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Abstract

We survey some recent research directions within the field of approximate dynamic pro-
gramming (ADP), with a particular emphasis on rollout algorithms and model predictive control
(MPC). We argue that while motivated by different concerns, these two methodologies are closely
connected, and the mathematical essence of their desirable properties (cost improvement and sta-
bility, respectively) is couched on the central dynamic programming idea of policy iteration. In
particular, among other things, we show that the most common MPC schemes can be viewed as
rollout algorithms and are related to policy iteration methods. Furthermore, we embed rollout
and MPC within a new unifying suboptimal control framework, based on a concept of restricted

or constrained structure policies, which contains these schemes as special cases.
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Introduction

1. INTRODUCTION

We consider a basic stochastic optimal control problem, which is amenable to a dynamic program-
ming solution, and is considered in many sources (including the author’s dynamic programming

textbook [Ber05a], whose notation we adopt). We have a discrete-time dynamic system
Th+1 :fk(xk,uk,wk), ]62()71,...7 (1.1)

where xj is the state taking values in some set, uj is the control to be selected from a finite
set Ug(zy), wy is a random disturbance, and f; is a given function. We assume that each wy
is selected according to a probability distribution that may depend on zy and ug, but not on
prior disturbances. The cost incurred at the kth time period is denoted by g (zk,ur,wy). For
mathematical rigor (to avoid measurability questions), we assume that wy takes values in a

countable set, but the following discussion applies qualitatively to more general cases.

We initially assume perfect state information, i.e., that the control uy is chosen with knowl-
edge of the current state xy; we later discuss the case of imperfect state information, where uy,
is chosen with knowledge of a history of measurements related to the state. We thus initially
consider policies m = {uo, pi1, - - .}, which at time k map a state zj, to a control px(zx) € Ug(xg).
We focus primarily on an N-stage horizon problem where k takes the values 0,1,..., N — 1, and
there is a terminal cost gny(xn) that depends on the terminal state zny. The cost-to-go of 7
starting from a state xy at time k is denoted by

Ji(ze) = B {gN(xN) + z_: gi (mi,m(xi),wi)} : (1.2)

i=k
The optimal cost-to-go starting from a state xj at time k is

Ji(z) = iI;f J7(zr),

and it is assumed that JT (zx) and Ji(z) are finite for all 2, m, and k. The cost-to-go functions

Ji. satisty the following recursion of dynamic programming (DP for short)

Ji(wg) = inf E{gk(wk,uk,wk) + Jk+1(fk(zkaukawk))}v k=0,1,...,N -1, (1.3)

up €U (z1)

with the initial condition
In(zn) = gn(zN).
Our discussion applies with minor modifications to infinite horizon problems, with the DP

algorithm replaced by its asymptotic form (Bellman’s equation). For example, for a stationary

discounted cost problem, the analog of the DP algorithm (1.3) is

J(x) :ueigfx)E{g(x,u,w)+on(f(z,u,w))}, Yoz, (1.4)
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where J(x) is the optimal (a-discounted) cost-to-go starting from .

An optimal policy may be obtained in principle by minimization in the right-hand-side of
the DP algorithm (1.3), but this requires the calculation of the optimal cost-to-go functions Jy,
which for many problems is prohibitively time-consuming. This has motivated approximations
that require a more tractable computation, but yield a suboptimal policy. There is a long history
of such suboptimal control methods, and the purpose of this paper is to survey some of them, to
discuss their connections, and to place them under the umbrella of a unified methodology. While
we initially assume a stochastic model with perfect state information, much of the subsequent

material is focused on other types of models, including deterministic models.

A broad class of suboptimal control methods, which we refer to as approzimate dynamic
programming (or ADP for short), is based on replacing the cost-to-go function Jx11 in the right-
hand side of the DP algorithm (1.3) by an approximation jk+1, with Jy = gn. Thus, this method

applies at time k and state xy a control iy, (zx) that minimizes over uy € Uy(z)

E{gk(wk,w,wk) + jk+1(fk(l‘k,Uk,Wk))}~

The corresponding suboptimal policy T = {fig, fiy, - - -, iy_1} is determined by the approximate
cost-to-go functions Ji,Jo, .. JIN (given either by their functional form or by an algorithm to
calculate their values at states of interest). Note that if the problem is stationary, and the
functions jk+1 are all equal, as they would normally be in an infinite horizon context, the policy

T is stationary.

There are several alternative approaches for selecting or calculating the functions Jj1. We

distinguish two broad categories:

(a) Ezxplicit cost-to-go approzimation. Here Jy, 1 is computed off-line in one of a number of

ways. Some important examples are:

(1) By solving (optimally) a related simpler problem, obtained for example by state aggre-
gation or by some other type of problem simplification, such as some form of enforced
decomposition. The functions Jy are derived from the optimal cost-to-go functions
of the simpler problem. This approach will not be discussed further this paper; we

refer to the author’s textbook [Ber0O5a] for more details.

(2) By introducing a parametric approximation architecture, such as a neural network
or a weighted sum of basis functions or features. The idea here is to approximate
the optimal cost-to-go Jx+1(z) with a function of a given parametric form Jy,1(z) =

Jk+1(x,rp41), where ri41 is a parameter vector. This vector is tuned by some form
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of ad hoc/heuristic method (as for example in computer chess) or some systematic
method (for example, of the type provided by the neuro-dynamic programming and re-
inforcement learning methodologies, such as temporal difference and Q-learning meth-
ods; see the monographs by Bertsekas and Tsitsiklis [BeT96], and Sutton and Barto
[SuB98], and the recent edited volume by Barto, Powell, and Si [BPS04], which contain
extensive bibliographies). There has also been considerable recent related work based
on linear programming, actor-critic, policy gradient, and other methods (for a sam-
pling of recent work, see de Farias and Van Roy [DFV03], [DFV04], Konda [Kon02],
Konda and Tsitsiklis [KoT03], Marbach and Tsitsiklis [MaT01], Rantzer [Ran05],
which contain many other references). Again, this approach will not be discussed

further in this paper.

(b) Implicit cost-to-go approzimation. Here the values of Jy1, at the states fi (g, up,wy) are

computed on-line as needed, via some computation of future costs, starting from these

states (optimal or suboptimal/heuristic, with or without a rolling horizon). We will focus

on a few possibilities, which we will discuss in detail in Sections 4 and 5:

(1)

Rollout, where the cost-to-go of a suboptimal/heuristic policy (called the base policy)
is used as jqul. This cost is computed as necessary in whatever form is most conve-
nient, including by on-line simulation. It can be seen that the suboptimal policy 7
obtained by rollout is identical to the policy obtained by a single policy improvement
step of the classical policy iteration method, starting from the base policy. There is
also a variant of the rollout algorithm where ij is defined via a base policy but
may differ from the cost-to-go of the corresponding policy. This variant still has the
cost improvement property of policy iteration under some assumptions that are often

satisfied (see Example 3.1 and Section 4).

Open-loop-feedback control, (or OLFC for short) where an optimal open-loop compu-
tation is used, starting from the state xy (in the case of perfect state information)
or the conditional probability distribution of the state (in the case of imperfect state

information).

Model predictive control, (or MPC for short) where an optimal control computation
is used in conjunction with a rolling horizon. This computation is deterministic,
possibly based on a simplification of the original problem via certainty equivalence,
but there is also a minimax variant that implicitly involves reachability of target tube

computations (see Section 5).
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A few important variations of the preceding schemes should be mentioned. The first is the
use of multistep lookahead, which aims to improve the performance of one-step lookahead, at the
expense of increased on-line computation. The second is the use of certainty equivalence, which
simplifies the off-line and on-line computations by replacing the current and future unknown
disturbances wg, ..., wy_1 with nominal deterministic values. A third variation, which applies
to problems of imperfect state information, is to use one of the preceding schemes with the
unknown state xj replaced by some estimate. We briefly discuss some of these variations in the

next section.

Our paper has three objectives:

(i) To derive some general performance bounds, and relate them to observed practical perfor-
mance, and to the issue of stability in MPC. This is done in Section 3, and also in Section

5, where MPC is discussed in more detail.

(ii) To demonstrate the connection between rollout (and hence policy iteration) on one hand,
and OLFC and MPC on the other. Indeed, we will show that both OLFC and MPC are
special cases of rollout, obtained for particular choices of the corresponding base policy.

This is explained in Sections 4 and 5.

(iii) To introduce a general unifying framework for suboptimal control, which includes as special
cases rollout, OLFC, and MPC, and captures the mathematical essence of their attractive

properties. This is the subject of Section 6.

A complete bibliography is beyond the scope of the present paper. In this section, we
will selectively provide a few major relevant sources, with preference given to survey papers and
textbooks. We supplement these references with more specific remarks at the appropriate points
in subsequent sections.

The main idea of rollout algorithms, obtaining an improved policy starting from some other
suboptimal policy using a one-time policy improvement, has appeared in several DP application
contexts, although the connection with policy iteration has not always been recognized. In the
context of game-playing computer programs, it has been proposed by Abramson [Abr90] and
by Tesauro [TeG96]. The name “rollout” was coined by Tesauro in specific reference to rolling
the dice in the game of backgammon. In Tesauro’s proposal, a given backgammon position is
evaluated by “rolling out” many games starting from that position, using a simulator, and the
results are averaged to provide a “score” for the position. The internet contains a lot of material
on computer backgammon and the use of rollout, in some cases in conjunction with multistep

lookahead and cost-to-go approximation.
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Generally, it is possible to use a base policy to compute cost-to-go approximations Jis, but
to make a strong connection with policy iteration, it is essential that Ji, be the true cost-to-
go function of some policy. For deterministic problems, this is equivalent to requiring that the
base policy has a property called sequential consistency. However, for cost improvement it is
sufficient that the base policy has a weaker property, called sequential improvement, which bears
a relation to concepts of Lyapounov stability theory and can also be extended to general limited
lookahead policies (see Prop. 3.1 and Example 3.1). The sequential consistency and sequential
improvement properties for deterministic problems were first formalized by Bertsekas, Tsitsiklis,
and Wu [BTW97], and will be described in Section 4 in a more general context, which includes

constraints.

For further work on rollout algorithms, see Christodouleas [Chr97], Bertsekas [Ber97], Bert-
sekas and Castanon [BeC99], Secomandi [Sec00], [Sec01], [Sec03], Ferris and Voelker [FeV02],
[FeV04], McGovern, Moss, and Barto [MMBO02], Savagaonkar, Givan, and Chong [SGC02], Bert-
simas and Popescu [BeP03], Guerriero and Mancini [GuMO03], Tu and Pattipati [TuP03], Wu,
Chong, and Givan [WCGO03], Chang, Givan, and Chong [CGC04], Meloni, Pacciarelli, and Pranzo
[MPPO04], and Yan, Diaconis, Rusmevichientong, and Van Roy [YDRO05]. Collectively, these works
discuss a broad variety of applications and case studies, and generally report positive computa-

tional experience.

The model predictive control approach has become popular in a variety of control system
design contexts, and particularly in chemical process control, where meeting explicit control and
state constraints is an important practical issue. Over time, there has been increasing awareness
of the connection with the problem of reachability of target tubes, set-membership descriptions
of uncertainty, and minimax control (see the discussion of Section 5). The associated literature is
voluminous and we make no attempt to provide detailed references. The stability analysis given
here is based on the work of Keerthi and Gilbert [KeG88]. For extensive surveys of the field, which
give many references, see Morari and Lee [MoL99], Mayne et. al. [MRRO00]|, Rawlings [Raw00],
Findeisen et. al. [FIA03], and Qin and Badgwell [QiB03]. For related textbooks, see Martin-
Sanchez and Rodellar [MaR96], Maciejowski [Mac02], and Camacho and Bordons [CaB04].

While our main emphasis in this paper is on highlighting the conceptual connections between
several approaches to suboptimal control, we also present a few new and/or unpublished results.
In particular, the material of Section 4 on rollout algorithms for constrained DP is unpublished (it
is also reported separately in [Ber05b]). The connection of MPC with rollout algorithms reported
in Section 5 does not seem to have been noticed earlier. Finally, the material of Section 6 on the

unifying suboptimal control framework based on restricted structure policies is new.
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2. LIMITED LOOKAHEAD POLICIES

An effective way to reduce the computation required by DP is to truncate the time horizon,
and use at each stage a decision based on lookahead of a small number of stages. The simplest
possibility is to use a one-step lookahead policy whereby at stage k and state xx one uses a control
I, (zk), which attains the minimum in the expression

ukGI?J}CI(ITk) E{gk(ﬂﬁk, Wk W) + Jit1 (fro (@ up, ) }, (2.1)

where ij is some approximation of the true cost-to-go function Jx41, with Jn = gn. Similarly,
a two-step lookahead policy applies at time k and state xj, the control fij(zx) attaining the
minimum in the preceding equation, where now jk+1 is obtained itself on the basis of a one-step
lookahead approximation. In other words, for all possible states xx4+1 that can be generated via

the system equation starting from xy,

Trr1 = [u(oh, ug, W),

we have

Jit1(Ths1) = min E{gk+1($k+1, Wit 1, Wt1) + Jovz (Forr (Trt1, W1, Wht1)) }7
g 4+1€UE 41 (Th41)

where jk+2 is some approximation of the cost-to-go function Jjys. Policies with lookahead of

more than two stages are similarly defined.

Note that even with readily available cost-to-go approximations Jj,, the minimization over
up € Uk(xg) in the calculation of the one-step lookahead control [cf. Eq. (2.1)] may involve
substantial computation. This motivates several variants/simplifications of the basic method.
For example, the minimization over Uy(xy) in Eq. (2.1) may be replaced by a minimization over
a subset

Uk(xk) C Uk(a:k).

Thus, the control 7ij(zx) used in this variant is one that attains the minimum in the expression

min E{gk(xmumwk) + T (fr(h, wn, i) } (2.2)
up€UE(zg)

A practical example of this approach is when by using some heuristic or approximate optimization,
we identify a subset Uy () of promising controls, and to save computation, we restrict attention

to this subset in the one-step lookahead minimization.
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Another major simplification is common in problems of imperfect state information, where
the computational requirements of exact DP are often prohibitive. There, the state xj is not
known exactly but may be estimated based on observations obtained up to time k. A possible

approach is then to replace the state zj in Egs. (2.1) and (2.2) by an estimate.

A third simplification, known as (assumed) certainty equivalence, aims to avoid the compu-
tation of the expected value in Egs. (2.1) and (2.2), and to simplify the calculation of the required
values of ijr] by replacing the stochastic quantities wy with some nominal deterministic values
wy. Then, the one-step-lookahead minimization in Eq. (2.1) is replaced by

min | gr(@k, uk, Wk) + jk+1(fk($k7uk,@k))] (2.3)
up €U (zk)

The cost-to-go approximation jk+1 is often obtained by solving an optimal control problem where
the future uncertain quantities wg41,...,wy—1 are replaced by deterministic nominal values
Wgt1, ..., WN—1. Then, the minimization in Eq. (2.3) can be done by solving a deterministic

optimal control problem, from the present time to the end of the horizon:

(1) Find a control sequence {@y,Tk+1, .- .,un—1} that minimizes
N-1
gn(zN) + Z gi(xi, us, W;)
i=k

subject to the constraints

Tiv1 = fi(xi, ui, Ws), u; € Ui(x;), i1=kk+1,...,N—1.

(2) Use as control the first element in the control sequence found:

Ay (k) = k.

Note that in variants of step (1) above, the deterministic optimization problem may still be
difficult, and may be solved approximately using a suboptimal method that offers some computa-
tional advantage. For example, when the number of stages N is large or infinite, the deterministic
problem may be defined over a rolling horizon with a fixed number of stages. We finally note that
certainty equivalence is often used at the modeling level, when a deterministic model is adopted

for a system which is known to involve uncertainty.
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3. ERROR BOUNDS

For any suboptimal control scheme it is important to have theoretical bounds on its performance.
Unfortunately, despite recent progress, the methodology for performance analysis of suboptimal
control schemes is not very satisfactory at present, and the validation of a suboptimal policy
by simulation is often essential in practice. Still, however, with experience and new theoretical
research, the relative merits of different approaches have been clarified to some extent, and it is
now understood that some schemes possess desirable theoretical performance guarantees, while
others do not. In this section, we will discuss a few performance bounds that are available for
ADP. For additional theoretical analysis on performance bounds, based on different approaches,

see Witsenhausen [Wit69], [Wit70].

Let us denote by Ji(xy) the expected cost-to-go incurred by a limited lookahead policy
{Tig, iy, - - - Fiy_1 } starting from state zy at time k [Jg(zy) should be distinguished from Jy (z4),
the approximation of the cost-to-go that is used to compute the limited lookahead policy via
the minimization in Eq. (2.1) or Eq. (2.2)]. It is generally difficult to evaluate analytically
the functions J;, even when the functions .J; are readily available. We thus aim to obtain
some estimates of Jx(x1). The following proposition gives a condition under which the one-step
lookahead policy achieves a cost Jj(x) which is better than the approximation Jy(z)). The

proposition also provides a readily computable upper bound to J(zz).

Proposition 3.1:  Assume that for all zx and k, we have

min E{gk(xk,uk,wk) —|—jk+1(fk(xk,uk,wk))} < jk(xk) (3.1)
uR €Uk ()
Then the cost-to-go functions Jj corresponding to a one-step lookahead policy that uses Ji

and Uy (zy) with Uy () C Ug(wk) [cf. Eq. (2.2)] satisfy for all ), and k

Te(a) < min  B{gu(wn, wewy) + Jusr (Fulon, up,wp) (3.2)
up €U (zg)

Proof: For k=0,...,N —1, denote

jk(l'k) = min E{gk(xk,uk, wk) + jk+1 (fk(l'k, uk,wk))}, (3.3)
up €U (zg)
and let Jy = gn. We must show that for all x; and k, we have Ji(zx) < jk(xk) We use

backwards induction on k. In particular, we have 7N(xN) = jN(mN) = jN(mN) = gn(an) for
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all . Assuming that Jyy1(7541) < JAkH(ka) for all xx11, we have

Jr(zx) = E{gr(zr, m,(xn), we) + Tesr (fi (2, By (zr), wr)) }
< B{g(z, g (zx), wr) + Jegr (fr (@n, T (@r), wi) ) }
< E{g(zr. g (xn), wr) + Jegr (fr (@n, I (2r), we) ) }

= jk’('rk)7

for all 2. The first equality above follows from the DP algorithm that defines the costs-to-go J
of the limited lookahead policy, while the first inequality follows from the induction hypothesis,
and the second inequality follows from the assumption (3.1). This completes the induction proof.

Q.E.D.

Note that by Eq. (3.2), the value Jy(zx) of Eq. (3.3), which is the calculated one-step
lookahead cost from state xj at time k, provides a readily obtainable performance bound for the
cost-to-go J(xy) of the one-step lookahead policy. Furthermore, using also the assumption (3.1),

we obtain for all z; and k,

Te(zr) < J(p),

i.e., the cost-to-go of the one-step lookahead policy is no greater than the lookahead approximation
on which it is based. The critical assumption (3.1) in Prop. 3.1 can be verified in a few interesting

special cases, as indicated by the following examples.

Example 3.1 (Rollout Algorithm)

Suppose that J(zx) is the cost-to-go JJ (zx) of some given suboptimal policy ® = {0, ..., px_1}
and that the set Uk(xk) contains the control py(zk) for all z and k. The resulting one-step
lookahead algorithm is called the rollout algorithm and will be discussed further in Section 4. From

the DP algorithm (restricted to the given policy 7), we have

Je(zg) = E{gk (wk,#k(ﬂﬁk),wk) + jk+1(fk($k,uk($k),wk))},

which in view of the assumption ux(zx) € Ug(zk), yields

Ji(zk) > min E{gk(xk,Uk,wk)+jk+1(fk(xk,u;wwk))}. (3.4)
up €U (x)

Thus, the assumption of Prop. 3.1 is satisfied, and it follows that the rollout algorithm performs
no worse than the policy on which it is based, starting from any state and stage.

In a generalization of the rollout algorithm, which is relevant to the algorithm for constrained

DP given in Section 4, and to model predictive control as described in Section 5, jk(azk) is a lower
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bound to the cost-to-go of some given suboptimal policy = = {uo,...,u~n—1}, starting from zy,

and furthermore satisfies the inequality

Je(zr) > E{gk(mk,ﬂk(mk)7wk) + jk+l(fk($k7#k($k)7wk))},

for all x%. There are variants of the policy iteration algorithm, such as modified policy iteration (see
e.g., Puterman [Put94] or Bertsekas [Ber01]), which are characterized by the above properties. From
Prop. 3.1 and Eq. (3.4), it follows that 7k(a:k) < jk(mk) Since jk(:ck) < JI (zx) by assumption,
we see that again the rollout algorithm performs no worse than the policy on which it is based,

starting from any state and stage.

Example 3.2 (Rollout Algorithm with Multiple Heuristics)

Consider a scheme that is similar to the one of the preceding example, except that Jk (zx) is the

minimum of the cost-to-go functions corresponding to m heuristics, i.e.,

Ji(zr) = min{J,Zrl (zk),- -, J,:m(a:k)},

where for each j, J,:j (zx) is the cost-to-go of a policy 7; = {uj,0,--.,tjN—1}, starting from state

xy, at stage k. From the DP algorithm, we have, for all j,

CE E{gk (s ik (n), wi) + Jl:il(fk(mk?ll]‘vk(‘rk)vwk))}7
from which, using the definition of Jy, it follows that

T () > E{gk (s pj e () wie) + jk+1(fk(xk7uj,k(fﬂk)7wk))}

> min E{gk(xk,uk7wk) + Jht1 (fk(xk»ukvwk))}‘
up €U (zg)

Taking the minimum of the left-hand side over j, we obtain

J;c(xk) > min E{gk(xk,uk,wk)+jk+1(fk(xk,uk,wk))}.
up €U (x)

Thus, Prop. 3.1 implies that the one-step lookahead algorithm based on the heuristic algorithms’
costs-to-go Jy 1 (zk), ..., Jp™ (zx) performs better than all of these heuristics, starting from any
state and stage. This also follows from the analysis of the preceding example, since J k(xk) is a

lower bound to all the heuristic costs-to-go J;Tj (k).

Generally, the approximate cost-to-go functions Jj, need not satisfy the assumption (3.1) of
Prop. 3.1. The following proposition does not require this assumption, and applies to any policy,
not necessarily one obtained by one-step or multi-step lookahead. It is useful in some contexts,
including the case where the minimization involved in the calculation in the one-step lookahead

policy is not exact.

11
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Proposition 3.2:  Let Jy, k=0,1,..., N, be functions of z, with jN(ch) = gn(zn) for

all zy. Let also m = {fig, i1, .-, By_1} be a policy such that for all x5 and k, we have

Jre(@k) + 7 < E{gk (@, T (), wi) + g1 (fo (wk,ﬁk(fﬂk)»wc))} < Ji(@k) + 6k, (3.5)

where g, 0k, k =0,..., N — 1, are some scalars. Then for all z;, and k£, we have
N—1 . N—1
Te(@r) + D % < I (zx) < Ju(aw) + > &, (3.6)
i=k i=k

where J] (x,) is the cost-to-go of 7 starting from state xj at stage k.

Proof: We use backwards induction on k to prove the right-hand side of Eq. (3.5). The proof
of the left-hand side is similar. In particular, we have J5(zn) = Jn(zn) = gy (zn) for all zx.

Assuming that
N-1

T (@nen) < Jen(zee) + Y 6
i=k+1

for all xy41, we have

Ji () = E{gk(mkaﬁk(l'k)7wk) + J£+1(fk(wk7ﬁk($k)7wk))}
N-1

< E{g(ﬂck,ﬁk(%%wk) + jk+1(fk($k,ﬁk(xk)vwk))} + Z di
i=k+1
) N—1
< Je(ww) + 06+ Y b
i=k+1

for all z3. The first equality above follows from the DP algorithm that defines the costs-to-go JJ
of 7, while the first inequality follows from the induction hypothesis, and the second inequality

follows from the assumption (3.6). This completes the induction proof. Q.E.D.

Example 3.3 (Certainty Equivalent Control)

Consider the certainty equivalent control scheme (CEC for short), where each disturbance wy is
fixed at a nominal value wi, k =0,..., N — 1, which is independent of z; and uj. Let jk(:rk) be

the optimal value of the problem solved by CEC at state x; and stage k:

N-1
Ti(ax) = min - fgn(en) + Y gien @) |
w1 =F;(xquq,w;) Py

u; €U, (x;), i=k,..., N-—-1

and let Jy(zn) = gn(xn) for all zx. Recall that the CEC applies the control 7y, (zx) = Uy after

finding an optimal control sequence {Tx, . ..,un—1} for the deterministic problem in the right-hand

12
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side above. Note also that the following DP equation

Ji(zr) = min gk(l'lwuk,mk)+jk+1(fk($k,uk,mk)):|
up €Uk (xy)

holds, and that the control w, applied by CEC minimizes in the right-hand side.

Let us now apply Prop. 3.2 to derive a performance bound for the CEC. We have for all xj
and k,

Ti(@r) = gu (2, T (@), 0k ) + Tt (fu (2, T (1), 0 ))

= E{g(zr, (@), we) + Tirr (fr (@n, o (2n), wie) ) = i ()

where v (z) is defined by

vi(an) = B{g(zx, iy (wn), we ) + T (fi (2, i (), wi) ) }

= gk (@, i (@), Wi) = T (e (2, g (), W ) ) -

It follows that

E{g(l’k,ﬁk(mk),wk) + jk+1 (fk(fbk,ﬁk(fﬂk),wk))} < jk(xk) + Ok,

where

O = max vy (zk),
T

and by Prop. 3.2, we obtain the following bound for the cost-to-go function Jx(zx) of the CEC:

N-1
7k(ﬁvk) < jk(ﬂfk) + Z ;-
i=k
The preceding performance bound is helpful when it can be shown that §; < 0 for all &k, in
which case we have J (z) < Ik (zx) for all z and k. This is true for example if for all z and ug,
we have

E{g(mk7uk,wk)} < gr(Tk, Uk, Wk),

and

E{Jwer (fu(wn, un,wi) } < Tiia (fr(@n, ue, Wr)).

The most common way to assert that inequalities of this type hold is via some kind of concavity
assumptions; for example, the inequalities hold if the state, control, and disturbance spaces are Eu-
clidean spaces, Wy, is the expected value of wy, and the functions g(zk, ux, ) and jk+1 (fk(xk, Uk, )) ,
viewed as functions of wy, are concave (this is Jensen’s inequality, and follows easily from the def-
inition of concavity). It can be shown that the concavity conditions just described are guaranteed
if the system is linear with respect to xx and ws, the cost functions g, are concave with respect to
z and wy for each fixed uy, the terminal cost function gn is concave, and the control constraint

sets U do not depend on xy.
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4.

Rollout and Open-Loop Feedback Control

ROLLOUT AND OPEN-LOOP FEEDBACK CONTROL

In this section, we discuss rollout and open-loop feedback control schemes for one-step lookahead,
and describe their relation. We first consider general stochastic problems, and we subsequently
focus on deterministic problems, for which stronger results and algorithmic procedures are pos-

sible.

Rollout Algorithm

Consider the one-step lookahead minimization

ukergil(llk) E{gk(xk» Wiy W) + Tt (fro (T, up, i) }, (4.1)

for the case where the approximating function ij is the cost-to-go Ji, | of some known heuris-
tic/suboptimal policy m = {po, ..., un—1}, called base policy (see also Example 3.1). The policy
thus obtained is called the rollout policy based on 7. Thus the rollout policy is a one-step looka-

head policy, with the optimal cost-to-go approximated by the cost-to-go of the base policy.

The salient feature of the rollout algorithm is its cost improvement property: it improves
on the performance of the base policy (see Example 3.1). We note that the process of starting
from some suboptimal policy and generating another policy using the one-step lookahead process
described above is known as policy improvement, and is the basis of the policy iteration method, a
primary method for solving DP problems. The rollout algorithm can be viewed as a single policy
iteration, and its cost improvement property is a manifestation of the corresponding property of
the policy iteration method. In practice, the rollout algorithm often performs surprisingly well
(much better than its corresponding base policy). This is consistent with the observed practical
behavior of the policy iteration method, which tends to produce large improvements in the first

few iterations.

The necessary values of the approximate cost-to-go J~;H1 in Eq. (4.1) may be computed in

a number of ways:

(1) By a closed-form expression. This may be possible in exceptional cases where the structure

of the base policy is well-suited for a quasi-analytical cost-to-go evaluation.

(2) By an approximate off-line computation. For example, Jy+1 may be computed approxi-
mately as the output of a neural network or some other approximation architecture, which

is trained by simulation.

14
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(3) By an on-line computation, such as for example a form of simulation or optimization. The
drawback of simulation is that its computational requirements may be excessive. Note,
however, that for a deterministic problem, only one simulation trajectory is needed to
calculate the cost-to-go of the base policy starting from some state, so in this case the

computational requirements are greatly reduced.

A fuller discussion of the computational issues regarding the rollout algorithm is beyond the scope
of this paper, and we refer to the literature on the subject. In particular, the textbook [Ber05a]

contains an extensive account.

Rollout Algorithms for Deterministic Constrained DP

We now specialize the rollout algorithm to deterministic optimal control problems, and we also
generalize it and extend its range of application to problems with some additional constraints,

taking advantage of the special deterministic structure.

We consider a problem involving the system
Trt1 = fu(Tr, ug), k=0,...,N—1,

where z; and uy are the state and control at time k, respectively, taking values in some sets,
which may depend on k. The initial state is given and is denoted by zo. Each control u; must
be chosen from a constraint set Uy (zx) that depends on the current state xp. A sequence of the
form

T = (xo0,u0,T1,U1,. .., UN—1,ZN),

where

Tkl :fk(:ck,uk), ukEUk(xk), kZO,l,...,N—l,

is referred to as a trajectory. In our terminology, a trajectory is complete in the sense that it
starts at the given initial state zo, and ends at some state xn after N stages. We will also refer
to partial trajectories, which are subsets of complete trajectories, involving fewer than N stages

and consisting of stage-contiguous states and controls.

The cost of the trajectory T = (xo, uo, 1, U1, ..., UN—1,ZN) IS
N-1
V(T) = gn(an) + Y grl(wr, ur), (4.2)
k=0

where g, k = 0,1,..., N, are given functions. The problem is to find a trajectory 7' that

minimizes V(T') subject to the constraint
TeC, (4.3)
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where C is a given set of trajectories.

An optimal solution of this problem can be found by an extension of the DP algorithm,
but the associated computation can be overwhelming. It is much greater that the computation
for the corresponding unconstrained problem where the constraint 7' € C' is absent. This is true
even in the special case where C is specified in terms of a finite number of constraint functions

that are time-additive, i.e., T € C' if

N—1
RN+ S P u) b, m=1,.. M, (4.4)

k=0
where gi*, k =0,1,...,N, and b, m = 1,..., M, are given functions and scalars, respectively.

The literature contains several proposals of suboptimal solution methods for the case where the
constraints are of the form (4.4). Most of these proposals are cast in the context of the constrained
and multiobjective shortest path problems; see e.g., Jaffe [Jaf84], Martins [Mar84], Guerriero and
Musmanno [GuMO01], and Stewart and White [StW91], who also survey earlier work.

The extension of the rollout algorithm to deterministic problems with the constraints (4.3),
uses a base policy, which has the property that given any state xj at stage k, it produces a partial
trajectory

H(zi) = (&g, Uk, Th1, Ukt1s - - -, UN=1, TN ),

that starts at x, and satisfies
Tip1 = fi(zi, uq), u; € Ui(x;), i1=k,...,N—1.

The cost corresponding to the partial trajectory H(zy) is denoted by J(xy):

N-1

T(xx) = g (en) + Y gilwi, w).

i=k
Thus, given a partial trajectory that starts at the initial state x¢ and ends at a state xy, the base
policy can be used to complete this trajectory by concatenating it with the partial trajectory
H(xy). The trajectory thus obtained is not guaranteed to be feasible (i.e., it may not belong
to C'), but we assume throughout that the state/control trajectory generated by the base policy

starting from the given initial state xo is feasible, i.e.,
H(xzo) € C.

Finding a base policy with this property may not be easy, but this question is beyond the scope
this paper. It appears, however, that for many problems of interest, there are natural base policies

that satisfy this feasibility requirement; this is true in particular when C' is specified by Eq. (4.4)
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with only one constraint function (M = 1), in which case a feasible base policy can be obtained
(if at all possible) by ordinary (unconstrained) DP, using as cost function either the constraint

function or an appropriate weighted sum of the cost and constraint functions.

We now describe the rollout algorithm. It starts at stage 0 and sequentially proceeds to the

last stage. At stage k, it maintains a partial trajectory
Ty = (xo, U0, T1,. .-, Uk—1,Tk) (4.5)
that starts at the given initial state xg, and is such that
Tiy = fil@Tw),  weUi(T), i=0,1,...,k—1,

where Top = xg. The algorithm starts with the partial trajectory Ty that consists of just the initial

state xg.

For each k =0,1,..., N — 1, and given the current partial trajectory T}, it forms for each

control uy € Ur(Ty), a (complete) trajectory T (uy) by concatenating:
(1) The current partial trajectory Tj.
(2) The control uy and the next state zx41 = fi(Tk, uk)-
(3) The partial trajectory H(xp4+1) generated by the base policy starting from zj1.

Then, it forms the subset Uy (Tx) of controls uy, for which T¢(ug) is feasible, i.e., T¢(ux) € C.

The algorithm then selects from Uy (Fx) a control 7y, that minimizes over uy, € U (Tk)
9 (Trey ur) + J (fre (@, ur)).-

[We assume that the existence of a minimizing 2y is guaranteed when Uy () is nonempty; this
is true for example when Uy (%), and hence also Uy (y), is finite.] The algorithm then forms the

partial trajectory Ty11 by adding (Ux,Tr+1) to Tk, where
Tht1 = fr(T, Uk)-

For a more compact definition of the rollout algorithm, let us use the union symbol U to

denote the concatenation of two or more partial trajectories. With this notation, we have
T,g(uk) =T, U (uk) U H(fk(fk, uk)), (4.6)

Uk(fk) = {uk | Uk € Uk(fk), le(uk) S C} (4.7)
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The rollout algorithm selects at stage k

Uy € arg  min [gk(fk, Uk) + j(fk(fk, uk))} R (4.8)
ug €U (Ty)

and extends the current partial trajectory by setting
Ti+1 =Tk U (T, Tiot1)s (4.9)

where

Try1 = fr(T, Tr). (4.10)

Figure 4.1 provides an illustration of the algorithm.

Stage k

A
 /

Tk(uk)

Figure 4.1. [Illustration of the rollout algorithm for constrained deterministic DP problems. At
stage k, and given the current partial trajectory T} that starts at zo and ends at Ty, it considers
all possible next states xx411 = fi(Tk,ur), up € Ug(Ty), and runs the base policy starting at

Zk41. It then finds a control wy € Uy (Ty) such that the corresponding trajectory
Ty () = Ty U () U H(Tg41),

where
Ti+1 = fi(Th, Uk),

is feasible and has minimum cost, and extends T} by adding to it (T, ZTg41)-

Note that it is possible that there is no control uy € Ug(Tx) that satisfies the constraint
T¢(u) € C lie., the set U(Ty) is empty], in which case the algorithm breaks down. We will

show, however, that this cannot happen under some conditions that we now introduce.
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Definition 4.1:  The base policy is called sequentially consistent if whenever it generates

a partial trajectory

(xka Uk, Th4+1y Uk+1y - - - 7uN—1u:EN>7

starting from state xy, it also generates the partial trajectory

(Tht1, Ukt 1, Th2, Ukt 25 - -, UN—1, TN ),

starting from state xpyi.

Thus, a base policy is sequentially consistent if, when started at intermediate states of a
partial trajectory that it generates, it produces the same subsequent controls and states. If we
denote by p(zx) the control applied by the base policy when at state xj, then the sequence of
control functions m = {po, 1, ..., un—1} can be viewed as a policy. The cost-to-go of this policy
starting at state ay, call it J7 (z%), and the cost J(z)) produced by the base policy starting from
x, need not be equal. However, they are equal when the base policy is sequentially consistent,
ie.,

Jilee) = J(xe), Yk, k

because in this case, m generates the same partial trajectory as the base policy, when starting

from the same state. It follows that, for a sequentially consistent base policy, we have

Ik (xk,pk(xk)) + j(fk (mk,pk(xk)) = j(xk), Y xg, k. (4.11)

Note that base policies that are of the “greedy” type tend to be sequentially consistent, as
explained in [Ber0O5a], Section 6.4. The next definition provides an extension of the notion of

sequential consistency.

Definition 4.2:  The base policy is called sequentially improving if for every xy, the partial
trajectory

H(mk) = (Z'k,Uk,l'k+1,Uk+1, GO ,UN_l,fﬂN),

has the following properties:

(1)

gk (e, un) + J(zhe1) < J(xp). (4.12)
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2) If for some partial trajectory of the form (xo,uo,1,...,ur_1,Tr) we have
J Yy
(:)Co,uO,ll‘l, . ,uk,l,mk) U H(xk) S C,

then

(xo,uo,xl, ey Uk—1, Tk, uk,xk_H) U H(xk+1) eC.

Properties (1) and (2) of the preceding definition provide some basic guarantees for the use
of the control uy dictated by the base policy at state . In particular, property (1) guarantees
that when uy is used, the cost j(xk;+1) of the base policy starting from the new state x1 will not
be “excessive,” in the sense that it will be no more than the cost .J (xk) — gk (z, ug) “predicted” at
state xp. Property (2) guarantees that when wy, is used, the base policy will maintain feasibility

starting from the new state xy1.

Note that if the base policy is sequentially consistent, it is also sequentially improving [cf.
Eqgs. (4.11) and (4.12)]. An example of an interesting case where the sequential improvement
property holds arises in model predictive control (see the next section). There, the base policy
drives the system to a cost-free and absorbing state within a given number of stages, while
minimizing the cost over these stages. It can be verified that for a system with a cost-free and
absorbing state, a base policy of this type is sequentially improving. For another case where
the base policy is sequentially improving, let the constraint set C' consist of all trajectories
T = (xo,u0,T1,U1,...,UN—1,ZN) such that

N-1

gﬁ(xN)Jng,’C"(xk,uk)gbm, m=1,..., M,
k=0

cf. Eq. (4.4)]. Let C™(xy) be the value of the mth constraint function corresponding to the partial

trajectory H(xy) = (Tk, Uk, Tht1, Uk+1, - - -, UN—1, LN ), generated by the base policy starting from
Ty, i.e.,
N-1
Cm(wx) = gft(en) + Y g™(wi,w),  m=1,..., M.
i=k

Then, it can be seen that the base policy is sequentially improving if in addition to Eq. (4.12),
the partial trajectory H(xy) satisfies

g7 (x, ug) + Cm(zgpq) < O™ (), m=1,..., M. (4.13)

The reason is that if a trajectory of the form

(wo,u0, 1, ..., up—1,2) U H(xy)
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belongs to C', then we have
k—1 )
N g (i w) + Cmlay) <bm, om=1,... M,
i=0

and from Eq. (4.13), it follows that

k—1
Zggn(aci, ui) + g7 (xk, ug) + Cm(z11) < b7, m=1,...,M.
i=0

This implies that the trajectory

(0, U0, T1, -+, Uk—1, Tk Uk, Thg1) U H (Tp41)

belongs to C, thereby verifying property (2) of the definition of sequential improvement.

The essence of our main result is contained in the following proposition. To state compactly

the result, consider the partial trajectory
Tx = (x0,U0,T1,- .-, Uk—1,Tk)
maintained by the rollout algorithm after k stages, the set of trajectories
{T¢(ur) | ur € Uk(Tn) }

that are feasible [cf. Egs. (4.6) and (4.7)], and the trajectory T within this set that corresponds

to the control uy chosen by the rollout algorithm, i.e.,
Th = TE(@y) = Ty U (Tx) U H(Tp11), (4.14)
where
Tht1 = fr(Tw, Ur).-

The result asserts that as k increases, the cost of the corresponding trajectories T}, cannot

increase.

Proposition 4.1:  Assume that the base policy is sequentially improving. Then for each

k, the set U (Zy) is nonempty, and
V(H(z0)) > V(To) > V(T1) > --- > V(Tn-1) > V(Tw),

where the trajectories Ty are given by Eq. (4.14) for all k.
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Proof: Let the trajectory generated by the base policy starting from xp have the form
H(zo0) = (o, up, 2h,ul, ..o uly g, 2ly),

and note that since H(x9) € C by assumption, we have uf, € Uo(zo). Thus, the set Uq(zo) is

nonempty. Also, we have
V(H(x0)) = J(w0) > go(wo, uh) + J (folwo, up)),
where the inequality follows by the sequential improvement assumption [cf. Eq. (4.12)]. Since

Uo € arg  min [QO(HfO,UO) + j(fO(wovu()))},
up€Uo(z0)

it follows by combining the preceding two relations and the definition of T [cf. Eq. (4.14)] that
V(H(z0)) > go(wo, o) + J(71) = V(T%),
while T is feasible by the definition of U (o).
The preceding argument can be repeated for the next stage, by replacing xo with 71, and
H(zp) with To. In particular, let T have the form

¢ _ - = 1o ol / /
To = (xo,Uo, T, U, Th,uh, ..., U1, Ty)-

Since T} is feasible as noted earlier, we have u} € U, (Z1), so that Uy (Z1) is nonempty. Also, we
have

V(TS) = go(l‘o,ﬂo) + j(fl) > go(l‘o,ﬂo) —|—gl(51,u'1) + j(f1(fl,u’1)),

where the inequality follows by the sequential improvement assumption. Since

Up € arg min [gl(fl,m) + j(f1(f1,u1))},
u1€U1(Z1)

it follows by combining the preceding two relations and the definition of T that
V(To) > go(0,0) + g1(T1, W) + J(T2) = V(T1),

while T7 is feasible by the definition of U (z1).

Similarly, the argument can be successively repeated for every k, to verify that Uy(Ty) is

nonempty and that V(T_1) > V(T%) for all k. Q.E.D.

Proposition 4.1 implies that the rollout algorithm generates at each stage k a feasible tra-
jectory that is no worse than its predecessor in terms of cost. Since the starting trajectory is
H(xo) and the final trajectory is

T = (0,0, F1, - .., Un-1,7N),
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we have the following.

Proposition 4.2:  If the base policy is sequentially improving, then the rollout algorithm
produces a trajectory (xo,Uo,Z1, - -.,Un—1, Zy) that is feasible and has cost that is no larger

than the cost of the trajectory generated by the base policy starting from xg.

By a simple extension of the argument used to show Prop. 4.2, we can also show that when
the base policy is sequentially improving, then the trajectory (zo, o, Z1,...,Un—1, Zn) produced
by the rollout algorithm satisfies for all k =1,..., N — 1,

N-1
J(@r) = gy (Tn) + Y gi(Ti, i)
i=k

In words, the cost-to-go of the rollout algorithm starting from state Ty is no worse than the
cost-to-go of the base policy starting from 7. Thus, J (ZT) provides a readily computable upper

bound to the cost-to-go of the rollout algorithm starting from .

We will now discuss some variations and extensions of the rollout algorithm for constrained
deterministic problems. Let us consider the case where the sequential improvement assumption
is not satisfied. Then, even if the base policy generates a feasible trajectory starting from the
initial state xo, it may happen that given the partial trajectory T}, the set of controls Uy (Ty)
that corresponds to feasible trajectories T} (ux) [cf. Eq. (4.7)] is empty, in which case the rollout
algorithm cannot extend the trajectory T} further. To bypass this difficulty, we propose a modi-
fication of the algorithm, called fortified rollout algorithm, which is an extension of an algorithm

given in [BTW97] for the case of an unconstrained DP problem (see also [Ber0O5al, Section 6.4).

The fortified rollout algorithm, in addition to the partial trajectory

Ty = (20,0, T1, - - -, Ug—1,Tk),

maintains a (complete) trajectory T', which is feasible and agrees with T} up to state Ty, i.e., T
has the form

T = (xo,ﬂo,fl, ey Uk—1, Thy Uy Tt 1y - - - ,UN_l,.TN),

for some ug, Tg41,-..,un—1,2n such that x;41 = fi(us, a;) for i = k,..., N — 1, with xy, = Ty.
Initially, Tp consists of the initial state xg, and T is the trajectory H(zo), generated by the
base policy starting from xo. At stage k, the algorithm forms the subset U (Zx) of controls
uy, € Uy(Ty) such that T (uy) € C and

k—1

Zgi(xzsuz‘) + gr(@r, u) + J (fre(@r, ur)) < V(T).
=0
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There are two cases to consider:

(1) The set U (Fx) is nonempty. Then, the algorithm selects from Uy (Ty) a control @ that

minimizes over uy € Uy (Tk)

9k (T, ug) + j(fk(ik, uy)).
It then forms the partial trajectory
Tiev1 = Ti U (Uk, Thot1),
where Ty 1 = fi(Tk,Ux), and replaces T with the trajectory

Ti U (ug) U H(T41)-

(2) The set Uy (Z) is empty. Then, the algorithm forms the partial trajectory Tj41 by con-
catenating T) by the control/state pair (uy,zr, 1) subsequent to Ty in T, and leaves T

unchanged.

It can be seen with a little thought that the fortified rollout algorithm will follow the initial
trajectory T, the one generated by the base policy starting from o, up to the point where it will
discover a new feasible trajectory with smaller cost to replace T. Similarly, the new trajectory
T may be subsequently replaced by another feasible trajectory with smaller cost, etc. Note that
if the base policy is sequentially improving, the fortified rollout algorithm generates the same
trajectory as the (nonfortified) rollout algorithm given earlier. However, it can be verified, by
modifying the proofs of Props. 4.1 and 4.2, that even when the base policy is not sequentially
improving, the fortified rollout algorithm will generate a trajectory that is feasible and has cost

that is no worse than the cost of the trajectory generated by the base policy starting from xg.

We finally consider the case where C' is specified by the time-additive constraints

N-1
gR(xn) + Zgi"(xk,uk) < bm, m=1,...,M, (4.15)
k=0

[cf. Eq. (4.4)], representing restrictions on M resources. Then, it is natural for the base policy
to take into account the amounts of resources already expended. Omne way to do this is by

augmenting the state x; to include the quantities
k-1
yZ’nglm(xi,ui), m=1,....M, k=1,...,.N —2,
i=0

N—-1

Yo' =0, Y =g (fn—1(zNn—1,un—1)) + Z g7 (@i, uq).
i=0
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In other words, we may reformulate the state of the system to be (zx,y},...,y}), and to evolve

according to the new system equation
Thy1 = [r(Tn, ur), k=0,...,N—1,

Yyt =yt g (e, k), m=1,...,M, k=0,...,N =2,

Yo' =0, ym = yn_y + o (v —1,un—1)) + g (en—1,un—1).
The time-additive constraints (4.15) are then reformulated as y%} < o™, m = 1,...,M. The

rollout algorithm described earlier, when used in conjunction with this reformulated problem,
allows for base policies whose generated trajectories depend not only on zj, but alsoon yj, ..., yM,

and brings to bear Props. 4.1 and 4.2.

Open-Loop Feedback Control

We will now discuss a classical suboptimal control scheme, which turns out to be a special case
of the rollout algorithm. We have so far focused on problems of perfect state information where
the state xj is observed exactly. In an imperfect state information problem, control at stage k is

applied with knowledge of the information vector
Iy = <Z17 cey Rk, UO, - 7uk—1)a

where for all k, zj is an observation obtained at stage k, and related to the current state x; and
the preceding control ug_1 through a given conditional probability distribution. Following the
observation zj, a control ug is chosen by the controller with knowledge of the information I and

the associated the conditional probability distribution P, Then, a cost g(zk,ur) is incurred,

Kl g
where xj, is the current (hidden) state. While problems of imperfect state information are very
hard to solve optimally, they can be reduced to problems of perfect state information whose state

is the conditional distribution P, ;. (see e.g., [Ber05a]).

kM

Generally, in a problem with imperfect state information, the performance of the optimal
policy improves when extra information is available. However, the use of this information may
make the DP calculation of the optimal policy intractable. This motivates a suboptimal policy,
based on a more tractable computation that in part ignores the availability of extra information.
This policy was first suggested by Dreyfus [Dre65], and is known as the open-loop feedback con-

troller (OLFC). It uses the current information vector Ij to determine P, but it calculates

kMg
the control uy as if no further measurements will be received, by using an open-loop optimization

over the future evolution of the system. In particular, ug is determined as follows:
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(1) Given the information vector Ix, compute the conditional probability distribution P, 7,

(in the case of perfect state information, where Ij includes xy, this step is unnecessary).

(2) Find a control sequence {u,Uk+t1,-..,Un—1} that solves the open-loop problem of mini-
mizing

N—1
E {gN(xN) + Z gi (i, wi, wi) ‘ Ik}
—k

=

subject to the constraints

i1 = fi(wi, ws, wy), u; € Uj, i=kk+1,...,N—1.

(3) Apply the control input
(L) = g

Thus the OLFC uses at time k the new measurement zj to calculate the conditional probability

distribution P, However, it selects the control input as if future measurements will be

kM
disregarded.

In any suboptimal control scheme, one would like to be assured that measurements are
advantageously used. By this we mean that the scheme performs at least as well as any open-
loop policy that uses a sequence of controls that is independent of the values of the measurements
received. An optimal open-loop policy can be obtained by finding a sequence {ug, uj, ..., u%_;}

that minimizes
N—1
J(uo,ut,...,un—1) =F {gN(xN) + Z gk(xk,uk,wk)}
k=0

subject to the constraints
Tpt1 = fr(Tr, ug, wy), ug € Ug, k=0,1,...,N — 1.

A nice property of the OLFC is that it performs at least as well as an optimal open-loop pol-
icy, as shown by the following proposition. By contrast, the CEC does not have this property
(for example, in a one-stage problem, the optimal open-loop controller and the OLFC are both

optimal, but the CEC may be strictly suboptimal).

Proposition 4.3: The cost J7 corresponding to an OLFC satisfies

JFSJ8<7

where Jjj is the cost corresponding to an optimal open-loop policy.

26



Rollout and Open-Loop Feedback Control

The preceding proposition shows that the OLFC uses the measurements advantageously
even though it selects at each period the present control input as if no further measurements will
be taken in the future. A proof from first principles was given in Bertsekas [Ber72b] (this proof
is reproduced in [Ber05a]; it was extended by White and Harrington [WhH80]). However, it is
much simpler to argue that the proposition is a special case of the cost improvement property of

the rollout algorithm (cf. Example 3.1), based on the following observation:

Let us view the given problem of imperfect state information as a problem of perfect state

information whose “state” at the kth stage is the distribution P, Let us also view the optimal

kg

open-loop policy starting at the next “state” P, as a base policy. Then it can be seen

k1 k41
that the OLFC is just the rollout algorithm corresponding to this base policy. According to the
generic cost improvement property of rollout algorithms, the performance of the OLFC is no
worse that the performance of the optimal open-loop policy (the base policy) starting from the
initial state P,

olIo- This is precisely the statement of Prop. 4.3.

We finally note that a form of suboptimal control that is intermediate between the optimal
feedback controller and the OLFC is provided by a generalization of the OLFC called the partial
open-loop feedback controller (POLFC for short); see [Ber05a]. Like OLFC, this controller uses
past measurements to compute P, , but calculates the control input on the basis that some (but
not necessarily all) of the measurements will in fact be taken in the future, and the remaining
measurements will not be taken. This method often allows one to deal with those measurements
that are troublesome and complicate the solution, while taking into account the future availability
of other measurements that can be reasonably dealt with. The POLFC can also be viewed as
a form of rollout policy whose base policy takes into account some (but not all) of the future

measurements rather than being open-loop.
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5. MODEL PREDICTIVE CONTROL

Model predictive control (MPC) was motivated by the desire to introduce nonlinearities and
constraints into the linear-quadratic control framework, while obtaining a suboptimal but stable
closed-loop system. We will describe MPC for the more general case of a time-invariant nonlinear
deterministic system and nonquadratic cost. The state and control belong to the Euclidean spaces

R and K™, respectively, and may be constrained. In particular, the system is
Th+1 :f(xk,uk), kZO,l,...,
and the cost per stage is
g(zk, ug), k=0,1,...,

and is assumed nonnegative for all z; and u;. We impose state and control constraints
i € X, uy, € U(xy), k=0,1,...,

and we assume that the set X contains the origin of ®". Furthermore, if the system is at the

origin, it can be kept there at no cost with control equal to 0, i.e.,
0 € U(0), £(0,0) =0, 9(0,0) = 0.

We want to derive a stationary feedback controller that applies control fi(z) at state x, and
is stable in the sense that x; — 0 and 7i(xx) — 0 for all initial states xp € X. Furthermore, we

require that for all initial states zo € X, the state of the closed-loop system

Tiy1 = f(zp, Blzr)),

satisfies the state and control constraints. Finally, to satisfy the stability requirement through
a cost minimization, we require that the total cost of the feedback controller 7i over an infinite

number of stages is finite:
o0

> gl@r, Ti(zr)) < o0, (5.1)

k=0
and that the nonnegative function g is such that the preceding relation implies that x; — 0 and

i(zr) — 0. A primary example is a quadratic cost per stage,
g(z,u) = 2'’Qx + v/ Ru,

where the matrices () and R are positive definite and symmetric.
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In order for such a controller to exist, it is evidently sufficient [in view of the assumptions

£(0,0) =0 and ¢(0,0) = 0] that there exists a positive integer m such that for every initial state

xo € X, one can find a sequence of controls ug, k = 0,1,...,m — 1, which drive to 0 the state
Ty of the system at time m, while keeping all the preceding states xi,xa,...,Tm—1 within X
and satisfying the control constraints ug € U(xo), ..., um—1 € U(xm—1). We refer to this as the

constrained controllability assumption. In practical applications, the constrained controllability
assumption can often be checked easily. Alternatively, the state and control constraints can be
constructed in a way that the assumption is satisfied using the methodology of reachability of
target tubes; see the end of this section.

Let us now describe a form of MPC under the constrained controllability assumption. At
each stage k and state z € X, it solves an m-stage deterministic optimal control problem
involving the same cost per stage and constraints, and the requirement that the state after m
stages be exactly equal to 0. This is the problem of minimizing

k+m—1
Z g(xivui)’ (52)

i=k

subject to the system equation constraints
Tit1 = flxi,wi), i=kk+1,...,k+m—1, (5.3)
the state and control constraints
z; € X, u; € U(xy), i=kk+1,....k+m—1, (5.4)

and the terminal state constraint

By the constrained controllability assumption, this problem has a feasible solution. Let

{Elmﬂk-‘rla o 7ﬂk+7n—1}

be a corresponding optimal control sequence. The MPC applies at stage k the first component
of this sequence,

(k) = Tk,
and discards the remaining components.

We now show that the MPC satisfies the stability condition (5.1). Let xo,uo, 21, u1,... be

the state and control sequence generated by MPC:

Uk = ﬁ(mk)7 Tk+1 = f(‘rknﬁ(xk))a k= 07 17 e
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Denote by J () the optimal cost of the m-stage problem solved by MPC when at a state x € X;
cf., Eqs. (5.2)-(5.5). Let also .J(x) be the optimal cost starting at z of a corresponding (m — 1)-
stage problem, i.e., the optimal value of the cost

m—2

> glar, wp),

k=0

where zo = z, subject to the constraints
zr € X, ukEU(xk), k=0,1,...,m—2,

and

Im—1 = 0.

[For states z € X for which this problem does not have a feasible solution, we write J(z) = co.]
Having one less stage in our disposal to drive the state to 0 cannot decrease the optimal cost, so

we have for all x € X

J(x) < J(z). (5.6)

From the definitions of J and J, we have for all k,

i {g(,w) + T (F(ows w) | = glan,w) + T (onn) = (o) (5.7)

so using Eq. (5.6) with © = x,41, we see that
g(xr,ur) + J(zp) < J(xg),  k=0,1,.... (5.8)

Adding this equation for all k in the range [0, K], where K = 0,1,..., we obtain
K
J(@r1) + Y glwr,ur) < J(x0).
k=0
Since J(xx11) > 0 (in view of the nonnegativity of g), it follows that

K

> glakw) < J(zo), K =0,1,..., (5.9)
k=0

and taking the limit as K — oo,

gz, ur) < J(z0) < 0.

M8

=~
Il

0
This shows the stability condition (5.1).
We note that the one-step lookahead function J implicitly used by MPC' [cf. Eq. (5.7)] is

the cost corresponding to a certain base policy. This policy is defined by the open-loop control
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sequence that drives to 0 the state after m —1 stages and keeps the state at 0 thereafter, while ob-
serving the state and control constraints xj € X and uy € U(xy), and minimizing the cost. Thus,
we can also view MPC as a rollout algorithm with the base policy defined by the sequence just de-
scribed. This base policy may not be sequentially consistent, but it is sequentially improving (cf.
Definitions 4.1 and 4.2). The reason is that if (Xg+1, Uk41, Tht2, k42, - - - s Thpm—1, Uktm—1,0) s

the sequence generated by the (m — 1)-stage base policy starting from state xy41, we have

9(@rr1, upr1) + J(@pp2) < J(@he1);

this follows by an argument similar to the argument we used to show Eq. (5.8) based on Egs.
(5.6) and (5.7). Thus, property (1) of Definition 4.2 is satisfied, while the feasibility property
(2) of that definition is also satisfied because of the structure of the constraints of the problem
solved at each stage by MPC. In fact the stability property of MPC is a special case of the cost
improvement property of rollout algorithms that employ a sequentially improving base policy (cf.
Prop. 4.2), which under our assumptions for the cost per stage g, implies that if the base policy
results in a stable closed-loop system, the same is true for the corresponding rollout algorithm.
Note that the constrained controllability assumption is used to satisfy the feasibility assumption

on the base policy within the rollout context of Section 4.

The connection between MPC and rollout is conceptually useful, and may lead to new
algorithms for specialized or different types of control problems. For example, it can be exploited
to derive MPC schemes involving more complex constraints in analogy with the rollout algorithm

given in Section 4.

Looking back into the argument that we used to prove stability [cf. Egs. (5.6)-(5.9)], we see
that to obtain the stability property (5.1), we do not need to solve the m-stage optimal control
problem (5.2)-(5.5). It is sufficient instead to apply at any stage k and state zx € X, a control
up = Uy, where Uy is the first element of a sequence {TUg,Tk+1, ..., Tk+m—1} generated by an
m-stage base policy starting at z; (m may be dependent on x, but for simplicity we do not
show this dependence). This control sequence, together with the corresponding generated state

sequence {Tk, Tkt1,- .-, Lht+m}, Mmust have the following two properties:
(a) zp41 € X.

() gk, ur) + J(zrs1) < J(xx), where J(z) is some function of # that is nonnegative over the
set X [for example, J(z) can be the cost incurred by the base policy over m stages starting

from z, cf. Eq. (5.8)].

Property (b) above is a Lyapounov stability-type of condition, where J (z) is the Lyapounov
function. Note that property (a) is weaker than the property x; € X foralli = k+1,..., k+m—1,

31



Model Predictive Control

satisfied by the sequence {ug, Ug+1, - - -, Uk+m—1} that is generated by MPC at stage k. However,
the later property is also needed to show property (b) [cf. Eq. (5.8)] via the argument of Eqgs.
(5.6) and (5.7).

The MPC scheme that we have described is just the starting point for a broad methodology
with many variations. For example, the m-stage problem solved by MPC at each stage may be
modified so that instead of requiring that the state be 0 after m stages, one may use a large
penalty for the state being nonzero after m stages. Then, the preceding analysis goes through, as
long as the terminal penalty is chosen so that Eq. (5.6) is satisfied. In another variant, instead of
aiming to drive the state to 0 after m stages, one aims to reach a sufficiently small neighborhood
of the origin, within which a stabilizing controller, designed by other methods, may be used. This
variant is also well-suited for taking into account disturbances described by set membership, as

we now proceed to explain.

MPC with Set-Membership Disturbances

To extend the MPC methodology to the case where there are disturbances wy in the system
equation

Trp1 = f(@k, uk, wi),

we must first modify the stability objective. The reason is that in the presence of disturbances,
the stability condition (5.1) is impossible to meet. A reasonable alternative is to introduce a
set-membership constraint wy € W (xg, ug) for the disturbance and a target set T for the state,

and to require that the controller specified by MPC drives the state to T" with finite cost.

To formulate the MPC, we assume that T' C X, and that once the system state enters
T, we will use some control law f that keeps the state within 7" for all possible values of the

disturbances, i.e.,
f(z, i(z),w) €T, forallz € T, w € W(z, i(z)). (5.10)

Finding such a target set T' and control law fi can be addressed via the methodology of infinite

time reachability, and will be discussed at the end of this section.

Once we specify the target set T, we can view it essentially as a cost-free and absorbing
state, similar to our view of the origin in the earlier deterministic context. Consistent with this

interpretation, we introduce the stage cost function

g(z,u) ifxéT,
g(z,u) = ,
0 ifxeT,
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where g is a nonnegative function with the property that for any sequence {xo,uo, z1,u1,...}

generated by the system, the condition
o0
Z?(xk,uk) < 00,
k=0

implies that x; — 0 and ur — 0 [for example, § can be quadratic of the form g(x,u) = 2/Qx +

uw/ Ru, where ) and R are positive definite, symmetric matrices].

The MPC is now defined as follows: At each stage k and state z; € X with x; ¢ T, it solves

the m-stage minimax control problem of finding a policy fik, fik+1,- - -, flk+m—1 that minimizes

k+m—1

max E g\x; /L(.%‘l)
wi €W (24,04 (x4)), . ( ’ )’
i=k,k+1,....k4+m—1 1=k

subject to the system equation constraints
xi+1:f(xi,ﬂi(xi),wi), i=kk+1,...,k+m—1,
the control and state constraints
r; € X, fi(zi) € U(xy), i=k,k+1,....,k+m—1,
and the terminal state constraint
xi €T, for some i € [k + 1,k + m)].
These constraints must be satisfied for all disturbance sequences satisfying
w; € W (i, fi(zi)), i=kk+1,....,k+m—1.
The MPC applies at stage k the first component of the policy fig, fig+1, - - - 5 flk+m—1 thus obtained,
A(wk) = fir (),

and discards the remaining components. For states x within the target set T', the MPC applies
the control fi(z) that keeps the state within 7', as per Eq. (5.10), at no further cost [f(z) = fi(x)
for x € T).

We make a constrained controllability assumption, namely that the m-stage minimazx prob-
lem solved at each stage by MPC has a feasible solution for all xj, € X with xp ¢ T (this
assumption can be checked using the target tube reachability methods, described at the end of
this section). Note that this problem is a potentially difficult minimax control problem, which

generally must be solved by DP (see e.g., Section 1.6 of [Ber05al).
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The stability analysis of MPC (in the modified sense of reaching the target set T' with
finite cost, for all possible disturbance values) is similar to the one given earlier in the absence of
disturbances. Furthermore, we can view MPC in the presence of disturbances as a special case of
a rollout algorithm, suitably modified to take account of the set-membership description of the

disturbances. Let us provide the details of this analysis.
We first show that & attains reachability of the target tube {X, X, ...} in the sense that
f(z,a(z),w) € X, for all z € X and w € W (z, fi(z)). (5.11)

Indeed, for z € T, MPC applies the control fi(z), which by assumption keeps the next state
within 7', and hence also within X (since T' C X). Hence, Eq. (5.11) is satisfied for z € T. For
x € X with ¢ T, the constraints of the m-stage minimax problem solved by MPC starting
from z include Eq. (5.11). Hence the reachability condition (5.11) is satisfied. (Note that the
constrained controllability assumption that the m-stage minimax problem solved at each stage

by MPC has a feasible solution is critical for this analysis.)

Consider now any sequence {xo, uo,x1,u1,...} generated by MPC [i.e., 0 € X, xo ¢ T,

up = f(zk), try1 = f(ag, ug, wy), and wy, € W (g, ux)]. We will show that

> glzr,uk) < J(x0) < o0, (5.12)
k=0

where J (z) is the optimal cost starting at state € X of the m-stage minimax control problem
solved by MPC, and K7 is the smallest integer k such that x € T (with Kp = oo if 2, ¢ T for

all k). Note that as a consequence of Eq. (5.12) there are two possibilities:

(a) The state reaches the target set T at some finite time K7, in which case it is kept within

T for all subsequent times, by the definition of MPC.

(b) The state never reaches the target set T' (K = o0), in which case we have g(zk,ur) =
G(xk, ux) for all k, and the infinite horizon cost Y 7° ( G(xx, uy) is finite. By our assumption

regarding g, this implies that 3y — 0 and ug — 0.

In either case (a) or (b), Eq. (5.12) can be viewed as a property of stability in the presence of

disturbances (assuming that 7" is a bounded set).

To show Eq. (5.12), we argue similar to the case where there are no disturbances. Let us
consider an optimal control problem that is similar to the one solved at each stage by MPC, but
has one stage less. In particular, given x € X with ¢ T, consider the minimax control problem

of finding a policy fio, fi1,- . ., fim—2 that minimizes

m—2

max i, f1i(x5)), 5.13
wi_fgvl(zi’ﬂ(mig)’ ; g( iy i ( z)) ( )
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subject to the system equation constraints
Tit1 :f(a:i,ﬂi(:ri),wi), 1=0,1,...,m— 2, (5.14)
the control and state constraints
z; € X, fi(xs) € Uay), i=0,1,...,m— 2, (5.15)
and the terminal state constraint
x; €T, for some ¢ € [1,m — 1]. (5.16)
These constraints must be satisfied for all disturbance sequences with
w; € W (zi, fi(zi)), i=0,1,...,m—2. (5.17)

Let J(xo) be the corresponding optimal value, and define J(z¢) = 0 for 2o € T, and J(zo) = oo
for all 29 ¢ T for which the problem has no feasible solution. It can be seen that the control f(z)

applied by MPC at a state x € X with x ¢ T, minimizes over u € U(x)

wer‘r/lvég’u) {g(z, u) + j(f(x, u, w))} .

By using the fact J(z) < J(x), it follows that for all z € X with ¢ T, we have

max [g(x,ﬁ(m)) + J(f(x,ﬁ(:c),w))] < J(x).

weW (z,u)

Hence, for all k such that z, € X with z ¢ T, we have
9(@r, k) + J(wri1) < J (@),

where j(xk_H) =0 if 241 € T, and by adding over k = 0,1,..., K7 — 1, we obtain the desired
result (5.12).

Note that similar to the case where there are no disturbances, we can interpret MPC as a
rollout algorithm with a base policy defined as follows: For « € T', the base policy applies ji(x),
and for x € X with « ¢ T, it applies the first element of a sequence that solves the (m — 1)-stage
problem described above, i.e., minimizes the cost (5.13) subject to the constraints (5.14)-(5.17).
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MPC and Infinite-Time Reachability

We will now describe the connection of MPC, and the methodology of reachability of target
sets and tubes, first introduced and developed for discrete-time systems by the author in his
Ph.D. thesis [Ber71], and subsequent papers [BeR71], [Ber72a]. Reachability, as well as the
broader subject of estimation and control for systems with a set-membership description of the
uncertainty, stayed outside mainstream control theory and practice for a long time, but have
received renewed attention since the late 80s, in the context of robust control and MPC. We
refer to the surveys by Deller [Del89], Kosut, Basar [Bar91], Lau, and Boyd [KLB92|, Blanchini
[Bla99], and Mayne [May01], which give many additional references. Section 4.6.2 of the textbook

[Ber05a] provides an introduction to the subject, which is relevant to the material that follows.
Consider the system

Tit1 = fo(zk, up, wi),

where wy, is known to belong to a given set Wy (xy, uy), which may depend on the current state
xy and control uix. A basic reachability problem is to find a policy m# = {po,...,un—1} with
pr(xk) € Ug(zy) for all 2y and k, such that for each k = 1,2,..., N, the state x of the closed-
loop system

Ti1 = fro(Th, o (@r), wi)
belongs to a given set Xy, called the target set at time k.

We may view the set sequence {X1, Xa,...,Xn} as a “tube” within which the state must
stay, even under the worst possible choice of the disturbances wj from within the correspond-
ing sets Wi (zy, pi(zr)). If there exists a policy m = {0, ..., un—1} that keeps the state zj,
within Xy for all Kk = 1,..., N — 1, starting from a given initial state zg, we say that the tube

{X1,Xo,...,Xn} is reachable from xg.

Turning back to the MPC formulation, we note that the constrained controllability assump-
tion is in effect an assumption about reachability of a certain target tube. In particular, for a
deterministic system, this assumption requires that the state constraint set X is such that for all
initial states within X, there exists a control sequence that keeps the state of the system within
X for the next m — 1 stages, and drives the state to 0 at the mth stage. This is equivalent to
assuming that the tube {X1, X2,..., X;n} is reachable from all 29 € X, where

X1:X2:"':Xm_1:X’ Xm:{o}

For the case of a system driven by disturbances described by set membership, the con-

strained controllability assumption requires that we know two sets with favorable reachability
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properties: the target set T that the system aims at and the set X within which the state
must stay as it approaches T. An equivalent statement of the assumption is that the tube

{X1,Xs,..., X} is reachable from all 2o € X, where
X1=Xo=-=Xpn1=X, Xm =T,

and that the set T' is infinitely reachable, in the sense that there exists a control law fi that keeps

the state within T for all possible values of the disturbances, i.e.,
f(z, i(z),w) €T, for all z € T,w € W (, ji(z)). (5.18)

We may view the problem of infinite time reachability of a set T" as a limit/infinite horizon version
of the problem of reachability of a target tube: instead of a tube consisting of a finite number of

sets, we consider a tube with an infinite number of sets of the form {T,T,...}.

The computation as well as the definition of MPC critically depends on being able to solve
the two reachability problems formulated above: reachability of a (finite horizon) target tube,
and infinite time reachability of a set (or reachability of an infinite horizon target tube). One may
formulate the problem of reachability of a target tube {X1, X2,..., X~} as a minimax control
problem, where the cost at stage k is

0 if zp € Xy,

g () = { ,

1 if xy ¢ Xy
With this choice, the optimal cost-to-go from a given initial state zg is the minimum number
of violations of the target tube constraints x; € X that can occur when the wy are optimally
chosen, subject to the constraint wy € Wy(xg,ur), by an adversary wishing to maximize the
number of violations. In particular, if Jy(zx) = 0 for some z, € X}, there exists a policy such
that starting from xj, the subsequent system states z;, ¢ = k+ 1,..., N, are guaranteed to be

within the corresponding sets X;.

It can be seen that the set
Yk = {:L‘k | Jk(.’L'k) = 0}

is the set that we must reach at time k in order to be able to maintain the state within the
subsequent target sets. Accordingly, we refer to X, as the effective target set at time k. We
can generate the sets X with a backwards recursion, first obtained in [Ber71], which may be
derived from the DP algorithm for minimax problems, but can also be easily justified from first

principles. In particular, we start with

Xy =Xn, (5.19)
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and for k =0,1,..., N — 1, we have

X = {ar € X}, | there exists up € Ug(xy) such that
_ (5.20)
fk(xk,uk,wk) S Xk-&-l, for all wy, € Wk(xk,uk)}.

In general, it is not easy to characterize the effective target sets X ;. However, a few special

cases involving the linear system
Tpy1 = Apzy + Brug + wr, k=0,1,...,N —1,

where A; and By are given matrices, are amenable to exact or approximate computational
solution. One such case is when the sets X}, are polyhedral, and the sets Uy (zy) and Wi (xg, uk)
are also polyhedral, and independent of xy and ug. Then the effective target sets are polyhedral

and can be computed by linear programming methods.

Another case of interest is when the sets Xj are ellipsoids, and the sets Ug(xg) and
Wi (2k,ur) are also ellipsoids that do not depend on zj and (xy, ux), respectively. In this case,
the effective target sets X are not ellipsoids, but can be approximated by inner ellipsoids X
with

X, C Xy,

(this requires that the ellipsoids Uy, have sufficiently large size, for otherwise the target tube may
not be reachable and the problem may not have a solution). Furthermore, the state trajectory
{z1,x2,..., 2N} can be maintained within the ellipsoidal tube {Xl, X, ... ,XN} by using a linear
control law (see [Ber05a], p. 214). We refer to the author’s Ph.D. thesis work [Ber71] and the

subsequent paper [BeR71], for a more detailed analysis.

When the problem is stationary and fi, Xg, Uk, and Wy do not depend on k, as in the
MPC formulation, an infinitely reachable set can often be obtained, at least in principle, by a
form of value iteration, i.e., start with some (sufficiently large) target set Y, and sequentially

construct an infinite sequence of corresponding effective target sets {?k} satisfying Yo=Y and
Yie1 = {x €Y} | there exists u € U(x) withf(x,u,w) € Y, for all w € W(x,u)}

Clearly, Y, is the set of all initial states € Y for which there exists a k-stage policy that keeps
the state of the system within Y for the next k stages. We have

?kJrl C ?ka v ka

and we may view the intersection

Yo = ﬂzozo?k
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as the set within which the state can be kept for an arbitrarily large (but finite) number of time
periods. Paradoxically, under some unusual circumstances, the set Yo, may not be infinitely
reachable, i.e., there may exist states in Yo, starting from which it may be impossible to remain
within Yo for an indefinitely long horizon, i.e., an infinite number of time periods. Conditions
that guarantee infinite reachability of Yoo have been investigated by the author in [Ber72al, and
include compactness of the sets Y, U(x), and W (x,u), and continuity of the function f. Under
these conditions, the set Yo is the largest infinitely reachable set contained within Y. References
[Ber71] and [Ber72a] also focus on the case where the system is linear, and the sets Y, U, and
W are ellipsoids. For this case, these references provide a methodology, based on a Riccati-
like equation for constructing infinitely reachable ellipsoidal inner approximations to Yo, and an

associated linear control law that attains infinite time reachability.
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6. RESTRICTED STRUCTURE POLICIES

We will now introduce a general unifying suboptimal control scheme that contains as special
cases several of the control schemes we have discussed: rollout, OLFC, and MPC. The idea is to
simplify the problem by selectively restricting the information and/or the controls available to
the controller, thereby obtaining a restricted but more tractable problem structure, which can

be used conveniently in a one-step lookahead context.

An example of such a structure is one where fewer observations are obtained, or one where
the control constraint set is restricted to a single or a small number of given controls at each state.
Generally, a restricted structure is associated with a problem where the optimal cost achievable is
less favorable than in the given problem; this will be made specific in what follows. At each stage,
we compute a policy that solves an optimal control problem involving the remaining stages and
the restricted problem structure. The control applied at the given stage is the first component

of the restricted policy thus obtained.

An example of a suboptimal control approach that uses a restricted structure is the OLFC,
where one uses the information available at a given stage as the starting point for an open-loop
computation (where future observations are ignored). Another example is the rollout algorithm,
where at a given stage one restricts the controls available at future stages to be those applied
by some suboptimal policy. Still another example is MPC, which under some conditions may be

viewed as a form of rollout algorithm, as discussed in the preceding section.

For a problem with N stages, implementation of the suboptimal scheme to be discussed
requires the solution of a problem involving the restricted structure at each stage. The horizon
of this problem starts at the current stage, call it k, and extends up to the final stage V. This
solution yields a control uy for stage k£ and a policy for the remaining stages k + 1,...,N — 1
(which must obey the constraints of the restricted structure). The control uy is used at the
current stage, while the policy for the remaining stages k+1, ..., N —1 is discarded. The process
is repeated at the next stage k + 1, using the additional information obtained between stages k

and k + 1.

Similarly, for an infinite horizon model, implementation of the suboptimal scheme requires,
at each stage k, the solution of a problem involving the restricted structure and a (rolling) horizon
of fixed length. The solution yields a control uy for stage k and a policy for each of the remaining
stages. The control ug is then used at stage k, and the policy for the remaining stages is discarded.
For simplicity in what follows, we will focus attention to the finite horizon case, but the analysis

applies, with minor modifications, to infinite horizon cases as well.
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Our main result is that the performance of the suboptimal control scheme is no worse than
the one of the restricted problem, i.e., the problem corresponding to the restricted structure. This
result unifies and generalizes our analysis for the OLFC (which is known to improve the cost of
the optimal open-loop policy, cf. Section 4), for the rollout algorithm (which is known to improve
the cost of the corresponding suboptimal policy, cf. Section 4), and for MPC (where under some
reasonable assumptions, stability of the suboptimal closed-loop control scheme is guaranteed, cf.

Section 5).

For simplicity, we focus on the imperfect state information framework for stationary finite-
state Markov chains with N stages; the ideas apply to much more general problems with perfect
and imperfect state information, as well problems with an infinite horizon. We assume that the
system state is one of a finite number of states denoted 1,2,...,n. When a control u is applied,
the system moves from state ¢ to state j with probability p;;(u). The control u is chosen from
a finite set U. Following a state transition, an observation is made by the controller. There is
a finite number of possible observation outcomes, and the probability of each depends on the
current state and the preceding control. The information available to the controller at stage k is
the information vector

I = (21, oy 21, U0y« oy UR—1),
where for all i, z; and u; are the observation and control at stage i, respectively. Following the
observation zj, a control uy, is chosen by the controller, and a cost g(zy, uy) is incurred, where xy,
is the current (hidden) state. The terminal cost for being at state x at the end of the N stages
is denoted G(z). We wish to minimize the expected value of the sum of costs incurred over the

N stages.
We can reformulate the problem into a problem of perfect state information where the
objective is to control the column vector of conditional probabilities
Pk = (Pps -+ PR)"s
with
pizP(mk:ﬂIk)7 ji=1,...,n.
We refer to pi as the belief state, and we note that it evolves according to an equation of the

form
Pr+1 = P(pr, Uk, 2k+1)-
The function ® represents an estimator, as discussed. The initial belief state pg is given.

The corresponding DP algorithm has the form
Je(pr) = Hlé% {pﬁgg(uk) + B { Trer1 (@ (0w, uie, 2041)) | pmuk}},
U
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where g(uy) is the column vector with components g(1,uy),...,g(n,ux), and pj.g(ux), the ex-
pected stage cost, is the inner product of the vectors py and g(uy). The algorithm starts at stage
N, with

Jn(pN) = PG,

where G is the column vector with components G(1),...,G(n), and proceeds backwards.

We will also consider another control structure, where the information vector is
Tk:(21,...,2k,u0,...,uk_1), kZO,...,N—l,

with Z; being some observation for each i (possibly different from z;), and the control constraint
set at each py is a given set U(p). The probability distribution of Zj, given z; and ug_1 is known,
and may be different than the one of z;,. Also U(py) may be different than U [in what follows,

we will assume that U(py,) is a subset of U].

We introduce a suboptimal policy, which at stage k, and starting with the current belief
state py, applies a control i, (pr) € U, based on the assumption that the future observations and
control constraints will be according to the restricted structure. More specifically, this policy

chooses the control at the typical stage k and state xj as follows:

Restricted Structure Policy: At stage k and state xj, apply the control

iy (Pr) = ur,

where
(ks k41 (Zht1, Uk)s -+ s N1 (Bht 15+, EN =1, Uky -, UN—2))
is a policy that attains the optimal cost achievable from stage & onward with knowledge

of pr and with access to the future observations Zy41,...,Zy—1 (in addition to the future

controls), and subject to the constraints

up €U, pr+1(Pr+1) € UPrs1)s-- - un—1(pn-1) € U(pn-1)-

Let Jy(px) be the cost-to-go, starting at belief state py at stage k, of the restricted structure
policy {ﬁo, . ,ﬂN_l} just described. This is given by the DP algorithm

Jr(pr) = P9 (1 (px)) + Bz 4, {7k+1 ((I)(pkyﬂk(pk)’zk-&-l)) | pkaﬁk(pk)} (6.1)

for all pj, and k, with the terminal condition Jn (pn) = p/yG for all py.
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Let us also denote by J; (px) the optimal cost-to-go of the restricted problem, i.e., the one
where the observations and control constraints of the restricted structure are used exclusively.
This is the optimal cost achievable, starting at belief state py at stage k, using the observations

Zi,i=k+1,...,N — 1, and subject to the constraints

ur € Ulpr),  prs1(Prs1) € Uprsr), - pv—1(pn—1) € U(pn-1).

We will show, under certain assumptions to be introduced shortly, that

7k(pk)§<]]:(pk)a Vpka k:Oa"'aNilv
and we will also obtain a readily computable upper bound to Jy (p). To this end, for a given
belief vector py and control u; € U, we consider three optimal costs-to-go corresponding to three
different patterns of availability of information and control restriction over the remaining stages

k+1,...,N — 1. We denote:

Qr(pr, ur): The cost achievable from stage k onward starting with py, applying uy at stage
k, and optimally choosing each future control w;, i = k+1,..., N —1, with knowledge of py,
the observations zpy1,...,2; and the controls wg,...,u;—1, and subject to the constraint

uiGU.

QS (pr,ur): The cost achievable from stage k onward starting with py, applying uj, at stage
k, and optimally choosing each future control uw;, i = k+1,..., N —1, with knowledge of py,
the observations Zyx41,...,Z2;, and the controls wug,...,u;—1, and subject to the constraint

u; € U(pi). Note that this definition is equivalent to

QS (pr, g (pr)) = min Q5 (pr, uk), (6.2)
upelU
where i, (pr) is the control applied by the restricted structure policy just described.

Qi(pk, uy): The cost achievable from stage k onward starting with py, applying uy at stage
k, optimally choosing the control ugy; with knowledge of pg, the observation z;41, and the
control uy, subject to the constraint uiy; € U, and optimally choosing each of the remaining
controls u;, i = k+2,..., N — 1, with knowledge of py, the observations zx41,Zk+2,- - -, Zi,

and the controls uy, ..., u;—1, and subject to the constraints u; € U(pi).

Thus, the difference between QS (pg, ux) and Qk(px, ux) is due to the difference in the control
constraint and the information available to the controller at all future stages £ +1,...,N — 1

[U(pk+1),.-.,U(pn—1) versus U, and Zp41,...,ZN_1 Versus zi1,...,2N—1, respectively]. The

difference between Q¢ (px,ur) and Qg(pk7uk) is due to the difference in the control constraint
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and the information available to the controller at the single stage k + 1 [U(pg+1) versus U, and

Zk41 VErsus zp41, respectively]. Our key assumptions are that

U(pr) C U, Vopp, k=0,...,N—1, (6.3)

Qk(pk7uk) SQA(];(pkauk) SQz(plwuk)? kaa ug € U7 k:Oa7N_1 (64)

Roughly, this means that the control constraint U(py) is more stringent than U, and the ob-
servations Zy41,...,Zn—1 are “weaker” (no more valuable in terms of improving the cost) than
the observations zxy1,...,2nv—1. Consequently, if Egs. (6.3) and (6.4) hold, we may interpret a
controller that uses in part the observations Z; and the control constraints U(pz), in place of z

and U, respectively, as “handicapped” or “restricted.”

Let us denote:

Ji(pr): The optimal cost-to-go of the original problem, starting at belief state pj at stage
k. This is given by

Ji(pr) = ufilgrlj Qi (ks uk)- (6.5)

Ji(pr): The optimal cost achievable, starting at belief state pj, at stage k, using the obser-

vations Z;, t = k+1,..., N — 1, and subject to the constraints

up €U, pes1(Prt1) € Upr+1), - - uv—1(pn-1) € U(pn-1).
This is given by
Ji(pr) = min Qf (px, u), (6.6)
up €U
and it is the cost that is computed when solving the optimization problem of stage k in the

restricted structure policy scheme. Note that we have for all pg,

Ji(pr) = min  Qf(pr,ux) > min QF (pr, ur) = Ji(pk), (6.7)
up €U (pg) up €U

where the inequality holds in view of the assumption U(py) C U.

Our main result is the following:

Proposition 6.1:  Under the assumptions (6.3) and (6.4), there holds

Ji(pr) < Je(pr) < JE(pr) < JE (k) Vopr, k=0,...,N—1.
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Proof: The inequality Ji(pr) < Ji(pr) is evident, since Ji(p) is the optimal cost-to-go over a
class of policies that includes the restricted structure policy {ﬁo, e BN } Also the inequality
JE(p) < Ji(pr) follows from the definitions; see Eq. (6.7). We prove the remaining inequality
J(pr) < Ji(px) by induction on k.

We have Jn(pn) = JS (pn) = 0 for all py. Assume that for all py1, we have

Tet1(Prt1) < Ji g (Prtr)-

Then, for all py,

Jk(or) = Prg (i (pr)) + E2k+1{jk-l-l((b(pkaﬁk(pk))'zk-l-l)) |pk7ﬂk(pk)}
< P9 (T (pr)) + Ezppy {J£+1(q)(pk7ﬁk(pk)>zk+l)) | plmﬁk(pk)}
= 3.9 (Fir (pr))

+E;, { ukTiIéU Q511 (® (pr, g (p1), Zk+1)7uk+1)‘ Pk,ﬁk(pk)}
Q5 (pr, i, (pr))
< Q% (k> Bk (pr))

where the first equality holds by Eq. (6.1), the first inequality holds by the induction hypothesis,
the second equality holds by Eq. (6.6), the third equality holds by the definition of Qz, the second
inequality holds by the assumption (6.4), and the last equality holds from the definition (6.2) of
the restricted structure policy. The induction is complete. Q.E.D.

The main conclusion from the proposition is that the performance of the restricted structure
policy {ﬁo, . ,ﬁN_l} is no worse than the performance associated with the restricted control
structure. Furthermore, at each stage k, the value J¢(px), which is obtained as a byproduct of
the on-line computation of the control 7z, (p), is an upper bound to the cost-to-go T (pk) of the
suboptimal policy. This is consistent with our earlier results that show the cost improvement

property of the rollout algorithm and the OLFC, and the stability property of MPC.
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Conclusions

7. CONCLUSIONS

This paper has aimed to outline the connections between some suboptimal control schemes that
have been the focus of much recent research. The underlying idea of these schemes is to start
with a suboptimal/heuristic policy, and to improve it by using its cost-to-go (or a lower bound
thereof) as an approximation to the optimal cost-to-go, the main theme of the policy iteration
method. While this viewpoint is natural in DP-based optimization, it is somewhat indirect within
the control-oriented context of MPC, where a principal issue is the stability of the closed-loop
system. We have tried to emphasize the relation between the stability property of MPC and the

cost improvement property of the underlying policy iteration methodology.

The connections between the various schemes described here may be helpful in better under-
standing their underlying mechanisms, and in extending the scope of their practical applications.
In particular, the success of MPC in control engineering applications should motivate the broader
use of rollout algorithms in practice, while the rollout and restricted policy cost improvement
analyses should motivate the use of MPC methods in other problem domains, involving for ex-
ample more complex state and control constraints. Finally, it should be mentioned that while
in rollout algorithms for constrained DP, the issue of constructing a feasible base policy is left
unresolved, in MPC it is addressed via the well-understood methodology of reachability of target

tubes.
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