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the problems of the first two rows of Table II with 
various departure capacities. To make meaningful 
comparisons, the scheduled arrival times were kept 
unchanged. The new data, besides the departure 
capacities, were the scheduled departure times or, 
equivalently, the flight times. Table III gives results 
for various combinations of departure capacities and 
flight times. Airborne marginal delay costs were taken 
to be 75 versus ground marginal delay costs of 50. 

Table III shows that when flight times are uniform 
(e.g., equal to 2 time periods) or slightly nonuniform, 
the differences between finite and infinite departure 
capacities are negligible. It is only with strongly non- 
uniform flight times that some minor differences 
appear. (The nonuniform flight times of Table III 
were 1 or 2 time periods for F'/F = 0.20 and varied 
from 1 to 30 time periods for F'/F = 0.40.) These 
results justify pursuing the investigation with the more 
manageable formulation P2. In any event, however, 
P1 is also manageable (running times for the cases of 
Table III were about 2,000 CPU seconds). 

It is important to note that departure capacities 
were implicitly assumed to be independent from 
arrival capacities. Often the departure and arrival 
capacities of a given airport are interdependent, 
because they are determined by the way in which 
runway use is assigned to departing or arriving aircraft. 
Our formulations can easily be modified to take this 
interdependence into account (Vranas 1992, 1994). 
Computational results reported in Vranas (1992) show 
that, by optimally varying the mix between departure 
and arrival capacities as time progresses, one can 
achieve significant cost savings (35-40%) with respect 
to P2. 

3.3. The Model With Flight Cancellations 

Table IV gives results for selected cases from Table II, 
but for P3 and for various capacities and cancellation 
costs M. The rows with "infinite" cancellation costs 
correspond to P2 and are taken from Table II. All 
marginal delay costs are equal to 50. 

These results strongly support the conclusion that, 

for cancellation costs greater than 100 times the mar- 
ginal delay cost (i.e., here, M > 5,000), no flight is 
ever cancelled, so that models P2 and P3 give the same 
results. For cancellation costs greater than 20 times 
the marginal delay costs (M > 1,000), few flights are 
cancelled, so that the optimal values of P2 and P3 

are very close. Finally, for cancellation costs less than 
10 times the marginal delay cost (M < 500), more 
flights are cancelled and significant differences 
between P2 and P3 emerge. Note also that, in that last 
region of cancellation costs, the slope of the optimal 
value as a function of the cancellation cost becomes 
quite abrupt. 

The last column of Table IV shows the value VH of 
the objective function corresponding to the feasible 
solution found by the heuristic. It can be seen that VH 

is quite close to VL (hence, to v,) for small cancellation 
costs. For large cancellation costs, however, the heu- 
ristic performs poorly. This was to be expected, 
because the heuristic will inevitably cancel some 
flights, and these will inflate the objective function 
value if the cancellation cost is excessive. This is not 
worrisome, however, because, as pointed out before, 
for cancellation costs above 1,000 few flights are can- 
celled, so that for such high cancellation costs the 
heuristic has little practical use, because one should 
solve P2 rather than P3. 

Table V gives results concerning cases with non- 
uniform arrival capacities. It can be seen that gaps 
between VD and v, are somewhat significant. 

As explained in subsection 3.1, the main reason why 
network effects were found to be insignificant was the 
assumption that all cost functions are identical. To 
check this, we ran some cases with three classes of 
costs: 40% of all flights had cost 100, 40% had cost 
50, and 20% had cost 20, corresponding to the relative 
direct operating costs of large, medium-sized, and 
small aircraft, respectively. Aircraft performing con- 
tinued flights were generally assigned to the large- 
or medium-cost category. The results are shown in 
Table VI; the differences are quite significant 
(22-27%). 

Table III 
Results for Various Cases With Finite Departure Capacities 

Arrival Departure 
Capacities Capacities Flight Times VL 

1,000 0.20 (12, 14) 00 71,000 
1,000 0.20 (12, 14) (12, 14) Uniform: 2 71,000 
1,000 0.20 (12, 14) (15, 17) Nonuniform: 1 or2 71,500 

1,000 0.40 (10, 10) Xo 56,000 
1,000 0.40 (10, 10) (10, 10) Uniform: 2 56,000 
1,000 0.40 (10, 10) (15, 15) Nonuniform: I to 30 62,083 
1,000 0.40 (10, 10) (16, 16) Nonuniform: I to 30 57,250 
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4. CONCLUSIONS 

The multi-airport GHP was shown to be tractable. 
Our formulations capture the essential aspects of the 
problem, for the static deterministic case at least, and 
do so in a very simple way. It is this simplicity, 
reflected in the small numbers of constraints and 
variables, that is responsible for the tractability of 
large-scale GHPs. 

The main insights derived from the investigation of 
Section 3 were: 

1. In the general case (when cost functions differ), 
network effects, defined as the difference between 
the optimal objective function values of the integer 
and the decomposed problems, can be large. Net- 
work effects can also be large when airport capac- 
ities are not uniform. 

Table IV 
Results for Various Cases With Flight Cancellations 

XF /~ jF Capacities M VD tD VL tL VH 

1,000 0.60 11 1,000 70,300 297 70,300 479 78,500 
1,000 0.60 10 1,000 117,000 286 117,000 475 125,450 
1,000 0.60 08 1,000 240,700 280 241,805 524 253,750 
1,000 0.60 06 1,000 402,600 274 403,476 513 411,500 
1,000 0.60 04 1,000 582,300 272 583,417 484 586,700 

1,000 0.60 11 100 28,700 283 28,700 498 30,250 
1,000 0.60 11 1,000 70,300 297 70,300 473 78,500 
1,000 0.60 11 10,000 84,200 276 84,300 444 240,700 
1,000 0.60 11 00 84,200 242 84,300 377 

2,000 0.20 14 500 77,500 652 77,500 803 82,000 
2,000 0.20 14 1,000 94,000 691 94,000 922 103,300 
2,000 0.20 14 5,000 96,300 717 96,300 931 165,200 
2,000 0.20 14 0 96,300 664 96,300 731 

2,000 0.40 14 500 73,100 815 74,983 1,020 75,800 
2,000 0.40 14 1,000 86,100 690 86,372 1,102 93,650 
2,000 0.40 14 5,000 88,400 675 89,933 1,176 168,900 
2,000 0.40 14 0 88,400 652 89,933 973 

3,000 0.60 17 100 38,250 1,119 38,693 1,911 42,350 
3,000 0.60 17 500 71,800 1,128 72,240 1,708 84,600 
3,000 0.60 17 750 81,000 1,148 81,338 1,931 95,000 
3,000 0.60 17 1,000 87,000 1,187 87,156 2,114 130,300 
3,000 0.60 17 10,000 90,200 1,248 96,550 3,767 667,750 
3,000 0.60 17 0 90,200 1,166 96,550 2,547 

3,000 0.80 18 100 36,600 1,114 38,042 1,846 58,900 
3,000 0.80 18 500 71,500 1,140 71,559 2,320 83,350 
3,000 0.80 18 750 78,700 1,128 78,707 2,693 106,800 
3,000 0.80 18 1,000 80,500 1,235 82,214 2,900 111,350 
3,000 0.80 18 10,000 80,500 1,230 84,250 3,227 509,900 
3,000 0.80 18 Xo 80,500 1,180 84,250 3,072 

Table V 
Results for Various Cases With Flight Cancellations and Nonuniform Capacities 

e E /EF Capacities M VD tD VL tL 

3,000 0.80 Nonun. 500 232,800 1,142 252,045 1,973 
3,000 0.80 Nonun. 750 302,700 1,200 330,040 2,217 
3,000 0.80 Nonun. 1,000 366,200 1,215 403,127 2,228 

Table VI 
Results for Various Cases With Flight Cancellations and Three Cost Classes 

E E F /E Capacities M VD tD UL tL 

3,000 0.60 Nonun. 500 305,690 1,236 373,271 2,099 
3,000 0.60 Nonun. 750 385,830 1,253 491,791 2,219 
3,000 0.60 Nonun. 1,000 460,230 1,305 601,331 2,332 
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2. In the special case where all cost functions are 
identical, network effects are of small magnitude. 
The assumption of identical cost functions is incor- 
rect, because the delay of large aircraft is more 
costly than the delay of small aircraft. However, 
the practice of implicitly considering all cost func- 
tions identical seems to be a well-entrenched prac- 
tice of the FAA, which avoids "discriminating" in 
any way among users. 

3. Even when all cost functions are identical, the 
optimal solution of the decomposed problem typ- 
ically violates a large number of coupling con- 
straints and is thus useless for practical purposes. 
This means that network formulations are needed 
to assign feasible ground holds to a network of 
airports. 

4. Finite departure capacities have negligible impact 
if they are assumed not to influence arrival capac- 
ities. On the other hand, the possibility of having 
interdependent departure and arrival capacities 
offers the potential for significant cost savings. 

5. As far as the model with flight cancellations is 
concerned, high cancellation costs are imprac- 
tical because they result in no flights ever being 
cancelled. 

6. The heuristic which finds a feasible solution of the 
IP with cancellations on the basis of the optimal 
solution of the LP relaxation performs well for low 
cancellation costs. 

It is not yet clear how large a network one can deal 
with by means of our formulations. We went up to 
6 airports and 3,000 flights, but one could probably 
go far beyond this if one were willing to use super- 
computers. This would not be unrealistic, given the 
importance of the practical problem. One could also 
look for special purpose algorithms or for heuristics 
providing good feasible solutions. 

A direction for future research is to extend our 
formulations to the dynamic deterministic case. 
We have already performed this extension (Vranas 
1 992a, b), which is relatively straightforward, although 
it needs to incorporate some subtleties due to the fact 
that airborne delays cannot be totally avoided in the 
dynamic case. 

Another interesting direction of research for the 
dynamic case would be to run our formulations for 
limited time horizons of, say, two hours. This would 
dramatically decrease the size of the problem for a 
given number of airports, and would enable one to 
tackle much larger networks of airports. 

The most challenging direction for future research 
is the case of probabilistic airport capacities (see 
Richetta for the single-airport problem). This case may 
require a totally new approach. 

APPENDIX A 

Final Forms of the Formulations 

Formulation P' is derived from P1 by eliminating gf 
and af in terms of uft and vft through (3) and (4): 

Minimize 

Cf( tVft- rf-(c - c fg) tuft - df) 

subject to 

Z uf , <, Dk(t), (k, t) E XX ; 
f kf-k 

Z Vft < Rk(t), (k, t) E -5X ; 
f-k;f=k 

UfttE O 11. 

n Vtm=s ftE 

Miiie -9 tft 

tvft-rf,-sf,< tuft-df, f E JP; 

subject to 

tv tt- Z tuf t:--rf -df f tE 

- fef 
t tE ja 

uvft E O0, 1 }, 

Formulation P2' is derived from P2 by eliminating gf 
in terms of Vft through (1 1): 

F\ 

Minimize Z C[ + tu Vft(- - - 
f = 

f 
S 

subject to 

f, vkt <Rk(t), (k, t) E -x k; 
f~k;=k 

Z Vft~l f E 
tE _9S 

tvpt-rf,-sf>< tvft-rf, f Es' 
t e 5Y, t 

vpt E 10, I }, f E etE 5; . 

Formulation P3' iS derived from P3 by eliminating gf 
in terms of vft through ( 1 ) and by eliminating zf: 

F_ 

Minimize Z Mf + Z Vf,(Cf9(t - rf) - Mf) 
f=l ES 

subject to 

Z vf t 6, RkJt) (k, t) E -cl X 5; 
f.k;=k 



VRANAS, BERTSIMAS AND ODONI / 261 

E vf t f E <E 
t E _9,a 

E Vflt(t - Sf' - rf, + rf) <_ E tvft, f' GE -F,; 
tE _9fla t (= _9fla 

E vftt(t - sf' - rft - Gf - 1) 

vf Ad Vt t-rf - Gf - I ), f 'E F2; 

Vft, zf GE O, I}. 

APPENDIX B 

Algorithmic Description of the Heuristic 

The heuristic takes an input a solution Jvft: >fE 

t EE -f' I U I zf : f E- A}l which is feasible for the LP 
relaxation of P3, and gives as output a solution which 
is feasible for P3. The heuristic is presented here for 
the case in which the next flight scheduled to be 
performed by the same aircraft is not affected when 
a flight is cancelled. The other case, in which the 
next flight is also cancelled, can be treated mutatis 
mutandis. 

BEGIN 
Define (P: = hi E (z ? 0, 1}) V (3t)(v,,, ( 

to, 1}). 
Partition (P into its equivalence classes correspond- 

ing to the equivalence relation "is performed by the 
same aircraft as": (P = U4,=, (DO. 

Order each class according to the order in which 
the flights in the class are scheduled to be performed 
by the aircraft defining the class: (b 0, =b 1, . . ., 0+(a 

Order the classes, e.g., in decreasing order of the 
cost of their first flight, and break ties, e.g., according 
to the increasing order of scheduled arrival times for 
first flights. 

FOR I TO * DO: 
FOR I TO ^()DO: 

Set X = g;. 
IF I THEN: 

Define A.= M 

IF X has a previous noncancelled flight O' 
THEN: 

Remove from ipioXo those t that are smaller 
than r,, + g,, - s,,, (because, if X were 
assigned to such a t, then the coupling 
constraint linking h and s ' would be 
violated). 

END IF 
END IF 

Define the capacity slacks S?(t) := Rk-(t) - 

Xf:kky=k' Vft, t.E 5 

Define 5 := It E 5: SO(t) 1 - v<J. 
IF X = 0, THEN 

Cancel b: Put z.= 1, vt =0, t E J7. 
CONTINUE t 

END IF 
Assign current flight to r, the smallest element 
of A;: set zo = 0, V, = 1, Vot = 0, t E { 
IF X has a next flight X THEN: 

IF r - r. - s, > g, AND X5 4 4 THEN 
Include X5 in 4bp as 46+i and modify sub- 
sequent indices t accordingly. 

END IF 
Define 54 = It E J0: t - rX > r - - s. 

END IF 
CONTINUE t 

CONTINUE VI 
END. 
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