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Where do all the supercurvature modes go?
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In the hyperbolic slicing of de Sitter space appropriate for open universe models, a curvature scale is present
and supercurvature fluctuations are possible. In some cases, the expansion of a scalar field in the Bunch-Davies
vacuum includes supercurvature modes, as shown by Sasaki, Tanaka, and Yamamoto. We express the normal-
izable vacuum supercurvature modes for a massless scalar field in terms of the basis modes for the spatially flat
slicing of de Sitter spac¢S0556-282(198)01920-1

PACS numbds): 98.80.Cq, 04.62:v

I. INTRODUCTION tizing the minimally coupled massless field in open hyper-
bolic coordinates.

Scalar fields in de Sitter spacetime have long provided a It has already been noted that supercurvature modes can
testing ground for issues of quantum field theory in curvedmake significant contributions to the fluctuations in the cos-
spacetime[1,2]. Further motivation for their study stems mic microwave backgrountCMB) radiation, and several of
from the central role they play in inflationary cosmold@y}.  their effects have been calculated for models of open infla-
Several different coordinate systems can be used to cover dion [12—15. (The massless field zero-mode subtleties, ex-
Sitter space, and subtleties in the quantization of fields cavept for a variant studied if1.5], do not arise for these spe-
arise in some of the less familiar coordinate systems. Thesgfic CMB calculations, which are sensitive to higher
subtleties have been highlighted by recent models of opemultipoles) In addition to contributing to observable density
inflation [4,5], in which two periods of inflation are separated fluctuations, such long-wavelength, supercurvature modes
by nucleation of a bubble. The bubble interior includes anmight play a role[16] at the end of inflation, when recent
open universe ,<1), where we could be living today, advance$17] in the theory of reheating are taken into con-
described by hyperbolic, spatially curved coordind&s sideration.

A key difference between these hyperbolic coordinates In summary, increased understanding of these supercurva-
and the more familiar spatially flat slicing of de Sitter spaceture modes is motivated both by general questions of quan-
is the presence of a curvature scale. This in turn leads to thézing fields in curved backgrounds and by recent inflationary
possibility of supercurvaturg?7] fluctuations, fluctuations model building. We will focus here on the example of super-
with wavelength longer than the curvature scale. Unlike thecurvature modes for a massless, minimally coupled scalar
continuum of modes familiar from the spatially flat slicing of field, expressing them as a sum over the basis modes for a
de Sitter space, a normalizable supercurvature mode magpatially flat slicing of de Sitter space. This overlap gives a
exist for an isolated, discrete eigenvalue of the spatial Lameasure of “where all the supercurvature modes go” in the
placian, or not at all. Although such modes have no analogugamiliar flat-space spectrum of such fields. The massless case
in the spatially flat slicing of de Sitter space, it has beeris chosen for tractability, and questions about the zero mode
shown[8] (see alsd9]) that the supercurvature modes mustare postponed for future woifk 8].
be included in the vacuum spectra of low-mass scalar fields Throughout this paper, we consider only an unperturbed
in order to produce a complete set of states and, hence, thiz Sitter metric; a more complete treatment would include
proper Wightman function. study of the back reaction of such fields on the background

For massless, minimally coupled scalar fields in de Sittemmetric. Because the supercurvature modes stretch beyond the
space, there is in addition a well-known infrared divergencehorizon, any such study of the coupled metric fluctuations
in the (coordinate-independentVightman function. The in- would need to pay special attention to the gauge subtleties
frared divergence is related to a dynamical zero mode in thevhich always accompany superhorizon fluctuatigi®, and
spectrum of a massless fie]d0,11]. Kirsten and Garriga such issues are not pursued here.

[11] covariantly quantized this zero mode in a spatially In Sec. Il, the two covers of de Sitter spaaacluding the
closed slicing of de Sitter space. Extending their result fronflat and hyperbolic slicingsare given, and the field quanti-
these closed coordinates to the coordinate system appropriatation pertinent to open inflation in both systems is re-
to open inflation has not yet been done. Here we identify theiewed. As these supercurvature modes have no analogue in
zero mode as one of the supercurvature modes when quathe usual flat slicing of de Sitter space, this section gathers
some previous work on supercurvature modes and provides
notation and context for the rest of the paper. Section llI
*Email address: jdc@uiuc.edu specializes to the massless case. The explicit calculation of
"Email address: dkaiser@fas.harvard.edu the overlap for some of these supercurvature modes and the
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FIG. 2. de Sitter spacetime as covered by the coordinates in Eq.
FIG. 1. de Sitter spacetime as covered by the coordinates in Eqa4). Solid lines are lines of constantand dashed lines are lines of
(2). Solid lines are lines of constantand dashed lines are lines of constantt. If a (thin-walled bubble nucleated with center at point
constanty. P, then regionR, the forward light cone of poin, would be con-
tained in the interior of the nucleated bubble. In models of open
more familiar flat space modes is given, and indicates a geninflation, regionR would contain our observable universe at some
eral form for the overlap between all the massless supercutime t inside the light cone corresponding tte 0.
vature and spatially flat modes. We verify this general form
by integrating over the spatially flat modes, weighted by the ds?= 5~ —dn?+drZ+r2d0?], (3)
overlap, to obtain the original supercurvature modes. Con-
cluding remarks follow in Sec. IV. Three appendixes includewhere d)?=d#?+ sirféd¢?. The coordinates; and metric
the supercurvature mode normalization at fixed time in thQ‘_j§ are useful in ordinary models of inflation, in which the
flat coordinates and details of the overlap calculation alongpatial curvature quickly becomes completely negligible.

different hypersurfaces within de Sitter space. These coordinates; cover only that half of the total space-
time with z°+ z*=0. Replacingz*— — z* in the above pro-
Il. de SITTER SPACETIME AND SCALAR FIELD duces a second flat coordinate system.
QUANTIZATION In contrast, for models of open inflation, open hyperbolic

. . . . coordinates are appropriate inside the open universe. This
't\r?'/e be?_m bé/_ con3|_der|r|19N<|j_ekS|tteL_spacet|rt1_1e as eThbetgde ordinate patch is part of the full de Sitter spacetilis-
within a five-dimensional Minkowski spacetime, wi € ussed in detalil by8,20]) as shown in Fig. 2.

five coordinates subject to the constrefi} The two most important of these regions for our purposes
4 here are regioI€, a large, compact subspace, and redg®n
—(2%2%+ 2 (7)2=1. (1) an open hyperboloid bordering regi@ These are related to
i=1 the embedding coordinates by

The radius of the embedded spacetiri,?, is scaled to z°= cost, sinhr .= sinht, coshr, ,
unity.
A spatially flat slicing(see, e.g.[1]) which partially cov- z*=sint.=cosht,, (4)

ers the resulting four-dimensional de Sitter spacetime is
z=cost. coshr Q) =sinht, sinhr Q.

1 1 1
Z2°=sinht;+ Ee‘fr% ——(1+r)+ >

27 These coordinates lie in the ranges

4 1 2 1 2 1 _Z<t <f —o<r. <o 0=t o<r (5)
Z*=cosht;— s €'fri=—s—(1-r5)— 57, 2) 5 Stk c <t., Osr,,
2 27 2
. and are related by the analytic continuatigrsit.—im/2
z=elr Q=— _f(z, andr,=r +im/2. The corresponding metrics are
n

ds?=dt?+ cogt[ —dr2+ coslr.dQ?],
where)=(sin #cose,sindsin¢,cosd), and conformal time

dp=aldt;, or p=-—-a (t)=—e Y. Here r;=0, ds?= —dt*+ sint?t,[dr?+ sintPr,dQ?]. (6)
—oo< 7=<0. (See Fig. 1.
The metric on this portion of the spacetime is Note thatr . plays the role of “time” within regionC.
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The forward light cone of the poinP in Fig. 2 is the  Minkowski space vacuum at early times and over short dis-
center of the nucleated bubble in models of open inflation, stances. For the flat slicing, the Bunch-Davies positive-
that regionR contains the spatially open universe we may befrequency modes are
in today. RegionC is of interest because surfaces of fixed

time, r,=const, correspond to Cauchy surfaces for de Sitter k o 1\ ](—n)¥?

space: Quantizing on a Cauchy surface @thus specifies Prim(X¢) = EGXF{I ke “aln

all of the “initial data” for the system, including the initial

conditions for the spatially open universe inside region HO(—kn)j 1 (Kro)Yim(Q), (12)
The equation of motion for a scalar field of madsn this

space is

wherev=1/2—M?, H!)(2) is a Hankel function of the first
2 _ 1 v 2 kind, j,(2) is a spherical Bessel function, aiYg,(Q) is the
(L-M )¢(X)_{(\/__g) 0"[(\/—_9)9]# %]~ M7 b0 usualJ Is(pLericaI pharmonic. The measure inqné).z‘or the
=0, (7)  expansion in flat mode&ym is =m=J5dk=[ oSt -
For the hyperbolic slicing with the metr'utsﬁ of Eq. (6),
and separation of variables gives a family of solutionsthe positive-frequency solutions to the equations of motion
dum(X). To quantize,@ and its canonically conjugate mo- are[4,8,23
mentumII are promoted to Heisenberg operators, and ex-

panded as Xo(te)
Upim(X) = —7 Fpi(F o) Yim(€2), (12
a(tc)
$00=2 [bum()aunt damVaaml @ o
~ — NP TiP/ o PP (i
and similarly forII. The creation and annihilation operators Xp(te)=ap(v')P T (sinte) + Bp(v") P (sinte),
satisfy [am»a4 1= 0(k—Kk') 8 8mm With the other e
commutators vanishing. Here an overbar denotes complex f(r)= Pip—1iz (i sinhr) (13
conjugation,X |, is a placeholder for the appfopriate mea- pite fi coshr,
sure, and the choice of vacuum state satisfyapg,|0)=0
for all (k,I,m) provides a division into positive and negative and
frequency modes. The fixed-time canonical commutation re-
lations[ ¢(x),I1(x")]=i83(x—x") then imply that V=p— %: Z—MZ—%- (14)

(Sam . brrirm) = SK=K) 8118y (dram bt me) =0, . . . .
Here P%(z) is an associated Legendre function of the first

kind, while the specific forms o#,, 3, will not be needed.
Within region C, the f,(r;) play the role of positive-
frequency solutions, and thg,(t;) are spatial eigenfunc-
tions; when continued into regidR these roles are reversed.
A Friedmann-Robertson-Walker metric with spatial cur-
(Drim> Prrtrmr )= _f (¢klm<ﬁ’ﬂgk,l,m,)\/__%nudg_ vatureK and cosmic scale facta(t) ha_ls a physical curva-
3 ture length scal@(t)/|K|. For a flat universe the comoving
(10 curvature length scale thus runs off to infinity, whereas in a
spatially closed or open metric, the comoving curvature
HereX is a(spacelik¢ Cauchy surface and” is a future-  |ength scale is+1. Eigenvalues of thdregion R) spatial
directed unit vector normal to this surfa¢@he extra factor Laplacian in this background are (k/a)2, where k/a) is
of i which multiplies the nght-h_and S|de_ of E(LO) in .[1] S the inverse of a physical length/a= 1/, with 0= K2
absent here because of our different sign convention for the o Defining p2=k?—1, p2>0 for subcurvature modes
metric] This inner product is independent of Cauchy sur-5pq —1<p2<0 for supercurvature modes. The continuum
face, and more generally is independent of the choicE,of 4 supcurvature modes<Op< is sufficient to describe a
as long as the fields fall off sufficiently quickly on the time- Gayssian random field in regid® see[7] for detailed dis-
like boundaries. _ , o ~ cussion. In addition, fop?<0, inner products of the form
The physically motivated choice of initial vacuum state in (1) on fixed-time (non-Cauchy surfaces within regiorR
models of inflation is the Bunch-Davies vaculi2], which  gjyerge, and so all supercurvature modes naively appear to
respects the symmetries of de Sitter space and reduces to t§g ynnormalizable. Studying quantization and completeness
more appropriately on a fixed-tinre Cauchy surface in re-
gion C, it was found in[8] that for M2<2H? (restoring the
A Cauchy surface is any hypersurface such that every futureHubble radiusH ~1), supercurvature modes are normalizable
directed timelike vector intercepts it exactly on¢8ee, e.g.[21].) in vacuum for a discrete value gd. In addition, it was

(brim: Pt ) =— 8(k—K') 811 S (9)

where the Klein-Gordon inner product is defined by
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shown there that this value @f must be included to obtain value ofp which is normalizable[Note that for subcurvature

the correct Wightman function for the Bunch-Davies modes, withp real and non-negative, the solutigg(t.)

vacuum.(See alsd9].) simply oscillates at both end points and so remains fihite.
This discrete normalizable supercurvature mode can be The Klein-Gordon normalized supercurvature modes are

understood as followf8,23. Its presence is suggested by anthen

analogy between these supercurvature modes and bound

states in a potential. The only dependencévbim the wave . , P2\ Y2 (i sinhr)

functions is in the “spatial”(in region C) eigenfunctions  Uaim(Xc)=Nym(—i coste)” ~* Jroostr. Yim(€2),

Xp(tc). Defining sint;=tanhu, the equation of motion foy,, I coshrg

becomes 12
N @' +12r(—v' +1+ 1) (v'+1+1)
d? Alm= - .
e _p? 2wl (v')
2 The scalar field in regio is expanded ag3]
U(u)= . (15
cosit u

(’\ﬁ(xc): fo dp;ﬂ [uplm(xc)é—plm"— H-C-]
This is a one-dimensional Sclimger-like equation with the ’

potentialU(u) and energyp?. As noted in[13,14,23, the

potential U(u) vanishes asi— +, revealing that in this +§1 [Uaim(Xc)@anim+H.c]
limit there exists a continuous spectrum of modes with '
=0. But over finite intervals ofy, if the mass of the field E(},(p)(xc)Jr(})(A)(xc), (20)

satisfiesM?< 2, the potentialU(u) has a valley and the
modesy, behave as discrete bound states with<0. As  where “H.c.” denotes the Hermitian conjugate, afq

DeWitt has shown, such discrete states in a field's spectrure3” 3! . Once quantized, these modes may be contin-
are generic for fields quantized on compact subspe#ls  ued into regionR. In the presence of a bubble wal4],
The inner product on this space is proportional to rather than in the vacuum, the value dfmay change and a
. supercurvature mode may appear everMé>2, depending
J duXp(tanhu);p,(tanhu), (16)  on the details of the model. The normalizability conditions
- may be solved for numerically. In the absence of gravity,

there is also a supercurvature mode for the fluctuations of the
and so for normalizability x,(tanhu) must be bounded as bubble wall itself, which appears to become singular once
u— oo, (A similar argument is found in the Appendix of gravity is included 26].
[8].) A supercurvature mode hg®<0 andp?+1=0; so

definep=iA, with O§As1 andA real. The asymptotics of lIl. OVERLAP OF SUPERCURVATURE WITH ELAT
Xp near tanhi—+1 yields (cf. [23]) MODES FOR A MASSLESS FIELD
F(lIip)Pf,ip(tanhu)~ei‘p“, u— oo, (17) We now reexpress these supercurvature modes |, in

_ terms of the spatially flat modeg,,,, for a massless scalar
This is finite only forP:,'p sinceip=—A<0, and thusd, field. There are two things to consider, however, before pro-
=0 for the supercurvature modes. The limit®f,(tanhu) ~ ceeding to the calculation. First, fd =0, thel =0 super-
asu— — i [23] curvature mode of Eq(19) is constant. Consequently its
Klein-Gordon inner product is zero and its norfpropor-
1“(1+A)p;/\(tanhu) tional/ to the square root of the inverse of this npuiverges
asI'Y2 (1=0). Including this state naively in the Wightman

function sum over states will thus diverge as well. It is

T(1+A)T(A) 1+A)T(—A)

- ehlul 4 I'( e Alul known that the Wightman function for a massless, minimally
raa+»'+AI'(A-v") r(—v)r@a+v) coupled scalar field in de Sitter spacetime is infrared diver-
gent[10,11], and in this particular slicing, the specific state
U— — oo, (18 Ux—100 @ppears to be the lone source of the divergence.

_ _ . The r.-dependent portion of the equations of motion in
As 0<A=1 is non-negative andORev’'<1, the coeffi- regionC is exactly like a(2,1)-dimensional spacetime with

cient of e*l!l vanishes only ifA =»', producing an isolated scale factor(r.) = coshr.. For positive-frequency modes,
1 al, d 1402 I(1+1)
“Note that in the derivation of this result [@3], their Eq.(2.9) is a®(r.) ore a (rC)m L a’(ry)
. . . . C Cc
incorrect, including only the factow™# instead off (1—w)/w]*,
though their next equation is correct. X{fo(ro)Yim(Q)}=0 (21
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and the “frequency”wrc associated with the time coordinate with a,,, and By, constant complex coefficients,
may then be written

Am=(Ua=1)m+Pxim)»  Brim=—(Upr=1m ,brim)
I(1+1) (25

22
a(ry) (2

wf =(1+p?)+
even for a fixedn (non-Cauchy surface.

the analogue ofs2=M2+k2/aX(t). This wr, vanishes only For M =0, the spatially flat basis modg&q. (11)] reduce

for p=i andl =0, indicating a zero mode corresponding to
the symmetryp— ¢+ const. This zero mode should be re-

placed by a collective coordindt¢11,18,27. Zero modes Bram(Xp) = (1+ik7)e %7}, (kr)Y,n(Q)

i

have also been identified in the context of two field models
in [15]. In the following, we address only the finite modes
(I>0) for the massless, minimally coupled case. i
The only Cauchy surface for the entire de Sitter spacetime = ﬁFkl( 7.0¢)Yim(£2), (26)

in regionF is the limiting curven— 0, corresponding to,
—oo0. This is in contrast with regiol© where any “time”
r.=const surface is a Cauchy surface. However, all of regio
R, containing our open observable universe in models ofas
open inflation, is contained within regidh Because our aim
is to provide a useful heuristic relation between the unusual 1 P:'3,’21’2(coshrr)
supercurvature modes and the more familiar spatially flat Ua=1im(X) =3 F(l)F(HZ)W im(€2)
modes, we will thus work in this section at fixed time within '
region F. Verifying these results, Appendix B contains a 1
parallel calculation for all odd and|=2 along the proper = SVE(OT+2)S(r)Yim(Q), (27)
Cauchy surface.=0. In Appendix C the overlap fdr=1 is
found on the boundary df, corresponding to Cauchy sur-
face n=0.

The Klein-Gordon inner product in regidais

rrfmd the normalized supercurvature modes for the massless
e are

within regionR. Using the embedding coordinatg’ of the

five-dimensional Minkowski space to relate the coordinates

X¢ andx, [see Egs(2) and(4)] yields

(u,v)=—ia%(7) fo drferJ dQu(a,v)—(a,u)vls .
(23

coshr, = sinhr, = (28

g 1
This can be evaluated along any fixedsurface> and, if the
fields fall off sufficiently quickly on the timelike boundaries,
will be independent of the specific choice gf even though 1
such fixed# surfaces are not Cauchy surfaces for the entire - =__ 2_ 2

g=9(7n,ry) er(1+rf 7). (29

spacetime. The modeapy,(X¢) andgmm(xf) satisfy the in-
ner product relations of Eq9) along such fixeds surfaces ) . _ _ -
within regionF, and form a complete set of orthonormalized ~ The coordinatey is convenient because of the identities
modes within regiorf; thus they may be used to expand any (see[25], Egs. 8.2.7 and 8.6)7

normalizable function within regiof. The massless super-

curvature modeu,_q;.ny is normalizable on fixed; sur- oa 12 2 (22_1)1/4e—iBwQ§(z)

faces with—1=< =<0, as shown in Appendix A. Its norm -p-12l 5=\ = T(atB+1 ,

being independent of suggests that its falloff is fast enough -1 T (atptl)

to make the inner products independent;ofis well. Thus
we expect that we can express the massless supercurvature 1 y dQi(z)
modeu , -1 (X, (X)) in terms of the flat basis functions as Q(D=N2"~ 1

where

(30

uA=1,I’m’(Xr(Xf)):J’ dk> [@ambram(Xr) Whe_re Rgz]>0. Takingg=z and noting_that E&ri<oo i_n
0o Im the inner product means that we want fixgdsurfaces with
_ —1<7=0. Whenz?=g?<1, the argument oP 4"} be-
+ Bam®m(X1) 1, (24) comes complex and hence the right-hand side should be un-
derstood withz having a small imaginary part. Unlesg
=0, fixing » and lettingr; range over its values9r;<o
33uch divergences do not directly affect CMB anisotropy calcula-Will include some values o§*<1.
tions, which correspond ti>>0. With the identities(30) above,
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—1-172
$(fr)=w f dggf(g®—1)j (2kg) 35Q(9)
sinhr,
5 1 =a,cog 2kg) +a,sin(2kg)
=" \/;—r(|+2) (0°-D3Q(9). (Y +ag{ci[2k(1+g)]—ci[2k(1-g)]}
and the overlap in Eq25) is then +a,{Si[2k(1+9)]-Si[2k(1-9)]}
+asSi[2kq], (37

=—Cql(— ‘Ze“”’fxdr r2j,(kr
“kim k(=) o (kry) where cig)=— [;dt cost/t, Si(z)=[dt sint/t, and gener-

i ally a;=a;(g,k). Forl=1, the nonzero coefficients are
X[K*nS (r ()= (L=ik )2, S (x)]s , y ai=ai(g.k)

k% F(I)ET(:Z) v @2 al—% % n(gf—i [1+K2—2k%g?],
Note that the constant coefficierdg are purely real. Simi- (K*g2-2) 1 g+1
larly, a,= T+ @In(g—_l
Brim=Ci(— U)izeiikﬂ(_l)n@m,fm' x[2g+Kk3g(1—g?)],

X[ (1+ik)a,] [ Can ke rols. 1
0 az= —[(k?—1)cog 2k) — 2k sin(2k)],

5
As both ¢(x;) andu(x,) correspond to positive frequency 1 5 )
for the Bunch-Davies vacuungy,,=0 for all k, I, andm, ag= @[% coq 2k) + (k“—1)sin(2k)].
giving 38)

2

7 ' 2y-1
5n|l(k)|z:m|l(k)|z, Using[25,2§, asg—, a;—0, anda,— (6k<) ™+, and thus

_— | “dage- Diszkg7,Qu0)
||(k)\25j0 dre[rsji(kro)S(ro)ls, 0

(39 L gin2kg)y .+ T ol —sin(io]
= —Si 0)gwt ————[kcogk)—si .
2 9 5
or 6k 4k
ikn (39)
_ 3
apm=—2iCyk (1+ikn) h(K)x - (35 Based on comparison with the explicit calculation of this

definite integral along different surfacésee Appendix B
Equation(34) may be used to demonstrate explicitly that we drop the first term, as its limiting value oscillatesgat
d,aqm=0 identically, allowing a choice of any convenient —. Then the coefficient of expansian -, becomes
value of n to evaluatel (k). We choosen=—1 in this 1
section; the casgy=0 andl=1 is in Appendix C. @y =1m= — 2ik” G 1(K). (40

Along the surfacep=-1, g, =r/2, and ] ] )
Repeating the same analysis fer2,3, for whicha; anda,

" 8\/5 1 both vanish identically ag— <, yields
[ 5= —
wr{+2) t1—2m=— 203K (K,
® . dQi(9.)
X JO dg*gi(gi—l)n(Zkg*)T:, @y —3m=—2i Bk YZ5(k). (41)

(36)  These first three expansion coefficients are plotted in Fig. 3.

. . i These coefficients are finite in both the-0 andk—
where the subscript asterisk indicates that a particular valugmits,

of n has been chosen for this evaluation. For several small
values ofl, repeated integration by parts gives the general limk=Y3j,(k)~constxk' "0 (for 1>0), (42
form (dropping the asterisk subscript k—0
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i overlap(k,ell) ell = 1,2,3
- e

\\/\[\ m\
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FIG. 3. The first three expansion coefficients
i apm for1=1,2,3, plotted against wave number
of the modes in the spatially flat slicing; .

A

\/

al
lim k™ 3j,(k) ~const< k™ 3’%m(k— —)—>0 (43

K— o0

by the asymptotics of spherical Bessel functidasy.,[25],
Egs. 10.1.4, and 9.2.5

Equations(40),(41) suggest that the general form for the

20

\/; rfr(l)

- —1-1/2
7 1ﬂ(|_1_3/2)1“(l+3/2)rf N

1+rf
=—va “@ﬁ(

1-1/2
3/2

1+r?
1-r2

(48)

overlap of the supercurvature modes with the flat basis func-

tions is proportional toj;(k)k~*2. This can be tested by

Thus ther ; dependence on both sides of E45) matches

seeing if these postulated,,, reconstruct the supercurvature exactly, and the consta@® may be read off:

mode, i.e.,

Upr=1m(Xr)= fo dkayimPrim- (44)

The most convenient choice of for this integral is the
surfacen=0, since in this case tHedependence iy, is
proportional to j,(kri)k~ Y2 Writing am="D k™ 3,(k)
and substituting into Eq44), we have

%F(')F(|+Z)S|(rr(n=0)) -_plf dkw
(45)

For the left-hand side of this equation, using EZ9) and
setting =0,
2
-1- 1/2( 't
—3/2 .

S(ri(n=0))= \[

RegionR corresponds ta*=1, which requiresfsl asny
—0.

The right-hand side of Eq45) can be integrated to give
([25], Eq. 11.4.3%

(krpji(k) N rr(l)
fdk k 4 T(1+3/2) R,

(46)

—1/2)1 +3/2;r),
(47)

whereF(a,b;c;z) is the hypergeometric function. By using
F(a,b;c;z)=F(b,a;c;z), the representation oP%(z) in
terms of hypergeometric function(§28], Eq. 8.772.3 and
P£(z)=P% ,_,(2), the right-hand side of E445) becomes

Di=—iva2l(l+1). (49
This coefficient reproduces the specifig,,,, calculated ear-
lier for | =1,2,3 along the surface@=—1. Resumming the
equation forr;>1 would correspond to regidnin de Sitter
space.

Thus we conclude that the constant coefficientg,
which relate the normalized supercurvature modgg, and

the spatially flat basis modepy,, are

—iv2l(I1+ 1)k~ Y3, (k).

This is the main result of this paper.
Taking the limitr;—1 in Eq.(47), and using the identity
([28], Eq. 9.122.1

(50

Akim=—

F(y)I'(y—a—p)

B v e Py R
it is easy to verify in addition that
f dk| ay 2= 2|(|+1)f di 1Lk )J'( iy (52)

IV. CONCLUSION

In conclusion, we have given the explicit form for the
overlap between the flat basis functiof®6) and the mass-

less supercurvature modes. As a result, the supercurvature
modes within that patch of de Sitter space which would con-

tain our open observable universe can be written
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The Iong-wa\_/elength supercurvature r_noqles are distributed APPENDIX A: NORMALIZATION OF THE

over th_e spatially flat ba5|s_modes, osqllatmg over flat-space g pERCURVATURE MODE AT FIXED TIME —1< 7=<0
comoving wave numbek with decreasing amplitude. More

guantitatively, the spherical Bessel functigpg) have their In regionF the supercurvature mode suppressthg de-
first and largest maximuni[25], Eq. 10.1.59 neark~(I ~ pendence can be written assing Eq.(28)]

+3)[1+0(1~ %3] with the approximation improving ab
increases, but the damping envelope goingad? lowers P"‘l’z(coshr )
this peak for highet. It may be possible to use the descrip- S(r,(g)= _ 8 A
tion [15] of M2+ 0 supercurvature modes as small perturba- ysinhr,
tions of the massless supercurvature modes to extend the
above to smalM?2.

This expression for the supercurvature mode on fixed-
surfaces, extending into regid® may be useful for under-
standing the effects of supercurvature modes during reheat-, . .
ing. Unlike the event of bubble nucleation, reheating occuré"’hICh can be usgd to extend out of regitn to _vvhereg
in the future of regiorC and hence descriptions using fixed- =L We. will consider only—ls_nso_ for convenience.
timer , surfaces are not appropriate. Rather, it is important to 1€ inner product for fixed time, is
understand the dynamics of these modes within redron
corresponding to our observable, open universe. Having an -, o 5 — —
expression for the normalizable supercurvature modes orl S +S)=—1a%(7) fo drfrfj dQ[S(d,S)—(9,5)S]x -
slicings extending iqto regioR is a step in separating long- (A2)
wavelength properties of these modes from issues related to
the\x/g zmgx;rgaﬁjacbéﬁé::i:geg;::gﬁyIgnrg gr:(())?l?éauchy syrd he integral ovef) gives a delta function and is suppressed.
face calculations that in some cases non-Cauchy surface cal- For g=1, §=S because both the associated Legendre
culations of normgin the Appendixesand overlapgin the function and its argument are real, and so the integrand dis-
text) agree for supercurvature modes, up to an identifiabl@ppears. For fixeds, g=1 corresponds to
boundary term. These non-Cauchy surfadie®d time in the
flat coordinatesextend into the open universe and thus could (1-rp)?=7n’=ri=1%7. (A3)
be used(with caution to calculate other properties. The
complementary calculations along different surfaces were re-
quired to verify that the non-Cauchy surface representatio
was indeed correct.

In addition, we identify one specific supercurvature mode 1l(i-7 — —
as responsible for the well-known infrared divergence for (S ’S):|;f1+ drir[Si(9gS) —(95S)S]s, (A4)
massless scalar fields in de Sitter space. Not only does this K
mode have a divergent norm; it is demonstrated here to be a
dynamical zero mode. This identification is a necessary firstthere we have substituted as wellf(g) = —(7/r) d4f(9)
step toward its eventual replacement with an appropriate coRnda®(%)=7"2. In the region of integration, we also have
lective coordinate, similar to what has been done in close® (g)=S/(—g). Inside the integral, the terms where the de-
coordinateg11]. Something similar has been done[#b] in  rivatives act on ¢§>— 1)* and its complex conjugate cancel
th context of two field models and quasiopen inflation; hereout. Definingy=g/+/g?—1,
it is found more generally as a property of the massless su-

perCUrvatUre modes. — —

:(92_1)1/4P!3/21/2( 9 ) , (Al)

1

ith —1<#=<0, the integral is
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d d 2 APPENDIX B: OVERLAP ALONG r.=0, FOR| ODD
P’V‘(y) P”( y)— P”(y)P"( )=—;8ir{(/1«+ v)m] AND =2

In regionC the inner productEg. (10)] is

e #m PU(Y) 5 Q“(y)— PVl » e
) (u,v)z—icosﬁ’-rcf dtccostcf dQ(WU—u?)
—7l2 c c
== —sin{(v+ )] (B1)
T2 T+l and will be taken on the Cauchy surface=0. From their
22uT il il definitions, Eqs(2) and(4), the spatially flat coordinates and
> 2 2 the regionC coordinates are related via
) —utv+2 —utrv+1
(1-y9)I 5 5 _ costgcoshr
I I 't Sint_+ cost, sinhr’
- —-1-1
1 r(ﬂr( | 1
——sin —(1+2) 7] == e (B2)
2 [+1 sint.+ cost, sinhr
(1-yAT|—— '3

with t.>0. Fort,<0 we need the analytic continuation of
5 (- the basis function
=————si |+2)7 | —7—
ey G vy )
DramX(re,te))= \/—[1+|k77( erte)]
2 1

T(1-y?y) TOHT(1+2)’

(A6) X e K] (Kr (1o )Y im(Q). (B3)

As this basis function has no branch cuts as a function of
Including ri(re,te), n(re,te), the continuation td.<0 is straightfor-
ward and the same for both positive- and negative-frequency
mode functions.
Using ¢y m(X) to denote both the function in regidhand
d—gy(g)= B Fl)a/z (A7) its analytic continuation into region <0, the inner product
apm betweenu, 1, and ¢ is

2

using |g?—1|Y%/(g?—1)¥?=i, and substituting the above, (qullma¢kl’m’):_if dt, COStcf dQ{um(re,Q)
12

the inner product becomes -

X[r i (1.71,2)]

- [arculm(rc vQ)]Ekl’m'Hrc:O- (84)

1-79 . .
=] Tarnis(a,8) (0,978

_ 2 Efl_ndr ; For ease of calculation, we take

- TMT(+2) )y, 77

B 2 1 (1-5? (1+7p)? Prim(X) = —=F(X) Yim(),

T T(HI(1+2) Z{ 2 2 ﬂ

4 (A8) Up=11m(Xc)= ¢F<I>F<I+2 )S(1e) Yim(Q2).
T(HT(1+2) &5

which is independent of as promised. This also shows that 1 N€ integralhovedé) lis i]rcnmediate gi\ﬂngfg"ilm’ S al';d”
the supercurvature modes are properly normalized for fixedV® Suppress these delta functions in the following. Pulling
time surfaces- 1< 5=<0 in regionF. This suggests that at out normalization factors, the inner product becomes
spatial infinity in the flat coordinates the supercurvature 2 o

modes have sufficiently fast falloff to correspond to their ak,m:—A(I,k)f dt; cost{S(rc)[d; Fr(n.re)]

inner product on a Cauchy surfac€his is not true for —ml2

fixed-time surfaces in regioR, for example, as the supercur- —

vature modes diverge at spatial infinty. _[afcs'(rc)]':k'(”'rf)ch:O’ (B6)
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whereA(l,k) =3 VI(1+ )T (1)//7k.
For M=0, S(r.) is independent of spadg and can be
pulled out of the integral to give

(Up=11m» Pram) = —A(l rk){sl(rc)arc_ﬁrcsl(rc)}

/2 _
Xf7 /2dtc COSthkI(ﬂ:rf)|rC:0- (87)

Taking the limitr.—0 (and remembering thae 5,

an imaginary argumenbne had[25], Eq. 8.1.4

has

~LY2(i sinhry)

S(0)= Vi coshr,

re=0

2—|—1/2\/;
I+1 I+3

2 2

— g imlAgmi(I2+1/4)

Eeﬂ'il/ZB(l) (BS)

and

9 SI(re)lr —0=20 —
e c |rc 0 re |coshrc
IPZ4,i sinhr )|
)32 ‘
C

PoLYA sinhrc)]
0

(i coshr f=0

e73iw/4ewi(ll2+l/4)|27I71/2\/;
r [+2)\]?
2

Eeﬂ'i(l/271/2)c(|)_

(B9)
The inner product now becomes

apm=—i'A(K){B(1)d, +iC(1)}

2 _
xf dtccostcFy(7,r)lr =0, (B10)

— /2

whereA(l),B(1),C(l) are all real.

Again, bothu,_;|, and ¢y, are positive-frequency
mode functions for the Bunch-Davies vacuum, so tBat,
[defined in Eq(25)] vanishes:

0=(Up=11m»Prirm’)

—iI' ALK (=)™ 50 _n{B(1) oy +iC(1)}

/2
X f /zdtc costcFi(7,r¢)r =o- (B11)

Y

The complex conjugate of this equation implies

PHYSICAL REVIEW D58 083515

72 —
B(l )3rcf /2dtc costcFi(7,r)lr =0

— T

/2 _
:iC(|)f_ /2dtcC05thkl(771rf)|rC=0- (B12)

Defining

_ 2 _

Il(k)Efo dtc costcFui( 7,1 1)]r —o (B13)
and using thaf,(kr)=(—1)'j,(—kr) is real,
Fra(e(—te)lr o

= ( 1-i Sin(_tc)> el /s =10lj) (keot( —to))
=(1+i Sin(tc)>ei“"s"‘(‘c)](—1)'j|(kcot(tc))
=(=1)'Frus(te)lr =o- (B14)
Thus we can write
/2 —
O j dtcCOSthkl(ﬂaerr =0
CJ =2 ¢
—'&I)fk+—1'zk B15

Substituting this into Eq(B10), the full inner product is thus

(Ur=11m > Bram) = = 2i' T FCDALKZ(K) + (= 1)'T(K)]

- |2—I—1/2\/; ()
=i 1[F|T\/m\/ﬁ
2

X[Zi(k) +(—1)' (k)]

~ N;l 27712 1+ 0)r()

[+2)]?
& [FT

X[Zi(K)+(—1)'T(K)]. (B16)

The calculation of the inner product thus requires the integral

w2 .
7= | " dtecoste(1+ikme kel —o.
O [+
(B17)

Changing coordinates and expressing. in terms ofr¢
(there is only one free coordinate ag has been fixed to
zero, using

n=—\r{+1, (B18)

1
tantc=r—,
f
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gives

3/2(1 ik \rZ+ 1)e Vi1, (kry).

(B19)

L(k)—J dr f ey

To proceed, note that

elk
(1—ikyré+1)ekViti=— r( )
)3/2 f /rf+1

(B20)

(r +1

Forl odd, we need the imaginary partf{k) and so can use
([25], Eq. 10.1.4%

i sinkyri+
k\/r7f+

—|2 (2n+1)jn(kr)jn(K)Pa(0).
(B21)

Consequently, fot odd the integral of interest is
ImZ o4g(K)=—ik 2, (2n+1)ja(k)Py(0)

% [ v Gutkrikr. - 822
0

Using MATHEMATICA

| draniatirpiiciry

B [(1+1)—n(n+1) ~ I—n
T U=n—D(-ntD(+m2+1+n 37" 2
(I odd)
B [(1+1)—n(n+1) ~al an
= I=n=Dl=n+ D0 +n@+i+n >z sing
(B23)

where it appears that odd is required as well. However,

looking at the suniEq. (B22)], we see this term is multiplied
by P,(0) which vanishes fon odd. So the only possibility

for a nonzero term is if the denominator in this expression
n=1. Substituting in these values and

vanishes, that is, if=
the definition of the Legendre polynomials we get

IM 7 oK) =~ K 5= 2 Pr- a(Oi1- 1(K)+ ]y 2(K)]

ko
=115 Pi—1(0)ji(k). (B24)

Including the prefactorfEg. (B17)] and after some alge-
bra withT" functions one gets that the overlap foodd is

—iv2l(+ 1)k Y3,(k), (B25)

agreeing with Eq(50).

| odd,

Ayim=

PHYSICAL REVIEW B8 083515

For | even the calculation is more involved because the
identity required in this case i$25], Eq. 10.1.4%

coskyri+1
kyré+1

—nzo (2n+1)yn(K)jn(kre)Py(0),
= (B26)

©

- 20 (2n+1)yn(kre)jn(k)Py(0),

n=

rf<1,

r{>1,

so that the range of integration #(k) is split from O<r;
<1 and I=r{<o. As the resummation oved,dym in
Eq. (45 works equally well forl odd and even, it does not
seem enlightening to pursue the calculation for evéenall
generality here.

We can check a specific case; 2, by integrating by parts
and using the definition of,(kr¢),

2 .
_ ) 1 sinkr;
ja(krg)=(kry) _kz—rfé’rf TRy (B27)

to get

Lk Fd re(1—ikyri+1)

= r—
2 o ! (rz+1)%2
2 .
. 1 sinkr
ik\r2+1 2[ _ f
X e\ (krf)( kzrfarf> K,

rf(1—|k\/rf+ 1) k\/— smkrf

=—limk3—8M——
_k—Biéz rf(l_lk'rf b elk rf2+1 inkr.l®
20| T 2 N3z sinkrlo
rs (r +1)

©  sinkr¢
+k_3f drf
0 i

1 r2(1—ikyri+1) ok
X0y, r o (7 +1)3/2 D (B28)

The only nonzero boundary term is the second one;; at
=0, which can be read off, as it is only nonzero when the
derivatives act om; rather than on\/rzf +1. Substitutingr;

— F(x—x"1)/2 and USINQUATHEMATICA gives

6i(ek—1) ek (1+2€%)

Iz(k): k3 +?—I K

(B29)

Combining the integral with the prefactofgq. (B17)] and
taking the real part gives
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31 ,
Ay |=om=—"12 EF[35|nk—3kcosk—k sink]

= =203k ¥5(k),

again in agreement with E@50).

(B30)

APPENDIX C: OVERLAP ALONG #=0, FORI=1

Here we discuss the integridtg. (34)]

|.<k>|z=f:drf[rfh(kroa(rr)k, (o)

evaluated on the surface in regidn corresponding tozn

PHYSICAL REVIEW D58 083515

becomes, fof=1,

LK) \/5 1 md ,| sinkr¢  coskry
0=~ \\— 57 rers] ———
B n=0 al(3)Jo " (krp)2 Ky
(1-rH)2 [(1+rp?| 1412
y 2f ( f)2 B f (3
8rs (1—ry) 2ry

This can be rewritten as

Lok B 1J'°°d sinkr; coskr;
1K) )=0=— = o dr W— kr,

2 2
=0. For 7=0, g=(1+r2)/(2r;), and so (1-rp)? NESACINE Sl ca
4 1-r " 2
L(k)|s=| drir?j(kr)(g?>=1)a C2
(s fo rili(kro(g 174Qi(9) €23 and integrated usingATHEMATICA by considering
|
1 |sinkry  coskre|[(1=r$H2 [1+rq 1+r?
j I 5 K n — — I (C5)
0 (krf) ¢ 4 1 I¢ 2
focd sinkry coskr; |[[(1—r$)2 [ 1+ 1+r2 6
L K 4 M=) T2 (€8
to get
(k)= ! li 2 k 2 i i k) +k sink
1( )__Vﬂ rflinoﬁ_kzsm rf+ﬁ{—[c|(oo)—C|(—oo)][cos{ )+ k sink]
. . ) 2im )
+[SI(°0)—SI(—OO)](—kCOSk+SIﬂk)}+F(COSk'f-kSInk)
— 2 i sinkry— 22 (sink—k cosk C
== \3- rfleWSIn rf—F(sm —kcosk) |. (C7)
This gives
X li 4 k 27T( ink—k cosk) 2ik 2 1 (k) (C8
—1m=1—=| lim 5—sinkr;— —(sink—k cosk) | = —2i ,
dpl=1m \/ﬁ rfﬂooSkZ f k5 ]1

where the oscillating first term has been dropped as it has the wrong asymptdtiesagIf lim rfstin kr; was finite rather
than giving zero in this limit, the overlap would divergelas c0.) With this, o\, again agrees with the results found above.
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