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where g is given byl (49) in Appendix B and it satisfies: 

(42) p2itf~'(A0 + A1) = H - 

where H is given in Proposition 1. 

Proof From the vector distributional law (22) we have 

(43) PL,(Z) = PQ,(Z )$X,(AO + -Al). 

We should establish a second relation between PL,(z) and PQ,(z). Consider a 
random observer of the system and let Bi be the event that the server is busy 
servicing a class i customer at the time of observation. By applying Little's law to the 
server P{Bi}= pi and by conditioning on the events B, we have, for n 1, 

P{Q1 = n, R1 = i} = p1P{Q1 = n, R1 = i I BI + P2P{Q1 = n, R1 = iB21, 

or, by using the definition of Al, 

P{Ql = n, R1 = i}= p1P{A1 = n, RI = i}+ p2P{Q1 = n, R1 = i I B,11 

and for n = 0 we also have 

P{Q1 = O, RI = i}= p1P{A1 = 0, R, = i}+ p2P{Q1 =0, RI = i I B2} 

+ P{L, =0, L, = 0, R, =i}, 

or equivalently 

P{Q1 = O,R1 = i}= p^P{A = 0, RI = i} + p2PQ1 =0, R = 2i B}+ gi. 

Furthermore, if we denote by ir, the probability that the A TC1 = r just before a 
type 2 customer enters service we have that, for n 1 1, 

P{QI = n, R= B= f a(t )* 1(t) * a' (t) dFx-(t) 

and 

P{QI 0, RI i IB2} 7rrfa'(t)dFx.Kt). 

By taking generating vector functions we get 

PQ,(Z) = pIPA,(Z) + P2 x-(AO + ZA1) + g 

Using the same analysis for the number of customers in the system we also obtain 

PLI(Z) = PIZPA1(z) + p2itCt~x(A0 + zA1) + g. 

Combining the last two equations we have 

(44) PL,(Z) = ZPQ,(Z)+ P2( - Z)' 1.(A0+ZA1) + (1- z)g. 
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From (43) and (44) we obtain (40) and (41). Finally, we need to calculate the vectors 
ff and g. Vector g, where, gi P{LI = 0, L2 = 0, R1 = i), is calculated in Appendix B. 
To calculate r we recall that in a regular MGEMIG/1 queue (20) holds, namely 
PL(z) = (1 - z)H(Dx,(Ao + zA) - zI)-l1x,(Ao + zAD). But PL1(1) = PL(1), since 
the ith component of this vector represents the probability that the ATC of the 
arrival process of class 1 is in stage i. Thus by taking the limits as z -- 1, we get (42). 

Remarks. 
1. Using (40) and (41) as well as the vector distributional law one can easily 

calculate the waiting time distributions, as in the case of the single MGEM/G/1 
queue. 

2. Note that once again for Poisson arrivals (40) takes the form 

GQ,(z) = (1 - z)[p2kX2(A, - A1i) + (1 - PI - p2)](X,(A1 - A1z) - z)-, 

which is exactly the result obtained in [13]. 

Low priority customers. The waiting time of the low priority customer equals in 
distribution the total unfinished work in the system at the moment of his arrival 
subject to generalized Erlang interruptions, corresponding to class 1 arrivals. As the 
work in the system as well as the distribution and duration of the interruptions do 
not depend on whether we give non-preemptive or preemptive resume priority to 
the class 1 customers we can conclude that the waiting time distribution for the low 
priority customer under a non-preemptive policy is the same as the waiting time 
under a preemptive resume policy (see [13]). However, this is not true for the 
waiting time in the system because of the notion of the effective service time that we 
used in the preemptive priority analysis. Nevertheless, we can calculate all the 
distributions of interest by using the distributional laws as well as the relation 
S2= W2+ X2. 

7. Concluding remarks 

We have demonstrated that overtake-free systems can be analyzed in a unified 
way through the distributional laws, which we believe deserve a more prominent 
place in queueing theory. More than providing a method of analysis for a class 
of systems, the paper identified a subdivision of queueing theory into overtake 
free systems, which can be analyzed using distributional laws, but are unfort- 
unately a small subset of the systems encountered in applications, which allow 
overtaking, and therefore are not analyzable directly through the techniques of this 
paper. 

In the case of overtake free systems, we showed several insights and new results 
that can be obtained. One which we consider particularly satisfying is the derivation 
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of heavy traffic results (usually derived using diffusion methods) and exact results 
can be achieved in a unified way using the asymptotic and exact method of analysis 
based on the distributional laws. 

The distributional laws being special cases of H = AG provide further evidence 
that the law H = AG provides the right set of laws at least for overtake free systems. 
The major open problem is to identify queueing laws for systems that allow 
overtaking, which lead to a complete solution. This is a challenging but important 
problem because it includes well known open problems as special cases (GI/G/s, 
queueing networks, etc.). A solution to this problem will lead, however, to a more 
complete theory of queues and is likely to provide very valuable new insights. 

Appendix A 

We present the proof of Proposition 1. We will use a generalization of the classical 
sub-busy period decomposition argument for the evaluation of the busy period for 
the M/G/1 queue (Takacs [24]). The duration of a busy period is invariant under 
the service discipline provided that the server is always busy if there are customers 
present. We may, therefore, use the last-come-first-serve (LCFS) service discipline. 
Let F,m be the random variable that represents the duration of the sub-busy period 
that ends with the A TC = m given that it started with the A TC = i. This definition is 
useful for the decomposition of the busy period into sub-busy periods. Let RaS be the 
ATC stage occupied by the customer just after the first customer of the sub-busy 
period is served. Let Ni(x) be the number of arrivals during x given that the A TC = i 
at the beginning. Then, conditionally on the event U = {Ra =j, X =x, Ni(x)= n}, 
we obtain the following decomposition, for n _ 1: 

E[e-sri Ra =j, X = x, N,(x) = n] = E[exp {-s(x + + r + *+ + ,m)}] 

= e-Sx[r(s)]'n. 

Unconditioning, we write the previous relation in matrix form: 

al\(x) *' a (x) 
rF()= e- sx *. : dFx(x) 

L 0 . aM(x) 

cc x/ al(x) 
+ e- sx *an 1)(x) * (a(x) .. a'(x))[F(s)]' dFx(x). 

n=l 
a 

() / \aM(X) 

To obtain a more concise form of the above equation we use the fact that, 
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for every pair of matrices Do of full rank and D1 of rank 1, (Do+ D)-1 = 

Do1 - Do D1D I /[1 + trace (Do 'D)]. Therefore, 

a (s)i;(s) 

(Is + Ao + zAA)- + = (Is + Ao)- + z 
I -zaas) M(s)i;(s)_ 

which expressed in real time gives 

a 1 (t) ... am(t) a a,(t) 

(45) e-(A+zA) . + z : *a (t)*(al(t) a(t)) 

"0 a (t)_ n=1 _aM(t)_ 

Using (45) we have that the busy period matrix F(s) satisfies the equation 
F(s) = f se-SXe-~s+A+Alr) dFx(x) = (x(s + Ao + A1r(s)). The above implicit equa- 
tion completely characterizes F(s). Notice that for M = l, this reduces to y(s)= 
kx(s + A - Ay(s)), which is the equation that the transform of the busy period 
satisfies in an M/G/1 queue. 

We now proceed in our analysis of the busy cycle C(s). A careful comparison of 
the definitions of C(s) and F(s) reveals that C,j(s)= ai(s)elF(s)e', or in words, the 

busy cycle that ends with the A TC = j given that it starts with the A TC = i, is equal 
to the remaining interarrival given that the ATC = i plus a busy period that ends 
with the A TC = j. 

In matrix notation 

al(t) 

C(s)= : e1(s). 

_-M(t) _ 

Using the fact that ai(s) = -ei(ls + Ao)-'A 1e and that A1e'e] = A1 we have that 

(46) C(s) = (Is + Ao)-'AF(s). 

Now, we are in a position to obtain H and H/. Let C be a matrix with elements 

cij=lim,oci,j(s), then we have that cij denotes the probability of a departing 
customer to leave the system empty and the ATC =j given that the previous 
departing customer that left the system empty left the A TC = i. Furthermore, Hi is 
the probability of a departing customer leaving the system empty and the A TC = i. 
Therefore, the following relation must be satisfied: 

(47) H+C = H+, 

i.e. H+ is a left eigenvector of C with eigenvalue 1. Notice that the above system of 
equations completely characterizes H+ up to a constant. On the other hand we know 
from (8) that H = AHj+Ao1, and also that H1' = (1 - p). The last system of equations 
together with (47) provides us with a complete description of both H+ and H. 
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Appendix B 

We consider single server priority queueing systems with mixed generalized 
Erlang arrivals, in which there are two distinct customer classes, numbered 1 and 2. 
Customers of class 1 have priority over those of class 2 and within the same class 
customers are served in a FIFO order. 

We first assume that customers of class 1 have preemptive priority over those of 
class 2. We will evaluate the vectors h and k such that hi . P{R2 = i, L1 = 0, L2 = 0} 
and kr P{Ra = r, L1 = 0, L = 0}. 

We first define a set of matrices F'.k(s) (for r, k = 1, 2, * , MI) with [rFk(s)],j to 
be the Laplace transform of a class 2 busy period that ended with A TCI = k and 
A TC2 = j given that it started with A TC1 = r and A TC2 = i. 

Using the same ideas as in Proposition 1 we obtain the set of matrices by solving 
the following M, x M1 system of nonlinear equations: 

bl(x) ... b2(x) 

Fr.k(s)= e-sx : . dFc.k(x) 

0 ... b2(x) 

x =1 bi(x) 
+ j e-s * b (- ) ( * (b-(x)* . b1f(x)) dFGr(x) E Ur,(s), 

bM(x) 

where U(s) = ,Ur, ...r, F,r2(s) x Fr2.r(s) X * * x Fr?k(S). 

We next define the matrix Trk(s) with [Trk(s)]ji, to be the Laplace transform of 
the duration of an interval that ends with a departure leaving the system empty, the 
ATC1 = k and ATC2 = j given that it started with a departure leaving the system 
empty A TC, = r and A TC2 = i. 

To obtain T'k(s) we follow the same line of arguments as in Proposition 1, and 
we obtain that 

- v kl k,.k - E[e-s~ with 1st arrival from class 2] = sx E ak'(x)elFk(s)e/b,(x) dx, 

E[e-s";' with 1st arrival from class 1] 

b((y) bM 2(y) 
= ar(x)e-"bi(x) e-s . : e dF, .) 

L o * \ * bM2(V) L 0 ... bM(v)- 

x x / bl(y)v) 

n=l bM(y)/ 

x Un(s)jee-s'dFrl,,(y). 
rl 
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Next, we define the M1 x M2 matrices E+ and E with elements 

[E+]r,j P{at a departure epoch L+ = 0, Rj = r, Rj = j}, 

[E],,j PL = O, R =r, R2=}. 

As in the proof of Proposition 1, from the definition of T'k(s) and E+ we obtain 
that 

E E+ lim [Trk(s)],, = Ek, for k = 1, * * , M1, i= 1, * , M2. 
r,j s-*O 

Furthermore, from the conservation of flow around the state (L = , R1 =r, 
R2 = j) we can obtain that E+ = A6E + EBo, so that knowing E+ we can evaluate 
the matrix E. 

Finally, 
M1 Ml 

(48) hj= E r,j, kj = A,rP,rEr,j. 
r=l r=l 

Now, in the case where class 1 customers have non-preemptive priority over the 
class 2 customers we need to evaluate the vector g with gr - P{L = 0, R1 = r}. Notice 
that the total number of customers in a priority system as well as the ATC are 

independent of the priority policy (given that it is work conserving). Therefore, to 
calculate g we can use the matrix E to obtain that 

M2 

(49) gr = Er,j. 
j=l 
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