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Post-inflation reheating in an expanding universe
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An analytic means of studying the resonant decay of the inflaton field is developed for the case of
backgrotind expansion H # 0. It is shown that the parametric resonance in the inflaton’s decay need
not disappear when the expansion of the universe is taken into account, although the total number
of particles produced is fewer than that in the H =~ 0 case,
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I. INTRODUCTION

Soon after the first models of inflation were published
in 1981 and 1982 [1, 2], several papers were written to
study how the universe would reheat following the su-
percooled inflationary state [3]. The process appeared to
be straightforward: in models such as new inflation (and
chaotic inflation [4]), which incorporate a second order
phase transition to end inflation, the inflaton field would
wind up oscillating around the mininoum of its potential
near the end of inflation. These oscillations would pro-
duce a sea of relativistic particles, if one added (by hand)
interaction terms between the inflaton and these lighter
species, The decay rates T'¢.,y,y could then be calcu-
lated, where ¢ is the (decaying) inflaton field, x is some
light boson field, and 4 is some light fermion field. From
these decay rates, the energy density {p,) of the produced
particles could be calculated, and related to the final re-
heat teraperature (Tiy): pp ~ w2Neg T5,/30, where Neg
counts the effective number of massless spin degrees of
freedom. This method was thought to estimate Ty, to
within an order of magnitude.

Recently, much attention has been focused on an
overlooked but dramatic feature of the production-via-
oscillation model: the inflaton’s oscillations should be un-
stable, and should exhibit parametric resonance. Certain
modes xx within small bands ¢ < % should grow ezponen-
tially, swamping the production in other modes. This ef-
fect has been studied by Kofman, Linde, and Starobinsky,
in [5] for both the broad and narrow resonance regimes,
and, following different methods, by Shtanov, Traschen,
and Brandenberger [6] for the narrow resonance regime.
The importance of “induced amplification” in the infla-
ton’s decay has been addressed recently with still differ-
ent methods by Boyanovsky et al. in [7,8]. (See also [9,
10])). Earlier work on some of these questions may be
found in [11,12]. The crucial feature of the new re-
heating scenario is that the equation of motion for the
light boson field will not obey the simple harmonic os-
cillator equation. Instead, for an interaction of the form
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L' = —1g%¢*x?, the mode functions of the boson field
will obey
kz
Xk +3Hx, + (a_2 + 92052) xk =0, (1)

where overdots denote derivatives with respect to cos-
mic time ¢, a(t) is the scale factor for the (assumed) flat
Friedmann-Robertson-Walker spacetime, and H = é/e
is the Hubble parameter. Since the inflaton field [¢()] is
rapidly oscillating, for frequencies wy > H the 3Hx:
term may be neglected and a(t) treated as constant.
Then this equation for the boson field mode functions will
look like the well-known Mathieu equation (see, e.g., [13,
14])

X+ wh (1 + hcoswyt) xx = 0. {2)

As demonstrated in [5, 6, 11] and treated below, for
wy = 2w + ¢ with ¢ € wg, solutions grow like
xe(t) o« exp(kp+t), instead of like xi(t) oc cos(wrt).
This means that the number of ¥ bosons produced goes
like Nz®* o exp(24+t), so that the decay rate for ¢ — 2x
is much larger than originally calculated: I'S* » T'y.
(Note that this parametric resonance is only effective for
inflaton decay into bosons; the exponential increase in
fermion modes is forbidden because of Fermi-Dirac statis-
tics.) This large decay rate increases py, ultimately giv-
ing Toe® 3 Tone

In th1$ paper, we develop an ana.lytlc means of study-
ing the inflaton’s decay into other particles for the case
of H # 0. We find that the total number of particles pro-
duced from the parametric resonance effect when H # 0
is fewer than that in the H o~ 0 case, but can still be
exponentially greater than that when the resonance is
neglected altogether. Rather than expansion of the uni-
verse, then, the true threat to resomant inflaton decays
appears to be back reaction of the produced particles on
the amplitude of the decaying inflaton field. While we do
not study this back-reaction effect in detail here, some
approximate schemes for including some of its effects are
discussed in the Appendix.

We concentrate on the case of the inflaton field
¢ decaying into further inflaton bosons, via the self-
interaction potential V(). We restrict attention to the
small-amplitude, narrow-resonance regime, as the infla-
ton field oscillates near the minimum of its potential,
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similar to that studied in [6]. In Sec. II, the number
of particles produced per mode k, Ni, is calculated for
nonzero expansion, assuming that the decay is not reso-
nant. Section IIT presents the calculation of N;*® when
the expansion of the universe is neglected. In Sec. IV we
calculate N, taking into account the expansion of the
universe, and demonstrate that the parametric resonance
need not vanish. These values of N}, correspond to parti-
cle production during the narrow-resonance regime of the
“preheating” epoch discussed in {5, 15]. Final reheating
temperatures can then be calculated, as discussed in [5],
using the methods developed in [3], where these meth-
ods should now be applied to the produced particles of
the preheating epoch; this will not be included here. For
more on the question of thermalization and the final re-
heat temperature, see [8]. Concluding remarks follow in
Sec. V.

II. NONRESONANT INFLATON DECAY
IN AN EXPANDING BACKGROUND

We will study a very simple model of inflation: chaotic
inflation with the potential V(¢) = ;A¢?. We will as-
sume that the metric may be written in the form of a
flat Friedmann-Robertson-Walker line element, ds? =
guvdztde” = —di? + a®(t)d¥%. Then, given the La-
grangian density

=V gh st -v@)|. @

‘the equations' of motion take the familiar form

= EC [V(¢) + qﬂ
é+3H¢ — —v%s + ‘Z‘; 0. (4)

Next we decompose the inflaton field into the sum of
a classical background field and a gnantum fluctuation:
O(&,1) = @(t) + 6¢(&,t). (We will neglect the metric
fluctuations which couple to these inflaton fluctuations
for the present analysis; for more on these metric fuctua-
tions, see, e.g., [16,17].) In order to study the production
of ¢ particles when the inflaton field is oscillating near
the minimum of its potential, we will need to calculate
mode solutions for the quantum fluctuations 8¢ before
and after the phase transition, matching the solutions by
means of a Bogolyubov transformation.

We will first concentrate on the modes for the fuctua-
tions near the end of the inflationary period. In terms of
conformal time, dnp = a~tdt, the fluctuations are quan-
tized as follows:

s~ g e 55

+6t(m) al e “] , (5)

dz2 z dz

where carets denote quantum operators, and the creation
and annihilation operators obey the canonical commuta-
tion relations

[, a7 = [at, &} =0,
[ak,aq]ué'a(k hi

From Eq. (4), and denoting d/dn by a prime, the equa-
tion of motion for the mode functions d¢y(n) becomes

with 4]0 >=0. (6)

1]
5! + 2%5¢; + (K + 3Ap%a?) Gy = 0. )
Next we introduce a “conformal field,” 4 = adp, whose
mode functions obey the equation of motion

1"
ot + [k — % + 32p?a? | oy = 0. (8)

Near the end of inflation, the scale factor a(¢) will not
in general retain its de Sitter (exponential) form. In-
stead, we may write a(t) o< t?, with 1/2 < p < o0,
where p = 1/2 corresponds to the radiation-dominated
epoch, and p — oo recovers the de Sitter epoch. This
scale factor corresponds to a conformal-time scale factor
of a(n) o nP/(1~P). Because we are ignoring the para-
metric resonance from the classical o-field’s oscillations
in this section, we may simply assume that near the min-
imum of its potential, ¢? < k2. If we lastly define a new
field % = #~ /24, and define a new variable z = kn, then
Eq. (8) becomes

+1d—xﬁ+(1—;—z[%])xyzﬂ- (9)

dek

. This is now in the form of Bessel’s equation. Mode func-

tions for the original field d¢ may then be written in
terms of Hankel functions:

Sn () = (/) [AkH‘”(kn) + BB ()|

Ip-1
2(p-1)
We assume that during inflation, the inflaton field is in
its vacuum state (see Sec. 5.2 of [19] for further discus-
sion of this point). The coefficients Ax and Bj. thus may
be fixed by choosing an appropriate quantum vacuum
state, The Bunch-Davies, or “adiabatic,” vacuum re-
quires that the fluctuations v (n) behave as Minkowski-
spacetime mode functions far inside the horizon, that is,
P — (2k)~Y/2 exp(—ikn) for kn > 1 {17, 18, 20]. From
the asymptotic properties of the Hankel functions, this
gives

A %0 : Bk = VT xp [—z‘f (v + 1)] . (11)

(10)

v=

2 2 2

For the problem of (nonresonant} reheating, we will be
interested in the opposite asymptotic limit: &y < 1, cor-
responding to long-wavelength modes. In this limit, the
fluctuations ¥y (n) take the form
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i)+ 2 exp [ (v~ 1Ym0y omy .
(12)

In order to calculate the number (/¥y} of ¢ particles
produced per mode &, we match this solution to long-
wavelength mode solutions following the phase transition
into the radiation-dominated era.

To do this, we make use of a Bogolyubov transforma-
tion (see, e.g., [18]}). For long-wavelength modes, we may
approximate the phase transition as instantaneous, oc-
curring at some time 7, {21]:

1 < :a(n) = (aon)? 7,

1> a(n) =Cn—7a), (13)
where 77 = . —(aZ7,) L. It is convenient to set a(n,} = 1,
which sets 7, = a_’!, and thus 4 = 0 and C = a,. (Note
that in the limit p —» co, the reference scale a, becomes
—H,, where H, is the Hubble constant of the de Sitter
spacetime.) Next we perform a Bogolyubov transforma-
tion to match the long-wavelength mode solutions in the
radiation-dominated era:

Pr(n > m) = -—-}\/2 [are™*7 4 BeetikT] (14)

The Bogolyubov coefficients oy and S; may be deter-
mined by requiring that both ’t}')k and ¥}, be continuous

at n = .. Then, using Ny = |ﬁk] , this gives

v—3/2 2 —2v—1
el (@)
{15)
Equation (15) is the main result of this section, and it

can now be compared with the cases in which the effects
of the inflaton’s parametric resonance are included.

Ne=|6f =

III. PARTICLE CREATION FROM
PARAMETRIC RESONANCE,
WITH H ~ 0

We return to Eq. (8) for the fluctuations ¢4 (n). Rather
than neglect the 3X¢?(n)a®(n) term in this section, how-
ever, we study the effects of this term as the inflaton
field ¢ oscillates near the minimum of its potential. If
the frequency of these oscillations is large enough, then
we may expand the fields ¢(7) and ¢%(n) in conformal-
time harmonics, analogous to the cosmic-time harmonic
decorposition adopted in [6]. Keeping the lowest term,
we may write

@*(n) = 2 cos(yn), (16)

where ¢? is a slowly decreasing amplitude. This
quasiperiodic approximation for ¢*(n) may be compared
with the numerical results (for Minkowski spacetime) cal-
culated in [7]. For this section, we will assume that ¢2 =~
constant. (As emphasized in [5, 8], the chief contributor
to the decrease of (2 over time is the back reaction from
the created particles, and will be further discussed in the
Appendix.) Substituting this ansatz into Eq. (8) yields
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o
W+ wi |1+ ga®cos(yn) — W Pr =0, (17)
where
392
wi=k?, g="-. (18)
Y

Note that by working in terms of conformal time and the
“conformal field” 4, the frequency wy equals the (con-
stant) comoving wave number k, and does not redshift
with increasing a(n). All of the effects of expansion are
included in the explicit factors of a{n) and a”(n). When
expansion is neglected ( i.e., when we set @ = 1), Eq. (17)
reduces to the Mathieu equation, the solutions of which
are exponentially unstable when ¢ < 1 and v = 2wy, + ¢,
with € € wp. To see this, we may proceed as follows.
Our treatment follows the methods outlined in [14], and
substantially reproduces the results from the alternative
approach adopted in [6].
‘We introduce the trial solution

() = c(n) f [a(n)] cos[(wr + F€)7]
+d(n)f [a(n)] sin[(ws + F€)7]- (19)

Here we have introduced the “scaling” function f{a) to
absorb effects from the expansion of the universe. We as-
sume that the coefficients c¢(n) and d(n) are slowly varying
with time, as compared with the frequency /2, although
we make 1o such assumptions about the behavior of f(a).
Then it is self-consistent to put ¢/,d’ = O(¢), and to ne-
glect higher derivatives. In general resonant solutions
can be found for frequencies ny/2 ~ wy, but each inte-
ger n 2 1 corresponds to keeping terms of O(g™} in the
perturbation expansion [14]. Since we are only going to
keep terms to O(g), we may make the approximations

cos(yn/2) cos(yn) = 3 cos(yn/2) + § cos(3yn/2)
2 § cos(yn/2), (20)
sin(vn/2) cos(yn) = —3 sin(yn/2) + § sin(3y7/2)

= — 1 sin(yn/2).

Then the equation of motion (17) applied to the trial
solution of Eq. (19), yields

wiA(n) sin(yn/2) + weB(n} cos(yn/2) + O (%, ¢*) =0,
(21)
with the coefficients A and B given by
A=-2f —cf (2 + ) N (Zd’f’ + df")
aH
—df ( gwra® + €+ —-—~) )
WL @
B=2df + df' (2 + w—) + — (2c’f’ + ef")
3
+ef ( gwpa® — € — —1—9—-) (22)
wWe @

For Eq. (21) to be satisfied, we require that both of
the coefficients (A, B) of the trigonometric terms vanish
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identically. This gives a pair of coupled differential equa-
tions involving the coefficients ¢(7), d(n), and f(a).

For the remainder of this section we will neglect all
expansion of the universe, and set f{a) = @ = 1. Then,
if we set ¢(n) = Cexp(sn) and d(n) = Dexp(sn), Egs.
(21) and (22} yield

sC + 3(3gwy + €)D =0,
sD+ (3gwr —€)C=0. (23)

These equations may be solved with

2 q:,_l._ =F —%gwk €
C "wm TV igwete
+54/ (F0wk)? — €. (24)

Thus there exists a growing solution and a decaying so-
lution:

() =

8

&ﬂ::’ﬂ [yx cos(vyn/2) F sin(yn/ 2)]

Vk
(25)

This normalization was chosen, following [11], so that
Vi " — i PR =1

From Eqs. (24) and (25), it is clear that the solu-
tions y;, will be exponentially unstable whenever s is real.
Thus, the parametric resonance will occur only within a
small frequency band:

lef < 39wk (26)
It will be convenient to introduce the variable £ as
2€
b= — 27
=, (27)

so that resonance occurs when —~1 < £ < 1. In terms of
£, s and yr may be rewritten
14 ¢

s=35 10 | yo=4f . (28)

4 1-4

Note that v — 1 as £ - 0, near the center of the res-
onance band. We further introduce the function Si(n)
as

S+ (n) = yr cos{yn/2) F sin(yn/2), (29)
so that near the center of the resonance band, as £ — 0,

|8 (m)]* = 1 F sin(yn), (30)
or, averaging over a few oscillations near £ ~ 0,

(S = 1. (31)

Near the center of the resonance band, then, the solutions
PiE(n) become

exp [+s7]

Ry U NOPE s = )

where the irrelevant phase from the S, term has been
dropped.

‘We can now make use of a Bogolyubov transformation
to solve for the number of particles per mode, N{*%, pro-
duced by the decaying inflaton field during its resonant
oscillations. Im Sec. II, we made the approximation of
an instantaneous phase transition at some time 7,, which
can only be appropriate for long-wavelength modes. In
the present case, however, the resonant modes cannot
have arbitrarily long wavelengths: from Egs. (18) and
(26), we require k > 2|¢|/g. Instead, use may be made
of the more elaborate time-dependent Bogolyubov trans-
formation developed in Appendix B of [6], the results of
which are

Ne = |8)* =

1 . .
T sinh*{sn). (33)
As explained in [6], when s is not exactly constant in
time, but changes adiabatically (such that |¢'| < %),
then this equation for Ny may be modified to

N}, ~ sinh? (f " sdn) , (34)

where the integral extends over the resonance band [Eq.
(26)). Following [6], the (divergent} coefficient (1 — £2)~1
has been dropped, because near |£| = 1, the exponent s
no longer changes adiabatically.

Equation (34), with s given by Eq. (24), is the main
result of this section. Clearly, if [ sdn is large enough
within the resonance band, then the number of particles
produced will be exponentially greater than the number
produced from the nonresonant decay studied in Sec. II,
given by Eq. (15). There is an important difference,
however, between our result for N in Eq. (34) and the
corresponding expression in [6]. The analysis in [6] was
carried out in terms of cosmic time ¢ and the fuctua-
tions d¢bs; the equations of motion thus resemble Eqgs.
(1) and (2) above, with wi = &/a, and with the assump-
tion wy, 3> H. As studied in [6], then, the resonant modes
exit the resonance band due both to the redshift of the
physical wave numbers k/a, as well as to the back reac-
tion from produced particles. This is to be contrasted
with the foregoing analysis: In our case, by working in
terms of conformal time and the “conformal field” g,
the only time dependence of the exponent s comes from
the slow time dependence of the decaying amplitude ¢%.
That is, in our case, it is ¢ which is slowly changing with
time, and not wy; and it is this change of g which causes
various modes ¥ to slide outside of the resonance band.
The time dependence of g is further addressed in the Ap-
pendix. Meanwhile, we will assume for the remainder of
this paper that ©?(7), and hence g(n) and s(7), may be
treated as slowly varying with time. With this assump-
tion, we may now study what happens to the resonant
modes when the expansion of the universe is included.

IV. RESONANT INFLATON DECAY IN
AN EXPANDING BACKGROUND

We return to the full equation of motion for the fluctu-
ations 9y, Eq. (17), with wy and g as defined in Eq. (18).
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We introduce the same trial solution, Eq. (19), and keep
terms to O(e, g). This leads to Eq. (21), with the full
coefficients A(n) and B(n) given by Eq. (22). We saw in
Sec. III that a consistent resonant solution may be found
when f(a) and a are both set equal to unity. In this sec-
tion, we keep these terms explicit and general, and show
that consistent resonant solutions may be found when
the expansion of the universe is included.

We split the coefficients A and B into two terms each:
A=A 4 Ay, and B = By + By, with

A= -2 — df(Fgwr +€),
Ay =—cf’ (2 + i\ + 1 (2d'f' + df")
\  wk/  wk

1 a”

~a (3w @ - 1) + 2 5),

W, @

By =2d'f + cf(39wr — €),

oer3)

+ef (%gwk (a®-1) - ia_”) ) (35)

wg @

+ _}_ (2c’f’+cf”)
Wi

In order for Eq. (21) to be satisfied, we again require
that the coeflicients vanish: A = B = 0. Because we
are interested in resonant behavior, we will further look
for solutions when we set each of the terms A, Az, By,
and B; separately equal to zero. Then the coeflicients
A, and B, reduce to the same pair of linear differential
equations as in Eq. (23), which may be solved with the
same Yr and s as given in Eq. (24). The task now is to
use the equations

=(7) (ed) vl () (%))

—d( gwi (a® ~ 1).+ _1__a._”) =0,
o () ()]

+c(;gwk (a —1)-——%) =0, (36)

to find a solution for the expansion factor, fla(n)].
The first step is to notice that several terms in Eq.
(36) may be combined:

{2d’ (;) +d (J;)] - (f_ld)a!% (dzf’)-, (37)

and similarly for the corresponding ¢f term in the second
line of Eq. (36). Then, because the coefficients ¢{n) and
d(n) are determined by Eq. (23), the two equations in
(36) may be combined to give
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s
- [Ef + lLi‘iE‘_lgg

2 (i +1
= [a(P) 7%+ %gfuni [1- a”(n)]] e**"f(n)
= E*(n)e™" f(n). (38)

In the second hne, we have used the definitions of y; in

Eq. (24) and £ in Eq. (27), and have introduced the

coefficient a(p). For a cosmic-time scale factor a(t) o«

tp or, equlva.lently, a conformal-time scale factor a(z) =
o/ (1=P) the coefficient a(p) is defined as

a” _ p(2p — 1) -2

@ (-1 "
Note that afp) > 0 for p > 1/2, and that for de Sitter
expansion, a(oc) = 2.

From Eq. (38), we may write the second-order differ-
ential equation for f:

" +2sf — E*(n)f = 0. {40)
If we now use the fact that s = O(g, €), and that g « 1,
then we may approximate! E2?(n) ~ a(p) 2%, and

"~ a(p)nTf ~0. \ - (41)

This equation may- be solved with the amsatz f(n) =
Bntt2, with

wi [1— a"(n)]] e®*" f(n)

= afp) 2. (39}

1+ 4o(p)) (42)

The two possible solutions for y, labeled by subscript 1
and 2, correspond to the choice of + in Eq. (42); the
choice of whether uy or py is appropriate will be deter-
mined below. With this solution for f(n), the resonant
solutions ¥ may be written:

f(n) explEsn] o

e Sx(m), (43)

with S4(n) given by Eq. (29).

We may now choose the appropriate exponent H1,2
for the function f by matchmg the 77 dependence of this
resonant solution for 43 with the nonresonant solutions
found in Sec. IL For fixed 7, the (nonresonant) long-
wavelength solutions behave as [see Eqgs. (10) and (12)]

P A 2 N ' (44)

In the resonant case considered in this section, 1/;,:5 o foc
7¥1:2, From the definition of a(p) in Eq. (39), the two
exponents may be written

1—2p Y
" 1—p —p y He2 = . (45)

1
u1,2=§[1ﬂ=

Prn) =

H1 =

!This approximation for E%(n) is further justified far from
the edge of the resonance band, when |£| < 1. Also, we may
assume, as in Sec. II, that the phase transition occurs near

a(n.) = 1.
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Thus the appropriate exponent for the resonant case is
p2. Note that f(n) has the same n dependence as the
conformal-time scale factor, a(;7). Because we require
that fla(n)] = 1 when a(n} = 1, we may fix the normal-
ization of f as f = e(n) = (e.n)**. In addition, given
that a(p) > 0 for p > 1/2, we will write this exponent as

pa = =l = —5 [VI+ 4l - 1], (46)

and thus f = (a,n)~!#sl.

With the “scaling” function f now determined, the full
resonant solutions in an expanding background may be
written

exp [Fz1n]
¥i(n) = o S3:(n), (47)
with the exponent x..(n) defined by
ea(n) = 20 - 2l 1na,n) ()

The s term is given by Eq. (24). As in the Sec. III,
resonace OCours when 2|¢| < gwy. With the fuctuations
% (n) now in the form of Eq. (47), we may again use the
result of Appendix B of [6], and solve for the number of
¢ particles produced per mode k:

Ny, o sinh? (f z4+(n) dn) .
res, bapd

From the form of uz in Eq. (46}, it is clear that the ex-
pansion of the universe decreases the exponential produc-
tion: [« dn over the resonance band is less than [ sdy,
corresponding to the norexpanding case of Sec. III. Nev-
ertheless, it is possible analytically to find self-consistent
resonant solutions for the fluctuations w,f when the ex-
pansion of the universe is included.

(49)

V. CONCLUSION

We have demonstrated that the resonance effects stud-
jed in [5~7] can indeed have dramatic consequences for
post-inflationary reheating. In particular, it has been
shown that solutions for the number of particles pro-
duced from the resonant decay of the inflaton field may be
found given a general background expansion, a(f} o t7.
Although the total number of particles produced in this
expanding case, Ni, in Eq. (49), is less than the corre-
sponding expression when H =~ 0 [Eq. . 34], there still
remain regions of parameter space for which this reso-
nant production far outweighs the nonresonant produc-
tion described in Sec. II. The potential trouble for the
new resonant reheating scenario is therefore not expan-
sion of the universe, but rather the decaying amplitude
of the classical ¢ field. This question is discussed further
below, in the Appendix.

As pointed out in [5], the case of inflaton decay into
further inflatons (as studied above) may be of interest for
dark matter searches. Following their production, the in-
flatons would decouple from the rest of matter. If the in-
flatons were given a tiny mass (which has been neglected
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here), then these bosons could serve as a natural candi-
date for the missing dark matter., Furthermore, much of
the formalism developed in this paper may be taken over,
unchanged, for studying the case of inflaton decay into
some distinct light species of boson, as studied in [5, 6].
In such decays, it is again expected that the parametric
resonance would survive a nonzero expansion of the uni-
verse. The difference for these decays would reside solely
in the form of @?(7).

The foregoing analysis for the simple model of a
minimally-coupled scalar field ¢ with an Einstein-Hilbert
gravitational action can also be applied directly to many
classes of Generalized Einstein Theory inflationary mod-
els, such as those studied in [22]. For these models, the
conformal-transformation factor (z) — 1 as the inflaton
field reaches the minimum of its potential. During the ¢
field’s oscillatory phase, the nonminimal ¢2R coupling
takes the form of the standard (167G)}~1R gravitational
action of 2 minimally-coupled theory. Near the epoch of
reheating, then, the effective Lagrangian takes the form
of Eq. (3), from which the reheating analysis may pro-
ceed as above. It would be interesting to calculate Np
for the new models of open inflation [23], following the
methods developed above, which might display qualita-
tively different reheating scenarios. This is the subject
of further study.
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APPENDIX

It is important to understand how 2, and hence g and
s, changes with time. A proper treatment would be to
extend the Minkowski-spacetime approach adopted in [7,
8], and to work out the thermal Green’s functions for the
decaying inflaton field for the general background expan-
gion considered here. (See also [24].) As a first approx-
imation, we may posit the reasonable phenomenological
ansatz, which may be compared with Fig. 1 in [7]:

P2 ()~ ple T,

where 7 is some damping time scale, most likely to be
determined from numerical integration. In other words,
we will assume here that the frequency of the cos(-yn) os-
cillations may be treated as nearly constant, while the
amplitude of the oscillations decreases. From Fig. 1
in [7], it is clear that we may assume that 77! < wg.
If we then write g(n) = goexp(—n/7), and keep terms
to first order in g,, (e/wk), and {1~ /wy), we may repeat

(A1)
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the above analysis in Eqs. (17)—(25). We will restrict our
attention to the nonexpanding case, since the expanding
case examined in Sec. IV reveals the same dependence
of Ny, on g(n).

We introduce the trial solution

be(n) = e(m)e™/" cos(yn/2) + d(n)e™"'" sin(yn/2).
(A2)

Again taking ¢/, d' = O(e) leads to the coupled differen-
tial equations

—2¢ +2c77! — de — %dgowke_”/" =0,
1
2d' ~ 2dr7 ! — ce + Ecgowke_”/" =0 (A3)

These equations may be solved approximately by writing
c(n) = Cexp[fn] and d(n) = D exp[fy], with

D_. 1 __ [iseesla-c
- 2 gowr exp[—n/7] + ¢’

1 1
0(n) = i'z'\/(%gowk)ze“m/" — €2 4 -

1
=+s(n) + e (A4)
With these solutions, the growing and decaying mode
functions take the form

GEn) = exp(=s(n) n]

vV vyr(n)

[yx(n) cos(yn/2) F sin(yn/2)].
(A5)

These solutions have the benefit over the corresponding
solutions in Eq. (25) of ending the resonance in a natu-
ral way: unlike the solutions from Sec. III, these mode
functions do not continue to grow exponentially forever.
Now the rescnance band is explicitly time dependent:

< 2 i

(AS)

In addition, the slight time dependence of yx(n) and s(7)
still allows these mode functions to be normalized as:
Ui P —Un Y =14+ 0 (v ).

With this simple ansatz for the decaying inflaton field
amplitude, the exponent s(n) changes in time as

|s'] 1 1

@ == Pm) (A7)
In analogy with the situation in Sec. III, we have defined
the variable £() = (2€)/[g(n)wr]- In order to satisfy the
adiabaticity requirement for 3(n) (away from the edges of
the resonance band), we must require 77! < g,w. Note
that this is more stringent than the original assumption,
771 & wy. If this new constraint may be satisfied, then
the number of ¢ particles produced may be calculated
from
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+1
TE 122
s(n)dn=— df—
»[ea. band ( ) 2 -1 £
=
Te | V1—-4£2 . i
=— |- — arcsin (£)
2 £
i=~1
=TT, (A8)

2

This gives Nj = sinh®( [ sdn) = sinh®(nre/2). Given the
constraints on both v and ¢, we find N, > 1.

As emphasized in [5, 8], the decay of the amplitude of
the inflaton might instead take the form of a power law
in time, rather than the exponential form adopted in Eq.
(AL}, If we write

P = o (1) (49)

o

with b > 0 a real constant, and thus

o(n) = g (ni)_b ) = = (") (AL0)

o - GolWk E
then we may again repeat the steps in Eqs. (17)-(25).
The solutions ¥, and s again take the form

Yu(n) = zi(gm EE %\/(%g(n)wk) — €2,

g(n)wr — ¢

(A11)

and the growing and decaying mode functions again take
the form of Eq. (A5), with y. and s now given by Eq.
(All). Now the exponent s(n) changes in time as

o] bt 1
2 S A= Pm) (A12)

In order to satisfy the adiabaticity condition, we therefore
require b < g,. Then the number of ¢ particles produced
may be calculated from

€ [ Gowr \1/? f+1 e V1I— 82
dn = 22 /
/;es. band S(n) g 2b ( 2¢e ) -1 det ZZ
~ const X % s (A13)

where £, = £(n,). From Eq. (Al0), we see that £, <
£max = 1, s0 that given 0 < b < g, < 1, £ "% > 1. This
yields Ny, ~ sinh?[en, €5 */°/(26)] > 1.

These two different forms for the decay of the inflaton
field because of back reaction from produced particles,
the exponential decay of Eq. (Al), and the power-law
decay of Eq. (A9), both allow a large production of par-
ticles from the inflaton’s decay, so long as the adiabatic-
ity requirement on s(7n) may be met. It is clear, however,
that a more extended treatment of the effects of back re-
action on the decaying amplitude ¢?(n) is required, and
is the subject of further study.
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