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Abstract— We consider a class of singularly perturbed
stochastic differential equations with linear drift and nonlinear
diffusion terms. We obtain a reduced-order model that approx-
imates the slow variable dynamics of the original system when
the singular perturbation parameter ε is small. In our previous
work, it was shown that, on a finite time interval, the first
and the second moments of the slow variable dynamics of the
original system are within an O(ε)-neighborhood of the first
and the second moments of the reduced-order system. In this
paper, we extend this result to show that all moments of the slow
variable dynamics of the original system are within an O(ε)-
neighborhood of the moments of the reduced-order system. We
illustrate the application of this approach on a biomolecular
system modeled by the chemical Langevin equation.

I. INTRODUCTION

Time-scale separation is a common feature of many phys-
ical systems. It allows the system dynamics to be separated
into slow and fast, employing a small parameter ε to capture
the separation of the time-scales. The first step in analyzing
such systems is to obtain a reduced-order model that approxi-
mates the dynamics of the slow variables. There are two main
methods for obtaining such a reduced-order model: singular
perturbation and averaging [1], [2]. The singular perturbation
approach involves setting ε = 0 in the fast variable dynamics
to obtain an algebraic equation describing the slow manifold,
which can then be used to derive an approximation for the
slow variable dynamics. In the averaging method, the fast
dynamics are averaged out by taking the time average of
system functions.

Multi-scale stochastic differential equations arise in many
applications, such as chemical reactions, population models
and financial models. In particular, chemical reactions with
multiple time-scales modeled by the chemical Langevin
equation take the form of an SDE, where the diffusion term
is of the order

√
ε. For this type of systems, the existing

singular perturbation approaches for stochastic systems in
[1], [3], [4], [5] cannot be applied. The averaging method in
[6] can be applied in this case, and it provides a reduced-
order model to which the slow dynamics of the original
system converge in distribution as ε becomes small. However,
averaging methods require explicit integration of the system
vector field, while singular perturbation methods only require
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the local solution of an algebraic equation. Here, we therefore
pursue the singular perturbation approach.

In our previous work, we considered a class of singularly
perturbed systems with linear drift and nonlinear diffusion
terms, including the case where the diffusion term is of order√
ε and obtained a reduced-order model via singular pertur-

bation. The first and the second moments of the reduced
system were proven to be within an O(ε)-neighborhood of
the first and second moments of the original system [7]. In
this paper, we show that, for the same class of systems,
all moments of the reduced system are within an O(ε)-
neighborhood of the corresponding moments of the original
system. We then apply the results to a biomolecular system
modeled using the chemical Langevin equation.

This paper is organized as follows. In Section II, we
introduce the system considered. In Section III, we present
the reduced system and derive the moment dynamics of both
the original and reduced systems. In Section IV, we prove
the convergence result. Section V includes an application
example.

II. SYSTEM MODEL

Consider the system

ẋ = fx(x, z, t) + σx(x, z, t)Γx, x(0) = x0 (1)
εż = fz(x, z, t, ε) + σz(x, z, t, ε)Γz, z(0) = z0 (2)

where x ∈ Dx ⊂ Rn is the slow variable and z ∈ Dz ⊂
Rm is the fast variable. Γx is a dx-dimensional white noise
process. Let Γf be a df -dimensional white noise process,
while Γz is a (dx + df )-dimensional white noise process.
We make the following assumptions on system (1) - (2).

Assumption 1: The functions fx(x, z, t) and fz(x, z, t, ε)
are affine functions of the state variables x and z, i.e., we
can write fx(x, z, t) = A1x + A2z + A3(t), where A1 ∈
Rn×n, A2 ∈ Rn×m and A3(t) ∈ Rn and fz(x, z, t, ε) =
B1x + B2z + B3(t) + α(ε)(B4x + B5z + B6(t)), where
B1, B4 ∈ Rm×n, B2, B5 ∈ Rm×m, B3(t), B6(t) ∈ Rn,
A3(t) and B3(t) are continuously differentiable functions,
and α(ε) is a continuously differentiable function with
α(0) = 0.

Assumption 2: The matrix-valued functions σx(x, z, t)
and σz(x, z, t, ε) are such that, there exist continuously
differentiable functions Φ(x, z, t) : Rn×Rm×Rn → Rn×n,
Λ(x, z, t, ε) : Rn × Rm × R × R → Rm×m, Θ(x, z, t, ε) :
Rn × Rm × R× R→ Rm×n, that satisfy

σx(x, z, t)σx(x, z, t)T = Φ(x, z, t), (3)



σz(x, z, t, ε)σz(x, z, t, ε)
T = εΛ(x, z, t, ε), (4)

σz(x, z, t, ε)[ σx(x, z, t) 0 ]T = Θ(x, z, t, ε), (5)

where the elements of Φ(x, z, t), Λ(x, z, t, ε), Θ(x, z, t, ε)
are affine functions of x and z, i.e., we can write
E[Φ(x, z, t)] = Φ(E[x],E[z], t), E[Λ(x, z, t, ε)] =
Λ(E[x],E[z], t, ε), and E[Θ(x, z, t, ε)] = Θ(E[x],E[z], t, ε).
Also, we have that limε→0 Λ(x, z, t, ε) <∞ and
limε→0 Θ(x, z, t, ε) = 0 for all x, z and t.

Assumption 3: Matrix B2 is Hurwitz.
We assume that there exists a unique well-defined solution

to system (1) - (2), on a finite time interval. Sufficient
conditions, i.e., Lipschitz continuity and bounded growth
of system functions, for the existence and uniqueness of
solutions to stochastic differential equations can be found
in [8]. The class of systems defined by Assumptions 1 -
2 includes the case where the diffusion term is given by
a square-root function of the state, which does not satisfy
the Lipschitz continuity condition. For this case, the work in
[9] gives conditions that guarantee the existence of a unique
solution.

First, we define the reduced system by setting ε = 0 in (2).
Next, we derive the moment dynamics of both the reduced
system and original system, and show that setting ε = 0
in the moment dynamics of the original system yields the
moment dynamics of the reduced system. Then, by applying
the Tikhonov’s theorem to the moment dynamics of the
original system, we show that all moments of the reduced
system are within an O(ε)-neighborhood of the moments of
the original system.

III. PRELIMINARY RESULTS

Setting ε = 0 in system (1) - (2) under Assumption 2,
yields the algebraic equation

fz(x, z, t, 0) = B1x+B2z +B3(t) = 0. (6)

Assumption 3 ensures the existence of a unique global
solution z = γ(x, t) to (6), given by

γ(x, t) = −B−1
2 (B1x+B3(t)). (7)

By substituting z = γ(x, t) into (1), we obtain the reduced
system

˙̄x = fx(x̄, γ(x̄, t), t) + σx(x̄, γ(x̄, t), t)Γx, x̄(0) = x0. (8)

We assume that there exists a unique solution to system
(8), on a finite time interval.

In order to derive the moment dynamics of this system,
we first introduce the notation used to represent the moments
(notation adapted from [10], [11]). For given vectors x =
[x1, . . . , xn]T and k = (k1, . . . , kn) of length n, let x(k) =
xk11 x

k2
2 . . . xknn . Then, the moment of x corresponding to the

vector k, is given by E[x(k)], where the order of the moment
is

∑n
i=1 ki.

Similarly, we can write the P th order moments for all P ∈
N. To this end, we also define the sets KP = {(k1, . . . , kn) ∈
Nn|

∑n
i=1 ki = P}, GP = {(g1, . . . , gm) ∈ Nm|

∑n
i=1 gi =

P}, NP = {(l1, . . . , ln) ∈ Nn|
∑n
i=1 li ≤ P} and CP =

{(c1, . . . , cm) ∈ Nm|
∑m
i=1 ci ≤ P} for P ∈ N.

Next, we proceed to derive the moment dynamics of the
reduced system in (8). Denote the state vector by x̄ =
[x̄1, . . . , x̄n]T and let γ(x̄, t) = [γ1(x̄, t), . . . , γm(x̄, t)]T .

Claim 1: There exists continuous functions C1i(t) : R→
R and C2jl(t) : R → R for i ∈ NP , l ∈ C1, j ∈ NP−1

and P = 1, . . . , N where N ∈ N>0, such that under
Assumptions 1 - 2, the moment dynamics of the reduced
system in (8) are given by

dE[x̄(k)]

dt
=
∑
i∈NP

C1i(t)E[x̄(i)]

+
∑
l∈C1

∑
j∈NP−1

C2jl(t)E[γ(x̄, t)(l)x̄(j)], ∀k ∈ KP .

(9)
Proof: See Appendix A-1.

Next, we derive the moment dynamics of the original
system in (1) - (2). Denote the state vectors by x =
[x1, . . . , xn]T and z = [z1, . . . , zm]T . Then, we make the
following claim.

Claim 2: Under Assumption 1 - 2, the moment dynamics
of the original system in (1) - (2) can be written in the
singular perturbation form:

dE[x(k)]

dt
=
∑
i∈NP

C1i(t)E[x(i)]

+
∑
l∈C1

∑
j∈NP−1

C2jl(t)E[z(l)x(j)], ∀k ∈ KP (10)

ε
dE[z(g)]

dt
=
∑
i∈CP

D1i(t, ε)E[z(i)]

+
∑
l∈N1

∑
j∈CP−1

D2jl(t, ε)E[x(l)z(j)], ∀g ∈ GP

(11)

ε
dE[z(kz)x(kx)]

dt
=
∑
u∈NP

F1u(t, ε)E[x(u)] +
∑
i∈CP

F2i(t, ε)E[z(i)]

+

P∑
q=2

q∑
r=1

∑
k∈Cr

∑
s∈Nq−r

F3qrks(t, ε)E[z(k)x(s)], (12)

for kx ∈ KPx and kz ∈ GPz , where Px + Pz = P , and
for appropriate continuously differentiable functions D1i(t),
D2jl(t), F2i(t, ε), F1u(t, ε) , F3qrks(t, ε), for i ∈ CP , l ∈
N 1, j ∈ CP−1, u ∈ NP , q = 2, . . . , P , r = 1, . . . , q, k ∈
Cr, s ∈ N q−r, P = 1, . . . , N where N ∈ N>0. Furthermore,
setting ε = 0 in (12) implies

E[z(l)x(j)] = E[γ(x, t)(l)x(j)] (13)

for l ∈ C1, j ∈ NP−1.
Proof: See Appendix A-2.

IV. MAIN RESULTS

Lemma 1: Consider the original system in (1) - (2), the
reduced system in (8), the moment dynamics of the reduced
system in (9) and the moment dynamics of the original
system in (10) - (12). We have that, under Assumptions 1 -
3, the commutative diagram in Fig. 1 holds.



Original System

ẋ = fx(x, z, t) + σx(x, z, t) Γx

εż = fz(x, z, t, ε) + σz(x, z, t, ε) Γz

˙̄x = fx(x̄, γ1(x̄, t), t) + σx(x̄, γ1(x̄, t), t) Γx

See Claim 1.See Claim 2.

Moments of the Original System Moments of the Reduced System

Reduced System

ε→ 0

ε→ 0

Fig. 1: Commutative Diagram.

Proof: In Section 2, the reduced system (8) is defined
to be the system obtained when ε = 0 in the original system
(1) - (2). From Claim 1 and 2, we have that setting ε = 0 in
the moment dynamics of the original system in (10) - (12),
yields the moment dynamics of the reduced system in (9).

Although, Lemma 1 shows that setting ε = 0 in the
moment dynamics of the original system yields the moment
dynamics of the reduced system, it does not guarantee
that the trajectories of the moments of the original system
approach the trajectories of the corresponding moments of
the reduced system as ε becomes small. Therefore, next we
apply the Tikhonov’s theorem and prove that the moments
of the reduced system are an O(ε) approximation of the
moments of the original system.

Theorem 1: Consider the original system in (1) - (2) and
the reduced system in (8). Then, under Assumptions 1 - 3,
there exists t1 ≥ 0 such that

‖E[x̄(k)]− E[x(k)]‖ = O(ε), ∀k ∈ KN , t ∈ [0, t1].
(14)

where KN = {(k1, . . . , kn) ∈ Nn|
∑n
j=1 kj = N} and N ∈

N>0.
Proof: From the commutative diagram in Lemma 1,

it follows that setting ε = 0 in the moments dynamics
of the original system yields the moment dynamics of the
reduced system. Therefore, we can apply Tikhonov’s theorem
to the moment dynamics of the original system in (10)
- (12) to obtain the result (14). To this end, we prove
that the boundary layer dynamics of the system (10) -
(12) are globally exponentially stable. From equation (10),
it follows that the fast variables that appear in (10) are
of the form E[zix

(j)] for j ∈ NP−1. Thus, we define
the vector bj = [b1j , . . . , bmj ]

T where bij = E[zix
(j)] −

E[γi(x, t)x
(j)] for j ∈ NP−1 and i = 1, . . . ,m. The

dynamics of the variable bij for j ∈ NP−1 and i = 1, . . . ,m
are given by

dbij
dt

=
dE[zix

(j)]

dt
− dE[γi(x, t)x

(j)]

dt
.

Let τ = t/ε be the time variable in the fast time-scale.
Then we have that

dbij
dτ

= ε

(
dE[zix

(j)]

dt
− dE[γi(x, t)x

(j)]

dt

)
.

Note that γi(x, t)x(j) can be written in terms of P th or lower
order moments of x, since x(j) contains moments of order
up to P − 1 and from (6) we have that γi(x, t) is a linear
function of x. Therefore, for an appropriate function Qk(t)
for k ∈ NP , and employing the linearity of the differential
operator, we can write

dbij
dτ

= ε

dE[zix
(j)]

dt
−
∑
k∈NP

Qk(t)
dE[x(k)]

dt

 .

Substituting from (10) and using the expansion of
dE[zix

(j)]/dt, (see Appendix A-2), yields

dbij
dτ

= E
[
fzi(x, z, t, ε)x

(j)
]

+ ε

n∑
l=1

jlE[fxl(x, z, t)zix
j1
1 . . . x

jl−1
l . . . xjnn ]

+ ε
1

2

n∑
p=1

jp(jp − 1)E[bpp(x, z, t)zix
j1
1 . . . x

jp−2
p . . . xjnn ]

+

n∑
m=1

jmE
[
qim(x, z, t, ε)xj11 . . . xjm−1

m . . . xjnn

]
+ ε

n∑
m=2

m−1∑
p=1

jmjpE[bpm(x, z, t)zix
j1
1 . . . x

jp−1
p . . . xjm−1

m . . . xjnn ]

− ε
P∑
s=0

∑
k∈Ks

Qk(t)

( ∑
i∈NP

C1i(t)E[x̄(i)]

+
∑
l∈C1

∑
j∈NP−1

C2jl(t)E[γ(x̄, t)(l)x̄(j)]

)
, (15)

where bij(x, z, t) =
∑dx
k=1 σ

ik
x (x, z, t)σjkx (x, z, t), and

qij(x, z, t, ε) =
∑(dx+df )
k=1 σikz (x, z, t, ε)[σx(x, z, t) 0]jk, in

which [σx(x, z, t) 0] denotes a matrix-valued function Rn×
Rm × R → Rn×(dx+df ). To obtain the boundary layer
system for the vector bj , we set ε = 0 in the equation
(15). From Assumptions 1 - 3, we have that the functions
fx(x, z, t), fz(x, z, t, ε), bij(x, z, t, ε), Qk(t), C1i(t), C2jl(t)
are continuous and therefore are bounded on any compact
interval t = [0, t1]. Under Assumption 2, we also have that
qim(x, z, t, 0) = 0. Furthermore, due to the linearity of the
system (10) - (12), the solutions E[x(i)] and E[γ(x, t)(l)x(j)],
exist and are bounded on any compact interval t = [0, t1].
Therefore, the boundary layer system is given by

dbj
dτ

= E
[
fz(x, z, t, 0)x(j)

] ∣∣∣
E[zx(j)]=bj+E[γi(x,t)x(j)]

.



Under Assumption 1 and using equation (6), we have that

dbj
dτ

= B1E[xx(j)] +B2(bj + E[γ(x, t)x(j)]) +B3(t)E[x(j)],

= B2bj +B1E[xx(j)] +B2(B−1
2 (B1E[xx(j)]

+B3(t)E[x(j)])) +B3(t)E[x(j)],

= B2bj . (16)

Therefore, under Assumption 3, we have that the bound-
ary layer system in (16) is globally exponentially sta-
ble. We next verify that the remaining assumptions of
the Tikhonov’s theorem are satisfied. Note that the sys-
tem (9) has a unique solution on a compact time interval
t ∈ [0, t1], due to its linearity. From Claim 1, we have
that C1i(t), C2lj(t) are continuous functions with respect
to time, and from Claim 2, we have that the functions
D1i(t, ε), D2jl(t, ε), F1i(t, ε), F2i(t, ε), F3qrks(t, ε) in (10) -
(12) and their partial derivatives with respect to t and
ε are continuous. Furthermore, we have that the function
E[γ(x, t)x(j)] for j ∈ NP−1 has continuous first partial
derivatives with respect to its arguments E[x(k)] for k ∈ NP

and the elements of the Jacobian ∂E[fz(x,z,t,0)x(j)]
∂E[zx(j)]

have con-
tinuous first partial derivatives with respect to their arguments
E[zx(j)], E[x(k)] and t. Therefore the assumptions of the
Tikhonov’s theorem on a finite time-interval are satisfied and
applying the theorem to the moment dynamics of the original
system in (10) - (12), we obtain the result (14).

Remark: For the class of systems in Assumption 1 where
σz(x, z, t, ε) is of order

√
ε and α(ε) = 0 for all ε, we

can also prove that the diffusion process described by the
slow variable x(t) of original system (1) - (2) converges in
distribution to the diffusion process described by reduced
system (8), as ε tends to zero, by using the averaging
principle developed by Khasminskii in [6]. We omit the proof
here due to space limitations.

V. APPLICATION EXAMPLE

In this section, we consider an example of a biomolecular
system with multiple time-scales and apply our results to
obtain a reduced model.

U X

pz

Fig. 2: The upstream transcriptional component takes protein U
as the input, and produces the output protein X. The downstream
transcriptional component takes protein X as the input.

Consider the system in Fig. 2, where an interconnection
of two transcriptional components are shown. Transcriptional
components make up gene transcriptional networks, which
carry out fundamental processes in a cell for cell survival
and growth [12]. The processes in transcriptional components

exhibit time-scale separation and previously singular pertur-
bation methods have been employed to analyze deterministic
models of transcriptional components [13]. In Fig. 2, Protein
X, the output of the first component binds to the promoter
p in the downstream component. We denote by k(t) the
production rate of X, and by δ the decay rate constant
of X, which includes both degradation and dilution. The
chemical reactions for this system can be written as follows

: φ
k(t)−−⇀↽−−
δ

X,X + p
kon−−⇀↽−−
koff

C, where the total concentration of

promoter is conserved and is given by pt = p+C. Denoting
by Ω the cell volume, the chemical Langevin equations for
the system are given by

Ẋ = k(t)− δX − konX(pt − C) + koffC +
1√
Ω

(
√
k(t)Γ1

−
√
δXΓ2 −

√
konX(pt − C)Γ3 +

√
koffCΓ4), (17)

Ċ = konX(pt − C)− koffC

+
1√
Ω

(
√
konX(pt − C)Γ3 −

√
koffCΓ4), (18)

where Γi are white noise processes.
As binding and unbinding reactions are much faster that

protein production and decay, we have koff � δ. Denote by
kd = koff/kon, the dissociation constant between the binding
and unbinding reaction rates. Then, we can write ε = δ/koff,
where ε � 1. We assume that the binding is weak, which
gives pt � C. Then, with koff = δ/ε, kon = δ/(kdε) and the
change of variable y = X+C we can write the system (17)
- (18) in the singular perturbation form as

ẏ = k(t)− δ(y − C) +
1√
Ω

√
k(t)Γ1 −

1√
Ω

√
δ(y − C)Γ2,

(19)

εĊ =
δ

kd
(y − C)pt − δC +

1√
Ω

√
δ

kd
(y − C)ptΓ3

− 1√
Ω

√
δCΓ4. (20)

It should be noted that the system (19) - (20) does not
satisfy the sufficient conditions for existence of a unique and
well-defined solution given by [9]. The problem of existence
of well-defined solutions for chemical Langevin equations
is an ongoing area of study [14], [15]. In this example, we
choose the parameter values that give sufficiently high con-
centrations of X and C, such that the argument of the square-
root terms are always positive. Note that sufficiently high
molecular concentrations is also a necessary requirement for
the chemical Langevin equation to be a good approximation
of the stochastic dynamics of a biomolecular system [16].

To obtain the reduced system, we set ε = 0 in equation
(20) which yields γ(y) = pt/(pt + kd). Then, the reduced
system is given by

˙̄y = k(t)− δ
(

kd
pt + kd

)
ȳ +

1√
Ω

√
k(t)Γ1

− 1√
Ω

√
δ

(
kd

pt + kd

)
ȳ Γ2. (21)



Applying Theorem 1 to systems (21) and (19) - (20), we
have that

‖E[ȳp]− E[yp]‖ = O(ε), t ∈ [0, t1], ∀p ∈ N>0. (22)

The simulation results performed using the Euler-Maruyama
method [17] for p = 1, 2, 3, 4 are given in Fig. 3.

Fig. 3: Errors in the first, second, third and fourth order moments.
The parameters used are k(t) = 10+0.5sin(0.05t), δ = 0.1, kd =
1000, pt = 2000, Ω = 1, y(0) = 100 and C(0) = 50. Moments
are calculated using 100,000 simulation runs.

VI. CONCLUSION

We considered a class of singularly perturbed stochastic
differential equations with linear drift and nonlinear diffusion
terms and obtained a reduced-order model that approximates
the slow variable dynamics of the original system. In [7],
it was shown that the first and second moments of the
reduced system are within an O(ε)-neighborhood of the
first and second moments of the original system, where
ε is the singular perturbation parameter. In this work, we
extended this result to show that all the moments of the
reduced system are within an O(ε)-neighborhood of the
corresponding moments of the original system. We also
note that, by using the averaging principle in [6], we can
prove convergence in distribution. In future work, we aim at
extending this analysis to obtain a reduced-order model for
the fast variable and we will consider systems with nonlinear
drift terms.

APPENDIX

A-1: Denote the drift and the diffusion terms of the
reduced system in (8) by the vector fx(x̄, γ(x̄, t), t) =
[fx1

(x̄, γ(x̄, t), t), . . . , fxn
(x̄, γ(x̄, t), t)]T and matrix

σx(x̄, γ(x̄, t), t) = [σijx (x̄, γ(x̄, t), t)] for i = 1, . . . , n and
j = 1, . . . , dx, respectively. Then, from [10, p. 86] we have
that the moment dynamics for each k ∈ KP are given by

dE[x̄(k)]

dt
=

n∑
i=1

kiE[fxi(x̄, γ(x̄, t), t)x̄k11 . . . x̄ki−1
i . . . x̄knn ]

+
1

2

n∑
p=1

kp(kp − 1)E[bpp(x̄, γ(x̄, t), t)x̄k11 . . . x̄
kp−2
p . . . x̄knn ]

+

n∑
l=2

l−1∑
j=1

klkjE[bjl(x̄, γ(x̄, t), t)x̄k11 . . . x̄
kj−1

j . . . x̄
kl−1
l . . . x̄knn ],

(23)

where bij(x̄, γ(x̄, t), t) =
∑dx
k=1 σ

ik
x (x̄, γ(x̄, t), t)σjkx (x̄, γ(x̄, t), t).

Using Assumptions 1 − 2 we have that the functions
fxi(x̄, γ(x̄, t), t) and bij(x̄, γ(x̄, t), t) are affine functions of
x̄ and γ(x̄, t). Therefore, we observe that the dynamics of
the P th order moments will depend only on moments of
order less than or equal to P . Furthermore, from Assumption
1, A3(t) and B3(t) are continuous. Thus, for appropriate
continuous functions C1i(t) and C2jl(t) for i ∈ NP , l ∈ C1

and j ∈ NP−1, equation (23) can be written in the form of
(9).

A-2: To find the moment dynamics E[x(k)], we use Claim
1 with x = x̄ and z = γ(x̄, t). Then, the moment dynamics
for E[x(k)] for all k ∈ KP takes the form

dE[x(k)]

dt
=
∑
i∈NP

C1i(t)E[x(i)] +
∑
l∈C(1)

∑
j∈NP−1

C2j(t)E[z(l)x(j)].

To find the the dynamics of the moment E[z(g)], denote
the drift and the diffusion terms of equation (2) by the vector
(1/ε)fz(x, z, t) = (1/ε)[fz1(x, z, t, ε), . . . , fzm(x, z, t, ε)]T

and matrix (1/ε)σz(x, z, t, ε) = (1/ε)[σijz (x, z, t, ε)] for i =
1, . . . , n and j = 1, . . . , (dx + df ), respectively. Then, from
[10, p. 86] we have that the moment dynamics for z(g) for
each g ∈ GP are given by

dE[z(g)]

dt
=

m∑
i=1

giE
[

1

ε
fzi(x, z, t, ε)z

g1
1 . . . zgi−1

i . . . zgmm

]
+

1

2

m∑
p=1

gp(gp − 1)E
[

1

ε2
dpp(x, z, t, ε)z

g1
1 . . . z

gp−2
p . . . zgmm

]

+

m∑
l=2

l−1∑
p=1

glgpE
[

1

ε2
dpl(x, z, t, ε)z

g1
1 . . . z

gp−1
p . . . z

gl−1
l . . . zgmm

]
,

where dij(x, z, t, ε) =
∑d
k=1 σ

ik
z (x, z, t, ε)σjkz (x, z, t, ε).

From Assumption 2 we have that there exists λij(x, z, t, ε) ∈
R such that dij(x, z, t, ε) = ελij(x, z, t, ε) where
λij(x, z, t, ε) is affine in x and z and limε→0 λij(x, z, t, ε) <
∞. Using Assumptions 1 we also have that the function
fzi(x, z, t, ε) is an affine function of x and z. Therefore,
we observe that the dynamics of the P th order moments
do not depend on moment of order higher than P . Further-
more, from Assumptions 1 - 3, we have that the functions
fzi(x, z, t, ε) and λij(x, z, t, ε) are continuously differen-
tiable in their arguments. Thus, multiplying by ε, we can
write the dynamics of the moments E[z(g)] for each g ∈ GP
in the form of (11) for appropriate continuously differentiable
functions D1i(t) and D2jl(t) for i ∈ CP , l ∈ N 1, j ∈ CP−1.

To derive the moment dynamics of
E[z(kz)x(kx)], consider the dynamics of the vector
[z1, . . . , zm, x1, . . . , xn]T for which the drift and
the diffusion terms can be written as the vector



[fz1(x, z, t, ε)/ε, . . . fzm(x, z, t, ε)/ε, fx1(x, z, t) . . . fxn(x, z, t)]T

and matrix [(1/ε)σijz (x, z, t, ε), [σx(x, z, t) 0]kj ] respectively,
for i = 1, . . . ,m, j = 1, . . . , (dx + df ), k = 1, . . . , n,
in which [σx(x, z, t) 0] denotes a matrix-valued function
Rn × Rm × R → Rn×(dx+df ) and [σx(x, z, t) 0]kj

denotes the elements of the matrix. Then, from [10, p.
86], we can derive the moment dynamics of z(kz)x(kx) for
kz = (c1, . . . , cm) ∈ GPz and kx = (k1, . . . , km) ∈ KPx as

E[z(kz)x(kx)]

dt
=

m∑
i=1

ciE
[

1

ε
fzi(x, z, t, ε)z

c1
1 . . . zci−1

i . . . zcmm xk11 . . . xknn

]
+

n∑
i=1

kiE
[
fxi(x, z, t)z

c1
1 . . . zcmm xk11 . . . xki−1

i . . . xknn

]
+

1

2

m∑
i=1

ci(ci − 1)

[
bzii(x, z, t, ε)

ε2
zc11 . . . zci−2

i . . . zcmm xk11 . . . xknn

]
+

1

2

n∑
i=1

ki(ki − 1)
[
bxii(x, z, t, ε)z

c1
1 . . . zcmm xk11 . . . xki−2

i . . . xknn

]
+

m∑
i=2

i−1∑
j=1

cicjE
[
bzji(x, z, t, ε)

ε2
zc11 . . . z

cj−1

j . . . zci−1
i . . . zcmm xk11

. . . xknn

]
+

n∑
i=1

m∑
j=1

kicjE
[
b
(x,z)
ji (x, z, t, ε)

ε
zc11 . . . z

cj−1

j . . . zcmm xk11 . . .

xki−1
i . . . xknn

]
+

n∑
i=2

i−1∑
j=1

kikjE
[
bxji(x, z, t)z

c1
1 . . . zcmm xk11 . . . xki−1

i . . . x
kj−1

j

. . . xknn

]
. (24)

where bzij(x, z, t, ε) =
∑(dx+df )
k=1 σikz (x, z, t, ε)σjkz (x, z, t, ε),

bxij(x, z, t) =
∑dx
k=1 σ

ik
x (x, z, t)σjkx (x, z, t), and

b
(x,z)
ij (x, z, t, ε) =

∑(dx+df )
k=1 σikz (x, z, t, ε)[σx(x, z, t) 0]jk.

Under Assumption 1 - 2, we have that the func-
tions fzi(x, z, t, ε), fxi

(x, z, t), bzij(x, z, t, ε), bxij(x, z, t) and
b
(x,z)
ij (x, z, t, ε) are linear functions of x and z and are

continuously differentiable in their arguments. Therefore,
we can write the moment dynamics E[z(kz)x(kx)] in the
form of (12), for appropriate functions F2i(t, ε), F1u(t, ε)
, F3qrks(t, ε), for i ∈ CP , u ∈ NP , q = 2, . . . , P , r =
1, . . . , q, k ∈ Cr, s ∈ N q−r.

To prove (13) we consider the dynamics of E[zix
(j)] for

j ∈ NP−1 and i = 1, . . . ,m, which can be derived from
(24), by considering the vector kz = (c1, . . . , cm) ∈ G1

which gives ci = 1 and cl = 0 for l 6= i for each i =
1, . . . ,m. Then, the dynamics for E[zix

(j)] can be written in
the form

ε
dE[zix

(j)]

dt
= E

[
fzi(x, z, t, ε)x

(j)
]

+ ε

n∑
l=1

klE[fxl(x, z, t)zix
k1
1 . . . x

kl−1
l . . . xknn ]

+ ε
1

2

n∑
p=1

kp(kp − 1)E[bxpp(x, z, t)zix
k1
1 . . . x

kp−2
p . . . xknn ]

+

n∑
m=1

kmE
[
b
(x,z)
im (x, z, t, ε)xk11 . . . xkm−1

m . . . xknn

]
+ ε

n∑
l=2

l−1∑
p=1

klkpE[bxpl(x, z, t)zix
k1
1 . . . x

kp−1
p . . . x

kl−1
l . . . xknn ].

(25)

Using Assumption 2, we have that b(x,z)ij (x, z, t, 0) = 0 for
i = 1, . . . ,m and j = 1, . . . , n. Therefore, setting ε = 0 in
the dynamics of the vector E[zx(j)] yields

E[fz(x, z, t, 0)x(j)] = 0. (26)

Using Assumption 2 - 3, we obtain the unique solution to
(26) as E[zx(j)] = −B−1

2 (B1E[xx(j)]+B3(t)E[x(j)]). From
equation (7) we have that E[γ(x, t)x(j)] = E[−B−1

2 (B1x+
B3(t))x(j)] = E[zx(j)]. Therefore, it follows that setting ε =
0 in (25), yields E[zix

(j)] = E[γi(x, t)x
(j)] for i = 1, . . . ,m,

which results in (13).
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