1 0 0 0 

0 1 0 0 0 -1 0 0 

0 0 1 0 0 0 -1 0 

0 0 0 1 0 0 0 -1 

the feasible space can be written as Ax - b. 
Notice that matrix A is not totally unimodular since the 

submatrix consisting of the columns corresponding to the 
variables Y12 Y22, z12, and z21 and the third, fifth, twelfth, 
and thirteenth rows: 
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Y12 Y22 Z12 Z21 

-1 0 0 

0 0 1 -1 

1 0 -1 0 
0 1 0 -1 

has determinant of 2. The objective function 

Min 2y 1 - 4Y12 + 2Y22 - 6Y23 - 3z11 + 6z12 - 3z21 

+ 6z22, 

gives an optimal solution of 

Yl= 0 Y22 0 Zil1=- Z21 = 

Y12 Y23 = Z12 Z22 = 

which shows that the polyhedron PMAGHP is not integral. 
Furthermore, this is the objective function that is obtained 
when we let cf = 1, cl = 3 for all f E i;. So, even with the 
restriction that cg = cf and ca = cy for all f E i, the 
polyhedron PMAGHP is not integral. 

APPENDIX C. FACET DEFINING CONSTRAINT 
PROOFS 

In this section we analyze the polyhedral structure of the 
conv(IPMAGHP) and provide the proof of the first half of 
Theorem lb that establishes which constraints are facets of 
conv(IPMAGHP). The proof of the second half of Theorem 
lb concerning problem (TFMP) is similar, but more alge- 
braically involved. We first show that the constraint 

E (yft - y -) 1 Dk (t) V k C Xf, t Ez i~, 
f: t(Tfd 

is not a facet of conv(IPMAGHP) by constructing a counter- 
example with two flights, one arriving at airport k and one 
departing from airport k, three time periods and D(t) = 1, 
A(t) = 1. Then only the variables y11, Y12, Y13, Z11, Z12, and 
Z13 are defined. The complete set of feasible solutions to 
IPMAGHP is given by: 

Yll Y12 Y13 Zll Z12 Z13 

0 0 0 0 0 0 

0 0 0 0 0 1 

0 0 0 0 1 1 

0 0 0 1 1 1 

0 0 1 0 0 1 
0 0 1 0 1 1 

0 0 1 1 1 1 

0 1 1 0 1 1 

0 1 1 1 1 1 

\1 1 1 1 1 11 

In this case, dim(IPMAGHP) = 5 which can be determined 
by checking the rank of the matrix of solutions. We define 
the set 

Ht {(Y, Z) E IPMAGHP: Z (Yft - Yf,t-1) = 1} 
f:tE Tf 

for some t E ST. 

Then, H3 = {(O, 0, 1, 0, 0, 1), (0, 0, 1, 0, 1, 1), (0, 0, 1, 1, 
1, 1)}. In this case, the maximum number of affinely inde- 
pendent points in H3 is less than the dim(IPMAGHP) - 1 
We conclude that the constraint 1f:tGTdf (Yft 

- Yf,t-I) S 
Dk(t), Vk E Xi, t E J is not a facet. The same result can 
be checked in a similar manner for the constraint CZ T! 
(zJ-Z ft- 1) A,4t), Vk, t. D 

For ease of exposition we consider instances of 
(MA4GHP) such that 

. T} is that same for all f and therefore D = maxlT] ] 
77], 

. Sf = 0, Vf E i, 

* Ak(t), Dk(t) - 1, Vk, t. 

We consider an instance of (MAGHP) with 131 flights in 
which 1%1 (<151) of these flights are continued. These 
flights were arranged such that the first 1%1 flights are con- 
tinued by flights 1T1 + 1, .. ., 211C I I1, with flight 1 being 
followed by flight f%1 + 1, flight 2 being followed by flight 
1%1 + 2, and so on. 

We first determine dim(IPMAGHP) by constructing the 
following matrix of solutions, in which each row represents 
a solution to (M4GHP) (see Figure 7). The rows of this 
matrix are affinely independent and there are 2lJID + 1 
such rows. So, we have exhibited 219J|D + 1 affinely inde- 
pendent points in IPMAGHP and thus, dim(IPMAGHP) = 

21JID. 
We next consider the set 

Gft= {(Y, Z) E IPMAGHP :Yft - Yft-1 0 ?} 

for some f i J, t E W. 
If f E {1,..., 1' I}, then there are four distinct solu- 

tions from the matrix of Figure 7 that do not belong to Gft. 
For each of these rows, replace the 0 in the Yft- 1 column 
with an 1. If f E { 'CI + 1, ... ., 21'6I} then there are two 
distinct solutions from Figure 7 that do not belong to Gft. 
For each of these rows, replace the 1 in the Yft column with 
a 0. If f E {2|(T| + 1,..., IJI} then there are two unique 
solutions from Figure 7 which do not belong to Gft. For each 
of these rows, replace the 0 in the Yft-I column with a 1. 
For all of these cases, we have constructed a matrix 
with IJID affinely independent rows, proving that dim(Gft) 

I ID - 1. Since Gft is a proper face of IPMAGHP, we 
know that dim(Gft) < dim(IPMAGHP). So, dim(Gft) = 

I3ID - 1 and thus, Gft is a facet of IPMAGHP. D 
We next consider the set 

Kft = {(Y, Z) E IPMAGHP :Zft 
- 

Zf,t-I 0} 

for some f i J, t E . 
If f E { 1, . . ., % I} then there are three distinct solu- 

tions from the matrix of Figure 7 that do not belong to Gft. 
For each of these rows, replace the 1 in the Yft column 
with a 0. If f {ICI + 1, . . ., IFI}, then there is only one 
distinct solution from Figure 7 that does not belong to Gft, 
so remove this row. For each of these cases, we have con- 
structed a matrix with |?JjD affinely independent rows, 
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Figure 7. Matrix of Solutions to IPMAGHP 

proving that dim(Kft) - |5ID - 1. Since Kft is a proper 
face of IPMAGHP, we know that dim(Kft) < dim(IPmAGHp). 
So, dim(Kft) = k5ID - 1 and thus, Kft is a facet of 
IPMAGHP- O 

We next consider the set 

Mft = {(Y, Z) E IPMAGHP Zft - Yf,t-(rf-df) - O} 

for some f & 5, t E W. 
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For all f {1,..., 19;1} there are t - 7f + 1 distinct 
solutions from the matrix of Figure 7 that do not belong to 
Mft. For each of these rows replace the Os in the columns 
corresponding to zftf, t - t' , Tf with ls. Tf and if are the 
last possible and the earliest possible times that flight f 
could arrive, respectively. The remaining matrix will have 
|5|D affinely independent rows, proving that dim(Mft) > 

9|D- 1. Since Mf, is a proper face of IPMAGHP, we know 
that dim(Mf,) < dim(IPMAGHP). So, dim(Mft) = 19 D -- 1 
and thus, Mft is a facet of IPMAGHP. D 

Finally, we consider the set 

Nfft {(Y, Z) E IPMAGHP :Yft - Zft = } 

for some (f,f) E IC, t E iT. 
For all f E {1, .. . , 1911} there are t - Tf + 1 distinct 
solutions from the matrix of Figure 7 that do not belong 
to Nfft. For each of these rows replace the Os in the 
columns corresponding to Yft, t , t' - Tft with ls. The 
remaining matrix will have |JID affinely independent 
rows, proving that dim(Nfft) D JIJD - 1. Since Nfft is a 
proper face of IPMAGHP, we know that dim(Nfft) < 

dim(IPMAGHP). So, dim(Nfft) = 19|D - 1 and thus, Nfft 
is a facet of IPMAGHP- D 
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