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Where do all the supercurvature modes go?
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In the hyperbolic slicing of de Sitter space appropriate for open universe models, a curvature scale is present
and supercurvature fluctuations are possible. In some cases, the expansion of a scalar field in the Bunch-Davies
vacuum includes supercurvature modes, as shown by Sasaki, Tanaka, and Yamamoto. We express the normal-
izable vacuum supercurvature modes for a massless scalar field in terms of the basis modes for the spatially flat
slicing of de Sitter space.@S0556-2821~98!01920-1#

PACS number~s!: 98.80.Cq, 04.62.1v
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I. INTRODUCTION

Scalar fields in de Sitter spacetime have long provide
testing ground for issues of quantum field theory in curv
spacetime@1,2#. Further motivation for their study stem
from the central role they play in inflationary cosmology@3#.
Several different coordinate systems can be used to cove
Sitter space, and subtleties in the quantization of fields
arise in some of the less familiar coordinate systems. Th
subtleties have been highlighted by recent models of o
inflation @4,5#, in which two periods of inflation are separate
by nucleation of a bubble. The bubble interior includes
open universe (V0,1), where we could be living today
described by hyperbolic, spatially curved coordinates@6#.

A key difference between these hyperbolic coordina
and the more familiar spatially flat slicing of de Sitter spa
is the presence of a curvature scale. This in turn leads to
possibility of supercurvature@7# fluctuations, fluctuations
with wavelength longer than the curvature scale. Unlike
continuum of modes familiar from the spatially flat slicing
de Sitter space, a normalizable supercurvature mode
exist for an isolated, discrete eigenvalue of the spatial
placian, or not at all. Although such modes have no analo
in the spatially flat slicing of de Sitter space, it has be
shown@8# ~see also@9#! that the supercurvature modes mu
be included in the vacuum spectra of low-mass scalar fie
in order to produce a complete set of states and, hence
proper Wightman function.

For massless, minimally coupled scalar fields in de Si
space, there is in addition a well-known infrared divergen
in the ~coordinate-independent! Wightman function. The in-
frared divergence is related to a dynamical zero mode in
spectrum of a massless field@10,11#. Kirsten and Garriga
@11# covariantly quantized this zero mode in a spatia
closed slicing of de Sitter space. Extending their result fr
these closed coordinates to the coordinate system approp
to open inflation has not yet been done. Here we identify
zero mode as one of the supercurvature modes when q
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tizing the minimally coupled massless field in open hyp
bolic coordinates.

It has already been noted that supercurvature modes
make significant contributions to the fluctuations in the c
mic microwave background~CMB! radiation, and several o
their effects have been calculated for models of open in
tion @12–15#. ~The massless field zero-mode subtleties,
cept for a variant studied in@15#, do not arise for these spe
cific CMB calculations, which are sensitive to high
multipoles.! In addition to contributing to observable densi
fluctuations, such long-wavelength, supercurvature mo
might play a role@16# at the end of inflation, when recen
advances@17# in the theory of reheating are taken into co
sideration.

In summary, increased understanding of these supercu
ture modes is motivated both by general questions of qu
tizing fields in curved backgrounds and by recent inflation
model building. We will focus here on the example of sup
curvature modes for a massless, minimally coupled sc
field, expressing them as a sum over the basis modes f
spatially flat slicing of de Sitter space. This overlap gives
measure of ‘‘where all the supercurvature modes go’’ in
familiar flat-space spectrum of such fields. The massless
is chosen for tractability, and questions about the zero m
are postponed for future work@18#.

Throughout this paper, we consider only an unperturb
de Sitter metric; a more complete treatment would inclu
study of the back reaction of such fields on the backgrou
metric. Because the supercurvature modes stretch beyon
horizon, any such study of the coupled metric fluctuatio
would need to pay special attention to the gauge subtle
which always accompany superhorizon fluctuations@19#, and
such issues are not pursued here.

In Sec. II, the two covers of de Sitter space~including the
flat and hyperbolic slicings! are given, and the field quanti
zation pertinent to open inflation in both systems is
viewed. As these supercurvature modes have no analogu
the usual flat slicing of de Sitter space, this section gath
some previous work on supercurvature modes and prov
notation and context for the rest of the paper. Section
specializes to the massless case. The explicit calculatio
the overlap for some of these supercurvature modes and
© 1998 The American Physical Society15-1
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J. D. COHN AND D. I. KAISER PHYSICAL REVIEW D58 083515
more familiar flat space modes is given, and indicates a g
eral form for the overlap between all the massless super
vature and spatially flat modes. We verify this general fo
by integrating over the spatially flat modes, weighted by
overlap, to obtain the original supercurvature modes. C
cluding remarks follow in Sec. IV. Three appendixes inclu
the supercurvature mode normalization at fixed time in
flat coordinates and details of the overlap calculation alo
different hypersurfaces within de Sitter space.

II. de SITTER SPACETIME AND SCALAR FIELD
QUANTIZATION

We begin by considering de Sitter spacetime as embed
within a five-dimensional Minkowski spacetime, with th
five coordinates subject to the constraint@1#

2~z0!21(
i 51

4

~zi !251. ~1!

The radius of the embedded spacetime,H21, is scaled to
unity.

A spatially flat slicing~see, e.g.,@1#! which partially cov-
ers the resulting four-dimensional de Sitter spacetime is

z05sinht f1
1

2
et fr f

252
1

2h
~11r f

2!1
1

2
h,

z45cosht f2
1

2
et fr f

252
1

2h
~12r f

2!2
1

2
h, ~2!

zW5et fr fVW 52
r f

h
VW ,

whereVW [(sinu cosw,sinu sinw,cosu), and conformal time
dh5a21dtf , or h52a21(t f)52e2t f . Here r f>0,
2`,h<0. ~See Fig. 1.!

The metric on this portion of the spacetime is

FIG. 1. de Sitter spacetime as covered by the coordinates in
~2!. Solid lines are lines of constantr, and dashed lines are lines o
constanth.
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dsf
25h22@2dh21dr f

21r f
2dV2#, ~3!

wheredV2[du21sin2udw2. The coordinatesxf and metric
dsf

2 are useful in ordinary models of inflation, in which th
spatial curvature quickly becomes completely negligib
These coordinatesxf cover only that half of the total space
time with z01z4>0. Replacingz4→2z4 in the above pro-
duces a second flat coordinate system.

In contrast, for models of open inflation, open hyperbo
coordinates are appropriate inside the open universe.
coordinate patch is part of the full de Sitter spacetime~dis-
cussed in detail by@8,20#! as shown in Fig. 2.

The two most important of these regions for our purpo
here are regionC, a large, compact subspace, and regionR,
an open hyperboloid bordering regionC. These are related to
the embedding coordinates by

z05costc sinhr c5sinht r coshr r ,

z45sintc5cosht r , ~4!

zW5costc coshr cVW 5sinht r sinhr rVW .

These coordinates lie in the ranges

2
p

2
<tc<

p

2
, 2`,r c,` 0<t r , 0<r r , ~5!

and are related by the analytic continuationt r5 i t c2 ip/2
and r r5r c1 ip/2. The corresponding metrics are

dsc
25dtc

21cos2tc@2drc
21cosh2r cdV2#,

dsr
252dtr

21sinh2t r@drr
21sinh2r rdV2#. ~6!

Note thatr c plays the role of ‘‘time’’ within regionC.

q.
FIG. 2. de Sitter spacetime as covered by the coordinates in

~4!. Solid lines are lines of constantr, and dashed lines are lines o
constantt. If a ~thin-walled! bubble nucleated with center at poin
P, then regionR, the forward light cone of pointP, would be con-
tained in the interior of the nucleated bubble. In models of op
inflation, regionR would contain our observable universe at som
time t inside the light cone corresponding tot50.
5-2
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WHERE DO ALL THE SUPERCURVATURE MODES GO? PHYSICAL REVIEW D58 083515
The forward light cone of the pointP in Fig. 2 is the
center of the nucleated bubble in models of open inflation
that regionR contains the spatially open universe we may
in today. RegionC is of interest because surfaces of fix
time, r c5const, correspond to Cauchy surfaces for de Si
space.1 Quantizing on a Cauchy surface inC thus specifies
all of the ‘‘initial data’’ for the system, including the initia
conditions for the spatially open universe inside regionR.

The equation of motion for a scalar field of massM in this
space is

~h2M2!f~x!5$~A2g!21]m@~A2g!gmn]n#2M2%f~x!

50, ~7!

and separation of variables gives a family of solutio
fklm(x). To quantize,f and its canonically conjugate mo
mentumP are promoted to Heisenberg operators, and
panded as

f̂~x!5(
klm

@fklm~x!âklm1f̄klm~x!âklm
† # ~8!

and similarly forP̂. The creation and annihilation operato
satisfy @ âklm ,âk8 l 8m8

†
#5d(k2k8)d l 8 ldm8m with the other

commutators vanishing. Here an overbar denotes com
conjugation,(klm is a placeholder for the appropriate me
sure, and the choice of vacuum state satisfyingâklmu0&50
for all (k,l ,m) provides a division into positive and negativ
frequency modes. The fixed-time canonical commutation

lations @f̂(x),P̂(x8)#5 id3(xW2xW8) then imply that

~fklm ,fk8 l 8m8!5d~k2k8!d l 8 ldm8m , ~fklm ,f̄k8 l 8m8!50,

~f̄klm ,f̄k8 l 8m8!52d~k2k8!d l 8 ldm8m , ~9!

where the Klein-Gordon inner product is defined by

~fklm ,fk8 l 8m8![2E
S
~fklm ]

↔
mf̄k8 l 8m8!A2gSnmdS.

~10!

Here S is a ~spacelike! Cauchy surface andnm is a future-
directed unit vector normal to this surface.@The extra factor
of i which multiplies the right-hand side of Eq.~10! in @1# is
absent here because of our different sign convention for
metric.# This inner product is independent of Cauchy s
face, and more generally is independent of the choice ofS,
as long as the fields fall off sufficiently quickly on the tim
like boundaries.

The physically motivated choice of initial vacuum state
models of inflation is the Bunch-Davies vacuum@22#, which
respects the symmetries of de Sitter space and reduces t

1A Cauchy surface is any hypersurface such that every fut
directed timelike vector intercepts it exactly once.~See, e.g.,@21#.!
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Minkowski space vacuum at early times and over short d
tances. For the flat slicing, the Bunch-Davies positiv
frequency modes are

fklm~xf !5
k

A2
expF i

p

2 S n1
1

2D G~2h!1/2

a~h!

Hn
~1!~2kh! j l~kr f !Ylm~V!, ~11!

wheren[A 9
4 2M2, Hn

(1)(z) is a Hankel function of the first
kind, j l(z) is a spherical Bessel function, andYlm(V) is the
usual spherical harmonic. The measure in Eq.~8! for the
expansion in flat modesfklm is (klm5*0

`dk( l 50
` (m52 l

l .
For the hyperbolic slicing with the metricdsc

2 of Eq. ~6!,
the positive-frequency solutions to the equations of mot
are @4,8,23#

uplm~x!5
xp~ tc!

a~ tc!
f pl~r c!Ylm~V!, ~12!

where

xp~ tc!5ap~n8!Pn8
2 ip

~sintc!1bp~n8!Pn8
ip

~sintc!,

f pl~r c!5
Pip21/2

2 l 21/2~ i sinhr c!

Ai coshr c

, ~13!

and

n8[n2
1

2
5A9

4
2M22

1

2
. ~14!

Here Pn
m(z) is an associated Legendre function of the fi

kind, while the specific forms ofap ,bp will not be needed.
Within region C, the f pl(r c) play the role of positive-
frequency solutions, and thexp(tc) are spatial eigenfunc
tions; when continued into regionR, these roles are reverse

A Friedmann-Robertson-Walker metric with spatial cu
vatureK and cosmic scale factora(t) has a physical curva
ture length scalea(t)/uKu. For a flat universe the comovin
curvature length scale thus runs off to infinity, whereas in
spatially closed or open metric, the comoving curvatu
length scale is11. Eigenvalues of the~region R! spatial
Laplacian in this background are2(k/a)2, where (k/a) is
the inverse of a physical length:k/a51/xphys, with 0<k2

,`. Defining p2[k221, p2.0 for subcurvature mode
and 21,p2<0 for supercurvature modes. The continuu
of subcurvature modes 0<p<` is sufficient to describe a
Gaussian random field in regionR; see@7# for detailed dis-
cussion. In addition, forp2,0, inner products of the form
~10! on fixed-time ~non-Cauchy! surfaces within regionR
diverge, and so all supercurvature modes naively appea
be unnormalizable. Studying quantization and completen
more appropriately on a fixed-timer c Cauchy surface in re-
gion C, it was found in@8# that for M2,2H2 ~restoring the
Hubble radiusH21), supercurvature modes are normalizab
in vacuum for a discrete value ofp. In addition, it was

e-
5-3
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J. D. COHN AND D. I. KAISER PHYSICAL REVIEW D58 083515
shown there that this value ofp must be included to obtain
the correct Wightman function for the Bunch-Davi
vacuum.~See also@9#.!

This discrete normalizable supercurvature mode can
understood as follows@8,23#. Its presence is suggested by
analogy between these supercurvature modes and b
states in a potential. The only dependence onM in the wave
functions is in the ‘‘spatial’’ ~in region C! eigenfunctions
xp(tc). Defining sintc[tanhu, the equation of motion forxp
becomes

F2
d2

du2
1U~u!Gxp5p2xp ,

U~u![
M222

cosh2 u
. ~15!

This is a one-dimensional Schro¨dinger-like equation with the
potentialU(u) and energyp2. As noted in@13,14,23#, the
potential U(u) vanishes asu→6`, revealing that in this
limit there exists a continuous spectrum of modes withp2

>0. But over finite intervals ofu, if the mass of the field
satisfiesM2,2, the potentialU(u) has a valley and the
modesxp behave as discrete bound states withp2,0. As
DeWitt has shown, such discrete states in a field’s spect
are generic for fields quantized on compact subspaces@24#.

The inner product on this space is proportional to

E
2`

`

duxp~ tanhu!x̄p8~ tanhu!, ~16!

and so for normalizability,xp(tanhu) must be bounded a
u→6`. ~A similar argument is found in the Appendix o
@8#.! A supercurvature mode hasp2,0 and p211>0; so
definep5 iL, with 0<L<1 andL real. The asymptotics o
xp near tanhu→61 yields ~cf. @23#!

G~17 ip !Pn8
6 ip

~ tanhu!;e6 ipu, u→`. ~17!

This is finite only forPn8
1 ip since ip52L,0, and thusbp

50 for the supercurvature modes. The limit ofPn8
ip (tanhu)

asu→2` is2 @23#

G~11L!Pn8
2L

~ tanhu!

;
G~11L!G~L!

G~11n81L!G~L2n8!
eLuuu1

G~11L!G~2L!

G~2n8!G~11n8!
e2Luuu,

u→2`. ~18!

As 0,L<1 is non-negative and 0<Ren8<1, the coeffi-
cient of eLuuu vanishes only ifL5n8, producing an isolated

2Note that in the derivation of this result in@23#, their Eq.~2.9! is
incorrect, including only the factorw2m instead of@(12w)/w#m,
though their next equation is correct.
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value ofp which is normalizable.@Note that for subcurvature
modes, withp real and non-negative, the solutionxp(tc)
simply oscillates at both end points and so remains finite#

The Klein-Gordon normalized supercurvature modes
then

uL lm~xc!5NL lm~2 i costc!
n821

P2L21/2
2 l 21/2 ~ i sinhr c!

Ai coshr c

Ylm~V!,

NL lm[FG~n811/2!G~2n81 l 11!G~n81 l 11!

2ApG~n8!
G 1/2

.

~19!

The scalar field in regionC is expanded as@8#

f̂~xc!5E
0

`

dp(
l ,m

@uplm~xc!âplm1H.c.#

1(
l ,m

@uL lm~xc!âL lm1H.c.#

[f̂~p!~xc!1f̂~L!~xc!, ~20!

where ‘‘H.c.’’ denotes the Hermitian conjugate, and( l ,m

[( l 50
` (m52 l

l . Once quantized, these modes may be con
ued into regionR. In the presence of a bubble wall@14#,
rather than in the vacuum, the value ofL may change and a
supercurvature mode may appear even forM2.2, depending
on the details of the model. The normalizability conditio
may be solved for numerically. In the absence of grav
there is also a supercurvature mode for the fluctuations of
bubble wall itself, which appears to become singular on
gravity is included@26#.

III. OVERLAP OF SUPERCURVATURE WITH FLAT
MODES FOR A MASSLESS FIELD

We now reexpress these supercurvature modesuL51 lm in
terms of the spatially flat modesfklm for a massless scala
field. There are two things to consider, however, before p
ceeding to the calculation. First, forM50, the l 50 super-
curvature mode of Eq.~19! is constant. Consequently it
Klein-Gordon inner product is zero and its norm~propor-
tional to the square root of the inverse of this norm! diverges
asG1/2 ( l 50). Including this state naively in the Wightma
function sum over states will thus diverge as well. It
known that the Wightman function for a massless, minima
coupled scalar field in de Sitter spacetime is infrared div
gent @10,11#, and in this particular slicing, the specific sta
uL51,00 appears to be the lone source of the divergence.

The r c-dependent portion of the equations of motion
region C is exactly like a~2,1!-dimensional spacetime with
scale factora(r c)5coshrc . For positive-frequency modes,

F 1

a2~r c!

]

]r c
S a2~r c!

]

]r c
D1~11p2!1

l ~ l 11!

a2~r c!
G

3$ f pl~r c!Ylm~V!%50 ~21!
5-4
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WHERE DO ALL THE SUPERCURVATURE MODES GO? PHYSICAL REVIEW D58 083515
and the ‘‘frequency’’v r c
associated with the time coordina

may then be written

v r c

2 5~11p2!1
l ~ l 11!

a2~r c!
, ~22!

the analogue ofv25M21k2/a2(t). This v r c
vanishes only

for p5 i and l 50, indicating a zero mode corresponding
the symmetryf→f1const. This zero mode should be r
placed by a collective coordinate3 @11,18,27#. Zero modes
have also been identified in the context of two field mod
in @15#. In the following, we address only the finite mod
( l .0) for the massless, minimally coupled case.

The only Cauchy surface for the entire de Sitter spacet
in region F is the limiting curveh→0, corresponding tot r
→`. This is in contrast with regionC where any ‘‘time’’
r c5const surface is a Cauchy surface. However, all of reg
R, containing our open observable universe in models
open inflation, is contained within regionF. Because our aim
is to provide a useful heuristic relation between the unus
supercurvature modes and the more familiar spatially
modes, we will thus work in this section at fixed time with
region F. Verifying these results, Appendix B contains
parallel calculation for all oddl and l 52 along the proper
Cauchy surfacer c50. In Appendix C the overlap forl 51 is
found on the boundary ofF, corresponding to Cauchy su
faceh50.

The Klein-Gordon inner product in regionF is

~u,v !52 ia2~h!E
0

`

dr fr f
2E dV@u~]hv̄ !2~]hu!v̄#S .

~23!

This can be evaluated along any fixed-h surfaceS and, if the
fields fall off sufficiently quickly on the timelike boundaries
will be independent of the specific choice ofh, even though
such fixed-h surfaces are not Cauchy surfaces for the en
spacetime. The modesfklm(xf) andf̄klm(xf) satisfy the in-
ner product relations of Eq.~9! along such fixed-h surfaces
within regionF, and form a complete set of orthonormalize
modes within regionF; thus they may be used to expand a
normalizable function within regionF. The massless supe
curvature modeuL51,l 8m8 is normalizable on fixedh sur-
faces with21<h<0, as shown in Appendix A. Its norm
being independent ofh suggests that its falloff is fast enoug
to make the inner products independent ofh as well. Thus
we expect that we can express the massless supercurv
modeuL51,l 8m8„xr(xf)… in terms of the flat basis functions a

uL51,l 8m8„xr~xf !…5E
0

`

dk(
l ,m

@aklmfklm~xf !

1bklmf̄klm~xf !#, ~24!

3Such divergences do not directly affect CMB anisotropy calcu
tions, which correspond tol .0.
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with aklm andbklm constant complex coefficients,

aklm5~uL51,lm ,fklm!, bklm52~uL51,lm ,f̄klm!,
~25!

even for a fixedh ~non-Cauchy! surface.
For M50, the spatially flat basis modes@Eq. ~11!# reduce

to

fklm~xf !5
i

Apk
~11 ikh!e2 ikh j l~kr f !Ylm~V!

[
i

Apk
Fkl~h,r f !Ylm~V!, ~26!

and the normalized supercurvature modes for the mass
case are

uL51,lm~xr !5
1

2
AG~ l !G~ l 12!

P23/2
2 l 21/2~coshr r !

Asinhr r

Ylm~V!

[
1

2
AG~ l !G~ l 12!Sl~r r !Ylm~V!, ~27!

within regionR. Using the embedding coordinateszm of the
five-dimensional Minkowski space to relate the coordina
xf andxr @see Eqs.~2! and ~4!# yields

coshr r5
g

Ag221
, sinhr r5

1

Ag221
, ~28!

where

g5g~h,r f ![
1

2r f
~11r f

22h2!. ~29!

The coordinateg is convenient because of the identitie
~see@25#, Eqs. 8.2.7 and 8.6.7!:

P2b21/2
2a21/2S z

Az221
D 5A2

p

~z221!1/4e2 ibpQa
b~z!

G~a1b11!
,

Ql
1~z!5Az221

dQl~z!

dz
, ~30!

where Re@z#.0. Takingg5z and noting that 0<r f<` in
the inner product means that we want fixedh surfaces with
21<h<0. Whenz25g2,1, the argument ofP2b21/2

2a21/2 be-
comes complex and hence the right-hand side should be
derstood withz having a small imaginary part. Unlessh
50, fixing h and lettingr f range over its values 0<r f<`
will include some values ofg2,1.

With the identities~30! above,
-

5-5
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Sl~r r !5
P23/2

2 l 21/2~coshr r !

Asinhr r

52A2

p

1

G~ l 12!
~g221!]gQl~g!, ~31!

and the overlap in Eq.~25! is then

aklm52Ckl~2h!22eikhE
0

`

dr fr f
2 j l~kr f !

3@k2hSl„r r~xf !…2~12 ikh!]hSl„r r~xf !…#S ,

Ckl[
1

2FG~ l !G~ l 12!

pk G1/2

. ~32!

Note that the constant coefficientsCkl are purely real. Simi-
larly,

bklm5Ckl~2h!22e2 ikh~21!mdm,2m8

3@k2h2~11 ikh!]h#E
0

`

dr f@r f
2 j l~kr f !Sl~r r !#S .

~33!

As both f(xf) and u(xr) correspond to positive frequenc
for the Bunch-Davies vacuum,bklm50 for all k, l, andm,
giving

]hI l~k! uS5
k2h

~11 ikh!
I l~k!uS ,

I l~k! uS[E
0

`

dr f@r f
2 j l~kr f !Sl~r r !#S ,

~34!

or

aklm522iC klk
3

eikh

~11 ikh!
I l~k!uS . ~35!

Equation~34! may be used to demonstrate explicitly th
]haklm50 identically, allowing a choice of any convenie
value of h to evaluateI l(k). We chooseh521 in this
section; the caseh50 andl 51 is in Appendix C.

Along the surfaceh521, g* 5r f /2, and

I l~k!uS528A2

p

1

G~ l 12!

3E
0

`

dg* g
*
2 ~g

*
2 21! j l~2kg* !

dQl~g* !

dg*
,

~36!

where the subscript asterisk indicates that a particular v
of h has been chosen for this evaluation. For several sm
values of l, repeated integration by parts gives the gene
form ~dropping the asterisk subscript!
08351
e
ll
l

E dgg2~g221! j l~2kg!]gQl~g!

5a1cos~2kg!1a2sin~2kg!

1a3$ci@2k~11g!#2ci@2k~12g!#%

1a4$Si@2k~11g!#2Si@2k~12g!#%

1a5Si@2kg#, ~37!

where ci(z)[2*z
`dt cost/t, Si(z)[*0

zdt sint/t, and gener-
ally ai5ai(g,k). For l 51, the nonzero coefficients are

a15
g

2k3
1

1

8k5
lnS g11

g21D @11k222k2g2#,

a25
~k2g222!

4k4
1

1

8k4
lnS g11

g21D
3@2g1k2g~12g2!#,

a35
1

8k5
@~k221!cos~2k!22k sin~2k!#,

a45
1

8k5
@2k cos~2k!1~k221!sin~2k!#.

~38!

Using @25,28#, asg→`, a1→0, anda2→(6k2)21, and thus

E
0

`

dgg2~g221! j 1~2kg!]gQ1~g!

5
1

6k2
sin~2kg!g→`1

p~12 ik !eik

4k5
@k cos~k!2sin~k!#.

~39!

Based on comparison with the explicit calculation of th
definite integral along different surfaces~see Appendix B!,
we drop the first term, as its limiting value oscillates atg
→`. Then the coefficient of expansionak,l 51,m becomes

ak,l 51,m522ik21/2j 1~k!. ~40!

Repeating the same analysis forl 52,3, for whicha1 anda2
both vanish identically asg→`, yields

ak,l 52,m522iA3k21/2j 2~k!,

ak,l 53,m522iA6k21/2j 3~k!. ~41!

These first three expansion coefficients are plotted in Fig
These coefficients are finite in both thek→0 andk→`

limits,

lim
k→0

k21/2j l~k!;const3kl 21/2→0 ~ for l .0!, ~42!
5-6
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FIG. 3. The first three expansion coefficien
iaklm for l 51,2,3, plotted against wave numberk
of the modes in the spatially flat slicing,xf .
e
n

y
re

e

g
ture
n-
lim
k→`

k21/2j l~k!;const3k23/2sinS k2
p l

2 D→0, ~43!

by the asymptotics of spherical Bessel functions~e.g., @25#,
Eqs. 10.1.4, and 9.2.5!.

Equations~40!,~41! suggest that the general form for th
overlap of the supercurvature modes with the flat basis fu
tions is proportional toj l(k)k21/2. This can be tested b
seeing if these postulatedaklm reconstruct the supercurvatu
mode, i.e.,

uL51,lm~xr !5E
0

`

dkaklmfklm . ~44!

The most convenient choice ofh for this integral is the
surfaceh50, since in this case thek dependence infklm is
proportional to j l(kr f)k

21/2. Writing aklm5D lk
21/2j l(k)

and substituting into Eq.~44!, we have

1

2
AG~ l !G~ l 12!Sl„r r~h50!…5?

i

Ap
DlE

0

`

dk
j l~kr f ! j l~k!

k
.

~45!

For the left-hand side of this equation, using Eq.~29! and
settingh50,

Sl„r r~h50!…5A12r f
2

2r f
P23/2

2 l 21/2S 11r f
2

12r f
2D . ~46!

RegionR corresponds toz4>1, which requiresr f
2<1 ash

→0.
The right-hand side of Eq.~45! can be integrated to giv

~@25#, Eq. 11.4.34!:

E
0

`

dk
j l~kr f ! j l~k!

k
5

Ap

4

r f
l G~ l !

G~ l 13/2!
F~ l ,21/2;l 13/2;r f

2!,

~47!

whereF(a,b;c;z) is the hypergeometric function. By usin
F(a,b;c;z)5F(b,a;c;z), the representation ofPn

m(z) in
terms of hypergeometric functions~@28#, Eq. 8.772.3!, and
Pn

m(z)5P2n21
m (z), the right-hand side of Eq.~45! becomes
08351
c-

Ap

4

r f
l G~ l !

G~ l 13/2!
G~ l 13/2!r f

2 l 21/2A12r f
2P23/2

2 l 21/2S 11r f
2

12r f
2D

5
Ap

4
G~ l !A12r f

2

r f
P23/2

2 l 21/2S 11r f
2

12r f
2D . ~48!

Thus ther f dependence on both sides of Eq.~45! matches
exactly, and the constantDl may be read off:

Dl52 iA2l ~ l 11!. ~49!

This coefficient reproduces the specificaklm calculated ear-
lier for l 51,2,3 along the surfaceh521. Resumming the
equation forr f.1 would correspond to regionL in de Sitter
space.

Thus we conclude that the constant coefficientsaklm
which relate the normalized supercurvature modesuL lm and
the spatially flat basis modesfklm are

aklm52 iA2l ~ l 11!k21/2j l~k!. ~50!

This is the main result of this paper.
Taking the limitr f→1 in Eq. ~47!, and using the identity

~@28#, Eq. 9.122.1!

F~a,b,g;1!5
G~g!G~g2a2b!

G~g2a!G~g2b!
, ~51!

it is easy to verify in addition that

E
0

`

dkuaklmu252l ~ l 11!E
0

`

dk
j l~k! j l~k!

k
51. ~52!

IV. CONCLUSION

In conclusion, we have given the explicit form for the
overlap between the flat basis functions~26! and the mass-
less supercurvature modes. As a result, the supercurva
modes within that patch of de Sitter space which would co
tain our open observable universe can be written
5-7
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uL51 lm„xr~xf !…52 iA2l ~ l 11!E
0

`

dkk21/2j l~k!fklm~xf !.

~53!

The long-wavelength supercurvature modes are distribu
over the spatially flat basis modes, oscillating over flat-sp
comoving wave numberk with decreasing amplitude. Mor
quantitatively, the spherical Bessel functionsj l(k) have their
first and largest maximum~@25#, Eq. 10.1.59! near k;( l
1 1

2 )@11O( l 22/3)# with the approximation improving asl
increases, but the damping envelope going ask21/2 lowers
this peak for higherl. It may be possible to use the descri
tion @15# of M2Þ0 supercurvature modes as small pertur
tions of the massless supercurvature modes to extend
above to smallM2.

This expression for the supercurvature mode on fixedh
surfaces, extending into regionR, may be useful for under
standing the effects of supercurvature modes during reh
ing. Unlike the event of bubble nucleation, reheating occ
in the future of regionC and hence descriptions using fixe
time r c surfaces are not appropriate. Rather, it is importan
understand the dynamics of these modes within regionR,
corresponding to our observable, open universe. Having
expression for the normalizable supercurvature modes
slicings extending into regionR is a step in separating long
wavelength properties of these modes from issues relate
their non-normalizability at fixed timet r in regionR.

We showed by comparing Cauchy and non-Cauchy s
face calculations that in some cases non-Cauchy surface
culations of norms~in the Appendixes! and overlaps~in the
text! agree for supercurvature modes, up to an identifia
boundary term. These non-Cauchy surfaces~fixed time in the
flat coordinates! extend into the open universe and thus co
be used~with caution! to calculate other properties. Th
complementary calculations along different surfaces were
quired to verify that the non-Cauchy surface representa
was indeed correct.

In addition, we identify one specific supercurvature mo
as responsible for the well-known infrared divergence
massless scalar fields in de Sitter space. Not only does
mode have a divergent norm; it is demonstrated here to
dynamical zero mode. This identification is a necessary
step toward its eventual replacement with an appropriate
lective coordinate, similar to what has been done in clo
coordinates@11#. Something similar has been done in@15# in
the context of two field models and quasiopen inflation; h
it is found more generally as a property of the massless
percurvature modes.
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APPENDIX A: NORMALIZATION OF THE
SUPERCURVATURE MODE AT FIXED TIME 21<h<0

In regionF the supercurvature mode suppressingu,w de-
pendence can be written as@using Eq.~28!#

Sl„r r~g!…5
P23/2

2 l 21/2~coshr r !

Asinhr r

5~g221!1/4P23/2
2 l 21/2S g

Ag221
D , ~A1!

which can be used to extend out of regionR, to whereg
<1. We will consider only21<h<0 for convenience.

The inner product for fixed timeh is

~Sl ,Sl !52 ia2~h!E
0

`

dr fr f
2E dV@Sl~]hS̄l !2~]hSl !S̄l #S .

~A2!

The integral overV gives a delta function and is suppresse
For g>1, Sl5S̄l because both the associated Legen

function and its argument are real, and so the integrand
appears. For fixedh, g251 corresponds to

~12r f !
25h2⇒r f516h. ~A3!

With 21<h<0, the integral is

~Sl ,Sl !5 i
1

hE11h

12h
dr fr f@Sl~]gS̄l !2~]gSl !S̄l #S , ~A4!

where we have substituted as well]h f (g)52(h/r f)]gf (g)
anda2(h)5h22. In the region of integration, we also hav
Sl(g)5Sl(2g). Inside the integral, the terms where the d
rivatives act on (g221)1/4 and its complex conjugate canc
out. Definingy5g/Ag221,

Sl~]hS̄l !2~]hSl !S̄l

5ug221u1/2
dy

dg
$P23/2

2 l 21/2~y!@]yP23/2
2 l 21/2~2y!#

2@]yP23/2
2 l 21/2~y!#P23/2

2 l 21/2~2y!%. ~A5!

So we are left with the Wronskian ofP23/2
2 l 21/2(y) and

P23/2
2 l 21/2(2y) timesdy(g)/dg. We can now use~@28#, Eqs.

8.736.2, 8.334.3, 8.335.1, and@25#, Eq. 8.1.8!
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Pn
m~y!

d

dy
Pn

m~2y!2
d

dy
Pn

m~y!Pn
m~2y!52

2

p
sin@~m1n!p#

3e2mp iFPn
m~y!

d

dy
Qn

m~y!2
d

dy
Pn

m~y!Qn
m~y!G

52
2

p
sin@~n1m!p#

3

22mGS m1n12

2 DGS m1n11

2 D
~12y2!GS 2m1n12

2 DGS 2m1n11

2 D

52
1

22lp
sin@2~ l 12!p#

GS 2 l

2 DGS 2 l 21

2 D
~12y2!GS l 11

2 DGS l

2D
52

2

~12y2!p
sin@2~ l 12!p#

G~2 l 21!

G~ l !

5
2

~12y2!

1

G~ l !G~ l 12!
. ~A6!

Including

d

dg
y~g!52

1

~g221!3/2
, ~A7!

using ug221u1/2/(g221)1/25 i , and substituting the above
the inner product becomes

i

hE11h

12h
dr fr f@Sl~]gS̄l !2~]gSl !S̄l #S

52
2

G~ l !G~ l 12!

1

hE11h

12h
dr fr f

52
2

G~ l !G~ l 12!

1

hF ~12h!2

2
2

~11h!2

2 G
5

4

G~ l !G~ l 12!
~A8!

which is independent ofh as promised. This also shows th
the supercurvature modes are properly normalized for fix
time surfaces21<h<0 in regionF. This suggests that a
spatial infinity in the flat coordinates the supercurvatu
modes have sufficiently fast falloff to correspond to th
inner product on a Cauchy surface.~This is not true for
fixed-time surfaces in regionR, for example, as the supercu
vature modes diverge at spatial infinity.!
08351
d-

e
r

APPENDIX B: OVERLAP ALONG r c50, FOR l ODD
AND l 52

In regionC the inner product@Eq. ~10!# is

~u,v !52 i cosh2r cE
2p/2

p/2

dtc costcE dVS ]u

]r c
v̄2u

] v̄
]r c

D
~B1!

and will be taken on the Cauchy surfacer c50. From their
definitions, Eqs.~2! and~4!, the spatially flat coordinates an
the regionC coordinates are related via

r f5
costc coshr c

sintc1costc sinhr c
,

h52
1

sintc1costc sinhr c
, ~B2!

with tc.0. For tc,0 we need the analytic continuation o
the basis function

fklm„xf~r c ,tc!…5
i

Apk
@11 ikh~r c ,tc!#

3e2 ikh~r c ,tc! j l„kr f~r c ,tc!…Ylm~V!. ~B3!

As this basis function has no branch cuts as a function
r f(r c ,tc),h(r c ,tc), the continuation totc,0 is straightfor-
ward and the same for both positive- and negative-freque
mode functions.

Usingfklm(x) to denote both the function in regionF and
its analytic continuation into regiontc,0, the inner product
aklm betweenuL51 lm andf is

~uL51 lm ,fkl8m8!52 i E
2p/2

p/2

dtc costcE dV$ulm~r c ,V!

3@] r c
f̄kl8m8~h,r f ,V!#

2@] r c
ulm~r c ,V!#f̄kl8m8%ur c50 . ~B4!

For ease of calculation, we take

fklm~x!5
i

Apk
Fkl~x!Ylm~V!,

uL51 lm~xc!5
1

2
AG~ l !G~ l 12!Sl~r c!Ylm~V!.

~B5!

The integral overdV is immediate, givingdmm8d l l 8 , and
we suppress these delta functions in the following. Pull
out normalization factors, the inner product becomes

aklm52A~ l ,k!E
2p/2

p/2

dtc costc$Sl~r c!@] r c
F̄kl~h,r f !#

2@] r c
Sl~r c!#F̄kl~h,r f !%ur c50 , ~B6!
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whereA( l ,k)[ 1
2 Al ( l 11)G( l )/Apk.

For M50, Sl(r c) is independent of spacetc and can be
pulled out of the integral to give

~uL51 lm ,fklm!52A~ l ,k!$Sl~r c!] r c
2] r c

Sl~r c!%

3E
2p/2

p/2

dtc costcF̄kl~h,r f !ur c50 . ~B7!

Taking the limit r c→0 ~and remembering thatP23/2
2 l 21/2 has

an imaginary argument! one has~@25#, Eq. 8.1.4!

Sl~0!5
P23/2

2 l 21/2~ i sinhr c!

Ai coshr c
U

r c50

5e2 ip/4ep i ~ l /211/4!
22 l 21/2Ap

GS l 11

2 DGS l 13

2 D
[ep i l /2B~ l ! ~B8!

and

] r c
Sl~r c!ur c505] r cF P23/2

2 l 21/2~ i sinhr c!

Ai coshr c
G

r c50

5
lP21/2

2 l 21/2~ i sinhr c!

~ i coshr c!
3/2 U

r c50

5
e23ip/4ep i ~ l /211/4!l22 l 21/2Ap

FGS l 12

2 D G2

[ep i ~ l /221/2!C~ l !. ~B9!

The inner product now becomes

aklm52 i lA~ l ,k!$B~ l !] r c
1 iC~ l !%

3E
2p/2

p/2

dtc costcF̄kl~h,r f !ur c50 , ~B10!

whereA( l ),B( l ),C( l ) are all real.
Again, both uL51 lm and fklm are positive-frequency

mode functions for the Bunch-Davies vacuum, so thatbklm
@defined in Eq.~25!# vanishes:

05~uL51 lm ,f̄kl8m8!

52 i lA~ l ,k!~21!m11dm8,2m$B~ l !] r c
1 iC~ l !%

3E
2p/2

p/2

dtc costcFkl~h,r f !ur c50 . ~B11!

The complex conjugate of this equation implies
08351
B~ l !] r c
E

2p/2

p/2

dtc costcF̄kl~h,r f !ur c50

5 iC~ l !E
2p/2

p/2

dtc costcF̄kl~h,r f !ur c50 . ~B12!

Defining

Īl~k![E
0

p/2

dtc costcF̄kl~h,r f !ur c50 ~B13!

and using thatj l(kr)5(21)l j l(2kr) is real,

F̄kl„xf~2tc!…ur c50

5S 12 i
k

sin~2tc!
De@ ik/sin~2tc!# j l„kcot~2tc!…

5S 11 i
k

sin~ tc!
De2 i @k/sin~ tc!#~21! l j l„k cot~ tc!…

5~21! lFkl„xf~ tc!…ur c50 . ~B14!

Thus we can write

] r c
E

2p/2

p/2

dtc costcF̄kl~h,r f !ur c50

5 i
C~ l !

B~ l !
@ Īl~k!1~21! lIl~k!#. ~B15!

Substituting this into Eq.~B10!, the full inner product is thus

~uL51 lm ,fklm!522i l 11C~ l !A~ l ,k!@ Īl~k!1~21! lIl~k!#

52 i l 11
l22 l 21/2Ap

FGS l 12

2 D G2Al ~ l 11!
G~ l !

Apk

3@ Īl~k!1~21! lIl~k!#

52
i l 11

Ak

22 l 21/2lAl ~ l 11!G~ l !

FGS l 12

2 D G2

3@ Īl~k!1~21! lIl~k!#. ~B16!

The calculation of the inner product thus requires the integ

Il~k!5E
0

p/2

dtc costc~11 ikh!e2 ikh j l~kr f !ur c50 .

~B17!

Changing coordinates and expressingh,tc in terms of r f
~there is only one free coordinate asr c has been fixed to
zero!, using

h52Ar f
211, tantc5

1

r f
, ~B18!
5-10
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gives

Il~k!5E
0

`

dr f

r f

~r f
211!3/2

~12 ikAr f
211!eikAr f

2
11 j l~kr f !.

~B19!

To proceed, note that

r f

~r f
211!3/2

~12 ikAr f
211!eikAr f

2
1152] r fS eikAr f

2
11

Ar f
211

D .

~B20!

For l odd, we need the imaginary part ofIl(k) and so can use
~@25#, Eq. 10.1.45!

i sin kAr f
211

kAr f
211

5 i (
n50

`

~2n11! j n~kr f ! j n~k!Pn~0!.

~B21!

Consequently, forl odd the integral of interest is

Im Il ,odd~k!52 ik (
n50

`

~2n11! j n~k!Pn~0!

3E
0

`

dr f] r f
„j n~kr f !…j l~kr f !. ~B22!

Using MATHEMATICA ,

E
0

`

dr] r j n~kr f ! j l~kr f !

5
l ~ l 11!2n~n11!

~ l 2n21!~ l 2n11!~ l 1n!~21 l 1n!
cosFp l 2n

2 G
~ l odd!

5
l ~ l 11!2n~n11!

~ l 2n21!~ l 2n11!~ l 1n!~21 l 1n!
sin

p l

2
sin

pn

2
,

~B23!

where it appears thatn odd is required as well. Howeve
looking at the sum@Eq. ~B22!#, we see this term is multiplied
by Pn(0) which vanishes forn odd. So the only possibility
for a nonzero term is if the denominator in this express
vanishes, that is, ifl 5n61. Substituting in these values an
the definition of the Legendre polynomials we get

Im Il ,odd~k!52 ik
2 l

2l 11

p

2
Pl 21~0!@ j l 21~k!1 j l 11~k!#

5 i l
p

2
Pl 21~0! j l~k!. ~B24!

Including the prefactors@Eq. ~B17!# and after some alge
bra with G functions one gets that the overlap forl odd is

aklm52 iA2l ~ l 11!k21/2j l~k!, l odd, ~B25!

agreeing with Eq.~50!.
08351
n

For l even the calculation is more involved because
identity required in this case is~@25#, Eq. 10.1.46!

coskAr f
211

kAr f
211

55 2 (
n50

`

~2n11!yn~k! j n~kr f !Pn~0!, r f,1,

2 (
n50

`

~2n11!yn~kr f ! j n~k!Pn~0!, r f.1,

~B26!

so that the range of integration inIl(k) is split from 0<r f
<1 and 1<r f<`. As the resummation overaklmfklm in
Eq. ~45! works equally well forl odd and even, it does no
seem enlightening to pursue the calculation for evenl in all
generality here.

We can check a specific case,l 52, by integrating by parts
and using the definition ofj 2(kr f),

j 2~kr f !5~kr f !
2S 2

1

k2r f

] r f D 2
sinkr f

kr f
, ~B27!

to get

I2~k!5E
0

`

dr f

r f~12 ikAr f
211!

~r f
211!3/2

3eikAr f
2
11~kr f !

2S 2
1

k2r f

] r f D 2
sinkr f

kr f

52 lim
r f→0

k23
r f~12 ikAr f

211!

~r f
211!3/2

eikAr f
2
11] r f

sinkr f

r f

2k23
1

r f
2
] r fF r f

2~12 ikAr f
211!

~r f
211!3/2

eikAr f
2
11Gsinkr f u0

`

1k23E
0

`

dr f

sinkr f

r f

3] r fS 1

r f
] r fF r f

2~12 ikAr f
211!

~r f
211!3/2

eikAr f
2
11G D . ~B28!

The only nonzero boundary term is the second one, ar f
50, which can be read off, as it is only nonzero when t
derivatives act onr f rather than onAr f

211. Substitutingr f

→7(x2x21)/2 and usingMATHEMATICA gives

I2~k!5
6i ~eik21!

k3
1

6eik

k2
2 i

~112eik!

k
. ~B29!

Combining the integral with the prefactors@Eq. ~B17!# and
taking the real part gives
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ak,l 52,m52 i2A3

k

1

k3
@3 sink23k cosk2k2 sink#

522iA3k21/2j 2~k!, ~B30!

again in agreement with Eq.~50!.

APPENDIX C: OVERLAP ALONG h50, FOR l 51

Here we discuss the integral@Eq. ~34!#

I l~k! uS5E
0

`

dr f@r f
2 j l~kr f !Sl~r r !#S , ~C1!

evaluated on the surface in regionF corresponding toh
50. Forh50, g5(11r f

2)/(2r f), and so

I l~k!uS5E
0

`

dr fr f
2 j l~kr f !~g221!]gQl~g! ~C2!
d

08351
becomes, forl 51,

I 1~k!uh5052A2

p

1

G~3!
E

0

`

dr fr f
2Fsinkr f

~kr f !
2

2
coskr f

kr f
G

3F ~12r f
2!2

8r f
2

lnS ~11r f !
2

~12r f !
2D 2

11r f
2

2r f
G . ~C3!

This can be rewritten as

I 1~k!uh5052A 1

2pE0

`

dr fFsinkr f

~kr f !
2

2
coskr f

kr f
G

3S ~12r f
2!2

4
lnU11r f

12r f
U2r f

11r f
2

2 D ~C4!

and integrated usingMATHEMATICA by considering
e.
E
0

1

dr fFsinkr f

~kr f !
2

2
coskr f

kr f
G F ~12r f

2!2

4
lnS 11r f

12r f
D2r f

11r f
2

2 G ~C5!

1E
1

`

dr fFsinkr f

~kr f !
2

2
coskr f

kr f
G F ~12r f

2!2

4
lnS 11r f

211r f
D2r f

11r f
2

2 G ~C6!

to get

I 1~k!52A 1

2pH lim
r f→`

4

3k2sinkr f1
2

k5
$2@ci~`!2ci~2`!#@cos~k!1k sink#

1@Si~`!2Si~2`!#~2k cosk1sink!%1
2ip

k5
~cosk1k sink!J

52A 1

2pS lim
r f→`

4

3k2sinkr f2
2p

k5
~sink2k cosk!D . ~C7!

This gives

ak,l 51,m5 i
k3

Apk
S lim

r f→`

4

3k2sinkr f2
2p

k5
~sink2k cosk!D 522ik21/2j 1~k!, ~C8!

where the oscillating first term has been dropped as it has the wrong asymptotics ask→`. ~If lim r f→`sinkrf was finite rather

than giving zero in this limit, the overlap would diverge ask→`.) With this,aklm again agrees with the results found abov
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