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D(p, S) = Min[d(i, x) + d(x, j) - d(i, j)}. 
z ,Jee 

Let g(y):R' -- R' be a nondecreasing function, not 
necessarily convex. From Theorem 2, P2 can be formu- 
lated as: 

Max h2(S) = 2 fpg(D(p, S)). 
SCN PEP 
ISIsm P 

In the following proof, we assume that all customer paths 
are minimum distance paths. A directly analogous proof 
applies to the other case. 

Proposition 2. If g(y) is a nonincreasing function, then 
h2(S) is a submodular, nondecreasing set function. 

Proof. If S 5 T, then D(p, S) > D(p, T) which im- 
plies that g(D(p, S)) < g(D(p, T)), because g(y) is 
nonincreasing. Therefore, h2(S) < h2(T), i.e., h2(S) 
is nondecreasing. We will now show that g(D(p, S)) is 
submodular. Let S 5 T and k 0 T. We first note that 

[D(p, T U {k})] 

= min{D(p, T), Min[d(i, k) + d(k, j) - d(i, j)]. 
i,jE-p 

To check whether g(D (p, S)) is submodular it suffices 
to show that 

g(D(p, T U {k})) - g(D(p, T)) 

S g(D(p, S U {k})) - g(D(p, 5)), 

or equivalently, defining 

a - Min[d(i, k) + d(k, j) - d(i, j)], 
in[Dp 

g(Min[D(p, T), a]) - g(D(p, T)) 

<, g(Min[D(p, S), ax]) - g(D(p, S)). (2) 

To check (2) we distinguish three cases: 

1. (a 3 D(p, S) ? D(p, T)) Then (2) becomes 

g(D(p, T))-g(D(p, T)) 

_< g(D (p, S)) -g(D, (p, S)), 

which is obviously satisfied. 
2. (D(p, S) ? a k D(p, T)) Then (2) becomes 

O S g(a) - g(D(p, S)), 

which is satisfied because g(y) is nondecreasing. 
3. (D(p, S) ? d(p, T) 3 a) Then (2) becomes 

g(a) -g(D(p, T)) _< g(a) -g(D(p, S)), 

which is satisfied because g(D(p, S)) S g(D(p, T)). 
(S 5 T and D(p, S) ? D(p, T).) 

Therefore, the set function g(D(p, S)) is submodular. 
Then, if fp > 0, h2(S) is also submodular because it is a 
sum of submodular set functions. 

Note that the submodularity of h2(S) is independent of 
any convexity assumption on g(x). 

Figure 4. Example in the proof for m = 4. 

3;3. Main Theorem 

As a result of Propositions 1 and 2, Theorem 3 holds for 
P1 and P2, i.e., the generic greedy algorithm produces a 
value ZG. (i = 1, 2) such that 

ZG. 

Z 'B1-(1m) . ~~~~~~~~~(3) 

We note that the tightness of the bound is proved in 
Nemhauser and Wolsey (1981) for arbitrary submodular 
functions. Still remaining is the question whether a better 
bound can be found for our problem. Therefore, in 
the following theorem we investigate the tightness of the 
bound. 

Theorem 4. For problem P1 with A = 0, the bound (3) is 
tight. 

Proof. Consider a network with nodesAo,A1, , Am, B1, 
B2, ..., Bm-2, C1, ..., Cm. The set of edges is as follows: 
E = {lo, Ai), 0g, C); i = 1, ..., m} U {f(A, B); i = 1, ..., 
m,]j = 1, ..., m - 2}. (See Figure 4 form = 4.) The setP 
of paths is as follows: For i = 1, .. . m 

m paths (AO, Ai) each with yaluefo = mm,2 

m paths (Ai, B1) each with valuedf = m m1 m-2 
m 

m paths (Ai, Bj) each with valued = (m1)'mm2, 

j= 1 ... m -2 
m paths (A i, C1) each with value fm (m - 1) m 

The optimal solution of P1 with A = 0 and up to m 
facilities is the set (A 1, . . ., Am) of the nodes at the first 
level that covers all the paths. The value of the optimal 
solution is 
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m-2 

Z* = Mfo + m > fj + mfmi =mm. 
j=1 

The greedy algorithm selects node A0 first, then node B 1, 
then node B2,..., node Bm-2 and, finally, one of 
Al, .*,Am. 

The cost of the greedy algorithm is 

m-2 

ZG = mfo + m E fj +fmij = mm - (m _ 1)m. 
j=1 

The reason is that the value of AO is at least as large as 
any other's node, B1 is at least as high as any from the 
remaining nodes, etc. Thus, ZG/Z* = 1 - (1 - 1/M)m. 

4. SOLVING PROBLEM P2 

Since P1 can be solved using the algorithms of BLF and 
P3 is essentially an mr-median problem, in this section we 
focus on solution methods for P2. Building on our stan- 
dard notation, let D(p, i) be the deviation distance for a 
path p customer to detour through node i. This notation 
applies whether or not strictly minimum distance paths 
are used. Define the potential expected path p flow 
through node i as 

CPi = fpg(Dfp, i)) -=fpg(min D( j, i)), 

where 

D(j, i) = d(j, x) + d(x, I) - d(j, l) for case i 

d(j, x) + d(x, j + 1) - d(j, j + 1) for case ii 

2d(j, x) for case iii. 

Since g(.) is a convex decreasing function, 

E, fpg(D(x, p)) = r max Cpj. 
PEP PEP 1 

Therefore P2 can be formulated as: 

max E max CP. 
XEN P iie 

We can now identify binary decision variables and as- 
signment variables. Let 

Xp = 11 if a facility i is assigned to path p 
= -0 otherwise 

and 

Xi_ 11 if a facility is located at node j 
0 otherwise. 

Now P2 can be stated as a mathematical programming 
problem: 

n 

max - - Cp -pi 
pEP = 

n 

subject to = m 
j=1 

Xj - Xpj 0 j = 1, 2, . ,n 
n 

> Xpi 1 for all p E P. 
j=l 

The first constraint guarantees that m facilities are lo- 
cated. In the second set of constraints we have made 
sure that path p cannot be assigned to a node that does 
not house a facility, whereas the last set of constraints 
ensures that each path is assigned to exactly one facility. 

To solve P2, we developed a greedy heuristic (having 
the properties of the generic greedy heuristic of Section 
3) and an exact algorithm. The greedy heuristic is a mod- 
ification of the greedy heuristic to solve BLF. 

The Greedy Heuristic to Solve P2 

STEP 1. 1 = 1. 

STEP 2. Compute bi = Xprp fg(d(i, p)), i = 

1^ ..., n. 

STEP 3. Find biax = maxiEN{bi}; locate facility 1 at 
node imax and delete imax from N. 

STEP 4. For all p E P, for all j E N, set 

g(D(i, p)) = [g(D(i, p)) - g(D(imax, p))] . 

Delete from P the set Pimax (which is the set of all paths p 
for which g(D(imax p)) = 0.) 

STEP 5. If 1 = m or if P = 0, STOP. Otherwise set 
1 = 1 + 1 and go to Step 2. 

As an example, let us refer again to the network in 
Figure 1 and let us solve problem P2 with an exponential 
customer damping factor, i.e., g(D(p, x)) = e-bD(px). 

The paths and all extra distances are given in Table I. 
Suppose that b = 0.05 and fp = 1 for allp E P. We 
start the heuristic with 1 = 1. 

Since b, = 9.413, b2 = 8.781, b3 = 8.993, b4 = 9.065, 
b5 = 8.171, b6 = 9.4999, b7 = 8.722, bi = b6, we 
locate facility 1 at node 6 and we delete node 6 from N. 
We find new e-bD(P'j) for all p, j ? 6 and delete from P 
paths 4, 5, 6, 7, 8, and 9. Since 1 = 1, P = 0, we let 

Table I 
Paths and Extra Distances for the Example 

Nodes / Path 1 2 3 4 5 6 7 
1 2,145 0 0 2 0 0 1 2 
2 237 4 0 0 7 10 4 0 
3 145 0 6 7 0 0 1 6 
4 167 0 2 1 3 6 0 0 
5 361 0 1 0 3 11 0 5 
6 1 2 0 0 0 0 0 
7 463 1 2 0 0 6 0 5 
8 546 1 2 6 0 0 0 5 
9 612 0 0 1 3 1 1 0 6 

10 75 6 8 6 5 0 5 0 
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1 = 2. Now b1 = 0.0975, b2 = 0.2300, b3 = 0.1812, 
b4 = 0.0975, b5 = 0.3187, b7 = 0.4024, bi max = b7 
and we locate the second facility at node 7, and we delete 
node 7 from N. We find new e -bD(pj) and delete from P 
paths 2 and 10. Since I = 2, P = 0 we set 1 = 3, and 
find that b1 = 0.0975, b2 = 0.0487, b3 = 0, 
b4 - 0.0975, b5 = 0.0975, imax = 1 (or 4 or 5). Since 
I = 3, we are done. The total flow intercepted is 9.4999 
+ 0.4024 + 0.0975 = 9.9998. 

To solve the problem P2 exactly we developed a 
branch-and-bound code for the problem. This branch- 
and-bound procedure is based on two upper bounds. The 
first one, which is a minor modification of the one devel- 
oped in (1) for P1, is called UB1. The variables X1, ... 

X,, are the decision variables for the branch-and-bound 
tree. Let us define D C N as a set of all variables that 
constitute a partial solution in the branch-and-bound tree 
(i.e., j E D Xj = 0, 1) and let U = N - D. Let 
D1 C D, ID11 = 1, be the set of all nodes in D that house 
a facility (j E D1 =E' Xj = 1) and let Do = D - D1(j E 
Do = Xj = 0). Let 

ri = max Cij, i= 1,..., P, 
]EDi 

i.e., ri is the maximum amount of flow that the facilities 
in the partial solution intercept from path i. For each j E 
U we define 

PIl 

j= E max{0, Cij - rj}, 
i-1 

i.e., 6j is maximum amount of flow node j can intercept 
after deleting all the flow intercepted by the already- 
located facilities. Now UB1 can be defined as 

IPl 
UB1 = ri +L 

i=l 

where L is the sum of the (m - 1) greatest 5j's. The 
second upper bound called UB2 can be now defined as 

UB2= 2 max Cpj. 
pEp jED1i UU 

We note that UB2 is useful when there are many variables 
in a partial solution for which Xj = 0, which is exactly the 
situation when UB1 is not useful. Therefore, UB1 and UB2 
complement each other in the branch and bound. Finally, 
the upper bound is the minimum of UB1 and UB2. 

The computer code implementing the branch-and- 
bound algorithm for problem P2 is written in C and tests 
were run on a DEC 5810. To provide test results we 
randomly generated network sizes, their paths and corre- 
sponding flows. Table II illustrates a typical sample of 
our test cases for the problem with an exponential damp- 
ing factor. The table provides the CPU time and the ratio 
of the solution value provided by the greedy heuristic 
and the branch and bound for networks with a number of 
nodes and a number of paths ranging from 20-100 and a 
number of facilities ranging from 2-5. We see that for this 

Table II 
CPU Times in Seconds (Rounded to Closest Integer) 

and the Ratio of Objective Function of the 
Greedy Heuristic to the Objective Function of the 
Branch-and-Bound Procedure for Several n, JPJ 

and m Values 

CPU of the Value of Greedy 
Branch-and-Bound Value of Branch 

n 1PI m Algorithm and Bound 
10 10 2 0 1 

3 0 1 
4 0 1 
5 0 1 

30 30 2 0 0.998 
3 1 0.937 
4 5 0.951 
5 22 0.993 

50 50 2 1 0.983 
3 11 0.935 
4 69 0.968 
5 355 0.955 

100 100 2 5 1 
3 169 0.936 
4 693 0.934 
5 2,147 0.943 

set of runs the greedy heuristic performs considerably 
better than its worst case bound. 

5. CONCLUSIONS AND FUTURE RESEARCH 

In this paper, the BLF model is generalized to consider 
the possibility for customers of discretionary services to 
deviate from preplanned tours to visit a discretionary 
service facility. Three models are considered: the delta 
coverage problem P1, where a customer will deviate from 
the preplanned tour if the facility is at a distance of at 
most A from the tour; the maximize market size problem 
P2, where the number of customers that travel to the facil- 
ity is a decreasing function of the deviation distance; and 
the minimize expected inconvenience problem, where the 
total deviation distance traveled is minimized. 

The main results of the paper are: 

1. Node optimality property holds for P2 and P3. For 
problem P1 an optimal set of locations exists in a set 
N' which is the union of N and the set GA (set points 
that are at a distance of A from the nodes.) 

2. Problem P1 can be solved using the algorithms devel- 
oped for the BLF (applied to the set of candidate loca- 
tions N'). 

3. Problems P1 and P2 belong to a family of problems for 
which the greedy heuristic gives a solution that is 
guaranteed to be within 37% of the optimal solution 
and this bound is tight. 

4. Problem P2 can be formulated as an integer program 
problem and a branch-and-bound algorithm to solve it 
is given. 
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We offer two directions for future research: Study 
problems P1 and P2 when the facilities are allowed to 
compete with each other. Study the polyhedral structure 
of problem P2 to improve the branch-and-bound algo- 
rithm developed in this paper. 
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