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Resonance structure for preheating with massless fields

David I. Kaiser
Lyman Laboratory of Physics, Harvard University, Cambridge, Massachusetts 02138

~Received 31 July 1997; published 18 December 1997!

We extend recent work on the resonance structure for post-inflation reheating, providing an analytic treat-
ment for models in which both the inflaton and the fields into which it decays are massless. Solutions are
derived which are valid for either a spatially-flat or spatially-open metric. Closed-form solutions are given for
the characteristic exponent, which measures the rate of particle production during preheating. It is demon-
strated that in certain ranges of parameter space, the maximum values of the characteristic exponent in an open
universe are several times greater than the maximum values in a spatially-flat universe. It is further demon-
strated that the solutions found here by means of a simple algebraic construction match the two previously-
known exact solutions, which were derived in terms of special functions.@S0556-2821~98!00904-7#

PACS number~s!: 98.80.Cq, 04.62.1v
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I. INTRODUCTION

In this paper we extend recent work by Greene, Kofm
Linde, and Starobinsky on the resonance structure for mo
of postinflation reheating in which both the decaying inflat
and the fields coupled to it are massless@1#. Their work treats
the case of massless fields in a spatially-flat backgro
spacetime. Yet there is increasing evidence to suggest
we live in an open universe, and the recent models of o
inflation present an interesting way to reconcile an open u
verse with an early phase of cosmological inflation@2#. The
formalism of@1# cannot be used directly to study the prehe
ing dynamics following a phase of open inflation. Here w
extend the work of@1# to treat preheating in an open un
verse, and find both qualitative and quantitative change
the spectra of produced quanta between spatially-open
spatially-flat models. In particular, when the initial value
the oscillating inflaton field is of the same order of mag
tude as the associated curvature scale, there will beno reso-
nant amplification of any modes—a result with no correl
in the corresponding spectra for preheating in a spatially-
universe. Furthermore, characteristic exponents can re
larger values in an open universe than in a spatially-flat o
signalling a quicker rate of resonant particle production. B
cause of the conformal invariance of the massless theory
extension provided here also allows study of preheating
Minkowski spacetime with massive fields, with or witho
explicit symmetry-breaking terms in the potential. Wi
these extensions, the elegant and powerful methods in
duced in@1# may be applied to a much wider class of inte
esting models.

The case of massless fields in an expanding space
admits a self-consistent analytic treatment for all three of
time-dependent quantities involved: the oscillating inflato
the resonantly-amplified decay-product field, and the sc
factor for the background spacetime. Whereas previous
thors have found closed-form solutions for such prehea
systems in terms of special functions for two particular rat
of the relevant couplings@3,4#, the authors of@1# produced a
method for finding solutions for a far broader class of co
plings by means of a much more simple, algebraic const
tion. In addition to extending their work to treat preheating
570556-2821/97/57~2!/702~10!/$15.00
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an open universe, we also demonstrate here that the Flo
index, which measures the rate of resonant production
decay-product quanta, can often be written in closed fo
rather than in terms of the ‘‘auxiliary functions’’ found in
@1#, which are defined as definite integrals and evaluated
merically. Finally, we demonstrate explicitly that the sol
tions found by the algebraic construction of@1#, with only
minor modifications, match the exact results found pre
ously in terms of special functions.

As is by now well known, linear second-order differenti
equations with purely periodic coefficients have solutio
which obey Floquet’s theorem: the solutions behave asX(t
12v)5X(t)exp(iFt), where 2v is the period of the coeffi-
cients in the governing equation of motion, andF is the
Floquet index~also known as the characteristic exponen!.
While the form ofF will depend on model parameters, it wi
be independent oft. These solutions can always be rewritte
in the form X(t)5P(t)exp(mkt), where P(t) is a periodic
function with period 2v, andmk is simply related toF ~see,
e.g., @5#!. Obviously, whenmk has nonzero real parts, th
solutions develop exponential instabilities. Such solutio
are said to lie within ‘‘resonance bands’’ or ‘‘instability re
gions,’’ the dependence of which on model parameters
often be written explicitly based on an analysis of the fo
of mk . Floquet’s theorem lies at the heart of the study
preheating with massless fields, since, for early times a
the inflaton has begun oscillating around the minimum of
potential, the equations of motion for any fields coupled to
assume the form of second-order differential equations w
periodic coefficients. It is therefore imperative to devel
efficient and accurate methods for evaluatingmk for a broad
class of interesting models. This is the main goal of t
paper.

In Sec. II, we present the models to be studied and th
dynamics. We also discuss the question of appropr
vacuum states with respect to which the preheating prod
tion of quanta should be measured. Section III presents
extension of the method of@1# for the new cases, and in
cludes explicit solutions of the equations of motion valid f
early times ~before back-reaction becomes significant!. In
Sec. IV we demonstrate how to rewrite themk parameters in
closed form for many cases, which facilitates both their n
702 © 1997 The American Physical Society
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57 703RESONANCE STRUCTURE FOR PREHEATING WITH . . .
merical evaluation and their comparison with known so
tions. Appendix A includes an explicit demonstration of t
equivalence of the solutionsX(t) found in Sec. III with so-
lutions found by other means. In Appendix B it is shown th
the mk parameters calculated in Sec. IV likewise match
exact solutions found previously.

II. DYNAMICS OF THE MODEL

The effective Lagrangian density we will study involve
two fields: an inflatonf and a decay-product fieldx, both of
which are massless and have minimal couplings to the R
curvature scalar. For the field content of the model, we m
then write

L52A2gF1

2
~]mf!21

1

2
~]mx!21

l

4
f41

g2

2
f2x2G .

~1!

The spacetime near the beginning of the preheating ep
will assume the form of a Friedmann-Robertson-Walk
~FRW! metric; for the usual models of inflation, this will b
a spatially-flat metric~with K50), while for the newer mod-
els of open inflation, this will be a spatially-open metr
~with K521):

ds252dt21a2~ t !hi j dxidxj ,

hi j dxidxj5dx2 ~K50!,

5dr21sinh2r ~du21sin2udf2!

~K521!. ~2!

For either case, the equations of motion for the fields beco

f̈13Hḟ1lf31g2x2f50

ẍ13Hẋ2
1

a2~ t !
L2x1g2f2x50, ~3!

where dots denote]/]t, H[ȧ/a, and L2 is the comoving
spatial Laplacian operator. We have assumed that the s
roll field f is spatially homogenous; that is, we will ignor
the spectrum of inflaton fluctuations for now. As demo
strated in@1#, the preheating production of inflaton quan
from a massless inflaton withlf4 coupling is anomalously
inefficient, as compared with the preheating production o
distinct~massless! boson field. The spectrum of inflaton fluc
tuations may also be studied in this formalism by associa
x with df, and assigningg25l in the largeN limit of the
O(N) approximation, org253l in the Hartree approxima
tion. ~See, e.g.,@1,3#.!

We may now promote the fieldx to a Heisenberg opera
tor. Details of this expansion, and of the canonical quant
tion of the resulting operators for both the casesK50 and
K521, may be found in@4#. For theK521 case, we will
only track subcurvature modes here; the possibility of am
fying supercurvature modes during preheating in an o
universe will be treated elsewhere@6#. The quantumx field
may then be expressed as a sum over modes and asso
creation and annihilation operators, with
-
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x̂~ t,r ,V!5E dm̃@xpl m~ t,r ,V!âpl m1H.c.#. ~4!

Heredm̃ is the appropriate measure for the integral, inclu
ing relevant sums overl andm ~the specific form depend
on whetherK50 or K521, see@4#!, âpl m is a canonical
time-independent annihilation operator, and ‘‘H.c.’’ denot
a Hermitian conjugate.

In order to study the nonlinear dynamics, we will ma
use of a Hartree factorization. Because we will be study
the evolution of the fields before any back-reaction becom
significant, the details of the resonance structures for
model of equation~1! will in fact remain independent of the
specific approximation scheme invoked to study the non
earities~though details concerning how long the preheat
phase will last do depend on the choice of such schemes!. In
our case, the Hartree approximation entails replacing
g2x2 term in the equation of motion forf with its vacuum
expectation value,g2^x̂2&. This quantity gives a measure o
the growth of the back-reaction upon the oscillatingf field
due to the resonant shift of energy intox modes. Because o
spatial translation invariance, this quantity can only depe
upon time. We will hence study the coupled system for ea
times, when this back-reaction term may be neglected r
tive to the tree-level terms.

The equations of motion become much more simple if
rewrite them in terms of conformal time,dh5a21dt, and in
terms of the rescaled fields:

f~ t !5
1

Ala~h!
w~h!,

xpl m~ t,r ,V!5
1

a~h!
Xp~h!Ypl m~r ,V!,

S~h!5^X2~h!&. ~5!

The quantity g2S(h) measures the growth of the bac
reaction uponw(h), and the spatial harmonicsYpl m obey

L2Ypl m52~p22K !Ypl m . ~6!

In this paper, we will only be concerned with the continuo
spectrum of modes in both theK50 andK521 cases, with
the eigenvaluep2 in the range 0<p2,`. With these defini-
tions, the equations of motion may be rewritten

F d2

dh2
2

1

a

d2a

dh2
1w21g2SGw~h!50,

F d2

dh2
2

1

a

d2a

dh2
1p22K1

g2

l
w2GXp~h!50. ~7!

It is convenient to define the frequenciesWp(h) andvp(h)
as

Wp
2~h![p22K2

1

a~h!

d2a~h!

dh2
,

vp
2~h![Wp

2~h!1
g2

l
w2~h!. ~8!
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In this way,Wp is the~time-dependent! ‘‘natural frequency’’
for theXp modes in the absence of interactions, andvp is the
~time-dependent! ‘‘natural frequency’’ for these modes whe
subject to theg2x2f2 coupling.

One further simplification may be made for the case
preheating with massless fields. As demonstrated in@4#, the
scale factora(h), averaged over a period of the inflato
field’s oscillations, behaves as if the universe were radiati
dominated~even though all the fields are far from therm
equilibrium!. Thus, to a good approximation, we have t
relation

1

a~h!

d2a~h!

dh2
52K ~9!

for the entire preheating epoch.~We thus ignore for now the
possibility of additional resonance effects arising from t
oscillation of a(t); see@7#.! This means that the Ricci cur
vature scalar vanishes during preheating:

R~h!5
6

a2~h!
F1

a

d2a

dh2
1KG→0. ~10!

Models of preheating in an expanding universe with ma
less fields are thus conformal to models of preheating
Minkowski spacetime, even though the fields are minima
coupled toR rather than conformally-coupled toR.

It remains to consider appropriate initial conditions for t
modesXp(h); this is crucial to any study of preheating, sin
the initial conditions forXp come from canonically quantiz
ing the fieldx on a proper Cauchy surface and choosing
appropriate vacuum state around which the quantized fi
may be expanded. As discussed in@4#, when treating only
the continuum of modes withp2>0, the proper initial con-
ditions for Xp(h) take the same form for bothK50 andK
521. There are two independent concerns for choosing
appropriate vacuum state: the nonequilibrium interacti
amongst the fields~relevant even for discussions of prehe
ing in Minkowski spacetime!, and the usual ambiguity re
garding physical vacua in general-relativistic settings. W
choose to study preheating as measured against the ‘‘a
batic’’ vacuum: both the transition from de Sitter spacetim
and the ‘‘turning on’’ of the interaction between the field
are assumed to occur adiabatically. In the absence of in
actions, the transition from de Sitter spacetime to the m
general FRW spacetime at the beginning of prehea
would yield the following initial condition for theXp modes
at the onset of preheating~taken to be the timeh5h0):
Xp(h0)5@2Wp(h0)#21/2 and (dXp /dh)h5h0

5

2 i @Wp(h0)/2#1/2. These modes would represent the fre
particle ‘‘adiabatic’’ states@8#. If the interactions were also
turned on adiabatically beginning some time beforeh0, then
these initial conditions would be replaced by

Xp~h0!5
1

A2vp~h0!
, S dXp

dh D
uh5h0

52 iAvp~h0!

2
.

~11!

These give the initial conditions for the ‘‘adiabatic’’ partic
states for the nonequilibrium dynamics at the onset of p
f
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heating, ath5h0. With this choice of vacuum state, th
number of produced quanta per mode may similarly be w
ten in the same form for bothK50 andK521 @4#:

Np5
vp~h!

2 F uXpu21
1

vp
2UdXp

dh U2G2
1

2
. ~12!

Only when thex field is properly quantized will this yield
the number of ‘‘adiabatic’’-state quanta produced per mo
relative to the initial Fock space vacuum. It is clear th
when p lies in a resonance band andXp;emkh, then Np
;e2mkh, giving rise to the very efficient transfer of energ
from the oscillatingw field into x quanta.

Finally, there is the issue of renormalization. With o
choice of vacuum~and hence of initial conditions forXp),
the term^X2(h0)& is formally quadratically divergent. This
ultraviolet divergence may be treated in either of two wa
we may undertake a formal renormalization, as done,
example, in@9# ~see also@10#!, or we may use the ‘‘physi-
cal’’ criterion that the energy density contained in th
vacuum fluctuations at the beginning of preheating must
less than that contained in the classical inflaton field,f, as
done in @4#. In practice, this amounts to settingg2S(h0)
!w0

2(h0). Calculationally, the divergence will not be a pro
lem, because preheating generically produces many qu
in low-p resonance bands, and we will only be ‘‘following
the evolution of these exponentially-growing unstab
modes, so that in practice we will not have to evaluate a
integral over 0<p,`. We may now turn to the evolution o
the fields during preheating.

III. EVOLUTION OF THE FIELDS DURING PREHEATING

Using equation~9!, the equation of motion forw in equa-
tion ~7! may be solved for early times, wheng2S(h) may be
neglected. Settingh050, the solution is@3,4,1#

w~h!5w0cn„Aw0
21Kh,w0 /A2~w0

21K !…, ~13!

where cn(u,n) is the Jacobian cosine function, and this s
lution is valid forw0

2>2uKu, appropriate for chaotic inflation
initial conditions. Note that for nonzeroK, the opposite limit,
w0!uKu, will not produce any resonant preheating effects:
this case,w(h) reduces to the nonperiodic formw(h)
.w0cosh(uKuh).

The solution in equation~13! also describes the early-tim
evolution of a massive inflaton for models in Minkows
spacetime: in this case,K,0 corresponds to preheating wit
an explicit symmetry-breaking potential, whileK.0 corre-
sponds to preheating with a massive inflaton but with
symmetry breaking. If we scale the fields by the inflat
mass, then these reduce toK561 @3#. For the remainder of
this paper, however, we will restrict attention to preheat
in an expanding universe with massless fields, and hencK
will equal either 0 or21 depending on the spatial curvatu
of the metric.

At this point, we could follow the procedure of@3,4# and
substitute this solution forw(h) into the equation of motion
for the modesXp(h). After much calculation, explicit forms
for the modes may then be found in terms of special fu
tions for certain values of the ratio of couplingsg2/l. In-



th

on

to

o
it
e
cu

is

m

e

ial

n

ns

-

by

57 705RESONANCE STRUCTURE FOR PREHEATING WITH . . .
stead, we will adopt the methods developed in@1# to produce
exact ~early-time! solutions forXp by means of algebraic
construction. This approach may be applied whenever
couplings satisfyg2/l5n(n11)/2, with n a positive inte-
ger. With this ratio of the couplings, the equation of moti
for Xp in equation~7! takes the form of a Lame´ equation of
ordern.

The authors of@1# study the case ofK50. With the help
of the following definitions, we may expand their method
the case of nonzeroK:

g[Aw0
21K, u[gh, z[cn2~u,n!, ~14!

wheren5w0 /A2(w0
21K)5w0 /A2g2. The Jacobian elliptic

functions obey the relations~see, e.g.,@11#!

sn2~u,n!1cn2~u,n!51, dn2~u,n!1n2sn2~u,n!51,

d

du
cn~u,n!52sn~u,n!dn~u,n!, ~15!

so that

dz

du
522@~12n2!z1~2n221!z22n2z3#1/2. ~16!

Given the boundw0
2>2uKu, the modulusn obeys

1

2
<n2<1. ~17!

Deviations ofn2 from 1/2 indicate effects from the nonzer
spatial curvature; the limitn2→1/2 is the same as the lim
w0

2@uKu, that is, the limit when the initial amplitude of th
oscillating inflaton is much greater than the associated
vature scale.

The Jacobian cosine function cn(u,n) is periodic with
period 4K(n) ~as measured in ‘‘u’’ units of time!, where
K(n) is the complete elliptic integral of the first kind. Th
means thatz(u) @}w2(u)# has period 2K(n)[2v, and
hence that Floquet’s theorem applies to the equation of
tion for Xp in equation~7!. In terms ofz, the equation of
motion for Xp becomes

4 f ~z!Xp912 f 8~z!Xp81S k212n2
g2

l
zDXp50, ~18!

where primes denoted/dz, and we have defined

k2[p2/g2. ~19!

Finally, we have defined the function

f ~z![~12n2!z1~2n221!z22n2z3. ~20!

With these definitions, we may study Eq.~18! for Xp for any
value of the couplingsg2/l5n(n11)/2, following the gen-
eral approach of@1#.

Because the differential equation forXp is second-order,
there will exist two linearly-independent solutions, which w
can labelU1 and U2 ~suppressing the indexp for the mo-
ment!. Consider the productM (z)[U1(z)U2(z). After
e

r-

o-

straightforward algebra, and making use of Eq.~18!, one can
show that this function obeys the third-order different
equation:

2 f ~z!M-~z!13 f 8~z!M 9~z!1F f 9~z!12S k212n2
g2

l
zD G

3M 8~z!12n2
g2

l
M ~z!50. ~21!

When g2/l5n(n11)/2, this equation may be solved i
terms of polynomials inz of order n, which we will label
M (n)(z):

M ~n!~z!5(
i 50

n

ai
~n!z~n2 i !, ~22!

and we will seta0
(n)51 for all n. Becausez(u) is periodic in

u with period 2v52K(n), M (n)(z) will also be periodic in
u. We will give some explicit examples below forn51 and
n52. With these solutions forM (n)(z) in hand, one can then
find solutions forU1(z) and U2(z), using the equation for
Xp and the Wronskian relation betweenU1 andU2.

In general, for a differential equation of the form

d

dxFA~x!
dy

dxG1B~x!y50, ~23!

the Wronskian for the two linearly-independent solutio
will be proportional to 1/A(x). In our case, we have

d

dzFAf ~z!
dXp

dz G1B~z!Xp50, ~24!

and hence

U18U22U1U285
C~n!

Af ~z!
, ~25!

where the constantC(n) will be a function ofk and n and
will depend on the ordern. Using this Wronskian and the
fact thatU1(z)U2(z)5M (z), we may write solutions for the
two mode functions:

U1,2~z!5NAuM ~n!~z!uexpS 6
C~n!

2 E dz

Af ~z!M ~n!~z!
D .

~26!

We have inserted a normalization factorN, which is set to
unity in @1#. Instead, we will set

N5uM ~n!~z51!u21/2, ~27!

sincez51 at u50. With this normalization, when the solu
tions are written as functions ofu, they satisfyU1,2(u50)
51; and, as demonstrated in Appendix A for the casen
51, they match the exact solutions found previously,
very different means.
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With U1,2(u50)51, the normalized mode solutionsU1,2
do not obey the proper initial conditions atu5h50, Eq.
~11!. We must instead take linear combinations of these
lutions @3,4#:

Xp~u!5
1

2A2vp~0!
F S 11 i

vp~0!

gU18~u50!
D U1~u!

1S 12 i
vp~0!

gU18~u50!
D U2~u!G , ~28!

where primes here denoted/du. Unless such linear combi
nations ofU1,2 are taken, the number operatorNp in Eq. ~12!
will not measure particle production with respect to t
physically-relevant initial vacuum state. Numerically, ho
ever, if one makes the approximation of only following th
exponentially-growing unstable modes, thenNp will only
shift by a constant as one shifts the normalization ofU1,2 and
the linear combination forXp .

The solutionsU1,2 will be exponentially unstable when
ever the exponent in equation~26! has a nonzero real par
we will use this to determine the bounds on the resona
bands in terms ofk andn. Furthermore, given the periodicit
of w(u) and the quasiperiodicity ofU1,2(u), the authors of
@1# demonstrate that the characteristic exponent may be w
ten as a definite integral:

mk52
C~n!

2v E
0

1 dz

Af ~z!M ~n!~z!
. ~29!

We will present means for further evaluatingmk given this
expression in Sec. IV; in particular, we will provide a tran
parent demonstration that the definite integral in equa
~29! is always purely real, so that all resonance struct
comes from the behavior ofC(n) . We will demonstrate ex-
plicitly in Appendix B that this form formk does indeed
match the exact solutions found earlier in@3,4# for the two
specific cases already studied. We will show in Appendix
that the solutions in equation~26! obey Floquet’s theorem
and can be written asU1,2(u)5P(6u)exp(7mku), with
P(u12v)5P(u).

By plugging the solutions forU1,2 in equation~26! back
into the equation of motion forXp , one finds@dropping the
subscript (n) for the moment#

C25M 82f 22M 9M f 2M 8M f 82k2M22n2n~n11!M2z.
~30!

It is straightforward to confirm that all of thez dependence in
this expression cancels exactly for any ordern, leaving the
simpler relation:

C~n!
2 52k2~an

~n!!22an21
~n! an

~n!~12n2!. ~31!

Note that equations~18!, ~20!, ~21!, ~25!, and~26! all reduce
to the forms in@1# whenK50 (n251/2).

For g25l ~that is,n51), equation~21! may be solved,
yielding
o-

e

it-

n
e

M ~1!~z!5z2
k2

n2
1

1

n2
22,

n4C~1!
2 52k612k4~122n2!

2k2~125n215n4!

2n2~123n212n4!. ~32!

WhenK50 (n251/2), these becomeM (1)(z)→z22k2 and
C(1)

2 →k2(124k4). Thus, in this limit, there will exist one
single resonance band for positivek2, determined by when
C(1)

2 .0, and given by

0<k2<
1

2
. ~33!

This matches the resonance structure found in both@3,1#. It
is interesting that in the opposite limit, with nonzeroK and
w0

2;O(uKu) (n2→1), C(1)
2 →2k622k42k2, and there will

not existany resonance bands fork2>0. In fact, in an open
universe, there will exist a minimum value ofw0 for any
given ratiog2/l below which no modes withk2>0 will be
resonantly amplified. This issue will be treated further in@6#.

For the next-simplest case,g253l (n52), it will be
easier to write the solutions in terms of the coefficients of
expansion in equation~22! ~recalling thata0

(2)51):

M ~2!~z!5z21a1
~2!z1a2

~2! ,

a1
~2!52

1

3n2
@k224~122n2!#,

a2
~2!5

1

9n4
@k425k2~122n2!14

225n2125n4#,

C~2!
2 52k2~a2

~2!!22a1
~2!a2

~2!~12n2!.
~34!

WhenK50, this reduces to

C~2!
2 →

16

81
k2S k42

9

4D ~32k4!, ~35!

revealing the presence of a single resonance band for p
tive k2:

3

2
<k2<A3, ~36!

matching the resonance structure found in@4,1#. Note that in
the opposite limit,n2→1,

C~2!
2 →2

1

81
k2~k414!2, ~37!

again revealingno resonance bands fork2>0.
We now turn to the treatment of the characteristic exp

nents,mk .
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IV. EVALUATING THE CHARACTERISTIC EXPONENTS

As noted above, the authors of@1# found a form for the
characteristic exponent,mk :

mk52
C~n!

2v E
0

1 dz

Af ~z!M ~n!~z!
. ~38!

In this section, we will rewrite the definite integral in a wa
which demonstrates explicitly that the integral is real for
n andn, so that the resonance bands are determined ent
by where the constantC(n) has nonzero real parts. In add
tion, the integral may be evaluated in closed form in ma
cases. Such closed-form solutions formk may then be evalu-
ated without numerical integration, and will facilitate com
parison with known solutions, as discussed in the appe
ces.

With the substitution

z512sin2u, ~39!

the indefinite integral in equation~26! becomes

2E dz

Af ~z!M ~n!~z!
52E du

@12n2sin2u#1/2M ~n!~sin2u!
.

~40!

Thus, given 1/2<n2<1, both the integral overdz and the
integral overdu will be manifestly real for alln andn.

The form of the integral overdu in equation~40! further
encourages comparison with the incomplete elliptic integ
of the third kind~see, e.g.,@12#!:

P~n;w\a!5Ew

du@12nsin2u#21@12sin2asin2u#21/2.

~41!

Whenever the functionM (n)(sin2u) may be factored inton
real roots, the integral overdz may be written explicitly as a
sum over n distinct P functions. In the cases whe
M (n)(sin2u) cannot be so factored, then the~principal value
of the! integral overdu in equation~40! will still be well
defined over the limits of integration (z:0,1)→(u:p/2,0).

Consider the case whenM (n)(sin2u) can be factored into
n real roots; writingx[sin2u, we have

1

M ~n!~x!
5

1

P i 51
n ~b i2x!

5(
i 51

n
Di

~12b i
21x!

, ~42!

where then constant coefficientsDi may be determined by
the set ofn equations:
l
ly

y

i-

l

(
i 51

n

DiS )
j 51

n

b j D 51,

D1~b2
211b3

211•••1bn
21!1c.p.50,

D1~b2
21b3

211b2
21b4

211•••1bn21
21 bn

21!1c.p.50,

. . .

D1~b2
21b3

213•••3bn
21!1c.p.50,

~43!

where c.p. denotes all cyclic permutations. Note that wh
the constant portion ofM (n)(sin2u) ~that is,an

(n)) is nonzero,
all of the rootsb i will be nonzero, and hence their inverse
b i

21 will always be well defined. In general, both the co
stantsDi andb i will be functions ofn, k2, andn. We will
give explicit examples of the factorization of equation~42!
for n51 andn52 below.

In the cases whenM (n)(sin2u) admits such a factorization
then we may write the indefinite integral in the exponent
U1,2 as

2E dz

Af ~z!M ~n!~z!
52(

i 51

n

DiP~b i
21 ;arcsinA12z\arcsinn!.

~44!

Using the fact that P(n;0\a)50 and P(n;p/2\a)
5P(n\a) ~the complete elliptic integral of the third kind!,
we may further evaluate the characteristic exponent,mk :

mk52
C~n!

2v E
0

1 dz

Af ~z!M ~n!~z!

52
C~n!

v (
i 51

n

DiP~b i
21\arcsinn!. ~45!

For cases in which a givenb j
21.1, one may always rewrite

P(b j
21\arcsinn) in terms of a sum of complete elliptic inte

grals, each of which is purely real~see@12#!. This closed-
form solution formk , valid wheneverM (n)(sin2u) has then
nonzero, real rootsb i , may thus be evaluated in terms o
well-known functions, without any need for numerical int
gration.

Consider the simplest case,n51. In this case,
M (1)(sin2u) may always be factored as needed:

M ~1!~sin2u!52sin2u2
k2

n2
1

1

n2
~12n2!, ~46!

or,

b1
215D15

n2

12n22k2
. ~47!

This yields
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mk52
C~1!

v S n2

12n22k2D PS n2

12n22k2
\arcsinn D .

~48!

Equation~48! reveals that preheating in an open universe
be more efficient than in a spatially-flat one. The maximu
for mk when K50 (n251/2) is mk50.147 atk250.228
~matching the result found in@1#!. Yet mk grows in the range
1/2,n2,0.76, reaching a maximum ofmk50.224 at k2

50 andn250.76. This quantitative difference in the spec
will be treated further in@6#. We will demonstrate below in
Appendix B that the analytic solution formk in equation~48!
matches the exact solution found previously forn51, with
n251/2.

For n52, we have~again usingx[sin2u)

M ~2!~x!5x22x~21a1
~2!!1~11a1

~2!1a2
~2!!, ~49!

or @dropping the superscript (2)#

b1,25
1

2
@21a17A~a1!224a2#

D1,25
1

2

1

~11a11a2!A~a1!224a2

3@626a11A~a1!224a2#. ~50!

Note that when (a1)2,4a2, the definite integral inmk will
still be purely real; it simply will not be expressible as a su
of complete elliptic integrals. In the limitn2→1/2, however,
the condition (a1)2>4a2 is equivalent tok4<3 @see equa-
tion ~34!#. And in this limit, the single resonance band e
tends only tok4<3, so for the entire resonance band, t
roots and coefficients in equation~50! will all be purely real.

As with the n51 case, preheating in an open univer
with n52 can be more efficient than in a flat one. In th
case, the enhancement of the resonance can be far more
matic: whereasmk reaches a maximum value whenK50
(n251/2) of mk50.036 ~at k251.615), mk rises sharply
over the range 1/2,n2<0.90. At n250.72, mk reaches a
maximum of 0.097~at k250.64), while atn250.90, mk
reaches a maximum of 0.193~at k250). This yields a char-
acteristic exponent over five times greater than the maxim
reached in a spatially-flat universe. We will demonstrate a
lytically in Appendix B that for n52 and in the limit
n2→1/2, the closed-form solution obtained from equatio
~45! and ~50! again matches the exact solution.

V. CONCLUSIONS

The methods developed in@1# for the analytic study of the
resonance structure of preheating with massless fields
powerful and highly efficient. We have extended their wo
here to cover both models with nonzero spatial curvat
~relevant to studies of open inflation!, and models in
Minkowski spacetime with or without explicit symmetr
breaking. By considering a physically well-motivated choi
of initial vacuum state, we have also fixed the overall n
malization of the mode functions, which provides a simp
n

ra-

m
a-

s

re

e

-

form for the number ofx quanta produced per mode durin
preheating. With this choice of normalization, the solutio
for the mode functions found here by simple algebraic c
struction match the solutions found previously in terms
special functions~see Appendix A!.

Beyond the relative ease with which solutions for t
mode functions may be found using the methods of@1#, there
is an added benefit of this approach over that taken in, e
@3,4#: the characteristic exponent,mk , which determines the
rate at which particles are resonantly produced during p
heating~with lnNp.2mku), may be evaluated independent
of finding the full solutions for the mode functions,U1,2(z).
We have shown here that in many cases of interest, thesmk
parameters may in fact be solved for exactly in closed fo
in terms of well-known functions. Written in this form, th
characteristic exponents, calculated directly from equat
~45!, match the solutions found previously~see Appendix B!.

Of course, this method, though simple and efficient,
still limited to the cases in which the ratio of the couplin
satisfiesg2/l5n(n11)/2, with n a positive integer. The
authors of@1# show, by means of numerical integration fo
arbitrary positiveg2/l, that mk is not a monotonic function
of the couplings; for slightly different values ofg2/l, the
resonance can be much stronger than it is with some of
integer-valued ratios studied here. Still, it is useful in gene
to have analytic solutions in hand, especially if one wants
compare different models, such asK50 versusK521, or,
for Minkowski spacetime,mf

2 .0 versusmf
2 ,0. Such ana-

lytic comparisons have revealed here, for example, that w
K521 and the initial amplitude of the inflaton’s oscillation
falls below a minimum value,no modes withk2>0 will be
resonantly amplified, even though there is no associa
threshold in theK50 case. Moreover, whenK521, certain
regions of parameter space yield rates of resonant par
production over five times greater than the correspond
rates in aK50 universe. These topics will be treated furth
in @6#.
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APPENDIX A

In this appendix, we demonstrate that the solutio
U1,2@z(u)# in equation~26!, with the normalization of equa
tion ~27!, match the exact solutions found in terms of spec
functions. We will examine the simplest case,n51, which
was studied in@3#. In terms of the parametrization of equa
tion ~14!, and settingn251/2, we may follow the same step
as in @3# to arrive at the solution

Uk~u!5

q1S u

2v
1v D

q1~v !

q4~0!

q4S u

2v D exp@2uZ~2vv !#,

~A1!

and U1,2(u)5Uk(6u). Here q i(x) are the Jacobian thet
functions,v5K(n) is the complete elliptic integral of the
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first kind, andZ(x) is the Jacobian zeta function~see, e.g.,
@11,12#!. The quantityv is related tok2 by @3#

`~2vv1v8!52k2, ~A2!

where`(x) is the doubly-periodic Weierstrass function. W
have also usedv8[ iK 8(n), whereK8(n)5K(n8), the com-
plete elliptic integral for the complementary modulus,n8
[(12n2)1/2 @11,12#. We may rewrite thev dependence in
terms of Jacobian elliptic functions, using

sn2~u,n!5
1

n2sn2~u1v8,n!
52`~u1v8!11, ~A3!

where the last expression holds forn251/2. Making these
substitutions, Eq.~A2! may be rewritten:

122k25sn2~2vv,n!. ~A4!

Inside the resonance band, with 0<k2<1/2, we thus have
0<v<1/2.

In order to demonstrate the equivalence between the
lutions in equations~26! and~A1!, we will first examine the
term outside of the exponent in equation~26!:

AuM ~1!~z!u5Az22k25@sn2~2vv,n!2sn2~u,n!#1/2.
~A5!

Again using equation~A3!, the following relations between
the theta functions@11#

q1S x1
1

2
t D5 iexpF2 ipS x1

1

4
t D Gq4~x!,

q4S x1
1

2
t D5 iexpF2 ipS x1

1

4
t D Gq1~x!

~A6!

~wheret[v8/v), and the relation~for n251/2)

`~u!52
1

2
1

1

4v2F q18~0!

q4~0!

q4S u

2v D
q1S u

2v D G
2

, ~A7!

we may rewrite equation~A5! in terms of theta functions:

AuM ~1!~z!u5
1

A2v

q18~0!

q4~0!

1

q4~v !q4S u

2v D Fq1
2~v !q4

2S u

2v D

2q1
2S u

2v Dq4
2~v !G1/2

. ~A8!

The normalization of equation~27! may be similarly reex-
pressed:

N5
1

A122k2
5

1

sn~2vv,n!
. ~A9!
o-

Finally, using the relation between the squares of the th
functions@13#,

q1
2~y!q4

2~z!2q1
2~z!q4

2~y!5q1~y1z!q1~y2z!q4
2~0!,

~A10!

we find

NAuM ~1!~z!u5
q4~0!

q1~v !q4S u

2v D Fq1S v1
u

2v D

3q1S v2
u

2v D G1/2

. ~A11!

Now we may turn to the exponent in equation~26!.
Using equations~44!, ~47!, ~A3!, and~A4!, with n251/2,

we may write the exponent of equation~26! as

C~1!

2 E dz

Af ~z!M ~1!~z!
52C~1!D1PS 1

2
sn2~2vv1v8!;

arcsinA12z\arcsin~n! D . ~A12!

Because 0, 1
2 sn2(2vv1v8)<n2, we may rewrite the in-

complete elliptic integral as follows@12#:

P~n;w\a!5d1F2
1

2
lnS q4~y1b!

q4~y2b! D1y
q18~b!

q1~b!
G ,

~A13!

with

e5arcsin~n/sin2a!1/2, b5F~e\a!/2v,

y5F~w\a!/2v,

d15@n~12n!21~sin2a2n!21#1/2, ~A14!

whereF(w\a) is the incomplete elliptic integral of the firs
kind. Here we have used the ‘‘p ’’ conventions for the argu-
ments of the theta functions of@11#. After some straightfor-
ward algebra, equation~A12! may then be rewritten:

C~1!

2 E dz

Af ~z!M ~1!~z!
5

1

2
lnS q1S v1

u

2v D
q1S v2

u

2v D D
2

u

2v

q48~v !

q4~v !
, ~A15!

after use has been made of equation~A6! and the fact that
q4(2x)5q4(x). Finally, using@11#

q48~x!

q4~x!
52vZ~2vx!, ~A16!
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and combining equations~A11! and ~A15!, we find that the
solution forU1@z(u)# found in Sec. III, equation~26!, may
be rewritten as

U1~u!5

q1S u

2v
1v D

q1~v !

q4~0!

q4S u

2v D exp@2uZ~2vv !#.

~A17!

Given the periodicity of the theta functions, this is now in t
form U1(u)5P(u)exp@2mku#, with P(u12v)5P(u). The
second independent solution can then be writtenU2(u)
5P(2u)exp@mku#, and represents the growing solution.

This completes our demonstration that the solutions~for
n51) found here by means of very simple algebraic co
struction, following the method of@1#, match the exact solu
tions found earlier by much more difficult means@3#. The
comparison forn52 between the solutions found in Sec. I
and those found earlier in@4# follows very similarly.

APPENDIX B

Whereas in Appendix A we demonstrated that the so
tionsU1,2(z) for the mode functions match the earlier know
solutions, in this appendix we will demonstrate that the c
cial quantities,mk , as calculated directly from equation~45!
also agree with earlier known solutions. The difference
tween these two demonstrations lies in the fact that the
lutions U1,2(z) are defined in terms of anindefinite integral
over z, as in equation~26!; the characteristic exponentsmk ,
however, are defined asdefinite integrals. As noted in the
conclusions, one benefit~among many! of following the
methods of@1# is that themk parameters may be evaluate
independently of the mode functionsU1,2(z), which is not
possible if proceeding as in@3,4#.

Consider the casen51 with n2→1/2. Equation~48! then
becomes

mk52
1

v
Ak2S 112k2

122k2D PS 1

122k2
\arcsin~n!D .

~B1!

Written in this form,b1
21.1, so we may rewrite the elliptic

integral as follows@12#:

P~b1
21\a!5v2P~N\a!52d1vZ~e\a!, ~B2!

with N5b1sin2a, andd1 ande defined as in equation~A14!,
now in terms ofN instead ofn. Then, using equation~A4!,
we have

e5arcsinA122k25arcsin„sn~2vv !…. ~B3!

Noting that whenw5arcsin„sn(x,n)… @12#,

Z„w\arcsin~n!…5Z~xun2!5Z~x!, ~B4!

we find that

mk5Z~2vv ! ~B5!
-

-

-

-
o-

for n51 andn2→1/2. This matches the result found in@3#.
For n52 andn2→1/2, we may compare with the solutio

found in @4#:

mk5
1

2vS q18S a

2v D
q1S a

2v D 1

q18S b

2v D
q1S b

2v D D , ~B6!

where the constantsa andb are defined by the relations

`~a!52
1

6
k22

1

2
A12

1

3
k4,

`~b!52
1

6
k21

1

2
A12

1

3
k4. ~B7!

Writing these in terms of Jacobian elliptic functions, usi
the identities employed in Appendix A, we have

sn2~a2v8!512
1

3
k22A12

1

3
k4,

sn2~b2v8!512
1

3
k21A12

1

3
k4. ~B8!

Examination of equations~34! and~50! in the limit n2→1/2
reveals that

b1
215

1

sn2~a2v8!
5

1

2
sn2~a!,

b2
215

1

sn2~b2v8!
5

1

2
sn2~b!. ~B9!

Then

mk5A 3

4k2S k21
3

2

k22
3

2

D F S 211
1

3
k22A12

1

3
k4D

3PS 1

2
sn2~a!\arcsin~n! D1S 12

1

3
k22A12

1

3
k4D

3PS 1

2
sn2~b!\arcsin~n! D G . ~B10!

Since theseb i
21 each satisfy 0<b i

21<1/2, we may again
use equation~A13! for each of the two complete elliptic
integrals. In each case, the ln„q4(y1b)/q4(y2b)… term
vanishes, leaving, after much algebra,

mk5
1

2vS q18S a

2v D
q1S a

2v D 1

q18S b

2v D
q1S b

2v D D . ~B11!

Thus, the closed-form solution formk found in Sec. IV,
equation~45!, matches the solution found previously in@4#
for n52.
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