








2 (zfr "zf,r—l) - E

t€J <t reJpt'<t—sp —(ry—dy)

(zft' - z)“,t’—l)

=Zp = Zp s, —-d)) = Zfprt,-d) ~ Zfe-s, < 0.

So the point, 2, satisfies the third constraint of Pzp and
all of the constraints of Pz, hold. Thus, the point z, does
indeed lie in the polyhedron P,p. This establishes the rela-
tionship PprqGrp C Prp.

Now we need to prove the relationship Prp C Ppgo. To
show this we will start with a feasible point in Pz, Z;, and
show that this is indeed feasible to P z,. Once again, the
first two constraints and the last constraint are identical in
the two models. So what remains to be shown is that any
point, Z;, that satisfies the third constraint of Pz, will also
satisfy the third and fourth constraints of Pypgo. So

gr= 2 t(Zp —Zp) — 1y,
€T}
gf'—df‘i'Sf +l‘fv—gf
= 2 tGZp —Zpy) —rp —dp sy 1y

teTf

- 2 I(Zf, _Ef,t—l) — Iy
€T}

= _Efy’f - ... _ff,,./j+_7},_1 +l‘f + Tf' — Iy _df

t+sp trp +ff,,[+ +2f,,/+'7}_1 —rf—Tf+rf

= _ff,,-fl - . _Zf’,rf’+_Tf—l + va —df"rSf + re

+Zf,'f + ... +va’f+‘7}_l - Tf

N

_(I‘f +Tf —1—(rf—sf —(rf—df))+1)+7"f
—df+Sf* +rf +(Tf+rf—1—rf+ 1)_Tf
= —(rfv +va —rptsp +I‘f—df)+Tf _df+Sf
+rf~ +0
= —rf _Sf +df—df+Sf +rf =0,
where Tf is maximum amount of time that flight f may
arrive late, so all the constraints hold and the point z,, does

indeed lie in the polyhedron P, g,. This establishes the
relationship Prp C Pypo.

APPENDIX B. ON THE NONINTEGRALITY OF THE
POLYHEDRON Pj,.cp

In this section we prove Theorem 1a, i.e., the polyhedron
Pyr4cup Is not integral, by providing the following example
which has a fractional extreme point. Consider the case in
which there are two flights arriving and being continued by
two flights departing from a given airport during a restricted
time window. The data of the problem is as follows:

%=1, 9={1,2,3,4}, €={(1,1),(2,2)}

i.e., the arriving flight i is continued by departing flight i.
The turnaround times are

s1=0,s, =1.
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The time windows are:

5=1{1,2}

Notice that flight 2 can depart only during time slots 2 and
3, since the turnaround time for the second flight is 1. The
decision variables are:

T =11, 2}, T{=1{1,2}, T{=1{2,3}

Y11, Y125 Y225 Y235 Z115 2125 2215 2225

with the interpretation that y,; = 1 if flight i departs by
time j and z; = 1 if flight i arrives by time j. Because of
the time windows,

yiz=1, yu=1, z=1, zp=1

The capacities are:

D(1)=D(2)=D(3)=1, A(1)=A(12)=A4(3) =1.
The resulting formulation (MAGHP) is:

yns1l yop—yntynsl, 1-yp+ys-—yn=<],
zntznsl, zp—zytzp -z sl
l—zp+1l-zpsl, yp—-yn=0,

Y —yn=0, zpp -z =0,

zp—zn =0, yu—2z11s0, yp—zps0,

0.

A

Yy —zus0, yn—zn
Letting

x= (Y11, Y12, Y22, Y23, Z115 212, Z21, Z22)" and b
= (17 1’ 09 1’ 1’ _1> O’ 09 O’ 0’ 07 0’ 07 0),’

and
Yu Yz Y2 Y23 Zu 212 Zn Zn
1 0 0 0 0 0 0 0
-1 1 1 0 0 0 0
0 -1 -1 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0o -1 1 -1 1
0 0 0 0 0 -1 0 -1

4= 1 -1 0 0 0 0 0 0 ,
0 0 1 -1 0 0 0 0
0 0 0 0 1 -1 0 0
0 0 0 0 0 0 1 -1
1 0 0 0 -1 0 0 0
0 1 0 0 0 -1 0 0
0 0 1 0 0 0 -1 0
0 0 0 1 0 0 0 -1

the feasible space can be written as Ax < b.

Notice that matrix 4 is not totally unimodular since the
submatrix consisting of the columns corresponding to the
variables yi,, ¥2,, 215, and z,; and the third, fifth, twelfth,
and thirteenth rows:
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Yiz Y22 212 Z2
-1 -1 0 0
0 0 1 -1
1 0 -1 0
0 1 0 -1

has determinant of 2. The objective function

>

Min 2y, — 4y1p + 2y5 — 6y23 — 32y + 6212 — 32y
+ 6222,

gives an optimal solution of

1 1
yu=0 yn=0 zy=5 2z =3
1 1 1
Yi2=35 Y3 =3 Zn=5; Zn =3
which shows that the polyhedron P, ;yp is Dot integral.
Furthermore, this is the objective function that is obtained
when we let ¢ = 1, ¢f = 3 for all f € . So, even with the
restriction that ¢, = ¢f and ¢, = ¢f for all f € %, the
polyhedron P, ;p is not integral.

APPENDIX C. FACET DEFINING CONSTRAINT
PROOFS

In this section we analyze the polyhedral structure of the
conv(IPy46up) and provide the proof of the first half of
Theorem 1b that establishes which constraints are facets of
conv(IPy4cp)- The proof of the second half of Theorem
1b concerning problem (TFMP) is similar, but more alge-
braically involved. We first show that the constraint

> Vg —yp-1)=SDy(t) VkeN, teF,

fieTf

is not a facet of conv(IP,.4cyp) by constructing a counter-
example with two flights, one arriving at airport k and one
departing from airport &, three time periods and D(¢) = 1,
A(t) = 1. Then only the variables y,1, y15, 13, 211, Z12, and
z,5 are defined. The complete set of feasible solutions to
1P, 46up 1s given by:

Yu Yz Y13 Zn Zi2 Z13

o
o
o
o
o

O O O O oo o o
—_—_- 0000 oo
_— e =k O OO
_ O = O O = OO
— R R O R = O
e e T

—
—
—
—

In this case, dim(/Py gup) = S which can be determined
by checking the rank of the matrix of solutions. We define
the set

H, ={(y, 2) € IPyucup: > p —yp-1) =1}
fieTf

for some t € J.

Then, H; = {(0,0, 1,0, 0, 1), (0,0, 1,0, 1, 1), (0, 0, 1, 1,
1, 1)}. In this case, the maximum number of affinely inde-
pendent points in Hj is less than the dim(IPy  pp) — 1.
We conclude that the constraint 2.,e7¢ (v = Y1) <
D, (1), Yk € i, t € F is not a facet. The same result can
be checked in a similar manner for the constraint EMEF;
(zp = zp—1) < Ax), Yk, 1. []

For ease of exposition we consider instances of
(MAGHP) such that

e [T is that same for all f and therefore D = maxdT}] =
T4,

L4 Sf = 0, Vf S SF,

® A1), Di(t) = 1, Yk, t.

We consider an instance of (MAGHP) with |%| flights in
which €] (<|%|) of these flights are continued. These
flights were arranged such that the first || flights are con-
tinued by flights [€| + 1,. .., 2|6| < |%|, with flight 1 being
followed by flight [4] + 1, flight 2 being followed by flight
|| + 2, and so on.

We first determine dim(/P,.4;up) by constructing the
following matrix of solutions, in which each row represents
a solution to (MAGHP) (see Figure 7). The rows of this
matrix are affinely independent and there are 2|%|D + 1
such rows. So, we have exhibited 2|%|D + 1 affinely inde-
pendent points in [Py ,cyp and thus, dim(IPygup) =
2|F|D.

We next consider the set

Gy ={(y, 2) €EIPyucup:yp — Y1 = 0}

for some f€ F,t € 7.

If fe {1,..., €|}, then there are four distinct solu-
tions from the matrix of Figure 7 that do not belong to Gj,.
For each of these rows, replace the 0 in the y;,_; column
with an 1. If f € {|6| + 1,..., 2||} then there are two
distinct solutions from Figure 7 that do not belong to Gy,
For each of these rows, replace the 1 in the y,, column with
a0 If fe {2/¢ +1,..., |%|} then there are two unique
solutions from Figure 7 which do not belong to G. For each
of these rows, replace the 0 in the y;, ; column with a 1.
For all of these cases, we have constructed a matrix
with |#|D affinely independent rows, proving that dim(Gy,)
= |#ID — 1. Since Gy, is a proper face of IPy 4Gup, We
know that dim(Gg) < dim(Py4gup). So, dim(Gp,) =
|#|D — 1 and thus, G, is a facet of IPyGpp. [

We next consider the set

Kn ={(y, z) € IPyacupr:2pp — 251 = 0}

for some f€ F,t € J.

If f e {1,..., ||} then there are three distinct solu-
tions from the matrix of Figure 7 that do not belong to Gy,
For each of these rows, replace the 1 in the y;, column
with a 0. If f € {|C| + 1,..., |F|}, then there is only one
distinct solution from Figure 7 that does not belong to G,
so remove this row. For each of these cases, we have con-
structed a matrix with |F|D affinely independent rows,
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Figure 7. Matrix of Solutions to IP; ;pp

proving that dim(K,) = |#|D — 1. Since K} is a proper We next consider the set
face of 1Py Gup, we know that dim(Kj,) < dim(IPpr4Gpp)-
So, dim(K;) = |#|D — 1 and thus, K, is a facet of
IPyicup. U] for some fe F,t € J.

My ={(y, 2) € IPyucup :2p ~ Yfi—ir,-ap = 0}
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For all f € {1,..., |#[} there are t — T, + 1 distinct
solutions from the matrix of Figure 7 that do not belong to
M;,. For each of these rows replace the Os in the columns
corresponding to z4., t < t' < T, with 1s. T; and T are the
last possible and the earliest possible times that flight f
could arrive, respectively. The remaining matrix will have
|#|D affinely independent rows, proving that dim(M) =
|%|D — 1. Since M, is a proper face of IPy4Gpp, We know
that dim(Mj) < dim(IPy4Gpp)- So, dim(M;) = |F|ID — 1
and thus, My, is a facet of IPyrygup. [
Finally, we consider the set

Npp ={(y, 2) €E IPyucupr Y — 240 = 0}

for some (f',f) € 6,t € J.

For all f € {1,..., |%|} there are t — I; + 1 distinct
solutions from the matrix of Figure 7 that do not belong
to Nyg. For each of these rows replace the Os in the
columns corresponding to yg, ¢ < t' < T, with 1s. The
remaining matrix will have |F|D affinely independent
rows, proving that dim(N;;) = |%|D — 1. Since N, is a
proper face of P Gup, we know that dim(Ny,) <
dim(IPy4Gpp)- SO, dim(N;4) = |#|D — 1 and thus, Ny,
is a facet of IPy opp. [
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