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Preface

This text evolved from an introductory course on optimization under
uncertainty that I taught at Stanford University in the spring of 1973 and
at the University of [llinois in the fall of 1974. It is aimed at graduate students
and practicing analysts in engineering, operations research, economics,
statistics, and business administration. As a textbook it could be used, for
example, in a one-semester first-year graduate course, which could cover
primarily the first five chapters, the first half of Chapter 6, and parts of
Chapter 8. It could also be used in a two-quarter graduate course, which
would probably cover the whole text. Depending on the students’ back-
grounds and interests, some material could be omitted or added by the
instructor.

The basic objective of the book is to provide a unified framework for
sequential decision making under uncertainty and to stress the few funda-
mental concepts underlying the treatment of uncertainty and the technique
of dynamic programming. These concepts (risk, feedback, sufficient statistics,
adaptivity, contraction mappings, and the principle of optimality) are
emphasized and developed in a framework that is devoid, to the extent
possible, of structural assumptions on the problem considered. This is
accomplished by considering general dynamic systems defined over arbitrary
state and control spaces. Thus our formulation allows the simultaneous
treatment of several important classes of problems, such as stochastic
control problems (popular in modern control theory) as well as problems of
control of finite state Markov chains (popular in operations research and
statistics). However, rigor is claimed only in the case where the underlying
probability space is a finite or countable set, while other cases are treated in a
formal manner.

While most of the theoretical developments are carried out in a general
framework, a large portion of the text is devoted to applications from
specific problem areas. This serves the dual purpose of illustrating the

xi



xii PREFACE

theoretical developments and of presenting material that is important in its
own right. My objective has not been to develop any particular application
area in great depth but rather to emphasize those aspects which are strongly
related with the dynamic programming technique and associated concepts.
The mathematical prerequisite for the text is a good knowledge of
introductory probability theory and undergraduate mathematics. This
includes the equivalent of a one-semester first course in probability theory
together with the usual calculus, real analysis, vector-matrix algebra, and
elementary optimization theory most undergraduate students are exposed
to by their fourth year of studies. A summary of this material together with
appropriate references is provided in the appendixes. An effort has been
made to keep the mathematics at the lowest possible level consistent with
rigor. However, it is inevitable that some mathematical maturity is required
on the part of the reader so that he is able to think in relatively abstract
terms. In addition, the last part of the text, which deals with infinite-horizon
problems, is mathematically more sophisticated (particularly after Section
6.3) than the first part and requires a firm grasp of some of the basic con-
vergence concepts of analysis. Readers with a somewhat weak analysis
background may find the developments of Sections 6.4-6.7 and Chapter 7
difficult to follow. Familiarity with the notions associated with finite state
Markov chain theory is not required, except in Chapter 8 and the last section
of Chapter 7. Even there, however, Markov chain theory is used in a periph-
eral manner, and the reader should be able to follow the development of the
material after a reading of Appendix D perhaps supplemented by an hour
or two of instruction. While prior courses or background on dynamic
system theory, optimization, or control will undoubtedly be helpful to the
reader, it is felt that the material in the text is reasonably self-contained.
The nature of the subject of this book makes the choice of level of
presentation rather difficult. The reason is that dynamic programming is a
very simple and general technique, which nonetheless requires the extremely
complicated machinery of measure-theoretic probability theory if it is to be
presented in a mathematically rigorous way and within a general setting
(i.e., in general spaces and in the presence of uncertainty). My choice has
been to adopt a somewhat freewheeling style of mathematical presentation
in the first five chapters, which deal with finite-horizon problems, and /to
raise substantially the level of mathematical precision in the last three
chapters, which deal with infinite-horizon problems. The developments in
Chapters 1-5 are carried out in a very general setting. However, the mathe-
matical framework is not entirely rigorous, as explained in Section 2.1. In
Chapters 6-8 the class of problems under consideration is restricted. Limi-
tations are placed on the probability space in the interest of keeping the
mathematics simple. This approach, which may seem somewhat unorthodox,
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was dictated by two basic considerations. First, since the validity of many
of the concepts to be presented (principle of optimality, sufficient statistics,
feedback, adaptivity, etc.) depends very little on structure, I felt that the
reader should be given the opportunity to appreciate the power and gener-
ality of these concepts without being impeded by irrelevant structural
assumptions or complicated mathematical details. Second, I felt that
mathematical precision is essential for the treatment of infinite-horizon
problems, much more so than for finite-horizon problems. In addition, I
wanted to provide a systematic and up-to-date treatment of infinite-horizon
problems in the hope that this treatment will be of some value to the research
community as well as to practicing analysts.

The text starts with an introductory chapter on formulation of decision
problems under uncertainty. The aim here is to provide a broad framework
within which sequential decision problems under uncertainty can be appro-
priately placed. The material in this chapter is of fundamental importance.
However, it is not used in an essential manner in the remainder of the text,
and the reader may proceed directly to Chapter 2 if he so wishes.

Part I deals with finite-horizon problems. A single-model problem of
broad applicability is employed throughout this part. The model is based on
a state variable representation of a dynamic system that is standard in modern
control theory. Transition probability models can be embedded within the
framework of the model utilized by means of a simple reformulation. The
dynamic programming algorithm is developed and illustrated in several
applications of independent interest. Linear quadratic stochastic control
problems and inventory control problems are treated in considerable
detail. Several additional topics from operations research, economics, and
statistics are also considered. Problems with imperfect state information are
treated as special cases of the basic model problem. Since implementation
of optimal and suboptimal controllers for such problems often requires the
use of estimators, I have added a sizable appendix covering least squares
estimation and Kalman filtering. The emphasis throughout the text is on
optimization of dynamic stochastic systems. However, in view of the
limitations of the dynamic programming technique, the subject of suboptimal
control is of undeniable importance. For this reason I have included material
on suboptimal control with emphasis placed on those techniques that are of
broad applicability.

While Part I emphasizes conceptual aspects of sequential decision
problems, Part II concentrates on the mathematical aspects of infinite-
horizon problems. The coverage is quite thorough and includes discounted,
undiscounted, and average cost problems. The basic model problems are
set up in such a way that the underlying probability spaces are countable,
thus eliminating all mathematical difficulties of a measure-theoretic nature.
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However, the class of dynamic systems considered is much broader than the
class of Markov chains with countable state space. For example, it includes
all deterministic systems defined over arbitrary state and control spaces.
This part also contains several new results developed either in the text or in
the problem sections.

The problems at the end of each chapter are of four basic varieties: drill
problems, examples or counterexamples, problems illustrating additional
results of specific application nature, and theoretical problems that extend
and supplement the developments of the text. Some of the problems in the
last category (particularly in Chapters 6 and 7) are quite difficult to solve,
and hints as well as references have been supplied where appropriate. The
serious reader will benefit a great deal by going over the theoretical problems,
which constitute a significant component of the text.
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Chapter 1

Introduction

This chapter sets the stage for the remainder of this text. Rather than
dealing with methods for analysis or solution of decision problems under
uncertainty, it examines various approaches for formulating such problems.
Since the subject is of fundamental importance and at the same time far from
trivial, it is worth examining even in the context of an introductory text. On the
other hand, the material in this chapter is not used in a direct way later and it
is not essential for the reader to have a firm grasp of it in order to proceed to
subsequent chapters.

Optimization problems under uncertainty possess several important
characteristics that are not present in the absence of uncertainty, i.e., in
deterministic optimization problems. The two most important such char-
acteristics are the need to take into account risk in the problem formulation
and the possibility of information gathering (feedback) during the decision
process.

To illustrate the first characteristic consider a problem of dividing an
amount of capital x between two different investment opportunities A and B.
Assume that A offers with certainty $1.499 per dollar invested. If the total
profit is to be maximized and B offers with certainty $1.5 per dollar invested,
then the capital x should be invested in its totality in B. Assume now instead
that B offers $1.5 per dollar on the average but not with certainty. For example,

1



2 1 INTRODUCTION

assume that B offers $0 per dollar with probability 0.8 and $7.5 per dollar
with probability 0.2. Then if the average (expected) profit is to be maximized,
again the whole capital should be invested in B. In fact, the same is true for
any probability distribution on the return of B with expected value $1.5 per
dollar invested. However, most investors would object to such an allocation.
Not wanting to take any risk of losing part of their capital, some would invest
exclusively in the sure opportunity A4, while others would invest at least a
positive fraction of x in A. This indicates that a problem formulation whereby
expected profit is maximized may be inappropriate since in this formulation
the risk associated with each allocation is not reflected at all in the cost
functional and hence does not influence the optimal decision. At the same
time, the question is posed as to what is an appropriate formulation of the
problem.

As a more dramatic example of the need to take into account risk in the
problem formulation consider the following situation (the so-called St.
Petersburg paradox). An individual is offered the opportunity of paying x
dollars in exchange for participation in the following game. A fair coin is
flipped sequentially and the individual is paid 2* dollars, where k is the number
of times heads have come up before tails come up for the first time. The de-
cision that the individual must make is whether to accept or reject participa-
tion in the game. Now if he accepts, his expected (average) profit from the
gameis

= 1

Z W-2k—x=oo,

k=0

so that if his acceptance criterion is based on maximization of his expected
profit, he is willing to pay any amount x to enter the game. This, however, is
in strong disagreement with the behavior of individuals due to the risk ele-
ment involved in entering the game and shows again that a different for-
mulation of the problem is necessary. Some of the aspects of formulating
decision problems under uncertainty so that risk is properly taken into
account are dealt with in the next two sections.

A second important feature of many decision problems under uncertainty
is the possibility of carrying out the decisions in stages while gathering infor-
mation between stages about some of the uncertain parameters involved in
the problem. This information may be used with advantage when making
future decisions. The fundamental role of information gathering in problems
of decision under uncertainty will become evident as we progress through this
text. For the moment let us consider the following simple example:

ExaMPLE A two-stage scalar dynamic system evolves according to the
equations

X, = Ug + W, X3 = Xy + Uuy.
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The scalar w, is an uncertain parameter taking values 1 or —1 with prob-
ability 1. The problem is to choose u, and u, so as to minimize the expected
absolute value of x,:

E{Ix21} = E{luo + u; + wol} = 0.5{]ug + u; + 1| + ug + uy — 1|}
It is easy to see that the optimal value is

min E{|x,[} =1

4oty

and the optimal values of u,, u, are those for which —1 < uy + u; < 1.
Consider now the situation where u, and u, are chosen sequentially in a
way that x, is known to the decision maker when selecting u,. Then clearly the
optimal selection policy for u, and u, is to take u, to be any scalar and to take
u, equal to —x,. With this selection policy the optimal cost is reduced to
zero. The reduction was made possible by means of proper use of the in-
formation received (i.e., the value of x,). Note that the optimal value of u,
depends on the value of x, i.e., it is a function of the information received.
Note also that if there is no uncertainty, for example, if w, = 0 with prob-
ability one, then the optimal cost is zero whether the value of x, becomes
known prior to selecting u, or not. This is a manifestation of the intuitively
obvious fact that information gathering can be of no help when there are no
uncertain parameters in the problem.

1.1 The Problem of Decision under Uncertainty?

A decision problem in one of its simplest and most abstract forms con-
sists of three nonempty sets 2, .47, and 0, a function f: 2 x & — O, and a
complete and transitive relation < on ¢:

the set of possible decisions

indexes the uncertainty in the problem and may be called the set of
“states of nature”

@ the set of outcomes of the decision problem

the function that determines which outcome will result from a given
decision and state of nature, i.e., if decision d € & is selected and state
of nature n € A" prevails, then the outcome f(d, n) € @ occurs

RS

~

+ As mentioned earlier, the concepts in this and subsequent sections in this chapter are not
essential for the understanding of the remainder of the text. The reader may proceed directly
to Chapter 2 if he so wishes.



4 ] INTRODUCTION

< arelation determining our preference among the outcomes.t Thus
for O,, 0, €0, by 0, < 0, we mean that outcome O, is at least as
preferable as outcome O,. By completeness of the relation we mean
that every two elements of ¢ are related in the sense that given any
0,, 0, €0 either 0, X 0,, but not 0, X 0,, or 0, < 04, but not
0, <X 0,,or both 0, < 0, and 0, < 0,. By transitivity we mean
that 0, < 0, and 0, < O, implies O, < O, for any three elements
0,,0,,0,€0.

ExampLE Consider the following situation. An individual may bet
$1 on the toss of a coin or not bet at all. If he bets and guesses correctly, he
wins $1 and if he does not guess correctly, he loses $1. Here £ consists of
three elements {bet on heads, bet on tails, not bet}, A" consists of two elements
{heads, tails}, and ¢ consists of three elements, the three possible final
fortunes of the player {$0, $1, $2}. The preference relation on ¢ is the natural
one, ie, 0<X1,0=x<2,1=x2, and the values of the function f are given in
Table 1.1 for each value of d and n.

TABLE 1.1

@

H T Not bet

H $2 $0 $1

T $0 $2 $t

Now the relative order by which we rank outcomes is usually clear in any
given situation. On the other hand, in order for the decision problem to be
completely formulated we need a ranking among decisions that is consistent in
a well-defined sense with our ranking of outcomes. Furthermore, in order to be
able to apply mathematical methods for the analysis of the decision problem
we would like to have this ranking determined by a numerical function
F:2 — R (R is the set of real numbers) such that

dy<d,=F(d,)<Fd,) Vd.d,e9, (1)

where the notation d, < d, implies that the decision d, is at least as preferable
as the decision d,. It is by no means clear what this ranking among decisions

t The symbol = in this chapter will be (somewhat loosely) used to denote a preference
relation within either the set of outcomes or the set of decisions. The precise meaning should be
clear from the context and hopefully the use of the same symbol to denote different preference
relations will create no confusion to the reader.
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should be or how one should go about determining and characterizing such a
ranking. For example, in the gambling problem above different people will
have different preferences as to accepting or refusing the gamble. There are a
number of approaches and viewpoints for determing a ranking among
decisions and this section deals with some of these.

Payoff Functions, Dominant and Noninferior Decisions

Let us consider the case where it is possible to assign to each element of ¢/
a real number in such a way that the order between elements of ¢ agrees with
the usual order of the corresponding numbers. That is, there exists a real-
valued function G: ¢ — R with the property

G(Ol) S G(OZ)‘:’OI < 02 VOI, 02 G@. (2)

Such a function does not always exist (see Problem 2). However, its existence
can be guaranteed under quite general assumptions. In particular, one may
show that it exists if @ is a countable set. Also if such a function G exists, it is
far from unique, since if ® is any monotonically increasing function ®: R — R,
the composite function @ - G (defined by (® - G)(0) = ®[G(0)]) has the same
property (2) as G. For instance, in the example given earlier a function
G: {0, 1, 2} — R satisfies (2) if and only if G(0) < G(1) < G(2) and there is an
infinity of such functions.

Now for any choice of G as in (2) we define the function J: 2 x 4" = R
by means of

Jd, n) = GLfd, n)]

and call it a payoff function.

Given a payoff function J it is possible to obtain a complete ranking of
decisions by means of a numerical function in the special case of certainty (the
case where the set 4" of states of nature consists of a single element 7). By
defining

F(d) = J(d, n)
we have
d,<d,=F(d,) < Fd,)= f(d,,n) < f(d,, n)
and the numerical function F defines a complete ranking of decisions.

When 4" contains more than one element, the order on ¢ induces only a
partial order on 2 by means of the relations

d1<d2‘:"](d1’n)<-](d2,n) Vne‘/V,
= fd,n) <X fldy,n)  Vne .

3)
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In this partial order it is not necessary that every two elements of & be related,
ie., for some d, d' € 2 we may have neither d < d' nord’ < d. If, however, for
two decisions d,, d, € £ we have d, < d, in the sense of (3), then we can con-
clude that d, is at least as preferable as d, since the resulting outcome f(d,, n)
is at least as preferable as f(d,, n) regardless of the state of nature n that will
occur.

A decision d* € & is called a dominant decision if

d=<d* Vde2,

where =< is understood in the sense of the partial order defined by (3).
Naturally such a decision need not exist. If, however, such a decision does
exist, then it may be viewed as optimal. In most problems of interest to an
analyst, however, there exists no dominant decision. For instance, in /tbe
gambling example considered earlier a dominant decision does not exisf. In
fact, no two decisions are related in the sense of (3) for this example.

In the absence of a dominant decision one can consider the set 2,, < 2
of all noninferior decisions, where d,,€ 2,, if for every d e % the relation
d,, < dimplies d < d,, in the sense of the partial order defined by (3). In terms
of a payoff function J, noninferior decisions may be characterized by

d, € 2,,% there does not exist any d € Z such that
Jd,,n) < Jd,n) VYVne A& and
Jd,,n) < Jd,n forsome ne.A".

Clearly it makes sense to consider only the decisions in &,, as candidates for
optimality since any decision that is not in 2,, is dominated by one that
belongs to 2,,. Furthermore, it may be proved that the set 2,, is nonempty
when the set 2 is a finite set, so that at least for this case there exists at least
one noninferior decision. However, in practice the set %,, of noninferior
decisions often is either difficult to determine or contains too many elements.
For instance, in the gambling example given earlier, the reader may easily
verify that every decision is noninferior.

Whenever the partial order (3) fails to produce a satisfactory ranking
among decisions, one must turn to other approaches to formulate the de-
cision problem. Approaches that we shall examine assume a notion of a
generalized outcome of a decision and introduce a complete order on the
set of these generalized outcomes consistent with the original order on the
set of outcomes (0. The complete order on the set of generalized outcomes in
turn induces a complete order on the set of decisions.

The Min-Max Approach

The min-max (or max-min) approach takes the point of view that the
generalized outcome of a decision d is the set of all possible outcomes
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resulting from d:
f(d, #) = {0 € O|there exists ne A" with f(d, n) = O}.

In addition, it adopts a pessimistic attitude and ranks the sets f(d, A") on
the basis of their worst possible element. This is accomplished by introducing
a complete order on the set of all subsets of @ by means of the relation

0, < 0,= inf G(0) < inf G(O) VO,0, <0, 4

Oe0y Oe0>

where 0, O, is any pair of subsets of @ and G a numerical function con-
sistent with the order on ¢ in accordance with (2). From (4) we have a com-
plete order on the set 2 by means of

dy Xdy= fld, /)X fldy, /)= inf G[f(dy, n)] < inf G[f(d;, n)]

neA neA

or in terms of a payoff function J,

d, <d,= infJ(d,, n) < infJ(d,, n).
ne A ne A

Thus by using the min-max approach the decision problem is formulated
concretely in that it reduces to maximizing over &2 the numerical function

F(d) = infJ(d, n).

neA

Furthermore, it can easily be shown that the elements of 2 that maximize
F(d) above will not change if J is replaced by @ -J, where ®: R — R is any
monotonically increasing function. Nonetheless, the min-max approach
is pessimistic in nature and will often produce an unduly conservative de-
cision. Characteristically in the earlier gambling example the optimal
decision according to the min—-max approach is to refuse the gamble.

The second approach for formulating decision problems that we shall
examine is considered in the next section.

1.2 Expected Utility Theory and Risk

It is often the case that in a given decision problem under uncertainty we
have additional information concerning the mechanism by which states of
nature occur. In particular we are often in a position to know that the states
of nature occur in accordance with a given probabilistic mechanism, which
may depend on the decision d adopted. To be specific, assume for convenience
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that the set of states of nature 4" is either a finite or a countable sett and that
for every decision d € 2 we know that states of nature occur according to a
given probability distribution P(-|d) defined on 4". Now each decision
d € 2 specifies the probability of each outcome via the function f(d,*) and
the relation

P,0) = P({n|f(d,n) = 0}|d) VYOeO.

In this relation P4(0) denotes the probability that the outcome O will occur
when the decision d is adopted. One may view the probability measure P,
associated with each d € 2 as a “probabilistic outcome” (or “generalized
outcome” to use the term of the previous section) corresponding to d, since
P, specifies the probabilistic mechanism by which outcomes occur once d is
selected. We shall also use the term lottery] for a probability measure on the
set of outcomes. In the gambling example given earlier, the decision “bet on
heads” has as a generalized outcome the probability distribution (or
lottery) (4, 0, 1) on the set of outcomes @ = {30, $1, $2}. The decision “bet
on tails™ has the same generalized outcome while the decision “not bet” has
as a generalized outcome the probability distribution (0, 1, 0).

The basicidea of the expected utility approach is the following: We already
have a complete ranking of the outcomes, i.e., the elements of O. If we had a
complete ranking of all lotteries on the set of outcomes (presumably con-
sistent with the original ranking on ¢ in the sense that if the outcome O, is
preferable to the outcome O,, then the lottery assigning probability one to O,
is preferable to the lottery assigning probability one to 0,), then we could in
turn obtain a complete ranking of all decisions in 2. This is true simply
because we could rank any two decisions d, d, € 2 according to the relative
order of their corresponding lotteries P,,, P,,, i.c., by means of the relation

di <d;= Py, X Py,

The fundamental premise of the expected utility approach is to assume at the
outset that the decision maker has a complete ranking of all lotteries on the set of
outcomes, i.e., the decision maker is in a position to express his preference
between any two probability distributions on the set of outcomes. This in
turn settles the question of ranking decisions in view of the preceding relation.

t For the benefit of the advanced reader we mention that when 4" is not countable it is
necessary that a probability space structure be introduced on 4" and @ as in Appendix C.
Furthermore, it is necessary that the function f(d, *) satisfy certain (measurability) assumptions
in order that the probability measure P, be well defined.

1 The term “lottery” is associated with the conceptually convenient device of viewing
outcomes as prizes of some sort and viewing a fixed probabilistic mechanism for winning a prize
as a lottery.
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Furthermore, if there exists a numerical function G by means of which pre-
ferences on the set of lotteries can be expressed,

P4, X Py, = G(P,) < G(P,,),
then decisions can be ranked by means of a numerical function F,
d, <d,=F(d,) < F(d,),

where F(d) = G(P,) forallde 2.

The aspect of this formulation that is extremely appealing, however, from
an analytical point of view is that the ordering of decisions can be expressed
not only by a function G as above, but also by means of an essentially unique
numerical function called the utility function. This function, denoted U, maps
the space of outcomes into the set of real numbers and satisfies

dy <dy = Py, < Py, = E{ULfW,, n]ld,} < E{U[f(d2, n)]ld;},  (5)

where the expectations are taken with respect to the corresponding prob-
ability distribution P(-|d) on A". The problem of selecting an optimal
decision is thus reduced to the problem of maximizing over 2 the expected
value of the numerical function U.

In order to clarify the problem formulation based on the approach of this
section and to illustrate the advantages resulting from the introduction of a
utility function let us consider the following example:

INVESTMENT EXaMPLE Consider a problem of allocating one unit of
capital between two investment opportunities 4 and B. Opportunity A yields
$1.5 per dollar invested with certainty, while opportunity B yields $1 per
dollar invested with probability 4+ and $3 per dollar invested with prob-
ability 4. The problem is to decide on the fractions d and (1 — d) of the
capital to be invested in opportunities 4 and B, respectively, where0 < d < 1.

In terms of the framework of the decision problem of Section 1.1, the
set of decisions & consists of the interval [0, 1], i.e,, the set of values that the
fraction d invested in A can take. The set of states of nature .#" consists of
two elements n,, n,, where n,: Byields 81 per dollar invested, and n,: B yields
$3 per dollar invested. The set of outcomes ¢ may be taken to be the interval
[1, 3], which is the set of possible final fortunes of the investor resulting from
all possible decisions and states of nature. The function f that determines the
outcome corresponding to any decision d and state of nature n is given by

1.5d + (1 —4d) if n=n,
d.n) =
fid,n) {I.Sd +31—d) if n=n,.
The preference relation on the set of outcomes is the natural one, i.e., a final

fortune O, is at least as preferable as a final fortune O, if O, is numerically
greater than or equal to 0, (i.e, 0, <0, if 0, < 0,).
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Let us first note that, since B has a higher expected rate of return, the
decision that maximizes expected value of profit is to invest exclusively in
opportunity B (d* = 0). On the other hand the optimal decision based on the
max-min approach is to invest exclusivelyin 4 (d* = 1)sincein this approach
one maximizes profit based on the assumption that the most unfavorable
state of nature will occur. Mathematically this can be verified by noting that
d* = 1 maximizes over [0, 1] the function F(d) given by

F(d) = min{1.5d + (1 — d), 1.5d + 3(1 — d)}.

Note that the approach of maximizing expected profit and the max-min
approach lead to very different decisions. Yet it is safe to assume that many
decision makers would settle on a decision that differs from both decisions
mentioned above and that invests a positive fraction of the capital in both
opportunities A and B.

Now in the expected utility approach the fundamental assumption is that
the decision maker has a complete ranking of all lotteries on the set of out-
comes. In other words, given any two probability distributions on the in-
terval of final fortunes [0, 3] the decision maker can express his preference
between the two, in the sense that he can point out the distribution in ac-
cordance with which he would rather have his final fortune selected. Now the
probability distribution on the set of final fortunes corresponding to a
decision d is the one that assigns probability 4 to [1.5d + (1 — d)] and prob-
ability 3 to [1.5d + 3(1 — d)]. According to the expected utility approach a
decision d is optimal if its corresponding probability distribution is at least as
preferable as all other distributions of the type described above. It should be
clear, however, that a mathematical formulation of the corresponding op-
timization problem is very cumbersome since it is difficult to visualize or
conjecture the form of a numerical function by means of which these pro-
bability distributions can be ranked. On the other hand, let us assume that a
utility function U satisfying (5) exists (and it does exist under mild assump-
tions). Then an optimal decision is one that solves the problem

maximize E{U[f(d, n)]}
subjectto 0<d < 1.
Substituting the data of the problem we have

E{ULf(d, n)]} = 3{U[1.5d + (1 — &)] + U[1.5d + 3(1 — d)]}

and the maximization problem above is formulated in a rather convenient
form.
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As an example let us assume that the decision maker’s utility function is
quadratic of the form

U(0) = a0 — 0?,

where a is some scalar. We require that 6 < a so that U(0) is increasing in the
interval [0, 3]. This is necessary for the preference relation on the set of
outcomes specified by the utility function to be consistent with the original
preference relation. Solution of the maximization problem above yields
the optimal decision d*, where

g 0 if 8<a
8 — )5 if 6<a<38.

Note that for 6 < a < 8 a positive fraction of the capital is invested in op-
portunity A even though it offers a return that is less than the average return
of B.

It is to be noted, of course, that different decision makers faced with the
same decision problem may have different utility functions, so that before the
problem can be numerically solved the form of the utility function must be
specified. This can be done experimentally if necessary (see Problem 3). How-
ever, the importance of the notion of a utility function satisfying (5) lies pri-
marily with the fact that under relatively mild assumptions it exists and can
serve as the starting point for analysis of the decision problem. The reason is
that important conclusions about optimal decisions can often be obtained
based on either incomplete knowledge of the utility function or fairly general
assumptions on its form. Several examples of such situations will be given
subsequently.

We provide below the theorem of existence of a utility function for the
case where the set of outcomes ¢ is a finite set. For more general cases see
the book by Fishburn [F3].

Consider the set @ of outcomes and assume that it is a finite set, O =
{04,0,,...,0y}. Let 2 be the set of all probability distributions P =
(1> 2> -- ., Py)on O, where p; is the probability of outcome O;,i =1, ..., N.
For any P, P,e?,P, = (p},...,pk), P, = (p?,..., p?), and any a € [0, 1],
we use the notation

aP; + (1 — a)P, = (ap} + (1 — a)p?, ..., opk + (1 — a)p) e P.
Let us make the following assumptions:

A.l1 There exists a complete and transitive relation <X on £. (For any
P,,P,e?wewrite P, ~ P,if P, X P, and P, < P, and we write P, < P,
ifP1<P2butn0tP1 ~P2)
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A2 IfP, ~P,,thenforallae[0,1] and all Pe 2
aP; + (1 — )P ~ aP, + (1 — a)P.
A3 IfP, <P, thenforallae(0, 1]Jand all Pe 2
aP, + (1 — )P <aP, + (1l — a)P.
Ad If P, < P, < P4, there exists an a € (0, 1) such that
oaP, + (1 — a)Py ~ P,.

Before proving the expected utility theorem let us provide a brief dis-
cussion of the above assumptions. It is convenient for interpretation purposes
to view each of the outcomes O, 0,, ..., Oy as a monetary prize. Consider
any probability distribution P = (p,, p5, ..., py) on the set of outcomes.
Imagine a pointer that spins in the center of a circle divided into N regions.
We shall assume that the pointer is spun in such a way that when it stops it
is equally likely to be pointing in any given direction. The region associated
with each prize 0;,i = 1, ..., N, occupies a fraction p; of the circumference of
the circle. Then we associate with P the game (or lottery) whereby we spin
the wheel and win the prize corresponding to the region within which the
pointer stops. Now given any two probability distributions P, and P, and a
scalar « € [0, 1] we can associate with the probability distribution

«P, + (1 — )P,

the following game. A pointer is spun in the center of a circle divided in two
regions, say 1 and 2, occupying respective fractions a and (1 — a) of its cir-
cumference. Depending on whether the pointer stops in region 1 or region 2
the game corresponding to P, or P, is played and a prize is won accordingly.
Assumption A.1 requires that we are able to state our preference between
games such as the above, which correspond to any two probability dis-
tributions P, and P,. Furthermore, our preference relation must be tran-
sitive, i.e., if P, < P, and P, < P,, then P, < P,. This assumption forms
the core of the expected utility approach. Assumptions A.2 and A.3 have
obvious interpretations and both seem reasonable. Assumption A4 is a
continuity assumption requiring that if P, < P, < P,, one is indifferent to
the game associated with P, and a game the outcome of which decides with
respective probabilities « and (1 — «) whether the game associated with P, or
P, will be played. This assumption is inconsistent with a worst-case viewpoint
whereby one ranks lotteries according to the worst outcome that can occur
with positive probability and has been the subject of some controversy.
For example, consider the extreme situation where there are three outcomes
0, = death, O, = receive nothing, and O, = receive 31. Then it appears
reasonable that any probability distribution that assigns a positive probability
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to O, (death) cannot be preferable or equivalent to any probability distri-
bution that assigns a zero probability to O,. Yet Assumption A.4 requires
that for some a with 0 < a < 1 we are indifferent between the status quo and
a game whereby we receive $1 with probability (I — a)and die with probability
a. On the other hand it is possible to argue that if the probability of death a
is extremely close to zero, then this might actually be the case.

The following theorem is the central result of the expected utility theory.
It states that a preference relation on the set of all lotteries satisfying Assump-
tions A.1-A.4 can be characterized numerically by means of an essentially
unique function, the utility function. It is worth pointing out that this
result concerns an arbitrary preference relation on lotteries on the set of out-
comes and is thus completely decoupled from any decision problem that one may
be considering.

Theorem Under Assumptions A.1-A.4 there exists a real-valued
function U: ¢ — R called utility function, such that for all P,, P, e 2

N N
P,<P,= f {u); = ._le.-‘ U(0) < ;p?U(Oi) = gi {vo)y}, (6

where we denote by Ep, { - } the expectation with respect to the probability
distribution P;. Furthermore, U is unique up to a positive linear trans-
formation, i.e., if U* is another function with the above property, there exist
scalars s; > 0, s,, such that

UXO0) = 5,U(0) + s, YO e 0.
Proof We first show the following statement:

S If P, < P; and P, is such that P, < P, < P;, then there exists a
unique scalar a € [0, 1] such that

aP1+(1—a)P3~P2. (7)

Furthermore, if P} is such that P, < P, < P, < P, and o corresponds to P
as in (7), then o > o'.

Indeed if P, ~ P, < P, then a = 1 is the unique scalar satisfying (7) since
if for some 0 < o« < 1 we had

oP; + (1 — )Py ~ P, ~aP, + (1 — 2)P,,

then Assumption A.3 would be contradicted. Similarly if P, < P, ~ P3,
then & = 01is the unique scalar satisfying (7). Assume now that P, < P, < P,.
Then by Assumption A.4 there exists an a, € (0, 1) satisfying (7). Assume that
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®, is not unique and there exists another scalar a, €(0, 1) such that (7) is
satisfied, i.e.,

Py + (1 —a))P3 ~ Py ~a, Py + (1 — a)P3. (8)
Let us assume that 0 < a; < a, < 1. Then we have
oy — oy 1 —a,
Py = P; + P, 9
3 [~ « 3 [ —a 3 9
oy — 1 -
0P+ (1 —a)Py = o Py + (1 — 82" % p 4 -~ %p L (g
1 —«a l —a
Since P, < P; we have by Assumption A.3 and (9)
oy — 0 1 —a, oy — 0y 1 —a,
P Py < P+ —=P,=P,.
1 — oy 1+1—a1 3 1 —a 3+1—oz1 3 3

Again using A.3 and (10) we have

azpl +(1 —az)P3 <Ot1P1 +(1 —_ al)P3.
However, this contradicts (8) and hence the uniqueness of the scalar « in (7)
is proved.

To show that if P, < P, < P, <X P,, then a > o assume the contrary,
e, a < o'. Then we have, using A.3,

Py, ~o'P, + (1 — )P,

, o 1l —o ,
=(1—a+a){1_a+a, 1+1—a+a’P3}+(a—a)Pl
o l —ao

1 - ' " _
< a+a){1_a+a, 1+1~a+a’P3}+(a )P,

=aP1+(1_a)P3~P2.

Hence P, < P,, which contradicts the assumption P, < P,. It follows that
o = o and Statement S is proved.
Now consider the probability distributions

P, =(1,0,...,0), P,=(0,1,...,0), ..., Py=(0,0,...,0,1).

Assume without loss of generality that P, < P, <--- < Py and assume
further that P, < Py (if P, ~ P, ~ --- ~ Py, the proof of the proposition
is trivial). Let 4, Ay be any scalars with 4; < Ay and define

U(01)= A, U(ON)=AN'
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Leta;,i = 1,..., N, be the unique scalar «; € [0, 1] such that
o;P, + (1 = a)Py ~ P, i=1,...,N, (11)
and define |
UO)= A, =04, + (1 — o)Ay, i=1,...,N. (12)

We shall prove that the function U: @ — R as defined above has the desired
property (6). Indeed for any probability distribution P = (p,, ..., py) it is
easily shown that P, < P <X Py and thus we can define o(P) to be the unique
scalar in [0, 1] such that

oP)P, + [1 — a(P)]Py ~ P. (13)
From Statement S we obtain for all P, P’
P < P'=a(P) = a(P'). (14)

Now from (11) we have

N N N N
P=YpP~ Y pla;Py + (1 —a)Py]~ Y pio; Py + <1 - ZPi%‘)PN-
i i i=1
(15)

i=1 i=1 i=1

Comparing (13) and (15) we obtain
N
a(P) = Zpiai,
i=1
and from (14)

N
P,<P,= Y pla; = Y po,. (16)

From (12) we have o; = (Ay — A;)/(Ay — A,), and substituting in (16) we
obtain

which is equivalent to (6), which was to be proved.

It remains to show that the function U defined by (12) is unique up to a
positive linear transformation. Indeed if U* were another utility function
satisfying (6), then, by denoting U¥0;) = A¥,i=1,..., N, by (11) and (6)
we would have

U*0,) = o0;U*0,) + (1 — 0)UXOp).
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This implies
Ay — A; A} — AF
o =
AN - Al Axv - AT
from which
ap = AR AT AMAR - AD
Ay — A4, Ay — 4,

This proves the theorem. Q.E.D.

Returning now to the decision problem, once we assume the existence of a
preference relation on the set of lotteries characterized by a utility function,
we can rank decisions as follows. Given the probability distribution P(- |d)
on the set of states of nature .4", every decision d € & induces a probability
distribution (or lottery) P, on the set of outcomes ¢. Under the assumptions
of the expected utility theorem there exists a utility function U: @ — R such
that for any d,,d, € 2

P, <P, = E {U(O)} < E {U(©O)}.

Pd] sz

We have, however,

E{U0)} = E{ULfWd,n]ld} Vde2,
Py

where the expectation on the left is taken with respect to P, and the expecta-
tion on the right is taken with respect to the probability distribution P(- |d)
on .A". Hence

P, xXP,= E{ULfd, n)]ld,} < E{U[fd;,n)]ld,}.

By ranking decisions d € 2 in accordance with the ranking of the corre-
sponding probability measures P,,

dy <d,; =P, X P,,= E{ULf(dy, n)]ld,} < E{ULfWd;, n)]ld,},

we obtain a complete order on the set £ induced by the utility function U.
The optimal decision is found by maximization of the numerical function
F: 92 — R, where

Fd) = E{ULf(, n)]ld}

and the decision problem is formulated in a way that is amenable to mathe-
matical analysis.
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The Notion of Risk

Consider a decision maker possessing a utility function U defined over
an interval X of real numbers. We say that the decision maker is risk averse if

JE{U(X)} < ULE{x}] (17)

for every probability distribution P on X for which the expectations above
are finite. In other words, a decision maker is risk averse if he always prefers
the expected value of the lottery over the lottery itself. Such behavior char-
acterizes most decision makers. One may show that risk aversion is equi-
valent to concavity of the utility function (see Appendix A for the definition
and properties of concave and convex functions). On the other hand, we say
that the decision maker is risk preferring if the opposite inequality holds in
(17), which is the case of a convex utility function. A gambler playing an
unbiased roulette and receiving no reward or pleasure from gambling per se
is a typical example of a risk preferring decision maker. Finally, a decision
maker having a linear utility function is said to be risk neutral.

The notion of risk is important since it captures a basic attribute of the
attitudes of the decision maker and often characterizes important aspects of
his behavior. An important and widely accepted measure of risk has been
proposed by Pratt [P7]. In his formulation the function

r(x) = —U(x)/U'(x) (18)

[where U”, U’ denote the second and first derivative of U, respectively, and it
is assumed that U’(x) # 0] measures locally (at the point x) the risk aversion
of the decision maker and is called the index of absolute risk aversion. It can
be interpreted as follows.

Let x be a gamble over the set of real numbers (i.e., a random variable)
with given probability distribution and expected value X = E {x}. Let us
denote by y the amount of insurance the decision maker is willing to pay in
order to avoid the gamble x, and instead receive the expected value X of the
gamble. In other words, y is such that

Ux — y) = E{U(x)}. (19)

Intuitively, y provides a natural measure of risk aversion. Proceeding formally
we have by a Taylor series expansion around X,

Ux —y) = UKX) — yU'x) + oly), (20)
where by o(x) we denote a quantity that is negligible compared with the scalar
a provided « is close to zero, i.e., lim,_ [o(a)/a] = 0. Also we have
E{Ux)} = E{U®) + (x — JU'(X) + 3x — X*U"(X) + o[(x — %1}

= U(R) + 30?U"(x) + E{ol(x — %1}, (21)
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where o is the variance of x. From (19)-(21), we have
yU'(R) = =30*U"(X) + o(y) + E {o[(x — )1}

From this equation and (18) it follows that the amount of insurance or risk
premium y that the decision maker is willing to pay is proportional (to first
order) to the index of absolute risk aversion r(x), thus justifying the use of r(x)
as a measure of local risk aversion. Notice that in the preceding investment
example the index r(y) is equal to 2/(a — 2y) and tends to decrease as a
increases. This fact is reflected in the optimal investment, where an increasing
fraction of the capital is invested in the risky asset as o increases.

The index r(x) often plays an important role in the analysis of behavior
of decision makers. It is generally accepted that for most decision makers
r(x) is a decreasing or at least nonincreasing function of x, i.e., the decision
maker more readily accepts risk as his wealth is increased. On the other hand,
for the quadratic utility function U(x) = —1ix? + bx + c, the index r(x) is
equal to (b — x)~ ! and is an increasing function of x (for x < b). For this
reason the quadratic utility function is often considered inappropriate or at
least accepted with reservation in economics applications, despite the an-
alytical simplifications often resulting from its use.

1.3 Some Nonsequential Decision Problems

In this section we provide some examples of decision problems under
uncertainty. In addition to illustrating the general approach of the previous
section, some of these examples constitute applications that are important in
their own right and will be useful later on. Their common characteristic is that
the decision problems are formulated as single-stage problems as opposed to
sequential decision problems, which are the subject of the remainder of this
text.

1.3.1 Quadratic Cost Functionalst

Many decision problems under uncertainty that are of interest involve
the minimization of the expected value of a function that is quadratic in the
decision variable. Not only do such functionals arise naturally in many
problems of interest but also there is an incentive in using a quadratic cost
functional whenever this is reasonable. This is due to the great analytical
simplification associated with such cost functionals as will be seen shortly.
We consider below the simplest case. The results obtained have analogs in

t We shall often be considering minimization of E{— U}, where U is a utility function,
instead of maximization of E {U} and we shall refer to { — U} as a cost functional.
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more complicated cases involving sequential decision making. These cases
will be considered in Chapters 3, 4, 6, and 8.

Consider the problem of finding a vector u € R™ (R™ denotes m-dimen-
sional Euclidean space) that minimizes the cost functional

Jw) = E {3u'Ru + x'u}.
R,x

In this relation R is an m x m symmetric random matrix, x an m-dimensional
random vector, and prime denotes transposition. The joint probability
distribution of R and x is given and we assume that the expected values

R=E{R}, x=E{x},

are finite. Furthermore R is assumed to be a positive definite matrix.
By taking the expectation with respect to R, x, we have

J(w) = 3u'Ru + x'u,
and the minimizing u is given by
u* = —R'x.

Thus the solution for this case is obtained analytically. Furthermore, the
optimal vector u* depends linearly on the mean X. This linear dependence is
characteristic of quadratic cost functionals. Note also that the solution u* is
the same as the one that would be obtained if the problem were formulated
as a deterministic problem (no uncertain parameters present) with all random
quantities in the cost functional replaced by their expected values. This
property is sometimes called the certainty equivalence principle. For single-
stage problems it holds not only when the cost functional is quadratic but
also for many other cost functionals. For example, it holds if the cost func-
tional is linear with respect to the random quantities, such as in the cost
functional

n
Jw= E {_er.- ﬁ(u)},
[ ST 9 i=
where r; are random variables and f; given functions. On the other hand, as
will be seen later, for quadratic cost functionals the certainty equivalence
principle holds in satisfying form even in multistage decision problems, a fact
that does not hold true for a wide class of cost functionals.

Finally, consider the situation where the choice of u is made after ob-
serving a random vector z that is probabilistically related to R, x, and further-
more the conditional probability distribution P(R, x|z) is known for every z.
Then clearly the optimal decision is given by

u*(z) = —E{R|z} 'E{x|z}
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and depends on z. Whenever R and z are independent and x, z are Gaussian
random vectors, then E {x|z} is a linear function of z (a fact to be shown
later) and the decision u* depends in turn linearly on z.

1.3.2 Least-Squares Estimation of Parameters

Assume that we wish to determine an estimate of the value of a random
vector we R" given a known measurement z € R™. The joint probability
distribution function F(w, z) is known. We formulate this problem as follows.

Given z, find a vector w(z) that minimizes over all vectors f€ R™ the
quadratic cost functional

J(B) = E{llw - Bl*|z},

where || x| denotes the usual Euclidean norm of a vector x (x| = (x'x)'/?).
This cost functional is a reasonable one and at the same time it results in a
conveniently simple solution.

Assuming that all expected values appearing below are finite, we have

J(B) = E{Iwl> — 2w'B + 11BI*|2} = E{Iwl*|z} — 2E {wl2}'p + IIBII?
and minimization with respect to f yields the minimizing vector
wz) = E {w|z}.
The corresponding optimal value of the cost functional is given by
JIMz)] = E{llw — E{w|z}|?|z}.

The fact that the conditional mean E {w|z} is the optimal (least-squares)
estimate of w given z is a fundamental result of parameter estimation theory.
In general it may be difficult to obtain a convenient analytic expression for
E {w|z}. If, however, the joint probability distribution of (w, z) is a Gaussian
distribution, then it is passible to show that the conditional mean E {w|z}isa
linear function of z. This is a well-known result and will be proved in the
appendix to Chapter 4.

1.3.3 Inventory Control

Consider a problem of ordering a quantity of a certain item to meet a
stochastic demand for the item. The cost of purchasing or producing u units
of the item is

K+ cu if u>0
Cu) = ’
) {0 if u=0, 22)
where K > 0 is a fixed cost and ¢ > 0 is cost per unit. The demand w is a
random variable taking values in a bounded interval [0, b], where b > O,
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with given probability distribution. There is a holding cost & > 0 per unit
inventory left over at the end of the period under consideration and a de-
pletion cost p > 0 per unit demand that is unmet. The holding and depletion
costs may have a variety of more specific interpretations depending on the
particular problem at hand.

Given an initial inventory x the problem is to determine the additional
inventory u to be ordered so as to minimize the total expected cost:

J(u) = Cu) + E{pmax(0O,w — x — u) + hmax(0, x + u — w)}. (23)
By denoting
L(y) = pE {max(0, w — y)} + hE {max(0, y — w)}, (24)

the expected cost is written

J()={K+cu+L(x+u) if u>0 (25)

L(x) if u=0.

We first note that L(y) is a convex function of y as can be easily seen from
its definition. Hence the function G defined by

G(y) = cy + L(y)

is also a convex function. Now let S be a value of y that minimizes cy + L(y)
and s be the smallest value of y for which cy + L(y) = K + ¢S + L(S) (see
Fig. 1.1). If ¢ < p, one may show that such values exist. This can be seen from
the fact lim,_,, L'(y) = h, lim,__, L'(y) = —p, where L’ denotes the first
derivative of L. Hence if ¢ < p, we have lim),. , G(y) = oo and the existence
of a minimizing scalar S is guaranteed.
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We will show that a value of u that, for a fixed value of x, minimizes the
expected cost is given by the equation
S —-x if x<s
* = . ’ 26
! {0 if x2zs (26)
In other words, the optimal ordering policy is characterized by a “critical”
level s below which a positive quantity must be ordered and by a “target”
level S to which the total inventory (x + u*) should be raised when a positive
order u* is placed.
Indeed if x = s, then from Fig. 1.1 it follows that

cx + Lix) < K + c(x + u) + L(x + u) Yu > 0,

or equivalently
L(x) < K + cu + L(x + u).

In view of the form of the cost functional [cf. Eqs. (23) and (25)] the above
relation shows that for x > s no ordering (v = 0) is optimal.
If x < s, then from Fig. 1.1 again it follows that

K + ¢S + L(S) < L(x) + cx
K+cS+LS)K<K+cx+u+ Lix +u) Yu > 0,

or equivalently

JS —x)=K + (S — x) + L(S) < L(x)
JS—x)=K+cS—x)+ LSS K+ cu+ Lix + u) Yu > 0.

These relations in view of (25) show that for x < s, ordering S — x is optimal.
Thus the optimality of u* as given by (26) has been proved.

An inventory ordering policy of form (26) is usually called an (s, S) policy.
Note that if K = 0 and if S is the smallest minimizing value of ¢y + L(y) (for
example, if it is the unique minimizing value), then one has s = § and the
optimal policy is characterized by a single critical level. Such a policy may be
called a “degenerate” (s, S) policy. Inventory control will be reexamined in a
sequential framework in Section 3.2.

1.3.4 Choice between Risky and Secure Assets

An individual with given initial wealth a wishes to invest part of it in a
risky asset offering a rate of return e, and the rest in a secure asset offering rate
of return s > 0. We assume that s is known with certainty while e is a random
variable with known probability distribution P. If x is the amount invested
in the risky asset, then the final wealth of the decision maker is given by

y=s(ad—x)+ ex = sa+ (e — s)x.
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The decision to be made by the individual is to choose x so as to maximize
J(x) = E{U(y)} = E{U[sa + (e — s)x]}

subject to the constraint x = 0. We shall assume that U is a concave, mono-
tonically increasing, twice continuously differentiable function with negative
second derivative, and with index of absolute risk aversion denoted

ry) = =U"(n)/U(y). (27)

We also assume that the probability distribution of e is such that all expected
values appearing below are finite, and furthermore we assume that the utility
function U is such that the maximization problem has a solution (necessary
and sufficient conditions for this to occur are given by Bertsekas [B12]).

Now given a, the amount x* to be invested in the risky asset is determined
from the necessary condition

dJ(x*)/dx = E{(e — s)U'[sx + (e — s)x*]} =0 if x*>0, (28)
dJ(x*)/dx <0 if x*=0.
Now since U’ is everywhere positive it follows that if E {{e — s)} > 0, then
we cannot have x* = 0 since
dJ(0)/dx = E {(e — s)}U'(sa) > 0.
Hence
E{fe —5)}>0->x*>0,

or in words, a positive amount will be invested in the risky asset if its expected
rate of return is greater than the rate of return of the secure asset.

Assume now that E {(¢e — s)} > 0 and denote by x*(z) the amount
invested in the risky asset when the initial wealth is «. We would like to
investigate the effect of changes in initial wealth a on the amount invested
x*(a). By differentiating (28) with respect to « (using the implicit function
theorem) we obtain

E{(e — s)U"[sat + (e — s)x*()][s + (e — s) dx*(a)/da]} = 0,
from which
dx*(a) _ E{ste — s)U"[sa + (e — s)x*x)]}
do E {(e — 5)?U"[sa + (e — s)x*(@)]}
Since the denominator is always negative and the constant s is positive, the

sign of dx*(a)/do is the same as the sign of E{(e — s)U"[sa + (e — s)x*(a)]},
which by (27) is equal to

fl@)= — E{le — s)U'[sa + (e — s)x*(@)]r[sa + (e — s)x*(x)]}.
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Now assume that the risk aversion index r(y) is monotonically decreasing,
1e, r(y;) > r(y,) if y; < y,. Then

fla)= — fw(e — s)U'[sa + (e — s)x*(@)]r[sa + (e — s)x*(e)] dP(e)
— fs (e — 5)U'[sa + (e — s)x*(o)]r[sa + (e — s)x*(a)] dP(e)
> —r(sa){fw(e — 5)U'[sa + (e — s)x*(a)] dP(e)

+ fs (e — s)U'[sa + (e — s)x*(a)] dP(e)}

= —r(sa) dJ[x*(a)]/dx = 0,
where we have utilized the fact that
(e — sir[sa + (e — s)x*(x)] < (e — s)r(sa)

with strict inequality if e # s.

Thus we have f(2) > 0 and hence dx*(a)/dx > O if r(x) is monotonically
decreasing. Similarly, we obtain dx*(a)/da < O if r(x) is monotonically
increasing. In words, the individual, given more wealth, will invest more (less)
in the risky asset if his utility function has decreasing (increasing) index of
absolute risk aversion. Aside from its intrinsic value, this result reaffirms the
important role of the index of risk aversion in shaping significant aspects of a
decision maker’s behavior.

1.3.5 [Investment Problems— Mean-Variance Analysis

Consider an investor who wishes to allocate a certain amount of wealth 4
among n different risky investment opportunities offering corresponding
rates of return ey, ..., e,. We assume that ¢,, ..., ¢, are random variables
with given joint probability distribution. If amount x;,i=1,...,n, is
allocated to investment opportunity i, the final wealth of the decision maker is
a random variable y given by
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Let us consider the problem of selecting x,, ..., x, so as to maximize

E{Uy)} =E {U<_"Z eixi>},

where U is a utility function. The maximization is subjectto Y /.| x; = A and
other constraints on x,, ..., x,, which we denote by (x,,..., x,)e X < R".

This is a very significant problem and arises often in a practical setting.
It has been studied extensively for many years and various approaches have
been suggested for its formulation and solution. First of all, it should be
mentioned that it is essential to consider the problem in terms of a nonlinear
utility function, for if one were to formulate the problem as one of maximiza-
tion of the expected revenue E{) 7., e;x;} subject, for example, to the con-
straints Y 7., x; = A, x; 2 0, i = 1,..., n, the resulting optimal allocation
would be to invest exclusively in the asset that gives the greatest expected
return regardless of the risk that such an allocation would entail. This be-
havior is, however, contrary to real-life observations, which clearly indicate
that most people find it advantageous to diversify their investments in the
presence of uncertainty.

Now the solution process of a problem of the type described may be
divided into three phases, which may partially overlap. The first phase is to
collect and analyze data that will be used to determine the probability dis-
tribution of the rates of return e, ..., e,. The Second phase is to examine the
probabilistic properties of the total return y = Y7, ¢;x; for various feasible
allocations (xq, ..., x,), while the third phase is actually to determine an
optimal allocation (x%, ..., x¥) that maximizes the expected utility E {U(y)}.
A major difficulty with the actual solution is that while the first two phases
will ordinarily be carried out by specialists the last phase will by necessity
involve the (usually nonspecialist) investor since he is the only one who,
through his attitude toward risk (or equivalently through his utility function),
will determine the character of the allocation that he prefers .It is of course
conceivable that the investor could reveal to the specialist his utility function
via experimentation and the specialist could in turn derive the optimal
allocation by solving the corresponding maximization problem. However,
aside from the fact that such a procedure is time consuming and meaningless
to the nonspecialist investor, it has the further disadvantage that a separate
problem must be solved for each investor and for each level of investment.
A very popular alternative approach to the problem is the so-called mean-
variance approach. In this approach each allocation (x,,..., x,) is char-
acterized by the mean and the variance of the corresponding total return
y = Y7, e;x;. The investor is called upon to decide the combination of
mean and variance that he prefers—a much more meaningful process to him.
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The approach is also often very economical from the computational point of
view as we shall explain shortly.

The basic assumption of the mean-variance approach is that the objective
E {U(y)} can be expressed in terms of the mean

E{y} = y(xl’-"’xn)

and the variance
E{(y - E{y})z} = az(xla vees xn)

of the random variable y. This fact holds true if U is a quadratic utility function
or if the distribution of y is characterized completely by its mean and variance
for every x,, ..., x, (for example, if y has a Gaussian distribution or more
generally a two-parameter distribution). Under these circumstances the
problem becomes one of maximizing

E{U(Y)} = G[y(xl’ cre xn)a az(xls vy xn)]

subject to the constraints on x,, ..., x,, where G is the function expressing
E{U(y)} in terms of y, ¢2.

Now for most decision makers it seems reasonable that G should be
increasing as ¥ is increasing and decreasing as o2 is increasing. In other words,
the decision maker prefers a large average return but wishes to avoid a
large variance, which is associated with large risk—an attitude consistent
with risk aversion. We assume that this is indeed so. Then if x¥, ..., x¥ is a
solution of the problem, it is clear that x¥, ..., x¥ must also solve the problem

minimize 6%(x,,..., X,)

subjectto Y. x; = A, (xp,...,x)€X, ¥xy,...,X,) = m*

i=1

where m* = p(x¥, ..., x¥).
Thus we need only look for possible solutions of problems of the form

minimize o6%(x,,..., X,)

subjectto Y. x;=A, (X1,...,x)€X, ¥x,...,x)=m,

i=1
where m is a scalar. This problem can be written
minimize x'Qx

n n
subjectto Y. x;=A, x€X, Y ex; = m,

i=1 i=1
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where x = (x,,...,x,), & = E {e;}, and Q is the covariance matrix of the
vector (eq, ..., e,):

_ {,:(31 _6—’1)2“'(31 _él)(en_én):l}
Q - E = = =12 -
(€,, - en)(el - el)' * '(en - en)
It is a problem that can be solved by standard nonlinear programming
techniques.

By solving the problem above repeatedly for various values of m we obtain
a locus of pairs {|o|(m), y(m)}, where |g| is the standard deviation (square
root of 6?) as shown in Fig. 1.2. The pairs {||(m), ¥(m)} correspond to m via
the optimization problem above. Usually a higher mean y is also associated

with a higher |o| (higher risk), in which case the curve has a positive slope as
shown in Fig. 1.2

|0‘“

{ial(m), ¥(m)}

FIGURE 1.2

As a result of the preceding analysis the investment problem has been
reduced to choosing a point on the mean standard deviation locus, a task that
is relatively easy and meaningful to an investor. In this way the various tasks
involved in the solution process can be separated. The probability distribu-
tion of the returns of the risky assets will be determined by professionals, and
the mean standard deviation locus will be determined via computational
solution of the related optimization problems. Then the individual investor
will be called upon to decide on a point on the mean standard deviation locus
that will determine the amount he will invest in each opportunity.

Important simplifications and computational economies result in the
frequent case where the constraint set X is a cone with vertex at the origin,
ie, when X has the property that (dx,,..., Ax,) € X for every 4 = 0 and
(x4, ..., x,) € X. This is the case, for example, when X = R" or when X is the
positive orthant

X ={lxps-eosx)|x;20,i=1,...,n}.
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Under these circumstances one may formulate the minimization problem (29)
in terms of the fractions of total investment

ai=x,-/A, i=1,...,n,

rather than the actual amounts x,, ..., x, to be invested. Thus when X is a
cone with vertex at the origin, the minimization problem (29) may be written

minimize A%(a'Qx)

n n
subjectto Y o, =1, aeX, Y &0 = m/A.
i=1 i=1
This problem may be solved for A = 1 and various values of m. The corre-
sponding mean standard deviation locus may be viewed as the set of mean
standard deviation pairs “ per unit of total investment.” Given a pair {|o], y}
on this locus it is easy to see that the corresponding standard deviation and
mean associated with a total investment of 4 monetary units will be A|c|
and Ay, respectively. In this way a mean standard deviation locus constructed
for a single level of total investment may be used for any level of investment.
Thus the approach allows a once and for all computation, valid for every level

of investment and hence for every investor.

1.4 A Model for Sequential Decision Making

The class of decision problems considered in the first two sections of this
chapter is very broad. In this text we are primarily interested only in a
subclass of such decision problems. These problems involve a dynamic
system. Such systems have an input—-output description and furthermore in
such systems inputs are selected sequentially after observing past outputs.
This allows the possibility of feedback. Let us first give an abstract description
of the type of problems with which we shall be dealing.

Let us consider a system characterized by three sets U, W, and Y and a
function S: U x W — Y. We shall call U the input set, W the uncertainty set,
Y the output set, and S the system function. Thus an input u € U and an un-
certain quantity w € W produce an output y = S(u, w) through the system
function S (Fig. 1.3). Implicit here is the assumption that the choice of the
input u is somehow controlled by a decision maker or device to be designed
while w is chosen, say, by Nature according to some mechanism, probabilistic
or not.

In many problems that evolve in time, the input is a time function or
sequence and there may be a possibility of observing the output y as it evolves
in time. Naturally this output may provide some information about the
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v

n——— N me—— '

FIGURE 1.3

uncertain quantity w, which can be fruitfully taken into account in choosing
the input u by means of a feedback mechanism.

Definition We say that a function n: ¥ — U is a feedback controller
(otherwise called policy or decision function) for the system if for eachwe W
the equation

u = n[S(u, w)]
has a unique solution (dependent on w) for u.

Thus for any fixed w, a feedback controller = generates a unique input u
and hence a unique output y (Fig. 1.4). In any practical situation the class of

y=Su, w)

FIGURE 14

admissible feedback controllers is further restricted by causality (present
inputs should not depend on future outputs), and other practical requirements.

Now given the system (U, W, ¥, S) and a set of admissible feedback con-
trollers IT it is possible to formulate a decision problem in accordance with
the theory of the previous section. We take IT as the decision set and W as the
set of states of nature. We take as the set of outcomes the Cartesian product
of U, W,and Y, ie, O = (U x W x Y). Now a feedback controller = eIl
and a state of nature w € W generate a unique outcome (u, w, y), where u is the
unique solution of the equation u = n[S(u, w)] and y = S(u, w). Thus we
may write (u, w, y) = f(n, w), where f is the function determined by the
system function S.
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If G is a numerical function ordering our preferences on ¢, J the corre-
sponding payoff function for the decision problem above, and a min—-max
viewpoint adopted, then the problem takes the form of finding 7 € IT that
maximizes

F(r) = inf J(m, w) = inf G(u, w, y)
weW weW
where u and y are expressed in terms of 7 and w by means of u = n[S(u, w)]
and y = S(u, w).

If w is selected in accordance with a known probabilistic mechanism, i.e.,
a given probability measure that may depend on 7, and the function S and
the elements of IT satisfy suitable (measurability) assumptions, then it is
possible to formulate a decision problem by means of a utility function.
Find = € I1 that maximizes

F(n) = E{U(u, w, y)}

where u and y are expressed in terms of 7 and w by means of u = n[S(u, w)]
and y = S(u, w).

We shall be mostly dealing with problems of this second type.

Of course, on the basis of the formulation given one can say that problems
of decision under uncertainty can be reduced to problems of decision under
certainty—the problem of maximizing over I1 the numerical function F(n).
However, it is important to realize that due to the feedback possibility the
set Il is a set of functions (of the system output). This fact renders deterministic
optimization techniques such as mathematical programming or Pontryagin’s
maximum principle inapplicable, and the only formulation that offers some
possibility of analysis is the so-called method of dynamic programming
(DP). In DP the problem of minimizing F(r) is decomposed into a sequence of
much simpler optimization problems that are solved backwards in time.

A Discrete-Time Sequential Decision Model

In this text we are primarily interested in the analysis of DP techniques
that are applicable to a specific but quite broad class of optimization pro-
blems under uncertainty. This class of problems involves a dynamic system
evolving in discrete time according to the equation

Xper1 = flxowow),  k=0,1,...,N—1, (30)

where x, denotes the state of system, u, a control input, and w, an uncertain
parameter or disturbance. The functions f, are given and x,, u,, w, are ele-
ments of appropriate sets (or spaces). The system operates over a finite
number of stages N (a finite horizon). We shall mostly assume that w, is
selected according to a probabilistic mechanism that depends on the current
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state x, and control input u,, but does not depend on the values of the prior
uncertain parameters wq, Wy, ..., w,_;. It will be assumed that the control
inputs u, are selected by a decision maker or controller that has knowledge of
the current state x, (perfect state information). Thus a feedback controller of
the form

{iolxo), i(xy), ooy iv— (X - 1)}

is sought. This feedback controller is a sequence of functions of the current
state and can be viewed as a plan that tells us that when at time & the state is x;,
then the control u, = p(x,) should be applied. This controller must satisfy
various constraints [for example, p(x;) € U, for all x,, where U, is a given
constraint set] that depend on the problem at hand.

In terms of our earlier model the system input is u = {ug, 4y, ..., Uy-1},
the uncertain quantity is w = {wy, w,, ..., wy_,} (perhaps together with
the initial state x,, if x, is uncertain), the output is y = {x,, x,, - - ., x5}, and
the system function § is determined in an obvious manner from the system
equation (30). The class IT of admissible feedback controllers is the set of
sequences of functions # = {y,, ..., uy_1}, Where g, is a function of the
output y of the form p(y) = u.(x,). Furthermore, g, must satisfy constraints
depending on the problem.

We shall assume that the utility function has an additive structure of the
form

N-1

Ulu, w, y) = Uplxy) + Z Unlxks ty, W)
k=0

Thus the problem becomes one of finding an admissible 7* = {u, ..., u¥_(}
that maximizes

N-1
Jo=JHo, s un-1) = E{UN(XN) + Z Uilxis pdxis Wk]}

k=0
subject to the system equation constraints
Xp+1 = f;t[xk, #k(xk)a wk]9 k=0’ 15--~,N— 1’

and any other existing constraints on the feedback controller. We note that
the description of the problem given above is intended to be informal. A
precise definition together with examples will be provided in the next chapter.

Dynamic programming is directly applicable to problems of this form.
Furthermore, as will be shown later, various other dynamic optimization
problems involving, for example, correlated disturbances, imperfect state
information, and nonadditive cost function, can be directly reformulated into
the problem described above (perhaps by introducing a more complex
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structure). Finally it is possible to let the final time N go to infinity, which is
the case of an infinite time horizon.

We finally should point out that while we refer to k as the time index and
to system (30) as a discrete-time system, it is not necessary that the index k
have a time interpretation. For example, consider the problem of finding
quantities u,, ..., uy_, of N products to be purchased so as to satisfy the
constraint

N-1
Z Buu, = A
k=0

and minimize the cost

N-1
Z gilu),
k=0
where 4, Bo, ..., By-, aregivenscalarsand g, . .., gy - are given functions.
By defining the system equation to be
xk+1=xk+ﬂkuk, k=0,1,...,N—1, (31)
with an initial state x, = 0, the problem becomes one of minimizing
N-1 ’
giu)
k=0

subject to the system equation (31) and the terminal state constraint xy = A.
Clearly this problem can be put into the framework considered in this section.

Relation to Transition Probability Models

It is to be noted that often the system equation is not given in form (30);
rather one is given the set of transition probabilities P(x; ., |x,, u,) of the
system moving from state x, to state x, . ; when the control input is u,. This
is typically the case when the controlled system is a finite state Markov chain,
or when the problem involves analysis of a decision tree [R1]. In this case it is
still possible to define a system equation of form (30) by letting the space of
uncertain parameters w, be the same as the space of x; . , and by defining the
system functions f to be of the form

Silx, g, wi) = wy

and letting the probability distribution of w;, be equal to the given transition
probability distribution P(x,,|x;,u,). The system equation is simply
Xx+1 = w; and the occurrence of a particular value of w, is equivalent to
transition to the corresponding state x, ., ,. The transition probabilities de-
pend on the current state x, and the control u, that is applied.
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ExaMpLE Consider a controlled process that can be in one of two
possible states 1 and 2. In other words § = {1, 2}, where S is the state space.
Let there be two possible controls u! and u? at each state, i.e., the control
space is C = {u', u?}. Let the transition probabilities p; (") of moving from
state i to state j when the control u” is applied, i, j, n = 1, 2, be given by

Pu(“l) = 0y, P2ty =1—ay, P11(“2) = 3, Plz(“z) =1-a,,
paiu') = B1, Pzz(“l) =1-8, le(“z) = B,, Pzz(“z) =1~ 8,

where o, a5, f8;, B, € [0, 1]. Then this controlled process may be represented
by the system equation

Xg+1 = Wy,

where w, is a random variable taking the values 1 and 2 with probability
distribution depending on x, and u, as follows:

al lf Wk = 1,

=1 = 1 =
(Wil x, S =u) {1 —a it w, =2,

if _
pPwilx, = 2, uy = “1) = fl owe=1,

_Bl lf wk=29

{az lf w, = 1,

1 — o, if w, =2,

BZ if Wy = 1,

= 2 = 2 =
pwi| x, s U = u”) {1 _ B, if w, =2

It is to be noted that we could also consider the reverse transformation
whereby we start from the system equation x,., = fi(x,, u, w,) and con-
struct an equivalent model specified by means of transition probabilities
P(x; 4, | x,, u). The choice of model is clearly a matter of taste and does not
affect in any way the results to be obtained.

1.5 Notes

Utility theory and its relation to decision making were first clarified by
von Neumann and Morgenstern [N3]. For an extensive account of related
results see the text by Fishburn [F3] and for a bibliography see the survey
paper by the same author [F2]. The text [F3] also contains Savage’s expected
utility theory, which is based on the notion of subjective probability [S4].
Other sources describing the expected utility theory are Luce and Raiffa
[L7], Blackwell and Girshick [B23], Owen [O3], and DeGroot [D1].
Blackwell and Girshick [B23] also describe Wald’s statistical decision theory,
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which formulates the decision problem as a game against Nature. The expected
utility approach is by far the most popular approach for formulating prob-
lems of decision under uncertainty. The min-max approach receives serious
consideration occasionally. Another approach, which has not met with
particular favor, is based on the min—-max regret criterion of Savage [S3].

The material on quadratic cost functionals and least-squares estimation is
standard. For detailed expositions see, for example, the work of Aoki [Al],
Meditch [M6], the IEEE special issue [I1], and the references listed therein.
Inventory policies of the (s, S) form were considered and analyzed in a
pioneering paper by Arrow et al. [A6], which stimulated a great deal of work
on the subject. The material on the investment problem is taken from Arrow
[A4] and Mossin [M8]. For detailed expositions of the mean-variance
approach see Markovitz [M4] and Sharpe [S9].

For an excellent treatment of decision problems under uncertainty that
involve dynamic systems see the work of Witsenhausen [W4].

Problems

1. Show that there exists a function G: (0 — R satisfying relation (2) of
Section 1.1 provided the set ¢ is countable. Show also that if the set of
decisions is finite, there exists at least one noninferior decision.

2. Let O = [—1, 1]. Define an order on ¢ by means of

0,<0,=10,| <10,]| or 0, <0, =10l
Show that there exists no real-valued function G on @ such that
0,< 0,=G(0)) < G0,) v0,,0,€0.

Hint Assume the contrary and associate with every O, € (0, 1) a rational
number r(0,) such that

G(-0,) <r0,) < G(0y).

Show that if O, # O,, then r(0,) # r(0,).
3. Experimental Measurement of Utility Consider an individual faced
with a decision problem with a finite collection of outcomes 0, O,, ..., Oy.
It is assumed that the individual has a preference relation over the set of
lotteries on the set of outcomes satisfying Assumptions A.1-A.4 of the ex-
pected utility theorem, and hence a utility function over the set of outcomes
exists. Suppose that 0, < 0, X -+ < Oy and furthermore that 0; < Oy.
(a) Show that the following method will determine a utility function.
Define U(0,) = 0, U(Oy) = 1. Let p; with 0 < p; < 1 be the probability for
which one is indifferent between the lottery {(1 — p,),0,...,0, p;} and O;
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occurring with certainty. Then let U(O;) = p;. Try the procedure on yourself
for 0, = $50i withi =0, 1, ..., 10.

(b) Show that the following procedure will also yield a utility function.
Determine U(Oy_,) as in (a) but set

U(ON—Z) = Prn-2 U(ON—I)s

where py_, is the probability for which one is indifferent between the lottery
{(1 — pnv-2)0,...,Px_2,0} and Oy_, occurring with certainty. Similarly
set U(0)) = p;U(O;,,), where p; is the appropriate probability. Again try
this procedure on yourself for O; = $50i with i = 0, 1, ..., 10 and compare
the results with the ones obtained in (a).

(c) Devise a third procedure whereby the utilities U(0Q,), U(O,) are

specified initially and U(0)),i = 3, ..., N, is obtained from U(0,_,), U(O;_,)
through a comparison of the type considered above. Try the procedure for
0;,=13850i,i=0,1,...,10.
4. Suppose that two people 4 and B desire to make a bet. Person A will
pay $1 to person B if a specific event occurs and person B will pay x dollars to
person A if the event does not occur. Person A believes that the probability of
the event occurring is p, with 0 < p, < 1, while person B believes that the
corresponding probability is py with 0 < py < 1. Suppose that the utility
functions U 4 and Uy of persons 4 and B are strictly increasing functions of
monetary gain. Let a, § be such that

UA0) — paUu(—1) Ug—p) = UB(O)_pBUB(l)'
1 —p,4 ’ i 1 — pg

Ugyla) =

Show that if & < f, then any value of x between « and 8 is a mutually satis-
factory bet.

5. In the problems of Sections 1.3.1-1.3.5 identify a set of decisions, a set
of states of nature, a set of outcomes, and a utility function (or cost function).
6. Intheinventory problem assume that the holding and depletion costs do
not have the linear form considered but are such that the sum of the expected
holding and depletion costs is a convex function of (x + u). Show under
appropriate assumptions that the optimal ordering policy is of the (s, S)
type.

7. Consider a roulette wheel that is partitioned into k disjoint events
Ay, ..., A, such that the probability of occurrence of A;is p;,i=1,...,k,
and Y*_, p; = 1. Suppose a person is given an amount of x dollars that he can
allocate among the k events 4, ..., A, and that he receives as his reward the
amount x; that he has allocated to the event A; that actually occurs. The
constraints are x; > 0, Y'¥_, x; = x. Suppose that his utility function over
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positive monetary rewards r is U(r) = In r. Show that his preferred allocation
isgivenby x; = p;x,i=1,...,k.

8. In an investment problem such as the one considered in Section 1.3.5
assume that there are two investment opportunties with &, = 1.5, &, = 1.8,
and E{(e, — &,)*} = 0.5, E{(e, — &,)*} = 1,and E{(e; — &,)(e; — &,)} = 0.
Compute the mean standard deviation locus for a unit of capital invested
and for the two cases where X = R*and X = {(x,, x,)|x, = 0, x, = 0}.
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Chapter 2

The Dynamic Programming Algorithm

2.1 The Basic Problem

In this section we formulate the basic problem of optimal control of a
dynamic system over a finite horizon with which we shall be dealing. The
formulation is very general since the state space, control space, and uncer-
tainty space are arbitrary and may vary from one state to the next. In parti-
cular, the system may be defined over a finite or infinite state space. The
problem is characterized by the fact that the number of stages of evolution of
the system is finite and fixed (finite horizon), and by the fact that the control
law is a function of the current state (perfect state information). However,
problems where the termination time is not fixed or where the controller
may decide to terminate the process prior to the final time can be reduced to
the case of fixed termination time (see Problem 8). The situation in which the
controller has imperfect state information can also be reduced to a problem
with perfect state information as will be seen in Chapter 4. A variety of related
problems can also be reduced into the form of the basic problem (see Section
2.3 and the problem section).

39
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Basic Problem
Given is the discrete-time dynamic system
Xe+1 = .ﬁ((xk’ U wk)s k =0’ 1;---5N - 19 (1)

where the state x, is an element of a space S,,k =0, 1, ..., N, the control
u, is an element of a space C,,k =0,1,..., N — 1, and the random “dis-
turbance” w, is an element of a space D, k =0, 1,..., N — 1. The control
u, is constrained to take values from a given nonempty subset U,(x,) of C,,
which depends on the current state x, [u, € U,(x,) for all x,eS, and k = 0,
1,..., N — 1]. The random disturbance w, is characterized by a probability
measure p,(* | x,, u,) defined on a collection of events in D, (in the sense of
Appendix C). This probability measure may depend explicitly on x, and u,
but not on values of prior disturbances wy _ y, . .., wo. We consider the class of
control laws (also called “policies ) that consist of a finite sequence of func-
tions @ = {ug, Uy, -- -, Un-1}, Where y;: S, = C, and such that p,(x,) € U,(x;)
for all x, € S;. Such control laws will be termed admissible.

Given an initial state x,, the problem is to find an admissible control
law © = {ug, Uy, - .-, Uy—_1} that minimizes the cost functional

N-1
Jalxo) = WE {QN(XN) + kzo gilxi> pudxy), Wk]} (2)

k=0,....N—-1
subject to the system equation constraint
Xk+1 = .ﬁ(['xk’ #k(‘xk)’ wk]’ k = 07 1, ceny N - 1' (3)
The real-valued functions
gN:SN_’R’ gk:SkXCkka_)R’ k=0,1,...,N—1,
are given.

Let us provide an example that illustrates the nature of the basic problem
above. Many other examples will be given subsequently.

INVENTORY CONTROL EXAMPLE Consider an N-period version of the in-
ventory problem of Section 1.3. We assume that inventory can be ordered at
the beginning of each of N time periods rather than just once. Naturally each
inventory order is made with knowledge of the current stock so that instead
of seeking optimal numerical values for the inventory orders we are now
interested in an optimal rule that tells us how much to order for every level of
current stock and for each time period. Let us denote

X, stock available at the beginning of the kth period
u, stock ordered (and immediately delivered) at the beginning of the
kth period
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w, demand during kth period with given probability distribution
h holding cost per unit item remaining unsold at the end of the kth
period
¢ cost per unit stock ordered
p shortage cost per unit demand unfilled

We assume that wg, ..., wy_, are independent random variables and that
excess demand is backlogged and filled as soon as additional inventory
becomes available. This is represented by negative stock in the system equa-
tion, which is given by

Xk +1 =x,‘+u,‘—w,‘.

The cost functional (representing expected loss) to be minimized is given by

N-1

E{ Y [ew, + p max(0, w, — x, — ;) + h max(0, x, + u, — wk)]}.
k=0

Here we assume that unfilled demand at the beginning of the Nth period is

lost and the stock xy that is left over has no value (i.e., the terminal cost is

Zero).

The objective is to find an ordering policy {ug, ..., Un_ 1}, t = Wdxy),
k=0,..., N — 1, that minimizes the expected cost. Clearly this problem is
within the framework of the basic problem of the previous section with the
identifications

gnlxy) =0
gulxi> Ui, W) = cuy + p max(0, w, — x, — w) + h max(0, x, + u, — wy),
ﬁ(xk, u,‘, W,‘) - xk + ll,‘ b W,‘,

Uk(xk) = [0’ (X))

Optimal Value of the Basic Problem

It is to be noted that while the objective in the basic problem is to find an
admissible control law that minimizes the cost functional J,(x,), it is not
guaranteed a priori that such a minimizing control law exists. It is possible
that J(x,) can attain arbitrarily small values by suitable choice of the control
law 7, in which case we say that the optimal value is — oo and no control law
attains this value.t It is also possible that the set of values that J «xo) attains
as w ranges over the set of admissible policies IT is bounded below but no
optimal control law exists (in the same way that, for example, the scalar
function €' is bounded below by zero but it is not minimized by any scalar ).

t Such a situation will almost never occur in practice if our problem is well formulated.
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The greatest lower bound of the set of real numbers {J (x,)|7 € I1}, i.e., the
set of all values of the cost function J,(x,) that can be attained by using
admissible policies = € I, is denoted
J*(xo) = infJ.(x,)

nell
and is called the optimal value of the problem. When an optimal policy n*
exists, we write

J*(xg) = JruXo) = min J (x,).
nell

When there does not exist an optimal policy we may be interested in finding an
¢-optimal policy, i.e., a policy 7 such that

J*(xo) < Jxlxo) < J*(xo) + &,

where ¢ is some small number implying an acceptable deviation from op-
timality.

Note that the optimal value of the problem depends on the initial state x.
Naturally, different initial states may have different optimal values associated
with them. We shall refer to the function J* that assigns to each initial state
xo the corresponding optimal value J*(x,) as the optimal value function.

The Role of Information Gathering in the Basic Problem

As indicated in the basic problem every control law {ug, iy, ..., Un—1}
consists of functions of the current state. The physical interpretation of the
associated process is that at each time k the controller (which may be a
device or a decision maker, depending on the situation) observes the exact
value of the current state x, and applies a control y,(x,) as shown in Fig. 2.1.
Subsequently the disturbance w, occurs and the next state x, . ; is generated
according to system equation (3). This state is observed by the controller,
which subsequently applies the control 1, {(x+ ) specified by the function

ka

U 7 Bl System N

Xpoa | =gl X g W)

A

- My

FIGURE 2.1
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Ui+ 1> and the process is repeated. Thus a control law {gg, pty, ..., gy_} may
be viewed as a plan that specifies the control to be applied at each time for
every state that may occur at that time.

It is important to realize that this mode of operation of the control law
implies information gathering during the control process. The information
received by the controller is the value of the current state at each time. Further-
more, this information is utilized directly during the control process since the
control at time k depends on the current state x, via the function y,. The
effects of the availability of this information by the controller may be sig-
nificant indeed. The reason is that if this information were not available, then
the controls applied would not depend on the current state, i.e., the control
u, would have to be the same for every value of the state x, that may occur.
As a result the cost functional would have to be optimized over all sequences
of controls {uq, 4, ..., uy_} satisfying the constraints of the problem and
the resulting optimal value would be higher than the optimal value of the
basic problem. This fact is intuitively clear and is illustrated well by the ex-
ample given immediately before Section 1.1. It may be proved mathematically
by observing that the set of control laws that consist of constant functions
(i.e., functions independent of the current state) is only a subset of the set of
admissible control laws. As another example, the reader may consider the
inventory control problem considered earlier in this section where the in-
formation possessed by the inventory manager at the beginning of each period
k is the current inventory stock x,. Clearly this information can be very
important in deciding on the appropriate amount u, to be ordered at the
kth period.

It is to be noted, however, that it is not necessary that knowledge and
utilization of the information provided by the value of the current state lead
to a net reduction of the value of the cost functional. For instance, in deter-
ministic control problems (where no uncertain disturbances are present),
optimization of the cost functional over all sequences {ug, uy, ..., Uy-} of
controls leads to the same optimal value as optimization over all admissible
control laws. This fact is illustrated in the example given prior to Section 1.1
and will be further discussed in the following. The same fact may be true
even in some stochastic control problems. An important class of such pro-
blems is described in Problem 13.

Theoretical Limitations of the Formulation of the Basic Problem

Before proceeding with the development of the dynamic programming
algorithm, it is necessary to clarify certain aspects of our problem and to
delineate certain probabilistic elements in the formulation that do not lie on
Sfirm mathematical ground.
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First of all, once an admissible control law {u,, 4y, ..., uy_} is adopted,
the following underlying sequence of events is envisioned:

Stage 0 (1) The controller observes x, and applies uy = po(xo).

(2) The disturbance w,, is generated according to the given probability
measure Py(* |xq, to(Xo))-

(3) The cost go[xg, Ho(xo) Wo] is incurred.

(4) The next state x, is generated according to the system equation

xy = folxo> Holxo) Wol-
Stage k(1) The controller observes x, and applies u, = p,(x,).
(2) The disturbance w, is generated according to the given probability
measure P, (| x;, px(x)))-
(3) The cost g, [x,, u(x), wi] 1s incurred and added to previous costs.
(4) The next state x, ., is generated according to the system equation

X1 = Silxi mlxi) wil.
Last Stage (N — 1) (1) The controller observes xy_, and applies
Un-1 = Mn—1(xn-1)-
(2) The disturbance wy_, is generated according to the given pro-
bability measure Py_,(* | Xy_1, Un—1(XN_1))-
(3) The cost gy_[xn_1, n—1(xN_1), Wwn_1] is incurred and added to

previous costs.
(4) The final state xy is generated according to
g

xy = fy-1[xn-1 v—1(en-y), wa -]
(5) The terminal cost gy(xy) is incurred and added to previous costs.

The above process is well defined and couched in precise probabilistic
terms. Formidable complications, however, are introduced by the need to
view the cost functional

N-1

gnlxy) + k—ZO ailxi, dxi), wi ]

as a well-defined random variable with well-defined expected value. The
framework of probability theory requires that for each {ug, ty, ..., Uy 1} We
define an underlying probability space, i.e., a set Q, a collection of events in £,
and a probability measure on these events. Furthermore, the cost functional
above must be a well-defined random variable on this space in the sense of
Appendix C (a measurable function from the probability space into the real
line in the terminology of measure-theoretic probability theory). In order for
this to be true, additional (measurability) assumptions on the functions
Jxs 9k, and u, may be required and it may be necessary to introduce additional
structure on the spaces S;, C;, and D, . Furthermore, these assumptions may
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restrict the class of admissible control laws since the functions y, may be
constrained to satisfy additional (measurability) requirements.

Thus unless these additional assumptions and structure are specified,
the problem we consider is formulated inadequately and the reader should
view subsequent developments in the light of this fact. On the other hand, a
rigorous formulation of the basic problem for general classes of state, control,
and disturbance spaces is well beyond the mathematical and probabilistic
framework of this introductory text and will not be undertaken here. None-
theless we feel that these mathematical difficulties (at least for finite horizon
problems) are mainly of a technical nature and do not affect in a substantial
manner the basic results to be obtained and the basic structural properties of
the problem with which we are concerned. For this reason we find it con-
venient to proceed with formal derivations and arguments in much the same
way as in most introductory texts and journal literature on the subject.

We would like to stress, however, that under the assumption that the
disturbance spaces D,k = 0, 1,..., N — 1, are countable sets all the mathe-
matical difficulties mentioned above disappear since for this case, with the
only additional assumption that the expected values of all terms in the expression
of the cost functional (2) exist and are finite for every admissible policy 7, one
can provide a sound framework for the problem.

One easy way to dispense with all the difficulties of a probabilistic nature
when the disturbance spaces D, are countable sets is to rewrite all expected
values in the cost functional as infinite sums in terms of the probabilities of
the elements of D,. Thus if wi, wZ, ... are the elements of D,,

D, = {w},wi, ...},

and p(x,, u,) denotes the probabilityofwi , k = 0,1,..., N — 1,i=1,2,...,
the value of the cost functional (2) corresponding to an admissible policy
7 could be written alternatively as

Jalxo) = J,?(xo),

where J2(x,) is given by the last step of the recursive algorithm, which pro-
ceeds backwards from stage N — 1 to stage O:

Jg_l(xN—l) = Z_‘,lpqu[x!v—la Un—1(xn-1)]
X [gnlfn-10en— 15 tin—1(xn- 1), va—1)]
+ gn-a[xn— 1o o (xy— o), wi -],
sz(xk) = .;Pi[xk, )T [gulxie, mlx), W;c]
+ sz+ l[fk(xka (), W;c)]l
k=0,1,..., N — 2.
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In these equations the form of J¥ ~!(xy _,) is obtained once we substitute the
system equation in the expression

E {gn(xy) + gn-1Dxn— 15 -1y 1) wa o1 3}
WN -1

which represents expected cost for stage N — | plus the expected terminal
cost when the state at stage N — | is equal to xy_, and the policy = is used.
Similarly J¥(x,) may be viewed as expected cost for the last N — k stages
when the state at stage k is x, and the policy 7 is used. In the above expressions
we have written out the expected values explicitly in terms of the probabilities
pilxy, i(x;)]. When the sets D, are known to be finite then all infinite sums
may be replaced by finite sums. If one makes the additional assumption that
all the infinite sums in the above expression are well defined and finite for
every admissible policy, then one can work directly with the expression of the
cost functional above and bypass any need for posing the problem in a pre-
cise probabilistic manner. In this formulation the use of expectations be-
comes merely a convenient shorthand notation.

There is another way, more probabilistic in nature, to ensure that the cost

N-1
E {gN(xN) + kzogk[xk’ ), Wk]}

corresponding to a control law © = {ug, Uy, ..., y_} is well defined when
D, are countable sets. One may rewrite the value of the cost functional J (x,) as

N—1
Jalxo) = _ E {QN(XN) + kzogk[xks .uk(xk)]}a 4)

where

Gilxis ()] = E {gilxi, mlxi), widlxi, mdxi)},

wi

with the expectation above taken with respect to the probability distribution
P+ | %, ti(x;)) defined on the countable set D,. Then one may take as the
basic probability space the Cartesian product of Sy, S, ..., Sy, where

§1 = {x;1€8:1x1 = folxo, to(xo), Wwol, wo € Do},
§k+1 = {Xis 1 €S 1 IXir 1 = fillxio i), wid, xkegka wi €Dy},
k=1,2,...,.N—1.

The set S, is the subset of S, of all states that can be reached at time k when the
control law {uq, iy, ..., un_1} is employed. The fact that Dy, Dy, .... Dy _,
are countable sets ensures that sets S, .. ., Sy are also countable (this is true
in view of the fact that the union of any countable collection of countable
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sets is a countable set). Now the system equation (3), the probability dis-
tributions P,( - |x,, w(x,)), the initial state x,, and the control law {u,, &,
.., Un-1} define a probability distribution on the countable set S, x 5‘2 X
- x Sy and the expectation in (4) is defined with respect to this latter dis-
tribution. In fact, it is easy to see that in this formulation the states {x,, x;,
X,,..., Xy} form a finite Markov sequence [P2] that can be described
completely by the corresponding conditional probabilities P(x, . ; | x,), which
depend on the control law {y, ¢y, ..., 4y} employed and the data of the
problem. In light of this fact, the cost functional (4) may be written

Ja(x0) = Golxo, to(x0)] + E {gl[xl’ py(xy)]

X1

+ E{ + E {gN—l[xN—lwuN—l(xN—l)]

X2 XN -1

+ E {gN(xN)IxN—l}IxN—Z}"' |x1}|xo}

XN

where the conditional probability distributions P(x;.,|x,), depend on the
control law © = {ug, 4y, ..., nx_}. This Markovian property lies at the
heart of the dynamic programming algorithm.

In conclusion the basic problem has been formulated in a mathematically
rigorous way only for the case where the disturbance spaces Dy, ..., Dy_ 1,
are countable sets. In the absence of countability of D, the reader should
interpret subsequent results and conclusions only as plausible (imprecise)
statements or conjectures. In fact, when discussing infinite horizon problems
(where the need for precision is much greater) we shall make the countability
assumption explicit. It is to be noted, however, that the advanced reader will
have little difficulty in establishing rigorously most of our subsequent results
concerning specific applications in Chapters 3 and 4. This can be done in a
manner explained in the Notes to this chapter and in Problem 12.

2.2 The Dynamic Programming Algorithm

The problem of the previous section appears quite formidable since the
cost functional (2) must be minimized over a class of functions of the current
state. This fact together with the complexity of the cost functional make the
use of variational optimization techniques impossible in almost every case.
The dynamic programming (DP) technique decomposes the problem into a
sequence of simpler minimization problems that are carried out over the
control space rather than over a space of functions of the current state.
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The DP technique rests on a very simple idea, the so-called principle of
optimality. The name is due to Bellman, who contributed a great deal to the
popularization of DP and to its transformation into a systematic tool.
Roughly the principle of optimality says the following rather obvious fact.

Suppose that {u§, u¥, ..., u¥%_,} is an optimal control law for the basic.
problem. Consider the subproblem whereby we are at state x; at time i and
wish to minimize the “cost-to-go” from time i to time N

N-1
E {QN(XN) + Z gl X, plxy), Wk]}-
k=i
Then the (truncated) control law {u¥, p¥ ., ..., u%_,} is also optimal for
this subproblem. N
It is perhaps helpful to introduce the dynamic programming algorithm by
means of an example:

INVENTORY CONTROL EXAMPLE (continued) Consider the inventory
control example of the previous section and let us utilize the following pro-
cedure for determining the optimal inventory ordering policy starting with the
last time period and proceeding backward in time.

N — 1 Period Assume that at the beginning of period N — 1 the stock
available is xy _ ;. Clearly no matter what happened in the past the inventory
manager should order inventory u¥_, = u¥_,(xy_,), which minimizes over
uy_, the sum of the ordering, holding, and depletion costs for the last time
period, which is equal to

E {cuy_, + hmax(0, xy_, + un_1 — Wn_,)
WN -1
+ pmax(0, wy_; — Xy_y — tn—1)}-

Let us denote the optimal cost for the last period by Jy_ (xy—):

Jy_ilxy-1)= min  E {cuy_; + hmax(0,xy_; + uy_y — wy_,)
uN -120 wy -y

+ pmax(0, wy_; — xy_1 — uy_ )}

Naturally Jy_, is a function of the stock xy - ;. It is calculated for each xy_,
either analytically or numerically (in which case a table is used for computer
storage of the function Jy _,). In the process of calculating J _ ; we obtain the
optimal inventory ordering policy u%_(xy—,) for the last period, where
u¥_ (xy_,) = 0 minimizes the right-hand side of the above equation for
each value of xy_ ;.

N — 2 Period Assume that at the beginning of period N — 2 the in-
ventory is xy_,. Now it is clear that the inventory manager should order
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inventory uy_, = u¥_,(xy-_,), which minimizes not only the expected cost
of period N — 2 but.rather the

(expected cost of period N — 2) + (expected cost of period N — 1,
given that an optimal policy will be used at period N — 1).

This however is equal to

E {cuy-; + hmax(0, xy_, + uy_5 — wy_3)
WN -2

+ pmax(0,wy_; — xy-3 —uy_3)} + E {Jy-alxn-1)}
WN-2
Using the system equation xy_; = xy-, + uy-, — wy_, thelast termin the
above sum is also written E,,,_, {Jy_1(xy_ + un_5 — wy_ )}
Thus the optimal cost Jy_,(xy - ;) for the last two periods, given that we
are at state x_,, iS written
In_2xy—z)= min E {cuy_, + hmax(0, xy_, + un_3 — wy-,)

un-220 wy -2
+ pmax(0, wy-» — Xy_2 — Un-»)
+ Iy_a(xyoy + Uy — wy_))}

Again Jy_,(xy_,) is calculated for every xy_,. At the same time the
optimal ordering policy u¥ _ ,(xn- ;) is also computed.

k Period Similarly we have that at period k and for initial inventory x,
the inventory manager should order u, to minimize

(expected cost of period k) + (expected cost of periodsk + 1,..., N — 1,
given that an optimal policy will be used for these periods).

By denoting by J,(x,) the optimal value, we have

Jdx) = min E {cu, + h max(0, x; + u, — w,) + p max(0, w, — x, — u,)

u 20 wy

+ Jis 1l + ue — wi)} &)

which is actually the dynamic programming equation for this problem.

The functions J,(x,) denote the optimal expected cost for the remaining
periods when starting at period k and with initial inventory x,. These func-
tions are computed recursively backward in time starting at period N — 1
and ending at period 0. The value Jo(x,) is the optimal expected cost for the
process when the initial inventory at time 0 is x,. During the calculations the
optimal inventory policy {u&(xo), u*(x,), - .., #¥ - 1(xy_1)} is simultaneously
computed from minimization of the right-hand side of (5) for every x, and k.

We now state the dynamic programming algorithm for the basic problem
and show its optimality.
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Proposition Let J*(x,) be the optimal value of the cost functional (2) in
the problem of Section 2.1. Then

J*(x0) = Jo(xo),

where the function J, is given by the last step of the following dynamic
programming algorithm, which proceeds backward in time from period
N — 1 to period 0:

JInxn) = gnlxy) (6)
Jux)) = inf  E {gx, ug, wi) + Jeo LA, e, w1} (Nt

uk € Us(xi) wie

k=0,1,...,N — L.

Furthermore, if u¥ = u(x,) minimizes the right-hand side of (7) for each x,
and k the control law n* = {u§, ..., u%_,} is optimal.

Proof The fact that the probability measure characterizing w, depends
only on x, and u, and not on prior values of disturbances wy, ..., w,_, allows
us to write the optimal value of the cost J*(x,) in the form

J*(XO)= lnf J(XO,ﬂo,...,ﬂN_l)
HOs «es UN -1
= lnf [E {go[xo, [lo(Xo), WO] + E {gl[-xl’ .ul(xl)’ Wl] + -
MO, ..s BN - 1L_WO wiy
+ E {gn-1[xn-1 tn—1lcn—1) wy-1] + gN(xN)}"'}}:la

where the expectation over w,,k =0,1,..., N — 1, is conditional on x,
and p,(x,). The above expression may also be written

J*(xo) = inf [E {go[xm Ko(Xo), wo] + inf |:E {gl[xl’ p(xg),wil + -

Ho wo 31 wi

+ inf|: E {gn-1Dxn-1s tn-a(xn-1) wy—y] + gN(xN)}:l}] . }:'
@®)

t Both the DP algorithm and its proof are, of course, rigorous only if the basic problem is
rigorously formulated. As explained in the previous section, this is the case when the disturbance
spaces Dy, k =0, 1,..., N — 1, are countable sets and the expected values of all terms in the
expression of the cost functional (2) are well defined and finite for every admissible policy =. In
addition, it is assumed that the expected value in (7) exists and is finite for all u, € U,(x;) and all
x, € S,. We further note that, although not explicitly denoted, the expectation in (7) is taken with
respect to the probability measure characterizing w),, which depends on both x; and u,. We
also write inf instead of min since the minimum of the expected value may not be attained. If the
minimum is known to be attained by some u, € U,(x,) then inf can be replaced by min.
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In the above equations the minimizations indicated are over all functions
U, such that u,(x,) € U(x,) for all x, and k. In addition, the minimization is
subject to the ever-present system equation constraint

Xp+1 = Sulxw o), wil.

Now we use the fact that for any function F of x, u, we have

inf F(x, u(x)] = inf F(x, u),

pueM ue U(x)

where M is the set of.all functions p(x) such that u(x) e U(x) for all x.
By applying this fact in (8), using the substitution x,., = filx;, tx, W),
and introducing the functions J; of (7) in (8) we obtain the desired result:

J*(x0) = Jolxo).

It is also clear that {ud,..., u%_,} is an optimal control law if uX(x,)
minimizes the right-hand side of (7) for each x, and k. Q.E.D.

In the DP algorithm of the above proposition, ideally, we would like to
be able to determine closed-form expressions for the “cost-to-go” functions
J,. This is possible in a number of important special cases. In any case even if
a closed-form expression for J, or the optimal control law uf cannot be
obtained, one hopes to obtain characterizations of J, or uj that are of interest.
We shall examine such cases in the next chapter.

In the absence of an analytical solution one has to resort to a numerical
solution of the DP equations. This may be quite difficult and expensive since
the minimization in (7) must be carried out for each value of x,. Typically
the state space is discretized and the minimization is carried out for a finite
number of states x, . The computational requirements are proportional to the
number of discretization points. Thus for complex multidimensional pro-
blems the computational burden may be overwhelming even for the most
potent of presently existing computers. More about the computational aspects
of DP will be presented in Chapter 5. However, at this point it must be re-
cognized that DP cannot provide a complete solution to every problem of
the type we are considering. Nonetheless, it is the only general approach for
attacking sequential optimization problems under uncertainty.

We now provide an example that demonstrates the computational
aspects of the DP algorithm.

ExaMpLE 1 Consider an inventory control problem similar to the one
of Section 2.1 but different in that inventory and demand are nonnegative
integer variables. Furthermore assume that there is an upper bound on the
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stock (x; + u,) that can be stored and also assume that the excess demand
(Wi — x, — u,) is lost. As a result the stock equation takes the form

Xi+1 = max(0, x, + u, — wy).

Assume that the maximum capacity (x, + u,) for stock is 2 units, that the
planning horizon N is 3 periods, and that the holding cost /& and the ordering
cost ¢ are both 1 unit. The shortage cost p is assumed to be 3 units, and the
demand w, has the same probability distribution for all periods, given by

pw, = 0) = 0.1, pw, = 1) = 0.7, plw, = 2) = 0.2

There is no fixed cost (i.e., K = 0) and the initial stock x,, is zero.
Let us solve this problem by applying the DP algorithm (6), (7). For our
case this algorithm takes the form

Ja(x3) =0,
Jxx)= min  E {u;, + max(0, x; + u, — w,) + 3 max(0, w, — x, — uy)

+ Jk+ l[max(o’ xk + uk - wk)]}’ k = 09 1, 2)
where x;, u,, w, can take the values 0, 1, and 2.
Stage 2 'We compute J,(x,) for each of the three possible states:

J,(0)= min E {u, + max(0, u; — w,) + 3 max(0, w, — u,)} .

u2=0,1,2 w,

= min {u, + 0.1[max(0, u,) + 3 max(0, —u,)]
u=0,1,2

+ 0.7[max(0, u, — 1) + 3 max(0, 1 — u,)] + 0.2[max(0, u, — 2)
+ 3 max(0, 2 — u,)]}.

We calculate the expectation of the right-hand side for each of the three
possible values of u,:

u; =0: E{-}=07%x3x1+02x3x%x2=33,

u, =1 E{+}=14+01x14+02x3x1=17,

u,=2: E{-}=24+01x2+07x1=29,
Hence we have by selecting the minimizing u,,

= J,0 =17, p30)=1 <
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For x, = 1 we have

Jo() = min E {u, + max(0, 1 + u, — w;) + 3 max(0, w, — 1 — u,)}

u2=0,1 wy

= min {u, + 0.1[max(0, 1 + u,) + 3 max(0, —1 — u,)]
u=0,1

+ 0.7[max(0, u,) + 3 max(0, —u,)]

+ 0.2[max(0, u, — 1) + 3 max(0, 1 — u,)1},

u, =0: E{-}=01x14+02x3x1=07,

u, =1 E{-}=14+01x2+2+07x1=19,

Hence
> J,(1) =07,  u*1)=0. <
For x, = 2 we have
J,(2) = E {max(0, 2 — w;) + 3 max(0, w, — 2)}
=01x%x2+07x1=09,
= J,(2) =09, ui(2) = 0. <
Stage 1

Again we compute J,(x,) for each of the three possible states
X, = 0, 1, 2 using the values J,(0), J,(1), J,(2) obtained in the previous stage:

Ji0)= min E {u; + max(0, u, — w;) + 3 max(0, w, — u,)
ur=0,1,2 wy

+ J,[max(0, u; — w,)1},

up=0: E{-}=01x J,0) +07[3 x 1 + J,(0)]
+0.2[3 x 2 + J,(0)] = 5.0,

up=1: E{-}=1+0.I[1+ J,(1)] + 0.7 x J,0)
+0.2[3 x 1 + J,(0)] = 33,

u, =2 E{-}=2+01[2+ J,2)] + 0.7[1 + J,(1)]
+ 0.2 x J,(0) = 3.82,

= J1(0) =33, pi(0) =1,
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Ji{(1)= min E{u; + max(0, | + u; — wy) + 3max(0O,w; — 1 — u,)

u;=0,1wy
+ J,[max(0, | + u; — wy)]}
u, =0: E{:}=0I1[14 J,(1)] + 0.7 x J,(0)
+ 0.2[3 x 1 + J,0)] = 2.3,
uy=1: E{-}=14+0.1[2+ J,(2)] + 0.71 4+ J,(1)]
+ 0.2 x J,(0) = 2.82,
= J.(1) =23, (1) =0, <
J1(2) = E{max(0,2 — w,) + 3 max(0, w; — 2) + J,{max(0,2 — w,)]
= 0.1[2 + J»(2)] + 0.7[1 + J(1)] + 0.2 x J,(0) = 1.82,
= J,(2) = 1.82, u¥2)y=0. <

Stage 0 Here we need only compute J4(0) since the initial state is known
to be zero. We have

Jo@ = min E {u, + max(0, uy ~ wo) + 3 max(0, wo — uo)

u=0,1,2 wo
+ J[max(0, uy — wo)l},

U =0: E{-}=01x J,00) +0.7[3 x 1 + J,(0)]
+ 023 x 2 + J,(0)] = 6.6,

ug=1: E{-}=1+0I[1+ J, (D] + 0.7 x J,(0)
+02[3 x 1 + J,(0)] = 49,
up=2: E{-}=2+0102+ J,(2)] + 0.7[1 + J,(1)]
+ 0.2 x J,(0) = 5.352,
= Jo(0) =49,  u¥0)=1. <

If the initial state were not known a priori we would have to compute in a
similar manner J,(1) and J,(2) as well as the minimizing u,. These calcula-
tions yield

- Jo(1) = 3.9, (1) = 0, <
&> Jo2) = 3352,  pu¥(2)=0. <

Thus the optimal ordering policy for each period is to order one unit if the
current stock is zero, and order nothing otherwise.

It is worth noting that DP can be applied (in a form that is of comparable
simplicity to the one of the previous proposition) to problems where the cost
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functional does not have the additive structure of the one of the basic problem
but rather the form

N-1
E{ﬁ exp<a[gN(xN) + Z Xk s Wk)])},
k=0

where o and f are given scalars. This type of cost functional can be called a
risk-sensitive cost functional since it corresponds to an exponential utility
function expressing risk aversion or risk preference (depending on the sign of
B) on the part of the decision maker. Such a cost functional is particularly
interesting when the expression
N—-1
gnlxy) + kzogk(xka Ups W)

has a monetary interpretation. For the form of the DP algorithm correspond-
ing to this case as well as the case of a discounted cost functional see Problems
6, 7, and 9 at the end of this chapter.

We finally point out that DP is fully applicable to deterministic problems
involving no uncertain parameters. Such problems can be embedded within
the framework of the basic problem simply by considering disturbance spaces
D, having a single element. Thus the algorithm of this section may be used
for the solution of such problems. In addition, other algorithms of the DP
type, which proceed forward in time (rather than backward), may be used
for deterministic problems (see Kaufmann and Cruon [K6]). It is important
to note that, in contrast to stochastic problems, using feedback in deter-
ministic problems results in no advantage in terms of reduction of the value of
the cost functional. In other words, minimizing the cost functional over the
class of admissible control laws {y, ..., uy_(} results in the same optimal
value of the cost functional as minimizing over the class of sequences of
control vectors {ug, ..., uy_,} with u, € U,(x,) for all k. This is true simply
because if {uf, ..., u¥%_,} is an optimal control law for a deterministic prob-
lem, then the control sequence {ug, ..., uf_,}, where

uf = pHxk), =0,...,N—1,
and the states x§&, ..., x}_, are defined by
XEe = fulxk, uf), X¢ = xq, k=01,...,N—1,

also achieves the optimal value of the problem. For this reason we may
minimize the cost functional over sequences of controls, a task that may be
achieved by variational deterministic optimal control algorithms such as
steepest descent, conjugate gradient, and Newton’s method. These algorithms,
when applicable, are usually more efficient than DP. On the other hand
DP has a wider scope of applicability since it can handle difficult constraint sets
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such as integer or discrete sets. Furthermore, DP leads to a globally optimal
solution as opposed to variational techniques, for which this cannot be
guaranteed in general.

Our main objective in this text is the analysis of stochastic optimization
problems and the ramifications of the presence of uncertainty. For this reason
we will pay little attention to deterministic problems. However, we offer here
an example of a deterministic problem, the so-called optimal path problem,
for which DP is a principal method of solution and which demonstrates some
of the computational aspects of DP .

ExampLE2 Let {1,2,...,N + 1} be a set of points and let C;,
i,j=1,..., N + 1, represent the cost of moving directly from point i to
point j in one move. We assume that 0 < C;; < o0 and C; = 0 for all i, j.
We would like to find the optimal path from point i to point N + 1, i.e., the
sequence of moves that minimizes total cost to get to the point N + 1
starting from each of the points 1,2, ..., N.

Now it is clear that an optimal path need not take more than N moves, so
that we may limit the number of moves to N. We formulate the problem as
one where we require exactly N moves but allow degenerate moves from a point
iinto itself. Wedenotefori=1,...,.N,k=0,1,...,N — 1,

Jy—1(i) optimal cost for getting to (N + 1) from i in one move,
J(i) optimal cost for getting to (N + 1) from i in (N — k) moves.

Then the cost of the optimal path from i to (N + 1)is Jy(i). While it is possible
to formulate this problem within the framework of the basic problem and
subsequently apply the DP algorithm, we bypass this formulation and write
directly the DP equation, which for our problem takes the intuitively clear
form:

optimal cost from i to (N + 1) in (N — k) moves
= min {C;; + optimalcostfromjto(N + 1)in(N — k — 1) moves},
ji=1,...,N

or
‘]k(l) = min {Clj + ‘]k+l(j)}’ k = 07 19'-',N _2’
N

j=1,..,
with
JN—l(i)=Ci(N+1), i=12,...,N.

The optimal policy when at point i after k moves is to move to point j*, where
j* minimizes overallj = 1, ..., N the expiession in braces above. Note that a
degenerate move from i to i is not excluded. If the optimal path obtained from
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the algorithm contains such degenerate moves this simply means that its
duration is less than N moves.

To demonstrate the algorithm consider the problem shown in Fig. 2.2a
where the costs C;j, i # j (we assume C;; = Cj;), are shown along the con-
necting line segments. The DP algorithm is shown in Fig. 2.2b with the *cost-
to-go” J (i) shown at each point i and index k together with the optimal path.
The optimal paths are

125 2535455 3-54-55 4-5

(h)
FIGURE 2.2

Note from the figure that the costs-to-go J,(i) are monotonically non-
decreasing with k, which is easy to prove in general for optimal path problems
of the type considered here.

2.3 Time Lags, Correlated Disturbances, and Forecasts

This section deals with various situations where some of the assumptions
inherent in the basic problem formulation are not satisfied. We shall consider
the case where there are time lags in the state and the control appearing in the
system equation, i.e., the next state x, , ;, depends explicitly not only on the
present state and control x,, u, but also on past states x,_q, Xx—2,---» Xk—n
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and controls uy,_, uy_5,..., U . We will consider the case where the
disturbances w, are correlated, and the case where at time k a forecast on the
future uncertainties w,, w,, ,, ... becomes available, thus updating the cor-
responding probability distributions. The situation where the system evolu-
tion may terminate prior to the final time either due to a random event or due
to an action of the decision maker is covered in the problems. Generally
speaking, in all these cases it is possible to reformulate the problem into the
framework of the basic problem by using the device of state augmentation.
The (unavoidable) price paid, however, is an increase in complexity of the
reformulated problem.

Time Lags

First let us consider the case of time lags. For simplicity assume that there
is at most a single period time lag in the state and control, i.e., assume a
system equation of the form

Xk+1 = .ﬁ((xk’xk—la Up, Up - 15 wk)9 k= 15 2, '~'sN - 13

x1 = folxo, g, wg).

The case where there are time lags of more than one period is a straightforward
extension of the single-period case.

Now if we introduce additional state variables y, and s, and make the
identifications y, = x;_;, s, = 4,_,, the system equation (9) yields for
k=1,2,..,N—1,

Xe+1 ,f}((xka Yis ukask’wk)
Ye+v1 | = Xk (10)
Sk+1 Uy

By defining %, = (x,, yi, 5:) as the new state we have
Xep1 = f;((-ik,ukswk)’ (1

where the system function fk is defined in an obvious manner from (10).
By using (11) as the system equation and by making a suitable reformulation
of the cost functional the problem is reduced to the basic problem without
time lags. Naturally the control law {u,,..., uy_,} that is sought will
consist of functions y, of the new state %, or equivalently y, will be a function
of the present state x, as well as past state x,_, and control u,_,. The DP
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algorithm (in terms of the variables of the original problem) is
Inlxn) = gnlxy),
In—1xn-1, Xy—2, Un-2) = inf E {gn-1{xn-1;un—1,WNn-1)
un-1eUn—1(xn-1) wa -

+ INLfv-1 (XN 15 Xn— 20 Un— 1> Un— 25 W - )]s

Jdxis xo— - y) = inf E {gi(xy, ug, wy)
uy € Uk(xx) wi

+ T 1 L% Xio 15 Ui, Ui— 15 Wiy X, i1}
k=1,...,N =2,

Jolxo) = inf  E {go(xo, g, o)
ug € Uo(x0) wo

+ J1[folxo» g, Wo), Xo, Upl}.

We note that similar reformulations are possible when time lags appear
in the cost functional, for example, in the case where the expression to be
minimized is of the form

N-1
E{QN(XN, Xy-1) + Z IilXi> Xp— 1, Uy, Wk)}-

k=0

The extreme case of time lags in the cost functional is when it has the non-
additive form

E{gnXns XN 1s ooy Xos U 1a v estgs WN_1s-+-» Wo)}-

Then in order to reduce the problem to the form of the basic problem the
augmented state X, at time k must include

(Xks Xk s e v ey XOs Uk 15 ovesr Ugs W15 -+ » Wo)
and the reformulated cost functional takes the form
E{gn(xy)}, where &y = (Xq, .- » XnsUgys---s UN_ 15 Wosv--s Wy—1).
The control law sought consists of functions y; of the present and past

states x,, ..., xo, the past controls u,_, ..., uy, and the past disturbances
Wi_1, - - . » Wo. Naturally we must assume that past disturbances are known
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to the controller for otherwise we are faced with a problem with imperfect
state information. The DP algorithm takes the form
In-1(Xgs s XNC1s Uy oo s UN_ 23 Wos ey W 3)

= inf E {gnxos-- s Xn_15 fuo1(Xn— 1> Un—1> Wh— 1),
uN-1€UN-1(xN-1) WN -1

Ugs v s UNZ 1> Wos « - s W= 1)}s
Jk(xO,...,xk,uo,...,uk_l,WO,...,Wk_l)

= inf  E {Jpi(xo, .., Xk, filXi, Uy, W),
€ Un(xx) wi

uo,...,uk,WO,...,Wk)}, k=0,,N—2

Similar algorithms may be written for the case where the control constraint
set depends on past states or controls, etc.

Correlated Disturbances

We turn now to the case where the disturbances w, are correlated. Here
we shall assume that the w, are elements of a Euclidean space and that the
probability distribution of w, does not depend explicitly on the current state
x, and control u, but rather it depends explicitly on the prior values of the
disturbances wy, ..., w,_;. By using statistical methods it is often possible
to represent the process wg, wy, ..., wy_,; by means of a linear system

yk+l=Akyk+ék’ k=0,l,...,N—l, y0=0,
Wi = CiYis1s

where A4,, C, are matrices of appropriate dimension and &, are independent
random vectors with given statistics. In other words, the correlated process
Wo, ..., Wy_, is represented as the output of a linear system perturbed by a
white process, i.e., a process consisting of independent random vectors as
shown below:

s Y+
= Y1 = A + &G =5 Co o wy

By considering now y, as additional state variables we have a new system

equation
l:xk+1] _ l:fk[xka ug, Cl(Ayy + 5k)]:| (12)
Yi+1 Ay + Sk

By taking as the new state the pair %, = (x,, y,) and as new disturbance the
vector &,, we can write (12) as

Xear = .i;z(ik’ Uy, Cu)-
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By suitable reformulation of the cost functional the problem is reduced to the
form of the basic problem. Note that it is necessary that y, ,k = 1,..., N — 1,
can be observed by the controller in order for the problem to be one of perfect
state information. This is, for example, the case when the matrix C,_, is the
identity matrix and w,_, is observable. The DP algorithm takes the form

Inxn, Yn) = gnlxn),
Jux, i) = inf  E {gi[xe, us, ClAxyi + &)

uy € Up(xi) Sk

+ Jie 1 LADG ui, ClAry + &), Auy + &)

When C, is the identity matrix, the optimal controller is of the form

{UECco)s 1¥0cy, Wo), - - - s 1E— 1(Xn—1, Wh—2)}.

Forecasts

Finally let us consider the case where at time k the decision maker has
access to a forecast y, that results in a reassessment of the probability dis-
tribution of w, and possibly of future disturbances. For example, y, may be an
exact prediction of w, or perhaps an exact prediction that the probability dis-
tribution of w, is a specific one out of a finite collection of distributions.
Forecasts that can be of interest in practice are, for example, probabilistic
predictions on the state of the weather, the interest rate for money, demand
for inventory, etc., depending on the nature of the problem at hand.

Generally, forecasts can be handled by state augmentation although the
reformulation into the form of the basic problem may be quite complex. We
shall treat here only a simple situation.

Consider the case where the probability distribution of w, does not depend
On X, Uy, Wi—1, . - -, Wo. Assume that at the beginning of each period k the
decision maker receives an accurate prediction that the next disturbance wy
will be selected in accordance with a particular probability distribution out of
a finite collection of given distributions {Py;, . .., Pyja}, 1.€., if the forecast is i,
then w, is selected according to P;. The a priori probability that the forecast
attime k willbei,i = 1,..., n,is p* and is given. Thus the forecasting process
can be represented by means of the equation

Vir1 = i (13)

where y, ., ; can take the values 1, 2, ..., n and &, is a random variable taking
the values 1, 2, ..., n with probabilities pt*!,..., pt*!. The interpretation
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here is that when ¢, takes the value i, then w, , ; will occur in accordance with
the probability distribution Py, ;.
Now by combining the system equation and (13) we obtain an augmented

system given by

[XH 1:| _ [ﬁ(xk’ Uy, Wk):l = FuRer i, W)

- - ko L3 .
Y+ S

The new state is X, = (x, v,) and the new “disturbance” is w, = (w,, &,). The
probability distribution of W, is given in terms of the distributions P,;; and
the probabilities pf, and depends explicitly on X, (via y,) but not on the
prior disturbances w, _,, ..., Wo. Thus by suitable reformulation of the cost
functional the problem can be cast into the framework of the basic problem.
It is to be noted that the control applied at each time is a function of both the
current state and the current forecast. The DP algorithm takes the form

In(xn, Yn) = galxn),

Jidxe, )= inf E {gk(xk, Uy, Wi) + szm 1Jk+ LAk i, Wi, i]|)’k},

g€ Uge(xi) wic i=1
k=01,.... N —1,

where the expectation over w, is taken with respect to the probability
distribution P,dyk, where y, may take the values 1,2, ..., n. Extension to
forecasts covering several periods can be handled similarly, albeit at the
expense of increased complexity. Problems where forecasts can be affected by
the control action also admit a similar treatment.

It should be clear from the preceding discussion that state augmentation
is a very general and potent device for reformulating problems of decision
under uncertainty into the basic problem form. One should also realize that
there are many ways to reformulate a problem by augmenting the state in
different ways. The basic guideline to follow is to select as the augmented state
at time k only those variables the knowledge of which can be of benefit to the
decision maker when making the kth decision. For example, in the case of
single period time lags it appears intuitively obvious that the controller can
benefit from knowing at time k the values of x,, x,_,, uy_,, since these
variables affect the value of the next state x, . , through the system equation.
Itis clear though that the controller has nothing to gain from knowing at time
k the values of x;_,,x;_3,...,u4_2,..., and for this reason these past
states and controls need not be included in the augmented state although
their inclusion is technically possible. The theme of considering as state
variables in the reformulated problem only those variables the knowledge of
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which would be beneficial to the decision making process will be predominant
in the discussion of problems with imperfect state information (Chapter 4).

Finally, we note that while state augmentation is a convenient device, it
tends to introduce both analytical and computational complexities, which in
many cases are insurmountable.

2.4 Notes

Dynamic programming is a simple mathematical technique that has been
used for many years by engineers, mathematicians, and social scientists in a
variety of contexts. It was Bellman, however, who realized in the early 1950s
that DP could be developed (in conjunction with the then appearing digital
computer) into a systematic tool for optimization. Bellman contributed a
great deal to focusing attention on the broad scope of DP. In addition, many
mathematical results related to DP (particularly for the infinite horizon case)
are due to him. His early books [B3, B4] are still popular reading. Other
texts related to DP are those by Howard [H16], Kaufmann and Cruon [K6],
Kushner [K10], Nemhauser [N2],and White [W3]. For a rigorous treatment
of sequential decision problems in general spaces see Striebel [S18a],
Hinderer [H9], Blackwell et al. [B23a], and Freedman [F3a]. Risk-sensitive
criteria (Problem 7) have been considered by Howard and Matheson [H17]
in the context of finite-state Markov decision processes and by Jacobson [J1]
in the context of automatic control of a linear system. However, the fact that
sequential decision problems with multiplicative cost functionals can be
treated by DP has been noted by Bellman [B3] (see Problems 9 and 11).

As mentioned in Section 2.1 the formulation of the basic problem and the
subsequent developments are rigorous only for the case where the disturbance
spaces are countable sets. Nonetheless, the DP algorithm can often be utilized
in a simple way when the countability assumption is not satisfied and there are
further restrictions (such as measurability) on the class of admissible control
laws. The advanced reader will understand how this can be done by solving
Problem 12, which shows that if one can find within a subset of control laws
(such as those satisfying certain measurability restrictions) a control law that
attains the minimum in the DP algorithm, then this control law is optimal.
This fact may be used to establish rigorously many of our subsequent results
concerning specific applications in Chapters 3 and 4. For example, in linear-
quadratic problems (Section 3.1) one determines from the DP equations a
control law that is a linear function of the current state. When w, can take
uncountably many values it is necessary that admissible control laws consist
only of functions g, which are Borel measurable. Since the linear control
law belongs to this class, the result of Problem 12 guarantees that this control
law is optimal.
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Problems

1. Use the DP algorithm to solve the following two problems:

(a) minimize Y7o x? + u?
subject to x, = 0, x, = 8, u; = nonnegative integer,
Xi+y = X; + u,',i= O, 1,2, 3,

(b) minimize Y-, xZ + 2uf
subject to x, = 5,u;€{0, 1, 2},
Xi+1 = X; — ui,i=0, 1,2, 3,

2. Air transportation is available between n cities, in some cases directly
and in others through intermediate stops and change of carrier. The air fare
between cities i and j is denoted C;; (C;; = C;) and for notational convenience
we write C;; = oo if there is no direct flight between i and j. The problem is to
find the cheapest possible air fare for going from any city i to any other city
Jj perhaps through intermediate stops. Formulate a DP algorithm for solving
this problem. Solve the problem forn = 6and C,, = 30,C,; = 60,C,, = 25,
Cis=Cig =0, Cy3=0Cy=Cs5=00, C36 =50, C35=35 C35=
Cig = 0,Chs = 15,Ch6 = 0, Cs6 = 15.

3. Suppose we have a machine that is either running or broken down. If it
runs throughout one week, it makes a gross profit of $100. If it fails during the
week, gross profit is zero. If it is running at the start of the week and we per-
form preventive maintenance, the probability that it will fail during the week
is 0.4. If we do not perform such maintenance, the probability of failure is 0.7.
However, maintenance will cost $20. When the machine is broken down at
the start of the week it may either be repaired at a cost of $40 in which case it
will fail during the week with a probability of 0.4 or it may be replaced at a
cost of $150 by a new machine that is guaranteed to run through its first week
of operation. Find the optimal repair, replacement, and maintenance policy
that maximizes total profit over four weeks, assuming a new machine at the
start of the first week.

4. A game of the blackjack variety is played by two players as follows:
Both players throw a die. The first player, knowing his opponent’s result, may
stop or may throw the die again and add the result to the result of his pre-
vious throw. He then may stop or throw again and add the result of the new
throw to the sum of his previous throws. He may repeat this process as many
times as he wishes. If his sum exceeds seven (i.e., he busts), he loses the game.
If he stops before exceeding seven, the second player takes over and throws
the die successively until the sum of his throws is four or higher. If the sum of
the second player is over seven, he loses the game. Otherwise the player with
the larger sum wins, and in case of a tie the second player wins. The problem is
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to determine a stopping strategy for the first player that maximizes his pro-
bability of winning for each possible initial throw of the second player.
Formulate the problem in terms of DP and find an optimal stopping strategy
for the case where the second player’s initial throw is three.

Hint Take N = 6 and a state space consisting of the following 15 states:

x!: busted,

x'*%:  already stopped at sumi(l <i < 7),

x8*i: current sum is i but the player has not yet stopped (1 < i < 7).

The optimal strategy is to throw until the sum is four or higher.

5. Min-Max Problems In the framework of the basic problem consider
the case where the disturbances wg, wy, ..., wy_, do not have a probabilistic
description but rather are known to belong to corresponding given sets
Wxy, u)) < D,k =0,1,..., N — 1, which may depend on the current
value of the state x, and control u,. Consider the problem of finding a control
law 7 = {ug, ..., un—13 with plx) e Udx;) Vx;, k, which minimizes the
cost functional

N-1
Jo(x0) = sup {gN(xN) + Z gilxis i), Wk]}

wic € Wilxi, midxi)] k=0
k=0.1,...N-1

Obtain a DP algorithm for the solution of this problem.
6. Discounted Criteria In the framework of the basic problem consider
the case where the cost functional is of the form

N-1
E {“NQN(XN) + Z atgulxy, Wk)},

k=0

where « is a discount factor with 0 < a < 1. Show that an alternate form of
the DP algorithm is given by

Va(xn) = gnlxn)
Vix) = inf  E{ga(xi, wh, wi) + Vi 1 [filxis i, w1}

g € Un(xi)

7. Risk-Sensitive Criteria In the framework of the basic problem con-
sider the case where the cost functional is of the form

N-1
E {CXP[QN(XN) + Z gilxx» Ugs Wk):|}-

k=0
k=0,1 %, N-1
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(a) Show that the optimal value J*(x,) of the problem is equal to
Jo(xo) where the function J; is obtained from the last step of the DP algorithm

Jn(xy) = explgn(xy)].
Jux) = inf  E {J 1 [filxis ue. wi)] explgalxg, ue, wi)l}.

uk € Url(xx) wi
Show that the algorithm above yields an optimal control law if one exists.
(b) Define the functions V(x,) = In J(x,). Assume also that g, is a
function of x, and u, only (and not of w,). Show that the above DP algorithm
can be rewritten

Valxn) = gnlxn),

Vdx,) = inf I:gk(xkv w) + In E {exp Viy i [filxi» i Wk)]}:l-

uk € Ur(xi) Wi

8. Terminating Process Consider the case in the basic problem where the
system evolution terminates at time i when a certain given value w; of the
disturbance at time i occurs, or when a termination decision u; is made by the
controller. If termination occurs at time i, the resulting cost is

T + Z Gulxi, Uy, W),

k=0

where T is a termination cost. If the process has not terminated up to the
final time N, the resulting cost is gy(xy) + D a0 gulXk> Ux, wi). Reformulate
the problem into the framework of the basic problem.

Hint Augment the state space by introducing a “termination” state.
9. In the framework of the basic problem consider the case where the
cost functional is of the multiplicative form

E {gN(XN) - gn -1 (XN 15 Un— 15 Wh— 1)~ Gol X0, Uo, Wo)}
k=0.5N-1

Devise an algorithm of the DP type that is applicable to this problem under
the assumption g,(x;, u, w,) = 0 for all x,, u,, w,, and k.

10. Assume that we have a vessel whose maximum weight capacity is z z and
whose cargo is to consist of different quantities of N different items. Let v;
denote the value of the ith type of item, w; the weight of ith type of item, and x;
the number of items of type i that are loaded in the vessel. The problem of
determining the most valuable cargo is that of maximizing Y i_, x;v; subject
totheconstraints ) -, x;w; < zand x; = 0, 1, 2, .. .. Formulate this problem
in terms of DP.
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11. Consider a device consisting of N stages connected in series, where each
stage consists of a particular component. The components are subject to
failure and in order to increase the reliability of the device duplicate com-
ponents are provided. For j=1,2,..., N let (1 + m;) be the number of
components for the jth stage, let p(m;) be the probability of successful oper-
ation of the jth stage when (1 + m;) components are used, and let ¢; denote
the cost of a single component at the jth stage. Consider the problem of
finding the number of components at each stage that maximize the reliability
of the device expressed by

pi(m,) - pa(my) - - - pa(my)

subject to the cost constraint Z}‘Ll c;m; < A, where 4 > 0 is given. For-
mulate the problem in terms of DP.
12. Consider a variation of the basic problem whereby we seek

inf Jn(x0)7

ﬂEﬁ

where 1 is some given subset of the set of sequences {{o, fy,---» Uy-1} Of
functions g, : S, — C, with p(x,) € U,(x,) for all x, € S,. Assume that

= {u(‘)" #T,~--,#1’5—1}

belongs to I1 and satisfies forallk =0, 1,..., N — 1 and x, € S,
Jux) = E {gulxy, uf(x), wid + Jow i [filxe, s, wdld

Wi

= inf E {gulxs, ux, wi) + jk+1[fk(xka uy, wi)1},
e Un(xi) wi
with Jy(xy) = gn(xy) and furthermore the functions J, are real valued and
the expectations above are well defined and finite. Show that

Jolxo) = in[J,,(xO) = JpdXo).

rell

13. Semilinear Systems Consider a problem involving the system
X1 = X + filug) + wy,

where x, € R", f, are given functions, and 4, and w, are random n x n
matrices and n-vectors, respectively, with given probability distributions
that do not depend on x,, u, or prior values of A, and w,. Assume that the
cost functional is of the form

N-1
E {C;VXN + kZO [exxi + gk[ﬂk(xk)]]},

Ay, wi
k=0,1,...,.N—1
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where ¢, are given vectors and g, given functions. Show that if the optimal
value for this problem is finite and the control constraint sets U,(x,) are
independent of x,, then the “cost-to-go” functions of the DP algorithm are
affine (linear plus constant). Assuming that there is at least one optimal
policy, show that there exists an optimal policy that consists of constant
functions yff, i.e., u¥(x,) = const for all x, € R".

14. A farmer annually producing x, units of a certain crop stores (1 — u,)x,
units of his production, where 0 < u, < 1, and invests the remaining u, x,
units, thus increasing the next year’s production to a level x, . ; given by

Xp41 = X + Will Xy, k=01...,N—1.
The scalars w, are independent random variables with identical probability
distributions which do not depend either on x, or ;. Furthermore E{w,} =

w > 0. The problem is to find the optimal investment policy that maximizes
the total expected product stored over N years

N-1
E {XN + Y- uk)xk}'
Wi k=0

k=0,1,..,N-1

Show that one optimal control law is given by:

(@ Iw>1, pdxe)="--=pf_1lxy_,) =1
(b) IfO<w<1/N, ug(xg) == pf_(xy-,) = 0.
(¢ fI/N<Ww<,
u3(xo) = = M- 1xn_g-1) = 1,
PR-xy-p) =+ = - 1(xy-1) =0,

where k is such that 1/(k + 1) < w < 1/k.
Note that this control law consists of constant functions.

15. Let x, denote the number of educators in a certain country at time k and
let y, denote the number of research scientists at time k. New scientists
(potential educators or research scientists) are produced during the kth
period by educators at a rate y, per educator, while educators and research
scientists leave the field due to death, retirement, and transfer at a rate §,.
The scalars y,, k =0, 1,..., N — 1, are independent identically distributed
random variables taking values within a closed and bounded interval of
positive numbers. Similarly §,, k = 0,1,..., N — 1, are independent identi-
cally distributed and take values in an interval [4, 6] with0 < d < & < 1.
By means of incentives a science policy maker can determine the proportion
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u, of new scientists produced at time k who become educators. Thus the
number of research scientists and educators evolves according to the equations

Xy = (1 = 0)xi + wyi Xk,
Virr = (1 = 0ye + (1 — uyexi,

The initial numbers x,, y, are known and it is required to find a policy
{u(x0, Vo) - - » MK - 1(Xn—1, YN 1)} With

0<a<ﬂ:(xk3yk)<ﬂ<la vxk,yk’ k=0’1a---,N_1a

k=0,1,....N— 1.

which maximizes E, ,, {yx}, i.€., the expected final number of research
scientists after N periods. The scalars a and B are given.

(a) Show that the “cost-to-go” functions J,(x,, y,) are linear, i.e., for
some scalars A, g,

JilXi, i) = X + My

(b) Derive an optimal policy {u¥,..., u%_,} under the assumption
E {y.} > E{8,}, and show that this optimal policy can consist of constant
functions.

(c) Assume that the actual proportion of new scientists who become
educators at time k is u, + &, (rather than u,), where ¢, are identically distri-
buted independent random variables that are also independent of y,, J,
and take values in the interval [ —a, 1 — f]. Derive the form of the “cost-
to-go” functions and the optimal policy.



Chapter 3

Applications in Specific Areas

3.1 Linear Systems with Quadratic Cost Functional
—The Certainty Equivalence Principle

In this section we consider the special case of a linear system
X+ = Agx, + Byuy + wy, k=01...,N—1,

where the objective is to find a control law {u¥(x,), ..., u¥_ (xy_,)} mini-
mizing the quadratic cost functional

N-1
E {X;VQNXN + Y (xiOix + ul,chuk)}'
Wi k=0

k=075 N-1

In the above expressions x, € R", u, € R™, and the matrices A,, B, O,, R, are
given and have appropriate dimension. We assume that @, are symmetric
positive semidefinite matrices and R, are symmetric and positive definite.
The disturbances w, are independent random vectors with given probability
distributions that do not depend on x,, u,. Furthermore, the vectors w;
have zero mean and finite second moments. The control u, is unconstrained.

The problem above represents a popular formulation of a regulation prob-
lem whereby we desire to keep the state of the system close to the origin. Such
problems are common in the theory of automatic control of a motion or a

70
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process. The quadratic cost functional is often a reasonable one since it
induces a high penalty for large deviations of the state from the origin but a
relatively small penalty for small deviations. However, even in cases where
the quadratic cost functional is not entirely justified, it is still used since it leads
to an elegant analytical solution that can often be implemented with relative
ease in engineering applications. A number of variations and generalizations
of this problem also have similar solutions. For example, the disturbances w,
could have nonzero means and the quadratic cost functional could have the
form

N-1
E {(XN — Xn)On(xy — Xn) + Y [(x — %) Qulxy — Xi) + u;(Rkuk]}-
k=0

This cost functional expresses a desire to keep the state of the system close to
a certain given trajectory (X,, X, ..., Xy) rather than close to the origin.
The analysis of the corresponding problem is very similar to the one of the
present section and is left to the reader. Another generalization is the case
where A,, B, are independent random matrices, rather than being known.
This case will be considered subsequently in this section.

Applying now the DP algorithm we have

In(xn) = Xy QnXn, (1

Jilx) = min E{x;Qux; + ug Ry + Jiy ((Arx + Beyg + wi)}. (2

It turns out that the “cost-to-go” functions J, are quadratic and as a

result the control law is a linear function of the state. These facts can be

verified by straightforward calculation. By expansion of the quadratic form

(1)in (2)for k = N — 1, and by using the fact that E{wy_,} = 0to eliminate
the term E{wy_,On(AN-1XnN-1 + By_1un—1)}, we have

Jn-1(xn-1) = XN-1Qn-1Xy—1 + min[uy_Ry_ uy_,
HN -1

+ uy—1By-1Qn By_jun—y + Xy 1 Ano1QnAn-1Xn-1
+ 2xy_ 1 AN 1Qn By qun—1] + E{wx_1Qxwn-1}-

By differentiating with respect to uy_; and setting the derivative equal to
zero, we obtain

(Ry-1 + By_1QnvBy_1Juy—1 = —By_ QN Ay 1Xn_ 1.

The matrix multiplying uy_, on the left is positive definite (and hence in-
vertible), since Ry_, is positive definite and By _;QyBy- is positive semi-
definite. As a result the minimizing control vector is given by

uf_y = —(Ry_y + By_1QnBn_1) " 'By_1QnAn-1XN-1.
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By substitution into the expression for Jy_,, we have

In-1(xn-1) = Xy Ky 1xy-1 + E{Wh21QnWr_1},

where the matrix Ky_, is obtained by straightforward calculation and is
given by

KN—I = A;V—l[QN - QNBN—I(B;V—IQNBN—I + RN—l)_lB;V—IQN]AN—l

+ On-1-
The matrix Ky _, is clearly symmetric. It is also positive semidefinite. This
can be seen from the fact that from the calculation given above we have for
every xe R"

xX'Ky_(x =min[x'Qy_;x + u“Ry_,u
u

+ (Ay-1x + By_ 1) Qn(An_1x + By_,u)].

Since Qy_;, Ry—y, and Qy are positive semidefinite, the expression within
brackets is nonnegative. Since minimization over u preserves nonnegativity
if follows that x'Ky_,x = 0 for all xe R". Hence Ky_, is positive semi-
definite.

Now in view of the fact that Jy_, above is a positive semidefinite quad-
ratic function (plus an inconsequential constant term) we may proceed in an
entirely similar manner and obtain from the DP equation (2) the optimal
control law for stage N — 2. Similarly we show that Jy_, is a positive
semidefinite quadratic function, and proceeding sequentially we obtain the
optimal control law for every k. This control law has the form

HE(x) = Lixy, (3)
where the gain matrices L, are given by the equation
Ly = —(BiKy+ By + R) ™ 'BiK, 1 A, @

and where the symmetric positive semidefinite matrices K, are given re-
cursively by the algorithm

Ky = Oy, &)

Ky = AllKi+1 — Kis 1 BBk Ky 1By + R)™'BiKy 1 (14, + Q. 6

The optimal value of the cost functional is given by

N-1

Jolxo) = xoKoXo + Y, E{wiKys Wi}
k=0

The attractive aspect of the solution of this problem is the relative ease
with which the control law (3) can be computed and implemented in engineer-
ing applications. The current state x, is being fed back as input through the
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w k
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b Xp 4y = Agxp * Brig * wy Yk
k

s [l\ i

FIGURE 3.1

linear feedback gain matrix L, as shown in Fig. 3.1. This fact accounts for the
great popularity of the linear—quadratic formulation. As we shall see in
Chapter 4 the linearity of the control law is still maintained even for problems
where the state x, of the system is not completely observable (imperfect state
information).

The Riccati Equation and Its Asymptotic Behavior

Equation (6) is called the discrete matrix Riccati equation since it is the
discrete-time analog of (matrix) Riccati differential equations. It plays an
important role in modern control theory. Its properties have been studied
extensively and exhaustively. One interesting property of the Riccati equation
is that whenever the matrices A,, B,, Oy, R, are constant and equal to A,
B, Q, R, respectively, then as k —» — oo the solution K, converges (under mild
assumptions) to a steady-state solution K satisfying the so-called algebraic
matrix Riccati equation

K = A[K — KB(BKB + R)"'BK]A + Q. (7
We shall shortly provide a proof of this important property, which will also

be useful in Chapter 6. Based on this property, when one is faced with a
problem involving the stationary linear system

xk+1=Axk+Buk+wk, k=0,1,...,N—1, (8)

and the number of stages N is large, one can reasonably approximate the
control law (3) by a linear stationary control law of the form {u*u*, ..., u*}
where

u*(x) = Lx, 9)
L= —(BKB + R)"'BKA, (10)
and K is the steady-state solution of the Riccati equation (6) satisfying (7).

This control law is even more attractive for implementation purposes in
many engineering applications.
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We now turn to proving convergence of the sequence of matrices {K,}
generated by the Riccati equation (5) and (6). We first introduce the notions
of controllability and observability, which are of ma_;or importance in modern
control theory.

Definition A pair (4, B), where 4 is an n x n matrix and Bann x m
matrix is said to be controllable if the n x nm matrix

[B, AB, AB, ..., A" 'B]

has full rank (i.e., has linearly independent rows). A pair (4, C), where 4 is
an n X n matrix and C an m x n matrix, is said to be observable if the pair
(4, C') is controllable, where A" and C’ denote the transposes of 4 and C,
respectively.

One may easily prove that if the pair (4, B) is controllable, then for any
initial state x,, there exists a sequence of control vectors'ug, u, ..., u,_, that
force the state x, of the system

Xk+1 = Axk + Buk (11)

to be equal to zero at time n. This is true simply because from the system
equation we obtain

Xp = A"xo + Bu,.—l + ABu,,_2 + -+ A"—lBuo
or equivalently

Up—1
x, — A"xo = [B, AB,..., A" 'B]| : | (12)
Up

Now if (4, B)is controllable, the matrix [B, 4B, ..., A"~ 'B] hasfull rank and
as a result the right-hand side of (12) can be made equal to any vector in R"
by appropriate selection of (uq, 4y, . .., #,_,). In particular, one can choose
(g, Uqs - - - » U,— 1) SO that the right-hand side of (12) is equal to — 4"x,,, which
implies x, = 0. This property explains the name “controllable pair” and in
fact is often used to define controllability. The notion of observability has an
analogous interpretation in the context of estimation problems (see e.g.,
Meditch [M6]).

Definition We say that an n x n matrix D is stable if lim,_, . D*x = 0
for every vector x € R" (or equivalently lim, _ , D* = 0).

This definition is motivated by the fact that if D is a stable matrix, then
the state x, of the system x, , , = Dx, tends to zero as k — oo for an arbitrary
state x,. The notion of stability is, of course, of paramount importance in
control theory. In the context of our problem it is important to be assured that
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the stationary control law, Eqs. (9) and (10), results in a stable system, i.e., the
matrix (A + BL) is a stable matrix, and hence, in the absence of input dis-
turbance, the state x, of the closed-loop system resulting upon substitution
of the control law (9),

¢ =(A+ BL)x,_, = (A + BLfx,, k=0,1,...,

tends to zero as k — co.

We now have the following proposition, which shows that, for a stationary
system and constant matrices @, R;, under controllability and observability
conditions the solution of the Riccati equation (5) and (6) converges to a
positive definite matrix K for an arbitrary positive semidefinite initial matrix.
By matrix convergence we mean that every element of the matrices of the
sequence converges to the corresponding element of the limit matrix. In
addition, the proposition shows that the corresponding control law, Egs. (9)
and (10), results in a stable system.

Proposition Let 4 be an n x n matrix, B an n x m matrix, 0 an
n x n symmetric positive semidefinite matrix, and R an m x m symmetric
positive definite matrix. Consider the discrete-time Riccati equation

P.sy = A[P,— P.BBP,B+R'BPJA+Q, k=01,..., (13)

where the initial matrix P, is an arbitrary positive semidefinite symmetric
matrix. Assume that the pair (A4, B) is controllable. Assume also that Q may
be written as C'C, where the pair (4, C) is observable.t Then:

(a) There exists a positive definite symmetric matrix P such that for
every positive semidefinite symmetric initial matrix P, we have

limP, = P.

k= o
Furthermore, P is the unique solution of the algebraic matrix equation
P = A[P— PB(BPB+ R) " 'BP]A+ Q (14)

within the class of positive semidefinite symmetric matrices.
(b) The matrix

D =A+ BL, (15)
where
L= —(BPB+ R)"'BPA, (16)
is a stable matrix.

t Notice that if r is the rank of Q, there existsan r x nmatrix C of rank rsuchthat @ = C'C
(see Appendix A).
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Proof The proof proceeds in several steps. First we show convergence of
the sequence generated by (13) when the initial matrix P, is equal to zero.
Next we show that the corresponding matrix D of (15) is stable. Subsequently
we show convergence of the sequence generated by (13) when P, is any
positive semidefinite symmetric matrix, and finally we show uniqueness of the
solution of (14).

Initial Matrix P, = 0 Consider the optimal control problem of finding

a sequence ug, Uy, . . ., U1 that minimizes
k—1
2 (xiQx; + u;Ru) (17)
i=0
subject to
X;+1 = Ax; + Bu;, i=0,1,...,k—1, (18)

where x, is given. The optimal value of this problem, according to the theory
of this section, is

xo P(0)x,,
where P,(0) is given by the Riccati equation (13) with P, = 0. We have
bek(O)xO < onPk+ 1(0)X0 VXO € R", k = 0, 1, saey

since for any control sequence (ug, 4, . . ., 4;) we have
k—1 k
Y (xiOx; + uiRu;) < Y. (xiQx; + uiRuy)
i=0 i=0
and hence

k-1
xo Pi(0)xo = min (x:Qx; + u;Ru))
)

ui,i=0,..,k-1 i=

k
< min ) (xiOx; + uiRu) = xo Py 1(0)x,
ui,i=0,...,k i=0
where both minimizations are subject to the system equation constraint
X;+1 = Ax; + Bu;. Furthermore, for a fixed x, and for every k, xu P,(0)x,
is bounded above by the cost corresponding to a control sequence that forces
X, to the origin in n steps and applies zero control after that. Such a sequence
exists by the controllability assumption. Thus the sequence {xgPi(0)xo}
is increasing and bounded above and therefore converges to some real
number for every x, € R™. It follows that the sequence {P(0)} converges to
some matrix P in the sense that each of the sequences of the elements of P,(0)
convergetothecorrespondingelements of P. To seethistakex, = (1,0, ..., 0).
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It follows that the sequence of first diagonal elements of P,(0) converges to the
first diagonal element of P. Similarly by taking x, =(0,...,0,1,0,...,0)
with the one in the ith coordinate, fori = 2, ..., n, it follows that all the dia-
gonal elements of P,(0) converge to the corresponding diagonal elements of P.
Next take xo = (1, 1, 0,..., 0) to show that the second elements of the first
row converge. Similarly proceeding we obtain

lim P,(0) = P,

k=
where P,(0) are generated by (13) with P, = 0. Furthermore, the limit matrix
P is positive semidefinite and symmetric. Now by taking the limit in (13) it
follows that P satisfies

P = A[P — PB(BPB + R)"'B'P]A + Q. (19)
Furthermore, if we define
= —(B'PB + R)"'B'PA, D=A+ BL (20)

by direct calculation we can verify the following equality, which will be
useful subsequently in the proof:

P=DPD + Q + L'RL. 21
Stability of D = A + BL Consider the system
Xy+1 = (A + BL)x, = Dx, (22)

for an arbitrary initial state x,. Since
Xy = Dk.xO,

it will be sufficient to show that x, — 0 as k - co. Now we have for all k by
using (21)

Xp+1PXs1 — Xx Pxy = x3(D'PD — P)x; = —x(Q + L'RL)x,.

Hence
k

Xis1PXist = XoPxo = Y. (@ + L'RL)x;. (23)
i=0
Since the left-hand side of the equation is bounded below by zero it follows
that

x(Q + L'RL)x, — 0.

Using the fact that R is positive definite and Q may be written as C'C, we
obtain
lim Cx, = 0, lim Lx, = 0. (29

k= k— oo
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From (22) we have

_ ne 1 -
C(xk+n—1 - Z Ai_lBka+n—i—1> (CA"_I

i=1

n—2
C<xk+n—2 - Z Ai_lBLan—i—z) CA™?
i=1 = Xp- (25)

C(xy+1 — BLxy) CA
Cx, C

L p L e

By (24) the left-hand side tends to zero and hence the right-hand side tends to
zero also. By the observability assumption, however, the matrix multiplying
x, on the right side of (25) has full rank. It follows that x, — 0 and hence the
matrix D of (21) is stable.

Positive Definiteness of P Assume the contrary, ie., that there exists
some x, # 0 such that x; Pxo, = 0. Then from (23) we obtain

x(Q + L'RL)x, =0 Vk=0,1,...,
where x, = D*x,. This in turn implies [cf. Eq. (24)]
Cx, =0, Lx, =0 Vk=0,1,....

Consider now (25) for k = 0. By the above equalities the left-hand side is zero
and hence

CAn—l

0= CA Xg-

C

Since the matrix multiplying x, above has full rank by the observability
assumption we obtain x, = 0, which contradicts the hypothesis x, # 0.
Hence P is positive definite.

Arbitrary Initial Matrix P, Next we show that the sequence of matrices
{P(Py)} defined by (13) when the starting matrix is an arbitrary positive
semidefinite matrix P, converges to P = lim,_, , P(0). Indeed, the optimal
value of the optimal control problem of minimizing

k-1

x Pox, + Z (x:0x; + u;Ru;) (26)

i=0
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subject to (18) equals xg P,(Po)x,. Hence we have for every x, € R"
xo Pil0)xo < x Py(Po)xo.

Consider now the cost (26) corresponding to the controller u(x;) = 4, = Lx,,
where L is defined by (20). This cost is given by

k—1
x;)[D'*PO D+ ¥ [DQ + L’RL)D"]:IxO

i=0
and is greater than xq P,(Pg)x,, which is, of course, the optimal value of (26).
Hence we have for all k and x € R"
k—1
X'P0)x < xX'Py(Po)x < x’[D"‘POD“ + Y [DQ + L’RL)D"]}x. (27)
i=0
Now we have proved

lim P,(0) = P, (28)

k— o0
and we also have (using the fact that lim,_ , D*P,D* = ()

lim {D"‘POD" + kf [D(Q + L’RL)D"]}

k— © i=0
k—1 . .
= lim {Z [D(Q + L’RL)D']} =P, 29)
k= Li=0
where the last equality may be verified easily using (21). Combining (27)-(29)
we obtain
limPk(P0)= P,

k— o
for an arbitrary positive semidefinite symmetric Py.

Unigqueness of Solution If P were another positive semidefinite solution
of (14), we would have

lim P(P) = P.

k— o
Since P is a solution of (14), however, it follows that
PP)=P Vk=0,1,...,
and hence P = P. Q.E.D.

We note that this proposition may be sharpened by substituting the
controllability and observability assumptions by weaker assumptions of
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stabilizability and detectability. We refer the reader to the work of Kucera
[K9], Payne and Silverman [P4], and Wonham [W12] for an exposition of
this refinement.

Random System Matrices

We consider now the more general case where the matrices 4, and B,
are not known but rather are independent random matrices over time and
independent of w,. Their probability distributions are given and they are
assumed to have finite second moments. This problem falls again within the
framework of the basic problem by considering as “disturbance” at each
time k the triplet (A,, By, w,). The DP algorithm is written

In(xn) = xyQnxn,

Jux) =min  E  {x;Qux, + g Rewy + Jiw (A xi + Biuy + wi)}.
Uy wy, Ay, By
Calculations very similar to those for the case where A4,, B, are not random
show that the optimal control law is of the form

HE(x) = Lyxy, (30)
where the gain matrices L, are given by
Ly = —[Ri + E{BiKy. B} ™' E{BiK\; 1A} (31)
and where the matrices K, are given by the recursive equation
Ky = Qn, (32)
K, = E{AK; 1A} — E{AxK\+ 1B} [Ry + E{BiK;+,B}]™*
X E{BiKy+14i} + Qi. (33)

Finally we further pursue an observation made in Chapter 1, which is
related to the nature of the quadratic criterion. Consider the minimization
over u of the quadratic form

E {(ax + bu + w)?},

w

where a, b are given scalars and w is a random variable. The optimum is
attained for

u* = —(a/b)x — (1/b)E {w}.

Now u* is independent of the particular probability distribution of the ran-
dom vector w and depends only on the mean E {w}. In particular, the result
of the optimization is the same as for the corresponding deterministic problem
where w is known with certainty and equal to E{w}. As mentioned in Section
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1.3, this property is called the certainty equivalence principle and appears in
various forms in many (but not all) stochastic control problems involving
linear systems and quadratic criteria. For the first problem of this section
(A,, B, known), the certainty equivalence principle is expressed by the fact
that the control law (3) is the same as the one that would be obtained from the
corresponding deterministic problem where w; is not random but rather is
known and equal to zero (its expected value). However, for the problem
where A,, B, are random the certainty equivalence principle does not hold
since if one replaces A4,, B, with their expected values in Eq. (33), the resulting
control law need not be optimal.

3.2 Inventory Control

We consider now the N-period version of the inventory control problem
considered in Sections 2.1 and 2.2. For simplicity we shall assume initially
that the fixed cost K is zero. Furthermore, we will assume that excess demand
at each period is backlogged and is filled when additional inventory becomes
available. This is represented by negative inventory in the system equation

Xg+1 = X + U — Wy, k=01,...,N—1.

We assume that the successive demands w; are bounded and independent, the
unfilled demand at the end of the Nth period is lost, and the inventory
leftover at the end of the Nth period has zero value. We shall also assume for
convenience that the demands wy, ..., wy_, are characterized by identical
probability measures. The results of this section can also be proved without
this restriction by trivial modifications of the proofs given here. Under these
circumstances the total expected cost to be minimized is given by the ex-
pression

N—-1
E { Y [cu + p max(0, w, — x, — w) + h max(0, x, + u, — wk)]}.
Wi k=0

k=0,..,N-1

The assumptions made in Section 1.3.3(c > 0, h = 0, p > ¢) will also be in
effect here.
By applying the DP algorithm for the basic problem we have

Jnxn) =0, (34)
Juxi) = min[cu, + Lx, + wp) + E {4100 + ux — wi)}], (3%

u 20

where the function L is defined by
L(y) =p E {max(0, w, — y)} + h E{max(0, y — wy)}.
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We now show that an optimal control law is determined by a sequence of

scalars {Sq, S;,..., Sy—} and has the form
Sk - xk lf xk < Sk,
* —
weExy) = {0 if x> S, (36)
For each k, the scalar S, minimizes the function
G(y) =cy + L) + E{Jissly — W)} (37

It is evident from the form of the DP algorithm and the discussion of the
single-period problem of Section 1.3.3 that the optimal control law is indeed
of form (36) provided the cost-to-go functions J; [and hence also the functions
G, of (37)] are convex, and furthermore lim;,., G,(y) = oo, so that the
minimizing scalars S, exist.

Indeed, proceeding inductively we have that Jy is convex [cf. Eq. (34)].
By the single-period problem solution, an optimal policy at time N — 1 is
given by

x_ ) = Sy-1 — XN-y if xy_y <Sn-1»
Iv-1ow-1) = if xy_, > Sy_;.
Furthermore from the DP equation (35) we have

c(Sy-1 — xn-1) + L(Sn-1) if xy-y <Sny-y,
Ly 1lxy-1) if xy-12Sy-1,

In-ilxn-1) = {

which is a convex function by the convexity of L and the fact that Sy_,
minimizes cy + L(y) (see Fig. 3.2). Thus given the convexity of Jy we were
able to prove the convexity of Jy_;.

Similarly one can see that lim,, ., G,(y) = o0, since ¢ < p, and we have

oSk — x) + L(Si) + E{Ji+ (S — wi} if x, <S8,
Lx) + E{Jy+ 0 — wi)} if x2S,
where S, minimizes cy + L(y) + E {J;,,(y — w)}. Again the convexity of
Ji+1 [which implies convexity of L(x) + E {J,.,(x — w)}] is sufficient to

show the convexity of J, and thus the optimality of the control law (36) is
demonstrated.

Julx) = {

Positive Fixed Cost

We now turn to the somewhat more complicated case where there is a
nonzero fixed cost K > 0 associated with a positive inventory order. In other
words, we consider the case where the cost for ordering inventory u > 0 is
given by

C(u)={K+Cu ff u>0,
0 if u=0.
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cv+ L)

Inv_ilxy.q) |

/

~ Sn-i Xy_|

FIGURE 3.2

The DP algorithm takes the form
Jnlxy) =0,
Judxi) = min[Cuy) + Ll + wy) + E {Jxy 10 + ue — wid}],

ug 20
with L defined as earlier by
L(y) = p E{max(0,w — y)} + h E{max(0, y — w)}.
Consider again the functions G,
Gi(y) = cy + L) + E{Jis1(y — W)}

83

(38)
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If we could prove that the functions G, were convex functions, then based
on the analysis of Section 1.3.3 it would follow that a policy of the (s, S) type

S, — x4 if x<s,
* -
utxy) = {0 if x>, (39

would be optimal, where S, is a value of y that minimizes G,(y) and s, is the
smallest value of y for which G,(y) = K + G(S,). Unfortunately when K > 0
it is not necessarily true that J, or G, are convex functions. This opens the
possibility of functions G, having the form shown in Fig. 3.3. For this case the

FIGURE 3.3

optimal policy is to order (S — x) in interval 1, zero in intervals Il and IV, and
(§ — x) in interval I11. However, we will show that even though the functions
G, may not be convex they have the property

G(y) — Gy — b)
b

K+Gk(2+y)>Gk(y)+Z[ ] ¥z=>0, b>0, y

(40)

This property is called K-convexity and was first utilized by Scarf [S6] to
show the optimality of multiperiod (s, S) policies. Now if (40) holds, then the
situation shown in Fig. 3.3 is impossible; for if y, is the local maximum in the
interval III, then we must have, for sufficiently small 5 > 0,

[Gu(yo) — Gilyo — b)]/b = 0,

and from (40) it follows that

o~

K + G(S) = Gy(yo),
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which contradicts the construction shown in Fig. 3.3. More generally it is
easy to show by essentially repeating the analysis of Section 1.3.3 [using part
(d) of the lemma below] that if (40) holds, then an optimal policy takes the
form (39).

Definition We say that a function g: R — R is K-convex, where K = 0,
if
b

Some properties of K-convex functions are provided in the following
lemma. The last part of the lemma essentially proves the optimality of the
(s, S) policy (39) when G, satisfies (40).

K+g(z+y)29(J’)+z|:w:| V2=0, b>0, y.

Lemma (a) A convex function g: R — R is also 0-convex and hence
also K-convex for all K = 0.

(b) If g,(y) and g,(y) are K-convex and L-convex (K = 0, L > 0), re-
spectively, then ag,(y) + Bg,(y) is (@K + BL)-convex for all positive « and f.

(c) If g(y) is K-convex, then E, {g(y — w)} is also K-convex provided
E. {lgly — w)|} < oo for all y.

(d) If g: R — R is a continuous K-convex function and g(y) = o as
|y|— o0, then there exist scalars s and S with s < S such that

(i) g(S) < g(y), VyeR;

(i) g(S) + K = g(s) < g(y), Vy < s;

(iii) g(y) is a decreasing function on (— o, s);

(iv) g(y) <g(z) + Kforally,zwiths < y < z.

Proof Part (a) follows from elementary properties of convex functions
and parts (b) and (c) follow directly from the definition of a K-convex function.
We shall thus concentrate on proving part (d).

Since g is continuous and g(y) — oo as | y| — oo, there exists a minimizing
point of g. Let S be such a point. Also let s be the smallest scalar z for which
z < S and g(S) + K = ¢(2). For all y with y < s we have from the definition
of K-convexity

S—3s
K + g(8) = g(s) + s=y [g(s) — g)].
Since K + g(S) — g(s) = 0 we obtain g(s) — g(y) < 0. Since y < s and s

is the smallest scalar for which g(S) + K = g(s) we must have g(s) < g(y) and
(ii) is proved. Now for y, < y, < s we have

K+ ¢(8) > g2) + > 22 [4(1) — gly)].
Y2 Y1
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Also from (ii),
gly2) > g(S) + K = gls),

and by adding these two inequalities we obtain

S—y
0 - 1/1s
> [9(y2) — 9(y1)]

from which g(y;) > g(y,) thus proving (iii). To prove (iv) we note that it holds
for y = z as well as for either y = S or y = s. There remain two other pos-
sibilities, S <y <z and s < y < 8. If § < y < z, then by K-convexity

K +9) > 90) + ;= [90) — 9(51 > g0,

and (iv) is proved. If s < y < §, then by K-convexity

S —
o) = K + 9(5) > g0) + == [40) — g(5)]

S—-y S—y
e itpes [

and g(s) = g(y). Noting that

from which

g(z) + K = ¢g(S) + K = g(s),

it follows that g(z) + K = g(y). Thus (iv) is proved for this case as well.
QE.D.

Consider now the function Gy _, of (38):

Gy-1(y) = cy + L(y).

Clearly Gy_, is a convex function and hence by part (a) of the previous
lemma it is also K-convex. We have, from the analysis of the case where
K =0,

K + GN-—I(SN—I) — X fOI‘ x < SN—I’

41
GN_I(x) — X fOI‘ X 2 sN—l’ ( )

In_1(x) = {

where Sy _, minimizes Gy _;(y) and sy_ is the smallest value of y for which
Gn_1(y) = K + Gy_(Sy-;). Notice that since K > Owe havesy_; # Sy_;
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Gy fx)=cx+Lix)

o e e e

~
~o SN-1 Sy_y x
Nox

FIGURE 34

and furthermore the slope of Gy _, at sy_ ; is negative. As aresult the left slope
of Jy_, at sy_, is greater than the right slope as shown in Fig, 3.4 and J _,
is not convex. However, we will show that J _, is K-convex based on the fact
that Gy_, is K-convex. To this end we must verify that

Jn-1() = In_1(y — b)
b

V220, b>0, y. 42)

K +JN_1(y+Z)> JN—l(y) + Z[

We distinguish three cases:

Casel y=sy_; If y— b= sy_y, then in this region of values of
z, b, y the function Jy_,, by (41), is the sum of a K-convex function and a
linear function. Hence by part (b) of the lemma it is K-convex and (42) holds.
If y — b < sy_;, then in view of (41) we can write (42) as

K+Gy_y+2)—cly+2)=Gy_1(y) —cy

n Z[GN-x(Y) —Ccy — GNb—l(sN—l) + cly — b):|’

or equivalently

K+Gy_,(y +2)=Gy_y(») + z[G"“(y) —bG”"(s”“)]. (43)
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Now if yis such that Gy _(y) = Gy_(sy_,), then by K-convexity of Gy _; we
have

Gy-100) — GN—1(SN—1)]
Y — Sn-1

Gn-1(y) — Gy_1(sn- 1):|
» .

K+ Gy_1(y +2) = Gy_1(y) + ZI:

Z Gy-,(n) + Z|:
Thus (43) and hence also (42) holds. If y is such that Gy_ ((y) < Gyx-1(sx-1),
then we have
K+ Gy_1(y+2)2 K+ Gy_1(Sy-1) = Gy-1(sn-1) > Gy_ ()

Gn_1(y) — Gy_(sn- 1):|
5 .

= Gy_4(y) + ZI:

So for this case (43), and hence also (42), holds.

Case2 y <y+z<sy-; In this region, by (41), the function Jy_,
is linear and hence (42) holds.

Case3 y <sy_; <y+ z Forthiscasein view of (41) we can write (42)
as

K+Gy_ily+2)—cly+2)=Gy_1(sy-1) — ¥
+ Z[GfV—I(SN—l) —cy = Gy_q(sy-1) + cly — b):l

b

or equivalently
K+ Gy_1(y + 2) 2 Gy-y(sn-1)

which holds true by the definition of sy _,.

We have thus proved that K-convexity and continuity of G,_, together
with the fact that Gy_,(y) — o as |y| — oo imply K-convexity of Jy_,. In
addition, Jy_, can be easily seen to be continuous. Now using the lemma it
follows from (38) that Gy_, is a K-convex function. Furthermore, by using
the boundedness of wy _,, it follows that G _ ; is continuous and, in addition
Gy_,(y) = o0 as |y| = co. Repeating the argument above we obtain the fact
that Jy_, is K-convex and proceeding similarly we prove K-convexity and
continuity of the functions G, for all k, as well as that G,(y) —» oo as|y| — 0.
At the same time [by using part (d) of the lemma] we prove optimality of the
multiperiod (s, S) policy of (39).
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Optimality of policies of the (s, S) type can be proved for a number of
problems that constitute variations and generalizations of the problem
considered in this section. Problems 4-6 treat the cases where forecasts on the
uncertain demand become available during the control process, the case
where there is a one-period time lag in delivery of inventory, and the case
where unfilled demand is lost rather than backlogged (i.e., the system equation
is x4+, = max[0, x; + u, — w,]).

3.3 Dynamic Portfolio Analysis

Portfolio theory deals with the question of how to invest a certain amount
of wealth among a collection of risky or riskless assets. The traditional and
widely used approach to this problem [M4, S9], has been the so-called mean-
variance approach examined in Section 1.3, whereby the investor is assumed
to be maximizing the expected value of a utility function that depends on the
mean and the variance of the rate of return of the investment. Since this
approach cannot be readily generalized to the case where investment takes
place over several periods of time and in addition is based on assumptions
that may not be satisfied in a given practical situation, there has been con-
siderable effort toward the development of alternative approaches for port-
folio selection. In one such approach, the investor is assumed to be maximiz-
ing the expected utility of his final wealth. We shall discuss in this section some
results related to this viewpoint. We will start with an analysis of a single-
period model and then extend the results to the multiperiod case.

Let x, denote the initial wealth (measured in monetary units) of the in-
vestor and assume that there are n risky assets, with corresponding random
rates of returne,, e,, ..., e,among which the investor can allocate his wealth.
The investor can also invest in a riskless asset offering a sure rate of return s.
If we denote by uy, ..., u, the corresponding amounts invested in the n risky
assets and by (xo — u; — --- — u,) the amount invested in the riskless asset,
the final wealth of the decision maker is given by

Xy =58(Xo —up — -0 —u) + ) e,
i=1
or equivalently
X; = sxo + 2.(e; — Shu;. (44)
i=1

The objective is to maximize over uy, ..., u,,

E {U(xl)}’

: €
i=1,..n
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where U is a utility function for the investor. We assume that the expected
value above is well defined and finite for all x,, u;. We shall also assume that
the domain of U is an open set D within which U is concave and twice con-
tinuously differentiable. We shall not impose constraints on uy, .. ., u,. This
is necessary in order to obtain the results in convenient form. However, we
shall assume that the probability distribution of ¢; and the minimizing values
of u; are such that the resulting values of x; as given by (44) belong to the
domain of U. A few additional assumptions will be made during the exposition
of the results.

Let us consider the above problem for every value of initial wealth and
denote by u¥* = u’(xo), i = 1,..., n, the optimal amounts to be invested in
the n risky assets, when the initial wealth is x,.

We say that the portfolio {u'"(x,), ..., u""(xo)} is partially separated if

#i‘(xo) = aih(xo), i= 1, e (45)

where o, i = 1,..., n, are fixed constants and h(x,) is a function of x, (which
is the same for all i).

When partial separation holds, the ratios of amounts invested in the risky
assets are fixed and independent of the initial wealth, i.e.,

Bl (xo) = o/l for 1<i,j<n o #£0.

Actually in the cases we shall examine when partial separation holds, the

portfolio {u'*(x,), - . -, #"(xc)} will be shown to consist of affine (linear plus
constant) functions of x, that have the form
1 (x0) = &'[a + bsx,], i=1,...,n, (46)

where a and b are constants characterizing the utility function U.

In the special case where a = 0 in (46) we say that the optimal portfolio is
completely separated in the sense that the ratios of the amounts invested in
both the risky asset and the riskless asset are fixed and independent of initial
wealth. We now show that when the utility function satisfies

—U'(x,)/U"(x1) = a + bx, Vx4, @47

where U’ and U” denote the first and second derivatives of U, respectively,
and a and b are some scalars, then the optimal portfolio is given by

1 (xo) = o'[a + bsxo], i=1,...,n (48)
Furthermore, if J(x,) is the optimal value of the problem

J(xo) = min E{U(x,)},

Ui
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then we have
—J(x0)/J"(x0) = (a/s) + bx, Vxg. (49)
Let us assume that an optimal portfolio exists and is of the form
1(xo) = ai(xo)[a + bsx,],

where qi(xo), i=1,...,n, are some differentiable functiqns. We will prove
that da'(x,)/dx, = O for all x, and hence the functions o' must be constant.
We have for every x,, by the optimality of u'’(x,), fori = 1,...,n,

d E{U(x,)}/du; = E{UI[SXO + ."Z(ej — s)od(xp)(a + bsxo)](ei - S)} =0,

j=1
(50)
Differentiating the n equations in (50) with respect to x, yields
doct (x)
(e — 5)* (e — s)(e, — ) dx
E : U’(x;)a + bsxg) :
(en - S)(el - S) e (en - S)Z da"(xo)
dxg
E {U"(xl)(el — s)s[l + (e — s)ai(xo)b]}
i=1
= - : . )
E {U "(xy)(e, — S)S[l + i(ei - S)ai(Xo)b]}
i=1
Using relation (47) we have
U'(x,) = — U'(x,)
! a + blsxo + Y7 (e; — s)t’(xo)(a + bsxo)]
_ _ U,(xl) (52)

(@ + bsxo)[1 + X7= (e; — $)o(xo)b]
Substituting in (51) and using (50) we have that the right-hand side of (51) is
the zero vector. The matrix on the left in (51), except for degenerate cases, can
be shown to be nonsingular. Assuming that it is indeed nonsingular we obtain
da'(xo)/dxq = 0, i=1...,n

and «'(x,) = o, where o are some constants, thus proving (48).
We now turn our attention to proving relation (49). We have

Jixo) = E{U(x,)}} = E {U[s[l + i (e; — s)ocib]xo + _i (e; — s)oc"a]}
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and hence

J(xo) = E {U’(x 1)s|:1 + i(ei - s)aib:l}, (53)
i=1

n 2
J"(x0) = E{U"(x,)sz[l + Y (ei— s)a"b:| }
i=1
The last relation after some calculation and using (52) yields

J(xo) = — E {U ’(xl)s[l + i(ei - s)a‘b:l}s/(a + bsxg). (54)
i=1

By combining (53) and (54) we obtain the desired result:
—J'(x0)/J"(x0) = (a/s) + bx,.

The class of utility functions satisfying condition (47) is characterized by the
fact that the inverse of the index of absolute risk aversion (sometimes referred
to as the “risk-tolerance function”) is affine in wealth. It can be easily shown
that the following forms of utility functions satisfy this condition:

exponential: —e~** for b=0,
logarithmic: In(x + a) for b=1, (55)
power: [1/(b — 1)](a + bx)' ~/® otherwise.

Naturally in our portfolio problem only concave utility functions from this
class are admissible. Furthermore if a utility function that is not defined over
the whole real line is used, the problem should be formulated in a way that
ensures that all possible values of the resulting final wealth are within the
domain of definition of the utility function.

It is now easy to extend the one-period result of the preceding analysis
to the case of a multiperiod model. We shall assume that the current wealth
can be reinvested at the beginning of each of N consecutive time periods. We
denote

x, the wealth of the investor at the beginning of the kth period,

u* the amount invested at the beginning of the kth period in the ith
risky asset,

e* the rate of return of the ith risky asset during the kth period,

s, the rate of return of the riskless asset during the kth period.

We have (in accordance with the single-period model) the system equation

Xpe1 =% + 2 (e —suf,  k=0,1,...,N— L (56)

i=1
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We assume that the vectors e* = (e%,...,¢X), k =0,..., N — 1, are inde-
pendent random vectors with given probability distributions that result in
finite expected values throughout the following analysis.

The objective is to maximize E {U(xy)}, the expected utility of the terminal
wealth x,, where we assume that U satisfies for all x

—U'(x)/U"(x) = a + bx.
Applying the DP algorithm to this problem we have
Jalxy) = Ulxy), 57

Jilx) = :Tlaxk E{Ju l[skxk + i (eé‘ - sk)u?]}- (58)

i=1

p ey Uy

From the solution of the one-period problem we have that the optimal policy
at the beginning of period N — 1 is of the form

M- 1bxn-1) = an—yla + bsy_1xy-1],
where ay _, is an appropriate n-dimensional vector. Furthermore, we have
—Jn- 1) n-1(x) = (a/sy-4) + bx. (59)

Hence applying the result of this section in (58) for the next to the last period
we obtain the optimal policy

U - 2(xn - 2) = an—zl@/sn-1) + bsy_2xn_2],
where ay_, is again an appropriate n-dimensional vector.
Proceeding similarly we have for the kth period
HE(x) = al(a/sn-1 -~ siv1) + bsixi] (60)

where o, k =0, 1,..., N — 1, are n-dimensional vectors that depend on the
probability distributions of the rates of return e¥ of the risky assets and are
determined by optimization of the expected value of the optimal “cost-to-go”
functions J,. These functions satisfy

—Ju)/Jix) = (a/sy-y - S) + bx, k=0,1,...,N—1. (61)

Thus one can see that the investor, when faced with the opportunity to
reinvest sequentially his wealth, uses a policy similar to that of the single-
period case. Carrying the analysis one step further, one can see that if the
utility function U is such that a = 0, i.e., U has one of the forms

In x for b=1,
[1/(b — 1)](bx)! ~0/® for b#0, b#1,
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then it follows from (60) that the investor acts at each stage k as if he were
faced with a single-period investment characterized by the rates of return
si.ef,i=1,...,n, and the objective function E{U(x,,,)}. This policy
whereby the investor can ignore the fact that he will have the opportunity to
reinvest his wealth is called a myopic policy [M8].

Note that a myopic policy is also optimal whens, = 1,k =0,..., N — 1,
which is the case when wealth is discounted at the rate of return of the riskless
asset (going rate of interest for money). Furthermore, it can be proved that
when a = 0 a myopic policy is optimal even in the more general case where
the rates of returns,, k = 0, 1,..., N — 1, are independent random variables
[M8], and for the case where forecasts on the probability distributions of
the rates of return e* of the risky assets become available during the invest-
ment process (see Problem 7).

It turns out that even for the more general case where a # 0 only a small
amount of foresight is required on the part of the decision maker. It can be
easily seen [compare (58)—(61)] that the optimal policy (60) at period k is the
same as the one that would be used if the investor were faced with a single-
period problem whereby he would maximize over u*,i =1,...,n,

E{U(sn-1 " Sk+ 1%+ 1)}

subject 10 Xy4q = S, X + 3 1=y (¥ — s)u¥. In other words, the investor
maximizes the expected utility of wealth that results if amounts u¥ are invested
in the risky assets in period k and the resulting wealth x, , , is subsequently
invested exclusively in the riskless asset during the remaining periods
k+1,...,N — 1. This type of policy has been called a partially myopic
policy [M8]. A partially myopic policy can also be shown to be optimal when
forecasts on the probability distributions of the rates of return of the risky
assets become available during the investment process (see Problem 7).

Another interesting aspect of the case where a # 0 is that when s, > 1
for all k, then as the horizon becomes longer and longer (N — o0) the policy
in the initial stages approaches a myopic policy [compare (60) and (61)].
Thus we can conclude that for s, > 1 a partially myopic policy is asymptoti-
cally myopic as the horizon tends to infinity. This fact holds for an even larger
class of utility functions than the class we have considered, as shown by
Leland [L3].

In conclusion we mention that while the model we have examined ignores
certain important aspects of the corresponding practical situation (con-
straints on investments, transaction costs, time correlation of rates of return,
the possibility of intermediate consumption of wealth, market imperfections,
etc.), it admits a closed-form solution for a large class of utility functions
together with economic interpretations related to myopic and partially
myopic policies that are undoubtedly of considerable interest. Thus while
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neither the particular model that we have examined nor its various refinements
have achieved the preeminence and popularity of the mean-variance model,
the corresponding analysis and results provide unquestionably important
insights into the process of portfolio selection.

3.4 Optimal Stopping Problems— Examples

Optimal stopping problems of the type we will consider in this and sub-
sequent sections typically involve a control space that consists of a finite
number of elements (actions), one of which induces a termination (stopping)
of the evolution of the system. Thus at each stage the controller observes the
current state of the system and decides whether to continue the process
(perhaps at a certain cost) or stop the process and incur a certain loss.

Asset Selling Problem

As a first example, consider a person having an asset (say a piece of land)
for which he is offered a nonnegative amount of money from period to period.
Let us assume that these random offers wq, wy, ..., wy_, are independent,
identically distributed, and take values within some bounded interval. We
consider a horizon of N stages and assume that if the person accepts the offer,
he can invest the money at a fixed rate of interest r > 0, and if he rejects the
offer, he waits until the next period to consider the next offer. Offers rejected
are not renewed and we initially assume that the last offer wy_, must be
accepted if every prior offer has been rejected. The objective is to find a policy
for accepting and rejecting offers that maximizes the revenue of the person at
the Nth period.

Let us try to embed this problem in the framework of the basic problem by
defining the state space, control space, disturbance space, system equation,
and cost functional. We consider as disturbance at time k the random offer
w, and as corresponding disturbance space the real line. The control space
consists of two elements u', u2, which correspond to the decisions “sell” and
“do not sell,” respectively. Concerning the state space we define it to be the
real line, augmented with an additional state(call it T'), whichisa “ termination
state.” The system moves into the termination state as soon as the asset is
sold. By writing that the system is at a state x, # T at time k we mean that the
asset has not been sold as yet and the current offer under consideration is
equal to x,. By writing that the system is at state x, = T at time k we mean
that the asset has already been sold. With these conventions we may write a
system equation of the form

X1 = SilXks the, W), k=0,...,N—1,

x0=0,
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where x, € R U {T} and the function f; is defined via the relations

L = T if u=ul(sell) or x, =T,
k1 Wy otherwise.

The corresponding reward function may be written
N-1

E {gN(xN) + Z gulxy, Uy, Wk)},
k=0

where

(xx) = Xy if xy#T,
gwxXn) = 0 otherwise,

Filxps U, W) = (1 + " *x, if x,#7T and u, =u',
W\ Xgs Uy, Wy 0 otherwise.

Based on this formulation we can write the corresponding DP algorithm
over the states x,:

_JxN if xy#T,
JInlxn) = {0 if xy=T, (62)
max[(1 + r¥ *x,, E {Jes 1(Ww}] if x,#T,
Jk(xk) — {0 k k+1 k. lf xk ” T (63)
=T.

In Eq. (63)(1 + r)¥ *x, (where x, # T)is the revenue resulting from decision
u! (sell) when the offer under consideration is x,, and E{J,, ;(w,)} represents
the expected revenue corresponding to the decision u? (do not sell).

Actually the DP algorithm above could be derived by elementary reason-
ing without resorting to the elaborate formulation given earlier—something
that we shall often do in the future. Our purpose for providing this formula-
tion was simply to demonstrate to the reader the type of structure that one
must adopt in order to embed a stopping problem into the framework of the
basic problem.

Now from the DP algorithm (62) and (63) we obtain the following optimal
policy for the case where x;, # T':

accept the Oﬂer W1 = Xy if (1 + r)N_kxk > E{Jk+ l(wk)}’
reject theofferw,_; = x,  if (1 + )" *x, < E {J, 11w}

When (1 + r)¥ *x, = E{Jy+1(w)} both acceptance and rejection are
optimal.
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The result can be put into a more convenient form by some further
analysis. Let us introduce the functions

1
Vilxi) = T+ Jilxi) Vx, # T,

(d+r

which represent discounted cost-to-go for the last N — k stages. It can be
easily seen that

Valxn) = xy, (64)
Vo) = max[x,, (1 + )™ E{V,sw}], k=0,1,...,N—1. (65

By using the notation

E{Vi, 1(wk)}

[v4
“1+

the optimal policy is given by
accept the offer w,_, = x, if x>,
reject the offer w,_, = x, if x, < ay,

while both acceptance and rejection are optimal for x, = «, (Fig. 3.5). Thus
the optimal policy is completely determined by the sequence «, ..., oay_;.

A

FIGURE 3.5

Now from the algorithm (64) and (65) we have
Xy if x, > a,
Vi =
ux) {ak if x, < a.
Hence we obtain

1 O+ 1 1 @©
= s BV} = 17 [ i P + s [ wadpt
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where the function P is defined for all scalars 4 by
P(A) = Prob{w < A}.

Notice that the function P is nondecreasing and continuous from the left
for all A. The difference equation for «, above may also be written

_Pow) f wedPw), k=1, ,N—1, (66

k + 1

with ay = 0. Let us first show that the solution of the above difference equa-
tion is monotonically nonincreasing (as one would expect), i.e.,

0<ak+1<ak, k=N—2,N"“3,, (67)
Indeed, we have
1 ® E{wy_i}
OIN-1 “1xr +r_L wN-ldP_(WN—l)=71 _:rl
1 [o 0]
-z = P Play- ) + f wdP)

1 AN -1 @©
=1+r<fo aN_ldP(w)+f de(w)>

= mj; WdP(W) = 0N-g-

Assuming that a, , ; = o ,,, we will show-that o, > a, , ; and (67) will follow
by induction. We have

o 1 *
= P Py )+ [ waPw)

1 + A+ 1
O+ 1 1 ® 1 e
P _— dP —_— daP
= P Ploy ) + +rf,,mw ) = | wdpoo

o)

1
> 0L Pl ) + f wdP(w) — T [Pla ) — Pleys )]

o 1 *
= B )+ [ waPw)

T l4r
o4
z lk_:z Ploy+5) + —f wdP(w) = a4

and o, = o, proving (67).
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Now since we have

0< P(a) < 1
1+r 1 4+7r

<1 Va = 0,

1 ® E{w:}
0 — <
1+rJ; WdP(wk)<1+r vk,

K+ 1
it can be easily seen, using the monotonicity property (67), that the sequence
{o,} generated (backwards) by the difference equation (66) converges
(as k - — o0) to a constant & satisfying

a(l + ry = P(@ax + f w dP(w).
This equation is obtained from (66) by taking limits as k - — co and by using
the continuity from the left of the function P.
Thus when the horizon tends to become longer and longer (i.e., N — )
the optimal policy for every fixed k > 1 approximates the stationary policy:

accept the offer w,_, = x, if x, > a,
reject the offer w,_; = x, if x, <a.

The optimality of such a policy for the corresponding infinite horizon problem
will be shown in Chapter 6.

Purchasing with a Deadline

Let us consider another problem of similar nature. Assume that a certain
quantity of raw material is required by a certain time. If the price of this
material fluctuates, then there arises the problem of deciding, given the price
at any time, whether to purchase at that price or wait a further period, during
which the price may go up or down.

Let us assume that successive prices are independent (the case of cor-
related prices will be examined later) and that the cumulative distribution
P(w) of the purchase cost w of the raw material is the same for each time period.
The problem is to decide, given the current purchase price, whether to pur-
chase or not to purchase the amount of raw material needed. The purchase
must be made within N time periods.

This problem has obvious similarities with the previous problem. Let us
denote by

Xk+1 = Wy
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the price prevailing in the beginning of period k + 1. We have similarly as
before the DP algorithm
JIn(xy) = xy,
Jdx) = minx,, E{J,. (wo)}),
and the optimal policy is given by
purchase if x < E{Jye1W)} = ay,
do not purchase if x> E{Jis1W)} = a.

We have similarly that the critical numbers a,, a,,...,ay_; can be
obtained from the discrete-time equation

Xhe + 1

t = os 1 [1 —P(ak+1)]+f w dP(w),

0

AN-y

meP(w) = E {w}.

0

Consider now a variation of this problem whereby we do not assume that
the successive prices wy, ..., wy_, are independent but rather that they are
correlated and can be represented as

wk=yk+l k=0,1,...,N—1,
with
Yi+1 = Ay + &, Yo =0,

where 4 is a scalar with 0 < A < 1 and &,,¢&,,..., éy_, are independent
identically distributed random variables taking positive values with given
probability distribution. As discussed in Section 2.3 the DP algorithm under
these circumstances takes the form

Jn(xn) = xy,

Julx) = minlx,, E{Ji. (A + &),
where the cost associated with the purchasing decision is x, and the cost
associated with the waiting decision is E {J, . (Ax, + &J)}.

We shall show that in this case the optimal policy is also of the same type
as the one for independent prices. Indeed, we have

Jn-1lxy—y) = min[xy_y, Axy_; + f_],
where & = E{éy_,}. As shown in Fig. 3.6 an optimal policy at time N — 1
is given by
purchase if xy_; <ay_y,
do not purchase if xy_;>an_y,
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where ay_ , is defined from the equation ay_, = Aay_, + &, ie.,
1.
IN-1 = 1 -4 &

Note that
In-q(x) < Jp(x) Vx,

and that Jy_, is concave and increasing in x. Using this fact in the DP
algorithm one may easily show that

‘]k(x) < ‘]k+l(x) vx, k= Ia---vN - la

and that J, is concave and increasing in x for all k. Furthermore, in view of
the fact that € = E {£,} > O for all k, one can show that

E{Jk+1(€k)}>0a k=0,1,,N—2

These facts imply (as shown in Fig. 3.7) that the optimal policy for every
period k is of the form

purchase if x, < a,
do not purchase if x> o,

where the scalar ¢, is obtained as the unique positive solution of the equation

x = E{J,+.(Ax + &)}
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Note that J(x) < Ji4,(x) implies
Mg €O < g vk,

and hence (as one would expect) the threshold price below which one should
purchase is lower in the early stages of the process and increases as the
deadline comes nearer.

A number of variations on the theme of this section are of interest (see
Problems). The main point to be recalled is that when only a finite number of
actions (u', ..., u") are possible at each stage, the optimal control law p¥(x,)
is determined by a partition of the underlying state space S, (minus the
termination state) into n subsets S/, ..., S§, with  Ji=, Si = S,, each subset
Si being associated with the corresponding action u'. In other words, the
control law for all k has the form

wXx) = v if x,eS, i=1,...,n

In the examples we considered the state space was the positive half-line, and
there were two actions available (accept-reject, or purchase-do not purchase).
The partition of the state space S, was determined in each case by the single
number o,.

3.5 Notes

The certainty equivalence principle for dynamic linear-quadratic prob-
lems was first discussed by Simon [S10]. His work was preceded by that of
Theil [T2], who considered a single-period case, and Holt et al. [H11], who
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considered a deterministic case. Similar problems were considered somewhat
later (and apparently independently) by Kalman and Koepcke [K2],
Gunckel and Franklin [G2], and Joseph and Tou [J5]. Since their work, the
literature on linear—quadratic problems has grown tremendously. The
special issue on the linear—quadratic problem of the IEEE Transactions on
Automatic Control [11] contains most of the pertinent theory and variations
thereof, together with hundreds of references. For a multidimensional version
of Problem 3 see the paper by Jacobson [J1]. The result of Problem 14 is also
due to Jacobson [J2].

The literature on inventory control stimulated by the pioneering paper
of Arrow et al. [A6] is also voluminous. The 1966 survey paper by Veinott
[V3] contains 118 references. An important work summarizing most of the
research up to 1958 is the book by Arrow et al, [A7]. The ingenious line of
argument for proving the optimality of (s, S) policies in the case of nonzero
fixed costs is due to Scarf [S6]. However, his original proof contains some
minor flaws.

Most of the material in Section 3.3 is taken from the paper by Mossin
[M8]. Some other interesting papers in the same area are by Hakansson
[H1-H4], Kamin [K4], Levhari and Srinivasan [L4], and Phelps [P5].

Problems

1. Show the optimality of the control law given by (30)—(33) for the linear—
quadratic problem where the matrices 4,, B, are random.

2. Linear—Quadratic Problems with Forecasts Consider the linear-quad-
ratic problem first examined in Section 3.1 (4, B,: known) for the case where
at the beginning of period k there is available a forecast y,e{1,2,..., n}
consisting of an accurate prediction that w, will be selected in accordance
with a particular probability distribution Py, (cf. Section 2.3). The vectors
w, need not have zero mean under the distributions P,, . Show that the
optimal control law is of the form

x> Yi) = —(BiKi+1Bi + R)7'Bi Ky 1 [Avxi + E{wely}] + o,

where the matrices K;, i =1, ..., N, are given by the Riccati equation
(5) and (6) and o, are appropriate vectors in R”".
3. Consider (for simplicity) a scalar linear system

Xpe1 = X + by + wy, k=0,1,...,N — 1,

where a;, b, € R are given and w; is for each k a Gaussian disturbance with
zero mean and variance ¢2. Show that the control law {ud, u¥, ..., uf_ .}
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that minimizes the risk-sensitive cost functional
N-1
E {exp[xﬁ + Y (x2 + ruf ]}, r>0,
k=0

is linear in the state variable. We assume no control constraints and in-
dependent disturbances. We also assume that the optimal value is finite
for every x,. Show by example that the Gaussian assumption is essential for
the result to hold.

4. Consider an inventory control problem similar to the multistage inven-
tory problem of Section 3.2. The only difference is that at the beginning of
each period k the decision maker, in addition to knowing the current in-
ventory level x,, receives an accurate forecast that the demand w, will be
selected in accordance with one out of two possible probability distributions
P,, P (large demand, small demand). The a priori probability of a large
demand forecast is known (cf. Section 2.3).

(a) Obtain the optimal inventory ordering policy for the case of a
single-period problem.

(b) Extend the result to the N-period case.

(c) Extend the result to the case of any finite number of possible dis-
tributions.

Consider also the inventory control problem where the purchase costs
¢,k =0,1,..., N — 1, are not known at the beginning of the process but
instead they are independent random variables with a priori known pro-
bability distributions. The exact value of the cost ¢, , however, becomes known
to the decision maker at the beginning of the kth period, so that the inventory
purchasing decision at time k is made with exact knowledge of the cost c,.
Cheracterize the optimal ordering policy for this case.

5. Consider the multiperiod inventory model of Section 3.2 for the case
where there is a one-period time lag between order and delivery of inventory,
i.e., the system equation is of the form

xk+1=xk+uk_1_wk, k=1,...,N—1,

X, = Xg — Wo.

Show that the optimal policy for this problem is an (s, S) policy.

6. Consider the inventory problem under the assumption that unfilled
demand at each stage is not backlogged but rather is lost, i.e., the system
equation is x, ., = max[0, x, + u, — w,] instead of x,,, = x; + u, — w,.
Show that a multiperiod (s, S) policy is optimal.
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Abbreviated Proof (S.Shreve) Let Jy(x) = 0 and for all &
G.(») = cy + E {h max[0, y — w,] + p max[0, w, — y]
+ Jis1(max[0, y — w,])},
Jx) = —ecx + min[Kd(u) + G(x + u)],

uz>0
where 6(0) = 0, 8(u) = 1 for u > 0. The result will follow if we can show that
G, is K-convex, continuous, and G,(y) — oo as|y| — co. The difficult part is to
show K-convexity since K-convexity of G, ., does not imply K-convexity of
E {J,, (max[0, y — w])}. It will be sufficient to show that K-convexity of
G, ., implies K-convexity of

H(y) = p max[0, —y] + Jy y(max[0, y]), (68)
or equivalently that

H(y) — H(y — b)
z b

By K-convexity of G, ., we have for appropriate scalars s, ; and S, such
that Gy 1(Si+1) = min, Gy 1 1(y) and K + Gy 1(Sx+1) = Gir 1(Si4+ 1):

K+ Hy+z)= Hy) + Vz20, b>0, y. (69

Gi+1(x) if s <x,

. 70
K + Gyt 1(Sk+1) if X <sceps o)

Jes1lx) = —ex + {

and J, ,  is K-convex by the theory of Section 3.2.

Casel 0<y—b<y<y+:z For this region (69) follows from
K-convexity of J; ;.

Case2 y—b<y<y+z<0 In this region H is linear and hence
K-convex.

Case3 y—b<y<0<y+z In this region (69) may be written
[in view of (68)] as K + J,4+1(y + 2) = J;+1(0) — p(y + z). We will show
that

K+ Jii1(2) 2 Ji410) — pz vz =2 0. (71)
If0 < 5.4, < z, then using (70) and the fact p > ¢,
K+ Jii1(2) = K — cz 4 Giyy(2) 2 K = pz + Giw 1Sk 1) = Ji44(0) — pz.
If 0 < z < 5,44, then using (70) and the fact p > ¢,

K+ Jis1(@) = 2K — cz + Gy 1(Sks1) 2 K — pz + Gy 1(Sic+ 1)
= Ji+1(0) — pz.



106 3 APPLICATIONS IN SPECIFIC AREAS
If 5,41 < 0 < z, then using (70), the fact p > ¢, and part (iv) of the lemma in
Section 3.2,

K + Ji+1(2) = K — ¢z + Gy 1(2) 2 Gis4(0) — pz = J44(0) — pz.
Thus (71) is proved and (69) follows for the case under consideration.

Case4 y—b<0O<y<y+:z ThenO<y<b If

LH(y) — H(0))/y = [H(y) — H(y ~ b)]/b, (72)

then since H agrees with J, ., on [0, c0) and J, ., is K-convex,

H(y) — H(0) H(y) — H(y — b)
b s

K+Hy+2>Hy +:z = H(y) + z

where the last step follows from (72). If
[H(y) — H())/y < [H(y) — H(y — b)1/b,
then we have
H(y) — H(0) < (y/b)[H(y) — H(y — b)] = (y/b)[H(y) — H(0) + p(y — b)].
It follows that
(1 = (y/b)[H(y) — HO)] < (y/b)py — b) = —py(1 — (y/b)),

and since b > y,

H(y) — H(0) < —py. (73)
Now we have, using the definition of H, (71), and (73),
H(y) — H(y — b) H(0) — py — H(0) + p(y — b)

H(y) + z =H@y) +z

b b

= H(y) — pz < HO) — p(y + 2)
<K+ Hy + 2).

Hence (69) is proved for this case as well. Q.E.D.

7. Consider the dynamic portfolio problem of Section 3.3 for the case where
at each period k there is a forecast that the rates of return of the risky assets
for that period will be selected in accordance with a particular probability
distribution as in Section 2.3. Show that a partially myopic policy is optimal.
8. Consider a problem involving the linear system

Xe+1 = Axxi + Byuy, k=0,1,...,N— 1,

where the n x n matrices A, are given and the n x m matrices B, are in-
dependent random matrices and have given probability distributions
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that do not depend on x,, ;. The problem is to find the optimal control law
{ud(xo), ..., u¥_(xy_,)} that maximizes the cost functional E {U(c'xy)},
where ¢ is a given n-dimensional vector. We assume that U:R - R is a
concave utility function satisfying for all y

—U'(WWU'(y) = a + by,

and that the control is unconstrained. Show that the control law consists of
affine functions of the current state.

Hint Reduce the problem to a one-dimensional problem, and use the
results of Section 3.3.
9. Consider the asset-selling problem of Section 3.4 for the case where
successive offers are not lost but can be accepted at any subsequent time
period. Determine the general form of the optimal policy.
10. Suppose that an individual wants to sell his house and an offer comes in
at the beginning of each day. We assume that successive offers are independent
and an offer is x; with probability p;,j = 1,..., n, where x; are given non-
negative scalars. Any offer not immediately accepted is not lost but may be
accepted at any later date. Also, a maintenance cost ¢ is incurred for each day
that the house remains unsold. The objective is to maximize the price at which
the house is sold minus the maintenance costs. Consider the problem when
there is a deadline to sell the house within N days and characterize the
optimal policy.
11. Capacity Expansion Problem Consider a problem of expanding the
capacity of a facility for production of a single type of nonstorable good or
service over N time periods. Let us denote by x; the production capacity at
the beginning of the kth period and by 4, > 0 the addition to capacity during
the kth period. Thus capacity evolves according to

Xg+1 = Xp T Uy, k=0,1,...,N— 1.

The demand at the kth period is denoted w, and has a known probability
distribution that does not depend on either x, or u,.. Also successive demands
are assumed to be independent and bounded. We denote:

C,(u,) expansion cost associated with adding capacity u,
Py(x, + u, — w,) penalty cost associated with capacity x; + u, and
demand w,,
S(xy) salvage value of final capacity xy.

Thus the cost functional takes the form

N-1
E {_S(XN) + kZO [Cilu) + Pyl + uy — Wk)]}«



108 3 APPLICATIONS IN SPECIFIC AREAS

(a) Derive the DP algorithm for solving this problem.
(b) Assume that S is a concave function with lim,_, , dS(x)/dx = 0, P,
are convex functions, and the expansion cost C, is of the form

K + c,u if u>0,

QM_{O if u=0,
where K = 0, ¢, > Ofor all k. Show that the optimal policy is of the (s, S) type
assuming ¢,y + E{P,(y — wy)} — o0 as |y| — 0.

(c) In (b) assume that forecasts on w, as in Problem 5 are available.
Derive the optimal policy for this case.
12. A Gambling Problem A gambler enters a game whereby he may at any
time k stake any amount u;, = 0 that does not exceed his current fortune x,
(defined to be his initial capital plus his gain or minus his loss thus far). He
wins his stake back and as much more with probability p, where 4 < p < 1,
and he loses his stake with probability (I — p). Show that the gambling
strategy that maximizes E {In xy}, where xy denotes his fortune after N plays,
is to stake at each time k an amount u, = (2p — 1)x;.

(Note The problem is related to the portfolio problem of Section 3.3.)
13. Optimal Termination of Sampling A collection of N = 2 objects is
observed randomly and sequentially one at a time. The observer may either
select the current object observed, in which case the selection process is
terminated, or reject the object and proceed to observe the next. The observer
can rank each object relative to those he has already observed and the ob-
jective is to maximize the probability of selecting the *best ” object according
to some criterion. It is assumed that no two objects can be judged to be equal.
Let r* be the smallest positive integer r such that

; + 1 + -+ 1 <1
N-1 N-2 ro
Show that an optimal policy requires that the first r* objects be observed. If
the r*th object has rank 1 relative to the others already observed, it should be
selected, otherwise the observation process should be continued until an
object of rank 1 relative to those already observed is found.

Hint We assume that if the rth object has rank 1 relative to the previous
(r — 1) objects, then the probability that it is best is r/N. For k > r* let J,(0)
be the maximal probability of finding the best object assuming k objects have
been selected and the kth object is not best relative to the previous (k — 1)
objects. Show that

k 1 1
Jk(0)=N(—N_ 1 *"'+z>'
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14. A Class of Nonlinear Quadratic Problems Within the framework of the
basic problem consider the case of a quadratic cost functional of the form

N-1
%E%mwrm;mgm+m&w}
and an n-dimensional nonlinear system of the form
Xpo1 = Axxi + Beuy + my + filoe, Uy, W), k=01,...,N -1,

where A,, By, my, and f, are given. We assume for all k, x,, u,,

E { filxis ue, wid | xi e} = 0,

Wi
and that the covariance matrix

F(x, ) = E { filxcies ties Wi filxies ties Wil | i, U}

Wik

is a general quadratic function of x;, u, for all k, i.e., F, has a representation of
the form
"
Fi(xe, u) = P} + Y. Pibxi Wixi + uy Nixy + 3u Miw, + X, gic + uihy),
i=1
where n’ = [n(n + 1)/2], Pi, Wi, Ni, M} are given matrices of appropriate
dimensions, g, hi are given vectors, and Pi, Wi, M} are symmetric. For
any square matrix L denote by tr(L) the trace of L, i.e., the sum of the diagonal
elements of L. Define for all &

D=

|~ o 1 L
Wo=3 Y tr(Sie i PIWi,  Ni=3 Y tr(Sis 1 PONG,
i=1 i=1
17 g
M, = 3 Ztr(sk+1pk)Mk,
i=1
1 i i 13 i\pi
gk =5 LU(Seer Pl =5 Y tr(See PR,
i=1 i=1

R, =R+ BiSy.1Bi + My, A, = B,S;, 1A + Ny,
iy = By Sy ymy + Bidy vy + hy,

where

Sk = Qi + AiSkar Ak + Wy — AR A, Sy = On,

d = AiSkwimy + Aidisy + g — AR 'my,  dy =0,

1 0y 4 1 1
e, = 3 tr(S; 4 1 Pi) + amSyamy + dys i + €4 — 7



110 3 APPLICATIONS IN SPECIFIC AREAS

Show that if the matrices R, defined above are positive definite for all k, then
the control law {ud, ut, ..., u%_,} defined by

) = _R'k—l(/‘kak'*ﬁ'k)a k=0,1,...,N -1,

is optimal.
Hint Show by induction that the cost-to-go functions obtained from the
DP algorithm are of the form

Jk(xk) = %x;(skxk + d,,(xk + €y, k = 0, veey N - 1.



Chapter 4

Problems with Imperfect
State Information

4.1 Reduction to the Perfect State Information Case

We consider now an important class of sequential optimization problems
that is characterized by a situation often appearing in practice. Again we have
the discrete-time dynamic system considered in the basic problem of Chapter
2 that we wish to control. However, we assume that the state of the system is
no longer known at each stage to the controller (imperfect state information).
Instead the controller receives some information at each stage about the
value of the current state. Borrowing from engineering terminology, we shall
loosely describe this information as noisy measurements of a function of the
system state. The inability of the controller to observe the exact state could be
due to physical inaccessibility of some of the state variables, or to inaccuracies
of the sensors or procedures used for measurement. For example, in problems
of control of chemical processes it may be physically impossible to measure
exactly some of the state variables. In other cases it may be very costly to
obtain the exact value of the state even though it may be physically possible
to do so. In such problems it may be more efficient to base decisions on in-
accurate information concerning the system state, which may be obtained at
substantially less cost. In other situations, such as hypothesis testing problems,

111
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often of interest in statistics, the exact value of the state (true hypothesis) may
be found only in an asymptotic sense after an infinite number of measurements
(samples) has been obtained. Given that measurements are costly, a problem
often posed is to determine when to terminate sampling so as to minimize
observation costs plus the cost of error in the estimation of the system state.
Thus in such situations not only is it impossible to determine the exact state
of the system but the measurement process is the focal point of the decision
problem itself.

Problems with imperfect state information are, generally speaking, con-
siderably more complex than problems with perfect state information both
from the analytical and computational point of view. Conceptually, however,
they are no different from problems with perfect state information, and in fact,
as we will demonstrate shortly, they can be reduced to problems of perfect
state information by means of a simple reformulation.

First let us state the basic problem with imperfect state information with
which we will be concerned.

BASIC PROBLEM WITH IMPERFECT STATE INFORMATION Consider the basic
problem of Section 2.1, where the controller instead of having perfect know-
ledge of the state has access to observations z, of the form

Zo = hO(xO, UO)’ Zy = hk(xk, Ug_15 Uk)’ k = l, 2’ ey N -1 (l)

The observation z, belongs to a given observation space Z,; v, is a random
observation disturbance belonging to a given space V,, and is characterized
by given probability measures P, («|Xo), Pu (X, h— 1) k=1,...,N — 1,
which may depend explicitly on the state x, and the control u,_, but not on
prior observation disturbances vg,..., v, or any of the disturbances
Wg, ..., Wi, The initial state x, is also random and characterized by a given
probability measure P, . The probability measure P, (-|x,,u,) of w, is
given and may depend explicitly on x, and u, but not on prior disturbances
Wo, ..., We—;. The control u, is constrained to take values from a given
nonempty subset U, of the control space C,. It is assumed that this subset
does not depend on x,.

Let us denote by I, the information available to the controller at time k
and call it the information vector. We have

I = (2gs 21y oo Zy Ugy Upy ooy Uy 1), k=12,...,N—1, 2
IO=20'

We consider the class of control laws (or policies), which consist of a
finite sequence of functions = = {ug, yy, ..., ux— 1} where each function p,
maps the information vector I, into the control space C, and

”k(Ik)eUk ka, k=0,...,N—l.
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Such control laws are termed admissible. The problem is to find an admissible

control law n = {uq, f4y, ..., Uy_} that minimizes the cost functional
N-1
J. = E {gN(xN) + Z glxi> il Wk]} (3)
ol

subject to the system equation

Xe+1 = filxe, mlLi), wil, k=01...,N—1,
and the measurement equation

zg = holxo, o),
Zi = hxes - 1T 1), 0], k=12..,N-1

The real-valued functions
gN:SN—’Rs gk:SkXCkka—’R, k=0,1,...,N_1,
are given.

Notice the difference from the case of perfect state information. Whereas
before we were seeking a rule that would specify the control u, to be applied
for each state x, and time k, now we are looking for a rule that tells us the
control to be applied for every possible information vector I, (or state of
information), i.e., for every sequence of measurements received and controls
employed up to time k. This difference, at least at the conceptual level, is
actually more apparent than real as will be seen in what follows.

Similarly, as for the basic problem of Section 2.1, the following sequence
of events is envisioned in the problem above once an admissible policy

n = {fo, Ky, - .-, Un-1} is adopted:

Stage 0 (1) The initial state x, is generated according to the given
probability measure P, .

(2) The observation disturbance v, is generated according to the pro-
bability measure P, ( - |x).

(3) The controller observes z, = hg(xg, o) and applies uy = po(ly),
where Iy = z,.

(4) The input disturbance w, is generated according to the probability
measure P, (- |xo, o(lo)).

(5) The cost go[xq, to(Zo), Wo] is incurred.

(6) The next state x, is generated according to the system equation
x; = folxo, #ollo), wol-

Stage k (1) The observation disturbance v, is generated according to
the probability measure P, (- |x;, u,_ ).
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(2) The controller observes z, = h[x,, t_ (I,_,), v,] and applies
u, = pdl), where Iy = (zg, ..., 23, Ugy .oy Ug— ().

(3) The input disturbance w, is generated according to the probability
measure P, (- |x,, ).

(4) The cost g,[x,, iudIy), wi] is incurred and added to previous costs.

(5) The next state x, ., is generated according to the system equation
Xg+1 = fil x> tilLi)s wicl-

Last Stage (N — 1) (1) The observation disturbance vy _, is generated
accordingto P, _ (- |xy_y, un_2)

(2) The controller observes zy_; = hy_[Xy_1, Un-2In—2), vn— (] and
appliesuy_; = uy_((Iy_,), where Iy_; = (2g, ...y ZN_1s Ugs - -+ Un—-2)

(3) Theinput disturbance wy _ , is generated according to the probability
measure P, (|xy_y, pv—1(In-1))-

(4) The cost gy_[xn—1, txn—1(IN—1), Wwy-1] is incurred and added to
previous costs.

(5) The final state xy is generated according to

Xy = fu—1lxXn-1 Bv-1Un-1) Wy -]
(6) The terminal cost gy(xy) is incurred and added to previous costs.

Again the above process is well defined and the stochastic variables are
generated by means of a precisely formulated probabilistic mechanism.
Similarly, however, as for the perfect information case the cost functional

N-1
gnlxy) + kzogk[xk’ wdly), wil

is not in general a well-defined random variable in the absence of additional
assumptions and structure. Again we shall bypass a rigorous formulation of
the problem in view of the introductory nature of the text.t However, we
mention that the cost functional can be viewed as a well-defined random
variable if the space of the initial state S, and the disturbance spaces D, and
Vi,k=0,1,..., N — 1, are finite or countable sets. As we shall shortly
demonstrate, the imperfect state information problem defined above may be
converted by reformulation into a perfect state information problem. Once
this reformulation is considered the problem may be rigorously posed in the
manner described in Section 2.1.

We now provide an example of a problem that fits the general framework
introduced in this section:

t For a recent treatment of the delicate mathematical questions involved in a rigorous and
general analysis of the problem of this chapter we refer the reader to the monograph by Striebel
[S18a].
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ExAMPLE 1 A machine can be in one of two states denoted 0 and 1.
State O corresponds to a machine in proper condition (good state) and state 1
to a machine in improper condition (bad state). If the machine is operated for
one unit time, it stays in state 0 with probability % provided it started at 0, and
it stays in state 1 with probability 1 if it started at 1, as Fig. 4.1 shows. The

©

machine is operated for a total of three units of time and starts at state 0. At
the end of the first and second unit of time the machine is inspected and there
are two possible inspection outcomes denoted G (probably good state) and B
(probably bad state). If the machine is in state x = 0, the inspection outcome
is G with probability ; if the machine is in x = 1, the inspection outcome is B
with probability 2:

FIGURE 4.1

PGlx=0)=3 PBIx=0=% PGlx=1)=4% PBIx=1=3
After each inspection one of two possible actions can be taken:

Action C continue operation of the machine.
Action S stop the machine, do a complete and accurate inspection, and
if the machine is in state 1 bring it back to the proper state 0.

There is a cost of 2 units for using a machine in state 1 for one time unit and
zero cost for using a machine in state O for one time unit. There is also a cost
of 1 unit for taking action S.

The problem is to determine the policy that minimizes the expected costs
over the three time periods. In other words, we want to find the optimal
course of action after the result of the first inspection is known, and after the
results of the first and second inspection (and, of course, the action taken after
the first inspection) are known.
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It is not difficult to see that this example falls within the general framework
of the problem of this section. The state space consists of the two states Oand 1,
state space = {0, 1},
and the control space consists of the two actions
control space = {C, S}.
The system evolution may be described by introducing a system equation
Xk+1 = Wi, k=01,
where for k = 0, 1 the probability distribution of w, is given by
Pw, = 0|x, = 0,u, = C) = %, Pw, = llx, = 0,4, = C) = 3,
Pw, =0lx, = Lu,=C)=0, Pw,=1|x, =1Ly =C)=1,
Pw,=0|x,=0,u, =S) =%  Pw,=1|x,=0,u,=9)
Pw,=0|x,=Lu =8 =% Pw=1|x,=Lu=-5) =

1
3
1
3.

Wedenote by x4, x;, X, the state of the machine at the end of the first, second,
and third time unit, respectively. Also we denote by u, the action taken after
the first inspection (end of first time unit) and by u, the action taken after the
second inspection (end of second time unit). The probability distribution of
X IS

Pxo=0=% Plxo=1=1%

Concerning the observation process we do not have perfect state information
since the inspections do not reveal the state of the machine with certainty.
Rather the result of each inspection may be viewed as a measurement on the
state of the system taking the form

2 = Uy, k = 0’ 1’
where for k = 0, 1 the probability distribution of v, is given by

P(vk=G|xk=0)=%’ P(Uk=B|xk=0)=%,
P(Uk=G|xk=1)=%, P(Uk=B|xk=1)=%.

The cost resulting from a sequence of states x,, x, and actions u, u, is

g(xo, to) + g(xy, uy),
where
90,C) =0, g0, =1, 91,C) =2, ¢(1,8) =1
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The information vector at times 0 and 1 is

Iy = 2, Iy = (29, 21, Uo),
and we seek functions uy(I,), #,(I,) that minimize

XO.WEO.Wl {glxo, 1ollo)] + glx1, ui(11)1}

= E,Wl{g[xo, Holzo)] + glx1, (2o, 21, Holzo))]}- )
vo, V1

We shall provide a complete solution of this problem once we introduce the
related DP algorithm.

Let us now show how the general problem of this section can be refor-
mulated into the framework of the basic problem with perfect state informa-
tion. Similarly, as in the discussion of the state augmentation device of
Section 2.3, it is intuitively clear that we should define a new system the state
of which at time k consists of all variables the knowledge of which can be of
benefit to the controller when making the kth decision. Thus a first candidate
as the state of the new system is the information vector I,. Indeed we will
show that this choice is appropriate.

We have by definition [cf. Eq. (2)] for every k,

Ik+1=(1k,zk+1,uk), k=0, 1,...,N_2, Io=20. (5)

These equations can be viewed as describing the evolution of a system of the
same nature as the one considered in the basic problem of Section 2.1. The state
of the system is I,, the control u,, and z, ,, can be viewed as a random dis-
turbance. Furthermore, we have, simply by the definition of I,

P(ziy 1 €Z4i o |1, w) = Plzs, €Zysy kst 20, 2y, 21y

for any event Z, , , (a subset of Z, . ;). Thus the probability measure of z, ,
depends explicitly only on the state I, and control u, of the new system (5} and
not on the prior “disturbances” z,, ..., z,. It should be noted that the pro-
bability measure of z,, ; is completely determined from the statistics of the
problem. We have for any event Z, ,

P(ziv1 € Zys (|1, ) = Pl (s 1, W, O 1) € Zy i 1, ],

and the probability on the right is completely determined from the statistics
of the problem (i.e., the probability measures of w,, ..., W, Ux41, - -+ » Do Xo)
and I, and u,.
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Now we turn to the reformulation of the cost functional in terms of the
variables of the new system. We have for any admissible control law n =

{tos ttys ooy vt}

N-1
J.= E {gN(xN) + kzogk[xka wlly), Wk]}

k=0 N1
N-1
= E { Z Gilly, #k(lk)]}, ©6)
k=0, N1 k=0

where the functions §,, k =0, ..., N — 1, are defined by
In-1lIn=1, tn-1Un-1)]
= E - {gn[fv-1[xn= 15 v 1 n=1)s wy_1]]

+ gn-1[xn-1o v U= 1) W D - uv—Un— )} (D)
Gl )] = E {glxi, mldi)s wll Iy, w3 ®)

The conditional probabilities P(w,|I,, u(l,)), k=0,1,...,N — 1, are
determined from P(w,|x,, (1)) and P(x,|1,).

Thus the basic problem with imperfect state information has been re-
formulated to a problem with perfect state information that involves system
(5) and cost functional (6). By writing the DP algorithm for this latter problem
we have

In_alIy-y) = inf  gy_1(In—1, Un-1)s
un-1€Un-1

Jly) = inf l:gk(lkvuk) + E {Jk+1(1k,zk+1,“k)|1k,uk}]~

up € Uy Zi 1

Using (7) and (8) the algorithm can be written

unv-1€Un-1] xN-1.wN -1

In_aln-1) = inf [ E {gn[fv—10cn—1, un—1, Wn-1)]
+ g1 (XN_ 1 UN— 1, WN—l)“N—l’uN—l}], &)
Jull) = 125 |:x wEv {gxlocr, Uy, wy)

+ w1 [Tis hs 1 LA Uk Wiy s Vs 1] w1y, uk}]- (10)
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Equations (9) and (10) constitute the basic DP algorithm for the problem
of this section. An optimal control law {uf, u¥, ..., u¥%_,} is obtained by
first solving the minimization problem in (9) for every possible value of the
information vector Iy_, to obtain p¥_,(Iy_,). Simultaneously Jy_,(In-,)
is computed and used in the computation of J _ 5(Iy - ;) via the minimization
in (10), which is carried out for every possible value of Iy_,. Proceeding
similarly one obtains Jy_3(Iy_3) and u¥ _; and so on until Jo(Iy) = Jo(zo) is
computed. The optimal cost J* is then obtained from

J* = F {Jo(20)}-
Let us now demonstrate the DP algorithm (9) and (10) via the example
given earlier:

ExampLE | (continued) We first use (9) to compute J(I,) for each of
the eight possible information vectors I, = (z4, z;, 4g). These vectors are

I, =(G,G,0),(G,G,98),(B,G,0),(BG,S9),(G, B, (), (G, B, 5),
(B, B, C), (B, B, S).

We shall compute for each I, the expected cost associated with u, = C and
u; = S and select as optimal the action with the smallest cost. We have

costof C= 2 x P(x; = 1{I,), costofS =1,
and therefore
Jy(Iy) = min[2P(x, = 1|I,), 1].

The probabilities P(x, = 1|I,;) may be computed by using Bayes’ rule and
the data of the problem. Some of the details will be omitted. We have:

Forl, = (G,G,S)

P(x, =1,G,G,S ixi |
P(x; = 1|G, G, §) = 11 LS 5.5 S,
P(G,G,S) §xX5+3X%3g 7
Hence
e Ji(G,G,8) =% ufG,G,S)=_C. <

ForIl =(B,G,S)
P(xl = I'B’ G’ S)= P(xl = lIG, G,S)=%,
= Ji(B,G,S)=3  u¥B.G,S)=C <
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Forl, =(G,B,S)

P(x, = 1,G, B, S) 1x3 3
P(x, = 1|G, B, S) = = =2,
Cr =1 ) P(G, B, S) Ixi+ix3 5
> J(G,B,S)=1, uXG,B,S)=S. <

Forl, =(B,B,S)
P(x, = 1|B,B,S) = P(x, = 1|G,B,S) =3
o> J,(B, B, S) =1, u¥(B, B,S) = S. <
Forl, =(G,G, ()

P(x,=1,G,G,C 1
P(x, = 11G, G, C) = }MGC))=§

[ J,(G,G,C) =% w¥G, G, C)=C. <1
Forl, =(B,G,C)

P(xl = llB, G’ C) =%9
= JI(B, G) C) = %’ .ur(B’ G’ C) =C. =3

Forl, =(G, B, C)
P(x, =1|G,B,C) =3,

> JI(G7 B’ C) = 1, #?(G, B, C) = S <1

For I, = (B, B, C)
P(xl = 1|B9B’C)=g—g9

= JI(B, B5 C) = 1’ .UT(B, Ba C) =S. <3

Summarizing the results for the last stage the optimal policy is to con-
tinue (1, = C) if the result of the last inspection was G, and to stop (u; = S)
if the result of the last inspection was B.

First Stage Here we use (10) to compute Jy(I,) for each of the two pos-
sible information vectors I, = (G), I, = (B). We have

cost of C = 2P(x, = 1|14, C) + E {J,Uy, 21, O, C}

= 2P(xo = 1[I, C) + P(z, = Gll,, O)J,,, G, C)
+ P(z, = B{l,, C)J,(lo, B, C),
costof S =1 + E{J,Uy, z,, 8)|1,, S}

=1+ P(z; = G|y, S)J o, G, ) + P(z; = Bilo, $}J (o, B, S),
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and
Jollo) = min[2P(xo = 1|1¢, C)
+ ZE {J1Uo, 2y, Oy, C} 1 + ZE {1y, 21, Oy, S}1.

For I, = (G) Direct calculation yields

Pz, = G|G,C) =43, P(z, = B|G,C) = 33
P(z, = G|G,S) = 15, P(z, = B|G, S) = 15,
P(xo = 1|G, C) = 4,
and hence
Jo(G) = min[2 x § + }3J,(G, G, C)
+13J,(G,B,C), 1 + 15J.(G, G, S) + 5J,(G, B, S)].

Using the values of J, obtained in the previous stage

Jo(G)=min[2 x 7+ 33 x 3+ 33 x L1+ 75 x 3+ x 1]

For I, = (B) Direct calculation yields
Pz, = G|B,C) = &, P(z, = B|B,C) = &,
P(z, = G|B, S) = 15, P(z, = B|B,S) = 15,
P(xo = 1|B, C) = 3,
and
Jo(B) = min[2 x 2 + J,(B,G,C) + J(B,B,C), 1 + 15J,(B, G, S)
+ 15J.(B, B, S)]1.

Using the values of J, obtained in the previous stage
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Summarizing, the optimal policy for both stages is to continue if the
result of the latest inspection is G and stop otherwise.
The optimal cost is

J* = P(G)Jo(G) + P(B)Jo(B).

Since P(G) = &, P(B) = 3,

In the above example the computation of the optimal policy and the
optimal cost by means of the DP algorithm (9) and (10) was made possible by
the great simplicity. of the problem. It is easy to see that for a more complex
problem and in particular one where the number of possible information
vectors I, is large (or infinite) and the number of stages N is also large, the
computational requirements of the DP algorithm can be truly prohibitive.
This is due to the fact that it is necessary to apply the algorithm over the space
of the information vector I,, and, even if the control and observation spaces
are simple (one dimensional or finite), the space of the information vector I,
may be very complex and may have large dimension particularly for large
values of k. This fact makes the application of the algorithm very difficult or
computationally impossible in many cases. Not only is it necessary to
carry out the DP computation over spaces of large dimension but also the
storage of the functions that constitute the optimal controller presents a
serious problem since values of control input must be stored for each possible
value of information vector I, and for every k. Furthermore, the measure-
ments z, obtained during the control process must be continuously stored by
the controller. This rather disappointing situation motivates efforts aimed at
the reduction of the data, which is truly necessary for control purposes. In
other words, it is of interest to look for quantities that ideally would be of
smaller dimension (can be characterized by a smaller set of numbers) than the
information vector I, and nonetheless contain all the information in I, that
is necessary for control purposes. Such quantities are called sufficient statistics
and are the subject of Section 4.2.

4.2 Sufficient Statistics

Referring to the DP algorithm of Egs. (9) and (10) let us consider the
following definition:

Definition Let S,(-),k =0,1,..., N — 1, be functions mapping the
information vector I, into some space M,, k = 0, 1,..., N — 1. We shall say
that the functions So(+), ..., Sy—(+) constitute a sufficient statistic with
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respect to the problem of the previous section if there exist functions Hy,
..., Hy_, such that
H [S1}), wi] = E {gxks Uy, wi)

Xky Wky Pk + 1
+ Jis l[Ilu By s Lk tis Wiy uys Ui 1 1 w1, U}
vi,u,eU,, k=0,1,...,N—-2 (11)

Hy_([Sy-1(In-1)un_1] = E {gn[fy-10en—1, un—1, wn—1)]

+ gn-1On— 1> Un— 1 W ) Iy, Un— o}
Vi, un-1€Upn-y, (12)
where J, are the cost-to-go functions of the DP algorithm (9) and (10).

Since the minimization step of the DP algorithm (9) and (10) can be
written in terms of the functions H, as
inf Hi[SiTi), ui, 13)
ey
it follows immediately from the above definition that an optimal control law
need only depend on the information vector I, via the sufficient statistic S,(I}).
In other words if the minimization problem in (13) has a solution for every
I, and k, there exists an optimal control law that can be written

uE() = gES(J),  k=0,1,...,N —1, (14)

where i is an appropriate function determined from the minimization (13).
Thus if the sufficient statistic is characterized by a set of fewer numbers than
the information vector I, , it may be easier to implement the control law in the
form u, = E¥[S.(I,)] and take advantage of the resulting data reduction.

While it is possible to show that many different functions constitute a
sufficient statistic for the problem that we are considering [the identity
function S,(I,) = I, is certainly one of them], we will focus attention on a
particular one that is useful both from the analytical and the conceptual
point of view in many cases. This sufficient statistic is the conditional pro-
bability measure of the state x,, given the information vector I,

Sl = Py1,» k=01...,N - 1.

This function S, maps the space of information vectors into the space of all
probability measures on the state space. It is easy to see that the conditional
probability measures P,,);, indeed constitute a sufficient statistic.t This is

1 Abusing mathematical language we make no distinction between the function S, and its
value S;(/,), calling them both a sufficient statistic.
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evident from definition (11) and (12) and the fact that the probability measures
of w, and v, , ; depend explicitly only on x,, u, and x,, ,, u, respectively, and
not on prior disturbances.

Now the sufficient statistic P,,;, is generated recursively in time and can
be viewed as the state of a controlled discrete-time dynamic system. By using
Bayes’ rule we can write

P1k+1|1k+1 = (Dk(ka]Ik, uk’ Zk+1), k =0’~"’N - 23 (15)

where @, is some function that can be determined from the data of the pro-
blem, u, is the control of the system, and z, , , plays the role of a random dis-
turbance the statistics of which are known and depend explicitly on P, ,
and u, only and not on z,, ..., z,. For example, if the state space, control
space, observation space, and disturbance space are the real line and all
random variables involved possess probability density functions, the con-
ditional density p(x;4,|lc+,) is generated from p(x;|1,), u,,and z,,, by
means of the equation

POch+ 15 Ziw 1 [y, )
P+ 1, wy)

POk 1 T4 1) = POk 1 s Uiy 24 1) =

_ PO 1 1 i, wdp(Zis 1 [Ups X 1)
Icfao PO o Mo, wdP(Zw 1 [ty Xps 1) dXy4y

In this equation all the probability densities appearing in the right-hand side
may be expressed in terms of p(x;|1,), u;, and z, ., alone. In particular, the
density p(x, + |1y, u,) may be expressed through p(x,|I,), u, and the system
equation x,,; = fi(x;, ux, w,) using the given density p(w,|x,, 4,) and the
relation

pwi | I, w) = f P T )p(wi| Xy, wy) dxy.
The density p(z, + ; |ux, X, +1) is expressed through the measurement equation
Ziwt = Myw1(X 415 Uy, U4 1) using the given probability density

P+ 1 [uhs Xi4 1)

By substituting these expressions in the equation for p(x, |/, ;) we obtain
an equation of the form of (15). Other explicit examples of equations of the
form of (15) will be given in subsequent sections. In any case one can see that
the system described by (15) is one that fits the framework of the basic problem.
Furthermore, the controller can calculate (at least in principle) at time k the
conditional probability measure P, ;, . Therefore, the controlled system (15)
is one for which perfect information prevails for the controller.
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Now the DP algorithm (9) and (10) can be written in terms of the suf-
ficient statistic P, |;, by making use of the new system equation (15) as follows:

jN—1(Px~-nI1~_.) = inf [ E {gnLfn—10xn - 1> un— 1, Wy -1)]
un-1eUn-q| xN-1,wN -
+gN—1(xN—1,uN—1aWN—I)IIN—I,uN—I}:I’ (16)

uce Ui | X, Wi, Zie+ 1

jk(kallk) = inf [ E {gulxi, Uy, wy)

+jk+l[d)k(ka|Ik’uk5zk+l):”1ksuk}:|- (17)

Furthermore, this DP algorithm yields a control law of the form
ul,(.‘=ﬁ;(k(ka|Ik)a k=0, 17"',N_19

which results from the minimization of the right-hand side of (16) and (17).
This control law yields in turn an optimal control law {u¥, ..., u%_,} for
the basic problem with imperfect state information by writing

ML) = IE(P 1), k=0,1,...,N— 1.
In addition, the optimal value of the problem is given by

J* = ZE {jO(Pxo|zo)},

where J, is obtained by the last step of the algorithm (16) and (17) and the
probability measure of z, is obtained from the statistics of x, and v, and the
measurement equation z, = hy(xg, Ug).

It should be evident to the perceptive reader that the development of the
DP algorithm (16) and (17) was based on nothing more than a reduction of the
basic problem with imperfect state information to a problem with perfect
state information that involves system (15), the state of which is P.n.»and
an appropriately reformulated cost functional. Thus the analysis of this
section is in effect an alternate reduction of the problem of Section 4.1 to the
basic problem with perfect state information. A conclusion that can be drawn
from the analysis is that the conditional probability P, summarizes all the
information that is necessary for control purposes at period k. In the absence of
perfect knowledge of the state the controller can be viewed as controlling the
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“probabilistic state” P, ;, so as to minimize the expected value of the cost-to-go
conditioned on the information I, available.

The two reductions into the basic problem with perfect state information
that we gave in this and the previous section are by far the most useful such
reductions. Naturally there arises the question as to which of the two DP
algorithms (9) and (10) or (16) and (17) is the most efficient. This depends on
the nature of the problem at hand and, in particular, on the dimensionality of
the conditional probability P,, ;.. If P,,;, is characterized by a finite set of
numbers and may be computed with relative ease, then it may be profitable
to carry out the DP algorithm over the space of the sufficient statistic P,,;, .
Such, for example, is the case where the state space for each time k is a finite
set {x', ..., x"} (i.e., the system is a controlled finite state Markov chain).
In this case P,,|;, consists of the n probabilities P(x, = x|y, i=1,...,N.
Another case is when the conditional probability P,,,;, is Gaussian and is
therefore completely characterized by its mean and covariance matrix.
Examples of these cases will be given in subsequent sections. If P, ;, cannot
be characterized by a finite set of numbers, then the DP algorithm (9) and (10),
which is carried over the space of the information vector I,, may be preferable,
although actual calculation of an optimal control law is possible only in
very simple cases due to the dimensionality problem.

Let us now demonstrate algorithm (16) and (17) by means of an example.

ExaMpPLE 1 (continued) In the two-state example of the previous
section let us denote

py = P(x, = 1{I,), Po = P(xq = 1|I).
The equation relating py, po, g, z; [cf. Eq. (15)] is written

P1 = ©olpo, Uo» 21)-

One may verify by straightforward calculation that @, is given by

1 .

7 if up=3S, z,=0G,

3

3 if ug=3S, 2z, =8,
P1=(D0(P0,“0,21)=J1+2

Do . _ _
7= 4p if up=0¢C, z; =¢G,
3+ 6p,

lf uo = C, zl = B

5 + 4p,
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Algorithm (16) and (17) may be written in terms of p,, p,, and ®, above as
Ji(p1) = min[2p,, 1],
Jolpo) = min[2p, + P(z; = G|lo, C)J ,[@o(po, C, G)]
+ P(zy = Bllo, OJ,[@o(po, C, B)],
1 + P(zy = G|lIq, ) [Do(po, S, G)]
+ plzy = BlIo, SJ([®o(po, S, B)]].

The probabilities entering in the second equation may be expressed in terms
of p, by straightforward calculation as

P(zy = Gllo, C) = (7 — 4po)/12,  Plzy = Bllo, C) = (5 + 4po)/12,
P(z; = G|l,, S) = 7/12, P(z, = BlI,, §) = 5/12.

Using these values we have
- . 7 — 1+ 2p
Jolpo) = mm[Zpo tT 1 J1<7 — 4PZ>

S+ 4pg - (3 + 6pg 7 _(1\ S .[3
TaAY+ 25,20
1 J‘<5+4p0’1+12J‘7 T 12715

Now by minimization in the equation defining J,(p,) we obtain an optimal
control law for the last stage

_ c if p, <3
u*(p)={ .
vt S if p, >4

Also by substitution of J,(p,) and by carrying out the straightforward
calculation we obtain

3oy J1912 if 2
oPo) =7 1 32p0/12  if O

and an optimal control law for the first stage

- C lf pO s %’
* =
#5tpo) {s if po> %
Note that
P(xo =1]zp = G) =4,  P(xo=1|zo = B) =3,

P(Zo=G)=%’ P(Zo=B)=T57,
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so that the formula for the optimal value

I 7 41 55 (3 _176
J* = E {Jo(Pyoz0)} = o Jo<7) + IR Jo(g) =14
yields the same optimal value as the one obtained in the previous section by
means of the DP algorithm (9) and (10).
We finally note that, regardless of its computational value, the representa-
tion of the optimal control law as a sequence of functions of the conditional
probability P, ;, of the form

) = @ Py, k=0,1,...,N —1,

is a conceptually useful device. An interesting interpretation of this equation
is that the optimal controller is composed of two cascaded parts: an estimator,
which uses at time k the measurement z, and the control u,_, to generate the
conditional probability P,,),,, and an actuator, which generates a control
input to the system as a function of the conditional probability P, ,, (Fig. 4.2).

xxc| T

Wi Vi
Uk System Xk
> _ o Zl\':hk('\’k'uk-l’ Vk) >
Xpap =S Ccgttg wy) -
Ug_ |
: Delay I
| B
‘D.\' " R
Actuator 4" k Estimator
‘ Hy* - Pk -1
FIGURE 4.2

Aside from its conceptual and analytical importance this interpretation has
formed the basis for various suboptimal control schemes that separate a
priori the controller into an estimator and an actuator and attempt to design
each part in a manner that seems “reasonable.” Schemes of this type will be
presented in the next chapter.

Zx
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4.3 Linear Systems with Quadratic Cost Functionals
—Separation of Estimation and Control

In this section we consider the imperfect state information version of the
problem examined in Section 3.1, which involved a linear system and a
quadratic cost functional. We have the same discrete-time linear system

xk+1=Akxk+Bkuk+Wk, k=0, 1,....,N_1, (18)

and quadratic cost functional

N-1
E {x}v Onxy + kzo(x;‘Qka + u;‘Rk“k)}, {19)

but now the controller does not have access to the current system state.
Instead it receives at the beginning of each period k an observation of the form

Zk=Ckxk+Uk, k=0,1,...,N_1, (20)

where z, e R%, Cis a given s x m matrix,k =0,1,:..,N — l,and v, eR*is
an observation noise vector with given probability distribution. Furthermore,
the vectors v, are independent random vectors and are assumed to be in-
dependent from w, and x, as well. We make the same assumptions as in
Section 3.1 concerning the input disturbances w,, and we assume that the
system matrices 4,, B, are known.

It is clear that this problem falls within the framework of the basic pro-
blem with imperfect state information of Section 4.1. We will analyze the
problem by using the reduction and the DP algorithm of Section 4.1.

From Egs. (9) and (10) we have

InalIn=1) = min[ E {(An_1xy_1 + By_qun_y1 + wy_1)Qx

UN -1 XN-1, WN -1

X (Ay-1Xn-1 + By_quy_1 + Wy_1) + XN 1Qn-1XN—1

+ u;V—lRN—luN—lllN—l}:|-

Using the fact that E{wy_,|Iy_,} = E{wy_,} = 0, this expression can be
written
In-ilIn-1) = E {xy-1(AN_1QOnAn_1 + On-1)Xn_1|In-1}

XN -1

+ E {wy_(Qn-1wn-1)

WN -1

+ min[uy_(By_1@vBy-1 + Ry_Juy—

UN-1

+ 2E{xy_1In-1} AN-1QnBn_1un_1]. (21)
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The minimization yields the optimal control law for the last stage,
uf_y = puf-1Un-1)
= —(By-1QnvBn-1 + Ry_ 1) "By QnAn—1 E{xn_1|In_1}, (22)
and upon substitution in (21) we obtain
In-aly-1) = E {xy_1Kny-1Xn-1 -1}

+ xNI‘;l {[xn—1 = E{xy_1Hn- 1} Py_1[xn_s
— E{xn_ Uy 31Ny} + wbi {Wh-1Qnwh-1), (23)

where the matrices Ky_, and Py_, are given by
Py_y = An_1QnBy_1(Ry—y + By_1QnBn_1) " 'By_1QnAn_ 1,
Ky_1=AN_1QnvAn-1 — Pn_1 + On-1.

Note that the control law (22) for the last stage is identical to the cor-
responding optimal control law for the problem of Section 3.1 except for the
fact that xy_, is replaced by its conditional expectation E {xy_|Iy_}.
Notice also that expression (23) for the cost-to-go Jy_;(Iy-,) exhibits a
corresponding similarity to the cost-to-go for the perfect information problem
except for the fact that J _ ;(xy- ;) contains an additional middle term, which
expresses a penalty due to estimation error.

Now the DP equation for period N — 2 is

In-aIn-3) = min[ E  {xv-2Qnv-2Xn-; +uy_2Ry_juy_;

UN-2 LXN-2WN-2
UN -1

+ In—Un-DH -2, “N—z}:|

= minl: E  {xh-2Qn-2Xy_2 + uy-2Ry_uyn—;

UN-2 LXN-2WN-2

+ (An-2XN-2 + By sun—2 + wy ) Ky ((Ay_2xy_;

+ By_juy-, + WN—Z)”N—Z}]

+ E { E {[xy-1 — E{xn-1In- 1} Py_q[xn-4

- E{xN—lIIN—I}]“N—l}lIN—ZauN—Z}
+ E {wy_Qvwn_1}. (29

WN -1
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Note that we have excluded the next to last term from the minimization with
respect to uy_,. We have done so since this term will be shown to be inde-
pendent of uy_,—a fact due to the linearity of both the system and the
measurement equation. This property follows as a special case of the following
lemma.

Lemma Letg: R"— Rbe any function such that the expected values
appearing below are well defined and finite and consider the function

Sl 15z u— 1) = E {glx, — E x| I 15 zis - 1 31— 1, 2 Ui}
Xie
Then forevery k = 1,2, ..., N — 1, the function
E{ﬁ((lk—lazk’uk—l)'lk—-l,uk—l}
E

does not depend on u;, _, i.e.,
E{flli- 1> zis - ) - s -1} = E {filli— 15 Zus U= ) L 15 W1},
Zi Zi

forall I, _,, u,_, B _4-

Proof Define foreveryi=0,1,..., N — 1, the vectors

Ug Wo
~ Uy - wy
u=1:1 wi=1

Uu; w;

Then, in view of the linearity of the system equation, we have for all i,
Xiv1 = Iixo + A;W; + E&;

where T, A;, E; are known matrices of appropriate dimension. These
matrices are obtained from the system matrices A;, B; by straightforward
calculation. Hence we have

Slliz1s zis =) = E{g[Tu_1(xo — E{xollx—1, zis - 1}) + By—y
X (W—y — E{Wyy o 1e Zis e 1 D o 15 20 Ui— 1}
The measurement equations may also be written
z;=CTi_1xg + C;A;_ Wiy + C,E;_#;_; + v, i=12...,N—1,
zo = CoXx¢ + vg.

Now in view of these expressions the conditional probability distribution of
(xo> Wi—q)given(l, -, z, u,—)dependson I, _ , z,, u, _, through the vectors
ZO, zl - ClEan, veny zk - CkEk_lﬁk_l, and henCe we have

Sl 15z, U= q) = h(zo, 2z, — C1Egllg, ..., 2z — CoEy_ 1)
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for some function h,. Thus for any I, _, u,_; we have
E{fildi- 15 zis - ) -1, ui— 1}
2k

= E{hdzo, 2, — C1Eollg, ..., 2k — ChEy i )y, up— 1}
Zk

Equivalently by using the equation
zy — CE -y = Ce T 1x0 + Cilb— 1 Wiy + 04
we obtain

E {fill-1, zi, VP |7 PR U1}
Zk

= E {hk(ZOszl _.CIEOaO""azk—l

X0, Wi - 1, Uk
—CrorEx a2y, Gy 1x0 + Celhm Wiy + 01— 15 Ui 1 )

Since the last expression above does not depend on u, _, the result follows.
Q.E.D.

Returning now to our problem, the minimization in Eq. (24) yields
si:nilarly as for the last stage

uf_, = u¥_Un-2) = —(Ry_, + By, Ky_1By_,)""
XBy_,Kn_1An-2 E{xy-2lIn-2}

and proceeding similarly we obtain the optimal control law for every stage

=S wEl) = L E{xi|1} <1 (25)
where
= L, = —(R, + BiKy+,B) " 'Bi Ky 1144, <

and where the matrices K, are given recursively by the matrix Riccati
equation

Ky =0n
= K= Ai[Ki+1 — Kis1BdRy + BK+1B) 'BiKy o1 JAk + Q. <

Generalizing an observation made earlier, we note that the optimal con-
trol law (25) is identical to the optimal control law for the corresponding
perfect state information problem of Section 3.1 except for the fact that the
state x, is now replaced by its conditional expectation E{x,|I,}.

It is interesting to note that the optimal controller can be decomposed into
the two parts shown in Fig. 4.3, an estimator, which uses the data to generate
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Wi .
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FIGURE 4.3

the conditional expectation E{x,|I,}, and an actuator, which multiplies
E {x,|1,} by the gain matrix L, and applies the controlinputu, = L, E {x,|I;}
to the system. Furthermore, the gain matrix L, is independent of the statistics
of the problem and in particular is the same as the one that would be used if we
were faced with the deterministic problem where w, and x, would be fixed
and equal to their expected values. On the other hand it is known (see Section
1.3 and the Appendix to this chapter) that the estimate %(I) of a random n-
vector x given some information (random vector) I, which minimizes a
positive definite quadratic form of the expected value of the estimation error

E1 {[x — DT M[x — ()13}, M = positive definite symmetric,

is precisely the conditional expectation E, {x|I}. Thus the estimator portion
of the optimal controller is an optimal solution of the problem of estimating the
state x, assuming no control takes place, while the actuator portion is an optimal
solution of the control problem assuming perfect state information prevails.
This interesting property, which shows that the two portions of the optimal
controller can be designed independently as optimal solutions of an estimation
and a control problem, has been called the separation theorem for linear
systems and quadratic criteria and occupies a central position in modern
automatic control theory.

Another interesting observation is that the optimal controller applies at
each time k the control that would be applied if we were faced with the deter-
ministic problem of minimizing the cost-to-go

N-1
XyOQnxy + Z (x;Qix; + uiRu))

i=k
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and the input disturbances w,, w,.,..., wy_,; and current state x, were
known and fixed at their conditional expected values, which are zero and
E{x,|1,}, respectively. This is another form of the certainty equivalence
principle, which was referred to in Section 3.1. For a generalization of this
fact to the case of correlated disturbances see Problem 1, the hint to which
provides the clue for a short proof of the separation theorem.

Implementation Aspects—Steady-State Controller—Stability

As explained in the perfect information case, the linear form of the actuator
portion of the optimal control law is particularly attractive for implementa-
tion. In the imperfect information case, however, we are faced with the addi-
tional problem of constructing an estimator that produces the conditional
expectation E {x,|I,}. The implementation of such an estimator is by no
means easy in general. However, in one important special case, the case where
the disturbances wy, v,, and the initial state x, are Gaussian random vectors, a
convenient implementation of the estimator is possible by means of the
celebrated Kalman filtering algorithm [K1]. This algorithm provides the
conditional expectation E {x,|I,}, which due to the Gaussian nature of the
uncertainties turns out to be a linear function of the information vector
I, 1e., the measurements z,, z,, ..., 2, and the controls ug, u;, ..., U ;-
The computations, however, are organized recursively so that only the most
recent measurement z, and control u,_, are needed at time k, together with
E{x,_;|I;_,}inorder to produce E {x;|I,}. The form of the algorithm is the
following (see the Appendix at the end of this chapter for a derivation of the
algorithm):

E{xys1 s} = Ay E{x,|Ii} + Biw,
+ Tk 1Chon N [zes 1 — Coas(AE (il L} + Biuy)]
k=0,1,...,N — 1,
(26)
Ef{xollo} = E{xo} + Z:o|0C2)N(;1[zo — Co E{x0}1, 27
where the matrices X, are precomputable and given recursively by

Zk+1|k+l = Zk+l|k - Zk+1|kCI"+1(Ck+lzk+1|kC;c+l + Nk+1)—1Ck+lzk+1|ky
(28)

Zk+1|k=Aka|kA;‘+Mk, k=0, 1,...,N—‘ 1, (29)

T Actually the conditional expectation E {x,|/,} can be shown to be a linear function of /,

for a more general class of probability distributions of x,, w,, v, that includes the Gaussian
distribution as a special case, the class of so-called spherically invariant distributions [V6, B24].



4.3 LINEAR SYSTEMS WITH QUADRATIC COST FUNCTIONALS 135

with
Zolo = 8 — SCH(CoSCh + No) ™ 'CoS.

In this equation M,, N,, and S are the covariance matrices of w,, v;, and x,,
respectively, and we assume that w, and v, have zero mean, i.e.,

E{w} = E{v,} =0,
M, = E{wwi}, N.= E{nu}, k=0,1,...,N — 1,

S = E{[xo — E{xo}][x — E{xo}]'}.

Simple modifications are required if w,, v, have nonzero means.

Thus under the additional assumption of Gaussian uncertainties the
implementation of the optimal controller is quite convenient. Furthermore,
if the system and measurement equations and the disturbance statistics are
stationary and the horizon tends to infinity, it can be shown under mild
assumptions (see Section 3.1 and the Appendix to this chapter) that both
the gain matrices L, and the matrices X, of the Kalman filtering algorithm
(26)-(29) tend to steady-state matrices L and X, a fact that can be utilized to
simplify greatly the implementation of the optimal controller by replacing
the time-varying gain matrix (2,4 4+ 1Ci+ 1 Nx+'1) by a constant matrix.

Let us provide the equations for this steady-state implementation of the
control law. Time indices will be dropped where they are superfluous due to
stationarity. The control law takes the stationary form

u*(I) = L%y,
where we use the notation
E{x|IL} =%, L= —(R+ BKB) 'BKA,

and K is the unique positive semidefinite symmetric solution of the algebraic
Riccati equation

K = A[K — KB(R + BKB)"'BK]A4 + Q.

By the theory of Section 3.1 this solution exists provided the pair (A, B) is
controllable and the pair (A, F) is observable where F is a matrix such that
Q = F'F. The conditional expected value £, is generated by the “steady-
state” Kalman filtering equation (see the Appendix)

R+1 = (A + BL)K, + f:C’N_1[7-'k+1 — C(A + BL)%,],

where I is given by
=X -ZXC(CZIC + N)"!Cz,
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and X is the unique positive semidefinite symmetric solution of the algebraic
Riccati equation

T = A[Z - ZC(CZC' + N)"'CZ]4’ + M.

As indicated in the Appendix, it follows from the theory of Section 3.1 that
this solution exists provided the pair (4, C) is observable and the pair (A, D) is
controllable, where D is a matrix such that M = DD'.

Now by substituting z, , ; with its value

Zys1 = CXpyq + U4sy = CAx, + CBLR, + Cwy + U4,
the system equation and the Kalman filter equation can be written
X4y = Ax, + BLR, + wy,
%141 = LC'N™'CAx, + (A + BL — ZC'N™'CA)R,
+ ZC'N Y Cwy + v4+ 1)

These equations may be viewed as representing a 2n-dimensional dynamic
system whose state is the vector [x;, £]" and which is perturbed by vectors
that depend on w, and v, , ;. From the practical point of view it is important
that this system is stable, i.e., the 2n x 2n matrix

A BL
[EC’N“CA A+ BL—-XC'N~'CA

is a stable matrix. Indeed this can be shown under the preceding control-
lability and observability assumptions (see the Appendix in this chapter).
Thus the combined estimation and control scheme based on approximation
of the optimal controller by a stationary controller results in a stable system
as well as an implementation that is attractive from the engineering point of
view.

It is to be noted that in the case where the random vectors w,, v, xo are
not Gaussian the controller

ﬁ*(lk) = ka(lk)’ k= 09 l’ LR ) N - l’ (30)

is often used, where £(I,) is the linear least-squares estimate of the state x;
given the information vector I, (see the Appendix). It can be shown (see
Problem 2) that the controller (30) is optimal in the restricted class of all
controllers, which consists only of linear functions of the information vectors
I,.. One can show (see the Appendix) that the estimate £,(1,) is again provided
by the Kalman filtering algorithm (26)—(29) simply by replacing E {x,|I;}
by £,(I,), and thus the control law (30) can be conveniently implemented.
Thus in the case of non-Gaussian uncertainties the control law (30) may re-
present an attractive suboptimal alternative to the optimal control law (25).
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Nonetheless, using the control law (30) may result in a very substantial in-
crease in the resulting value of the cost functional over the optimal value.

Finally a case that deserves special mention involves the linear system (18)
and linear measurement equation (20) and a nonquadratic cost functional.
Under the assumption that the random vectors are Gaussian and independent
it can easily be shown by using the sufficient statistic algorithm of Section 4.2
that an optimal control law can be implemented in the form

w¥) = BLE{x|1i}].

In other words, the control input need only depend on the conditional ex-
pected value of the state. This result holds due to the fact that the conditional
probability measure P, ;, is Gaussian (due to linearity and Gaussian un-
certainties) and furthermore the covariance matrix corresponding to P, is
precomputable (via the Kalman filtering algorithm mentioned earlier) and
cannot be influenced by the control input.

4.4 Finite State Markov Chains—A Problem of Instruction

Among problems with imperfect state information the class that involves
a finite state system (finite state space) deserves particular attention. Not only
isit a class of problems of general interest but also it admits a computationally
tractable solution via the sufficient statistic algorithm of Section 4.2. As dis-
cussed in that section, the basic problem with imperfect state information can
be reformulated into a problem with perfect state information which involves
a system the state of which is the conditional probability measure P,,, .
When the state space contains only a finite number of states x!, x2,..., x",
the conditional probability measures P, are characterized by the n-tuple

Py = {pi>---» P}
where
pi:P(xk=X"|Ik)a i = 1,2,...,".

Thus for each period the state space for the reformulated problem is the
simplex

{(p‘,---,p")lpi =0, ;p‘ = 1},

and the control input need only be a function of the current conditional
probabilities p,i = 1,...,n. In this way substantial data reduction is
achieved since all the necessary information provided by the measurements
is summarized in these conditional probabilities. The probabilistic state P,
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can be computed at each time by the optimal controller on the basis of the
previous state P, _,, the control i, _,, and the new measurement z,. The DP
algorithm (16) and (17) can be used for the calculation of the optimal control
law.

Whenever the control and measurement spaces are also finite sets, it
turns out that the cost-to-go functions J,(P,),k=0,1,...,N—1, in
algorithm (16) and (17) have a particularly simple form, a fact first shown by
Smallwood and Sondik [S13]. One may show that

T 3 1 2

JPy) = min[Py oy, Pyoti, ..., Piog™],
wherea}, o7, ..., af™are some n-dimensional vectorsand P, o}, j = 1, ..., m,,
denotes the inner product of P, and «f. In other words, the functions J, are
“piecewise linear” and concave over {(p',...,p"|p"=0,)"_, p; = 1}.

The demonstration of this fact is straightforward but tedious and is outlined
in the hint to Problem 7. The piecewise linearity of J, is, however, an important
property since J, may be completely characterized by the vectors a, ..., o™
These vectors may be computed through the DP algorithm by means of
special procedures, which in addition yield an optimal policy. We will not
describe these procedures here. They can be found in references [S13] and
[S14]. Instead we shall demonstrate the DP algorithm by means of examples.
The first of these examples, a problem of instruction, is considered in this
section. The second, a hypothesis testing problem, is treated in the next
section and is of importance in statistics.

A Problem of Instruction

Consider a problem of instruction where the objective is to teach the
student a certain simple item. The student may be at the beginning of each
period in one of two possible states

x! item learned,

x2  item not learned.

At the beginning of each period the instructor must make one of two decisions

u' terminate the instruction,

u? continue the instruction for one period and at the end of the period
conduct a test the outcome of which gives an indication as to whether
the student has learned the item.

The test has two possible outcomes

z! student gives a correct answer,

z? student gives an incorrect answer.
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The transition probabilities from one state to the next if instruction takes
place are given by

P(xsq = x'x, = x) =1, P(x, 4y = x*|x, = x') = 0,
P(xk+1=xl|xk=x2)=t, P(xk+1=x2|xk=x2)=l—t, 0<t<1.

The outcome of the test depends probabilistically on the state of knowledge
of the student as follows:

Pz, =z'Ix,=x")=1, Pz, = z%x =x") =0,
P, =z, =x¥)=r, Pz, =2%x,=x})=1—-r, O0<r<l.

Concerning the cost structure we have that the cost of instruction and testing
is I per period and the cost of terminating the instruction is 0 and C > 0 if
the student has learned or has not learned the item, respectively. The ob-
jective is to find the instruction—termination policy for each period k, as a
function of the test information accrued up to that period, which minimizes
the total expected cost, assuming that there is a maximum of N periods of
instruction.

It is easy to reformulate this problem into the framework of the basic
problem with imperfect state information. We can define a corresponding
system and measurement equation by introducing input and observation
disturbances wand vwith probability distributions expressing the probabilistic
mechanism of the process similarly as was described in the example of Section
4.1. Subsequently we can use the sufficient statistic algorithm of Section 4.2
and conclude that the decision whether to terminate or continue instruction
at period k should depend on the conditional probability that the student has
learned the item given the test results so far. This probability is denoted

P = Plxy = x')20, 245 ..+, 2).

In addition we can use the DP algorithm (16) and (17) defined over the space
of the sufficient statistic p, to obtain an optimal policy. However, rather than
proceeding with this elaborate reformulation we prefer to argue and obtain
directly this DP algorithm.

Concerning the evolution of the conditional probability p, (assuming
instruction occurs) we have by Bayes’ rule

Pr+1 = P(Xyyy = xl|zo,---,zk+1)
— P(xysy = X'z 11205 - 05 20)
P(zy 11205 -5 24)
_ P(zk+1|20,...,zk,xk+l == xl)P(xk+l = xl Zo,...,Zk)
Zi2=l Plxys1 = X205 o5 Z)P(Zis 11205 -+ o5 Zks Xk 41 = X))

G1)
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From the probabilistic descriptions given we have
= 1) = 1
P(zis 1120y - os 2k Xpo 1 = X7) = P(2s | X4 = X7)

_ {1 if zpy, =24,

0 if Zk+1=22,
— y2) — w2
P(zyi11zo, ooy 2y Xps1 = X%) = P(2ps 1 | X441 = X%)
r if zk+1=Zl,
1—r if z.,=2%

Plxy+y = x'zg,...,z) = p + (1 = pht,
Pxy+y = x*|zg,...,z) =(1 — p)(1 —1).
Substitution in (31) yields

Pir1 = Dpis Zi+ 1), (32)
where the function @ is defined by
P + (1 —pt if 2. = g
Py, zpq) =1 P+ (1 — pt + (1 — p)(1 — o) ket ’
0 lf Zr41 = ZZ,

or equivalently

1 —(1 -0 —p)
Opy, z4 1) = -1 -8 -n1-p)

0 if Zes, = 22

if Zrsy1 = Zl,

(33)

A cursory examination of this equation shows that, as expected, the condi-
tional probability p, ,, that the student has learned the item increases with
every correct answer and drops to zero with every incorrect answer. We men-
tion also that Eq. (32) is a special case of Eq. (15) of Section 4.2. The dependence
of the function ® on the control , is not explicitly shown since there is only
one possible action aside from termination.

We turn now to the development of the DP algorithm for the problem.
At the end of the Nth period, assuming instruction has continued to that
period, the expected cost is

J ~pn) = (1 — py)C. (34)

At the end of period N — 1, the instructor has calculated the conditional
probability py_, that the student has learned the item and wishes to decide
whether to terminate instruction and incur an expected cost (1 — py_,)C or
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continue the instruction and incur an expected cost I + E,, {Jx(py)}. This
leads to the following equation for the optimal expected cost-to-go:

In-ilon-1) = minl:(l —pn-)C T + zlg {Jn[ DN+, ZN)]}]'

Similarly the algorithm is written for every stage k by replacing N above by
k+1:

Jipy) = min[(l - p)C I+ E {J1 [P, zis 1)]}:| (35)

Now using expression (33) for the function @ and the probabilities
P(zry = 2'|p) = p + (1 — p)[(1 — O)r + 1]
=1-(1-01-nr1-p)
Pizisy =22 p) =1 - p— (1 = p)[(1 = 0)r + 1]
=1 =90 =l - p,
Eq. (35) is written
Jp) = min[(1 — p)C, I + Adpy)], (36)

where

1-(1-00-p) ]
(1 -0 -1 -p)

+ (1= 0 = N1 = pis,(0). (37)

Ap)=01-0 -1 —-r)(1 - P+ 1[1 —

In particular, by using (34), (36), and (37) we have by straightforward cal-
culation

In-1lpn-1) = min[(1 — py-1)C, I + Ay-1(py-1)]
= min[(1 — py_)C, I + (1 — 1)(1 — py_)C].
Thus as shown in Fig. 4.4 if
I+(1-19C<C, (38)

there exists a scalar ay_, with 0 < ay_, < | that determines an optimal
policy for the last period:

continue instruction if py_y Soy-y,

terminate instruction if py_q>oan_q.
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It is easy to show (see Problem 8) using (37) that under condition (38) the
functions A,(p) are concave and “piecewise linear” (i.e., polyhedral) for each
k and satisfy for all k,

A1) = 0. 39)
Furthermore they satisfy for all k
Ap) 2 Ap) f 0<p<p <, (40)

A1) € Ap) € Auss(p)  Vpe[0,1], k=1,2,...,N—2. (41)

Thus from the DP algorithm (36) and Eqs. (39)-(41) we obtain that the
optimal policy for each period is determined by the unique scalars «,, which
are such that

1l—a)C=1+ Af)), k=0,1,....,N—1,
An optimal policy for period k is given by
continue instruction if p. <,
terminate instruction if p> .

Now since the functions A,(p) are monotonically nondecreasing with
respect to k, it follows from Fig. 4.5 that

Oy SUy_, S Sy <oy - <1 -(/0),
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and therefore as N —» o the corresponding sequence {ay_;} converges to
some scalar & for every fixed i. Thus as the horizon gets longer, the optimal
policy (at least for the initial stages) can be approximated by the stationary
policy

continue instruction if pp<a

terminate instruction if p.>a “42)

It turns out that this stationary policy has a very convenient implementation
that does not require the calculation of the conditional probability at each
stage. From Eq. (33) we have

1 -1 =00 -p)
pery =11 -1 =00 = —pJ

0 if Zk+1=z.

f zy,=12,

Furthermore, p, , , increases over p, if a correct answer z! is given and drops
to zero if an incorrect answer z2 is given. Now define recursively the pro-
babilities

7[1=(D(0’zl)’ 7[2=q)(7[1,zl), s nk+1=q)(7[k’zl)’ ERE]



144 4 PROBLEMS WITH IMPERFECT STATE INFORMATION

and let n be the smallest integer for which ©r, > &. It is clear that the stationary
policy (42) can be implemented as follows:

terminate instruction if nsuccessive correct answers have been received,
continue instruction otherwise.

4.5 Hypothesis Testing—Sequential Probability Ratio Test

In this section we consider a hypothesis testing problem characteristic of
a class of problems that are of central importance in statistical sequential
analysis. The decision maker must sequentially and at each period either
accept on the basis of past observations a certain hypothesis out of a given
finite collection as being true and terminate experimentation, or he must
delay his decision for at least one period and obtain, at a certain cost, an
additional observation that provides information as to which hypothesis is
the correct one. We will focus attention on the simplest and perhaps the most
important case, where there are only two hypotheses. The approach can be
easily generalized to the case of more hypotheses but the corresponding
results are not as elegant.

Let z4,2,,...,2y-1 be a sequence of independent and identically dis-
tributed random variables taking values on a countable set Z. Suppose we
know that the probability distribution of the z;’s is either f; or f, and that we
are trying to decide on one of these. Here for any element z € Z, f(z) [ f1(z)]
denotes the probability of z occurring when f,, (f}) is the true distribution. At
time k after observing z,, ..., z; we may either stop observing and accept
either f, or f;, or we may take an additional observation at a cost C > 0.
If we stop observing and make a choice, then we incur zero cost if our choice
is correct, and costs L, L, if we choose incorrectly f, and f;, respectively.
We are given the a priori probability p that the true distribution is f;, and we
assume that at most N observations are possible.

It is easy to see that the problem described above can be formulated as a
sequential optimization problem with imperfect state information involving a
two-state Markov chain. The state space is {x°, x'}, where we use the notation

x® true density is fy,

x! true density is f;.

The system equation takes the simple form x;,, = x, and we can write a
measurement equation z, = v,, where v, is a random variable taking values
in Z with conditional probability distribution

folwd if x = x°
S if x, = x'.

Py | x;) = {
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Thus it is possible to reformulate the problem into the framework of the
basic problem with imperfect state information and use the sufficient statistic
DP algorithm of Section 4.2 for the analysis. This algorithm is defined over
the interval [0, 1] of possible values of the conditional probability

P = Px, = x°|zq, ..., 2)).

Similarly as in the previous section we shall obtain this algorithm directly.
The conditional probability p, is generated recursively according to the
following equation (assuming fy(z) > O, f,(z) > O for all z€ Z)

Pr fo(zk+1)
1= . k=0,1,..., N—-1, (43
Pirs P folzi+1) + (1 — p) fi(zh+1) 43)
Po pfo(z0) (44)

~ Pfolzo) + (I — p)fi(zo)’

where p is the a priori probability that the true distribution is f,, . The optimal
expected cost for the last period is

jN—l(pN—l) = min[(1 — py_{)Lo, pv—,L;], (45)

where (1 — py_ )L, is the expected cost for accepting f, and py_,L, is the
expected cost for accepting f;. Taking into account (43) and (44) we can obtain
the optimal expected cost-to-go for the kth period from the equation

jk(pk) = min[(l — pLo, P Ly,

+ P fo(zk+1)
c+ zfl {JHII:Pkfo(ZH D)+ (= p) filzi+ 1)]}}

where the expectation over z, ., is taken with respect to the probability
distribution

P(Zx+1) = P fozi+ 1) + (1 — p) fi(zi+ ) Vz 11 €EZ.
Equivalently
jk(Pk) = min[(l - pk)LO’ pkLl’ C + Ak(pk):L k = 0! ls ey N - 2, (46)

where

_ - P folzk+ 1)
Adpy) = zf: {JHII:Pka(ZH )+ @A - Pk)f1(2k+1):|} 7
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An optimal policy for the last period (see Fig. 4.6) is obtained from the
minimization indicated in (45):
accept fo  if py-1 =4
accept f; if py_1<m,
where u is determined from the relation (1 — u)L, = uL, or equivalently
# = Lo/(Lo + L,).
We now prove the following lemma.
Lemma The functions 4,: [0, 1] = R of (47) are concave and satisfy
A0 =AM =0 Vk=0,1,...,N -2,
Ai-1(p) < Adp) Vpel0,1], k=1,2,....,N -2

Proof The last two relations are evident from (45)—(47). To prove con-
cavity of 4, in view of (45) and (46) it is sufficient to show that concavity of
J+ 1 implies concavity of A, through relation (47). Indeed assume that J, , ,
is concave over [0, 1]. Let z!, z2, z3, . .. denote the elements of the countable
observation space Z. We have from (47) that

_ a i _ N T pfO(zi)
AG) = 3 [l + (1~ DA e l[pfo(z,.) e fl(zi)]-
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Hence it is sufficient to show that concavity of J, , ; implies concavity of each
of the functions

— i _ 17 Pfo(Z’)
hip) = [pfo(z') + (1 — p)f1(z)]J+ 1|:pf0(zi) F (= P)fl(zi)].

To show concavity of h; we must show that for every A€ [0, 1], p;, p, € [0, 1]
we have

Jhfpy) + (1 — Dhdp,) < hlAp, + (1 — A)p,].
Using the notation
& =pifol@) + (L = pDNi@), & = pafol2) + (1 = p) fy(2),
the inequality above is equivalent to
Ag jk+l[P1fo(zi)] R Ul ¢, ij[Pz fo(zi)]
A& + (1 — A%, & Ay + (1 — A, €2

<J (Apy + (1 — Ap,) fo(z)
S AT |

This relation, however, is implied by the concavity of J,,,. Q.E.D.

Using the lemma we obtain (see Fig. 4.7) that if
C + Ay_,[Lo/(Lo + Ly)] < Lo L /(Lo + Ly),

then an optimal policy for each period k is of the form
accept f, if py

accept f; if p,

continue the observations if By < pp <o,
where the scalars «,, f§, are determined from the relations

BLy = C + A(BY) vk,
(1 - ak)Lo =C + Ak(ak) Vk.

Furthermore we have
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Hence as N — oo the sequences {ay_;}, {By_;} converge to scalars &, B, re-
spectively, for each fixed i,i = 1, 2, ..., and the optimal policy is approxi-
mated by the stationary policy

accept f, if p 24,
accept f; if p<Bh, (48)
continue the observations  if B < p, < &

Now the conditional probability p, is given by
Py = pfo(zo) fol21) - - - fol2i) (49)
Pfo(zo) - - folz) + (1 = p) fi(20) -+ - fi(z)
where p is the a priori probability that f;, is the true hypothesis. Using (49) the
stationary policy (48) can be written in the form
accept fo if Rez2A=(1-pa/pl —a),
accept f, if R, <B=(1-p}p/p(l —p) (50
continue the observations if B< R, <A,
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where the sequential probability ratio R, is given by

Ry = fo(zo) -+ folzw) fi(z0) - - - f1(2)-

Note that R, can be easily generated by means of the recursive equation

Ry+1 = [folzk+ )/ f1(zk+ DR,

A sequential decision procedure of form (50) is called a “sequential
probability ratio test.” Procedures of this type were among the first formal
methods of sequential analysis studied by Wald [W1] and have extensive
applications in statistics. The optimality of policy (48) for a problem involving
an unlimited number of observations will be shown in Section 7.2.

4.6 Sequential Sampling of a Large Batch

This section deals with a problem of inspection of a large batch of items.
Samples from the batch are taken sequentially at a cost C > 0 per item and
inspected for defects. On the basis of the number of defective and nonde-
fective items inspected one must decide whether to classify the batch as
defective or nondefective or continue sampling. Let g, with 0 < ¢ < 1, denote
the quality of the batch, which represents the true proportion of defective
items. We denote

a(g) cost of accepting a batch of quality g,
r(g) cost of rejecting a batch of quality g,
f(g) a priori probability density function of g.

We assume that a(q) and r(g) are nonnegative and bounded over [0, 1].
The problem is to find a sampling policy that minimizes the expected value
of the sum of the sampling costs and the acceptance-rejection costs. We shall
assume initially that the maximum number of samples that can be taken is N
and that sampling does not affect the composition of the batch. Subsequently
we shall examine the limiting case where N is very large and tends to infinity.

Clearly this problem is of a similar nature as the one of the previous section
There are some important differences, however, which are perhaps worth
going over. In both problems we have the same control space (accept, reject,
or take another sample). The system and measurement equations in both
problems can be taken to have the same form

Xk+1 =xk, Zy = Uy.

However, whereas in the problem of the previous section we had two hypo-
theses (corresponding to the two densities f, f,) in the present problem es-
sentially we have an infinity of hypotheses (one for each quality g € [0, 1]).
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Thus the state space is different in the two problems. The observation space
is also different. In the previous section the observation space was countably
infinite while in the present problem there are only two outcomes per sample
(defective, nondefective), i.e., v, takes only the two values

defective with probability g,
nondefective with probability 1 — q.

The differences described above induce an important change in the treatment
of the present problem since it is not convenient to employ as a sufficient
statistic the conditional probability density of g given the measurements in
view of infinite dimensionality. Fortunately enough there is another suf-
ficient statistic, which turns out to be convenient in the present case thanks to
the binary nature of the observation space. Assume that we are at time k and
consider the pair (m, n), where m + n = k and m is the number of defective
outcomes up to time k, and n the number of nondefective outcomes up to time
k. A little thought should convince the reader that all the information that the
statistician needs to know at time k for decision purposes is summarized in the
pair (m, n), and hence (m, n) can be viewed as a sufficient statistic in accordance
with the definition of Section 4.2. The verification of this fact is left to the
reader. We proceed below to state and analyze the DP algorithm in terms of
the sufficient statistic (m, n). We obtain the algorithm directly rather than
through a reformulation into the general problem of this chapter. Such a
reformulation is of course possible.

Given (m, n) the conditional probability density function of g can be
calculated to be

fl@q™(1 — q) q 0
flalm,n) = {3 fla)g"(1 — q)" dgq

0 otherwise.

€q<1,

(51)

The conditional probability of obtaining a defective sample at time k + 1
given that (m, n) with m + n = k has occurred can be calculated to be

I8 fl@a™ (1 — q) dq
I8 fl@)a™1 — g)" dg

and, of course, the conditional probability of a nondefective sample is
[1 — d(m, n)]. Note that the scalars f(q|m, n) and d(m, n) may be computed
a priori for each (m, n).

Let us denote by J,(m, n) the optimal cost-to-go of the process at time k
given that sampling has produced the pair (m, n) with m + n = k. At this

dm, n) = f flqlm, nyq da, (52)
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point the costs involved are

1
accept f a(q)f(q|m, n) dg,
0

1
reject [ @) f(qlm, n)da.
0
take another sample
C +dm,n)J . (m+ 1, n) + [1 —dm n)}J,,(mn+ 1)

Let us denote by g(m, n) the minimum of the acceptance and rejection costs
given (m, n):

1 1
glm, n) = min[ f a(g)f (alm, n) da, f Ha)f(alm, n) dq]. (53)
[s] [s]

The DP algorithm may now be written

JN(m’ n) = g(m’ n), (54)
J(m, n) = min[g(m, n), C + d(m, n)J ., ,(m + 1, n)
+ [1 — d(m, )Wy y(m,n + 1)]. (55)

Note that J, is defined over the set S, of pairs of nonnegative integers
(m, n) with m + n = k. The sets S,, which are, of course, finite, are shown in
Fig. 4.8. Thus if the permissible number of samples N is not very large, the
sets Sy, S, ..., Sy collectively contain relatively few points and the computa-
tion of the optimal policy via the DP algorithm (54) and (55) is relatively easy.
On the other hand when N is very large (and indeed there is a priori no reason
why it should not be when the batch is large) computation (54) and (55) be-
comes inefficient. Nonetheless we will see that under an assumption often
satisfied in practice one can limit the maximum number of samples to be
taken without loss of optimality.

For any nonnegative integers m, n, N with m + n < N let us denote by
J(m, n, N) the optimal “cost-to-go” J(m, n) (k = m + n) obtained from al-
gorithm (54) and (55) when the maximum sample size is N. In general,
J(m, n, N) depends on N. If, however, the costs a(g) and r(g) and the pro-
bability density function f(q) are such that for some integer N

glm,n) < C for allm,n with m+n> N, (56)
then from (55) we obtain

J(m, n, N) = g(m, n) for allm,n with m+n>= N.
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Under these circumstances acceptance or rejection takes place after at most
N samples are taken, and the optimal sampling policy is the same for all
N > N. This policy can be obtained through the DP algorithm (54) and (55)
provided the number of stages N satisfies N > N. As an example, let a(g) = 0
ifg<075alq)=1if g =075, r(g) =01if g > 025, r(q) =1 if g <0.25;
f(q@) = 1, C = 0.004. Then one has

[ 1695 ™1 — @) dg [3*° g"(1 — g)" dg
(m, n) = mm[ T = , -
g foqm(1 —qrdg * §5q™(1 — g’ dq
and one can verify that g(m, n) < 0.004 = C for m + n > 10. Thus it is
sufficient to solve the problem for N = 10.

4.7 Notes

Sequential decision problems with imperfect state information and the
idea of data reduction via a sufficient statistic have been considered very early
particularly in the statistics literature (see, e.g., Blackwell and Girshick [B23]
and the references quoted therein). In the area of stochastic control the suf-
ficient statistic idea gained wide attention following the 1965 paper by Striebel
[S18] (see also [S16, S19]) although the related facts were known to most
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researchers in the field by that time. For the analog of the sufficient statistic
concept in sequential minimax problems see the work of Bertsekas and
Rhodes [B18].

For literature on linear quadratic problems with imperfect state infor-
mation see the references quoted for Section 3.1 and Witsenhausen’s survey
paper [W7]. The Kalman filtering algorithm [K 1] is a well-known and widely
used tool. Detailed discussions that supplement our exposition of the Appen-
dix can be found in many textbooks [J3, L8, M6, M7, N1]. The result men-
tioned at the end of Section 4.3 was pointed out by Striebel [S18] (see also
Bar-Shalom and Tse [B1]). The corresponding result for continuous-time
systems has been shown under certain assumptions by Wonham [W11]. For
linear quadratic problems with Gaussian uncertainties and observation cost
in the spirit of Problem 6 see the works of Aoki and Li [A3] and Cooper and
Nabhi [C4]. Problems 1 and 2, which indicate the form of the certainty equi-
valence principle when the random disturbances are correlated, are based on
an unpublished report by the author [B5].

The possibility of analysis of the problem of control of a finite state
Markov chain with imperfect state information via the sufficient statistic
algorithm of Section 4.2 was known for a long time. More recently it has been
exploited by Eckles [E2], Smallwood and Sondik [S13], and Sondik [S14].
The proof of the “piecewise linearity” of the cost-to-go functions and an
algorithm for their computation is given in references [S13] and [S14]. The
instruction model described in Section 4.4 has been considered (with some
variations) by a number of authors [A10, K5, G1, S12].

For a discussion of the sequential probability ratio test and related sub-
jects see the book by DeGroot [D1], the lecture notes by Chernoff [C2], and
the references quoted therein. The treatment provided here stems from
Arrow et al. [A5]. The problem of Section 4.6 is treated by White [W3]. A
similar class of problems that has received considerable attention is the class
of the so-called two-armed bandit problems (see [D1]). A simple special case
is treated in Problem 10.

Problems

1. Consider the linear system (18) and measurement equation (20) of Section
4.3 and consider the problem of finding a controllaw {ud(Io), . . ., ¥ — (In—1)}
that minimizes the quadratic cost functional

N-1
E {x}vaN + Z u;‘R,‘u,‘}.
k=0

Assume, however, that the random vectors xq, Wo, ..., Wy—1, Vg -5 UN—1
are correlated and have given joint probability distribution and finite first
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and second moments. Show that the optimal control law is given by
uey) = Ly E{y, |1},
where the gain matrices L, are obtained from the recursive algorithm
L, = —(ByK;+ B, + R) "By Ky 1 Ay

KN = Q’
K, = Ai[K+1 — Ki+1BdBiK, 4 1B, + R)™'B.K; 1,14,
k=0,1,...,N —1,

and the vectors y, are given by
Ve =X+ AT W + AF A W o+ A AR Wy

{(assuming the matrices A,, A;, ..., Ay_, are invertible).
Hint Show that the cost functional can be written

N-1
E{YQ)KO.VO + Y (u — Ly Piluyg — kak)}’

k=0
where
Pk = B;(Kk+lBk + Rk‘

2. In Problem 1 show that the control law that minimizes the value of the
cost functional among all control laws that consist of linear functions of the
information vector I, is given by

weI) = LIy,
where §,(I,) is the linear least squares estimate of y, given I,, i.e., the linear
function of I, that solves
min E {x — »I)1 D — I}

Vi), yae(+): linear yu, Inc

3. Consider Problems 1 and 2 with the difference that the measurements z,
are received with a delay of m > 1 time periods, i.e., the information vector I,
is given by

(Zos v ZkemsUgs--esr Ug_1) if k>=m,
Ik= .
(Ugy v s Up—y) if k<m

Show that the conclusion of both problems holds for this case as well.

4. Prove the result stated at the end of Section 4.3.

5. Consider a machine that can be in one of two states, good or bad. Sup-
pose that the machine produces an item at the end of each period. The item
produced is either good or bad depending on whether the machine is in a
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good or bad state, respectively. We suppose that once the machine is in a bad
state, it remains in that state until it is replaced. If the machine is in a good
state at the beginning of a certain period, then with probability ¢ it will be in
the bad state at the end of the period. Once an item is produced we may
inspect the item at a cost I, or not inspect. If an inspected item is found bad,
the machine is replaced with a machine in good state at a cost R. The cost for
producinga bad item is C > 0. Write a DP algorithm for obtaining an optimal
inspection policy assuming an initial machine in good state, and a horizon of
N periods. Solve the problem fort = 02,1 =1,R=3,C =2,and N = 8.
(The optimal policy is to inspect at the end of the third period and not inspect
in any other period.)

6. Consider the problem of estimating the common mean x of a sequence of
Gaussian random variables z,, z,, ..., zy_,, where z, = x + v, and x, v,,
vy,..., Uy_; are independent Gaussian random variables with

E{x}=p, E{x-w? =0l E{u}=0  E{n}=0>

At each period k the sample z, may be observed at a cost C > 0 or else
sampling is terminated and an estimate %(z,, . . ., z, ) is selected as a function
of samples z,, ..., z,_, observed up to that period. The cost for termination
after observing the k first samples is

kC+ E {[x— %(zy,...,2))%}

Xy Zly e Zk

The problem is to find the termination and estimation policy so as to minimize
the cost. Show that the optimal termination time k is independent of the
particular values zy, ..., z, observed, and thus the problem may be solved by
first determining k and then obtaining the optimal estimate £ after taking k
samples.

7. Control of Finite-State Systems with Imperfect State Information
Consider a controlled dynamic system that at any time can be in any one
of a finite number of states x!, x?,..., x". When a control u is applied, the
transition probability of the system moving from state x’ to state x/ is
denoted p;{u). The control u is chosen from a finite collection of controls
u', u?, ..., u™ Following each state transition an observation is made by the
controller. There is a finite number of possible observation outcomes denoted
z!, 2%, ..., z% The probability of the observation outcome z%, 6 = 1, ..., g,
occurring given that the current state is j and the previous control was u is
denoted by either rf{u, 6) or r {u, 2°).

(a) Consider the process after k + 2 observations zy, zy, ..., 2,4+ have
been made and controls u,, uy, . .., u; have been applied. Consider the con-
ditional probability vectors

sz{plis"'ip:}, Pk+l={pli+l9"'ap;:+1}’
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where
Pk = P(xy = X' (20, v» Zks Ugs - - oy Uy 1), i=1,...,n,
Piii = POXxpay = X 2oy o ooy Zya1s Ugs - - . » Uy, i=1...,n
Show that

Z'i'= 1 P;c pij(uk)rj(uk, Zyi1)
=1 Z?:l P;‘Pij(uk)";(“k, Zk+1)’

(b) Assume that there is a cost per stage denoted for the kth stage by
gi(, u, j), associated with the control u and a transition from state x* to state x’.
Consider the problem of finding an optimal policy minimizing the sum of the
costs per stage over N periods. The terminal cost is denoted gx(xy). Show that
the corresponding DP algorithm is given by

Plii = = j=1,...,n
DY

Jy—1(Py-1) = min [ lpfv—lzlpu(“)[qu(i, u,j) + gN(xj)]],
i=

uef{ul,...,u™)

i=

jk(Pk) = min [ "‘p;'l ‘leij(u) [gk(i’ u, J)

ueful, ..., umi_i=
2 7 Z;'= 1 plicpil(u)rl(uv 0) Z?=l p;.tpin(u)rn(u’ 0) :l:l
N, . : yerns .
+ L 0, [Z Y pLpuyrfu, 0) Y Y0y plpifw)r fu, 0)

(c) Show by induction that the functions Jy_,, Jy_3, ..., J, are of the
form

jk(Pk) = min[P;caI%’ P;talf’ crvs P;‘a;‘"k]’

where o, af, ..., af are some vectors in R" and P}« denotes the inner pro-
duct of P, and af .
Hint 1If J, ., is of the form above, show that

ij[ Y- Pipu_(u)rl(u, 0) iy p;',p,-,,.(u)r,,(u, 6) :l
D=1 Xie 1 Pipufa)r i, 0) 777 X5y e s pipyfru, )
_ min[PA(w, 0), ..., PLap (u, 0)]
e X Ppifwrfu, 6)

where 2;(u, 0), . .., AP*(u, 0) are some n-dimensional vectors depending on u
and 6. Show next that

- . ud : AT ’1m,
J(P) = min I:P;cgk(“) + Z min[ P, Ai(w, 0), ..., P AR " '(u, 0)]:|,
0=

ueiuy, ..., um} 1

where g,(u) is the n-vector with ith coordinate equal to 37—, p;(wgi(i, u, j).
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Subsequently utilize the fact that any sum of the form
min[P;yy, ..., Piy] + min[Pi3,, ..., Pi¥:),

where y,, ..., ¥, 71, - . . , 75 are some n-dimensional vectors and s, 3 are some
positive integers is equal to :

min{Pi(y; + F)li=1,...,s,j=1,...,5h

8. Consider the functions J,(p,) of Eq. (35) in the instruction problem. Show
inductively that each of these functions is piecewise linear and concave of the
form

Jp) = min[ag + Bipe, & + Bips, ..., of + Brepl,

where ag, ..., ag*, Bk, ..., Br* are suitable scalars.

9. Consider a hypothesis testing problem involving n hypotheses. The a
priori probability of hypothesis i, i = 1, 2, ..., n, being true is p;. The cost of
accepting erroneously hypothesis i is L;. At each sampling period an ex-
periment is performed that has two possible outcomes denoted 0 and 1. The
conditional probabilities of outcome 0 given that hypothesis i holds true is
known and denoted a;. We assume «; # a; for i # j. At each period one may
perform another experiment at the cost C or terminate experimentation and
accept one of the hypotheses. Provide a suitable DP algorithm for finding the
optimal sampling plan when the maximum number of possible experiments
is N.

10. Two-Armed Bandit Problem A person is offered N free plays to be
distributed as he pleases between two slot machines A and B. Machine A pays
o dollars with known probability s and nothing with probability (1 — s).
Machine B pays f§ dollars with probability p and nothing with probability
(1 — p). The person does not know p but instead has an a priori cumulative
probability distribution F(p) of p. The problem is to find a playing policy that
maximizes expected profit. Let (m + n) denote the number of plays in B after
k free plays (m + n < k) and let m denote the number of successes and n the
number of failures. Show that a DP algorithm that may be used to solve this
problem is given by

Jy_1(m, n) = max{sa, p(m,n)f}, m+n<N— 1,
Jum, n) = max{s[a + Jp, (m, m)] + (1 — s)Jy41(m, n),
plm, m)[B + Jiii(m + 1, n)] + [1 — plm, n)} s 1(m, n + 1)},
m+n<k,
where
J6 P (1 — py dF(p)
16 "1 — py dF(p)

p(m, n) =
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Solve the problemfor N = 6, = f = 1,5 = 0.6,dF(p)/dp = 1for0 < p < 1.
(The answer is to play machine B for the following pairs (m, r):(0, 0), (1, 0),
(2,0), (3,0), 4,0), (5,0), (2, 1), (3, 1), (4, 1). Otherwise machine A should be
played.)

11. A person is offered 2 to 1 odds in a coin tossing game where he wins
whenever a tail occurs. However, he suspects that the coin is biased and has an
a priori cumulative probability distribution F(p) for the probability p that a
head occurs at each toss. The problem is to find an optimal policy of deciding
whether to continue or stop participating in the game given the outcomes
of the game so far. A maximum of N tossings is allowed. Indicate how such a
policy can be found by means of DP.

Appendix Least-Squares Estimation—The Kalman Filter

In this appendix we present the basic principles of least-squares estimation
and their application in the problem of estimating the state of a linear dis-
crete-time dynamic system using measurements that are linear in the state
variable.

The basic problem is roughly the following. There are two random vectors
x and y taking values in Euclidean spaces R" and R™, respectively. The two
vectors are related through their joint probability distribution so that the
value of one of the two provides information about the value of the other. For
example, x may be the velocity of an automobile and y the result of an inexact
measurement of this velocity, which is equal to x plus a random error that is,
say, uniformly distributed over some interval. Now the situation that we
examine is one where we get to know the value of y and we would like to
estimate the value of x so that the estimation error is as small as possible in
some sense. The criterion that we use is minimization of the expected value of
the squared error between x and its estimate, which explains the term least-
squares estimation. This criterion is reasonable as well as convenient from the
analytical point of view.

We begin with the problem of finding the least-squares estimate of a
random vector x given the value of the measured random vector y. Next we
consider the problem of finding the least-squares estimate of the random
vector x within the class of all estimates that are linear in the measured vector
y. Finally the results are applied to a special case where there is an underlying
linear dynamic system the current state of which we would like to estimate
using measurements that are obtained sequentially in time. Due to the special
structure of this problem the computation of the state estimate can be or-
ganized conveniently in a recursive algorithm—the Kalman filter. Through-
out the exposition we will not make a notational distinction between a
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random vector and particular sample values that it assumes. The precise
meaning should be clear from the context.

A.l1 Least-Squares Estimation

Consider two jointly distributed random vectors x and y taking values in
R™and R™ respectively. In any particular occurrence of x and y we expect that
the value of y provides information that may be used to update our a priori
estimate or guess of x. For example, while prior to knowing y our estimate of
x may have been the expected value E{x}, once the value of y is known we
may wish to form an udpated estimate x(y) of the value of x. This updated
estimate depends, of course, on the value of y and thus we are in effect inter-
ested in a rule that gives us the estimate for each possible value of y, i.e., we
are interested in a function x( - ), where x(y) is the estimate of x given y. Such a
function x(-): R™ — R" we shall call an estimator. We are seeking an esti-
mator that is optimal in some sense and the criterion we shall employ is
based on minimization of

xEy {IIx — x(y)*} = xEy {[x — x(I[x — x()]}, (57)

where | - | denotes the usual norm in R"(||z||? = z'z for z € R"). An estimator
that minimizes the measure of error above over all x(-): R" - R™ will be
called a least-squares estimator and will be denoted £*(-). It is clear that
£*(+) is a least-squares estimator if we have for every y € R"”

Eflx - )21y} = min E{llx - 2|1y}, (58)

where the expectations are taken with respect to the conditional distribution
of x given y for fixed values of y.

The following proposition was proved in Section 1.3. We repeat the simple
proof here. We shall assume in the proposition as well as throughout the
Appendix that all the expected values appearing are well defined and finite.

Proposition A.1 The least-squares estimator X*( -) is given by
**(») = Eixly}  VyeR™ (59)
Proof We have for every fixed ze R"

Ef{llx — 2|2y} = E{lx1*|y} — 22 E{xly} + Iz]2.

This expression is minimized for z = E, {x|y} and using (58) the result
follows. Q.E.D.
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A.2 Linear Least-Squares Estimation

While the least-squares estimate is simply the conditional expectation
E. {x|y}, in general the function E, {x|-} may be a complicated nonlinear
function of y. As a result its practical computation and realization in a given
application may be very cumbersome. This fact motivates us to consider
estimators within a restricted class that may be realized with relative ease.
An important such class is the class of linear? estimators, i.e., estimators of the
form

x(y) = Ay + b, (60)

where A isann x mmatrix and b is an n-dimensional vector. It is thus reason-
able to consider the problem of finding a linear estimator of form (60) that
minimizes the expected squared error (57). An estimator

()= Ay + b
where A, b minimize

xEy {Ix — Ay — b]?*} = xEy {x = Ay — b)(x — 4y — b}

over all n x m matrices A and vectors b e R" will be called a linear least-
squares estimator.

Prior to proceeding with the derivation of the linear least-squares esti-
mator we show that when x, y are jointly Gaussian random vectors the con-
ditional expectation E, {x|y} is a linear function of y (plus a constant vector)
and as a result for this case a linear least-squares estimator is also a least-
squares estimator.

Consider the random (column) vector z

N
z =
y
taking values in R"*™, and assume that z is Gaussian with mean
- E {x}] [i]
z=E{z} = =|_ 61)
2} [E {y} y
and covariance matrix

L=E{z—-2@—32)= [E{(x - X)x-%} E{x—-30 - y)’}]

E{y - »x—x1 E{y-P@ -9}

Tox Xy
N P

yx yy

+ A more precise term is ‘ linear plus constant™ or equivalently ““affine” estimators.
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We shall assume that X is a positive definite symmetric (n + m) x (n + m)
matrix so that it possesses an inverse. This assumption is made for convenience.
The result to be proved holds, however, without this assumption. Since z is
Gaussian its probability density function is of the form (see, e.g., [M6], [P2])

pz) = p(x, y) = cexp[—3(z — ZYL7'(z - 2)],

where c is given by
¢ = (2n)"+*mi(det T)” 12,

with det £ denoting the determinant of Z. Similarly the (marginal) probability
density functions of x and y are of the form

plx) = ¢, exp[—Hx — I (x — X)],

p(y) = c; exp[—Hy — IVZ;,'(y — P,
where ¢, and c, are appropriate constants. By Bayes’ rule the conditional
probability density function of x conditioned on y is given by

p(x|y) = p(x, y)/p(y)

= (c/c))exp{—3[z - YTz - 2) — (y = PZ,'(» — 7]} (63)
It is now easy to see that there exist a positive definite n x n matrix D, an
n x m matrix A4, a vector b € R", and a scalar s such that

E-2Z7'z-2) -0 - P, -
=(x— Ay — byD " }(x — Ay — b) + s. (64)

This is evident since by substitution of the expressions for Z and X of (61) and
(62), the left part of (64) becomes a quadratic form in x and y, which can be
put in the form indicated in the right side of (64). In fact, by computing the
inverse of X using the partitioned matrix inversion formula (Appendix A) one
may verify that A4, b, D, and s in (64) have the form

A=X X! b=x—-X, X ', D=X, -2 X '% , s=0.

xXy<yy 2 yy

Now it follows from (64) and (63) that the conditional expectation E, {x]y} is
of the form Ay + b, where A is some n x m matrix and b € R". Thus we have
proved the following proposition.

Proposition A.2 If x, y are jointly Gaussian random vectors, then the
least-squares estimate E, {x|y} of x given y is also a linear least-squares
estimate of x given y.

We note that this proposition holds not only for a Gaussian distribution
of (x, y) but also for a much wider class of distributions, which contains the
Gaussian distribution as a special case (see [V6], [B24]).

We now turn to the characterization of the linear least-squares estimator.
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Proposition A.3 Let x, y be random vectors taking values in R" and
R™, respectively, with given joint probability distribution. The expected
values and covariance matrices of x, y are assumed to exist and are denoted

E{x} =X E{y} =7 (65)
E{x = X)(x =X} = Z«,  E{y-D -1} =1, (66)
E{x—X0-y1=2Z,  E{-)x—-X7}=Z,=2Z,, (67)

We assume also that the inverse X! exists. Then the linear least-squares
estimator of x given y has the form

) =X+ L4Z,'(0 — 7). (68)
The corresponding error covariance matrix is given by
E {[X - 2()7)] [x - 2()’)]'} = zxyzyylz (69)
X,y

Proof The linear least-squares estimator is defined as
2(y) = Ay + b,

where A, b minimize the function f(4, b) = E, , {|x — Ay — b||*} over 4
and b. Taking the derivatives of f(4, b) with respect to 4 and b and setting
them equal to zero we have

S

0=20f/0Al;5 = Ey{ yb + Ay — x)}, (70)
—6f/6b|A,;=2}:;{ Ay — x}. (71)
From (71) we have
b=x— 4y, (72)
and substitution in (70) yields
xEy LA — ) — (x — 91} =0. (73)

We now use the identity
E-Ay -9 - -3 = JEAV-p-G-9)'=0 (14
Adding (74) and (73) yields

E -9y -y - (x-31} =0,

or equivalently
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from which
A=3 3" 1=3 %1 75)

yX=yy Xy =yy
From (72) and (75) we obtain
) =Ay+b=%+Z,%,'(v - ¥,

which was to be proved. Equation (69) follows immediately upon substitution
of the expression for £(y) obtained above. Q.E.D.

We list below some of the properties of the least-squares estimator as
corollaries.

Corollary A.3.1 There holds
% = E {x} = E {20)}
Proof Immediate from (68). Q.E.D.

Corollary A.3.2 The estimation error [x — X(v)] is uncorrelated with
both y and %(y), i.e.,

xEy {lx — 2]} =0, xEy {20 [x — 2]} = 0.

Proof The first equality is immediate from (70). The second equality is
evident once we write £(y) in the form Ay + b and use the first equality and
Corollary A.3.1. Q.ED.

Corollary A.3.2 is sometimes called the orthogonal projection principle. It
states a property that characterizes the linear least-squares estimate and forms
the basis for alternative treatments of the least-squares estimation problem
using the so-called projection theorem (see [L8], Chapter 4).

Corollary A.3.3 Consider in addition to x and y the random vector z
defined by

z = Cx,

where C is a p x m given matrix. Then the linear least-squares estimate 2(y)
of z given y has the form

2y) = C(),

and the corresponding error covariance matrix is given by

zEy {lz - 201z — 20)]'} = CE {[x — 2W1[x — 2H]'}C.
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Proof We have E{z} =z = Cx and

z:zz = E {(Z - Z)(Z - Z)/} = szxc,’
Ly = zEy =20 — )} =CZ,
Zyz = Z/zy = ZyxC'.

By Proposition A.3 we have
2)) = 7 + T,y Ty — §) = CX + CELE;1y — 7) = CRO),
Ey {[Z - 2(}’)] [Z - 2(}’)]'} = z:zz - z:zyzy_ylzyz = C(zxx - nyzy—ylzyx)cr

= CxEy {[x — 2)]1[x — 2T}C. QED.

Corollary A.3.4 Consider in addition to x and y an additional random
vector z taking values in RP of the form

z=Cy+u, (76)

where C isa p x m with p < m (nonrandom) given matrix with full rank and
u is a (nonrandom) given vector in RP. Then the linear least-squares estimate
£(z) of x given z has the form

R(z) =X + X,,C(CZ,,C) Yz — Cy — u), 7
and the corresponding error covariance matrix is given by

E {[x - .2(2)] [X - x(z)]l} = z:xx - nycl(czyycl)_lczyx' (78)

Proof We have by direct calculation

E{z}=2=Cj+u, (79a)
E{z - % —2)} =%,, = CE,,C, (79b)
E{z - 9(x — %} = £, = CZ,,, (79¢)
E{x - 9z -2} = £, = £,,C". (79d)

From Proposition A.3 we have
22)=x + Z,,25'(z - 2), (80a)

E {[x — 22)][x — 2]} = Z,. — Z.X.'L,,, (80b)



APPENDIX LEAST-SQUARES ESTIMATION —THE KALMAN FILTER 165

where X, = CZ,,C’ has an inverse since X, is invertible and C has full
rank. By substituting relations (79) into (80) the result follows. Q.E.D.

Notice that the error covariance matrix E, , {[x — £2(z)]1[x — £(z)]'}
does not depend on the vector u, i.e., the choice of u cannot affect the quality
of estimation.

Corollary A.3.5 Consider in addition to x and y an additional random
vector z taking values in RP, which is uncorrelated with y. Then the linear
least-squares estimate £(y, z) of x given y and z (i.e., given the composite
vector [y, z’]’) has the form

2y, 2) = R(y) + £(2) — %, 81)

where £(y) and £(z) are the linear least-squares estimates of x given y and
given z, respectively. Furthermore,

E {[x - x(y’ Z)] [x - x(y’ Z)]’} = z.vcx - nyzy_ylzyx - z.vczzz—zlzz.m (82)
X, 9,z

where
sz = sz {(x - f)(z - Z)I}’ sz = xE {(Z - E)(x - f)l}:

2“zz = g {(Z - 2)(2 - E)’}’ z= g {Z},

and it is assumed that Z_, is invertible.

Proof Let
-} +[
We have by (68) that
Aw) =X + Z,,Zoh(w — w). 83)
Furthermore

ZXW = [zxy’ zxz]:

and since y and z are uncorrelated
z 0
Tow=2r .
ww I: 0 Zzz:l

Substituting the above expressions in (83) we obtain
2w) =% + 2,50 — ) + Z.LL' (2 - 2) = 20) + 2(2) - X,

and (81) is proved. The proof of (82) is similar by using the relations above
and (69). Q.E.D.
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Corollary A.3.6 Let z be as in the previous corollary and assume that
y and z are not necessary uncorrelated, i.e., we may have

%, =%, = E{y~ )z~ 2} #0
Then

2y, 2) = 2y) + £z - 2] - %, (84)

where £[z — 2(y)] denotes the linear least-squares estimate of x given the
random vector [z — 2(y)] and 2(y) is the linear least-squares estimate of z
given y. Furthermore,

552 {[x — 2, 21 [x — 2y, 2)]'}

X,

= E {[x - 20)][x — 20} ~ E_{(x = Dz — 2001}

-1
X [sz {lz — 2]z - f(y)]’}] E {lz — 21(x — X)}.  (85)

X z

Proof By Corollary A.3.2 the random vectors y and [z — Z(y)] are
uncorrelated. Given this observation the result follows by application of the
previous corollary. Q.E.D.

Frequently one is faced with a situation whereby he wishes to estimate a
vector of parameters x € R" given a measurement vector z € R™ of the form

z=Cx+ v,

where C is a given m x n matrix and v € R™ is a random measurement error
vector. The (a priori) probability distribution of x and v is given. The following
corollary gives the linear least-squares estimate X(z) and its error covariance.

Corollary A.3.7 Let z, x, v, C be as above and assume that x and v are
uncorrelated. Denote

E{x} =x, E{x - X)(x —x)} =Z,,,
E{v} =y, E{v -9 -1} =Z,,
and assume further that Z,, is a positive definite matrix. Then
Rz)=x+ X, C(CZ,C +%,) '(z— Cx — D),
E{[x - 2@)[x ~ 2]} = Tox = ZoC(CERC + L) 'CE,
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Proof Define y=[x,v]eR"™ C=[C,Iy=[X,0]. Then we
have z = Cy and by Corollary A.3.3

%(2) = [1, 019(z),

E{[x — £2(2)][x — 22)1} = [1, 01 E{ly — ¥y —- )7(2)]’}[(1)],
where j(z) is the linear least-squares estimate of y given z. By applying Corol-
lary A.3.4 with u = 0 and x = y we have

)=y +Z,,C(CZ,C) Yz — Cy),
E{ly - y@1ly - 321} = Z,, - Z,,C(CZ,,C)"'CL,,.

By using the equations
. O
Z,, = [ 0 :I

and C = [C, I] above and carrying out the straightforward calculation the
result follows. Q.E.D.

A3 State Estimation of Discrete-Time Dynamic Systems
—The Kalman Filter

Consider now a linear dynamic system of the type considered in Section
4.3 but without a control vector (4, = 0)

xk+l=Aka+wk, k=0,1,...,N_1, (86)

where x, € R", w, € R" denote the state and random disturbance vectors,
respectively, and the matrices 4, are known (nonrandom). Consider also
the measurement equation

zp = Cyxy + 1y, k=0,1,...,N—1, 87)
where z, € R”, v, € R® are the observation and observation noise vectors,
respectively.

We assume that xg, wg, Wy, ..., Wy_1, Vg, .-, Uy_1 are mutually in-

dependent random vectors with given probability distributions. Furthermore,
they have zero mean and finite second moments, i.e.,

E{xo} = E{w}=E{®n}=0, k=01,...,N—1 (88)
We use the notation
S = E{xoxo}, M, = E{w.wi}, N, = E{nv}, (89)

and we shall assume that N, is a positive definite matrix for every k.
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Consider now the problem of finding the linear least-squares estimate of
therandom vectors x, . , or x, given the values of z,, z,, . . ., z;,0orequivalently
given the random vector Z, = [z, ..., z;]' € R®* 15 Let us denote these
estimates £, ., and £, respectively.

It is possible to provide with very little effort an equation for £, , by using
the results already obtained. Indeed let us denote for each %

Vi = [vo, vy, - -5 1], Fe-1 = [x0, Wo» Wi, - v Wi 1]
For each i with 0 < i < k we have, by using the system equation,
Xke1 = Lyry,
where L; is the n x [a(i + 1)] matrix
Li=[A;Ag, Ay Ay, ..., A, 1.
As a result we may write
Zy=Q iy + Vi,
where @, _, is an [s(k + 1)] x (nk) matrix defined by

Co 0
C,L, 0

Dy = >
Ci-1Ly-2 0
CiLy- 4

where the zero matrices above have appropriate dimension. Thus the problem
has been reformulated in such a way that we may use Corollary A.3.7, the
equations above, and the data of the problem to compute

P 1(Zy) and E{lri-1 — P 1(ZJI[re—1 — P 1(ZD]'}.

Subsequently we can obtain £,; = £,(Z,) as well as the corresponding error
covariance matrix by using Corollary A.3.3, i.e.,

2k|l¢ = Lk— l?k— l(Zk),

E {[(x, — fklk)(xk - )%klk),}
=Ly E{lre-1 — P i ZJ][re- — P 1(ZW)] LG - 4.

These equations may in turn be used to yield £, . ,;x and an equation for the
corresponding error covariance by again using Corollary A.3.3.

The conclusion from the above analysis is that one can provide in
a straightforward manner equations for the least-squares estimate of the
state x, and the corresponding error covariance by using the results already
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obtained earlier. However, these equations are very cumbersome to use
when the number of measurements is large. Fortunately enough the se-
quential structure of the problem can be effectively exploited and the com-
putations can be organized in a very convenient manner. The corresponding
algorithm was originally proposed in the form given here by Kalman [K1]
although related ideas were known much earlier. The main attractive feature
of the Kalman filtering algorithm is that the estimate £, ., ; |, can be obtained by
means of a simple equation that involves the previous estimate £, -, and
the new measurement z, but does not involve any of the past measurements
Zo, Z15 - - - » Zx— 1- In this way significant data reduction is achieved. We now
proceed to derive the form of the algorithm.

Suppose that we have computed the estimate £, together with the
covariance matrix

Zklk—l = E{lxx — jek|k—1)(xk - £k|k—1)l}- (90)
At time k we receive the additional measurement
z,‘ = Ckxk + Uk'

We may use now Corollary A.3.6 to compute the linear least-squares estimate
of x, given Z,_, = [zy, 2}, ..., 2,—1] and z,. This estimate is denoted £
and, by Corollary A.3.6, it is given by

Rk = Zpe—1 + Klz — 2(Zi-1)] — E{xi}s 1)

where 2,(Z, _ ,) denotes the linear least-squares estimate of z, given Z,_; and
2y [z — 2(Z,_,)] denotes the linear least-squares estimate of x, given
[zi — 2.(Z,_,)]. Now we have by (86)-(89) and Corollary A.3.3,

E{x} =0, 2 Zy-1) = Ckxklk—l' 92)
Also to calculate £,[z, — 2,(Z, - )] we use Corollary A.3.3 to obtain
E{lzi — 2(Z- )]Lzx — 2dZi- 1))} = CiZie-1Ci + Ny, 93)
E {xilz — 242, 1)]'}
= E {x[Celxk — Ze- 0]} + E {xi0i}
= F{(xx — xklk—l)(xk - £k|k—l)l}c;c
+ E {fe- 1%k — Lepe- 1) }Cx-
The last term on the right above is zero by Corollary A.3.2 so that using (90) we
have

E{xlz — 242, )]} = Zk|k—1C;‘- 94)
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Using expressions (92)-(94) in Proposition A.3, we obtain

ulzx — 2dZx- )] = Zyp- 1 CUCh 2= 1Ci + N7z — Ce Xy~ 1)
and (91) is written
= R = Zup— 1+ Tip— 1 ClCiZipe—1Ci + N7z — Cifupe=r)- < (99)
By using Corollary A.3.3 we also have
&= Rer1k = Axfupi- < (96)

Concerning the covariance matrix Z, , ;, we have from the system equation
(86) and (88), (89), and Corollary A.3.3:

e Lprrp = AZipe A + My, < 97
where
Zm = E{(x; — 2k|k)(xk - fm)'}-

Now the error covariance matrix Z,, may be computed via Corollary A.3.6
similarly as £, [cf. Eq. (91)]. We have from (85), (93), and (94) that

> T = ot — Lo 1 ClCo Ze— 1 Cie + NG Zyp- s = (98)
Equations (95)-(98) with the initial conditions [cf. Egs. (88) and (89)]
= fOI—l = O, ZOl—l = S, <1 (99)

constitute the Kalman filtering algorithm. This algorithm recursively generates
the linear least-squares estimates £, ,|x or £, together with the associated
error covariance matrices X, , |, or Z,;.

An alternative expression for Eq. (95) is

&> R = A1 Rogp-1 + LGN 'z — CeAim 1 Bimapw—1). < (100)

This expression is obtained from (95) and (96) by using the equality
zklkc;sz_l = Zik— 1CCi T 1Ci + N~ L

This equality may be verified by using (98) to write

zklkc;sz_l = [Bep-1 = Zup— 1ClCu Zyp- 1 Cic + Nk)_lckzklk—l]c;tNk_l
=TGN — (CeZyu—1Ci + N7 'CZyu—1 G N 1]
= Ty 1CCe Zp— 1 Gk + N~ %,
where the last step follows by writing

Ni' = (CeZup-1Ch + N HCiZu-1Ci + NIN; !
= (CiZugp-1Cic + N ™ (CiZpp- 1 CiNgH + D).
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When the system equation contains a control vector u, and has the form
Xev1 = Awxi + Buuy + wy, k=0,1,...,N — 1,

and we seek the linear least-squares estimate £, of x, given z,, z;, ..., z;
and ugy, Uy, ..., U_, it is easy to show that (100) takes the form

fklk = Ak—lgk—llk—l + Byt
+ ZklkC;cNk_l(zk = CoAi— Xu— 11 — CuBy— 1y ).

Equations (97)~(99) generating X, |, remain unchanged. Also if the mean of the
initial state is nonzero, then the initial conditions (99) take the form

Loj-1 = E{xo} Zoj-1 =S.
Finally we note that (97) and (98) yield
Zivik = AlZik-1 — Zup—1ClCiZip= 1 G + N) 7 'C 2 114i + M,
(101)
with the initial condition Z,_; = S.

Equation (101) is a discrete-matrix Riccati equation of the type considered
in Section 3.1. Thus when 4,, C,, N,, and M, are constant matrices

Ak—_—A, Ck=C, NkzN, Mk=M, =0,1,...,N—1,

we have, by invoking the proposition proved there, that the solution of (101)
tends to a positive definite matrix £ provided appropriate controllability
and observability conditions hold. The conditions required are observability
of the pair (4, C) and controllability of the pair (4, D), where M = DD'.
When k is large one may approximate the matrix X, in (110) by the con-
stant matrix X to which X,), converges as k — co. We have from (98)

T =2 - ZC(CIC + N)"'CZ,
and we may write (100) as
Rae = ARu—1k—1 + ZCN 7'z — CAR4_1p—y). (102)
Since the “gain” matrix (ZC'N ') multiplying the “correction” term

(zx — CARy_ |k -,) is independent of the index k, the implementation of the
estimator (102) is considerably simplified.

A4 Stability Aspects of the *“Steady-State” Kalman
Filtering Algorithm

Let us consider now the stationary form of the Kalman filtering equations
(95) and (96):

£k+l|k = A‘gklk—l + AZC’(CZC, + N)_I(Zk - C‘gklk—l)' (103)
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By using Eq. (103), the system equation
Xpry = Axp + wy,

and the measurement equation

z, = Cx + vy,
we obtain

e+1 =[A — AZC'(CZC' + N)"'Cle, + w, — AZC(CZIC’ + N) ‘v,
(104)

where ¢, denotes for all k the “one-step prediction” error

€ = Xp — jzk|k—1-

From the practical point of view it is important that the error equation
(104) represents a stable system, i.e., the matrix

A — AZC(CZC' + N)"IC (105)

is a stable matrix. This fact, however, is guaranteed under the observability
and controllability assumptions given earlier since X is the unique positive
semidefinite symmetric solution of the algebraic Riccati equation

T = A[T — EC(CEC' + N)"'CZ]A' + M

by the proposition proved in Section 3.1. Actually this proposition yields
that the transpose of the matrix (105) is a stable matrix. This is, however,
equivalent to the matrix (105) being a stable matrix, since for any matrix D
we have D* — 0 if and only if D’* — 0.

Having established the stability properties of the error equation (104) we
now proceed to examine the stability properties of the equation governing
the estimation error

ék =X, — 2k|k.
We have by a straightforward calculation
é =[I - ZC(CZC’ + N)~'Cle, — ZC(CZC’ + N)™ 'p,. (106)

By multiplying both sides of Eq. (104) by [I — £C(CZC’ + N)~!C] and
using (106) we obtain

841+ ZC(CZC' + N) vy,
=[A4 — ZC(CZC + N)"'CA][e, + ZC(CZC’ + N) 'n]
+ [I — EC(CEZC' + N) 'C][w, — AZC(CZC’' + N) 'v,],
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or equivalently
&1 =[A — ZC(CIC + N) 'CAle,
+ [I — ZC(CZC’ + N) 'Clw, — ZC(CZC' + N) vy, 4. (107)

The stability of matrix (105) guarantees that the sequence {¢,} generated by
(104) tends to zero whenever the vectors w, and v, are identically zero for all .
Hence, by (106), the same is true for the sequence {&,}. It follows from (107)
that the matrix

A — ZC(CZC' + N)~'cA (108)

is stable and hence the estimation error sequence {&,} is generated by a

stable equation.
Let us consider now the stability properties of the 2n-dimensional system

of equations with state vector [x;, £]":
xk+1 = AXk + BL.Q,‘, (109)
fi+1 = ZC'N™'CAx, + (A + BL — ZC'N™'CA)%,. (110)

This system was encountered at the end of Section 4.3.
We shall assume that the appropriate observability and controllability
assumptions stated there are in effect. By using the equation

ZCN ' = ZC(CZIC’ + N)° 1,
shown earlier, we obtain from (109) and (110) that
(xk+1 = Rus1) =[A4 — ZC(CZC' + N) 'CA](xx — L)
In view of the stability of matrix (108) it follows that
limGegey = £ev1) = 0, (111)
for arbitrary initial states x, and £,. From (109) we obtain
Xi+1 = (A + BL)x, + BL(X, — x3) (112)

Since in accordance with the theory of Sections 3.1 and 4.3 the matrix
(A + BL) is a stable matrix, it follows from (111) and (112) that we have

lim x, = 0,
k— o

and hence by (111),
lim £, = 0.

ko
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Since the equations above hold for any initial states x, and £, it follows that
the system of equations (109) and (110) is a stable system, i.e., the matrix

A BL
SC'N™'CA A+ BL-ZIC'N'CA

is a stable matrix.

A.5 Purely Linear Least-Squares Estimators

Consider two jointly distributed random vectors x and y taking values
in R" and R™, respectively, as in Sections A.1 and A.2. Let us restrict attention
to estimators of the form

x()’) = Ay,
which are purely linear (rather than linear plus constant). Similarly, as in
Section A.2 we consider the problem of finding the optimal least-squares
estimator within this restricted class, i.e., an estimator of the form

x(y) = Ay
where A minimizes

) = E {ix - 4y}

over all n x m matrices A. We refer to such an estimator as a purely linear
least-squares estimator. The derivation of the form of this estimator is very
similar to the one of Section A.2.

By setting the derivative of f with respect to 4 equal to zero, we obtain

0=0df/0Al; =2 E {y(Ay — X},

from which

where
So=E{xy}, S,,=E{yy}

and we assume that S,, is invertible.
The purely linear least-squares estimator takes the form

2(y) = 5,55y, (113)
The second moments of the corresponding error are given by
XE}:{[X _X(Y)][x _f(y)],} = Sxx - SxySy_ylSyx' (114)

This equation is derived in an entirely similar manner as in Section A.2.
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An advantage of the purely linear estimator is that it does not require
knowledge of the means of x and y. We only need to know the joint and
individual second moments of x and y. A price paid for this convenience,
however, is that the purely linear estimator yields in general biased estimates,
i.e., we may have

E{x()} # E{x}.

By contrast, in the linear least-squares estimator examined earlier, we always
have E{x(y)} = E {x} (cf. Corollary A.3.1).

As a final remark, we note that from Eqgs. (68), (69) and (113), (114) it can
be seen that the equations characterizing the purely linear estimator may
be obtained from those of the linear estimator by setting X = 0, y = 0 and
writing S, and §,, in place of Z,, and Z,,. As a result it is easy to see that
there is an analog for the Kalman filtering algorithm corresponding to a
purely linear least-squares estimator that is identical to the one described by
Egs. (95)-(99) and remains the same even if we do not assume that

E{XO}=E{Wk}=E{Uk}=O, k=0,l,.‘.,

provided that all given covariance matrices are replaced by the corresponding
matrices of second moments.

A.6 Least-Squares Unbiased (Gauss—Markov) Estimators

Let us assume that two random vectors x € R" and z € R™ are related by
means of the equation

z=Cx+v, (115)

where C is a given m X n matrix and v a random measurement error vector
uncorrelated with x, having known mean and covariance matrix

E{v} =71, E{v -9 -1} =Z,,. (116)

The vector z represents known measurements from which we wish to estimate
the vector x. If the a priori probability distribution of x is known then we may
obtain a linear least-squares estimate of x given z by using the theory of
Section A.2 (cf. Corollary A.3.7). In many cases, however, the probability
distribution of x is entirely unknown. In such cases it is possible to use the
Gauss-Markov estimator, which we now describe.

Let us restrict attention to estimators of the form

x(z) = A(z — v),
and seek an estimator of the form
.}X\f(Z) = ;f(z - ﬁ)a
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where A minimizes

fA@ = E{lx— A - D)1%} (117)

over all n x m matrices A. We have from (115)-(117) and the fact that x and v
are uncorrelated,

f) = E {Ix - ACx — 4@ — D|1*
= E{IU = ACKI?} + E {0 — 9/ A'A(w - D)},

where I is the n x n identity matrix. Since f(4) depends on the unknown
statistics of x, we see that the optimal matrix A will also depend on these
statistics. We can circumvent this difficulty, however, by requiring that

AC = L
Then our problem becomes

minimize E{(v — 7Y A'A(v — D)}
subject to AC = I (118)

Notice that the requirement AC = I is equivalent to requiring that the
estimator x(z) = A(z — ©) be unbiased in the sense that

E{x()} = E{x}=Xx ¥xeR"
This can be seen by writing
E{x(z2)} = E{A(Cx + v — 1)} = ACE {x} = ACX = X.

There remains the task of solving problem (118). Let a; denote the ith row of A.
We have

’

a;
(v—0)YA'Alv — D) =@ — )[a,---a]| : |(0— D)

!

an

0~ Vaalo — D) = Yoo — Do — oY,

™=

1

Hence, problem (118) can also be written

n
. ,
minimize a;X,.a;
i=1

subject to Cla; = e, i=1,...,n,
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where ¢; is the ith column of the identity matrix. The minimization can be
carried out separately for each i, yielding

4; = X, C(C'Z,1C) e, i=1...,n
and finally
A=(CzZ o) cz,t,
where we assume that the inverses of X, and C'Z,,'C exist.
Thus, the Gauss—Markov estimator is given by

@) = (CZTO)CE  z — D). (119)
Let us also calculate the corresponding error covariance matrix. We have
E{lx — 22)][x - 2())} = E{lx — Az — 5)][x — Az - 9]}
= E{A(w — ?)(v — oYA'} = AT, A’
=(CZ,'O7'CEL'E, 2, C(CE,'O)!
and finally
E{lx - £(2][x = £(2)1} = (C'Z,'O) L (120)

Finally, let us compare the Gauss—Markov estimator with the linear
least-squares estimator of Corollary A.3.7. Whenever X, is invertible the
estimator of Corollary A.3.7 can also be written

) =%+ Cd + CZI0)\CZ(z — Cx — b). (121)

This fact may be verified by straightforward calculation. By comparing
Eqgs. (119) and (121) we see that the Gauss—Markov estimator is obtained
from the linear least-squares estimator by setting ¥ = O and ' = 0,i.e,a
zero mean and infinite covariance for the unknown random variable x. In this
manner, the Gauss-Markov estimator may be viewed as a limiting form of the
linear least-squares estimator. The error covariance matrix (120) of the
Gauss—Markov estimator can also be obtained in the same manner from the
error covariance matrix of the linear least-squares estimator.

Al Deterministic Least-Squares Estimation

As in the case of Gauss-Markov estimation, let us consider vectors
x€R" ze R™, and v € R™ related by means of the equation
z=Cx+ v,

where C is a known m x n matrix. The vector z represents known measure-
ments from which we wish to estimate the vector x. However, we know nothing
about the probability distribution of x and v and we are thus unable to
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utilize an estimator based on statistical considerations. Under these cir-
cumstances it is reasonable to select as our estimate the vector X that mini-
mizes

f(x) = lz — Cx|?,

i.e., the estimate that fits best the data in a least-squares sense. This estimate
will, of course, depend on z and will be denoted %(z).
By setting the gradient of fat X(z) equal to zero, we obtain

Vf lsry = 2C'[CX(2) — 2] = 0,
from which
(2) = (C'C)~ 'z, (122)

provided C’C is an invertible matrix.

An interesting observation is that the estimate (122) is the same as the
Gauss-Markov estimate given by (119) provided the measurement error has
zero mean and covariance matrix equal to the identity matrix, ie., o = 0,
%, = L. In fact, if instead of |z — Cx||? we minimize

(z—v—CxyT(z— v — Cx),
then the deterministic least-squares estimate obtained would be identical
to the Gauss—Markov estimate. If instead of ||z — Cx||? we minimize
x—X)ZlMx—X)+(@z—7— CxyYTY(z— 0 — Cx),

then the estimate obtained would be identical to the linear least-squares
estimate given by (121). Thus, we arrive at the interesting conclusion that the
estimators obtained earlier on the basis of a stochastic optimization frame-
work can also be obtairied by minimization of a deterministic measure of
fitness of estimated parameters to the data at hand.



Chapter 5

Computational Aspects
of Dynamic Programming—
Suboptimal Control

5.1 The Curse of Dimensionality

Consider the DP algorithm for the basic problem

JIn(xn) = gnlxy) (1)
Jux) = inf  E {gy0xy, up, wi) + T 1 [Alxx, ug, wi)1} (2)

k€ Un(xi) wic

As we have seen earlier it is possible in some cases of interest to obtain a
closed-form solution to this algorithm or at least use the algorithm for the
analysis of properties of the optimal policy. However, such cases tend to be
the exception rather than the rule. In most cases it is necessary to solve
numerically the DP equations in order to obtain an optimal policy. The
computational requirements for doing so are often staggering to the point
that for many problems a complete solution of the problem by DP is un-
thinkable at least with presently existing computers. The reason lies in what
Bellman has called the “curse of dimensionality,” which arises particularly
when the state space is an infinite set. Consider, for example, a problem in
which the state space is R" and the control space R™. In order to obtain the

179



180 5 COMPUTATIONAL ASPECTS OF DYNAMIC PROGRAMMING

function Jy_ {(xy_) it is necessary first to discretize the state space. Taking,
for example, 100 discretization points per axis results in a grid with 100
points. For each of those points now, the minimization of the right-hand
side of (2) must be carried out numerically. Each minimization is carried over
Uux,) or over a grid of points covering U,(x,)—a nontrivial problem.
Matters are further complicated by the requirement to carry out a numerical
integration (the expectation operation) every time the function under mini-
mization is evaluated, and by the possible presence of nondifferentiabilities
introduced by discretization and interpolation. Computer storage also
presents an acute problem. Thus for problems with Euclidean state and control
spaces, DP can be applied only if the dimension of these spaces is very small.
When the control space is one-dimensional. things are sometimes greatly
simplified, since in this case effective one-dimensional minimization tech-
niques such as the Fibonacci search [L10] may be used. Often the special
structure of the problem can also be exploited to reduce the computational
requirements. In other cases special computational algorithms can be used
that take advantage of the particular features of the problem. This is particu-
larly true of infinite-horizon problems.

Various devices have been suggested to help overcome the computational
and storage problem, particularly for deterministic problems, such as the
so-called coarse grid approach, the use of Lagrange multipliers, Legendre
polynomial approximations, and specialized techniques [B4, K6, L2, L9,
N2, W10]. These devices, though helpful for some problems, should be
considered only as partial remedies, and in any case it is not our intention to
discuss them at any length in this text. Instead we shall provide in the next
section a simple discretization procedure for problems where an infinite
state space is involved and we shall prove the validity of this procedure under
certain reasonable assumptions. Subsequently we shall discuss various
techniques for obtaining suboptimal control laws that are computationally
efficient and hence of interest from a practical point of view.

5.2 Discretization Procedures and Their Convergence

In this section we consider a procedure for discretizing a DP algorithm
defined over an infinite state space. The procedure is not necessarily the most
efficient computationally. It is, however, used widely (perhaps with slight
modifications) and is simple and straightfoward. The basic idea is to approxi-
mate the “ cost-to-go” functions of the DP algorithm as well as the corresponding
policies by piecewise constant functions. We consider problems where the
state spaces are compact subsets of Euclidean spaces and we introduce certain
continuity, compactness, and Lipschitz assumptions. Under these assump-
tions the discretization procedure is shown to be stable in the sense that it
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yields suboptimal policies whose performance approximates arbitrarily

closely the optimal as the discretization grids become finer and finer. The

analysis and proofs are straightforward but rather tedious and may be skipped

by the less mathematically inclined or otherwise uninterested reader.
Consider the following DP algorithm:

Jpx) = gnl(x), X€Sy = R™ Q)
Jk(x) = S(‘-}B )E {gk(x, u, W) + Jk+1[ﬁ¢(x’ u, W)]},
xeS,<R* k=0,1,....N—1 4)

This algorithm is associated with the basic problem with perfect state
information involving the discrete-time dynamic system

Xi+1 =,/;((xk7uk, wk)9 k=0’ la---aN— la (5)

with given initial state x, and the cost functional

N-1
E {QN(XN) + kzogk(xk’ Uy, Wk)}-
For the purpose of analytical convenience we are considering here maximiza-
tion of the objective function rather than minimization. This, of course, does
not affect the discretization procedures or the convergence results to be
obtained. In the above equations the system state x, is an element of a
Euclidean space R, k =0, 1, ..., N. Algorithm (3) and (4) is defined over
given compact subsets S, <« R*, k=0,1,..., N — 1. The control input u,
is an element of some space C,, k = 0, 1, ..., N — 1. In what follows we shall
assume that C, is either a subset of a Euclidean space or a finite set.
The input disturbance w, is assumed to be an element ofaset W,, k = 0, 1,
.., N — 1. We assume for simplicity that each set W, has a finite number (say
1) of elements. This assumption is valid in many problems of interest, most
notably in deterministic problems where the set W, consists of a single ele-
ment. In problems where the sets W, are infinite, our assumption amounts to
replacing the DP algorithm (3) and (4) by another algorithm whereby the
expected value (integral) in Eq. (4) is approximated by a finite sum. For most
problems of interest this finite sum approximation may be justified in the sense
that the resulting error can be made arbitrarily small by taking a sufficiently
large number of terms in the finite sum. The reader may also provide similar
assumptions as the one made here under which the approximation is valid
in the above sense and extend the result of this section to cases where W, are
compact sets in Euclidean spaces. We shall denote the probabilities of the
elements of W, by pi(x,, u,), i = 1,..., I,.
We shall consider two different sets of assumptions in addition to those
already made. In the first set of assumptions the control space C, is assumed
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to be a finite set for each k. In the second set of assumptions the control space
C, is assumed to be a Euclidean space in which case discretization of both the
state space and the control space is required. The reader may easily extend
our analysis and results to cases where the control space is the union or the
Cartesian product of a finite set and a Euclidean space.

Assumptions A
A.1 The control spaces C,, k =0,1,..., N — 1, are finite sets and
Uix) = C, VxeS;, k=0,1,....,N— 1 (6)
A.2 The functions f, and g, satisfy the following conditions:

”.ﬁc(x’ u, W) - ﬁ(x,’ u, W)” < Lk”x - x,” Vx’ x,esk’ UEe Ck,
weW, k=0,1,....N—1, ()

[gu(x, u, w) — gu(x’, u, w)| < My[lx — X' Vx, x' €8, ueC,,
weW, k=01,...,.N—1, (8
[gn(x) — gn(x)| < Myllx — xX'|| Vx, x" € Sy, 9)

where My, M,, L,,k=0,1,..., N — 1 are some positive constants and
Il + I denotes the usual Euclidean norm.

A.3 The probabilities pi(x,u),i = 1,2,...,1,, of the elements of the
finite set W, = {1, 2,..., I,} satisfy the condition
|pi(x, u) — pix’, u)] < Nilix — x'|| Vx,x' €S,, ueC,, ieW,,
k=01,...,N -1, (10)
where N,, k =0, ..., N — 1, are some positive constants. (This assumption
is satisfied in particular if the probabilities pi do not depend on the state.)
Assumptions B

B.1 The control space C;, k =0,1,..., N — 1, is a compact subset of a
Euclidean space. The sets U, (x) are compact for every x € §,, and in addition
the set

U= | Uux), k=0,1,...,N— 1, (11)

x€Sk
is compact. Furthermore, the sets U,(x) satisfy
Udx) € Ux) + {ulllull < Pillx — X'} Vx,x'€S,,
k=0,1,...,N -1, (12)
where P, are some positive constants.}

t The advanced reader may verify that (12) is equivalent to assuming that the point-to-set
map x — U,(x) is Lipschitz continuous in the Hausdorff metric sense.
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B.2 The functions f;, g, satisfy the following conditions:
I fulx, u, w) = S, W, W < Llllx — X'l + [lu —u'l)  Vx,x'€S5,,
wuelU, weW, k=01,...,.N—1, (13)
lgu(x, u, w) — g, W, w)| < Milllx — X'l + lu — o) VYx,x' €S,
wuweU, weW, k=01,....N—1 (14)
lgn(x) — gn(x)| < Myllx — x| Vx,x' €Sy, (15)
where My, M,, L.,k =0,1,..., N — 1, are some positive constants.

B.3 The probabilities pi(x,u),i=1,...,1I,, of the elements of the
finite set W, = {1, 2, ..., I,} satisfy the condition

Ipi(x, u) — pix’, W) < N(llx = x| + lu —w'l)  Vx, X €54,
wuelU, ieW, k=01,...,.N—-1, (16)
where N,k =0,1,..., N — 1, are some positive constants.

Prior to considering discretization of the dynamic programming algorithm
we establish the following property of the “cost-to-go ™ functions J,: §; = R
of (3) and (4).

Proposition 1 Under Assumptions A or B the functions J,:S; - R,
given by (3) and (4) satisfy

IJk(x)_Jk(xl)l < Ak”x - x’” Vx’ x’esk’ k =05 1’--"N’ (17)
where 4,,k =0, 1, ..., N, are some positive constants.

Proof Under Assumptions A we have by (9) that (17) holds for k = N
with Ay = My. For k = N — 1 we have that for each x, x'e Sy_|,

[In-1(x) — Iy_1(X)]

In-1
= néax Z {gn-10c, u, 1) + In[fv— 1, u, D]}pN-1(x, u)
ueCr-1 j=1
In-1 .
- rr‘l:ax Z fgn— 10 u, 1) + INLfv—1 (X, u, D]}pN- (X', u)
ueCn-1 j=1
In—y . .
< n‘l:ax Z [gN— l(x’ u, i)P?v—1(x, u) - gN—l(x,’ u, I)Pﬁv— l(xl’ u)] ‘
ueCn-1 | i=1
In_1 .
+ n'(l:ax Z [JN[fN-— 1(x9 U, i)]p;V—l(x’ u)
ueCn-1| j=1

— Inlfv-ixs i)]Pﬁv— 10 W]
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Now we use the fact that ifa: S — R, : § — R are real-valued functions over
a compact subset S of a Euclidean space satisfying for some constants
Ua, dp,and all ¢y, £, €8,

laty) — alt)| < pallty — L2l 1B(t1) — B(t2)| < wpllty — 2,

then the product function o( - )B( - ) satisfies for all ¢, ¢, €S
ot )BLE,) — e2)Be2)] < [ua max |A(t)] + 4y max |a(r)|}ut1 — ol (18)

Then the earlier estimate is strengthened to yield
IIn-1(x) = Ina (X)) S Ayoyllx = X7 Yx, x"eSyy,
where Ay _, is given by
An-y = Iy (My_y + Ly_ 1Ay + By_1Nn_1),
By_, = max{|gn_(x, 4, w)”x ESN-1, UECy_,we Wy_}
+ max{|Jy[fv_1(x, u, W)]lIxESN—l’ ueCy_, we Wy_}.

Thus the result is proved for k = N — 1 and similarly it is proved for every k.
We turn now to proving the result under Assumptions B. Again the result
holdsfork = Nwith Ay = My.Fork = N — 1 we haveforeachx,x’ € Sy_,

[In-1(x) = Iy 1 (X)]
In-1

= max Z {gn-10c, u, i) + In[fy-10x, u, D1}ph—1(x, u)

ueUn-1(x) ;=1

In-1

- zlznax( ) Z {gn—10¢s u, 8) + In[fn- 1065w, D3ph -1 (X, w) |
uetny-1(x i=1
Now using (18), B.2, B.3, and the above equality it is straightforward to show
that

|In=1(x) — In-1(x)]

In-1

Z [gN— l(x’ u, l)p;\l— l(x’ u)

i=1

< max
ueUn - 1(x)uUnN - 1(x")

— gn-1 (X, 4, Dy 1 (X', u)]

In-1

Z Wn-1lfv-10xs 0, i)]va— 1(x, u)

i=1

+ max

ueUn - 1(x)uUn - 1(x)

= Inoalfw- 1, u, D]ph - o (X', w)]

+ 2Iy_(My—y + Ly_1Ax + By_1Ny_)Py_ilx = XII,
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where
By_; = max{|gn_,(x, u, W)||XGSN—1, ueUy_;,we Wy_,}
+ max{|[Jy[ fu_1(x, u, w)]|| x € Sy_y, ue Uy_y, we Wy_,}. (19)

Strengthening the above estimate and using (18) and our assumptions we
obtain
(In-1x) = Iy 1 (X)] < An- 1 llx = X',
where
Ay_y =TIy (1 + 2Py_)(My_y + Ly_ 1Ay + By_Ny_y),

and the result is proved for k = N — 1. Similarly the result is proved under
Assumptions B for all k. Q.E.D.

We now proceed to describe procedures for discretizing algorithm (3)
and (4) under Assumptions A and B.

Discretization Procedure under Assumptions A

We partition each set S, into n, mutually disjoint sets Si, SZ,..., Si
such that S, = (J, S, and select arbitrary points x,eSi, i = 1,...,n,.
We approximate the DP algorithm (3) and (4) by the following algorithm,
which is defined on the finite grids G,, where

G, = {x}, x3, ..., x}}, k=0,1,...,N. (20)
We have
N gn(x) if xeGy, (1)
Ju(x) = ) :
Mx) {?ﬁxm if xeSi, i=12...,ny, 22)
m%xE {gi(x, u, w) + jk+ [Axu, W)} if xeGy, (23)
jk(x) = Ut

Juxd) if xeSi, i=1,2...,m, k=01...,N—1. (24

The algorithm above corresponds to computing the “cost-to-go” functions
J, on the finite grid by means of the DP algorithm (21) and (23), and extending
their definition on the whole compact set S, by making them constant on each
section S} of S, (see Fig. 5.1). Thus J, may be viewed as a piecewise constant
approximation of J,. An alternative way of viewing the discretized algorithm
(21) and (23) is to observe that it corresponds to a stochastic optimal control
problem involving a certain finite state system (defined over the finite state
spaces Gy, ..., Gy) and an appropriately reformulated cost functional.
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Carrying out the DP algorithm (21) and (23) involves a finite number of
operations. Simultaneously we obtain an optimal control law as a sequence
of functions fi,: G, — C,:

ﬁO(x)* .ﬁl(x)’ reny ﬁN— l(x)s

defined on the respective grids G,, k = 0, ..., N — 1, where f},(x}) maximizes
the right-hand side of (23) when x = xj,i = 1,2,...,n,. We extend the
definition of this control law over the whole state space by defining for every
x€8,k=0,1,...,N — 1,

wx) = fmxd) if xeSi, i=1,...,n,. (25)
Thus we obtain a piecewise constant control law {ug, f;, ..., Uy} defined
over the whole space (see Fig. 5.2). The value of the cost functional corre-

sponding to {yy, f1, - .., Un—} is denoted Jo(x,) and is obtained by the last
step of the algorithm

In(x) = ga(x),  xeSy (26)
jk(x) = g{g[X, w(x), w] + jk+ (LA y(x), w)l}
xe8, k=0,1,..., N—- 1 (27)

Denote by d, the maximum “radius” of the sets Sj:

d, = max max  sup lx — xif. (28)
k=0,1,...,.Ni=1,...,m xeSk
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We shall be interested in whether J, and J, converge in some sense to J, for
each k as d, tends to zero.

Discretization Procedure under Assumptions B

Here the state spaces S, are discretized in the same way as under As-
sumptions A. In addition, finite grids H, of points in U, are selected:

H,= {ui,...,upx} < Uy, k=0,1,..., N — 1. (29)
We assume that
Uxi)nH, #J Vi=1,....,n, k=0,1,...,N — 1, 30)

where ¢ denotes the empty set. We now approximate algorithm (3)and (4), by
the following algorithm:

) = gn(x) if xeGy, (31
M7 lgaxy)  if xeSE, i=1,...,ny, (32)
max  E{gix, u,w) + Joo [ il u, W} if xeG,, (33)
7 ueUp(x)nHy w
Jilx) = "7 '
Juxi) if xeSi, i=1,2...,n, k=0,1,...,N—1. (34

Similarly as under Assumptions A we obtain a control law {fiy, ..., fiy_1}
defined on the grids G,, k = 0, 1, ..., N — 1, that is extended over the whole
state space to yield the control law {ug, uy, ..., uy_,} by means of the
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piecewise constant approximation (25). The corresponding value J(x,) of
the cost functional is given by equations identical to (26) and (27).

Again we are interested in the question whether J, and J, converge in
some sense to J, for each k as both d, and d, tend to zero, where

d, = max =~ max sup Ix — xiy. (28"
k=0,1, i=1.....,nx xX€

d,. = max max  max min |u — . (35)
A=0.1...N-li=1,....m ueUg(xk) v eUi(xk)nHg

This question is answered in the affirmative in the next proposition.

Proposition 2 There exist positive constants %, fx. k =0, 1, ... N
(independent of the grids G, ..., Gy, Hy, ..., Hy_, used in the discretiza-
tion procedure) such that under Assumptions A

[Jux) = Ju(x)| < opd,  Vxe€S,, k=0,1,...,N, (36)
[Jx) — Jux)| € oyd,  ¥xe€S,, k=0,1,...,N, 37
and under Assumptions B
|Jux) — Jux)| < Bulds +d,)  VxeS,, k=0,1,....N, (38
|Jx) = Jux)| < Bulds +d)  VYxeS,, k=0,1,....N, (39

where J,, J,, J,, d,, d. are given by (3) and (4), (21)-(24) [or (31)-(34)], (26)
and (27), (28) and (35), respectively.

Proof We first prove the proposition under Assumptions A. We have
by (21) and (22) that J(x) = Ju(x) for all x € Gy while for any x € Sy,

[Inx) = In(x)] = [gn(x) — gnlxi)l < Myllx — xjll < Myd,.  (40)

Hence (36) holds for k = N with ay = My. Also Jy(x) = Jy(x) ¥x € Sy,
and hence (37) also holds for k = N.To prove (36) for k = N — 1 we have by
(23)foranyi=1,2,...,ny_4,

|JN—l(ij— ) - jN—l(ij— )l

max FE {gN—l(ij— pu,w) + I fy- 1(va—1~ u, w)l}

ueCn-1 w

— max E {gnx_xh_ouw) + j_\.[‘/j\., N T w)]}\ ‘

ueCn-) w

< max
ueCn -1

g{JN[fN 1(XN 1 U, WYl — JN[fN 1(XN 1» U, W)]}\ ands,
(41)
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where the last step follows by (40). Also for any xeSy_,i=1,...,ny_y,
we have using (41) and Proposition 1,

|JN—1(X) - jN—1(x)|
= [Jy_(x) — jN—x(xjv—ln
< Jn-1x) = Iy alxn- )| + |JN—1(X5V—1) - JN—l(xjv—l)l
S Ay-qllx — x|l + ayd, < (Ay-y + ayd,.
Hence (36) holds for k = N — 1 withay_; = Ay_; + ay, and similarly it is
shown to hold for all k.
Toprove(37)fork = N — 1let x € Sy _,. We have by (24) and the previous
inequality,
= 1(x) = Ino (0] < yoyx) = Tyo )]+ [T w-1(x) = Tyo ()]
< (An-y + andy + 1Ty xyo ) = Ty (0] 42)

Fornotational convenience we write iy _ ,(x) = puy_(x4_;) = py_, [cf.(25)].
By using (23), (27), and (18), we have

IjN—l(ij—l) - jN— 1(x)]

In_
< ZgN—l(x;V—l,#;V—l’j)pfv—l(x;\l—l’#;\l—l)
=1
In-a . . .
= Y g% o PR (X =)
ji=1
’N_lA . . . . .
+ ZJN[fN—l(x;V—la#k—lﬁj)]p'l,\l—l(x;\l—l»#;\l-l)
=1

In-1
- .Zl ]N[fN— (X, py - 1aj)]P{v- 1(x, #5\/— 1)‘
j=

< Iy (Myoy + Nyoy max{|gy_(x, u, w)l|xeSy_j,ueCy_y,

we WN—I})HX - Xk-lll +

In-1
.Zl {In[Sn- 1(va—1’ #5\;— )]
j=

— Jn[ - 1(X5v— 15 #k—l’j)]}p'l,;l—l(xj\l—lv #5\;—1)

In-1

+ Z INC =1 (Xn -1 v = 6 DIPA - (XN =1, v —1)

j=1

In-s . . .

- INC v = 1(x, iy = 1 )Iph -1 (X, v - )
=1

i

In_

+ Z {In[fn-alx, #5\/—1»])] - jN[fN—l(x’ #;‘V—l’j)]}p'l,;l—l(xa #5\!—1)-

i=1
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From the above inequality, Proposition 1, (36), (37) as proved for k = N,

and conditions A.2 and A.3, we easily obtain
IjN—1(x5v—1) - JN—I(X)I < Onllx — xj- 1| < dnd,,
where Jy is a positive scalar not depending on the grid Gy _ ;. Using the above
inequality in (42),
[In-1(x) = Tyo 1) < (An-y + an + S,

Thus (37) holdsfork = N — 1 withay_, = Ay_, + ay + Oy. Similarly (37)
is shown to hold for all .

We now turn to proving (38) and (39) under Assumptions B. Similarly, as
in the case of Assumptions A, (38) and (39) hold for k = N with Sy = M.
To prove (38) for k = N — 1 we have by (33), foranyi=1,2,...,ny_4,

|JN—1(x§V—1) - jN—1(x5v—1)!

max E{gn- 1(x5v— LU w) + In[fn- 1(x§v— 1 U, W)]}

MEUN_l(x;'v_‘) w
- max E {gn-10xh-1, u, W) + Iy fu—1(xh- 1, u, W
ueUn-1(xy_)nHN-1 W

We use the triangle inequality and strengthen it further as in (41), obtaining

|JN—1(x§V—1) - jN—l(va—ln

< Bwds + max  FE{gn- (-1, u, W) + In[fv-1(xh—1, u, W)}
ueUn-1lxy_y) w
- max Ef{gy-1xh—1 u, W) + Iyl fy— (-1, u, W}
ueUn-1(xy_ ) nHN-1 w
< Pndg + Ino(My_y + Ly_ Ay + By_Ny_1)d,, (43)

where By _ , is given by (19). The last step in the above algebra is obtained ina
straightforward manner by using Assumptions B, Proposition 1, and the
definition of d,. Also we have for any xe Sy _,,i=1,...,ny_,

|- 1(x) = Ty 1(x)]
= |Jn-1(x) — Tn-1xh- )l
< [n-1(x) = Inoalxh- )| + [Ty 1(xh-1) — jN—1(x§v—1)|
< An-yllx — xjy_ 4l + W jN—l(xliv—l)l
< Ayl + [no (Ko y) — Tno (- )l
Using (43) we have that (38) holds for k = N — 1 with
Bnv-1 = max{fy + Ay_1, In-1(My_, + Ly_1An + By- \Ny_ )}
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Similarly (38) is shown to hold for all k. Once (38) is proved, (39) follows in
exactly the same manner as under Assumptions A. Q.E.D.

Proposition 2 demonstrates the validity (under mild continuity assump-
tions) of discretization procedures based on piecewise constant approxima-
tions of the functions obtained in the DP algorithm. The bound on the ap-
proximation error is proportional to the size of the discretization grid
utilized and tends to zero as the grid becomes finer and finer.

5.3 Suboptimal Controllers and the Notion of Adaptivity

As discussed earlier, the numerical solution of many sequential opti-
mization problems by DP is computationally impractical or infeasible due to
the dimensionality problem. For this reason in practice one is often forced
to use a suboptimal policy that can be more easily calculated and imple-
mented than the optimal policy and hopefully does not result in a substantial
increase of the value of the cost functional over the optimal value. There are a
number of suboptimal approaches for sequential optimization and it is quite
difficult to classify and analyze them in a unified manner. For example, one
obvious approach is to simplify or modify the model so that the DP algorithm
is either computationally feasible or possesses an analytical solution. Such
simplifications include replacing nonlinear functions by linear and, perhaps,
quadratic approximations, eliminating or aggregating certain variables in the
model, neglecting small uncertainties and low-level correlations, etc. No
general guidelines can be given for such an approach, and we will not be
further concerned with it. On the other hand we shall discuss in the next two
sections some approaches for suboptimal control that are of general ap-
plicability and are often considered in practice. Some other techniques are
referred to in the last section. We first define the notion of adaptivity, which
constitutes a desirable property for any suboptimal controller.

Let us take as our basic model the problem with imperfect state informa-
tion of Section 4.1. This problem includes as a special case the problem with
perfect state information of Section 2.1 except for the fact that the control
constraint set U, is not state dependent (simply take the measurement equa-
tion to be of the form z, = x, for all k). Now a good part of the difficulty in
solving the problem by DP can be attributed to the fact that exact or inexact
measurements of the state are taken during the process, and the control
inputs depend on these measurements. If no measurements were taken, the
problem would be reduced to finding a sequence {ud, uf, ..., u%_}, such
that uf e U,, k =0,..., N — 1, which minimizes

N-1
J(ug, uy, ..., un_y) = E {gN(xN) + kzogk(xlw Uy, Wk)} (44)

X0s Wk
k=0,1,...,N-1
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subject to the constraints

Xer1 = SillXi, U, wy).

This is an essentially deterministic problem, which can be solved by deter-
ministic optimization techniques. For example, if the state and control spaces
are Euclidean, optimal control and mathematical programming methods
can be efficiently used for solution of the problem. A control sequence
{ud, ut, ..., u%_,} minimizing the cost functional (44) is called an optimal
open-loop control sequence, and the optimal value J§ of the cost (44) is called
the optimal open-loop value:

Jg = inf J(uo, ul,...,uN_l).
uxelUp.k=0,....N—-1
Now if J* denotes the optimal value of the basic problem with imperfect
state information of Section 4.1 we have

J* < JE

This is true simply because the class of controllers that do not take into
account the measurements (consist of functions that take a single constant
value independent of the current information vector) is a strict subset of the
class of admissible controllers for the problem of Section 4.1. The difference
(J§ — J*)can be called the value of information supplied by the measurements.
[When the cost functional includes directly costs for measurement, a more
descriptive term for (J§ — J*) would be the value of the option of taking
measurements.] The whole point for taking measurements (i.e., using feedback)
is precisely to reduce the optimal cost from J§ to J*. Now it is evident that any
suboptimal control law 7 = {ug, 4, ..., 4x_} that takes into account the
measurements should be considered acceptable only if the corresponding
value of the cost functional J, satisfies

J*< J, < JE, 45)

for otherwise the information supplied by the measurements is used with
disadvantage rather than advantage.

Definition An admissible control law m = {uq, uy, ..., uy_,} that
satisfies (45) will be called quasi-adaptive. If the right-hand side of (45) is
satisfied with strict inequality, the control law n will be called adaptive.

In other words an adaptive controller is one that uses the measurements
with advantage. Of course, an optimal controller for the problem is quasi-
adaptive but some of the suboptimal controllers commonly used in practice
are not in general quasi-adaptive. One such example is the so-called naive
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feedback controller, which will be examined in the next section. In the same
section we shall examine another suboptimal control scheme, the so-called
open-loop feedback controller, which turns out to be always quasi-adaptive.

5.4 Naive Feedback and Open-Loop Feedback Controllers

The naive feedback controller (NFC) is a control scheme based on an idea
that has been used with considerable success for many years. It is also called
certainty equivalent controller and its conception and justification dates to
the origins of feedback theory when feedback was employed as a device that
compensated for uncertainties and noise in the system. Traditionally servo-
mechanism engineers when faced with the design of a controller for an un-
certain system, assumed away or neglected the uncertainty by fixing the un-
certain quantitities at some typical values (for example, their expected values)
and designed a feedback control scheme for the corresponding deterministic
system on the basis of certain considerations (stability, optimality with re-
spect to a criterion, etc.). They relied on the feedback mechanism to com-
pensate for uncertainties and noise in the system. The NFC draws from that
idea. It applies at each time the control input that would be optimal if all the
uncertain quantities were fixed at their expected values, i.e., it acts as if a form
of the certainty equivalence principle, discussed in Sections 1.3, 3.1, and 4.3,
were holding.

We take as our model the basic problem with imperfect state information
of Section 4.1 and we further assume that the probability measures of the
input disturbances w, do not depend on x, and u,. We assume that the state
spaces and disturbance spaces are convex subsets of corresponding Euclidean
spaces so that the expected values

X = E{x |1}, w, = E{w},

belong to the corresponding state spaces and disturbance spaces.
The control input fi,(I,) applied by the NFC at each time k is determined
by the following rule:

(a) Given the information vector I, compute
X = E{x |1}
(b) Solve the deterministic problem of finding a control sequence
{0, @y y, ..., Gy_,} that minimizes
N-1

gnixy) + Z il Xk, Uy, Wy)

i=k
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subject to the constraintst
u;e U, Xivy = filxi, uz, W), i=kk+1,...,N—1, X, = X,.
(c) Apply the control input
b)) = .

Note that if the current state x, is measured exactly (perfect state information),
then step (a) is unnecessary. The deterministic optimization problem in step
(b) must be solved at each time k as soon as the initial state X, = E {x,|I,}
becomes known by means of an estimation (or perfect observation)procedure.}
A total of N such problems must be solved in any actual operation of the NFC.
Each one of these problems, however, is a deterministic optimal control
problem and is often of the type for which powerful deterministic optimization
techniques such as steepest descent, conjugate gradient, Newton’s method
[L10] are applicable. Thus the NFC requires the solution of N such problems
in place of the solution of the DP algorithm required to obtain an optimal
controller. Furthermore, the implementation of the NFC requires no storage
of the type required for the optimal feedback controller—often a major
advantage.

The implementation of the NFC given above requires the solution of N
optimal control problems in an “on-line” fashion, i.e., each of these problems
is solved as soon as the necessary information X, = E {x,|I;} becomes
available during the actual control process. The alternative is to solve these
problems a priori. This is accomplished by determining an optimal feedback
controller for the deterministic optimal control problem obtained from the
original problem by replacing all uncertain quantities by their expected values.
It is easy to verify (based on the equivalence of open-loop and feedback
implementation of optimal controllers for deterministic problems) that the
implementation of the NFC given earlier is equivalent to the following
implementation:

Let {ud(xo), ..., u%_(xy_1)} be an optimal controller for the deter-
ministic problem

N—-1
minimize gn(xy) + kzo glxi> i), Wi overall {ug,...,puyn-1}

subject to  p(x) €Uy, Vx, €8, Xe+1 = fillxw, tlxn), Wid,
k=0,1,....,.N—1.

t We assume that there exists an optimal sequence {&,, %, ..., dy-}. Furthermore, if
multiple solutions exist for the minimization problem, some rule is used to select one of them
in an unambiguous way.

1 In practice, often one uses a suboptimal estimation scheme that generates an *approxi-
mate” value of x = E {x,|],}.
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FIGURE 5.3

Then the control input i,(I,) applied by the NFC at time k is given by

AL = WIE{x | I,}] = pi(xy)
as shown in Fig. 5.3.

In other words an alternative implementation of the NFC consists of finding
a feedback controller {ud, us, ..., u%_.} that is optimal for a corresponding
deterministic problem, and subsequently using this controller for control of the
uncertain system (modulo substitution of the state by its expected value) in the
spirit of traditional servomechanism design. Either of the definitions given for
the NFC can serve as a basis for its implementation. Depending on the nature
of the problem one method may be preferable to the other.

The NFC often performs well in practice and results in a value of the cost
functional that is close to the optimal value. In fact for the linear-quadratic
problems of Sections 3.1 and 4.3, it is identical to the optimal controller
(certainty equivalence principle). However, it is possible that the NFC is not
quasi-adaptive (performs strictly worse than the optimal open-loop con-
troller), as the following intriguing example shows.

ExampPLE Consider the following two-dimensional, two-stage linear
system with scalar controls and disturbances:

1 1 L
Xk | | Xk 1 i B
Mot = I:XI%+ 1] - [x,f] + [0}“" + [%\/E:lwlu k= O, 1,
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and with initial state x§ = x3 = 0. The controls u,, u, are unconstrained and
the disturbances w,, w, are independent random variables with identical
distribution. They take the values +1 and —1 each with probability 3.
Perfect state information prevails.

Case 1 Consider the cost functional

E {Ix:I%,
wo, Wi
where |- || denotes the usual Euclidean norm. Since this is a quadratic cost
functional and certainty equivalence holds, we expect that the NFC is an
optimal controller for this problem. Indeed, let us first compute the optimal
controller by the DP algorithm. We have

Jalx,) = ||X2||2,

Jy(x;) = min E {Jo[0c} + uy + dwy, x} + £/2w))]}

Uy wy

=min E {(x! + u; + Iw)? + (x? + 1V2w)?

. wy

minf(x} + u)? + (AP + B {Gwi)? + GV2wi)).
By minimization we obtain the optimal controller and “cost-to-go” for
stage 1:
pix,) = —xi,
and
Jilxy) = (x]) + E {Gwy)? + GV2w,)?} = () + 2
Also

Jo(xo) = min E {J,[(x} + up + 3wo, x3 + $v/2wo)1}

uo wo

E (e} + 3v/2wol + 3} = (<) + 3

Thus we obtain the optimal cost corresponding to the initial state x, = O:
J* = Jo(0) = 2.

Furthermore, applying any control u, at stage O is optimal.

The NFC may be obtained by means of the second implementation scheme
described earlier whereby we consider the problem of obtaining an optimal
feedback controller for the deterministic problem resulting when w, and w,
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are replaced by their expected values w, = w; = 0. The DP algorithm for
this deterministic problem is given by

Jz(xz) = |lx,|I%

Ji(x

;) = min Jallx} + uy, x3] = (x3)?,
jo(xo) = min J,[(x§ + uo, x3)] = (x3)?,

and one can easily see that the NFC is identical to the optimal controller. This
is, of course, due to certainty equivalence. Thus if J denotes the cost corre-
sponding to the NFC, we have

J¥=J=3

We also calculate the optimal open-loop value J§, i.e., the optimal cost
attained by an open-loop controller. Since (in view of x, = 0) the final state
X, is given by

o = [Ho+ +%(w0+w1):|
2 1V2(wo + wy)
we have

JE¢=min E {[ug + u; + Hwo + w)J? + Hwg + wy)?}

up, Uy wWo, wi

One may easily see that any pair (ug, u,) with 4y + u, = O attains the mini-
mum above and computation of the expected value yields

&.

* _ 3
o~ 2-

Thus for this problem we have
J*=1J < J§,
and the NFC is adaptive.
Case 2 Consider now the cost functional

E {lx|}.

wo, Wi

The NFC is obtained from the DP algorithm for the corresponding deter-
ministic problem. Straightforward calculation yields

jz(xz) = |xl,

jl(xl) = min jz[(xi + uhxf)] = |xf|,

jo(xo) = n.l.in Jl[(x(lJ + ug, x3)] = 1x31.
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The NFC is the same as for Case 1:
fy(xy) = —xi,  fig(xe) = any scalar.

This is due to the fact that minimizing || x, || is equivalent to minimizing || x, |2
in the absence of uncertainty. With this controller and given that x, = 0,
the final state x, is equal to

X, — l: Iw, :I
, =
12w + w,)
and the corresponding value of the cost functional is

J= E {[w} + 3wo + w1} = L.

The optimal open-loop value is obtained from

JE§=min E {([uo + uy + 3wo + w)1* + Hwo + w)?)"?}.
uo, U1 wo, wi
Any pair (4o, u;) with uy + u, = 0 attains the minimum above and computa-
tion of the expected value yields

JE =43

Thus we have
JE<J

and the NFC is not quasi-adaptive. Actually for this case one may verify that
the optimal cost corresponding to an optimal feedback controller is

J* = ‘]0 - % 3
so that for this case the open-loop optimal value is equal to the optimal value.

This example is rather astonishing in view of the well-rooted conviction
among engineers that feedback designs tend to compensate for uncertainties
and noise in the system and hence are preferable to open-loop designs. The
statement is true, of course, if one uses optimal feedback obtained through a
problem formulation that explicitly takes into account the uncertainty. It is
not necessarily true if one uses a feedback controller obtained from an op-
timization problem where uncertainties are not explicitly considered.

Open-Loop Feedback Controller

The open-loopfeedback controller (OLFC)is similar to the NFCexcept that
it takes explicitly into account the uncertainty about x,, w, ..., wy_, when
calculating the control input to be applied at time k.
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The OLFC applies at each time k a control input fi,(I;), which is deter-
mined by the following procedure:

(a) Given the information vector I, compute the conditional prob-
ability measure Pt
(b) Find a control sequence {#,, it , ..., iiy_} that minimizes

N-1
E {g)v(x)v) + Z gilxi, u;, Wl’)“k}

Xk, Wiy ..., WN - 1 i=k
subject to the constraints
u,-EUi, xi+1=];-(x,',u,-,wi), l=k,,N— IT
(c) Apply the control input
L) = .

The operation of the OLFC can be interpreted as follows: At each time k
the controller uses the new measurement received to calculate the con-
ditional probability P,, ;. However, it selects the control input as if no
further measurements will be received in the future.

Similarly to the NFC, the OLFC requires the solution of N optimal
control problems in any actual operation of the system. Each of these prob-
lems may again be solved by deterministic optimal control or mathematical
programming techniques. The computations are a little more complicated
than those for the NFC since now the cost functional includes the expectation
operation with respect to the uncertain quantities. The main difficulty in the
implementation of the OLFC is the computation of P,,;, . In many cases one
cannot compute P,,;, exactly, in which case some “reasonable” approxima-
tion scheme must be used. Of course, if we have perfect state information, this

potential problem does not arise.
We now prove that the OLFC is quasi-adaptive.

Proposition The value of the cost functional J; corresponding to an
OLFC 7 = {fig, iy, ..., ly_} satisfies

J*< J < JE. (46)
Proofi We have
Jr = g {jo(lo)} = F{jo(zo)}’ 47

t Similarly as for the NFC, we assume that an optimal solution to this problem exists and
ambiguities resulting from multiple solutions are resolved by some rule.

1 We assume throughout the proof that all expected values appearing are well defined and
finite and the minimum in (50) is attained for every I,.
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where the function J, is obtained from the recursive algorithm

jN—l(IN—l) = . EVLN_ {gn[ 10— 1> v 1T n- 1), wa—1)]
+ gnv-10xn- 1 Bv— (U= 1) wa— (I N1}, (48)
jk(Ik) = . WE; {gilxy, mdl), wi]
+ Juv 1l M 1 [Adxs B, wi), mi), ves 11, mI)111L,
k=0,1,..., N—1. 49
Consider also the functions Ji(I,),k = 0,1,..., N — 1, defined by
N-1
Jid) = milljl E {gN(xN) + 2 gidx;, u;, wi)“k}- (50)
u;elU; XK, Wi i=k

i=ky oo s N— 1 xg41= filxioui, wi)
{ -1

The minimization problem indicated in this equation is precisely the one
that must be solved at time k in order to calculate the control input f(I,) of
the OLFC. Clearly Ji(I,) can be interpreted as the calculated open-loop
optimal cost from time k to time N when the current information vector is 1.

It is easy to see that we have

E {Jo(zo)} < J3.

We shall prove that
JJ) <Jyl) forall I, and k.
Then from (47), (51), and (52) it will follow that
Ja < JE,

which is the relation to be proved. We shall show (52) by induction.
By the definition of the OLFC and (50) we have

jN—l(IN—l) =Jy-1UIn_1) Viy_4,
and hence (52) holds for k = N — 1. Assume

Jes1llir 1) < Jii 1t y) Vi,

(51)

(52)

(53)
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Then from (49), (53), and (50) we have

J W) = E {gu[xi, 2L, wid

Xk, Wk, Uk + 1

+ w1 s Bucs A L%, (1), wiy BL)s v 11, mlT)] 1}
E {g:lxi> Bll), Wil

Xkcy Wiy Uk + 1

+ Jie 1L B 1 DAGe, BT wi), Ty, vy i1 s L)1 |1}

N

= E { min E {gxDx, ), wid
Xic, Wics Uk + 1 uielU; X+ 12 Wi
i=k+ 1,0, N=1 xi41=fi(xi, ui, wi)
i=k+1,....N—1
N—-1
+ Y gdxi ui, w) + galxen) e 13
i=k+1
< min E {gN(xN) + gulxi, mdli), wil
uiel; Xk, Wi, Wi
i=k+1,..,N-1 xi+1=filxi, ui, wi)
i=k+1,....N—-1

Xic+ 1= facl X, BrelIx), wi]
N-1

+ Z gixi, u;, Wi)”k} = Jiy).

i=k+1

The second inequality follows by interchanging expectation and minimization
(notice that we have always E{min[-]} < min[ E {- }]) and by “integrating
out” v, ,. The last equality follows from the definition of OLFC. Thus (52) is
proved for all k and the desired result is shown. Q.E.D.

It is worth noting that by (53) the calculated open-loop optimal cost from
time k to time N, Ji(I,), provides a readily obtainable performance bound for
the OLFC.

The above proposition shows that the OLFC uses the measurements with
advantage even though it selects at each period the present control input as if
no further measurements will be taken in the future. Of course, this says
nothing about how closely the resulting value of the cost functional approxi-
mates the optimal value. The general opinion, however, is that the OLFCisa
fairly satisfactory mode of control for many problems, although future
experience will undoubtedly shed more light on this question.

Concerning the comparison of the NFC and the OLFC one should note
that even though the NFC may not be quasi-adaptive, it may be considerably
easier to implement than the OLFC. On the other hand, the OLFC, in con-
trast to the NFC, can be used even for problems that are not defined over
Euclidean spaces and is thus a more general form of suboptimal control. In
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general, the two controllers cannot be compared on the basis of their corre-
sponding values of cost functional. The example and the proposition of
this section show that the OLFC may perform better than the NFC. The
example in Problem 4 shows that the opposite may also be true. Both con-
trollers may exhibit some rather counterintuitive behavior due to their sub-
optimality. An example of such behavior is given in Problem 5.

5.5 Partial Open-Loop Feedback Controllers and the
Efficient Utilization of Forecasts

As discussed in Section 5.4, the OLFC utilizes past measurements in the
computation of the conditional probability measure P,,,, but calculates the
control input i(I,) on the basis that no measurements will be taken in the
future. A form of suboptimal control that is intermediate between the optimal
feedback controller and the OLFC is provided by what we shall call the
partial open-loop feedback controller (POLFC). This controller utilizes past
measurements to compute P, but calculates the control input on the basis
that some (but not all) of the measurements to be taken will in fact be taken in
the future. This suboptimal controller, as we shall explain below, is char-
acterized by better performance bounds than the OLFC and is particularly
useful in problems where forecasts of future input disturbances become
known during the control process.

Consider the basic problem with imperfect state information of Section
4.1. Let us assume that each measurement z, consists of two separate measure-
ments Z,, Z;, which are elements of appropriate spaces and are given by

2, = [E*J = [E"(X"’ - 1o lf")], k=0,1,....,N -1,
2k (X Ui— 15 D)
where h,, h, are given functions and 7,, §, are random observation dis-
turbances characterized by given probability measures that depend explicitly
only on x, and u,_, and not on prior observation disturbances ¥, _,, 7,_;,
..., Dg, Ug or any of the input disturbances.

Roughly speaking, the POLFC computes the conditional probability
measure P, , where I, = (2o, ..., 2y, Uo, - . . , Uy _ 1), and then calculates the
optimal policy for the truncated optimization problem over the remaining
periods k,k + 1,..., N under the assumption that the measurements
Ze+ 15 - - - » Zv— 1 Will be taken, but the measurements 3, . 4, ..., Zy_; will not.
The rationale for such a procedure is that in some cases it may be much easier
to compute the optimal policy as a function of the measurements z,, ,,
..., Zy_only,ratherthanasafunctionofz, ., ..., Zy-;and Z, . 1, ..., Zn_;.
Such situations occur, for example, when Z, represents an exact measurement
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of the current state and 2, represents forecasts on future input disturbances,
as will be explained later.

We define now precisely the POLFC, denoted {iig(Io), - - -, in— 1 (In-1)}>
by specifying the rule by means of which the control input j(7,) at time k
is calculated:

(a) Given the information I, compute the conditional probability
measure Py, g, .
(b) Define the following partial information vectors:

1z+1 = (Zk1 1, ),

" _ _
Livs = Zea 1 Zor 2o Uio Ukr 1)s

k _ (3 5 >
IN—l = (zk+1’ Zr+2r s EN—1o Uks <o o uN—Z)’

and consider the problem of finding a control u, € U, and functions u¥(I¥), such
that u¥(I¥) e U, for all I* and i, that minimize the cost functional

N-1
Jk(uk, “’:+ 15+ ¢+ lu’I‘V— l) = Ew- {gN(XN) + Z gi[xi’ #:‘(1:‘)9 Wi]
i N

i=k+1

+ il Xk, U, Wk)”k}
subject to the constraints

Xi+1 = SilXis Us Wids
Xi+1 =f,[x,,,uf(1f), Wi]’ l=k+ 1a'~-,N"' 1'

Let {ii,, i, 4, ..., it4—,} be an optimal policy for this problem.}

(c) Apply the control input

wlly) = .

Note that if the measurements z,, k = 0,..., N — 1, are vacuous (provide
no information about the current state as, for example,. in the case where the
values of the functions ki, do not depend on x,), the POLFC is identical to the
OLFC. If the measurements Z, are vacuous, then the POLFC is identical
with the optimal feedback controller.

Now let us consider the problem of minimizing the cost functional over

all admissible controllers of the form {uy(ly), ..., un—(Ix-1)}, where the
partial information vectors I, are defined by

i0={fo}, ik={Eo,...,ék,uo,...,uk_l}.

t Similarly as for the NFC and OLFC we assume that such a policy exists and that a certain
rule is used to resolve ambiguities resulting from multiple solutions.
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This problem is obtained from the basic problem assuming that the
measurements 2, are not taken. If J* is the corresponding optimal value, we
clearly have

J* < J* < JE,

where J* and J¥ are the optimal value and optimal open-loop value of the
basic problem.

The following proposition is analogous to the proposition of the previous
section and admits an entirely similar proof.

Proposition The value of the cost functional J; corresponding to a
POLFC 7 = {jiy, fiy, ..., dn— 1} satisfies

J*< J, < J* < JE

It should be mentioned that while again it is not clear that the POLFC
approximates closely in terms of performance the optimal controller, the
upper bound (J* — J*) on the deviation of the value of the cost over the
optimal is smaller than the corresponding bound (J¥ — J*) for the OLFC.
On the other hand, surprisingly, it is possible that the POLFC performs
worse than the OLFC in a given situation. One example of such behavior
has been constructed by E. Alleman—a student in one of the author’s classes—
but is too complicated to be presented here.

We now turn to the application of the POLFC idea to a specific class
of problems involving forecasts on future input disturbances. Consider the
basic problem with perfect state information where the probability measures
of the input disturbances w, do not depend on x; oru,,k =0,1,...,N — L.
Furthermore, assume that at each time the controller in addition to knowing
the value of the current state x, has access to a forecast

L=, 2, LY.

Each element Z; of the forecast Z, represents an appropriate noisy measure-
ment of the future input disturbance w;, i = k,..., N — 1. These forecasts
can be utilized to update at each time the probability measures of future
input disturbances.

It should be realized that the presence of the forecasts transforms the
problem in effect into one of imperfect state information, which involves a
system of the form

ik+1 = f;((ikauk)’ k= 0’ 17 "-,N - L (54)
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The state of this system is
fk = (xk’ Wis Wii1s -0 0 s W l),

and the system function f£, is defined in an obvious way from the system
equation x,,, = fi{xs, s, w,). The cost functional can also be easily re-
formulated in terms of the variables of system (54), and the measurement

X
Zy = "
2

obtained by the controller at each time k can be viewed as a measurement of
state X, of system (54).

Now a sufficient statistic for the problem of imperfect state information
outlined previously is provided by (x4, P, . wy_, ) Where Py, o 5.
is the joint conditional probability measure of the future disturbances
Wy, ..., Wy_;. In many cases w,, ..., wy_, are independent under the con-
ditional probability measure, in which case P,,, ., _,1, is characterized by
Poites s Pun_in-,- We shall assume this independence in what follows.
Thus the optimal feedback controller must be obtained from a DP algorithm
that is carried over either the spaces of the information vectors I, or over the
space of the sufficient statistic (x4, P, 1., - --» Pwy_,1,)- Clearly the com-
putation of this optimal controller is extremely difficult except for special
cases such as the one considered in Section 2.3.

When, however, the POLFC philosophy is adopted things may be con-
siderably simplified. According to the scheme outlined earlier in this section,
at each time k the state x, and P, ;,, ..., P,,_,1,_, are obtained, and the
optimization problem of part (b) of the definition of the POLFC is solved to
obtain the control input f(I,). This problem consists of finding {f(x,),
e 1(Xks 1)y -+ » By—1(xy-1)}, With g(x)eU,;, i =k,..., N — 1, that mini-
mize

N-1
E {gN(xN) + Z gilx;, fafx;), wil IIk}
=k N1 i=k

subject to the system equation constraints

Xiy1 = ﬁ[xi, ﬁi(xi), Wi], i= k, ey N — 1.

Now the above problem is one of perfect state information and may be much
ecasier to solve than the original problem. For example, it may possess an
analytical solution or be one dimensional in the state variable. In this way
the implementation of the POLFC may be feasible while the implementation
of the optimal controller may be impossible.
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Summarizing the above discussion the POLFC for the perfect state in-
formation problem with forecasts operates as follows:

(a) An optimal feedback policy is computed at the beginning of the
process on the basis of the a priori statistics of the input disturbances and
assuming no forecasts will be available in the future.

(b) Each time a forecast becomes available the statistics of the future
input disturbances are accordingly updated. The optimal feedback policy is
revised to take into account the updated statistics but is computed on the
basis that these statistics are final and will not be updated by means of future
forecasts.

It is to be noted that this mode of operation does not require a detailed
statistical modeling of the forecasting process. The only requirement is to be
able to compute the updated probability measures P, s,,.-.» Pywy_ 1,
of future disturbances given the forecasts up to time k. This is particularly
convenient in practice since forecasts may be of a complicated and unpre-
dictable nature, such as marketing surveys, unforeseen “inside” information,
unpredictable changes in the economic environment, and subjective feelings
of the decision maker.

As an example, consider a dynamic inventory problem such as the one
considered in Section 3.2 where forecasts on future demands become avail-
able during the process. The POLFC calculates an initial multiperiod (s, S)
policy based on the a priori probability distributions of future demands. As
soon as new forecasts are obtained and these distributions are updated the
current (s, S) policy is abandoned in favor of a new one calculated on the
basis of the updated demand distributions. The new (s, S) policy is again
updated as soon as new forecasts become available and so on. In this way
a reasonable and implementable policy is adopted while the optimal policy
would perhaps be impossible to calculate or implement.

As another example, consider an asset selling problem similar to the one
of Section 3.4 where we assume that forecasts on future price offers become
available during the sale process. The POLFC approach suggests the cal-
culation and adoption of an initial policy, characterized by cutoff levels
a4, ..., 0y_, for accepting and rejecting an offer, based on the initial prob-
ability distribution of offers. As soon as, say at time k, forecasts become
available and the probability distribution of future offers is updated, new
cutoff levels «,, ..., ay_; are calculated, which specify a new policy to be
followed until the next forecasts become available. The resulting expected
revenue from using the POLFC is larger than that which would result if the
decision maker were to stick to the initial policy and disregard the forecasts.
It is safe to presume that many decision makers, guided by intuition rather
than detailed planning, would in fact adopt a policy similar to the one sug-
gested by the POLFC.
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5.6 Control of Systems with Unknown Parameters
—Self-Tuning Regulators

We have been dealing so far with systems having a known state equation.
In practice, however, one is frequently faced with situations where the system
equation contains parameters that are not known exactly. One possible
approach, of course, is to conduct experiments and estimate the unknown
parameters from input—output records of the system. This procedure, how-
ever, can be quite time consuming, Furthermore, it may be necessary to re-
peat the procedure if the parameters of the system change with time as is often
the case in many industrial processes.

The alternative is to formulate the stochastic control problem in a way
that unknown parameters are dealt with directly. It is very easy to show that
problems involving unknown system parameters can be embedded within
the framework of our basic problem with imperfect state information by
using state augmentation. Indeed, let the system equation be of the form

Xer1 = Sulxp, 0, up, wy),

where 0 is a vector of unknown parameters with a given a priori probability
distribution. We introduce an additional state variable y, = 6 and obtain a
system equation of the form

l:xk+l:|= I:ﬁ((xk»yk’ ukswk):l (55)
Yre+1 Ve i

By defining %, = (x,, y.) as the new state, we obtain

X1 = fk(’zk, Ui, Wi)s
where f, is defined in an obvious manner from (55). The initial state is
i0 = (x09 0)

With a suitable reformulation of the cost functional, the resulting problem
becomes one that fits our usual framework.

It is to be noted, however, that since y, = 0 is unobservable we are faced
with a problem of imperfect state information even if the controller receives
an exact measurement of the state x,. Furthermore, the parameter vector 6
usually enters the state equation in a manner that makes the augmented
system (55) nonlinear. As a result, in the great majority of cases it is practically
impossible to obtain an optimal controller by means of a DP algorithm,
Suboptimal controllers are thus called for and in this section we discuss in
some detail a form of the certainty equivalent controller that has been used
with success in some problems involving linear systems with unknown
parameters.
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Certainty Equivalent Control of Linear Systems
with Unknown Parameters

Consider a linear system of the form
Xi+1 = AdO)x; + B0y + wy.

The matrices A, and B, depend on an unknown parameter vector 6, which is
an element of a Euclidean space. The functional form of A,(:) and By(-) is
known. The cost functional is quadratic of the form

N—1
E{x;VQNxN + Z (xx Qi x; + ULRkuk)}-
k=0

The disturbances w, are independent and perfect state information prevails.
If the parameter vector 8 were known, the corresponding optimal control
law would be given by

uE(xi, 0) = Li(0)xy,
where

Li(6) = —[Ri + ByO)Ky+1(0)By6)]™ ' Bi(O) Ky 1(6)Ax6), (56)

and K, ,(6) is given by the Riccati equation, which corresponds to A4,(6),
B(0), Oy, and R, (cf. Section 3.1).

When 6 is not known we are faced with a problem of imperfect state in-
formation as explained earlier. The information vector is I, = {xq,..., X,
Ug, - .., Uy_ 1 and the corresponding NFC (certainty equivalent controller) is
given by

Aill) = L@y,
where

0, = E{611,}.

At each time k the NFC computes the conditional expectation 8, and then
calculates the gain L,(8,) from Eq. (56) once the matrix K, ,(8,) has been
obtained from the corresponding Riccati equation. In practice the com-
putation of §, may present formidable difficulties and for this reason usually
one computes an approximation of 8, by means of a conveniently imple-
mentable estimator. We now discuss in some detail a simple special case.

Self-Tuning Regulators

Consider a scalar controlled process described for k = (m + n), (m +
n + 1),..., by the equation

Viem+1 + QViam + 0 F GuVkame1-n=bith + -+ + byt _piy + . (57)
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The scalars y,, u, are considered to be the output and the input, respectively,
of the process at time k. There is a delay of m > 0 time intervals between the
time that the input is applied and the time at which it affects the process.
The scalar stochastic disturbances e, are independent over time and have
zero mean. The parameters ay,...,da,, by, ..., b, are unknown and it is
assumed that b; # 0. The algorithms to be presented can be easily modified if
some of the parameters are unknown and the remaining are known.

The process described above when thereisno control (i.e.,b; = 0)is known
as an autoregressive process of order n and is a widely used model of linear
processes. A more general model is obtained if we replace ¢, in Eq. (57) by
e + ciee_q1 + -+ + cper_,. Control algorithms similar to the ones that will
be presented shortly can also be developed for such more general models. In
order to keep the exposition simple, however, we shall restrict ourselves to
the process (57).

Equation (57) may be written in a different form, which is more convenient
for our purposes. We have from (57)

A Vksm + Q1 Ykem-1+  + G Vism—n)
=aybyu-y + - + byuy_,) + aje_;. (58)
We may eliminate y, , ,, by subtracting (58) from (57). We obtain
Yi+m+1 T+ (a2 - a%)yk+m—l +-+ (an - alan—l)yk+m+l—n — A1Qn Yk +m—n
= by + (b — aybug—y + -+ (by — ayby_ g ps s
- alb"uk_" + ek - alek_l.
Proceeding similarly we can obtain an equation of the form
Vitme1 T Y+ oo+ 0 Vi_ne1 = Boluy + Brtte—y + -+ + B ) + &
(59)

where [ = n+ m — 1, and & is a linear combination of the disturbance
vectors e;. The coefficients a5, ..., a,, By, - .., B in (59) are determined from
the coefficients a,, ..., a,, b;,..., b, by means of the elimination process
described above. Furthermore, it is easy to see that we have g = b, # 0.
Note that when there is no time delay (i.e., m = 0) Egs. (57) and (59) coincide.

The problem that we are concerned with is to find a suitable control law

) = wVos -5 Yis Ugs - ooy Ug—y)

depending on the past inputs and outputs, which are assumed to be observable
without error. We utilize the quadratic cost functional

N
E{ )y yf}- (60)
k=0

Thus, the objective of control is to keep the output of the process near zero.
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If the parametersa,, ..., a,, b, . .., b,in Eq (57) were known, the optimal
control law could be obtained by reformulating our problem into the form
of the basic problem with perfect state information via state augmentation,
and by subsequently applying the DP algorithm. We shall bypass, however,
this reformulation and obtain the optimal control law directly. Since the
system is linear, the criterion is quadratic, and the disturbances are inde-
pendent, certainty equivalence holds. The optimal control law is the same as
the one that would be obtained if the disturbances ¢, are set equal to their
expected value ¢, = 0, and the system equation is given by [cf. (57)]

Yiame1 + Zaiyk+m+l—i= Zbiuk+l—i’
i=1 i=1

or equivalently by [cf. (59)]
Virme1 + 0 e+ + 0 Yione1 = Boluy + Brt—y + - + Buuy_)).

By using the equation above in the cost functional (60) it follows immediately
that the optimal control law for the corresponding deterministic problem is
given by

l n
uil,) = Zﬁ Ug—i T 7~ Z“i.\'ux—i-
i=1 0i=1
By certainty equivalence the same control law is optimal for the stochastic
problem assuming that the parameters «,,..., a,, fo,..., B; are known.
Note that this control law does not depend on the time index k or the number

of stages N.
When the parametersa,, ..., a,.fy.. ... f,are unknown, then an approxi-
mate form of the NFC is given by
1
adl) = — ZB;‘uk i Bk Z & Vs 1—is (61)
i=1 0i=1

where I, = (yo, ..., V> Ugs--->tx—q) and a, ... a& B5 ..., B are esti-
mates of the parameters o, ..., a,, By, ..., f; based on the inputs and out-
puts available up to time k.

If it were possible to construct an estimation scheme such that the esti-
mates &, B converge to the true parameters a;, B;, then the suboptimal con-
troller defined by (61) would become asymptotically optimal. In fact, for
this purpose it is sufficient that

impB =g, i=1,..,1 62)
k— o0
lim &/B% = a;/B,, i=1,...,n (63)

k— @
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A suboptimal controller of the form (61) equipped with an estimation
scheme for which (62) and (63) hold (with probability one) is referred to as
a self-tuning regulator. Such regulators have many advantages. They are
very simple to implement (provided the estimation scheme is simple), and
they become optimal in the limit. Furthermore, not only they do not require
apriori knowledge of the parameters of the process, but in addition they adjust
appropriately when these parameters change—a frequent occurrence in many
processes.

At the present time the analysis of the question as to when a regulator of
the type described above has the self-tuning property is not complete. Future
research will undoubtedly shed more light on this question. However, it
appears that for many practical problems it is possible to construct simple
self-tuning regulators.

Let us describe briefly a simple estimation scheme that can be used.in
conjunction with the control law (61). The scheme is based on the method of
least squares and has been used with success in several applications. One may
show that due to the employment of the feedback control law (61) it is possible
that the least squares estimation scheme may encounter subtle difficulties if
we try to estimate all the parameters o, ..., a,, B, ..., B; (see Problem 7).
On the other hand we note that for purposes of control we do not need to
estimate both f, and «;,i = 1,..., n. Rather, from (61) it follows that we
need only estimate the ratios ;/8,, i = 1, ..., n. This will be done by keeping
B, fixed at some nonzero value B,, and by estimating «;,i = 1,..., n, to-
gether with §,,i=1,...,1 Let us define the (n + I)-dimensional column
vectors

0 = (als---yan,ﬂh---aﬁl)ls

Ze = (=Yoo s = Veons1s Botlim 15+ -» Bottu— 1),
where B, has a fixed nonzero value assumed equal to 8, for the purposes of
estimation. Then Eq. (59) is written

Y = Bouk—m—l + Zk-m-10 t+ Ekm1-
The least squares estimate of 6 at time k is denoted by 8, and is the vector that
minimizes
k
(@ — 8yP@O — 0) + Z D — Botticm-1 — Zicm-101%
i=m+1+1

where 8 is an initial estimate of 0 and P is a positive definite symmetric
matrix. It is possible to show that the least squares estimate 8, can be gener-
ated recursively by the equations

Ocir =0+ g — Bottk—m—1 — Zk—m-184),
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where the vectors g, € R"*" satisfy
gk = Pezycm (L + Zim  PuZiom—1) ™
and the (n + ) x (n + ) matrices P, satisfy
Pov1 =Py — gugill + Zim-1PiZyom-1):
The initial conditions are
Opey=96, P,.,=P

A proof of the validity of these equations may be found in most texts on
parameter estimation theory (see, e.g., [M7]).

When estimation is carried out by the least squares method described
above, the control law (61) takes the form

adly) = (I/Bo)zigk-
This control law does not always have the self-tuning property

1 1
lim =—8, = —86.
k—+ BO . ﬂO

However, both analysis and simulations indicate that if B, is chosen judi-
ciously and the order n of the model and the size m of the delay adequately
represent those of the real process, then the self-tuning property can often be
achieved. In practice one can settle on appropriate choices for B,, n, and m by
experimentation and simulation.

A detailed analysis of the regulator (61) equipped with the least squares
estimation scheme described above would take us beyond the scope of the
text and will not be undertaken. We mention that the main result, proved by
Astrom and Wittenmark [A9] under a mild assumption on the process, is that
if the estimates 0, converge to some vector 0, then a self-tuning regulator is
obtained, i.e.,

1 1

Since the estimates 8, do in fact converge in many cases, the result is quite
reassuring. It is also a rather remarkable result in view of the fact that the
fixed scalar B, need not be equal to the true parameter . Furthermore, even
if Bo = Bo, it is by no means obvious that we should have # = 0 since the
least squares method ordinarily will give in the limit biased estimates of the
true parameters. We shall demonstrate the result for a simple special case.
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First-Order Process
Consider the process
Vir1 + Vi = Puy + e (64)

Let B denote the fixed scalar used in the least squares estimation procedure
(i.e., our earlier fB,), and let &, denote the estimate of « at time k. Then &,
minimizes over «,

k
Pole — &) + Y (i + ayi—y — Bui—y)%
i=1
where &, is an initial estimate of « and p, some positive scalar. By setting the
derivative at &, of the expression above equal to zero, we obtain

k

po(® — &) + Z Vie1i + & yio1 — Bui=y) = 0,

i=1

from which
= Bo — Dk=1 Vi 1(yi — Bui-
8, = Do %o Z 1 .Vk 1()’2 B 1)' (65)
Po + Yi=1 Vi1
Now the controls u;_, are given by [cf. (61)]
Ui = (@i 1/B)yi-1- (66)
By substitution of (66) in (64), we obtain the form of the closed-loop system,
A
Yi= (ﬁ ; - — a))’i—1 te—y. (67)

By using Egs. (66) and (67) in (65), we obtain
5 = Pofo — Di=y Wi 1[(B&-1/B) —a — & ]+ ei—lyi—l}. (68)

* Po + Di=1 yioy

Let us assume that the estimates &, converge to some scalar &,

lim &, = 4. 69)

k— o
Assume further that

k
k-0 i=1
Zl"—x €i—1)i-1
lim &——5>—=0. (71

k-o Po T+ Zli‘=1 Vg
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Relation (70) will hold with probability one if the variance of the disturbance
e, is nonzero. Relation (71) can be expected to hold since the random variable
yi—, depends only on the disturbances e;_,,e;_3,...,and is therefore
independent of ¢;_ ;. Since e;_; has zero mean it follows that when y;_, has
finite first and second moments and we assume that expected values are
equal to the limit of the corresponding average sums (an ergodic assumption),
then (71) holds. Notice that relations (69) and (70) imply also

: =y [B/B) — 1%y — &) _
kh-'n:o Po + Z?=1 Yi2—1 =0 (72)

Now Eq. (68) may be written

G = _<ﬁ& o &> v oy BB — 18-, — a)
= 7 e — _
B Po + Z?=l yi2—1 Po + Z;‘=l yi2—1
Polo — Z{"=1 €i—1)i-1
+ ko2 :
Po t Zi=1 Yi-1

By taking the limit as k —» oo and using (69)-(72), we finally obtain
B3/B — a = 0 or equivalently

a/B = /B,

which is precisely the self-tuning property. Thus, we have proved that if the
estimates &, converge [cf. (69)] a self-tuning regulator is obtained. The proof
for more general processes follows a similar line of argument as the one given
above.

5.7 Notes

The problems caused by large dimensionality have long been recognized
as the principal computational drawback of DP. A great deal of effort by
Bellman and his associates, and by others, has been directed toward finding
effective techniques for alleviating these problems. A fairly extensive dis-
cussion of the computational aspects of DP can be found in the book by
Nembhauser [N2]. Various techniques that are effective for solution of some
deterministic dynamic optimization problems by DP can be found in
references [K6], [L2], [L9], and [W10]. Finally we note that a class of two-
stage stochastic optimization problems, called “stochastic programming
problems,” can be solved by using mathematical programming techniques
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(see Problems 1, 2, references [V1], [B7], [B10], and the references quoted
therein). The discretization and convergence results of Section 5.2 are due to
the author [B15].

The literature abounds with precise and imprecise definitions of ad-
aptivity. The one adopted here is due to Witsenhausen [W4] and captures
the idea that a controller should be called adaptive if it uses feedback with
advantage.

The example of Section 5.3 showing that the naive feedback controller
may perform worse than the optimal open-loop controller is due to Wit-
senhausen [Thau and Witsenhausen, T1]. For an interesting sensitivity
property of the naive feedback controller see the paper by Malinvaud [M2].
The idea of open-loop feedback control is due to Dreyfus [D6], who dem-
onstrated its superiority over open-loop control by means of some examples
but did not give a general result. The result and its proof were given recently
by the author [ B8] in the context of minimax control. Suboptimal controllers
other than the NFC and OLFC have been suggested by a number of authors
[T3-T5, C1, D5, D7, C5, S1, S2, S15, 520, P6, Al, A9, B17, M9, W9]. The
typical approach under imperfect state information is to separate the sub-
optimal controller into two parts—an estimator and an actuator—and use a
“reasonable” design scheme for each part. The concept of the partial open-
loop feedback controller is apparently new. Self-tuning regulators received
wide attention following the paper by Astrém and Wittenmark [A9]. For
some recent analysis see Ljung and Wittenmark [L5].

Whenever a suboptimal controller is used in a practical situation it is
desirable to know how close the resulting cost approximates the optimal.
Tight bounds on the performance of the suboptimal controller are necessary
but are usually quite hard to obtain. For some interesting results in this
direction, see the papers by Witsenhausen [W5, W6].

As a final note we wish to emphasize that the problem of choice of a
suitable suboptimal controller in a practical situation is by no means an
easy one. It may be necessary to conduct extensive simulations and experi-
ment with several schemes before settling on a reasonably practical and
reliable mode of suboptimal control.

Problems

1. The purpose of this problem is to show how certain stochastic control
problems can be solved by (deterministic) mathematical programming
techniques. Consider the basic problem of Chapter 2 for the case where there
are only two stages (N = 2) and the disturbance set for the initial stage D,
is a finite set Dy = {w}, ..., wh}. The probability of wh,i=1,...,r, is
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denoted p; and does not depend on x, or u,. Verify that the optimal value
function Jy(x,) given by

Jolxo) = inf Z pilgo(xo, uo, WE))

uoeUo(xo) ;=1

+ inf E {g,[ fo(xo, uo, o), g, w,]

u1 €Ul fo(xo, uo, wh)] wi

+ g2l fil folxo, to, Wo), uy, w1 11}]

is equal to the optimal value of the problem

r
minimize Y p;[go(xo, to, Wh) + 2]
i=1

U, 2, Ui
SUbjCCt to Z; 2 E {gl[fO(XO’ an Wb), ui17 wl]
wy

+ g2[f1[f0(x0’ Ugp, Wé)), uils W1]]},
uo € Ug(xo), ui € Uy [ folxo. ug, wo)l-

Show also how a solution of the mathematical programming problem above
may be used to yield an optimal control law.
2. Consider the problem of minimizing over x

g(x)+E{ 50 ‘”}

r f(x)+Ay=r

subjectto hyx) = 0,i=1,...,51{x) <0,j=1,..., p, where xe R", ye R",
q is a given vector in R™, r € R* is a random vector taking a finite number of
values ry, ..., r, with given probabilities p,, ..., p,, g, h;, I; are given con-
tinuously differentiable real-valued functions, f: R" - R* is a continuously
differentiable mapping,and 4 isa givenk x mmatrix. Show that this problem
may be viewed as a two-stage problem that fits the framework of the basic
problem of Chapter 2. Show also how the problem can be converted to a
deterministic problem that can be solved by standard mathematical pro-

gramming techniques.
3. Consider a problem with perfect state information involving the n-
dimensional linear system of Section 3.1:

xk+1=Akxk+Bkuk+wk, k=0,1,...,N—1,
and a cost functional of the form

E {gnlc'xy)}
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where c € R" is a given vector. Show that the DP algorithm for this problem
can be carried over a one-dimensional state space.

4. Consider a two-stage problem with perfect state information involving
the scalar system

Xo =1, Xy = Xo t Up + W, X, = fxy, uy).

The control constraints are u,, u, € {0, — 1}. The random variable w, takes
the values + 1 and — 1 with equal probability 1. The function fis defined by

f1,0)=f(1, =) = f(=1,0) = f(=1, 1) = 05,
f2,0=0, f@2,-1)=2 f0,-1)=06, f(0,0)=2.

The cost functional is

£ {x2}.

(a) Show that one possible OLFC for this problem is defined by

- . - _ 0 lf xl = il, 2,

and the resulting value of the cost is 0.5.
(b) Show that one possible NFC for this problem is defined by

. . . _ 0 if x, =412,
Aolxo) = 0; By(xy) = {_1 if x, =0, (74)

and the resulting value of the cost is 0.3. Show also that the NFC above is an

optimal feedback controller.
5. Consider the system and cost functional of Problem 4 but with the

difference that
[0, -1)=0.

(a) Show that the controller (73) of Problem 4 is both an OLFC and an
NFC and that the corresponding value of the cost is 0.5.

(b) Assume that the control constraint set for the first stage is {0} rather
than {0, — 1}. Show that the controller (74) of Problem 4 is both an OLFC
and an NFC and that the corresponding value of the cost is 0.

6. Consider the linear quadratic problem of Section 4.3 where in addition
to the linear measurements there are some nonlinear measurements received
at each time k of the form

2, = hy(xy, D)

The random observation disturbances #, are independent random variables
with given probability distributions. What is the POLFC that ignores the
presence of Z,?
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7. Consider the first-order process

Vi+1 + oy = Puy + e

examined at the end of Section 5.6. Assume that a control law of the form
ii{1;) = (@/B)y; is utilized and &, B minimize

k
(i + ayimy — Bu;— )
=1

Show that {@ + (&y/B)], (B + 7) also minimize the expression above, where y
is any scalar. (This problem indicates a possible instability in the least-
squares estimation scheme if both « and § are estimated.)



Part 11

Control of Uncertain Systems
over an Infinite Horizon

General Remarks on Infinite Horizon Problems

The second part of this text is devoted to sequential optimization problems
of the type considered in previous chapters but with two basic differences.
First, the number of stages is assumed to be infinite, and second, the system is
assumed to be stationary, i.e., the system equation and the random disturbance
statistics do not change from one stage to the next. In addition, the cost per
stage is assumed stationary (except perhaps for the presence of a discount
factor).

The assumption of an infinite number of stages is, of course, a mathematical
formalization since it is never satisfied in practice. Nonetheless, it constitutes
a reasonable and analytically convenient approximation for problems
involving a finite but very large number of stages. The assumption of station-
arity is often satisfied in practice and in other cases it constitutes a reasonable
approximation to a situation where the system parameters vary very slowly
as time progresses. However, problems involving a nonstationary system or
a nonstationary cost per stage can be reduced to the stationary case by means
of a simple reformulation. This reformulation is discussed in Chapter 6
(Section 6.7).

219
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Infinite horizon problems, as a general rule, require considerably more
sophisticated mathematical analysis than their corresponding finite horizon
counterparts. The analytical difficulties are of a twofold nature. First, the
consideration of an infinite horizon introduces the need for analysis of limit-
ing behavior, for example, the convergence of the DP algorithm and the cor-
responding optimal policies. This analysis is often nontrivial and at times
reveals surprising possibilities. Second, a rigorous consideration of the
probabilistic aspects of problems involving uncountable disturbance spaces
requires the sophisticated machinery of measure-theoretic probability theory.
The resulting analytical difficulties are considerably more severe than those
of finite horizon problems and are far beyond the introductory scope of this
text. For this reason and given that the need for precision is much greater in
infinite horizon problems than in their finite horizon counterparts we shall
exclusively restrict ourselves to the case where the disturbance space is a
countable set. The advanced reader may consult the works of Blackwell [ B20],
Strauch [S17], and Hinderer [H9] for more general expositions.

It should be noted, however, that under the infinite horizon and station-
arity assumptions one may obtain results of mathematical and conceptual
elegance not to be found in finite horizon problems. Also the implementation
of optimal policies for infinite horizon problems is often much simpler. For
example, often the optimal policy can be selected to be stationary, i.e., the
optimal rule for applying controls need not change from one time period to
the next. In addition, in many cases of interest there are available powerful
computational methods for calculation of such optimal policies.

Traditionally there have been three classes of infinite horizon problems
of major interest:

(a) In the discounted case the cost functional takes the form

N—-1
Jn(XO) = hm E { Z akg[xka #k(xk)» wk]}a
N-w® wi k=0
k=0,1,...
where J (x,) denotes the cost associated with an initial state x, and a policy
= {uy, Uy, ...}, and a is a scalar with 0 < & < 1, called the discount factor.
The discounted problem is by far the simplest infinite horizon problem
particularly when the cost per stage g(x, u, w) is bounded above and below.
This case is examined in Sections 6.1-6.3. The case where g may be unbounded
either above or below is examined in Sections 6.4-6.6 and is very similar to the
undiscounted case where o = 1.
(b) In the undiscounted case the cost functional takes the form

N-1
Jn(xo) = lslm E { Z g[xka #k(xk)a wk]}a
-~ Wi k=0

k=0,1,...
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i.e., there is no discount factor (# = 1). This case is the subject of Chapter 7.
(c) Minimization of J,(x,) above makes sense, of course, if J (x,) is

finite for at least some admissible policies n and some initial states x,. In

many problems of interest it turns out that J,(x,) = + co, but the limit

N-1
JI_{ED(I/N) E { > ghxis mlxi), Wk]}

k=0“.,kl.... k=0

is finite for every policy m = {ug, i, ...} and initial state x,. Under these
circumstances it is reasonable to try to minimize the expression above, which
may be viewed as an average cost per stage associated with policy n. Such
problems are the subject of Chapter 8. However, for this case we shall
restrict our attention mostly to problems involving a finite state and control
space, i.e., the system considered is a controlled finite state Markov chain.
Some results from the theory of Markov chains will be developed in Chapter 8
and Appendix D as necessary.



Chapter 6

Minimization of Total Expected
Value-Discounted Cost

In this chapter we consider a class of infinite horizon problems that
involves a discounted cost functional. The introduction of a discount factor is
often justified, particularly when the cost per stage has a monetary inter-
pretation. From the mathematical point of view the presence of the discount
factor guarantees the finiteness of the cost functional provided costs per
stage are uniformly bounded.

Let us define the problem we shall be considering in this chapter.

ProBLEM (D) Consider the stationary discrete-time dynamic system

xk+l =f(xk’uk’ wk)’ k=0, la25'-'5 (1)
where the state x;,k =0, 1,..., is an element of a space S, the control
u,k=0,1,...,an element of a space C, and the random disturbance
wi, k =0, 1,...,an element of a space D. It is assumed that D is a countable

set. The control u, is constrained to take values in a given nonempty subset
U(x,) of C, which depends on the current state x,[u, € U(x,), for all x, €S,
k=0,1,...]. The random disturbances w,,k =0, 1,..., have identical
statistics and are characterized by probabilities P(-|x,, u;) defined on D,
where P(w,|x,, u) is the probability of occurrence of w,, when the current

222
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state and control are x, and u,, respectively. The probability of w, may
depend explicitly on x, and u, but not on values of prior disturbances
Wi 1.-.,Wo.

Given an initial state x,, the problem is to find a control law, or policy,
7w = {Ug, Hy,-..; where y,: S = C, pi(x,) e U(x,), for all x, €S, k=0,1,...,
that minimizes the cost functionalt

N-1
Jalxo) = }31_1:130 wEk {kzoakg[x’“ (), Wk]} (2)
k=0.1,..

subject to the system equation constraint (1). The real-valued function
g:S x C x D— R is given, and the discount factor « satisfies 0 < o < 1.

For any x, € S and policy = the cost J (x,) given by (2) represents the limit
of the (discounted) expected finite horizon costs and these costs are well
defined as discussed in Section 2.1. Another possibility would be to minimize
over

E { Z akg Dxis padxi), Wk]}'
k=0“.,k1,... k=0

The rigorous introduction of such a cost functional would require the con-
struction of a probability measure on a set of events in the space of all se-
quences {wq, wy, ...} with elements in D (see Kushner [K10]) and is well
beyond the probabilistic framework of this text. However, we mention here
that, under the assumptions we shall be using, the expression given above is
equal to J ,(x,) as given by (2) for every x,, € S and policy n. This may be proved
by using the so-called monotone convergence theorem (see, €.g., Halmos
[H5] and Royden [R5]), which allows the interchange of limit and ex-
pectation under assumptions that in our case are satisfied. It is also interesting
to answer the question as to whether it is possible to reduce further the value
of the cost functional by considering “history-remembering” policies of the
form {uq(I,), u,(1,), ...}, where

Iy = (Xo, tgs X1, Upy - v vy U 15 Xi)

is the history of the system up to time k (or information vector asin Section 4.1).
The answer is negative within our framework (see Strauch [S17]), and as a
result we shall not deal further with this possibility of enlarging the set of
admissible policies.

It is to be noted that, while we allow an arbitrary state and control space,
we have made a restrictive assumption in requiring that the disturbance space
D is a countable set. This assumption was mostly made in order to avoid

1 In what follows we always assume that g(x, u, w) is nonnegative or nonpositive for all
x, u, w and hence the limit is well defined as a real number or + cc.
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the extremely complicated mathematical difficulties associated with the need
to restrict the class of admissible policies so that > ¥=¢ a*glx;, pm(xi), w,] is
guaranteed to be a well-defined random variable for each N. The count-
ability assumption eliminates these difficulties as discussed in Section 2.1.
Our assumption, however, is satisfied in many problems of interest, most
notably for deterministic optimal control problems and problems of optimal
control of a Markov chain with finite or countable number of states. Also
for many problems of interest where our assumption is not satisfied, our
main results still may be proved under other appropriate assumptions, usually
by following the same line of argument as the one given here. For analysis
related to problems involving uncountable disturbance sets the advanced
reader may consult Blackwell [B20], Hinderer [H9], and Strauch [S17].

In the first three sections of this chapter we shall be operating under the
following assumption:

Assumption B (Boundedness) The function g in the cost functional
(2) satisfies

0<gx,u,w) <M V(x,u,w)eS x C x D, 3)
where M is some scalar.
Notice that (3) could be replaced by an inequality of the form
M, < g(x,u,w) < My,

where M ;, M, are arbitrary scalars, since addition of a constant r to g merely
adds (1 — @) !r to the cost functional. The assumption above is not as re-
strictive as it may seem at first sight. First, it holds always for problems where
the spaces S, C, and D are finite sets. Second, the assumption of finiteness of D
is implicitly made each time a computational solution to the problem is
sought. In addition, during the computations the effective state and control
spaces will ordinarily be finite or bounded sets and relation (3) will usually
hold. In other cases, it is often possible to reformulate the problem so that it is
defined over bounded but arbitrarily large regions of the state space and the
control space over which relation (3) holds. In any case the assumption will be
somewhat relaxed in Section 6.4, where g will be allowed to be unbounded
either from below or from above.

Let us denote by II the set of all admissible policies =, i.e., the set of all
sequences of functions @ = {ug, gy, ...} with g, : S = C, p(x) € U(x) for all
x€S, k=0,1,.... Then the optimal value function J* given by

J¥(x) = inf J(x) VxeS
rnell
is well defined as a real-valued function under Assumption B. In fact, one may
show that J* is uniformly bounded above and below.
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A class of admissible policies of particular interest to us is the class of
stationary admissible policies of the form = = {u, y4, ...}, where u:S - C,
u(x) e U(x), x € S. For such policies the rule for control selection is the same
at every stage. The cost associated with an admissible stationary policy
{#, 1, ...} and an initial state x e S will also be denoted by J,(x), i.., for
= {u u, ...} we write

N-1
Ju(xo) = Juxo) = h}im E { akg[xk’ H(x), Wk]}-

“o Wk k=0
k=0,1,...
Similarly as for J* we have that J,, is well defined as a real-valued function
under Assumption B. A statement that the stationary policy {u*, p*, ...} is
optimal will mean throughout this chapter that {u*, u*, ...} is admissible
and we have J¥*(x) = J x) for all x € §.

The next section gives a characterization of the optimal value function J*
and provides some convergence and existence results. Section 6.2 describes
computational methods for Problem (D), under the assumption that the
state, control, and disturbance spaces are finite sets. The results obtained in
Sections 6.1 and 6.2 are interpreted by means of the notion of a contraction
mapping in Section 6.3. In Section 6.4 we relax Assumption B and consider
costs per stage that are unbounded above or below. In Sections 6.5 and 6.6 we
consider a problem involving a linear system and a discounted quadratic cost
functional and an inventory control problem with discounted cost. Finally,
in Section 6.7 we consider problems involving a nonstationary or periodic
system and cost per stage. We show that such problems can be embedded
within the framework of Problem (D), which involves a stationary system and
cost per stage. Consequently we are able to obtain in a simple manner results
for nonstationary problems that are analogous to those for the stationary
case.

6.1 Convergence and Existence Results

Consider for every positive integer N the following N-stage problem
obtained from the infinite horizon problem defined earlier by means of
truncation. This problem is to find a policy ny = {ug, iy, ..., uny— 1} With
w(x) € Ux,), Vx, € § that minimizes

N-1
Jalx0) = E { oot"g [xes i), Wk]} 4)

wi k=
k=0,1,....N—1

subject to the system equation constraints. The optimal value of this problem
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for each initial state x, is denoted J¥(x,) and is given by (cf. Chapter 2,
Problem 6)

JA(x0) = Jn(xo), (5)
where for every N, Jx(x,) is given by the Nth step of the algorithm
Jo(x)=0 VxeS (6)
Jesst) = inf E {gCx, u, w) + i e, )
VxeS, k=01,...,N— 1. 7

The expectation above is, of course, taken with respect to the given dis-
tribution P( - | x, u), which depends on x, u.

Notice that in the DP algorithm (6) and (7) we have reversed the indexing
of the optimal value functions so that now the algorithm proceeds from lower
to higher values of indices k in contrast with finite horizon algorithms. We have
also dropped time indices where they are redundant due to stationarity. These
notational conventions are convenient for infinite horizon problems and will
be adopted throughout the remainder of the text.

We sshallalso denote for any functions J: S —» R, u: § — Cwith u(x) e U(x),
Vx € S, for which the expected values below are well defined:

T(J)(x) = inf E {g(x, u, w) + oJ[ f(x, u, w)1}, 8)
T(J)(x) = E{g[x, (x), w] + aJ[f(x, p(x), w)l}. 9)

In these relations T(J)(-) and T,(J)(-) are functions defined on the state
space S, and T, T, may be viewed as mappings that transform a function Jon §
into another function [T(J) or T,(J)] on S. In terms of the notation above
algorithm (6) and (7) can be written

Jo(x) =0, ‘ (10)
J(x) = THJp)(x), k=0,1,..., (11)
where T* is defined for all k and J: S — R by
T (x) = T[T 'U)x), T°U) =

i.e., T* is the composition of the mapping Twith itself k times.
We have the following lemma.

Lemma 1 For any bounded functions J:S — R, J': S — R, such that
J(x) < J'(x) Vx €S,
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and for any function u: § — C with u(x) e U(x), Vx € S we have
T*J)(x) < THJI')(x) Vxes, k=0,1,...,
THI)(x) < T ) x) VxeS, k=0,1,....

Proof Foranyx, u, wwehaveJ[ f(x, u, w)] < J'[ f(x, u, w)],from which
we obtain

E {g(x, u, w) + aJ[ f(x, u, w)]} < E {g(x, u, w) + aJ'[ f(x, u, w)]}.
From this relation we obtain T(J)(x) < T(J)(x), Vx € S by taking the in-
fimum of both sides with respect to u € U(x), and the first inequality is proved

for k = 1. Similarly, it is proved for all k. A similar argument proves also the
second inequality. Q.E.D.

For any two functions J: S — R, J': S —» R, we write
J<J if Jx)<J(x) VxeS.
With this notation Lemma 1 is stated as

JSI =T STV, k=12..,
JST=THH ST, k=12....

Denote also by e: S — R the function taking the value 1 identically on S:

e(x) =1 VxeSs. (12)

We have from (8) and (9) for any function J: S — R and any scalar r,
T(J + re)(x) = T(J)(x) + ar VxeSs, (13)
TJ + re}(x) = T(J)(x) + ar Vx eS. (14)

The following proposition shows that the optimal value function Jy(x,)
of the N-stage truncated problem converges to the optimal value of the
infinite horizon problem. Not only that, but the proposition goes further and
shows that the DP algorithm (6) and (7) and (10) and (11) converges to the
optimal value function J* of the infinite horizon problem for an arbitrary
bounded starting function J,.

Proposition 1 (Convergence of the DP Algorithm) The optimal value
function J* of Problem (D) satisfies

0<J*x) < M/ —a) VxeS, 15)

where M is the upper bound in (3). Furthermore, for any bounded function
J:S — R there holds

J*) = lim TU)(x)  VxeS. (16)



228 6 MINIMIZATION OF TOTAL EXPECTED VALUE-DISCOUNTED COST

Proof From (3) we have for any initial state xe€S and every policy
{in, Hys - - -}’

N-1 N—-1 [ 4
lim E{ atglxe, uelx), Wk]} < E{ 2 a¥glxe, mlx), Wk]} + MY o
0

N k= k=0 k=N
By taking infima over {u,, 44, ...} of both sides,
J*(x) < Jp(x) + [/ — a)]M VxeS, N=201,...,

where J v is defined for all N by (6) and (7) [or (10) and (11)]. By combining this
relation with (6) we obtain (15). Also in view of (3),

Ju(x) < J*(x) Vx € S.

Combining the two inequalities above we obtain

J¥x) = hllim Jn(x) Vx €S. (17)

Now for an arbitrary bounded function J: S — R let r be a scalar such that
(J —rex) <0, (J + re)(x) =0, Vx €S,
where e is the unit function defined by (12). We have by Lemma 1,
THJ — re)(x) < J(x) < TJ + re)(x) Vxes, (18)
and by (13)
THJ + re)(x) = T*J — re)(x) + 2a%r = THJ)(x) + o*r  V¥xeS. (19)
Taking superior and inferior limits in (18) and using (17) we obtain
lirzl_.i?p THJ — re)(x) < J*(x) < ]in: sup T*J + re)(x),

lim inf THJ = re)(x) < J*(x) < lim inf T + re)(x). (20)

k— o0
On the other hand from (19) we have
]it;n sup TXJ — re)(x) = ]ir:l sup TXJ + re)(x) = lim sup T*J)(x),
- - k— o0
lim inf T*J — re)(x) = lim inf T*J + re)(x) = lim inf T*J)(x).
k= k— k— o
Using the above relations in inequalities (20) we obtain
J*(x) = lim sup T*J)(x) = lim inf T*(J)(x)
k— k— oo
and hence

J*(x) = lim T*J)(x) VxeS. Q.ED.

k=
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Now given any stationary policy n# = {u, i, ...} where u:S — C with
w(x) e U(x), Vx € S, we can consider the problem that is the same as Problem
(D) except for the fact that the control constraint set contains only one
element for each state x, the control u(x), i.e., a control constraint set of
the form U(x) = {u(x)}, Vx € S. Clearly this problem falls within the frame-
work of Problem (D) and since there is only one admissible control law (the
policy {u, 4, .. .}) application of Proposition 1 yields the following corollary:

Corollary 1.1 The value J,(x) of the cost functional (2) corresponding
to an admissible stationary policy {u, g, ...} when the initial state is x
satisfies

0<J,(x)< M/ —a) 2n
Furthermore, for any bounded function J: § — R there holds

Jux) = 352 TYJ)(x) VxeSs. (22)

The next proposition shows that the function J* is the unique solution of
a certain functional equation. This equation provides the means for obtaining
a stationary optimal control law.

Proposition 2 (Optimality Equation—Necessary and Sufficient Con-
dition for Optimality) The optimal value function J* satisfies

J¥*(x) = ig(f) E {g(x, u, w) + aJ*[ f(x, u, w)]} VxeS (23)

or equivalently
J¥(x) = T(J*)(x) Vx eSs.

Furthermore, J* is the unique bounded solution of the above functional
equation. In addition, if u*: S — Cis a function such that u*(x) € U(x), Vx € S,
and p*(x) attains the infimum in the right-hand side of (23) for each x € S,
then the stationary policy {u*, p*, ...} is optimal. Conversely if {u*, u*, ...} is
an optimal stationary policy, then p*(x) attains the infimum in the right-hand
side of (23) for all x € S.

Proof Let J, be the function that is identically zero on S [J4(x) = 0,
Vx € §]. We have by (3) and (6), (7) [or (10) and (11)]

Jox) S TU)x) < -+ S THU)(x) € T (U p)(x) € -+ < J*¥(x) ¥xeS.
Hence for all k and x € S,
Tk+ l(JO)(x) = 12{ ) E{g(x, u, W) + aTk(JO) [f(x’ u, W):]}

< inf E{g(x,u, w) + aJ*[f(x, u, w)]}.

uelU(x) w
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Taking the limit as k — co and using (16) we obtain
J*(x) < inf E{g(x, u, w) + aJ*[ f(x, u, w)]}, 24

ueUtx) w
or equivalently

J*(x) < T(J*)(x) VxeSs. (25
It follows from (25) that

J¥x) < TU*)(x) < TPU*(x) < --- < THI*)x) < T HI(x) <
By taking the limit as k — oo and using lim,_, , T*J*)(x) = J*(x) (Prop-
osition 1), we obtain
J¥x) < TUM(x) € --- < TIH(x) < -+ < T*R).

Hence J*(x) = T(J*)(x).
To show uniqueness simply observe that if J¥, J¥ were two bounded
solutions of (23) we would have for all k

JIx) = THID(x),  Jix) = T"U3(x)  VxeS.
By Proposition 1, however, we have

lim THJ¥(x) = lim T*J¥)(x) = J*(x) VxeS.
k= k—

Hence J¥ = J¥ = J*. In order to prove the last part of the proposition let
us state the following corollary, which follows from the part of Proposition 2
already proved by the same reasoning we used to obtain Corollary 1.1 from
Proposition 1.

Corollary 2.1 Let {g, 4, . . .} be an admissible stationary policy. Then
Jux) = E{glx, u(), w] + aJ[f (x, p(x), w)]}  Vx€S.

Furthermore, J, is the unique bounded solution of the above functional
equation.

Now if g*(x) minimizes the right-hand side of (23) for each x € S, then we
have for all xe S,

J*(X) = € {g[xs /l*(X), W] + a‘]*[f(x’ /l*(X), W)]}

Hence by the uniqueness part of the corollary we must have J*(x) = J,(x)
for all x € S, and it follows that {u*. u*....} is optimal. Also if {u*, y ..}
is optimal, then we have J* = J,. and from the corollary J,. = ( ,,)
Hence J* = T,.(J*), which 1mplles that p*(x) attains the infimum in (23)f T
allxeS. Q. E D.
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Note that Proposition 2 implies the existence of an optimal stationary
policy when the infimum in the right-hand side of (23) is attained for all x € S.
On the other hand, if the infimum is not attained, there arises the question
whether one may approximate as closely as desired the optimal value J*(x)
corresponding to an initial state x by employing a stationary policy. The
answer is affirmative (see Problem 12).

We finally show the following relation, which holds for any bounded
function J: § - R:

sup | THJ)(x) — J*(x)| < o* sup [J(x) — J*(x)|, k=0,1,....

xeS

This relation is a special case of the following result:

Proposition 3 For any two bounded functions J: S = R, J': S = R,
and forallk = 0, 1, . . . there holds

itelng"(J)() THJI)(x)| < asuglJ(x) J'(x)].

Proof Itissufficient to prove the result for k = 1 since repeated use of the
inequality with k = 1 yields the desired result.
We have for any x € S, u € U(x),

E{g(x, u, w) + aJ[f(x,u, W]} = E {glx, u, w) + «J'Lf (x, u, W)}
+a EVLS(x u,w)] = JLf(x, u, w}
< Elgx, u, w) + oJ'Lf (%, u, w)1}

+a ilelg [J(x) — J'(x)].

Taking the infimum of both sides over u € U(x), we obtain

TU)x) — TJ)(x) < « sup [J(x) — J'(x)| Vx€eS.

A similar argument shows that
TJ)x)— T <a sug [J(x) — J'(x)] Vx €8,

and hence

I TU)x) - TU')x)] < asup|J(x) = J'(x)]  VxeS.

xe§

By taking the supremum of the left side over x € S the result follows. Q.E.D.
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As earlier, we have

Corollary 3.1 For any two bounded functions J: S - R, J': § - R,
and any admissible stationary policy {u, 4, . . .}, wehaveforallk = 0,1,. ..,

sup | THD(x) — TYJ))| < o sup |J(x) = J1x)].

The main conclusion from the propositions established earlier is that the
optimal value function J* is bounded and is the unique bounded solution of
the functional equation (23). This equation yields an optimal stationary
control law provided the infimum in its right-hand side is attained. Further-
more, the DP algorithm yields in the limit the function J* starting from an
arbitrary bounded function J and the rate of convergence is at least as fast as
the rate of a convergent geometric progression (Proposition 3). Thus the DP
algorithm may be used for actual computation of at least an approximation
to J*. This computational method together with some additional methods
will be further examined in the next section. The remainder of this section is
devoted to two examples, in which we do not state explicitly that the dis-
turbance space is countable. The conclusions and results obtained are rigorous
only for a countable disturbance space.

Asset Selling Example

Consider the asset selling problem of Section 3.4. When the problem is
viewed over an infinite horizon it is essentially a discounted cost problem with
discount factor o« = 1/(1 + r) [cf. Eq. (3.65)]. If we assume that the offers x are
bounded, then the analysis of the present section is applicable and the optimal
value function is the unique solution of the functional equation

J*(x) = max[x, (1 + r)"' E {J*w)}].

The optimal policy is obtained from this equation and has the following
form. If current offer > (1 + r)~* E,, {J*(w)} = &, sell and otherwise do not
sell. Thecriticalnumber® = (1 + r)~! E,, {J*(w)}isobtainedasinSection3.4.

Component Replacement Example

A certain component of a machine tool can be in any one of a continuum
of states, which we represent by the interval [0, 1]. At the beginning of each
period the component is inspected, its current state x € [0, 1] determined, and
a decision made whether or not to replace the component at a cost R > 0
by a new one at state x = 0. The expected cost of having the component at
state x for a single period is C(x), where C( - ) is a nonnegative bounded and
increasing function of x on [0, 1]. The conditional cumulative probability
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distribution F(z|x) of the component being at a state less or equal to z at
the end of the period given that it was at state x at the beginning of the period
is known. Furthermore, for each y € [0, 1] we have

1 1
f dF(z|x,) < f dF(z]x,) for 0<x,<x,< 1L
y y

This assumption implies that the component tends to turn worse gradually
with usage, i.e., for each y € [0, 1] there is greater chance that the component
will go to a final state in the interval [y, 1] when at a worse initial state.
Assuming a discount factor « € (0, 1) and an infinite horizon, the problem is to
determine the optimal replacement policy.

Except for the countability assumption, the problem clearly falls within
the framework of this section and the optimal value function J* is the unique
bounded solution of the functional equation

1 1
J¥(x) = minl:R + C0) + a f J*(z) dF(z]0), C(x) + a f J*(2) dF(zlx):I.
0 0
An optimal replacement policy is given by:
1 1
Replace if R + C(0) + « f J¥(2)dF(z]0) < C(x) + « f J*(z) dF(z|x).
0 0

Do not replace otherwise.
Now consider the DP algorithm
JO(x) = 07
T(Jo)(x) = min[R + C(0), C(x)],
1
THJ ) (x) = min[R + C(0) + « f T* Y(J,)(z) dF(z]0),

0
1

Clx) + « f T 1(Jo)(2) dF(zlx)J, k=12,....
0

Since C(x) is increasing in x we have that T(J,)(x) is nondecreasing in x and
in view of our assumption on the distributions F(z|x) the same is true for
T*(J,)(x). Proceeding similarly it follows that T*J)(x) is nondecreasing in
x and so is the limit

J*x) = lim TH(J o) (x).

It follows under our assumptions that the function C(x) + a {5 J*(z) dF(z|x)
is nondecreasing in x. This is simply a reflection of the intuitively clear fact
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. Clx)+a ,;;)'J*(: )dFzIx)
R®C(0)+a [ J¥z)dHF(z10)

R

Y

P

*

Do not Replace
replace

FIGURE 6.1

that the optimal cost cannot decrease as the initial state increases, i.e., we
start at a worse initial state. Thus an optimal policy takes the form

Replace if x> x*
Do not replace  if x < x*,

where x* is the smallest scalar for which
1 1
R+ C0)+ o f J*(z) dF(z|0) = C(x*) + af J*¥(z) dF(z|x*),
0 0

as shown in Fig. 6.1.

6.2 Computational Methods—Successive Approximation,
Policy Iteration, Linear Programming

This section presents three alternative approaches for solving the in-
finite horizon, discounted cost Problem (D). In order that these approaches
be implementable in a computer it is necessary that the state space and con-
trol space be finite sets. When these spaces are infinite, it is necessary to replace
them with finite sets by means of some discretization procedures. A dis-
cretization procedure analogous to the one given in Section 5.2 may be
employed (see Bertsekas [B15] or Problem 2) and it possesses similar stability
properties under analogous assumptions. The first approach, successive
approximation, is essentially the DP algorithm and yields in the limit the
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optimal value function and an optimal policy as discussed in the previous
section. Some variations aimed at accelerating the convergence are discussed
in addition. The other two approaches, policy iteration and linear program-
ming, terminate in a finite number of iterations (when the spaces involved are
finite sets). However, they require solution of linear systems of equations or of
a linear program of dimension as large as the number of points in the state
space. When this dimension is very large their practicality is questionable.
Throughout this section we shall assume that the spaces S, C, and D in
Problem (D) are finite sets. Under these circumstances, Assumption B can be
made to hold by adding a suitable constant to g if necessary. When S and D are
finite, the problem becomes one of control of a finite state Markov chain, and
for this case one can represent the mappings T and T, of (8) and (9) in a
standard form, which is perhaps more convenient both from the point of view
of conceptual understanding and from the point of view of computation.
Let S consist of n states denoted by 1, 2, ..., n:

={1,2,...,n}L
Let us denote by p;{u) the transition probability:
pif) = P(Xysy = jlxe = L, up = u) Vi,jeS, ueUl)

Thus p;(u) is the probability that the next state will be j given that the current
state is i and control u € U(i) is applied. These transition probabilities may
either be given a priori or they may be calculated from the system equation

Xee1 = fXk, tg, Wy)

and the known probability distribution P(-|x, u) of the input disturbance
w,. Indeed, we have

piju) = P[W(u)li, ul,
where W, (u) is the (finite) set
Wifu) = {weD| f(i, u, w) = j}.
Now let us use the notation

g(i, u) = E {g(i, u, w)} VieS, ueU(),

where the expectation is taken with respect to the given probability dis-
tribution P( - |i, u). Then the basic expression

E {g(i,u, w) + &J[ (i, u, w1} VYieS
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may be written in terms of p;{u) and g as
g(l, u) + « Z p,J(u)J(]) Vies.
j=1

As aresult the mappings T and T, of (8) and (9) can be written for any function
J:S > Ras

J

TU)) = inf [g(i, §)+ad pij(u)J(j):l, i=1,2....n,
=1

ueU(i
TWJ)G) = gli, u(i)] + « Y pyl1I (), i=12...,n
j=1

These expressions are often convenient to work with. Notice that the func-
tions J, T,(J): § - R, may be represented by the n-tuples (or n-dimensional
vectors) of their values J(1), ..., J(n), T,(J)(1), ..., T,(J)(n)

J(1) (1)
J=1: T,J) = :
J(n) T,(J)(n)
If fora pu: S — C with u(i))e U(i),i = 1, ..., n, we form the transition prob-
ability matrix
pulu()] - prafu(1)]
P = : :

u

Puilim)] - paalin)]

and consider the n-dimensional vector g, defined by

gl1, u(1)]
gu = .
gln, un)]
then we can write in vector notation
TWJ)=g, + oP,J.

The value function J, corresponding to a stationary policy {u, u, ...} is
by Corollary 2.1 the unique solution of the equation

J,=TU)=g,+oP,J,.

Hence for any admissible stationary policy {u, 4, ...} the corresponding
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function J, may be found as the unique n-dimensional vector that solves
the system of n linear equations

(I —aP)M, =g,
or equivalently
Jy=U—0aP) g,
where I denotes the n x n identity matrix. The invertibility of the matrix
I — aP, is assured since we have proved that the system of equations re-

presenting the equation J, = T,(J,) has a unique solution for any possible
value of the vector g, (cf. Corollary 2.1).

Successive Approximation

Here we start with an arbitrary bounded function J: S — R and succes-
sively compute T(J), T*(J), ..., where the mapping T is defined by (8). By
Proposition 1 we have

’}i_.m T (x) = J*(x) VxeS.

Furthermore by Proposition 3, | J*(x) — T*J)(x)| is bounded by a multiple
of a geometric progression for all x € S. It is also of interest to note that the
successive approximation method will yield an optimal policy after a finite
number of iterations (see Problem 14). The successive approximation scheme
can be considerably sharpened and improved by taking advantage of the
special structure of the problem as we describe below.

Suppose that we have computed J, T(J), T*(J), ..., T*J). The following
proposition provides upper and lower bounds for J*, which are obtained
from J, T(J), ..., T*J). These bounds converge monotonically to J*.

Proposition4 LetJ: S —» R Thenforallxe Sandk =0,1,...,

THNX) + ¢ < T I + cory
SJHX) S T + Gy S THX) + &, (26)

where forallk =0,1,...,

& = T min[T)(x) — T*~' ()0 @7

G, = 1%“(1 Tg;([T"(J)(X) — T YJ)(x)]. (28)
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Furthermore, the error bounds (26) are optimal in the following sense:
Cosg = max{c| THJ) + (c/a)e < T**1(J) + ce < J*}, (29)
Cory = min{c|J* < T**1(J) + Ce < THJ) + (¢/a)e}, (30)
where e is the unit function on S [e(x) = 1, Vx € S].
Proof Denote
7 = min[T(J)(x) — J(x)].
We have
J + ve < TY). 31
Applying T to both sides, using the monotonicity of T and (13),
T() + aye < TXJ), (32)
and because of (31),
J + (1 + a)ye < T(J) + aye < T*(J). (33)
This process can be repeated, first applying T to obtain
T(J) + (@ + a?)ye < THJ) + o«*ye < T(J), (34)
and then using (31) to write
J+ 1+ a4+ a?ye < T + (@ + o?)ye < T*J) + o®ye < T3(J). (35)

After k steps this results in the inequalities

o(Bepes o (Bepe
!
+ (i;zoc">ye << THY). (36)
Taking the limit as k — oo we obtain
J + (cy/a)e < TU) + cre < THJ) + ace < J*, 37
where ¢, is defined by (27). Replacing J by T*(J) in this inequality, we have
T YJ) + cps e < J*,

which is the second inequality in (26).
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From (33) we have
ay < mirsl[TZ(J)(x) - T()(x)],

and consequently
acl < C2 .

Using this in (37) yields
TW) + cie € THJ) + cze,

and replacing J by T*~!(J) we have the first inequality in (26).
To prove (29) we replace J by T*J) in (37) and obtain

TJ) + (cx+ 1/ < T* ) + i ye < J%,

which implies that ¢, , , is a member of the set on the right side of (29). If ¢
is any other member of this set, we have

c<£ - 1) < T YD)(x) — THN(x)  VxeS,

and so
1 —« 1 —«

PERLAS I:lei?[Tk+l(J)(x) — TH))] = "

Ck+1>

which shows ¢ € ¢, 4 ;.
The last two inequalities in (26) and Eq. (30) follow by an analogous
argument. Q.E.D.

Notice that the error bounds (26) may be easily computed as a by-product
of the computations in the successive approximation method. In practice
these bounds are extremely helpful and speed up the convergence con-
siderably. Some properties of these bounds are given in Problem 7. Additional
error bounds that are useful in successive approximation methods are given in
Problems 3 and 4.

We now consider a computational example that illustrates the utility of
the error bounds of Proposition 4.

ExXAMPLE 1 Consider a problem where there are two states and two
controls

s =1{1,2}, C = {u', u?}.
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FIGURE 62 (a)u = u'.(b)u = u.

The transition probabilities corresponding to the controls u! and u? are
as shown in Fig. 6.2, i.e., we have the transition probability matrices

1 _ p11(u') Plz(ul):,=|:
P [puw‘) pas)

2 p1,(u?) P12(u2):|_|:
P = I:P21(u2) Pzz(uz) B

Plw plw

Bl B
Alw Alw B P
(M B M

The transition costs are as follows:
g,u')=2, ¢g(1,u®) =05 g u')=1 g2,u’) =3

and the discount factor is & = 0.9. The mapping T is given by

2

TU)@) = min{g(i, u') + o ) pifu')J(j),

i=1
2
g, u?) + o ) pij{uz)J(j)}, i=1,2
i=1
The scalars ¢, and ¢, of (27) and (28), respectively, are given by

& = T min{T0)(1) = T ()(1), D)@ - T ')},

& = T max{T))(1) — T*"'0)(1), TN — T D@}

The results of the successive approximation method starting with the zero
function J, [J4(1) = J4(2) = 0] are shown in Table 6.1 and illustrate the
power and practicality of the error bounds.
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TABLE 6.1

k T() T2 T + e T + & T2 + e THI2) + &
0 0.00000  0.00000

1 050000  1.00000 5.00000 9.50000 5.50000 10.00000
2 1.28750  1.56250 6.35000 8.37500 6.62500 8.65000
3 1.84438 222063 6.85625 7.76750 7.23250 8.14375
4 241391 2.74459 7.12962 7.53969 7.46031 7.87038
5 289573 3.24692 7.23214 7.41667 7.58333 7.76786
6 3.34321 3.68517 7.28750 7.37054 7.62946 7.71250
7 373972 4.08583 7.30826 7.34563 7.65437 7.69174
8 409937 444362 7.31947 7.33628 7.66372 7.68053
9 442180  4.76689 7.32367 7.33124 7.66876 7.67633
10 471256  5.05727 7.32594 7.32935 7.67065 7.67406
11 497398 531886 7.32679 7.32833 7.67167 7.67321
12 520938  5.55418 7.32725 7.32794 7.67206 7.67275
13 542118  5.76602 7.32743 7.32774 7.67226 7.67257
14 561183 595665 7.32752 7.32766 7.67234 7.67248
15 578340  6.12823 7.32755 7.32762 7.67238 7.67245
16 593782  6.28265 7.32757 7.32760 7.67240 7.67243
17 6.07680 642163 7.32758 7.32759 7.67241 7.67242
18 6.20188  6.54670 7.32758 7.32759 7.67241 7.67242

Another possibility for accelerating the convergence of the successive
approximation method is to modify the basic mapping Tin the following way.
Let us denote by 1, 2, ..., n the points of the state space S, i.e.,

S=1{1,2,...,n}.
Given a function J: S — R, define the mapping F by
FJ)(x) = T,U)x)  VYxeS§, (38)

where the mapping T, is defined recursively by

To(J)(x) = J(x) VxeSs, 39)
ursngg) E {g(x, u, w) + a T [ f(x, u, w)]}
T+ /() (x) = if x=i+1, (40)

T(J)(x) otherwise,
or equivalently

TITW](x) if x=i+1,

T(J)(x) otherwise, (41)

T (Nx) = {



242 6 MINIMIZATION OF TOTAL EXPECTED VALUE-DISCOUNTED COST

In words, for the state x = i + 1 we have that T;, (J)(i + 1) is obtained from
T(J) by minimization over u as in (40), but for all states x # i + 1, we have
T+ 1(J)(x) = T(J)(x). The function F(J)is obtained from J after minimization
has been carried out for every state. The difference with the computation of
T(J) is that at each new minimization the “current” function T}(J) is used in
(40) in place of J. A moment’s reflection should convince the reader that the
computation of F(J) is as easy as the computation of T(J). We may consider
now the successive approximation method whereby we compute J, F(J),
F?(J), .... The following propositions show that the method is valid in the
sense that F¥J)(x) —» J*(x) as k — oo and in addition in many cases it is
characterized by better convergence properties than the earlier method.

Proposition 5 Let J: S — R, J': S > R, be two bounded functions.
Then foranyk =0,1,...,

maSXIF"(J)(X) ~- F{)(x)] < o max|J(x) — J'(x)|. (42)

Furthermore we have
FJ*)(x) = J*(x) VxeS, 43)
lim F¥J)(x) = J*(x) VxeS. (44)

k— oo

Proof It is sufficient to prove (42) for k = 1. We have by definition
(38)-(41) of F and Proposition 3 that

ITWH(@) — T < a max|J(x) — J(I.
Also using this inequality

ILU)(1) = T} < amax|Jix) — J(x)],

| T,(N)(2) — T,()(2)| < e max{|T,(J)(1) — Ty(J)D)I,
1J@2) = JQ)I, ..., [J(n) — S}

< amax|J(x) — J(x)|.

xeS

Proceeding similarly we have for every iand j < i,

TG — TG < o masle(x) = J (%),
and for i = n the above relation is equivalent to (42) for k = 1. Relation (43)
follows immediately from definition (38)-(41) and the fact that J* = T(J*).
Relation (44) follows immediately from (42) and (43). Q.E.D.
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Proposition 6 If J: S — R satisfies
Jx) < TU)(x) € J*(x)  VxeS,
then
TH)(x) < FHJ)(x) < J*(x) VxeS, k=12,....

Proof The proof is immediate by using definition (38)—-(41) and the
monotonicity property of 7. Q.E.D.

The preceding proposition provides the main motivation for employing
the mapping F in place of T in the successive approximation method. A
similar result may be proved for functions J : § — RsatisfyingJ* < T(J) < J
for all x € S. Additional results applicable to the mapping F and the related
successive approximation method are given in Problems 3 and 4. We now
provide a computational example.

ExampPLE 1 (conTINUED) Consider the example examined earlier in
this section. The mapping F is given by

F)G) =T, i=12

where
2 2
(1) = min{g(l, u') + a'_Z piu' (), g(1, u?) + a'Z Pu-(uz)J(j)},

L)) = J(Q2),
L)1) = L)1),

2 2
L)@ = min{g(Z, ') + ¢ 3 pa ) TI(0) 92, u®) + “.Z pzj(“z)Tl(J)U)}-

One may show (Problem 3) that

a? < [F(J + re)(i) — FU)()]/r < o, i=12 r#0,
and thus by the result of Problem 3 we have the error bounds

FX)G) + ¢ < I*@) < FHI)G) + &, i=12,
where
) o? o _ a? _ a
cx = mm{m o T, yk}, G = max{m To T, yk},
7 = min[FJ)(1) — F*~1J)(1), FJ)(2) — F*1()(Q2)],
7 = max[FJ)(1) — F*~1(J)(1), F{)(Q2) — F*7 1) Q).
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TABLE 6.2

k FUo(1) Fo@) Fo)D) +¢ FHU)) + & FU@) + e FU)D + &

0 0.00000 0.00000

2 151531 232373 5.71995 10.65312 6.52841 11.46159

4 316788  3.84690 6.14207 9.99341 6.82109 10.67243

6 435204 493594 6.47943 9.23554 7.06332 9.81943

8 519911 5.71495 6.72088 8.69239 7.23672 9.20823
10 5.80504  6.27219 6.89359 8.30387 7.36075 8.77102
12 6.23847  6.67080 7.01714 8.02594 7.44947 8.45827
14 6.54852  6.95594 7.10552 7.82714 7.51294 8.23456
16 6.77030  7.15990 7.16874 7.68493 7.55834 8.07453
18 692895  7.30580 7.21396 7.58320 7.59081 7.96006
20 7.04243 741017 7.24630 7.51043 7.61404 7.87817
22 7.12361 7.48482 7.26944 7.45838 7.63066 7.81960
24 7.18167  7.53823 7.28600 742115 7.64255 7.77370
26 722321 7.57643 7.29784 7.39451 7.65105 7.74773
28 725292  17.60375 7.30630 7.37546 7.65713 7.72629
30 727418 7.62330 7.31236 7.36183 7.66148 7.71095
32 728938  7.63728 7.31670 7.35208 7.66479 7.69998
34 730026  7.64728 7.31980 7.34511 7.66682 7.69213
36 7.30804  7.65444 7.32201 7.34012 7.66841 7.68652

The results of the successive approximation method starting with the zero
function J, [Jo(1) = Jo(2) = 0] are shown in Table 6.2.

A comparison of Tables 6.1 and 6.2 reveals that the values F*(J,)(1) and
F¥J,)(2) converge to J*(1) and J*(2) faster than T*(J,)(1) and T*(J,)(2) as
predicted by Proposition 6. However, the error bounds FXJ,)(i) + ¢, and
F¥Jo)()) + ¢, converge much slower than the corresponding error bounds
T*J o)) + ¢, and TXJ ) (i) + ¢,. Thus the faster convergence property of the
mapping F is counterbalanced by the fact that the corresponding error bounds
are not as tight as those associated with the mapping T. This disadvantage
may be somewhat rectified by changing the successive approximation
iteration so that instead of operating with F on the current iterate function,
say J,, we operate on the average of the error bounding functions, i.e., by
considering the iteration

o

Ji) = FU-)0) + ———,

i=12,
where
2

. a o _ -
O = mln{l—_;i o T 4 Yk}, G = max{l——az LT — Yk},
Y = min[F(Jy—)(1) = Ji—y(1), FUi-1)2) = Ji—4(2)],
P = max[F(J,_)(1) — Jp—4(1), F(J, - 1)(2) — J,—+(2)],
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TABLE 6.3

k() 42 FU D) + o FU)M) + 60 FU D2 + o FU)Q2) + &
0 0.00000 0.00000

1 7.58454 8.42204 2.63158 12.53750 3.46908 13.37500
2 837052 8.70077 6.08792 10.65312 6.41817 10.98338
3 7.24795 7.52229 6.72606 7.76983 7.00040 8.04418
4 7.19141 7.54122 6.85185 7.53098 7.20165 7.88079
5 7.34007 7.69411 7.28077 7.39936 7.63482 7.75341
6 7.34477 7.68881 7.29973 7.38982 7.64376 7.73386
7 17.32590 7.66956 7.31888 7.33292 7.66255 7.67658
8 732545 7.67038 7.31973 733117 7.66466 7.67611
9 7.32780 7.67277 7.32695 7.32865 7.67193 7.67362
10 7.32785 7.67366 7.32714 7.32856 7.67195 7.67338
11 732756 17.67237 7.32746 7.32766 7.67227 7.67247
12 7.32755 7.67238 7.32747 7.32764 7.67229 7.67247
13 7.32759 7.67242 7.32758 7.32760 7.67241 767243
14 732759 17.67242 7.32758 7.32760 7.67241 7.67243
15 7.32759 7.67241 7.32758 7.32759 7.67241 7.67241

and J, is arbitrary. The results of the computation for Jo(1) = J4(2) = 0 are
given in Table 6.3 and are considerably more favorable than those of Table
6.2. These computational results, however, are far too limited in scope to
allow any general conclusions. Note that a similar modification of the succes-
sive approximation method based on the mapping T does not lead to any
improvement, as Problem 7 shows.

The Policy Iteration Algorithm

The policy iteration algorithm (otherwise called policy improvement
algorithm) operates as follows. An initial admissible stationary policy
n® = {u% u° ...} is adopted and the corresponding value function J,o = J o
is calculated. Then an improved policy n' = {u!, u!,...} is computed,
resulting in a decrease of the value of the cost, and the process is repeated.

The algorithm is based on Corollary 2.1 of Section 6.1 as well as the
following proposition.

Proposition 7 Let = = {u, p, ...} be an admissible stationary policy
and J,(x) = J(x) be the corresponding value of the cost functional (2) when
the initial state is x. Let i: § — C, ji(x) € U(x), Vx € S, be a function satisfying

Eglx, i), w] + 2,1, 70, wil)
= min E {g(x’ u, W) + a‘]u[f(xa u, W)]} (45)

uelU(x) w
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Then if J4(x) is the value of the cost corresponding to @ = {fi, i, ...} when the
initial state is x, we have

Jux) < J(x)  VxeS. (46)

Furthermore, if the policy # is not optimal, strict inequality holds in (46) for
at least one state x € S.

Proof From Corollary 2.1 and (45) we have for every x €S,
Jux) = E{glx, p(x), w] + aJ,[f(x, u(x), w)l}
> E{glx, px), w] + o [f(x, filx), w)]} = TyJ ) ().

Applying repeatedly T; on both sides of the above inequality and using the
monotonicity of T; and Corollary 1.1, we obtain

T2 TW) 2 -2 Ti) 2 - > lim ThJ,) = J;,

proving (46). If J, = J;, then from the inequality above we have J, = T(J,)
and from (45) we have T;(J,) = T(J ), so that J, = T(J,) and hence J, = J*
by Proposition 2. Hence n = {y, g, ...} must be optimal. It follows that strict
inequality holds in (46) for some x € § if  is not optimal. Q.E.D.

Policy Iteration Algorithm
Step 1 Guess an initial admissible stationary policy
n® = {u° u® ...}
Step 2 Given the admissible stationary policy
= {4, )

compute the corresponding value function J,{x) using the successive
approximation algorithm or the linear system of equations

(I - aPui)J,,.- = gu.»,

as described in the beginning of this section.
If J,i = Ji-i, stop—m' is optimal.
i+1 i+1 ...} sat-

Step 3 Obtain a new admissible policy nit! = {u'*!, u

isfying for all xe S
E {glx, 1" (x), w] + o W[ f (x, 1 1 (x), )1}
= min E {g(x, u, w) + oJ [ f(x, u, w)]} = T(J,)(x).

uelU(x) w

Return to Step 2 and repeat the process.
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Since the collection of all possible stationary policies is a finite collection
{by the finiteness of S and C) and an improved policy is generated at every
iteration, it follows that the algorithm will find an optimal stationary policy
in a finite number of iterations and thereby terminate. This property of the
policy iteration algorithm is its main advantage over successive approxi-
mation, which in general converges in an infinite number of iterations. On the
other hand, finding the exact value of J . in Step 2 of the algorithm requires
solution of the system of linear equations representing J,; = T,«(J,:). The
dimension of this system is equal to the number of points of the state space S
and thus when this number is very large the method is not very attractive.

We note that when the successive approximation method is used for
carrying out Step 2 we may utilize error bounds similar to those described
earlier in this section. We note also that one may construct a generalized
policy iteration algorithm for the case where S, C, and D are not necessarily
finite sets (see Problem 13).

We now demonstrate the policy iteration algorithm by means of the
example considered earlier in this section.

EXAMPLE 1| (CONTINUED)

Step I Let us select an initial policy n° = {u®, u°, ...}, where

pol) =ul,  p%2)=ur
Step 2. We obtain J , through the equation J 0 = T,q(J ,0) or equivalently
Juo1) = g(1, u')y + apy (W (1) + apy (') ol2),
Juol2) = g2, u?) + ap,, () o(1) + ap,(u?) ,o(2).
Substituting the data of the problem,
Juo(1) =2+ 09 x 3 x J,o(l) + 0.9 x & x J,02),
Juo(2) =34+ 09 x & x J,o(1) + 09 x 3 x J,0(2).
Solving this system of linear equations for J,o(1), J,o(2) we obtain
Jyo(1) =~ 24.12, Jyo(2) ~ 25.96.
Step 3 We now find pu'(1), p'(2) satisfying T,:(J ,0) = T(J ,0). We have
T(J,0)(1) = min{2 + 0.9G x 24.12 + § x 25.96),
0.5 + 0.9( x 24.12 + 3 x 25.96)}
= min{24.12, 23.45} = 2345,
T(J,0)(2) = min{l + 093 x 24.12 + { x 25.96),
3+ 09G x 24.12 + 3 x 25.96)}

= min{23.12, 2595} = 23.12.
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The minimizing controls are
p)y=u?, p'Q2)=u".
Step 2 We obtain J,: through the equation J;; = T,:(J 1):
Ju(1) = g(1, u®) + opy, () (1) + apyo(u?)] ,(2),
Jui(2) = g(2, u') + opay (') (1) + apy2u')J ,(2).

Substitution of the data of the problem and solution of the system of equa-
tions yields
J (1) ~ 7.33, Ja(2) ~ 7.67.

§
Step 3 We perform the minimization required to find T(J ,.):
T(J,)(1) = min{2 + 093 x 7.33 + § x 7.67),
0.5+ 09G x 7.33 + 2 x 7.67)}
= min{8.67, 7.33} = 7.33,
T(J,)(2) = min{1 + 0.9G x 7.33 + § x 7.67),
3409¢ x 733 + 2 x 7.67)}
= min{7.67, 9.83} = 7.67.

Hence we have J,,, = T(J 1), which.implies that {u', 4, ...} is optimal and
J‘,l = J*:
pr(l) = w2, p*(Q) =u',  JH1) =733, JH2) ~ 767

Linear Programming
As discussed earlier we have
JETU)=J < J*=TJ*.

Thus if we denote by 1, 2, ..., n the elements of the state space S, it is clear
that J*(1), ..., J*(n)solve the following maximization problem (ini,, ..., 4,):

max Y 4
i=1

subject to
X,ST(J;')(I), i=1,...,n,

where the function J;: § — R is defined by
J;'(i)=lli, i=],...,n.

If we denote by u!, u?, ..., u™ the elements of the control space, the problem
above is written

max Y 4
i=1

i
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subject to
i; < E{g(i, u*, w) + oJ ;[ £, u*, w)]li, u*}, i=1,....,n ueU®.

Using the notation given in the beginning of this section this linear program
may be written in terms of transition probabilities p;{u) as

n
max ) 4
i=1
subject to

n
A < gl u*) + oY pi (M)A, i=1,2...,n uelU@)
ji=1

This is a linear program with n variables and as many as n X m constraints.
As n increases, its solution becomes more complex and for very large n and
m (in the order of several hundreds) the linear programming approach
becomes impractical.

For the example considered in this section the linear programming prob-
lem above takes the form

maximize 4; + 4,
2+ 09G4, +34,), A, <05+ 09G4, + 24,),

subject to 4,
4y

AR/A\

6.3 Contraction Mappings

In this section we introduce the notion of a contraction mapping on the
space of all bounded functions over the state space S. A basic fact about such
mappings is that they possess a unique fixed point—a classical result of
analysis. Furthermore the fixed point may be found in the limit by successive
application of the mapping on any bounded function over S, i.e., by a method
of successive approximation. It turns out that the mappings T, T,, and F
considered in the past two sections [cf. (8), (9), (38)—(41)] are contraction
mappings and that the corresponding results that we proved draw essentially
their validity from the contraction property together with the monotonicity
property of Lemma 1.

The connection with the theory of contraction mappings is very valuable
from both the conceptual and the practical points of view. This is particularly
so since it turns out that the contraction and monotonicity properties are
present in several dynamic programming models other than Problem (D) and
by themselves guarantee the validity of results and algorithms similar to
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those obtained in the past two sections. The corresponding theory is developed
in some detail in Problem 4. Here we present only the notion of a contraction
mapping and show that some of our earlier results concerning Problem 1
are special cases of a general result on fixed points.

Let B(S) denote the set of all bounded real-valued functions on S. With
every function J: S — R that belongs to B(S) we associate the scalar

191 = suplJ(o). @)

(For the benefit of the advanced reader we mention that the function | - ||
may be shown to be a norm on the linear space B(S) and with this norm B(S)
becomes a complete normed linear space, i.e., a Banach space [R5]). The
following definition and theorem are specializations to B(S) of a more
general notion and result (see, e.g., references [L5] and [L8]).

Definition A mapping H: B(S) — B(S) is said to be a contraction
mapping if there exists a scalar p < 1 such that

I1HJ) — HUO < plJ = J'll,  VJ,J'€B(S),
where | - || is as in (47). It is said to be an m-stage contraction mapping if there
exists a positive integer m and some p < 1 such that
IH™J) — HJ) < plJ — Jll,  VJ,J €B(S),

where H™ denotes the composition H - - - H of H with itself m times.

The main result concerning contraction mappings is as follows.

Contraction Mapping Fixed Point Theorem If H: B(S) — B(S) is a
contraction mapping or an m-stage contraction mapping, then there exists a
unique fixed point of H, i.e., there exists a unique function J* € B(S) such that

H({J*) = J*.

Furthermore, if J is any function in B(S) and H* is the composition H - - - Hof
H with itself k times, then

lim |HYJ) — J*|| = 0,
k— o0
i.e., the function H*(J) converges uniformly to the function J*,
Proof See reference [L5] or [L8].

Now consider the mappings T and T, defined by (8) and (9). Proposition 3
and Corollary 3.1 show that T and T, are contraction mappings (p = ).
As a result, the fact that the successive approximation method converges to
the unique fixed point of T follows directly from the contraction mapping
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theorem. Notice also that by Proposition 5, the mapping F defined by (38)-
(41) is also a contraction mapping with p = a and the convergence result of
Proposition 5 is again a special case of the fixed point theorem.

Several additional results on contraction mappings of the type considered
in DP are pointed out in the problem section (Problem 4). In particular, the
computational methods of the previous section are special cases of more
general procedures that are applicable to such contraction mappings.

6.4 Unbounded Costs per Stage

In this section we consider Problem (D) but relax Assumption B by allow-
ing costs per stage that are unbounded above or below. The complications
resulting from relaxation of the boundedness assumption are substantial and
the analysis required is considerably more sophisticated than the one under
Assumption B. The main difficulty is that Proposition 1 and the results that
depend on it need not be true anymore. We shall assume that one of the
following two assumptions is in effect in place of Assumption B.

Assumption P (Positivity)t The function g in the cost functional (2)
satisfies
0 < glx, u, w) Yix,u,w)eS x C x D. (48)

Assumption N (Negativity) The function g in the cost functional (2)
satisfies
glx,u,w) <0 Vix,u,w)eS x C x D. 49)

In problems where reward or utility per stage is nonnegative and total
discounted expected reward is to be maximized, we may consider minimiza-
tion of negative reward thus coming within the framework of Assumption N.

It is to be noted that (48) could be replaced by

M < g(x, u, w) Vix,u,w)eS x C x D,
while (49) could be replaced by
gx,u,w)< M Y(x,u,w)eS x C x D,

where M is some scalar. When g is either bounded above or below we may add
a scalar to g so that either (48) or (49) is satisfied. An optimal policy will not
be affected by this change since, in view of the presence of the discount factor,

t Problems corresponding to Assumption P are sometimes referred to in the research
literature as negative DP problems [S17]. In these problems the objective function is maximized
and the reward per stage is negative. Similarly problems corresponding to Assumption N are
sometimes referred to as positive DP problems [B21, S17].
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the addition of a constant r to g merely adds (1 — a)~ !r to the cost associated
with every policy.

One complication arising from allowing unbounded costs per stage is that
the value J (x,) of the cost functional (2) for some initial states x, and some
admissible policies® = {ug, 4, ...} may be + oo (in the case of Assumption P)
or — oo (in the case of Assumption N). Consider the following simple example.

ExaMPLE Let the system equation be
Xprq = Bxy + u, k=012,...,

where x,, u, € R,k =0, 1,..., and § is a positive scalar. The control con-
straint is |y, | < 1, 1.e, U(x) = {u||u| < 1}. Consider the cost functional
N-1
Jalxo) = lim 3 o¥|x|,
N-w y=0
where o < 1 is the discount factor. Consider the policy # = {4, 4, ...},
where fi(x) = O for all x € R. Then
N-1
Juxo) = lim Z B[ xo1,
N=w® y=¢
and hence
Jilxg) = © if xg#0, af =1,

and J;(x,) is finite otherwise. It is also -possible to verify that when aff > 1
the optimal value J*(x,) is equal to + oo for |x4| > 1/(f — 1) and is finite
for [xo] < 1/(B — 1).

We shall conduct our analysis with the notational understanding that
the cost J (x,) corresponding to an initial state x, and a policy = or the optimal
cost J*(x,) corresponding to an initial state x, may take the values + oo or
— oo (depending on whether we operate under Assumption P or N). In other
words, we consider J (), J*(+) to be extended real-valued functions.

The results to be presented provide characterizations of the optimal value
function J* as well as optimal stationary policies. They also provide con-
ditions under which the successive approximation method yields in the limit
the optimal value function J*. In the proofs we shall often need to inter-
change expectation and limit in various relations. This interchange is valid
under the assumptions of the following theorem.

Monotone Convergence Theorem Let P = (p,, p,, .. .) be a probability
distribution over a countable set S denoted by S = {1, 2,...}. Let {hy} be a
sequence of extended real-valued functions on S such that

0 < hp(i) < hyi (D) ViN=12....
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Let h: S — [0, + o] be the limit function
h(i) = lim hy(i).
N-ow

Then

MS

Jlim ZPﬁAO— thmhM0 pih(i).

Now = i

1
Proof We have

Y pihnti) < Y pihli).

i=1

By taking the limit, we obtain

Jim Zp.hN(l) Zpih(z)
=1

—.coi

so that it remains to prove the reverse inequality. Now for every integer
M = 1 we have

M M
lim ZP:hN Jim ZpihN(i)= leih(l)
~w j=1 i=

N—ooo ;S

and by taking the limit as M — oo the reverse inequality follows. Q.E.D.

Optimality Equation—Conditions for Optimality
Proposition 8 Under either Assumption P or N the optimal value
function J* of Problem (D) satisfies

J¥(x) = 1111](f ) E {g(x, u, w) + aJ*[f(x, u, w)]} Vxe$ (50a)

or in terms of the mapping T of (8)
J* = T(J*). (50b)

Proof Let m = {uo,ty,...} be an arbitrary admissible policy, and
consider the value J,(x) of the cost functional corresponding to = when the
initial state is x. We have

Jn(x) = § {g[x3 #o(x)a W] + Vﬂ:[f(x, ,uO(x)’ W)]}, (51)
where for all z €S,

N-1
Viz) = lim E { Z akg[xk, Hlxi)s Wk]}

N—=x© Wi
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In this equation we have x, = z, and x,,, is generated from x;, p(x;), wy
via the system equation (1). In other words, V,(z) is the cost from stage 1 to
infinity using = when the initial state x, is equal to z. We have clearly

Vi(z) = aJ*(2) VzeS.
Hence from (51)

Jox) 2 @ {glx, polx), wl + aJ*[f (x, po(x), w)1}

= inf E {g(x,u, w) + aJ*[f(x, u, w)]}.

uelU(x) w
Taking the infimum over all admissible policies we have

inf J(x) = J*(x) = inf E {g(x, u, w) + aJ*[ f(x, u, w)]} = T(J*)(x).

uelU(x) w

Thus it remains to prove that the reverse inequality also holds.
Let x, € S be any initial state for which we have

inf  E {g(xq, u, w) + aJ*[ f(xg, u, w)]} > — 0. (52)

ueU(xg) w

Notice that this inequality will always hold under P. Under (52), given any
scalars ¢, &, > Olet # = {{ig, i, ...} be a policy such that

é‘f {glxo, fo(x), w] + oaJ*[ f(xo, fo(xo), )1}
< inf E{g(xq, u, w) + aJ*[f(xq, u, w)]} + €4, (53)

ueU(xo) w

and

EJz, LS (xo, folxo) W]} < E {J*[f (X0, fig(x0) W} + &2, (54)

where
7~T,1 = {,ﬂl’ .EZa .. }

Such a policy clearly exists when the problem is deterministic, i.e., D consists
of a single element. It can also be shown to exist in the general case (see
Problem 8). We have by (53) and (54)

Jal(xo) = € {g[x0, flo(xo), w] + aJ; [ f(xo, Bolxo), w)1}
< € {glxo, fio(xo), w] + aJ*[ f(xo, fo(xo), W)} + ae,

< lnf E {g(XO’ u, W) + <x‘]*[.f(XOs u, W)]} + €y + ae;.

uelU(xg) w
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Since
J*(xo) < Jilxo),
we obtain

J*(xo) < inf E{g(xo,u w) + aJ*[ f(xq, u, w)]} + &, + ae,,

ueU(xo) w

Since ¢,, &, > 0 are arbitrary, we obtain

J¥xo) < inf E{glxo, u, w) + aJ*[f(xo, u, w)]} = T(J*)(x0), (55)

ueU(xg) w

for all initial states x, € S for which (52) holds.
If (under N) x, € S is such that

inf  E {g(xq, u, w) + aJ*[f(xq, u, w)]} = — o0,

uelU(xg) w

then

inf E{g(xo,u,w)} = —c0  or inf  E{J*[f(xo, u, w)]} = —
ueU(xo) w ue U(xg) w
In the first case we have clearly J*(x,) = — oo and (55) holds. In the second

case given any M > 0 one may find a i € U(x,) such that

E{J*[fxo, & Wi} < =M.
It follows, using the result of Problem 8, that we may also find a policy
7, = {fi,, fiz, ...} such that

E {J3,[f (xo, & w)]} < —M.

Consider a policy of the form % = {fi,, fi,, fi;, ...}, where fio(x,) = @ Then,
since under N we have E,, {g[x,, fo(xo), w]} < 0, it follows that

J*(x0) < Jilxo) = g{g[xo, folxo), w] + aJs [ f(x0, folxo), w)]} < —aM.

Since M > 0 is arbitrary, it follows that J*(x,) = —co and thus inequality
(55) is established for all x, € S for which (52) does not hold. Hence (55) holds
for all x, € S and the proposition is proved. Q.E.D.

Similarly as in Corollaries 1.1, 2.1, and 3.1 we have:

Corollary 8.1 Let = = {u, 4, ...} be an admissible stationary policy.
Then under Assumption P or N we have

Jube) = E{glx, plx), w] + aJ ,Lf (x, ul(x), w)l}

or in terms of the mapping T, of (9)
Ju =T,
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Contrary to the case of Assumption B the optimal value function J* under
Assumption P or N need not be the unique solution of the functional equation

J(x) = TJ)(x) = lrl}{ ) E {g(x, u, w) + aJ[ f(x, u, w)l}. (56)

Consider the following examples.
ExampLE 1 Let S = [0, + ) (or S = (— o0, 0]) and
g(x, u,w) =0, f(x, u, w) = x/a, Vx, u, w.
Then for every S, the function J given by
J(x) = Bx Vxes

is a solution of (56) and hence T has an infinite number of fixed points in this
case, although there is a unique fixed point within the class of bounded
functions—the zero function Jy(x) = 0 Vx € S, which is the optimal value
function for this problem. More generally it can be shown by using Pro-
position 9 that if there exists a bounded function that is a fixed point of T,
then that function must be equal to the optimal value function J* (see
Problem 15).

ExamMpPLE 2 Let S = [0, + ) (or S = (— 0, 0])) and
glx,u,w) = (1 — \/&)x, flx,u,w) = x/\/a Vx, u, w.

Then the reader may verify that the functions J(x) = x, J(x) = x + x?, and
J(x) = x — x? are all solutions of (56).

It is to be noted also that when o = 1 (a case to be examined in the next
chapter), Eq. (56) may have an infinity of solutions even within the class of
bounded functions. This is clear since if « = 1 and J( - ) is any solution of (56),
then J(-) + r, where r is any scalar, is also a solution.

The optimal value function J*, however, has the property that it is the
smallest (under Assumption P) or largest (under Assumption N) fixed point
of T in the sense described in the following proposition.

Proposition 9 (a) Under Assumption P if J: S - (—o, +00] is
bounded below and satisfies J = T(J), then J* < J.

(b) Under Assumption N if J: S - [— oo, 4 o0) is bounded above and
satisfies J = T(J), then J < J*.

Proof (a) Under Assumption P let r be a scalar such that J(x) + r > 0
for all x € 8. For any sequence {¢,} with g > 0, let @ = {fi,, fi;,...} be an
admissible policy for which we have for every x € § and k,

E{glx, filx), w] + oJTf Cx, lx), W} < TU)X) + & (57)
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Such a policy exists since T(J)(x) > — oo for all xeS. We have for any
initial state x, € S,

N-1
J*(xo) = inf lim E{ Y atglx,. wdxy), W,.-]}

n N—-o wy k=0

.4 Now  wi k=0

N—-1
< inf lim inf E {aN[J(xN) + ]+ Y otglxi, p(xi) wk]}

N-1
< lim inf E {aN[J(xN) +r1+ 2 glx, Alx) wk]}-
X wk k=0
Now using (57) and the assumption J = T(J) we obtain

N-1
E {aNj(xN) + Y gy, Alxy), Wk]}
k=0

Wi

N—-1

aNj[f(xN_ b AN- 1 (XN- 1), who1)] + kio

a*glxy, Ailxi), Wk]}

I
¥ by

/A
#
—N A A

) N-2
M ITS)(xy-1) + )

akg[xk, Hilxy), Wk]} + oM 1£N—1
k=0

. N-2
VM xyo) + Y

otglx, Blx), Wk]} + oM ey,
K=0

N-3
< aN_ZJ(xN—z) + Z akg[xka A xi)s Wk]} + aanﬁN—z + aN—lgN—l
Wi k=0
. N-1
< Jxo) + ) oe.
k=0

Combining these inequalities we obtain
. N-1
J*(xo) < J(xo) + lim (a”r + ) a"£k>.
N—oo k=0

Since the sequence {g,} is arbitrary (except for g, > 0) we may select {¢,} so
that limy_ , Y =g o*g, is arbitrarily close to zero, and the result follows.
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(b) Under Assumption N, let r be a scalar such that J(x) + r < 0 for
all x € S. We have for every initial state xy € S,

N-1
J*(xo) = inf lim E{ Y o¥glxe, plx), Wk]}

n N—w wk (=0

T N—ooo  wy

N—-1
> inf lim sup £ {a” [Jixn) + 1 + Y o*glxi, mlx), Wk]}
k=0

N-1
2 llm SUP lnf E {aN[j(xN) + r] + Z akg[xk’ p‘k(xk)s wk]}’ (58)
k=0

N—+o T wy

where the last inequality follows from the fact that for any sequence {hy(4)}
of functions of a parameter 4 we have

inf lim sup hy(4) = lim sup inf hy(4).
i Now Now' 4
This inequality follows by writing
hy(2) = irllf ha(A)

and by subsequently taking the limit superior of both sides and the infimum
over A of the left-hand side. 3
Now we have by using the assumption J = T(J),

N-1
inf {aNJ (xn) + Z g [xi i), Wk]}
k=0

oWy
N-2
= inf E{ Z agx,, plxe), wil
T wk (k=0

+a! inf E {g(xy-1, un—1wn-4)

uy-1€Ulxy—y) wy -1

+ o[ f(xn- 1> Un_1, Wh— 1)]}

N-2
= inf E{aN— lj‘(xN— )+ z a*glxi, plxe)s Wk]}

T Wi k=0

= Jixo).
Using this equality in (58) we obtain

J*(xo) = J(xo) + lima™r = J(x,). Q.E.D.
N— oo
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Similarly as earlier we have the following corollary:

Corollary 9.1 Let © = {u, u, . ..} be an admissible stationary policy.

(a) Under Assumption P if J: § — (— oo, + o] is bounded below, and
satisfies J = T,,(j), then J, < J.

(b) Under Assumption N if J: S — [ — oo, + o0) is bounded above and
satisfies J = T,,(J), then J < J e

Under Assumption N, Proposition 9 yields also the following corollary,
which constitutes a necessary and sufficient condition for optimality of a
stationary policy.

Corollary 9.2 (Necessary and Sufficient Condition for Optimality under
Assumption N) In order for an admissible stationary policy n* = {u*, u*,
...} to be optimal under Assumption N it is necessary and sufficient that

J“t = T;‘t(J“n) = T(J“n),
or equivalently
Ju‘(x) = § {g[x’ ,u*(x), W] + a‘]u‘[f(xs ,u*(x), W)]}

< E {g(x, u, w) + oJ o[ f(x, u, w)]} VxeS, ueU(x).

Proof Assume that the above condition holds. Then since J,. is a fixed
point of T we have by Proposition 9 that J,,. < J*, which implies that n* is
optimal. Conversely if 7* is optimal, we have J* = J,. and hence we obtain
T,Jys) = Jyo = J* = T(J*) = T(J,+), which proves the desired result.

Q.E.D.

The sufficiency part of the above corollary need not be true under As-
sumption P, as the following example shows.

ExamMpPLE Let S = (— o0, + ), U(x) = (0, 1] for all x €3,
gix, u,w) = |x|,  fx,u,w) =a lux
for all (x, u, w)e S x C x D. Let p*(x) = 1 for all xe S. Then J,u(x) = + o0
if x # 0 and J,{0) = 0. Furthermore we have J,. = T,.J,.) = T(J,.) as
the reader can easily verify. It is also easy to verify that J*(x) = | x| and hence
the policy {u*, u*, ...} is not optimal.

On the other hand under Assumption P we have a different optimality
condition, which, in view of its importance, we state as a proposition.
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Proposition 10 (Necessary and Sufficient Condition for Optimality
under Assumption P) In order for an admissible stationary policy n* =
{u*, u*, ...} to be optimal under Assumption P it is necessary and sufficient
that

J* = T,{J*) = T(JU*),

u

or equivalently
JHx) = E{glx, u*(x), w] + aJ*[f(x, p*(x), w)l}
< E {g(x, u, w) + aJ*[ f(x, u, w)]} VxeS, uelU(x)

Proof We have by Corollary 8.1 that J,. = T,.(J,.). If the above con-
dition holds, i.e., J* = T,.(J*), then we obtain from Corollary 9.1 that
J,+» < J*, which implies optimality of n*. Conversely if n* is optimal, we
have J* = J,. and hence we obtain T, .(J*) = T,(J,.) = J,. = J* = T(J*),
which proves the desired result. Q.E.D.

Again the sufficiency part of the proposition need not be true under
Assumption N as the following example shows.

ExaMPLE Let S = C = (—00,0], U(x) = Cforall x e S,
glx, u, w) = flx,u, w) = u

for all (x,u,w)eS x C x D. Then J*(x) = —c0 for all xe§, and every
admissible policy n* = {u*, u*, ...} satisfies the condition of the proposition
above. On the other hand, for u*(x) = 0 for all xe S we have J,«{(x) =0
for all x € § and hence {u*, u*, ...} is not optimal.

It is worth noting that Proposition 10 implies the existence of an optimal
stationary policy under Assumption P when U(x) is a finite set for every
x € S. This result need not be true under Assumption N (an example for the
related case where o = 1 is given in Problem 10 of Chapter 7).

The Successive Approximation Method

We now turn to the question of whether it is possible to obtain the optimal
value function J* (in the limit) by means of the DP algorithm. Let J, denote
the zero function on S, i.e.,

Jolx)=10 VxeS.

Then under Assumption P we have

Jo S TUo) S T?*(Jo) < - S THJp) < -+,
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while under Assumption N we have
Jo 2 TWUo) 2 T’ o) =+ 2T o) = -
In either case the limit function
Jo(x) = kll_.n;lo THJ o) (x) VxeS$ (59)

is well defined provided we allow the possibility that J can take the value
+ 00 (under Assumption P) or —oo (under Assumption N). We shall be
interested in the question whether

J. = J* (60)

This question is, of course, of computational interest but it is also of analytical
interest since, if one knows that J* = lim,_ T*J,), then one can infer
properties of the unknown function J* from properties of T*(J,) that are
functions defined in a concrete algorithmic manner.

When the costs per stage are bounded (i.e., under Assumption B) we
proved that (60) always holds. It turns out that when costs per stage are
unbounded it may happen that (60) fails to hold. While we shall prove that
(60) holds under Assumption N, when Assumption P is in effect, the example
of Problem 9 shows that it may happen that J, # J*. In what follows we
shall provide additional assumptions that guarantee that (60) holds under
Assumption P. We have the following proposition.

Proposition 11 (a) Let Assumption P hold and assume that

Jo(x) = T(J  }x) Vx € S.

Then if J: S — R is any bounded function we have

lim THJ)(x) = J*(x) Vx eS. (61)

k—

(b) Let Assumption N hold. Then if J: S — R is any bounded function,
we have

lim T*J)(x) = J*(x) Vx eS. (62)

k—
Proof (a) Since under Assumption P we have
Jo S TU) < K THJp) < - < J*,

it follows that lim,_, , TXJ,) = J, < J*. Since J is also a fixed point of T
by assumption we obtain from Proposition 9 that J* < J . It follows that

Jy, = J* (63)
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and hence (61) is proved for the case J = J. It remains to prove (61) for every
bounded J: § — R.The proof proceeds similarly as in the proof of Proposition
1. Let r be a scalar such that

J—re<J,, Jo < J + re,
where e is the unit function on S [e(x) = 1,Vx € S]. We haveforallkand x € S,
THJ — re)(x) < TJp)(x) < TXJ + re)(x), (64)
and
THJ + re)(x) = THJ — re)(x) + 2&r = THJI)(x) + or. (65)
It follows from these two relations that

lim TXJ — re)(x) = klim THJ + re)(x) = ’}im THJ o) (x) = J*(x). (66)

k— o

Since
lim TXJ + re)(x) = lim TXJ)(x) Vx €S, 67)
k— o0

k— o

we obtain (61).
(b) We shall prove that under Assumption N we have

Jolx) = lim THJ ) (x) = J*(x).

Then (62) follows from (64)-(67). Under Assumption N we have
Jo=TU)= - 2Ty == J*%
It follows that
Jo(x) = lim TXJ ) (x) = J*(x) VxeS. (68)

k= o

Also from relation T*(J,) = J, by applying T to both sides, we obtain
T**Y(Jo) = T(J,) and taking the limit as k — o

Jo = T L) (69)
On the other hand, for any x € S, u € U(x) we have
E {g(x, u, w) + «aT* o) Lf (x, u, w)I} 2 J ().
Taking the limit of the left side as k — oo and using the fact that TJ,)
converges monotonically to J we have
E {glx, u, w) + o] o[ (x, u, W} 2 J o (x).

Taking the infimum over u € U(x) we obtain

T(J L )(x) = J(x) VxeS. (70)
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Combining (69) and (70),
Jo =T )
Hence by Proposition 9
Jo € J%

Combining this inequality with (68) we obtain J_ = lim,_, T*(J,) = J*
and the result follows. Q.E.D.

We now proceed to obtain conditions that guarantee that J . = T(J )
under Assumption P. As part (a) of Proposition 11 shows, J, = T(J,)
is a sufficient condition for the equality J . = J* to hold. It is also a necessary
condition in view of relation

Jo. < TU,) < J* (71)
This last relation follows once we observe that
T ') S THJo) < +-- € J o < JX (72)
By applying T throughout and using J* = T(J¥*),
T"U) < T < -+ < TUL) < J* (73)

By taking the limit as k — oo, (71) follows.

We prove two propositions providing conditions for J, = T(J ). The
first admits an easy proof but requires a restrictive assumption. The second is
a little harder to prove but requires a much weaker assumption.

Proposition 12 Let Assumption P hold and assume that the control
constraint set U(x) is a finite set for every x € S. Then

Jo=TUJ,) = J*=TUJ*.
Proof From (73) we have for all x € S

T** 'Jo)(x) = inf E{g(x,u,w) + aT*J)[f(x, u, w)]} < T(U)(x), (74)

uel(x) w

and taking the limit in (74), J, < T(J ). Suppose that there existed a state
X € S, such that

Jo(X) < T )(X). (75)

Using the finiteness of U(X) let u, be the minimizing control in (74). Since
U(X) is finite there must exist some i € U(X) such that u, = iifor all k in some
infinite subset X of the positive integers. By (74) we have for all k € )

T ' J)(%) = E{g(%, i, w) + o T [f (% & W)} < TUL)(%).
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Taking the limit as k — o0, k € ', we obtain

Jo(X) = E{g(X, &, w) + aJ [ f(%, & w)]}

S TUL)X) = inf E{gX u,w)+ aJ [f(X u, w)]}.

uelU(X) w

It follows that J (X) = T(J,)(X), contradicting (75). Q.E.D.

The following proposition strengthens Proposition 12 in that it requires a
compactness rather than a finiteness assumption. We recall (see Appendix A)
that a subset X of an n-dimensional Euclidean space R" is said to be compact
if every sequence {x,} with x, € X contains a subsequence {x,},.x that con-
verges to a point x € X. Equivalently X is compact if and only if it is closed
and bounded. The empty set is (trivially) considered compact. Given any
collection of compact sets, their intersection is a compact set (possibly empty).
Given a sequence of nonempty compact sets X, X,,..., Xy, ... such that

X, 2X,2 - 2X;2 X0y > 000,

their intersection [}, X, is both nonempty and compact. In view of this
fact it follows that if f: R* - [— o0, + 00] is a function such that the set

F,={xeR"|f(x) < 4}

is compact for every 4 € R, then there exists a point x* minimizing f; i.e., there
exists an x* € R" such that

S = inf £(0)

To see this, take a sequence {4,} such that A, — inf, g- f(x) and 4, = 4, ,,
for all k. If inf, . g~ f(x) < + o0 such a sequence exists and the sets

Fj = {xeR"| f(x) < A4}

are nonempty and compact. Furthermore, F;, o F;, ,, for all k and hence the
intersection (|, F,, is also nonempty and compact. Let x* be any point in
(V&< F3,. Then

fx* <Ak  Yh=12...,

and taking the limit as k — oo we obtain f(x*) < inf, .z~ f(x), proving that x*
minimizes f(x).

Propesition 13 Let Assumption P hold and assume that the sets

Udx, ) = {u e U(x)| E {g(x, u, w) + aT*J ) [ f(x, u, w)]} < i} (76)
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are compact subsets of a Euclidean space for every x € S, A€ R, and for all k
greater than some integer k. Then

Jo=TU,)=J*=TU*). (77)
Furthermore there exists a stationary optimal policy.

Proof Similarly as in Proposition 12 we have J , < T(J ). Suppose that
there existed a state X € S such that

Jo(X) < T 5)(X). (78)
Clearly we must have J(X) < +oo. For every k > k consider the sets

Ul%, Jo(X)] = {ue UR)| E{g(X, u, w) + aTHI ) [f (%, u, w)]} < J (%)}

Let also u; be a point attaining the infimum in
T 1(J ) (%) = mf E{g %, u, w) + aTHJ o) [f (%, u, w)]} < J (%),
i.e., u; is such that
T U (%) = E{g(%, u,, w) + aTHI Q) Lf (X, th, W)]} < Joo(X).

Such minimizing points u; exist by our compactness assumption. For every
k > k consider the sequence {u;}2. Since T*J,) < T**}Jg) < --- < J,
it follows that

E{g(%, u;, w) + aTJ o) [f (%, ui, w)1}
< E{g(% u;, w) + aTUo)[f (%, u, W} S J (%) Vi

\%

k.

Hence {u;}2, < U,[X, J,(X)], and since U,[X, J(X)] is compact, all the
limit points of {u;} 2, belong to U,[X, J ,(X)] and at least one such limit point
exists. Hence the same is true of the limit points of the whole sequence
{u;} 2. It follows that if # is a limit point of {u;}{2¢, then

de (UL, Jo(%)]-
K=k
This implies by (76) that for all k > k
*) = E {g(%, 4, w) + «aT*J) [f (X, & w)]} = T**'(Jo)(%).
Taking the limit as k — oo we obtain
»(X) = E{g w) + aJ [ f(X, 4, w)]}.

Since the right-hand side is greater or equal to T(J ,,)(X), (78) is contradicted.
Hence J, = T(J) and (77) is proved.
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To show that there exists an optimal stationary policy observe that (77)
and the last relation imply that & attains the infimum in

J*X) = ig(f_) E{g(X, u, w) + aJ*[f(X, u, w)]}

for a state X € S with J*(X) < + co0. For states X € S such that J*%) = + o
every u € U(X) attains the infimum above. Hence by Proposition 10 an
optimal stationary policy exists. Q.E.D.

The reader may verify by inspection of the proof that actually Proposition
13 may be proved under the weaker assumption that the sets U,[%, J .(X)] are
compact for all X¥e S such that J_(X) < + o0, and all k greater than some
index k.

Another fact that may be verified from the proofis thatif u,(X), k = 0, 1,.. .,
attains the infimum in the relation

T (Jo) (%) = , Eig(fx)lz {g(%, u, w) + aTJ) Lf (%, u, W)},

then if u*(%) is a limit point of {u(X)}, VX € S, the policy n* = {u*, u*, ...}
is optimal. Furthermore, {1,(X)} has at least one limit point for every Xe S
for which J*(X) < + c0. Thus the successive approximation method under the
assumptions of Proposition 12 or 13 yields in the limit not only the optimal value
Sunction J* but also an optimal stationary policy.

6.5 Linear Systems and Quadratic Cost Functionals

Consider the case where in Problem (D) the system is linear:
xk+1=Axk+Buk+Wk, k=0,1,...,

where x, € R", u, € R™for all k and the matrices 4, B are known. As in Sections
3.1 and 4.3 we assume that the random disturbances w, are independent with
zero mean and finite second moments. The cost functional is quadratic and
has the form

N-1
Jux0) = 131—1-11 E { Z a*[x; 0%, + melx) Rulx,)] },
P k=0 Ny LE=0

where Q is a positive semidefinite symmetric n x n matrix and R is a positive
definite symmetric m x m matrix. The problem clearly falls under the frame-
work of Assumption P.

Our approach will be to consider the ordinary DP algorithm, i.e., obtain
the functions T(J,), TXJ,), ..., as well as the pointwise limit function
Jo = lim,_, T*J,). Subsequently we show that J satisfies J, = T(J )
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and hence, by Proposition 11, J, = J*. The optimal policy is then easily
obtained from the optimal value function J* via the DP functional equation
using Proposition 10.

As in Section 3.1 we have

Jo(x) =0 Vx eR",
T(Jo)(x) = inf(x'Qx + u'Ru) = x'Qx ¥x eR",

T*(Jo)(x) = inf E {x'Qx + w'Ru + a(Ax + Bu + wyQ(Ax + Bu + w)}

=x'K,x + a E {w'Qw} Vx € R",

k—1
Tk+1(J0)(x) = x,ka + Z

m=0

ofm E{w K, w) VxeR" k=12,...,

where the matrices K, K, K, ... are given recursively by

KO = Q’
Kk+1 = Al[aKk - aZKkB(aB,KkB + R)_IB’Kk]A + Q, k = 0, 1, cren

Now by writing R = R/a and 4 = \/EA the preceding equation may be
written

K.+1 = A[K, — K, BBK,B + R)"'BK,]J4 + Q,

and is of the form considered in Section 3.1. By making use of the result
shown there we have

Kk“’K

provided the pairs (4, B) and (4, C), where Q = C'C, are controllable and
observable, respectively. Since 4 = \/&A, controllability and observability
of (A4, B) or (4, C) are clearly equivalent to controllability and observability
of (4, B) or (4, C). The matrix K is positive definite and it is the unique
solution of the equation

K = ATaK — «?KB(@B'KB + R)"'BK]A + Q (79)

within the class of positive semidefinite symmetric matrices.
As aresult of the preceding analysis we have that the pointwise limit of the
functions T*J,) is given by

Jo(x) = ’}Lrg THJo)(x) = xKx + ¢, (80)

where
k-1
c=lim ) o " E{wWK,w}.
k

=0 =0 w
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This limit is well defined since the scalars c,, where
k-1
o= ) o " E{wK,w}
m=0 w
satisfy the equation
Crey =0, + a E{wK,w}.
w

Since o < 1 and K, — K it follows that ¢, — ¢, where

¢ = [a/(1 — )] E {wKw}. (81)
Now using (79)—(81) one can easily verify that for all xe S
Jo(x) = T(J L )(x) = min[x’Qx + v'Ru + o E{J (Ax + Bu + w)}:| (82)
and hence by Proposition 11, J, = J*. Another method for proving that
Jo = T(J,) is to show that the assumption of Proposition 13 is satisfied,

ie., that the sets

Udx, 4) = {u E{x'QOx + u'Ru + aT¥Jy)(Ax + Bu + w)} < l}

are compact. This can be easily verified using the fact that T*(J ;) is a quadratic
function and R is positive definite. The optimal policy is obtained by mini-
mization in (82) and has the form n* = {u*, u*,...}, where u* is given by

u*(x) = —a(aB' KB + R)"'B'KAx  VxeR"

The linearity and stationarity of this policy makes it very attractive for
engineering applications. A number of generalized versions of the problem of
this section, including the case of imperfect state information, are treated
in the problem section.

6.6 Inventory Control

Let us consider an infinite horizon version of the inventory control
problem of Section 3.2 where costs per stage are discounted. Inventory stock
evolves according to the equation

x,‘+1=xk+uk—wk, k=0,1,.... (83)

Again we assume that the successive demands w, are independent and bounded
and have identical probability distributions. We shall assume for simplicity
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that there is no fixed cost. A similar analysis may be carried out for the case
of a nonzero fixed cost. The function to be minimized is given by

N—1
Ja(xo) = )31_{1:0 E { Z a*[epdxi) + p max(0, w, — x, — plxy))

Wi K=0
k=0,1....
+ hmax(0, xx + wx) — wk)]}. (84)
The DP algorithm is given by
Jo(x) =0,
T YJo)(x) = gnf E {cu + pmax(0,w — x — u) + h max(0, x + u — w)
+ aT*Jo)(x + u — w)}. (85)
Let us first show that
J¥(xg) = inf J(x0) < + 00 Vxg€S. (86)

Indeed consider the policy & = {f, , . . .}, where i is defined by
i(x) = 0 if x=0,
Ho = —-X if x<0.

Since w, is nonnegative and bounded it follows that the inventory stock
x; when the policy 7 is used satisfies

—w,_; <€ X, < max[0, xq], k=12,...,

and is bounded. Hence fi(x,;) is also bounded. Hence the cost per stage
incurred when 7 is used is bounded, and in view of the presence of the dis-
count factor we have

Jilxg) < 400 Vx, €S.

Since J* < J;, (86) follows.
Next let us observe that under the assumption ¢ < p, the functions
T*(J,) are real-valued convex functions. Indeed we have

JoS TUQ -~ < TJp) <--- < J¥, (87)
which implies that T*(J,) is real valued. Convexity follows easily by induction

as shown in Section 3.2. Consider now the sets

Udx, 4) = {u =20

E {cu + pmax(0,w — x — u) + h max(0, x + u — w)

+ aT*Jo)(x + u — w)} < i}. (88)
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These sets are bounded since the expected value above tends to + oo as
u — +co. Also the sets U,(x, 4) are closed since the expected value in (88)
is a continuous function of u [recall that T%J,) is a real-valued convex and
hence continuous function]. Thus we may invoke Proposition 13 and assert

that
Jo(x) = '!im TJo)(x) = J¥(x)  VxeS.

It follows from the convexity of the functions T*(J,) that the limit function
J* is a real-valued convex function. Furthermore we have from Proposition 8
the optimality equation

J*(x) = inf E{cu + pmax(0,w — x — u) + h max(0, x + u — w)
uz0 w

+ aJ¥(x + u — w)}.

An optimal stationary policy n* = {u*, u*, ...} can be obtained from the
above equation as in Sections 1.3 and 3.2. We have

*x) = S* — x if x < S*,
K ~ 0 otherwise,

where $* is a minimizing point of
G*() = ey + Liy) + E J* — w),

with
L(y) = p E {max(0, w — y)} + h E {max(0, y — w)}.

It is easy to see that if p > ¢, we have lim,, ., G*(y) = +c0 so that such a
minimizing point exists. Furthermore by utilizing the observation made at
the end of Section 6.4 it follows that minimizing points $* of G*(y) may be
obtained as limit points of sequences {S,}, where for each k the scalar S,
minimizes

Gy) = ¢y + LO) + « E{T*Jo)(y — w)}
and is obtained by means of the successive approximation method.

In the case where there is a positive fixed cost (K > 0) the same line of
argument may be used. Similarly we prove that J* is a real-valued K-convex
function. A separate argument is necessary to prove that J* is also continuous
(see references [B3] or [I2]). Once K-convexity and continuity of J* is
established the optimality of a stationary (s*, S*) policy follows from the
equation

J*(x) = m)igE{C(u) + pmax(0,w — x — u) + hmax(0, x + u — w)

+ aJ*(x + u — w)},
where C(u) = K + cu ifu > 0 and C(0) = 0.
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6.7 Nonstationary and Periodic Problems

The standing assumption so far in this chapter has been that the problem
involves a stationary system and a stationary cost per stage (except for the
presence of the discount factor). Problems where the system or the cost per
stage are nonstationary arise occasionally in practice or in theoretical studies
and are thus of some interest. It turns out that such problems can be em-
bedded by means of a simple reformulation within the framework of Problem
(D) for which stationarity prevails. Once this reformulation is considered, one
easily obtains results analogous to those of Sections 6.1 and 6.4.

Consider a nonstationary system of the form

xk+1 = f;‘(xk, uk, Wk), k =0, l,..., (89)
and a cost functional of the form
N-1
Jolxo) = Alrim E { Z akgk[xlu i), Wk]}- (90)
e Wi k=0

k=0,1,...,N—1

In the above equations, for each k, x, belongs to a space S,, u, belongs to a
space C, and satisfies u, € U(x,) for all x, € S,, and w; belongs to a countable
space D,. The sets S, C;, Ui(x,), D, may differ from one stage to the next.
The random disturbances w, are characterized by probabilities P,( - | x;, 1),
which depend on x,, u, as well as the time index k. The set of admissible
policies IT is the set of all sequences © = {yg, i, ...} with g S, - C, with
wx) e Uylxy) for all x, €S, and k = 0, 1,.... The functions g, : S, x C; x
D, — R are given and are assumed to satisfy one of the following three
assumptions, which are analogous to Assumptions B, P, and N considered
earlier in this chapter:

Assumption B° The functions g, satisfy forallk =0, 1, ...,
0 < gy, e, wi) € M Vi(xy, Uy, wi) €S, x C, x Dy,
where M is some scalar.
Assumption P° The functions g, satisfy forallk = 0,1, ...,
0 < gilx, ug, wi) V(xy, Uy, W) €Sy x Cp x Dy,
Assumption N° The functions g, satisfy forallk = 0,1, ...,
gilxy, U, W) <0 V(xy, U, W) €S, x C, x D,.

We shall refer to the problem formulated above as the nonstationary problem
(NSP).
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Let us now convert the NSP to a stationary problem that fits within the
framework of Problem (D). In order to simplify the notation we shall assume
that the state spaces S;,i=0,1,..., the control spaces C;,i=0,1,...,
and the disturbance spaces D;,i =0, 1, ..., are all mutually disjoint. This
assumption does not involve a loss of generality since, if necessary, we may
relabel the elements of S;, C;, and D; without affecting the structure of the
problem. Define now a new state space S, a new control space C, and a new
(countable) disturbance space D by

Si, C= Uci, D = UDl

0 i=0 i=0

s

S =

Introduce a new (stationary) system
ik+1 = f(ik,aka wk)a k =0a 15-"5 (91)

where %, €8, i, € C, w, e D, and the system function f:S x C x D> S is
defined by

fG G, W) = f(%a w) if %eS, #eC, weD, i=01,....

For triplets (%, 4, w), where for somei =0, 1,...wehave X e S;butii¢ C,, or
w ¢ D;, the definition of fis immaterial —any definition is adequate for our
purposes in view of the control constraints to be introduced. The control
constraint is taken to be i € U(X) for all X € S, where U(-) is defined by

UR) = Ux) if %eS;, i=0,1,....
The disturbance w is characterized by probabilities P(w|X, @) such that

P(V~VED,~|f€S,~,ﬁGCi)=1, l=0, 1,...,
P(Ww¢D,|%eS, ieC)=0, i=0,1,....

Furthermore for any w;e D;, x;€S;,u;€ C;,i =0, 1,..., we have
P(w;|x;, u) = Pow;|x;, uy).
We also introduce a new cost functional

N-1
J #Xo) = Al,l'm E { Z “kg[ik, (%), Wk]}, 92)

k=0

where the (stationary) cost per stage g: S x C x D — R is defined by
g()'C', a, W)=g.(i, a, W) lf iGS,-, ﬁEC,-, WED,', l=0, 1,....

For triplets (%, @, w), where for some i =0, 1,...we have X€ S;butéi¢ C; or
w ¢ D;, any-definition of g is adequate provided 0 < g(%, i, w) < M for all
(X, 4, w) when Assumption B’ holds, 0 < g(X, #, w) when P’ holds, and
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g(%, G, w) < 0 when N’ holds. The set of admissible policies I1 for the new
problem consists of all sequences @ = {fi,, fi,,...} where [i,:S — C and
LX) eUX) forallxeSandk=0,1,....

The construction given above defines a problem that clearly fits the
framework of Problem (D). We shall refer to this problem as the stationary
problem (SP).

Itisimportant to understand the nature of the intimate connection between
the NSP and the SP formulated above. Let 1 = {y,, 4,, ...} be an admissible
policy for the NSP. Also let @ = {fi,, i,, ...} be an admissible policy for the
SP such that

A% = p®  if XeS;, i=01,.... 93)

Let x4 € S, be the initial state for the NSP and consider the same initial state
for the SP,i.e., X, = x, € S,. Then the sequence of states {X;} generated in the
SP will satisfy X;€ S;,i = 0, 1, ..., with probability one, i.e., the system will
move from the set S, to the set §,, thento §,, etc., just as in the NSP. Further-
more, the probabilistic law of generation of states and costs is identical in the
NSP and the SP. As a result it is easy to see that for any admissible policies
n and 7 satisfying (93) and initial states x,, X, satisfying x, = X, € S,, the
sequence of generated states in the NSP and the SP is the same (x; = X;, Vi)
provided the generated disturbances w; and W, are also the same for all
i(w; = W,, ¥i). Furthermore, if 7 and 7 satisfy (93), we have J(x,) = J{(%,)
if xo = X, €8,. Let us also consider the optimal value functions for the NSP
and the SP

J*(xo) = jggJ,,(xo), Xo € S,
J*(%o) = inf Jd%o), Xy €S.
Then it follows from the construction of the SP that
J¥%o) = J*(%o, i)  if %o€S8;, i=0,1,..., (94)

where

N-1
]*(io, )= in{I z\lrim E { Z o~ ig[xe, (), Wk]},
ne - Wi k=i
k=i,...,N—1

lf f0=x,-€s,-, i=0,1,.... (95)

Note that in this equation the right-hand side is defined in terms of the data
of the NSP. As a special case of this equation we obtain

J*(%o) = J¥(Fp, 0) = J¥(xo)  if Ko = xo€So. (96)
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Thus the optimql value function J* of the NSP can be obtained from the optimal
value function J* of the SP. Furthermore, if n* = {j¥, 4%, ...} is an optimal
policy for the SP, then the policy n* = {ud, u}, ...} defined by

ulx) = a¥(x)  VxeS§;, i=0,1,..., ©7)

is an optimal policy for the NSP. Thus optimal policies for the SP yield
optimal policies for the NSP via (97). Another point to be noted is that if
Assumption B’ (P', N') is satisfied for the NSP, then Assumption B (P, N) in-
troduced earlier in this chapter is satisfied for the SP.

The observations above indicate clearly that one may analyze the NSP
by means of the SP. In fact every result given in Sections 6.1 and 6.4 when
applied to the SP yields a corresponding result for the NSP. We shall con-
tent ourselves with providing the form of the optimality equation for the
NSP in the following proposition.

Proposition 14 Under Assumption B’ (P’, N’) there holds
J*(xo) = J*(x0,0)  Vxo € So,
where for all i = 0, 1, ... the functions J*(-, i) map S; into [0, ) ([0, ],
[— o0, 0]), are given by (95), and satisfy
J¥xi, )= inf  E {gixi, ui, w) + al*[filx;, ui w)), i + 11}

uie Ui(x;) wi

Vx;€S;, i=0,1,.... (98)

Under Assumption B’ the functions J*(-,i),i=0,1,...,are the unique
bounded solutions of the set of equations (98). Furthermore, under Assump-
tion B’ or P’ if u¥(x;) € U{x,) attains the infimum in (98) for all x; € S;. and i,
then the policy n* = {u¥. u¥. ...} is optimal for the NSP.

Proof Apply Propositions 2, 8, and 10 to the SP. Then the result follows
immediately by making use of definitions (94)-(96). Q.E.D.

Notice that an optimal policy for the NSP will normally be nonstationary
even though the SP may possess an optimal stationary policy. Furthermore,
such an optimal policy is in general impossible to obtain in practice even if the
state spaces S;,i = 0, 1, ..., are finite sets, in view of the fact that an infinite
number of functions uf are involved. However, there are special cases where
important simplifications occur. We proceed to examine two such cases.

Eventually Stationary Problems

Within the framework of the NSP consider the case where the spaces
S:, C;, D;, the sets U -), the probability distributions P - |x;, u;), and the
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functions f; and g; remain unchanged after some index k, i.e.,
$;=8;=5, C=¢C;=C, D,=D;=D Vij>k
Ui(')=Uj(')=U(')7 Pi(.lxau)zpj('lx,u) VE’J>E7

fi=fi=,f gi=4g;=8 Vij=zk
Notice that finite horizon problems may be embedded within the framework
of the above problem by taking the function g identically equal to zero. We
shall assume that the spaces__SL, Ci,D;,i=0,1,...,k — 1, are mutually
disjoint and disjoint from §, C, D, respectively. Then we may define a new
state space, control space, and disturbance space by
k-1 k-1 _ k-1
S=JS:uSs, C=JCulC, D= |JD;uD,
i=0 i=0 i=0
and similarly as earlier we may obtain an equivalent stationary problem. The
optimality equation for this problem reduces to the system of (k + 1)
equations
J¥x;, iy = inf E{gdx;, u;, w) + aJ*[filxi, uz, wp), i + 17}
uieUi(xi) wi
vx;eS;, i=0,1,....,k—1,
J¥x) = inf E{g(x,u,w)+ a*[f(x,u,w)]}  Vx€S,

uelU(x) w

where J*(x) = J*(x.k)forall x € S; = §.If the infimum on the right-hand side
of the above equations is attained for all x;,i=0,1,...,k— 1, and x,
then under Assumptions B’ and P’ there exist (eventually stationary) optimal
policies of the form n* = {ug, u¥, ..., uf, uf, ...}

Periodic Problems

Assume within the framework of the NSP that there exists an integer
p = 2 (called the period) such that for all integers i and j with |i — j| = Ap,
A=1,2,...,wehave

Sizsja Ci=Cj’ Di=Dja Ui(')=’Uj(')a
f}=.f:i’ gizgj, Pi('lx’u)=Pj(']x’u) v(xau)esix Cl

We assume that the spaces S;,C;,D;,i=0,1,...,p — 1, are mutually
disjoint. Then we may define a new state space, control space, and disturbance
space by

p—1
S=USi’ CZUC,', D=UDI
i=0 [ i
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As done earlier, we may obtain an equivalent stationary problem. The
optimality equation for this problem reduces to the system of p equations

j*(xo’ 0) = lnf E {go(xo, Ug, WO) + aj*[fo(xo, Uop, WO)’ 1]}’

uo € Up(xo) wo

J*xy, 1) = inf  E {gy(xy, uy, wy) + aJ*[fi(xy, uy, wy), 213,

urelUi(x1) wy

j*(xp— LP 1) = inf E {gp-l(xp—laup— 1» Wp—l)

Up-1€ Up—l(xp—l) Wp -1

+ aj*[fp—l(xp—l,up—l’ Wp— l)a 0]} (99)

These equations may be used to obtain (under Assumption B’ or P')a periodic
policy of the form {u§, ..., u5_1, 43, ..., up—1, ...} whenever the infimum
of the right-hand side is attained forall x;,i =0, 1,...,p — 1.

Concerning the algorithmic solution of periodic problems, we mention
that when all spaces involved are finite sets then an optimal policy may be
found through a finite number of arithmetic operations by means of the
policy iteration algorithm or linear programming. The form of these al-
gorithms may be obtained by applying them to the corresponding SP, the
state, control, and disturbance spaces of which are now the finite sets S, C,
and D.

Finally, we provide the form of the successive approximation method
with starting functions equal to zero:

Jolx;, ) =0  V¥x;eS;, i=0,1,...,p— 1
The (k + 1)st iteration of the successive approximation method is given by

Jisilxi, i) = inf E {gdxi, ui, wy) + o [filxi, ug, wy), i + 17},

uie Ui(xi} wi

i=0,1,....p—2

Jerbpop == il E gy 6y Uposs W)
+ ajk[fp— l(xp— 1 up— 1 wp— l)’ 0]}' (100)

Under Assumptions B’ and N’ we have (by applying Proposition 1 or 11 to
the corresponding SP)

lim jk(x,-,i)= j*(x,-,i) Vx;eS;, i=0,...,p—1,
k=
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while under Assumption P’ the same equations hold provided the sets

Ulx;, 4, i) = {ui e Uyxy) E {gix;, u;, wy)

+ ad [0, s, wy i + 17} < ,1}, i=0,...,p—2

Ulxp-1,4,p— 1) = {up—l eU,-1(xp-1) WE: {gp-10cp- 15 tp—1, Wp—1)

+ ajk[fp—l(xp—l, up—h wp—l)’ 0]} < l}’ (101)

are compact subsets of Euclidean spaces for all x; € S;, A€ R, and k greater
than some integer k (Proposition 13 applied to the SP). Under the same com-
pactness condition an optimal periodic policy is guaranteed to exist.

6.8 Notes

The discounted problem with bounded cost per stage is by far the simplest
and most well-behaved infinite horizon problem. This is due to the contrac-
tion property induced by the presence of the discount factor. Many authors
have contributed to its analysis, most notably Bellman [ B3], Howard [H15],
and Blackwell [B20]. Contraction type properties were first exploited in a
DP setting by Shapley [S8] in a paper on multistage games. The mapping F
of Section 6.2 and the corresponding algorithms are given by Kushner [K10],
where the connection with Gauss—Seidel iterations is pointed out (see also
Hastings [H7]). The linear programming approach of Section 6.2 was pro-
posed by D’Epenoux [D3]. The error bounds given in Section 6.2 and Prob-
lem 3 are improvements on results of McQueen [M5] and Denardo [D2]
(see [B14]). The convergence results and discretization procedures of Prob-
lem 2 are taken from Bertsekas [B15]. The essential structure of the dis-
counted cost problem with bounded cost per stage was captured in the ab-
stract framework introduced in an important paper by Denardo [D2] (see
Problem 4). This framework contains many other interesting problems similar
to Problem (D), such as the so-called Markov-renewal or semi-Markov
decision problems [J4, H16, R4] or minintax discounted cost problems (see
Problems 1 and 6). Denardo’s framework relies strongly on contraction
properties and is thus generally inapplicable to problems of the type examined
in Section 6.4 and in Chapter 7. A related framework that does not employ
contraction assumptions and is applicable to problems such as those of
Section 6.4 and Chapter 7 was developed recently by the author (see Problem
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9 in Chapter 7 and [B13] and [B16]). For analysis of discounted cost prob-
lems involving linear systems and convex cost functionals see references [B11]
and [K8]. For analysis related to problems with imperfect state information
see references [D9], [S5], and [S11]. The form of the generalized policy
iteration algorithm of Problem 13 is apparently new.

Discounted cost problems with unbounded cost per stage are similar to
undiscounted cost problems, which will be examined in the next section.
Important works in this area are those of Dubins and Savage [D8], Blackwell
[B21], and particularly Strauch [S17] (see Hinderer [H9] for an account).
These authors considered explicitly the thorny measurability questions
arising from uncountable disturbance spaces. The analysis of Section 6.4 is
mostly a synthesis of results given in these references. Propositions 9a and 13
are new results [B13, B16]. The result of Proposition 13 can be generalized to
the case where the sets U,(x, 2) of (76) are compact subsets of an arbitrary
topological space. For generalizations of the analysis of Section 6.4 see
Problem 9 in Chapter 7 and [B13] and [B16].

It is to be noted that in our formulation of the problem of this chapter we
have specified that the initial state x, is fixed and given. Thus whenever the
optimal cost J*(x,) corresponding to x, is finite, it can be attained within any
¢ > 0 by an admissible policy m,(x,), i.c., given any ¢ > O there exists an
admissible 7,(x,) such that

Jns(Xo)(XO) < J*¥(xo) + &

The policy =,(x,) will depend on x, and it does not necessarily follow that
given any ¢ > 0 there exists an admissible policy 7, (independent of x,) such
that

Jo(x0) < J¥(x0) + ¢ Vxo €S.

Neither does it follow that policy n, can be taken to be stationary unless
Assumption B is satisfied (Problem 12). A considerable amount of research
has been directed toward clarifying these fine points and the advanced
reader is referred to references [B21], [B22], [M1], [O2], and [S17] for
related analysis and counterexampiles (see also Problems 22-25).

The results on linear quadratic problems are well known (see, e.g.,
Kushner [K10]). The inventory control problem has been analyzed by
Bellman [B3] (see also Iglehart [12]). For some recent results see Kalymon
[K3]. The line of argument adopted here is new. '

The treatment of nonstationary and periodic problems by means of
reduction to the stationary case is apparently new. Earlier works on the
subject [F4, H9] do not take advantage of the possibility of this reduction.
The results on periodic linear-quadratic problems and inventory control
(Problems 18 and 20) seem to be new.
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The formulation of Problem (D) excludes the possibility of constraints
on the state x, of the form x, € X < S. Such constraints can be taken into
account under Assumption P by adding to the cost per stage g the indicator
function (x| X) of the set X:

0 if xeX,

x| X) = .
(x1%) {+oo if xeX.

This formulation, however, requires that g can take the value + c0. Nonethe-
less all the results of Section 6.4 shown under Assumption P may be proved
for g satisfying

0<glx,u,w) € +© Y(x,u,w)eS x C x D,

i.e., when g is allowed to take the value + oo (see Problem 10). For an analysis
and treatment of state constraints see references [B9] and [B11] or Problem
13 in Chapter 7.

Finally, we note that even though the problem of this chapter excludes
specifically the possibility of an uncountable disturbance space, it may still
serve as the starting point of analysis of a problem with uncountable dis-
turbance space. This can be done by reducing such a problem to a deter-
ministic problem (i.e., one where the disturbance space consists of a single
element) with state space a set of probability measures. The basic idea of this
reduction is demonstrated in Problem 21. The advanced reader may con-
sult the work of Witsenhausen [ W8] and see how a related reduction can be
effected for a very broad class of finite horizon problems.

Problems

1. Provide analogs for the results and algorithms of Sections 6.1 and 6.2 for
the problem of minimizing

N-1

Ja(x0) = lim sup Z akg[xk, Bilxi), wid,

N—ow wreWixk, uk(xk)l g=o
k=0,1,...

over all polices © = {ug, Uy, ...} with u(x,) € U(x,) Vx, € S, where a € (0, 1),
g satisfies Assumption B, x; is generated by x,., = f[xk, 4(xi), Wil
and W(x, u) is a given nonempty subset of D for each (x, u)e S x C.

2. The purpose of this problem is to provide discretization procedures and
related convergence results analogous to those of Section 5.2. Consider the
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functional equation for J*: S —» R:

J*¥x) = macx E {g(x, u, w} + aJ*[f(x, u, w)]}

where 0 < a < 1 and g, £, S, C, and w satisfy continuity, compactness, and
finiteness assumptions analogous to Assumptions A of Section 5.2. Let
S!, 82,..., 8" be mutually disjoint sets with S = [ Ji_, ', select arbitrary
points x'e S\, i = 1, ..., n, and consider the discretized functional equation

max E {g(x, u, w) + o *[ £ (x, u, w)l}
J*(x) = if x=x% i=1,...,n
J*(x") if xeS, i=1,...,n

(a) Show that both equations have unique solutions J* and J* within
the class of all bounded functions J: § — R and furthermore

lim sule *(x) — J*(x)| = 0,
ds—0 xeS
where

d, = max sug lx — x'.
(b) Provide a discretization procedure and prove a similar result under
assumptions analogous to Assumption B of Section 5.2.
Hint: Use the results already proved in Section 5.2.
3. Let S be aset and B(S) be the set of all bounded real-valued functions on
S. Let T: B(S) — B(S) be a mapping with the following two properties:

(1) TU)< TJ)forall J,J € B(S) with J < J'.
(2) For every scalarr = 0and all xe S

ay < [TU + re)(x) — TU)X)]/r < a3,

where o, a, are two scalars with 0 < «; < a; < 1.
(a) Show that T is a contraction mapping on B(S) and hence for every
J € B(S) we have

lim T*J)(x) = J*(x) Vxe€S,
k—

where J* is the unique fixed point of T in B(S).
(b) Show that for all Je B(S), xeS,andk = 1,2,...,
TU)(x) + ¢, < T U)(X) + Ces

T** 1(-])()‘) + Cret

J*(x)
TH(x) + &,

VAN
AR\
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where for all k

— 0 x

= min{ % inf [T*J)(x) — T* (J)(x)],
1 oy xeS

%2 inf [TJ)(x) — T“’l(J)(x)]},

1 - 0y x€S§

G = max{l flal itslg[T“(J)(x) — T*1(J)(x)],

2 sup[ THU)(x) — T'H(J)(x)]}.
— ¥y x€8

A geometric interpretation of these relations for the case where S consists of a
single element is provided in Fig. 6.3.
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FIGURE 63

(c) Show that the mapping F defined by (38)-(41) satisfies
o" < [FU + re)(x) — FUYx)]/r < o,

where n is the number of elements in S.
Hint: Use a line of argument similar to the one of Section 6.2.
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4. Let S be a set, let B(S) be the set of all bounded real-valued functions on
S, let C be another set, and for each x € S let U(x) be a given nonempty subset
of C. Assume that we are given a mapping H: S x C x B(S) — R having the
monotonicity property

J<J =HxuJ) < Hx,u,J) VJ,J e€B(S), x,u)eS x C, (M)
and the contraction property
{H(x,u,J) — H(x,u,J)| < allJ — J| vJ,J €B(S), (x,u)eS x C, (C)
where « is some scalar with 0 < « < 1 and
IV = J'll = sup|J(x) — J'(x)I.

Let M denote the set of all functions u: S — C with y(x) € U(x) Vx € S. For any
u € M define the mapping T, by

T)(x) = H[x, u(x), J]  Vx€S,
and the mapping T by

T(J)(x) = inf H(x,u,J) Vx eS.

ue U(x)

We assume that T(J), T,(J) € B(S) for all J € B(S), u € M. Show the following:
(a) There exists a unique function J* € B(S), and for each u € M a unique
function J, € B(S) such that

J* = T(J*), Ju= T
Furthermore,
17* = TN -0,  IIJ,— Tl >0  VJeBS)
(b) There holds
J¥(x) = uigl{lJ,‘(x) Vx €S,
and if for some € M we have T,(J*) = J*,thenJ, = J*. Furthermoreif there

exists a function J € B(S) such that lim,_., (T,_--- T, )(J)(x) exists and is a
real number for all x € § and all sequences {4}, u, € M, Yk, then

lim(T,, - T = Em(T, - TIOE  YWeBS), xes,
[lkGM, k=051,~-~’
Fe)= inl lm(T, L)W WeBS) xes.

uieM
i=0,1,... i
(c) Prove(a)and (b) when the contraction assumption (C) is replaced by
the assumption that there exists a scalar « with 0 < a < 1, a scalar 4 > 0,
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and an integer m > 1 such that

“( ag u‘ l‘m 1)(‘1) ( Ho lli )(J )“ a“J - J “,
vJ, J'GB(S), Hos s Um_1EM,

ITJ) — TN < Al — T,

vJ,J €B(S), peM.

(€)

(d) Assume that S is a finite set, S = {1, 2, ..., n}. Under Eqgs. (M) and
(C') show that {J*(1), ..., J*(n)} is a solution of each of the following prob-
lems:

n
min Y J(i), max Y J(i).
T(.I)gl) < J(i) i=1 T(J)}l)> J(i) i=1
1= vers 1= ey ]

(e) Assume that S and C are finite sets and Eqgs. (M) and (C’) hold.
Consider the following generalized policy iteration algorithm:
(1) Start with an initial u® e M.
(2) Given 4 calculate J,; and p'* ' € M such that T+ (J,)) = T(J ).
Repeat the process until J & = J, for some index k.
Show that the algorithm will yield J* after a finite number of iterations.
(f) Assume that Eqs. (M) and (C) hold. Let J € B(S) and let u* be such
that T,.[T*~'(J)] = TXJ) and p* € M. Show that

1% — Jull < [264/1 = )N TW) = JII.
Show also that
IJ* = THDI < by,
where b, is defined recursively by

a| TU) = J|
1 -«

by 2| THJ) = T* (J)n}

) b, = mm{abk_l, [ —a
Hints: (a) Show that
allJ — J| VJ,J'eB(S), neM,

allJ — J'I vJ, J € B(S),

ITJ) — T

l
ITU) — T

AN/

and use the contraction mapping fixed point theorem.

(b) Use the fact that J, > T(J,) = ---=> TXJ,) = --- to show that
inf, J,(x) 2 J*(x). To prove the reverse inequality, for any ¢ > 0, let ue M
be such that

J¥x) = T,(U*)(x) — ¢ VxeS.
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Use the contraction assumption and the above inequality to show that for
allk=1,2,...,
THI*)(x) = T (I*)(x) — ke VxE€S,
and conclude that
J¥x) = J(x) — [e/1 — a)] Vx€eS.
Use the above argument to show that
J¥(x) = inf  lim(T,,--- T, )(J*)(x) VxeS.
k— o0 )

Hi, i=0,1,...

(c) Show that
1T — TR < ol J = VJ,J'eBS), ueM,
IT™J) — T < alld — J'|| vJ, J e B(S).

() Show that the following relations hold:

VAN

k

4 o

1* = THO)) < == ITHO) = T YD) < o ITW) = JlL,
1 e = THD = [ — To[T* ']
k
< ——|THJ) — T ') < —— | TW) - J]I.
1l -« 1l —«a

5. Consider a problem similar to that of Section 6.1 except for the fact that
when we are at state x; there is a probability 8, where 0 < 8 < 1, that the
next state x, ., will be determined according to x,,, = f(x, uy, w,) and a
probability (1 — f) that the system will move to a termination state where it
stays permanently thereafter at no cost. Show that even if « = 1 (no dis-
counting) the problem can be put into the discounted cost framework. Use the
results of Problem 4 to analyze the case where f depends on u and

0 < inf Bu) < sug Bu) < 1.
ueC ue

6. Consider a problem similar to Problem (D) under Assumption B except
for the fact that the discount factor « depends on the current state x,, the
control u,, and the disturbance w,, i.e., the cost functional has the form

N-1
Ju(xo) = Al,im E { Z O kG0 Xk» ti(X4), Wk]},
- Wi k=0
k=0,1,...

where

an,k = a[xo, #o(xo), wO]a[xl, “1(x1)’ wl] e a[xk’ .uk(xk)’ Wk],
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with a(x, u, w) a given function satisfying
0 < inf{(x, u, w)|x € S,ue C,we D}
< sup{afx, u, w)|xeS,ueC,we D} < 1.

Show that the results and algorithms of Sections 6.1 and 6.2 have direct
counterparts for such problems.
7. LetJ:S — R be any bounded function on S and consider the successive
approximation method of Section 6.2 with a starting function J:S — R of
the form

Jx)=Jx)+r  VxeS,

where r is some scalar. Show that the bounds THJ)(x) + ¢, T*(J)(x) + &
on J*(x) of Proposition 4 are independent of the scalar r for all x € S. Show
also that if S consists of a single element X (i.e., S = {X}), then

TU)(E) + ¢; = TU)X) + ¢, = J*x).

8. Consider Problem (D) under Assumption P or N. Show that for any
probability distribution {p,, p,,...} defined on {x!, x2, ...}, a countable
subset of S, we have

inf Y piJxY) = Y piJ*H(x).
nell ;= i=1

Hint: If J*(x') is equal to + oo (under Assumption P) or — oo (under
Assumption N) for some i for which p; > 0 the result is evident. So assume
J*(x) # + oo for all i. We have Y 2, p;J*(x) < inf, Y2, p;J(x)) so it
remains to prove the reverse inequality. For a given € > 0 con51der for each
x' an admissible policy of the form

no(xi) = {ﬁO( * )a Au(l)(xi’ ‘ )’ Aug(xi9 * )a .- ~}s
such that

Z Pu n:o(x') Z p(‘]*(xl) + &

Notice that me(x) represents a different policy for each x' and gf(x', x,) re-
presents the control applied when the initial state is x* and the state at time j
is Xx;.

J

Let Assumption P hold and consider a sequence {¢,} with ¢, > 0, Vk,
and Y2, g = & Write

.glpi‘]no(xi)(xi) = .lei é: {g[xi’ ﬁo(xi)a WO]}

+ Z nE {Jvlro(xf)(xl)lxo = x/, Up = ﬁo(xi)},
i=1 X1
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where

N-1
J::o(x")(xl) = 1\111—{1010 E { Z akg[xks #l(()(xis xk)s Wk]}'

Wi k=1
k=1,2,...

Show that one may find a policy of the form
ny = {fo(+ ) A+, ma(xys * ) pileys +)- )
such that

Y pid () < Y pid roen(X) + £,
i=1 i=1

and with f, u} satisfying f,(x,)e U(x,)Vx,; €S, and uj(x,, x;) € U(x;),
Vx, x;€8,j = 2,3,.... Note that the values of u; depend on x, and x; but
not on x'. Notice also that the policy r, is not an admissible policy according
to our definition since the control uj(x,, x;) applied at time j > 2 depends on
the state x, (which has occurred at time 1) as well as the current state x;.
Similarly proceeding, show that one may find a policy of the form

Ty = {ﬁO( ¢ ), ﬁl( ° ), s ﬁk( ° )5 .u:+l(xk’ * ), .ull:+2(xka ¢ ), . '},
such that

8

Zpl']m‘(x Zpi']m‘_l(xi) + €y,

where
nk— 1= {ﬁO( ¢ ), ﬁl( ¢ ), seey ﬁk—l( ° ), #:_l(xk— 1> ), ,“,l::-i(xk— 15 ° ), . }
Show that we have for all k and for all N < k

1™M8

w; =1
j=0.1,..,N ]

pi E {g[xi5 ﬁO(xi)s WO] + Z otjg[xj, ﬁj(xj), WJ]} - Z 81'

< l';p,-J,:,‘(X") Zz—: 21 i e (X)) — Zs

Z P: no(x') Z le*(x') + e

i=1

Consider the policy @ = {iiy, i, . . .} and use the above inequalities to show
that

M8
=

)< ) pidHx) + 2e
i=1

"
-
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Under Assumption N show that for each N there exists an admissible
policy of the form ny = {fiy, iY, ..., AN, 4, 4, ...} such that

o0 o N
Z Pi-’ﬁln(xi) = Z p E {g[xi, ﬁo(xi), wol + Z akg[xka ﬁkN(xk)a Wk]}
i=1 i=1 Wi k=1

k=0,....N

@ N
< Z Di E {g[xi9 ﬁO(xi)’ WO] + Z] akg[xka #l(()(xis xk)’ wk]} +e.
A w) k=

Show that
lim inf )’ p;J . (x) < li;ln inf ) pJY (x) < Y p;J*(x)) + 2e.
“o =1

Noow =3 i=1

Hence there exists an N such that

Y piday(x) < Y piJ*X) + 3.
i=1 i

i=1

For detailed proofs see Theorems 4.3 and 4.4 of Strauch [S17] or Hinderer
[H9].

9. Let S=1[0, ), C=U(x) = (0, 0), be the state and control spaces,
respectively, let the system equation be

xk+1=(2/a)xk+uka k=0’1s~'~,
where « is the discount factor, and let
glxe, u) = X + uy

be the cost per stage. Show that for this deterministic problem Assumption P
is satisfied and that J*(x) = o0 Vx € S, but T*J,)(0) = O for all k [J,, is the
zero function, Jy(x) = 0 Vx € §].

10. Verify that all the results of Section 6.4 proved under Assumption P
hold if the cost per stage g satisfies

0<glx,uw <+ Y(x,u,w)eS x C x D.

11. Consider Problem (D) for the case of a deterministic problem involving
a-linear system
xk+1=Axk+Buk, k=0,1,...,
where the pair (4, B) is controllable and x, € R”, u, € R™. Assume no con-
straints on the control and a cost per stage g satisfying
0 < glx, u) Y(x,u)e R" x R™,

Assume furthermore that g is continuous in x and u, and that g(x,, u,) -+ +©
if {x,} is bounded and |u,] = + 0.
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(a) Show that for a discount factor a €(0, 1) the optimal cost satisfies
0 < J*(x) < + o0, Vx € R". Furthermore there exists an optimal stationary
policy and

lim TJ,)(x) = JXx)  VxeR".
k— 0

(b) Show that the same holds true except perhaps for J*(x) < +
when the system is not linear but rather is of the form x,,, = f(xi, ),
with f: R* x R™ — R" being a continuous function.

(c) Prove the same results assuming that the control is constrained to lie
in a compact set U < R™(U(x) = U, ¥x € R") in place of the assumption
g(x,, u,) = + oo if {x,} is bounded and |u,| = + 0.

Hint: Show that T*J,) is real valued and continuous for every k and
use Proposition 13.

12. Under Assumption B let u: S — C be such that u(x) e U(x) Vx € S, and

TIM) = E{glx, ulx), w] + aJ* [ (x, plx), w)}

< 12(f {g(x, u, w) + aJ*[f(x,u, w)]} + ¢

= J¥x) + ¢ Vx eSs.
Show that
J*¥(x) < J (%) < J¥(x) + [¢/(1 — a)] VxeS.

Hint: Show that TJ*)(x) < J*(x) + YFZ¢ oe.
13. Generalized Policy Iteration Algorithm The purpose of this problem is
to provide a policy iteration algorithm for the case where the state space and
the control space are not necessarily finite sets. Under Assumption B let
{u, 1, ...} be an admissible stationary policy and let J «: S — R be such that

sup|J,(x) = Ju(9)| <y
Let J': § — R be such that
sup|J'(x) — TU,)(x)] < &
and assume that
sup|J'(x) — J,(x)| < e
Show that for all x € S there holds

JHx) S Jx) S JHx) + [0 + e)/(1 — )] + 7. (102)
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Consider the following policy iteration algorithm, for fixed y, J, ¢ > 0.

(1) Start with an admissible stationary policy n° = {u° u°, ...}.

(2) Given {, y',...} find J,:: S — R such that |J,(x) — J,(x)| < y&
for all xeS.

(3) Find 4i*':§ — C with g’ *}(x) € U(x) for all x € S such that

Tl J)(x) < TU)(x) + 8o’ VxeS.

T
If sup, . s| T+ o(J ) (x) — J,i(x)] < & stop. Otherwise replace p‘ by u*! and
go to Step 2.
Show that the algorithm will terminate after a finite number of iterations

(say k) and that

o1+ ¢

T + yak ! Vx€eS.

J¥x) < Julx) < J*x) +
Hint: To show inequality (102) use the fact that for any S > O there
exists a k such that for all xe §
I T** 1(J ) (x) — J*(x)] < B.
Then use the inequalities
1Jux) = J*x)| < [T ux) — T )X + 1 TU)x) — TJ,)(x)]
+ o 4 [ T — T*)
< suglju(x) — T +a+-+o)+ B

< igls)lj”(x) - T(J)x)| + B,

1—a

to show that

|J (%) — J*(x)| < suglj,,(x) - TJ)x)|  VxeS.

1 —a

To show that the policy iteration algorithm will terminate in a finite
number of iterations, assume the contrary, i.e., we have

sup| T ilJ)(x) — Jx)| > ¢

for all i and the algorithm generates an infinite sequence of policies {r'}.
Show first that forall xeSandi =0, 1,..., we have

T (I, (x) < TU ) (x) + (6 + 2y)e < Julx) + (6 + 2pa)a.
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Use this inequality to show that for all x € S and i, k,
T (J ) (x) < T ) (x) + (6 + 2y ki;aj,
=
and conclude that forall xeSandi=0,1,...,
JHx) < Jer(x) < TU)(0) + 2o,
where
A=+ 2ya)/(1 — ).
Show that forall xeSandi=1,2,...,
J*x) < J,i0) < T o) (x) + il ™12,
and conclude that
lim sule dx) — J*¥(x)] = 0.

i+ x€8

Use this equality to reach a contradiction.

14. The purpose of this problem is to show that the successive approxi-
mation method of Section 6.2 will yield an optimal policy after a finite number
of iterations when S, C, and D are finite sets. Under Assumption B let
J:S — R be a function such that for some ¢ > 0 and all xe S we have

[J(x) = J*(x)| < ¢
Let u(x) be such that for all x € S we have u(x) e U(x) and
T x) = E{glx, plx), w] + aJLf(x, ulx), w)l}

= min E {g(x, u, w) + oJ[ f(x, u, w)]} = T(J)}(x).

uelU(x) w
(@) Show that forallxeS
| TW)(x) = J)I < (1 + a)e.
(b) Using the above inequality show that for all x € S,
| TN (x) — J00)] < [l + /(1 — o)]e.
{c) Show that forall xe S,
J*(x) < J(x) < J¥x) + [2e/(1 — a)].

(d) Assume that the state, control, and disturbance spaces are finite sets.
Show that the successive approximation method after some index will yield
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an optimal policy at every iteration, i.e., for any starting function J:S — R
there exists an index k such that if u* is such that

T.[THJ)] = T '(J) and k >k,

then {u*, u*, ...} is optimal.

15. Under Assumption P or N show that if J: § — R is a bounded function
satisfying J = T(J), then J = J*.

16. Prove the following strengthened version of part (b) of Proposition 9:
Under Assumption N if J: § - [— o0, o0) is bounded above and satisfies
J < T(J), then J < J*.

17. Linear-Quadratic Problems with Nonstationary Disturbances Con-
sider the linear-quadratic problem of Section 6.5 with the only difference that
the disturbances w, have zero mean but their covariance matrices are non-
stationary and uniformly bounded over k. Show that the optimal control law
remains unchanged.

18. Periodic Linear-Quadratic Problems Consider the linear system

xk+1=Akxk+Bkuk+Wk, k=0, 1,....,

and the quadratic cost functional

N-1
Jix) = lim  E { o [x Qe + m(xk)'Rkuk(xk)]},

k=0
k=0,...,.N-1

where the matrices above have appropriate dimensions, Q, and R; are
positivesemidefinite and positive definite, respectively,forallk,and0 < « < I.
Assume that the system and cost functional are periodic with period p (cf.
Section 6.7), that the controls are unconstrained, and that the disturbances
are independent, have zero mean, and finite covariance matrices. Assume
further that the following (controllability) condition is in effect.

Given any initial state X, there exists a finite sequence of controls {i,,
iiy,..., 4, such that x,, ; = O where X, , , is generated by

%ot = A%, + Buil,, k=0,1,....r
Show that there is an optimal periodic policy n* of the form
= {u§, 1ty MS MY By
where ug, ..., uy_, are given by

ﬂ,*(x) = ‘_a(aB:'K,‘+1Bi + Ri)_lBEK,'.'.lAix, l = 0, crey p - 2,
uy_1(x) = —a(@B,_ KoB,_1 + R,_;) " 'B,_1KoA,_;x
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and the matrices Ko, K, ..., K,_, satisfy the coupled set of p algebraic
Riccati equations given by

K; = Aj[aK;,, — 0?K;, B{aB;K;.,B; + R)"'BiK;.14; + Q;,
i=0,1,...,p—2
Kp—l = A;_l[aKo - azKon_l(aB;_lKon_l

+ Rp—l)_lB;z—lKO:'Ap—l + Qp—l‘

Hint: Use Eqgs. (99) and the compactness condition (101).
19. Discounted- Linear-Quadratic Problems with Imperfect State Informa-
tion Consider the linear-quadratic problem of Section 6.5 with the difference
that the controller, instead of having perfect state information, has access to
measurements of the form

Zk~=ka+vk, k=0,1,....

Similarly, as in Section 4.3, the disturbances v, are independent, have identical
statistics, zero mean, and finite covariance matrix. Assume that for every
admissible policy n the matrices

E{lxx — E{x|LJ10x — E{x|1:}Y |7}

are uniformly bounded over k, where I, is the information vector defined in
Section 4.3. Show that the optimal policy is n* = {u*, u*, ...}, where u* is
given by

p*(I) = ~a(aB'KB + R)"'BKA E{x|I.} VI, k=01,....

Show also that the same is true if w,, v, are nonstationary with zero mean and
covariance matrices that are uniformly bounded over k.

Hint: Combine the theory of Sections 4.3 and 6.7. Use the compactness
condition of Proposition 13.
20. Periodic Inventory Control Problems In the inventory control problem
of Section 6.6 consider the case where the statistics of the demands w,, the
prices ¢, and the holding and the shortage costs are periodic with period p.
Show that there exists an optimal periodic policy of the form n* = {uj,

* * *
--alup—la)an'-~s)up—l,"'}’

S*—x if x<Sk

Mx) = i=01....,p—1,
HH) {0 otherwise, PED b

where S§, ..., S7_, are appropriate scalars.
Hint Use Egs. (99) and the compactness condition (101).
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21. Consider the problem of this chapter under Assumption B for the case
where the sets S, C, and D are finite sets. Using the notation of Section 6.2
consider the controlled system

Pu+1 = PPy, k=0,1,...,

where p, is a probability distribution over S viewed as a row vector, and P,
is the transition probability matrix corresponding to a function u,:C - S
with u,(i) € U(i) for all i € S. The state is p, and the control is y, . Consider also
the cost functional
N-1

lim Y o*pg,..

N-w p=p
Show that the optimal value function and an optimal policy for the deter-
ministic problem involving the system and the cost functional above yield
the optimal value and an optimal policy for the problem of this chapter.
22. Let Assumption P hold and assume that n* = {u&., uf, ...} €Il
satisfies J* = T,«(J*) for all k. Show that n* is optimal, i.c., J» = J*.
23. Under Assumption P show that given & > 0 there exists a policy
ng €Il such that J ,(x) < J*(x) + & for all xeS§. and that for a < 1 the
policy ns can be taken stationary.

Hint: Let {&,} be a sequence such that & >0 for all k and
Y& o @6, = &. For each x € S let m,[x] = {uk[x], p4[x]....} € IT be such
that J (x) < J*(x) + &,. Define i (x) = up[x](x)and let ts = {fio, fy,...}.
24. Under Assumption P show that if there exists an optimal policy, i.e.,
a policy n* € I1 such that J,. = J*, then there exists an optimal stationary

policy.
25. Use the following counterexample to show that the result of Problem 24
may fail to hold under Assumption N if J*(x) = — o for some x € S. Let

S=D={0,1}, f(x, u, w) = w, g(x, u, w) = u, UQ) = (-0, 0], U(1) = {0},
pw=0]|x=0, uy=3, pw= t|x =1, u)= 1. Show that J*0) = — oo,
J*(1) = 0, and that the admissible nonstationary policy {u¥, uf, ...} with
U 0) = —(2/a)* is optimal. Show that any admissible stationary policy
{u, p, ...} satisfies J,(0) = [2/2 — )Ju(0), J,(1) =0 (see [B22], [D8],
[O2] for related analysis).



Chapter 7

Minimization of Total Expected
Value — Undiscounted Cost

In this chapter we consider infinite horizon problems with undiscounted
cost functionals. The basic problem we consider is identical with Problem (D)
of the previous chapter except for the absence of the discount factor. Again we
assume stationarity of the system and the cost per stage. However, non-
stationary or periodic problems may be treated by reduction to the stationary
case similarly as in Section 6.7.

ProBLEM (U) Consider the stationary discrete-time dynamic system

Xer1 = S Xk, g, Wi, =0,1..., (n
where the state x;,, k =0, 1,..., is an element of a space S, the control
u, k=0,1,...,is an element of a space C, and the random disturbance
wi,k =0,1,...,is an element of a space D. It is assumed that D is a countable

set. The control u, is constrained to take values in a given subset U(x,) of C
that depends on the current state x, [, € U(x,), Vx, €S,k =0,1,...]. The
random disturbances w,, k =0, 1,..., have identical statistics and are
characterized by probabilities P(-|x,, u,) defined on D, where P(w,|x,, u)
denotes the probability of w, occurring when the current state and control

294
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are x, and u,, respectively. The probability of w, may depend explicitly on
x, and u, but not on values of prior disturbances w,_, ..., wg.

Given an initial state x,, the problem is to find a control law, or policy,
n = {ig, Uy, ...}, Wwhere y,: S = C, p(x,) e U(x, ) forall x, € S,k =0,1,...,
that minimizes the cost functional

N-1
Ju(x0) = Al,im E { Zog[xk, ), Wk]} (2
—© wi k=
k=0,1,...

subject to the system equation constraint (1). The real-valued function
g:S x C x D— Ris given.

One of the main difficulties introduced by the absence of the discount
factor is that now the value of the cost functional (2) may be infinite for some
(possibly all) initial states even when costs per stage are bounded. For this
reason Problem (U) makes sense in the case where g = 0 only when the opti-
mal value function

J*(x) = inf J (x) VxeS

takes finite values for at least some initial states, for otherwise every ad-
missible policy is optimal. This type of difficulty is of the same nature as the
one we encountered in connection with discounted problems with unbounded
costs per stage (Section 6.4). As in Section 6.4 we shall allow the possibility
that the functions J, and J* may take the value + oo or — o0, i.e., they may
be extended real valued.

As in the previous chapter we need to impose assumptions on the cost
per stage function g that guarantee that the limit in (2) exists in the sense that
it is a real number or +o0o. We shall be considering the following two
assumptions, which closely parallel the corresponding assumptions P and N
of Section 6.4.

Assumption P The function g in the cost functional (2) satisfies
0<gx,uw Y(x,u,w)eS x C x D.

Assumption N The function g in the cost functional (2) satisfies
glx,u,w) <0 Vix,u,w)eS x C x D.

There is, however, an important difference between the assumptions
above and those of Section 6.4. While in Section 6.4 the assumptions made
could be replaced by the assumption that g(x, u, w) is bounded below or
above without affecting the results obtained, this is not true anymore for
Problem (U)—a complication due again to the absence of the discount
factor.
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Nonetheless, the results to be obtained in the next section for Problem (U)
under Assumptions P and N are very similar to those of Section 6.4. Once
we develop these results we shall examine some special cases in Sections
7.2-74.

7.1 Convergence and Existence Results

As in the previous chapter we shall consider mappings 7, T, operating
on functions J that are defined on § and take values in [0, + o0], when
working under Assumption P, and in [ — o0, 0] when working under Assump-
tion N. The mapping T is defined by

T(J)(x) = inf E {g(x, u, w) + J[f(x, u, w)]}, 3)

uelU(x) w
and the mapping 7, is defined for every admissible stationary policy
n={up..}by
T())(x) = E {g[x, u(x), w] + JLf(x, u(x), w)]}. @

Again we write for any two functions J, J' mapping S into [0, + o] or
[_ o0, 0]5
J<gJ if Jix)<J(x) VxeS.

Clearly we have the monotonicity relations
J<J=>TJ)< TUJ), T(J) < TJ)). )]

We again denote by J*(x) the optimal value of Problem (U) when the
initial state is x, and by J ,(x) the value of the cost functional (2) corresponding
to an admissible stationary policy {4, i, ...} and an initial state x.

The following result can be proved by an almost verbatim repetition of
the proof of Proposition 8 in Section 6.4.

Proposition 1 (Optimality Equation) Under either Assumption P or
N the optimal value function J* of Problem (U) satisfies

J¥x) = inf E{g(x,u, w)+ J*[f(x,u,w)]} VxeS, 6)

uelU(x) w
or in terms of the mapping T of (3),
J* = T(J*). 7N

Corollary 1.1 Let {y, 4, . . .} be an admissible stationary policy. Then
under Assumption P or N we have

Jux) = E {glx, u(x), w] + J,Lf (x, u(x), w)1}, ®)
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or equivalently in terms of the mapping T, of (4)
Ju=TJ,) )

The following propositions and corollaries may be proved by essentially
repeating the proofs of the corresponding results of Section 6.4.

Proposition2 (a) Under AssumptionPifJ: S — [0, + co] is a function
that satisfies J = T(J), then J* < J.

(b) Under Assumption N if J: S — [— oo, 0] is a function that satisfies
J = T(J), then J < J*.

Corollary 2.1 Let 7 = {u, u, ...} be an admissible stationary policy.

(a) Under Assumption P if J: S — [0, + oo] is a function that satisfies
J= 7],(.7), then J, < J.

(b) Under Assumption N if J: S — [ — o0, 0] is a function that satisfies
J=T(J), thenJ < J,.

Corollary 2.2 (Necessary and Sufficient Condition for Optimality
under Assumption N) In order for an admissible policy n* = {u*, u*,...}
to be optimal under Assumption N it is necessary and sufficient that

Juo = TplJ ) = T ),
or equivalently
Jlx) = E {glx, u*(x), w] + Ju[f(x, p*(x), w)]}
< E {g(x, u, w) + J o[ f(x, u, w)]} VxeS, ueU(x). (10)

Proposition3 (Necessary and Sufficient Condition for Optimality under
Assumption P) In order for an admissible policy n* = {u*, u*, ...}
to be optimal under Assumption P, it is necessary and sufficient that

J* = T,(J*% = T{J"),
or equivalently
JHx) = E {glx, p*x), w] + J*[f{x, px), wil}
< E {g(x, u, w) + J*[f(x, u, w)1} VxeS, ueU(x). (11)

Successive Approximation— Policy Iteration— Linear Programming

We turn now to the question of convergence of the DP algorithm to the
optimal value function J*. Similar results as those of Section 6.4 may be
obtained. Let J, be the zero function on S, ie.,

Jolx) =0 Vx €S.
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Consider the DP algorithm that generates T(J,), T*(Jo), ..., T*Jo), - ...
Each of the functions T*(J,) represents the optimal value function for a
corresponding finite horizon problem with k stages. We have under Assump-
tion P that

Jo<TUp) - < THJ) < -+,
while under Assumption N

Jo2TUg) = =2THJg) = --.
In either case the pointwise limit function J,,, where

Jo(x) = imT¥Jo)(x)  VxeSs, (12)

k=
is well defined as a function from § into [0, + cc] under Assumption P or
into [ — o0, 0] under Assumption N. As in Section 6.4, we have

Propositiond (a) Let AssumptionP hold and assumethatJ, = T(J ).
Then

Jo=J*
(b) Let Assumption N hold. Then
Jo=J%

As in the corresponding discounted case it need not be true that J, = J*
under Assumption P(a counterexample is provided by Problem 9 of Chapter 6
by setting « = 1). As in Section 6.4 we have the following sufficient condition
for J, = J*. ‘

Proposition 5 Let Assumption P hold and assume that the sets

Ulx, 4) = {u e Ux)| E {g(x, u, w) + THJ)[f(x, u, w)]} < l} (13)

are compact subsets of a Euclidean space for every x € S, A € R, and for all k
greater than some integer k. Then

Jo =T, =J*
Furthermore, there exists an optimal stationary policy.

Note that when U(x) is a finite set for every x € S the assumption of the
above proposition is satisfied.

Propositions 4 and S form the basis for a successive approximation
method for computing in the limit the optimal value function J*. An
alternative method for computing J* under Assumption N is based on the
following proposition. A related result under P is given in Problem 16.
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Proposition 6 Under Assumption N if J: S - [—o0, 0] is a function
such that J < T(J), then J < J*.

Proof Since J < J, we have
T*J) < THJ,),
from which, using the fact that lim, ., T*(J)(x) = J.(x) = J*(x), we obtain

lim sup T*J)(x) < J*(x)  Vx€S.

k—

On the other hand, we have J < T(J) implying J(x) < lim SUp, o, THJ)(x)
for all x € §, and the result follows. Q.E.D.

Based on the preceding proposition we have that if S is a finite set,
S={1,2,...,n},and Cis also a finite set, C = {u’, ..., u™}, then J*(1),...,
J*(n) solve the linear programming problem (cf. end of Section 6.2)

max Y A

A0 i=1

subject to
L<gi,uy+ YpuMy  i=12...,n uelU@,
i=1

where the notation corresponds to that of Section 6.2.

Under Assumption P it is possible to use a policy iteration algorithm
in an effort to find J* and an optimal stationary policy. The algorithm is
motivated by the following proposition, which parallels Proposition 7
of Section 6.2. A similar proposition cannot be proved under Assumption N
in the absence of additional assumptions.

Proposition 7 Let Assumption P hold and let {y, 1, . . .} be an admissible
stationary policy. If {#, , ...} is another admissible policy such that
E'{glx, i), w] + J,Lf (x, flx), w)l}
= min F {g(x, u,w) + J,[f(x,u,w)]}  Vx€S§,

uelU(x) w

then
Jalx) < J (%) VxeS.
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Proof Using the hypothesis and the facts J, = T (J,), J, =0 (by
Assumption P) we have, for any initial state x,,

N~-1
Jﬁ(xo) = lim F {kz glxi, ixy), Wk]}
=0

N-owo wy

N-2
< lim 1nfE{Ju xn) + glxn- 1 @XN_ 1) Wh-1] + Z glxs, @(xy), w,‘]}

N—-w

N-oao k=0

N-2
< liminf F {J“(XN) + glxno 1 tXn= 1) Wy o 1 + Y glxes A(x), Wk]}

-2
= liminf F {J (xy_1) + Z glxi, #(x;), Wk]}

N-ow

< Ju(xO)
and the result is proved. Q.E.D.

Notice that the proposition states that the policy {i, ji, ...} is no worse
than {4, y, ...} but does not guarantee a strict improvement. When J;; = J,
the most that one can obtain is that

J, = TW,).

In the discounted case with bounded costs per stage, the above equality
implied optimality of {u, u, ...}, but this is not necessarily true under our
present assumptions. Nonetheless, we shall be able to use Proposition 7
to construct a policy iteration algorithm in Section 7.4.

7.2 Optimal Stopping

Consider a situation where at each state x of the state space there are two
possible actions available. We may either stop (control ') and pay a terminal
cost t(x), or pay a cost c(x) and continue the process (control u?) according
to the system equation

Xer1 = foXp> Wi, k=0,1,.... (14)

The objective is to find the optimal stopping policy that minimizes the
total expected costs over an infinite number of stages. It is assumed that the
input disturbances w, in (14) have the same probability distribution for all k,
which depends only on the current state x,.
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In order to put this problem within the framework of Problem (U)
we introduce an additional state s (termination state) and we complete the
system equation (14) as in Section 3.4 by letting

Xeer1 =5 if w=u' or x, =s.

No further cost is incurred once the system reaches the termination state.
In other words if the termination action is taken, the system is driven to
the termination state s, and if the system is already in the termination state,
it remains there permanently (i.e., s is an absorbing state).

We shall assume in this section that

t(x) = 0, c(x) =0 Vx €S. (15)

The case where t(x) < 0 and ¢(x) < O for all x € S is treated in Problem 10.
Actually whenever there exists an ¢ > 0 such that c¢(x) = ¢ for all x € §,
the results to be obtained apply also to the case where

inf t(x) > — o0,

xeS
i.e., when t(x) is bounded below by some scalar rather than bounded by zero.
The reason is that if ¢(x) is assumed to be greater than ¢ > 0 for all x € S,
any policy that will not stop within a finite expected number of stages results
in infinite cost and can be excluded from consideration. As a result if we
reformulate the problem and add a constant r to t(x) so that t(x) + r =2 0
for all x € S, the optimal cost J*(x) will be merely increased by r, while optimal
policies will remain unaffected.

Now under our assumptions the problem clearly falls within the frame-
work of Problem (U) provided the disturbance space D is a countable set.
Furthermore, Assumption P is satisfied by virtue of (15). The mapping T
of (3) takes the form

T(J)(x) = min[t(x), c(x) + E {J[ fx, w)]}] Vx €8S, (16)

where 1(x) is the cost of the termination action u® and ¢(x) + E,, {J[fix, w)]}
is the cost of the continuation action u?. To be precise we should also define
T(J)(s) = 0 where s is the termination state. However, in what follows
the value of various functions at s is immaterial and will not be explicitly
considered.

By Proposition 1 the optimal value function J* satisfies

J* = T(J*).
Since the control space has only two elements, by Proposition 5 we have

lim T*(J o) (x) = J*(x) Vx €S, (17)

k-
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where J, is the zero function (J4(x) = 0, Vx € S). By Proposition 3, there
exists a stationary optimal policy {u*, u*, ...} described as follows:

Stop if t(x) < c(x) + E {J*[ fdx, w)}.
Continue if t(x) 2 c(x) + E {J*[fx, w)]}.
Let us denote by S* .the optimal stopping set (which may be empty)
S* = {x € S[tx) < clx) + E {J*[fdx, W)]}},
and by §* its complement in S:
S*={xeS|x¢S*} = {x € S|tx) = c(x) + E {J*[fx, w)]}}.

The set S* is the set of states where stopping is optimal. Consider also the sets

S, = {x € S|t(x) < c(x) + E {T*J o) [ filx, W)]}},
and their complements in S,

S5, = {x € S|t(x) = c(x) + E {T*J o) [filx, w)]}}-

The stopping sets S, S5, ..., Sy, ... determine the optimal policy for finite
horizon versions of the stopping problem and are determined via the
successive approximation method. Since we have

Jo S TUo) <+~ S THJg) < -+- < J¥,
it follows that
S,c---cSc--c8* and §S>2->2§,>---o8*
Now for any state % € ()%, S, we have for all ,

HR) 2 oX) + E{TVo) X W]}, k=01,...,

and by taking limits and using (17) we obtain
HF) = o(X) + E {J*[£(%, w)l},

from which % € S*. Hence
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which, in conjunction with the fact, that S, o §* for all k, yields

5* = N5,
k=1
or equivalently
s* = S, (18)
k=1

In other words, the optimal stopping set S* for the infinite horizon problem
is equal to the union of all the finite horizon stopping sets S,.

Notice that in the case where the state space is a finite set, (18) shows that
the successive approximation method will determine the optimal stopping
set in a finite number of iterations. Also when the state space is a finite set,
some additional results of analytical and computational importance may be
proved for the optimal stopping problem. These results will be developed
in the context of a more general problem in Section 7.4. The remainder of
this section is devoted to examples.

ASSET SELLING EXAMPLE Consider the asset selling example of Sections
3.4 and 6.1 (see also Problem 3.10) where the rate of interest r is zero and
there is instead a maintenance cost ¢ > 0 per period for which the house
remains unsold. We have the following equation for the optimal cost:

J¥(x) = max[x, —c+ E {J*(w)}]. (19)

In this equation x takes values in a bounded interval of the form [0, M],
where M is some positive scalar that bounds the possible offers from above.
Notice that in this particular case we consider maximization of total expected
reward and the termination reward x is positive. Hence assumption (15) is
not satisfied. Since, however, the termination cost is bounded, our analysis
of this section is still applicable [cf. the discussion following (15)].

Now from (19) we obtain an optimal stationary policy of the form

If the current offer exceeds —c + E,, {J*(w)}, sell the asset; otherwise
do not sell.

The threshold level —c + E,, {J*(w)} may be obtained in a similar
manner as in Section 3.4.

HYPOTHESIS TESTING EXAMPLE—SEQUENTIAL PROBABILITY RATIO TEST
Consider the hypothesis testing problem of Section 4.5 for the case where
the number of possible observations is unlimited. The state spaceis S = [0, 1],
i.e., the space of the sufficient statistic

px = Plx, = x°|zo,21,---,zk)



304 7 MINIMIZATION OF TOTAL EXPECTED VALUE

augmented with a termination state s, which will not be explicitly considered
in the expressions below. To each state p € [0, 1] we may assign the termina-
tion cost

t(p) = min[(1 — p)L,, pL,],

i.e., the cost associated with optimal choice between the distributions f, and
f1- The mapping T of (16) takes the form

o B pfo(2)
TU)(p) = mm[ﬂ PLo,pLi,c + E {J [pfo(z) + (1 - p)fl(z)}} J

where the expectation over z above is taken with respect to the probability
distribution

P(z) = pfolz) + (1 — p)filz) VzelZ
The optimal value function J* satisfies
: pfo(2) ]}]
J¥p) = min| (1 — p)L,, pLy, ¢ + E<J* , (20
v [( Plo,plac + B { [Pfo(z) +t-pr@) ) @
and is obtained in the limit through the equation

J*p) = lim T"Jo)(p)  Vpe[O, 1],

k— o

where J,, is the zero function on [0, 1].
Now consider the functions T*J,), k = 0, 1,.... It is clear that

Jo < TWUp) €+ < THJg) < -+ < min[(1 — p)L,, pL,].

Furthermore, in view of the analysis of Section 4.5 we have that the function
T*(J,) is concave on [0, 1] for all k. Hence the pointwise limit function J*
is also concave on [0, 1]. In addition, we have clearly from (20) that

JH0)=J*1)=0 and  J*p) < min[(1 — p)Lo, pL,].

It follows from (20) and Fig. 7.1 that [provided ¢ < Lo L,/Ly + L;)] there
exist two scalars &, B with0 < B < @ < 1 that determine an optimal stationary
policy of the form

Accept f, if p=a
Accept f; if p<B
Continue the observations if B<p<a

In view of the optimality of the stationary policy above, the employment of
the sequential probability ratio test described in Section 4.5 is justified when
the number of possible observations is large and tends to infinity.
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7.3 Optimal Gambling Strategies

A gambler enters a certain game played as follows. The gambler may
stake at any time k any amount u, > 0 that does not exceed his current
fortune x, (defined to be his initial capital plus his gain or minus his loss
thus far). He wins his stake back and as much more with probability p and
he loses his stake with probability (1 — p). Thus the gambler’s fortune
evolves according to the equation

x,,+1=x,,+wku,,, k=0, 1,..., (21)

where w, = 1 with probability p and w, = —1 with probability (1 — p).
Several games, such as playing red and black in roulette, fit the description
given above.

The gambler enters the game with an initial capital x, and his goal is to
increase his fortune up to a level X. He continues gambling until he either
reaches his goal or loses his entire initial capital, at which point he leaves the
game. The problem is to determine the optimal gambling strategy for
maximizing the probability of reaching his goal. By a gambling strategy we
mean a rule that specifies what the stake should be at time k when the gam-
bler’s fortune is x, for every x;, with 0 < x;, < X.

The problem may be cast within the framework of Problem (U) where
we consider maximization in place of minimization. Let us assume for
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convenience that fortunes are normalized so that X = 1. The state space
is the set [0, 1] U {s}, where s is a termination state to which the system
moves with certainty from both states 0 and 1 with corresponding rewards
0 and 1. When x, # 0, x, # 1, the system evolves according to Eq. (21). The
control constraint set is specified by

0<u <€ x4, Oy <1—-x.

The reward per stage when x,, # 0, x, # 1, is zero. Under these circumstances

the probability of reaching the goal is equal to the total expected reward.

Assumption N holds since the problem under consideration is equivalent to a

problem of minimizing expected total cost with nonpositive costs per stage.
The mapping T of (3) takes the form

TWJ)(x)= sup [pJx + u)+ (1 — p)J(x — u)] ¥x €(0, 1),
O<u<x
OSusli—x (22)

TU)(0)=0, TU)1)=1

for any function J:[0, 1] — [0, + oo]. Actually for this problem one may
restrict attention to functions J taking values in the interval [0, 1] with
JO)y=0,J1)=1.

Consider now the case where

0<p<i

i.e., the game is unfair to the gambler. A discretized version of the case where
1 < p < lisconsidered in Problem 15. When 0 < p < 1 it is intuitively clear
that if the gambler follows a very conservative strategy and stakes a very
small amount at each time, he is all but certain to lose his capital. For example,
if the gambler adopts a strategy of betting 1/n at each time, then it may be
shown [AS8, p. 182] that his probability of attaining the target fortune of
unity starting with an initial capital i/n, 0 < i < n, is given by

i n -1
(5765
p p
If 0 < p < 4, n tends to infinity, and i/n tends to a constant, the probability
above tends to zero, thus indicating that placing consistently small bets is a
bad strategy.
From the preceding discussion one is led to consider a policy of placing

large bets and in particular the so-called bold strategy whereby the gambler
stakes at each time k his entire fortune x, or just enough to reach his goal,
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whichever is least. In other words the bold strategy is the stationary policy
n* = {u*, p*, ...} with u* given by

*(x) = x if 0<x<3i,
FRO=U—x if t<x<t.

We shall prove that the bold strategy is indeed an optimal policy. To this
end it is sufficient, by Corollary 2.2, to show that for every initial fortune
x € [0, 1] the value of the reward fortune J,.(x) corresponding to the bold
strategy {u*, u*, ...} satisfies the sufficiency condition

T ) = Jps,
or equivalently
J(0) =0, Jpul) =1,
Jo(x) = pJ x4+ u) + (1 — p)pl(x — u)
Vxe(0,1), uel[0,x]n[0,1—x] (23)
Now by using the definition of the bold strategy and the fact that
Jypo = TalJ )

(cf. Corollary 1.1) we obtain that the function J . must satisfy

J0) =0, Jul)=1, (24)
_ [pJ2x) if 0<x<i ’s
Il )_{p+(1—p)J,,.(2x—1) if $<x<l. 25)

We prove the following lemma showing that J . is uniquely defined from the
above relations.

Lemma Foreveryp,with0 < p < 3, thereis only one bounded function
on [0, 1] satisfying (24), and (25), the function J,.. Furthermore, J,. is
continuous and strictly increasing on [0, 1].

Proof Suppose that there existed two bounded functions J,: [0, 1] — R,
J5:[0,1] > Rsuchthat J(0) = 0,J(1) = 1,i = 1,2, and

I = P19 TO<x¥sE: 42
p+(1—pJ2x —1) if 3<x<1,

Then we have
J1(2x) — J5(2x) = (J4(x) — J,(x))/p if 0
Jix — 1) —J,2x — ) =(,(x) = Jx)/1 —p i 3
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Let z be any real number with 0 < z < 1. Define

2z if 0<z<4,
Z, = .
! 2z -1 if f<z<g],
7 — sz_l if O < Zy -1 S"_l)_,
k 22,(—1 - 1 if %< zk_l S 1,

fork =1,2,.... Then from (26) and (27) it follows (using p < 1) that
|J1(zi) — J2(zd| = |J1(2) = JL(2)1/(1 — P)k k=1,2,....

Since J,(z;) — J,(z:) is bounded it follows that J,(z) — J,(z) =0, for
otherwise the right-hand side of the inequality would tend to + co. Since
z € [0, 1] is arbitrary we obtain J, = J,. Hence J,. is the unique bounded
function on [0, 1] satisfying (24) and (25).

To show that J,. is strictly increasing and continuous we consider the
mapping T,., which operates on functions J : [0, 1] — [0, 1] and is defined by

pJ(2x) + (1 — p)J(0) if 0<x<i,

TulD)x) = {p.l(l) Fl—px—1 if t<x<1, B
T.J)0) =0, T.J)(1)=1
Consider the functions Jo, T(Jo), - .., T(Jo), . . . , where J, is the zero func-
tion (Jo(x) = O for all x € [0, 1]). We have
J{x) = :Ein; Th(Jo)(x) vxe [0, 1]. (29)

Furthermore, the functions T%(J,) can be shown to be monotonically
nondecreasing in the interval [0, 1]. Hence, by (29), J,. is also monotonically
nondecreasing.

Consider now forn = 0, 1, ... the sets

S, = {x € [0, 1]|x = k27", k = nonnegative integer}.

The following fact may be verified in a straightforward manner concerning
the functions TX%(Jo), k =0, 1,...:

T™J) () = TW(Jo)(x) Vx€S,_;, m=n3>1.

As a result of the above equality and (29),

\Y%

Ju(x) = ThslJ g)(x) Vx€S,_.1, 1 (30)



7.3 OPTIMAL GAMBLING STRATEGIES 309

A further fact that may be verified by using induction and (28) and (30) is
that for any nonnegative integers k, nfor which0 < k27" < (k + 127" < 1,
we have

pr< Il + 127" = Juk27) < (1 — p). (31

Since any number in [0, 1] can be approximated arbitrarily closely from
above and below by numbers of the form k2~ " and since J .. has been shown to
be monotonically nondecreasing it follows immediately from (31) that J . is
continuous and strictly increasing. Q.E.D.

We are now in a position to prove the following proposition.

Proposition 8 The bold strategy is an optimal stationary gambling
policy.

Proof We shall prove the sufficiency condition
Julx) 2 pJulx + 1) + (1 — plJu(x — u)
Vxe[0,1], uel[0,x]n[0,1— x]. (23)

In view of the continuity of J,. established in the previous lemma it is
sufficient to establish (23) for all x € [0, 1] and u € [0, x] n [0, 1 — x] that
belong to the union { )2, S, of the sets S, defined by

S, = {z€[0, 1]|z = k27", k = nonnegative integer}. (32)
We shall use induction. By using the fact that J ,.(0) = 0,J u.(%) =pJu(l)=1,
we can show that (23) holds for all x and u in S, and S,. Assume that (23)
holds for x, u € S,, and n > 1. We will show that it holds for all x,u€ S, , ;.
For any x, u€S,,, with u€[0,x] n [0, 1 — x] there are four pos-
sibilities:

We shall prove (23) for each of the cases above.

Casel Ifx,ueS,.,, then 2x€ S,, 2u € §,, and by the induction hy-
pothesis

J#(2x) — pJe(2x + 2u) — (1 — p)J u(2x ~ 2u) 2 0. (33)
If x + u < 4, then by (25)
Jo(x) — pJolx + 1) — (1 — p) ulx — u) = p[J(2x) — pJo(2x + 2u)
— (1 = p)J w(2x ~ 2u)]
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and using (33) the desired relation (23) is proved for the case under con-
sideration.

Case2 If x,ueS,,,, then (2x — 1) € S,, 2u € S,, and by the induction
hypothesis

Jo2x — 1) = pJ x4+ 2u— 1) — (1 — p)Ju2x — 2u — 1) = 0.
If x — u > 4, then by (25)
Jx) — pJ ol + u) — (1 = p)J (x — u)
=p+ (1 —pJ.2x —1)—plp+ (1 —pJ,.2x + 2u—1)]
—( = p)lp + (1 — p)Jul2x — 2u — 1)]
=1 —-p[J2x = 1) — pJ s2x + 2u — 1)
—(1—pJ2x —2u—1)]=20,
and (23) follows from the above relations.
Case 3 Using (25) we have
Jylx) = pJplx + u) — (1 — p)Jlx — u)
= pJ(2x) — plp + (1 = p)J (2x + 2u — 1)] — p(1 — p)J .s(2x — 2u)
=plJ2x) —p— (1 = plJs2x + 2u — 1) — (1 — p)J,.(2x — 2u)].

Now we must have x > 4, for otherwise u < +and x + u < . Hence 2x > 1
and the sequence of equalities above can be continued as follows:

Jplx) — pJolx + u) — (1 — pl ulx — u)
=plp+ (0 —pJs@dx —1)—p—(1—plJ,2x +2u—1)
—(1 = P ul2x ~ 2u)] = p(1 — p)[J,ldx — 1)
—J(2x 4+ 2u — 1) = Jp(2x = 2u)] = (1 — p)[J,.(2x — %)
—pJ w(2x + 2u — 1) — pJ s(2x — 2u)].
Since p < (1 — p), the last expression is greater than or equal to both
(1 = p)[Jw(2x — 3) — pJw(2x + 2u — 1) — (1 — p)Jo(2x — 2u)]
and
(1 = p)[Je(2x — %) — (1 — pMJo(2x + 2u — 1) — pJ u(2x — 2u)].

Now for x, u€S,,, and n> 1, we have 2x — 3)€S,, Qu—Yes, if
(Qu—3€[0,1], and & — 2w e S, if (& — 2u)e [0, 1]. By the induction
hypothesis the first or the second of the above expressions is nonnegative,
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depending on whether 2x + 2u — 1 > 2x — % or 2x — 2u > 2x — 4, ie,
u = 3 oru < 4 Hence (23) is proved for Case 3.
Case 4 The proof resembles the one for Case 3. Using (25) we have
Julx) = pJoulx + 1) — (1 — p)J ulx — u)
=p+({-pJs2x—1)— p[p + (1~ pp(2x + 2u — 1)]
— (1 = ppJp(2x = 2u) = p(1 — p) + (1 — p[J(2x — 1)
=pJs(2x + 2u — 1) — pJ .(2x — 2u)].

We must have x < 2 for otherwise u < +and x — u > 4. Hence 0 < 2x — 1
< 3 < 2x — $ < 1 and using (25) we have

(1 = P 2x = 1) = (1 — ppJ,uldx — 2) = p[J,o(2x — 3) — p].
Using the relations above we obtain
Juulx) — pJ(x + u) — (1 — p)J x — u)
= p(l = p) + p[J,o(2x — 3) = p] = p(1 — PN ,o(2x + 2u — 1)
= p(1 — p)J +(2x — 2u)
=pl(1 —2p) + J#2x — ) — (1 — plJs(2x + 2u — 1)
— (1 — p)J,»(2x — 2u)].
The relations above are equal to both
pl(1 —2p)[1 — J,u(2x + 2u — 1)] + J,(2x — %)
—=pJ(2x + 2u — 1) — (1 — p)J (2x — 2u)]
and
pl(1 = 2p)[1 — J,.2x — 2u)] + J,2x — %)
—(1 = pJ,2x + 2u — 1) — pJ .2x — 2u)].

Since 0 < J,(2x + 2u — 1) < 1 and 0 < J,.(2x — 2u) < 1, the expressions
above are greater than or equal to both

plJ,w(2x — 3) — pJ o(2x + 2u — 1) — (1 — p)J (2x — 2u)]
and

plJw2x — %) — (1 — pJ,o(2x + 2u — 1) — pJ u(2x — 2u)]
and the result follows as in Case 3. Q.E.D.

We note that the bold strategy is not the unique optimal stationary
gambling strategy. For a characterization of all such optimal strategies see
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Dubins and Savage [D8, p. 90]. Several other gambling situations where
strategies of the bold type are optimal are described in reference [D8,
Chapters 5 and 6].

7.4 The First Passage Problemt

In this section we shall make the following assumptions within the frame-
work of the problem of this chapter:

C.1 The state space S, the control space C, and the disturbance space
D are finite sets. The state space is denoted by

§={0,1,...,n}.
C.2 The state 0 is an absorbing state, i.e.,
x=0 = x,,=0 Yu,e C, w,eD.

Furthermore there is no cost incurred while the system is in the absorbing
state, ie.,

E{gO,u,w)lx =0,u} =0  Vue UQ).

C.3 There exists a positive integer m such that for every admissible
policy 7 = {uq, 4y, - - .} there holds

P(x,, =0i{xy =i,7) >0 for alli=1,2,...,n,

where P(x,, = 0|x, = i, n) denotes the probability that at time m the system
will be in the absorbing state given that the policy = is used and the initial
state is i.

In the problem above control continues until the system passes through
the absorbing state for the first time. At this point the system operation
essentially terminates. Thus the objective in the problem is to reach the
absorbing state with the least possible cost. One may easily show using C.3
that termination will occur with probability one for every policy employed.
It is also possible to show that if P(x,, = 0|xo = i, n) > 0, for some integer m,
then we have P(x,, = 0|x, = i, 1) > O for some integer m" with m’ < n, i.e,,
it is possible to reach the absorbing state within n steps. As a result we may
take m = nin C.3, and furthermore C.3 is equivalent to the seemingly weaker
condition that for each n there is an m such that P(x,, = O|x, = i, 7) > 0,
i=1,2,...,n While Assumption C.3 is somewhat restrictive we shall be
able to relax it somewhat later in this section.

t This section requires some familiarity with the basic notions associated with finite state
Markov chains. A summary together with references is given in Appendix D.
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Under C.1-C.3 one may prove a number of important results that are
not available under either Assumption P or N. In fact, it turns out that
it is not necessary to assume Assumption P or N, i.e., the costs per stage g need
not be either nonnegative or nonpositive. The basic reason is that under
C.1-C.3 the mapping T of (3) is an m-stage contraction mapping over the
set of all functions J: S — R with J(0) = 0, where m is the positive integer
in C.3. In other words (see Section 6.3) we have for some p < 1 and for any
two functions J, J': S — R with J(0) = J'(0) = 0,

IT"J) = T < plJ = '),

or equivalently
max |T™N)@) — T™J)(@)| <p max |J@) — J@)|.

i=0,1,...,n i=0,1,...,n

Furthermore, for any admissible stationary policy n = {u, u,...} the
mapping T, of (4) is also an m-stage contraction mapping, i.c.,

1TZV) — TR < puld = T,

for some p, < 1 and every two functions J, J': S — R with J(0) = J'(0) = 0.
These facts, which are proved in the proposition below, have important
analytical and computational consequences.

Proposition 9 Under C.1-C.3 there exists a scalar p < 1 such that for
all J, J': § — R with J(0) = J'(0) = 0 we have

max |T"(J)() — T"J)O) < p max [J@E) — J@), (34)

i=0,1,...,n i=0,1,..,

THJ)(0) = THJ')0) = 0, k=0,1,....

Proof Foranyue U(i),i =0,1,...,n,let us denote by p;{(u) the transi-
tion probability

pifu) = P[W(w)|x =i, u] (35)
where W;u) = D is the set
Wifu) = {w e D| f(i, u, w) = j}. (36)

In other words p; {u) is the probability that the next state will be j given that
the present state is i and the control u is applied as explained in the beginning
of Section 6.2. Denote also

g, u) = E {g(i, u, w}|i, u}, i=01...,n 37
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We have by C.2,
pofu)=0 Vi=1,...,n ueU(Q), Poolt) =1 YueU(@), (38)
g0, u)=0 Yu € U(0). (39)
By (3), C.1, C.2, and (37-39) we have for any two functions J, J': S — R with
J(0) = J(0) =0,

T(J)(i) = min I:g(i, u) + Z”: p,-,(u)J(j):I, i=1,....n 40)

ue U(i)

T(J')(i) = min [g(t u) + Zp,,(j)J(]:l i=1,...,n

ueU(i) J
T(J)(©0) = T(J')(0) = 0.
Let u(i), 4'(i) attain the minimum in (40) and (41), respectively. We have

TG — TO)G) Zp,,[#(l)]lJ(J) JOI,

T)G) — TUN) < Z Pl W1JG) — T
Combining the above two inequalities we obtain
| T()() — TG Z piLioM11JG) — 'O,

where for each i, jiy(i) is equal to the value u(i) or y/(i) that yields the larger
value of Y5, p;1J() — J'()I.

By repeating the argument above we obtain that for every k and some
e 1:S—> Cwith i, _,())e U(i),i = 1,...,n, we have

| THI)@) — THI) )] Zp,,[#k (DTG = TG @2)

By using the vector notation
| T*I) (1) = THI)()]
Ek= . N k-_—O,l,...,
| T*J)(n) — THJ")(n)]

and the matrix notation

piili- (D] - prali-1(1)]
Pk—l= S E 9 k=1,2,...,

Puiliti- ()] -+ pualiti-1(n)]
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we may write (42) as

EkSPk—lEk—l’ k=1,2,...,

where the inequality is coordinatewise. Using the fact that p;; is nonnegative
we have E, < P,_,P,_, - PoE,, and for k = m we obtain

Emgpm—lpm—Z"'POEO'

Now the matrix P,,_,P,,_, - - - Py is the m-step transition probability matrix
corresponding to a policy of the form T = {fl,— 1, A2, ---» Hos Hs ts -+ -},
where fi,, . .., fi,_; have been defined above and u is any function satisfying
u(i) e U(i) for all i (see Appendix D). Note that 7 is admissible.

Thus the inequality above is equivalent to the following inequality,
which holds foreveryi = 1,...,n:

[T™N) @) — T™I)D| < ), P(xy = jlxo = i, MIJIG) — J()I.
=1

J

Hence

“max | T"J)(i) — T"(J)()|

i=1,...,n

<[ max ip(xm = jIxo = i, ﬁ)} ax |JG) — JG).
i nj=1 i=1,

1= e

By C.3 we have

p= max Y P(x,=jlxo=0T)<I,

i=1,....n j=1
and (34) follows. Q.E.D.

By employing our usual device of restricting the control constraint
set so that there is only one admissible policy we obtain for every admissible
stationary policy {u. i, ...} and any two functions J, J': S —» R with J(0) =
J'(0), the following relation:

max | Tp(J)(@) — TRU)0)| < p, max  |J@) — @I,

i=0.1....,n i=0,1,...,n

where p, is a constant depending on u and satisfying p, < 1. However, it is
possible to obtain a stronger result for the problem of this section, which
we state below. The proof is obtained by essentially repeating the proof of
Proposition 9 and is left to the reader.
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Corollary 9.1 Let n = {ug, u1,...} be an admissible policy. Then
under C.1-C.3, we have for all J, J': § - R with J(0) = J'(0) = 0,
max I( wo Ly " T YW@ — (T, T,y -+ T, YU

i=0,

< p, max |JG) — JOI, (43)
i=0,1,...,n

where

pe= max Y P(x,=jlxo=imn) <Ll
i=1,...,n j=1

Having established the m-stage contraction properties of Proposition 9
and Corollary 9.1 we are able to state a number of important analytical and
computational results for the first passage problem under C.1-C.3. The
following proposition guarantees the convergence of the successive approxi-
mation method to the optimal value function J* starting from an arbitrary
function J: § — R with J(0) = 0. Also J* and J, can be obtained as unique
fixed points of the equations J = T'(J) and J = T,(J), respectively.

Proposition 10 Let C.1-C.3 hold. Then for any function J: S - R
with J(0) = 0,
J*x) = lim T*(J)(x) Vxe€S§,

ko
and for every admissible stationary policy {u, 4, .. .},
J(x) = lim TJ)(x) VxeS.

k— o
Furthermore, J* and J, are unique solutions of the equations J = T(J) and
J = T,(J), respectively, within the class of functions J: § — R with J(0) =
In addition if z*(j) attainsfori = 1, ..., n the minimum in the right-hand side
of the equation

J*({) = min [g(t, u) + Z piu)J *(j)] i=1,...,n

ue U(i) j=
then n* = {u*, u*, ...} is an optimal stationary policy.

The proof of Proposition 10 may be obtained through arguments similar
to those used in Section 6.1 or by simple modifications of proofs of corre-
sponding results of Problem 4 in Chapter 6 and is left to the reader. As
indicated also by Problem 4 in Chapter 6, it is possible to compute optimal
stationary policies under C.1-C.3 by using the method of policy iteration
or linear programming (cf. Section 6.2). The development and proof of
validity of these algorithms is left again as an exercise for the reader.
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We now consider the first passage problem under a different set of
assumptions.

C.Y Same as C.1.
C.2” SameasC.2.

C.3 There exists a stationary admissible policy T = {1, i1,...} and a
positive integer m such that

P(x,, =0|xo =i,7) >0 Vi=1,2,...,n, 44)

where P(x,, = 0|x, = i, %) denotes the probability that at time m the system
will be in state x = 0 given that the policy 7 is used and the initial state is i.

C.4' There holds
gli,u,w) >0 YueU@G), i=1,...,n, weD. (45)

Notice that C.3' is a much less restrictive assumption than C.3 since
now we require that (44) hold for a single stationary policy 7 rather than for
every policy as in C.3. For example, C.3 will not hold in a finite state version
of the stopping problem of Section 7.2 since by using the policy that continues
operation at every stage regardless of the current state, the absorbing
(termination) state will never be reached. On the other hand C.3’ is satisfied
for the stopping problem of Section 7.2 since (44) holds for the policy #
that terminates at every state i = 1, 2, ..., n. For this policy (44) is satisfied
with m = 1. Notice, however, that by (45) we require now that expected costs
per stage corresponding to the states i = 1, 2, ..., n are strictly positive.

We now introduce the following definition.

Definition An admissible stationary policy n = {u, u,...} will be
called a proper policy if there exists a positive integer m such that

P(x, =0|xo =i,m) >0 Vi=12,...,n, (46)

where P(x,, = 0|x, = i, n) denotes the probability that at time m the system
will be in the absorbing state x = 0 given that the policy 7 is used and the
initial state is i.

By C.3' there exists at least one proper policy. Let us denote for any
u:S — C by P, the transition probability matrix

P = Plo[f‘(l)] Pu[f‘(l)] pln[{‘(l)] @7)

n

Proli®]  puilu®] - paalir)]
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where p;; is the transition probability defined by (35) and (36). The first row
of P, has the form (1, 0, .. ., 0) in view of the fact that x = 0 is an absorbing
state [cf. (38)]. Note that by Corollary 9.1 if # = {u, y, ...} is proper, then
by restricting the control constraint set so that there is only one admissible
policy, namely 7, we obtain a problem for which C.1-C.3 applies. Then
application of Proposition 10 yields:

Corollary 10.1 If n = {u, u, ...} is a proper policy, then
J, = {J,00), (1), ..., (n)}
satisfies J, = T,(J,) or equivalently
J,=g,+ P, J,, (48)

where P, is matrix (47) and g, is the vector

9,.0)] [ E {g[0, i0), w1|0, x(0)]] ['9[0, p(O)]]

g,(1)

g E {g[1, u(1), w1, u(1)} gll, u(1)]

guln) E {g[n, un), wl|n, #(n)}J | Gln, u(n)]|
Furthermore, J, is the unique function J:S — R satisfying J = T,(J) and
J(0) = 0. In addition, for every function J : § — R with J(0) = 0, we have

lim TA(J) (i) = J (i), i=01,...,n 49)
k— o
It is important to realize that in view of Assumption C.4' we are essentially
interested in proper policies only, for if © is not a proper policy, then there
exists a state i from which the absorbing state will never be reached using =.
Since the expected cost incurred per stage will be bounded below by a positive
number [by (45) and finiteness of the state space] we will have J (i) = + oo,
while with every proper policy the corresponding cost will be finite. This
observation is the key to understanding the results to be obtained. In fact
this observation yields immediately the following result.

Proposition 11 Under C.1'-C.4’ there exist optimal stationary policies.
Each one of these policies must be a proper policy.

Proof Under C.I'-C.4' Assumption P is satisfied and since the control
space is finite there exist optimal stationary policies by Proposition 5.
Also by C.3' there exists a proper policy # = {f, &, ...} and by Corollary 10.1
we have 0 < Jy(i) < + 00, Vi. Hence 0 < J*(i) < + 00, Vi. Since for every
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stationary policy that is not proper the associated cost is infinite for some
initial states, such a policy cannot be optimal. Q.E.D.

We now arrive at our main result.

Proposition 12 Under C.1'-C.4’" in order for a proper policy n* =
{u*, u*, ...} to be optimal it is necessary and sufficient that

J“t = T;‘t(.]“-) = T(J“n), (50)

or equivalently

Jui) = g,oD) + Y piilp*@) 0
ji=0

= min E {g, . w) + Ju[fGou W)},  i=0,1,....n

uelU(@i) w

Proof Necessity of (50) is clear from the theory of Section 7.1 (Proposi-
tion 1 and Corollary 1.1). To prove sufficiency we have that for any optimal
proper policy @ = {ji, fi, ...} the condition J,» = T(J,+) implies

Ju S T(J) S THJ) < -+« < lim TYJ ).
k— o
By using (49) and the optimality of the proper policy @ we obtain
J i) < lim T ) (0) = Ji) = J*() Vies.

k—
Hence #n* is optimal. Q.E.D.
A related result is the following.

Proposition 13 Under C.1’-C.4’ the optimal value function J* is the
only real-valued function with J(0) = 0, J(i) =2 0, i = 1, ..., n, that satisfies
the equation J = T(J).

Proof Let J:S — R be a real-valued function with J(0) = 0, J(i) = 0,
such that J = T(J). Let u be such that J = T,(J). By Corollary 2.1 we have
J, < J and hence {u, 4,...} is a proper policy. Hence by Corollary 10.1
we have J, = J. Thus

Juy=TW,)= T(Ju)

and by Proposition 12, {u, u, ...} is optimal or equivalently J = J, = J*.
Q.E.D.

It is possible to combine Proposition 12 with Proposition 7 to show
the validity of the policy iteration algorithm for the first passage problem
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under Assumption C.1'-C.4". Indeed if = = {u, u,...} is a proper policy
and fi is such that fi(i))e U(})),i =0, 1,..., n, and

Ti(J,) = TU ),
by Proposition 7, we have
Jai) < J,(0), i=0,1,...,n
and {i, 1, ...} is proper. If we had J; = J,, then in view of the relations
Jo=Tp) < THJ,) =TU,) < T, = J,,

we would obtain T(J,) = J, and by Proposition 12, 7 = {u, 4, ...} would be
optimal. Hence either # = {u, p, ...} is optimal or & = {fi, i, ...} is a strictly
better proper policy. It follows that by policy iteration we can obtain an
optimal proper policy in a finite number of steps provided that we start
with a proper policy.

7.5 Notes

The material of Section 7.1 is very similar to that of Section 6.4. For
further discussion see the references cited in Chapter 6. The gambling
problem and its solution are taken from the fascinating work of Dubins and
Savage [D8]. The first passage problem was first formulated by Eaton and
Zadeh [E1]. The presentation given here differs somewhat from presenta-
tions in other sources [D4, K10, P1] in that it makes direct use of the general
results of Section 7.1. A policy of the type described in Problem 7 is called
a one-stage lookahead policy [R4, p. 138]. The general framework and the
results of Problem 9 are due to the author [B13, B16]. The results of Problems
13 and 14 are also due to the author [B6, B9].

Problems

1. Do Problems 8, 22-25, and 11 [except for part (a)] of Chapter 6 for the
case of Problem (U) of this chapter (i.e., a = 1).

2. Let Assumption P hold and consider the case S=D = {1, 2,...,n},
Xx+1 = wi. The mapping T is represented as

TOO = inf 3 platu) + IO i=1om

where p;(u) denotes the transition probability that the next state will be j
when the current state is i and control u is applied. Assume that p;{u) and
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g(i, u, j) are continuous on U(i) for all i, j and that the sets U(i) are compact
subsets of R™ for all i. Show that we have lim,_,, T%J,) (i) = J*(i), where
Joi) =0,i =1,...,n Show also that there exists an optimal stationary
policy.

3. Consider the problem of finding a scalar sequence {ug, uy, . ..} satisfying
S o ux < ¢, u, = 0, Vk, and maximizing ) o g(u,), where ¢ > 0 is given
and g(u) = 0 for all u > 0, g(0) = 0. Assume that g is monotonically non-
decreasing on [0, o0). Show that the optimal value of the problem is J*(c),
where J* is a monotonically nondecreasing function on [0, o) satisfying
J*0) = 0and

J*x) = sup {glu) + J*(x — u)} Vx e [0, o0).

OSusx

4. Deterministic Linear-Quadratic Problems Consider the deterministic
linear—quadratic problem involving the system

Xp+1 = Ax, + Buy,

and the cost functional
Jalx0) = Y Xk Ox + mx) Rulx).
k=0

It is assumed that R is positive definite symmetric, Q is of the form C'C, and
that the pairs (4, B), (4, C) are controllable and observable, respectively.
Use the theory of Sections 3.1 and 7.1 to show that the stationary policy
n* = {u*, u*, ...} with

p*(x) = —(BKB + R)"'B'KAx

is optimal, where K is the unique positive semidefinite symmetric solution
of the algebraic Riccati equation (cf. Section 3.1)

K = ATK — KB(BKB + R)"'BK]A + Q.

Provide a similar result under an appropriate controllability assumption
for the case of a periodic deterministic linear system and a periodic quadratic
cost functional (cf. Section 6.7).

5. Prove Proposition 10 in Section 7.4. Also devise a policy iteration
algorithm for the first passage problem under conditions C.1-C.3 and
show that it will yield an optimal stationary policy in a finite number of
iterations.

6. Consider the first passage problem under Assumptions C1'-C.4'. Show
that if J: S > R is a function with J(i) > 0,i=20, 1, ..., n, and J(O) = 0,
then lim;_,, TJ)(i) = J*(i),i =0,...,n.
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7. Consider the stopping problem under C.1'-C.4’ and let B be the set
of states

B={i= 1,2,...,n

W< e+ Y p.-,-tU)}.

Assume that p;; = 0 if i € B and j # B. Show that an optimal policy is to
stop if and only if the current state is in B.

8. Consider the first passage problem under C.1'-C4". Let = = {u, p, ...},
n = {, i, ...} be two proper policies. Define ji as

)i J,0) < ),
wi) = {y’(i) it J00) > J,di).

Show that {{i, fi, ...} is proper and that
J i) < min{J (i), J (D)}, i=01...,n

9. Let S and C be two sets, and let F(S) be the set of all functions J:S —
[—oc, +oc]. Consider a mapping H: S x C x F(S) - [— o, +oc] having
the following properties:

(@ J<J=H(x,ulJ)< Hx,u J),V(x,uyeS x C,J,J € F(S).

(b) If {J*} is any sequence with J* e F(S), J* < J¥*! for all k and such
that J(x) = lim,_, , J*(x) for all x € S, then

lim H(x, u, J*) = H(x, u, J) V(ix,u)e S x C.

k— a0

(c) Thereexistsascalar « > Osuch that for all scalars r > 0and functions
J € F(S) there holds

H(x,u,J)< H(x + u,J + re) < H(x,u,J) + ar Vix,u)eS x C,

where e(x) = 1 for all x € S.

For each x € § let U(x) be a given nonempty subset of C. Let M be the set
of all functions u:S — C with u(x)e U(x), Vx e S. Define the mappings
T : F(S) - F(S), T : F(S) —» F(S)by

T(J)(x) = inf H[x, u(x), J], T(J)(x) = sup H[x, u(x), J] ¥x € S,

neM neM

and for every u € M the mapping T,: F(S) - F(S),

TJ)(x) = H[x, u(x), J] Vx €S.
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Let J, € F(S) be a function such that J4(x) > — o for all x € S and
Jo(x) < H(x, u, Jo) Y(x,u)e S x C.

Let IT be the set of all sequences of functions = = {ug, u,, ...}, where
wmeM, k=0,1,..., Define for all xe §

Ju(x) = Im (T, T, - - T,)(Jo)(x),

X Ho “

J*x) = infJ(x),  J*(x) = sup J(x),
rnell rnell

Jo(x) = lim THJ)(x),  Jo(x) = lim T*J,)(x).
k— oo k— o

Show that

() THJo)(x) = inf, (T, T, - Ty o)), VxS
() THI)(x) = sup, (T, T, -+~ T, )(Jg)(x), Vx €S,
(c) J*and J* are fixed points of T and T, respectively, i.e.,

J* = T(WJ*), J* = T(J*).
d) JeFES),J =2Jo,J 2TWU)=J =2 J*,
JEeFES),J = Jo,J = TU)=J = Jx
(e) Define for each u € M, the function J, € F by
J,(x) =1lim Tk(Jo)(x) VxeS.

k— x>

2
=2J

VvV Vv

Show that

= J* & T(J*) = T(J*),
=J*=T(J,) = T,

(f) Show thatif there exists a n* € I1 such that J . =J* then there exists
a p* € M such that J . = J*.

@ Jx=1J,.

(h) Assume that there exists a positive integer k such that for all k > k,
x€eS, le B,theset

Udx, A) = {ue U)|H[x, u, T*J )] < A}
is a compact subset of a Euclidean space. Then
J* = T(J*) = Jm = T(Joc)’

and there exists an optimal stationary policy n* = {u*, u*,...}.
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Hints: (a) Foranyfixedkandanye>Olet ;;eM,i=0,...,k— 1,
be such that

LT 71Ul < T 1) + ce.

Use property (c) to show that
k—1

inf(T,,--- T, )Jo) < THJ,) + ) oze.
T i=0

(b) Foreachi=0,1,..., k— 1 consider a sequence {u!} c M such
that

lim Tur[Tk_i_l(Jo)] = T*"i(J,),

TA[T W] < To [T 1Ug)),  n=0,1,....
Show that
sup, (T, Ty -+~ T - )Jo) = im (Tomo Toms -+ - Tume- MJ o) = TH(J ).

no “uy

(c)-(h) Adapt the proofs of corresponding results in Section 6.4. See
references [B13, B16] for more detailed analysis and proofs.
10. Consider the stopping problem of Section 7.2 under the assumption that

t(x) <0, cx)<0 Vx € S.

Consider the mapping T defined by
TU)(x) = min[t(x), ox) + E {JLfdx, W)]}]-

(a) Show that the optimal value function J* satisfies

J* = T(J*), J* = lim T*J,),
k— oo

where Jy(x) = 0, Vx € S. Verify also that if § is a finite set, then J* may be
obtained by linear programming.

(b) Consider the case where ¢(x) = 0, Vx € S. Show that

J* = lim TX),
. k— o

where T¥(t) denotes the function obtained after k applications of the mapping
T on the function ¢( *).

(c) LetS={1,2,..}, fiywy=i+ 1, cli)=0forallieS, we D, and
t@) = —1 + (1/i) for all i € S. Show that J*(i) = —1 for all i and that there
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does not exist an optimal policy for this problem (even though the control
space is a finite set).

11. Let z,, 2, ... be a sequence of independent and identically distributed
random variables taking values on a countable set Z. We know that the
probability distribution of the z,’s is one out of n distributions f;, f5,..., f,,
and we are trying to decide which distribution is the correct one. At each
time k after observing z,,..., 2z, we may either stop the observations and
accept one of the n distributions as correct, or take another observation at a
cost ¢ > 0. The cost for accepting f; given that f;is correctis L;;,i,j = 1,...,n.
We assume L;; > Ofori #j, L; =0,i=1,...,n The a priori distribution
of fi,..., f, is denoted

po =1

™=

PO = {P<1),P<2),-~-,P'6}a pi) 20,
1

Show that the optimal cost J*(P,) is a concave function of P,. Characterize
the optimal acceptance regions and show how they can be obtained in the
limit by means of a successive approximation method.

12. Show that a finite horizon problem with N stages that falls within the
framework of the basic problem of Chapter 2 can be viewed as a (stationary)
first passage problem (not necessarily with finite state, control, and dis-
turbance space) for which assumptions similar to C.2 and C.3 of Section 7.4
are satisfied. Show also that a contraction condition such as (34) holds for
this problem.

Hint: If Sy, Sy, ..., Sy are the state spaces for the stages 0,1,..., N,
define a new state space S by S = {(x,k)|xeS,, k=0,1,...,N} u {T},
where T is a termination (absorbing) state to which the system is driven with
certainty from every state in {(x, N)|x € Sy} similar to the constructions of
Section 6.7.

13. Infinite Time Reachability Consider the stationary system

xk+l=f(xk’uk’wk)’ k=0’1"~-’

of the problem of this chapter, where the disturbance space D is an arbitrary
(not necessarily countable) set. The disturbances w, can take values in a
subset W(x,, u,) of D that may depend on x, and u,. This problem deals with
the following question: Given a nonempty subset X of the state space S,
under what conditions does there exist an admissible policy {u,, 4, ...}
with p(x,) € U(x,) for all x, € S and k = 0, 1, ..., such that the state of the
(closed-loop) system

Xer1 = J[xes i), Wil (51)
belongs to the set X for all k and all possible values w, € W[x,, u(xy)], ie.,
x€X  VYweeWlx,mx)l, k=01,.... (52)
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The set X is said to be infinitely reachable if there exists an admissible policy
{io, Uy, ...} and some initial state x, € X for which relations (51) and (52)
are satisfied. It is said to be strongly reachable if there exists an admissible
policy {uq, i, - ..} such that for all initial states x, € X relations (51) and (52)
are satisfied.

Consider the function R mapping any subset Z of the state space S into a
subset R(Z) of S defined by

R(Z) = {x|there exists u € U(x) such that f(x, u, w)€ Z, Yw € W(x, u)} n Z.

(a) Show that the set X is strongly reachable if and only if R(X) = X.

Given X consider the set X* defined as follows: x, € X* if and only if
X, € X and there exists an admissible policy {u, i4,, . . .} such that (51)and (52)
are satisfied when x, is taken as the initial state of the system.

(b) Show that a set X is infinitely reachable if and only if it contains a
nonempty strongly reachable set. Furthermore, the largest such set is X*
in the sense that X * is strongly reachable whenever nonempty and if ¥ = X is
another strongly reachable set, then X = X*.

(¢) Show that if X i1s infinitely reachable, there exists an admissible
stationary policy {u, u, ...} such that if the initial state x, belongs to X *, then
all subsequent states of the closed-loop system x, ., = f[x, u(xi), wi] are
guaranteed to belong to X*.

(d) Given X consider the sets R(X), ..., R¥X), ..., where R¥(X)denotes
the set obtained after k applications of the mapping R on X. Show that

X* < () RYX).
e

=1
(¢) Given X, consider for each xe X and k = 1, 2, ... the set
Uilx) = {ul f(x, u, w) € R{X), Yw € W(x, u)}.

Show that if there exists an index k such that for all x € X and k > k the set

U (x) is a compact subset of a Euclidean space, then X* = ﬂ,‘f’:, R¥(X).
Hint: Use the results of Problem 9. See Bertsekas [B9] for detailed

proofs.

14. Infinite Time Reachability for Linear Systems Consider the linear

stationary system

Xe+1 = Ax, + By, + Gw,,

where x, € R", u, € R™, w, € R", and the matrices 4, B, G are known and have
appropriate dimensions. The matrix A is assumed invertible. The controls
u, and the disturbances w, are restricted to take values in the ellipsoids
U = {u|u'Ru < 1} and W = {w|wQw < 1}, respectively, where R and Q are
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positive definite symmetric matrices of appropriate dimensions. Show that in
order for the ellipsoid X = {x|x'Kx < 1}, where K is a positive definite
symmetric matrix, to be strongly reachable (in the terminology of Problem
13), it is sufficient that for some positive definite matrix M and for some
scalar f§ € (0, 1) we have

K= A’[(l —PK! - #GQ‘IG’ + BR“B’]—

1
K — 3 GQ'G': positive definite. (54)

Show also that if (53) and (54) are satisfied, the stationary policy {u*, u*, ...},
where

1
A+ M, (53

u*(x) = —(R + BFB)"'BFAx = Lx,

oo - Peee |
F=|(1-pK'——=GQ'G
B

achieves reachability of the ellipsoid X = {x|x'Kx < 1}. Furthermore,
the matrix (4 + BL) is a stable matrix. (For a proof together with a compu-
tational procedure for finding matrices K satisfying (53), (54) see Bertsekas
[B6, B9].)
15. Gambling Strategies for Favorable Games A gambler plays a game
such as the one of Section 7.3 but where the probability of winning p satisfies
1 < p < 1. His objective is to reach a final fortune n, where n is a positive
integer with n > 2. His initial fortune is a positive integer i with 0 <i <n
and his stake at time k can take only integer values u, satisfying 0 < y, <
X, 0 € u, € n — x;, where x, is his fortune at time k. Show that the strategy
that always stakes one unit is optimal [i.e., u*(x) = 1 for all integers x with
0 < x < nis optimal].

Hint: Use Proposition 10 to show that

Jpel) = [((1 = p/py = 11I1 = p)py' =117, O0<i<n 3<p<],
Jel)=in, 0<i<n p=3%

(or see Ash [A8, p. 182] for a proof). Then use the sufficiency condition of
Corollary 2.2.

16. Under Assumption P show that if J:§ — [0, 4 oc] is a function such
that T(J) < J, then J* < J. Devise a mathematical programming procedure
for solving the problem when S, C, and D are finite sets.



Chapter 8

Minimization of Average
Expected Value

The results of the previous chapter are applicable to problems where the
infimum of the total expected value of the cost functional may be either
finite or infinite for any given initial state. While for several classes of problems
this infimum is finite for at least some initial states, in many problems under
the positivity assumption P the total expected value of the cost functional is
infinite for every initial state and every admissible policy. Under these
circumstances the framework adopted in the previous chapter is clearly
inadequate since within this framework every policy is optimal. On the other
hand, in many situations it turns out that while the total expected value

13im E {kiog [xies s(x)s Wk]} (1)

corresponding to every admissible policy {uq, u4;, ...} and initial state x,
is infinite, the limit

lim(1/N) E {kz_og[xk, i), wk]} ()

N—- oo

exists and is finite for every initial state and admissible policy. This is true
in particular if the state space S, the control space C, and the disturbance

328
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space D are finite sets, i.e., the system controlled is a finite state Markov
chain. Expression (2) may be viewed as expected cost per stage and is a
reasonably meaningful criterion for optimization. This chapter will deal with
a problem similar to the problem that was the subject of the previous chapter
except for the fact that the expected cost per stage (2) is minimized in place
of the total expected cost of (1). Furthermore, in the first three sections we
shall restrict ourselves to the case of finite state space, control space, and
disturbance space. For this reason it is perhaps convenient to switch at the
outset to a notation that is better suited to finite state systems and is described
in the problem formulated below.

Let § = {1, ..., n} denote the state space.t To each state i € S and each
control u in the finite control space C there corresponds a set of transition
probabilities p;{u), j = 1, ..., n, where p;{u) denotes the probability that the
next state will be j given that the present state is i and control u is applied.
These transition probabilities specify completely the system together with
the statistical description of the uncertainty as discussed in Sections 1.4 and
6.2. Each time the system is in state i € S and control u € C is applied, we
incur an expected cost denoted g(i, u). The objective is to minimize over all
admissible policies 7 = {ug, 1y, ...} with u,: S = C, w(i)e U(i), Vie S, the
average cost per stage

Julxo) = Alllm I/N)E{ Z glxi, my xk)]} (3)

for any given initial state x, € S.

Let us now provide a preliminary discussion of the problem that motivates
some of the results to be obtained in the next section. Given any stationary
admissible policy # = {u, u, ...} let us denote by P, the transition probability
matrix having elements p;;[ u(i)]:

pulu(M)] -+ prlu(1)]
PulH)] -+ plH1)]
By the definition of p;; we have
plu] =0 Vij, Y pui]=1 Vi
j=1

T In the first three sections of this chapter we shall make use of some of the notions and
results associated with finite state Markov chains. A summary of these results together with
references is provided in Appendix D.
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The matrix P, may be used to express the m-step transition probabilities
corresponding to a stationary policy = = {u, &, ...}:
Plxysm = jlx = i, m),

i.e., the probability that the state will be j at time (k + m) given that the state
is i at time k and the policy = is used. We have

pi[u()] = Pxy vy = jlx, = i, m),
and it is an elementary matter to show (see Appendix D) that
[P‘T]l_] = P(xk+m =jlxk = i9 TC),

where [P}];; is the element of the ith row and jth column of the matrix
P} (ie., P, raised to the mth power).

Let us now consider the value of the cost functional J (x,) of (3). As
before we use the notation

L) =06, i=1,....n

for stationary policies # = {y, 4, ...}. Denote

J(1) gl1, u(1)]
J (2 g2, u2
J(n) gln, un)]
With this notation it is easy to see that
N-1
J, = lim(1/N) Y Pkg,. 6)
N- oo k=0

The following result shows that J, is well defined. It is a standard result on
transition probability matrices and it is provided here only for the sake of
the following discussion, rather than for obtaining any concrete results.
Its proof may be found in [K7].

Lemmal Foranyn x nstochastic matrix P, i.e., a matrix with elements
pi; satisfying

pij>0a i’jzla""n, ZpU=1’ i=ls---,n7
j=

we have
N—-1

lim (1/N) ¥ P* = P*, )

N—-ow k=0



8 MINIMIZATION OF AVERAGE EXPECTED VALUE 331

where P* is a stochastic matrix with the following properties:

(a) P* = PP* = P*P = P*P*

(b) (I — P + P*) is an invertible matrix, where I denotes the n x n
identity matrix.

Denoting now
N-1

P¥ = lim(I/N) ¥ P, @8)
=0

N- k
and using Lemma 1, we have from (6) that

J,=P}g,. )]
Thus for every admissible stationary policy the corresponding average cost

per stage is well defined and conveniently characterized by the above equa-
tion. Consider also the vector

h,=U— P, + P}~ '(I — P}g,, (10)
where the inverse above exists by part (b) of Lemma 1. We have
(I—P,+ PHh,=I— P}g,, (11)
and multiplying both sides by P} and using part (a) of Lemma 1 we obtain
Ph, = 0. BT
Using (12) and (9) we may write (11) as
Jy+h,=g,+ P,h,. (13)

This equation is satisfied by every admissible stationary policy n = {u, u, ...}
and corresponds to the familiar functional equations satisfied by the cost
corresponding to stationary policies in the discounted and undiscounted
total cost cases of the previous two chapters. In those cases the average cost
per stage J,, was zero whenever the total cost was finite and the corresponding
functional equation had the form

h, =g, + aP,h,,

where 0 < o < 1 in the discounted case and « = 1 in the undiscounted case.

As a result of the preceding discussion we have that with every admissible
stationary policy = = {u, u, ...} there is associated a vector of average costs
per stage J, defined by (8) and (9) and satisfying the functional equation (13).
An interesting question is whether there exists a stationary policy {u*, u*, ...}
that is optimal in the sense

J“n sJ‘l’ V/l,
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where this inequality is considered to be componentwise [i.e., we write
Juo < J, 0f J (i) < J (i) for each initial state i € S]. The answer to this
question is affirmative (see [B19, D4]) but we shall not prove this fact.
Instead we shall concentrate on the important and frequently encountered
case where the optimal cost vector J . is of the form

J» = Ae, (14)
where A is a scalar and e is the unit vector on R", i.e.,
e=1[1,1,...,17.

Equation (14) will hold, for example, if the matrix P} of (8) corresponding
to {u*, u*,...} has identical rows. When (14) holds the optimal cost per
stage is the same for every initial state. In the next section we provide con-
ditions that ensure that (14) holds. Furthermore, under these conditions we
show that optimal stationary policies {u*, u*, ...} can be obtained from the
optimality equation

Jyo + hy = gy + Ppahye = min(g, + P, h,s), (15)

ueM

where M is the (finite) set of all functions u: S — C with u(i)e U(i),i = 1,...,n,
and the minimization is considered to be componentwise. Some connections
with the discounted cost problem are also established in the next section.
Subsequent sections provide computational algorithms for obtaining an
optimal policy. The last section treats a problem involving a linear system
and a quadratic cost functional.

8.1 Existence Results

Our first result provides a condition for existence of a stationary optimal
policy satisfying a certain optimality equation. This condition is not readily
verifiable but is implied by other more natural conditions, which we shall
provide subsequently.

Proposition 1 Assume that there exists a function #: S - R and a
constant 4 such that

A+ hii) = min[g(i, u) + Z":p“{u)h(j)] Vi=1,...,n.  (16)
ueU(i) Jj=1

Then if u*(i) attains the minimum in (16) forevery i = 1, ..., n, the stationary
policy n* = {u*, u*,...} is optimal. Furthermore, the optimal value of the
cost functional J.(i) of (3) is equal to A foreveryi =1, ..., n, ie.,

A=Jui)=infJG)  Vi=1,2...,n (17)
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Proof For any admissible policy © = {y, #4y, .. .}, and any initial state
Xxo €8 let E {+|xq, 7}, E {-|x4-1, Uy—1, 7} denote conditional expectation
given the policy 7 is used and x, or x,_; and u,_; = y,_(x,_,) have
occurred, respectively. We have for any k > 1,

E {h(x)|xq, 7} = E {E {h(x) Xy - 15 U— 1, T} | X0, 75}-

Xk — 1Mk -1 Xk

It follows that for every N > 1,
N
E{ z [h(xy) = E {h(x)| Xk~ 1> k- 1, 7}] | X0, 7'5} =0. (18)
k=1

We have
E {h(x)|xy- 1, uy_4, 7}

Xk

M-

pxk-|,j(uk— 1)h(_])

Jj=1

= G(Xy—1, Ux-1) + sz.‘-‘,,(uk—l)h(i) — Glxy—1, Ux—1)
j=1

> min I:g(xk—b u) + z": ka_..;(“)h(i):l — G(xx— 1, Ux—1)

ue U(xi - 1) j=1
= A+ h(xy_1) = G0xk-15 tx-1) (19)

with equality above when = = {u*, u*, ...} (by the definition of u*). Hence
from (18) and (19) we have for every N = 1,

N-1
0< E{kzo [h(x,+1) — 4 — h(xy) + Glxi, w)] | xo0, 75},

or equivalently
A < (1/N) E {h(xn)|xo, m} — (1/N)h(x,) + (l/N)E{):gé(xk, ud|xo, n},
with equality if # = {u*, y*,...}. Taking the limit as N — oo, we obtain
A< lim(I/N)E {N_:g(xk, )| xg, n} = J(xo),

N-+ o k=

for every x4 € S and every admissible policy 7. Furthermore equality holds
above when 1 = {u*, u*,...} and the result follows. Q.E.D.

We note that the result of the previous proposition depends on the
finiteness of the state space only to the extent that h is a bounded function,
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and indeed an extension of it can be shown to hold for an arbitrary state
space [R3] assuming that h is bounded.

Now given a stationary policy # = {y, u, ...} we may consider as in the
past two chapters a problem where the constraint set U(i) is replaced by the
set U(i) = {u(i)}, i.e., U(i) contains a single element, the control u(i). Since for
the resulting problem there is only one admissible policy, the policy {u, u, ...},
application of Proposition 1 yields the following corollary.

Corollary 1.1 Let n = {u, u, ...} be an admissible stationary policy.
Assume that there exists a function h,: S — R and a constant 4, such that

’lu + hu(l) = g[la ,ll(l)] + Z pu[y(l)]hu(/) Yi= 1, R (N
ji=1

Then the value of the cost functional (3) corresponding to = is the same
for every initial state and is given by

J)=4, Vi=12..,n

We now turn to obtaining conditions that guarantee the existence of 4
and h satisfying (16). At the same time we shall be able to establish a connec-
tion with the discounted cost problem of Chapter 6.

Consider the discounted cost functional

N—-1
lim E{ Y dtgix, uk(xk)]}, O<a<l.

N-w k=0

Let us denote by J,(i)} the optimal value of this cost functional corresponding
to « and the initial state i € S. We have from the results of Chapter 6 that J ()
is the unique solution of the optimality equation

J (i) = min [g(i, u) + o Y, pifu)J o j):l, i=1,...,n (20)
ue U(i) j=1
Let s be an arbitrary state in S and let us define

h (i) = J i}y — JA5), i=1,...,n (21)
We have, by using (21) to eliminate J (i) from (20),
hy(i) + Jo(s)’= min [é(i, u) + a ), pifu) [h() + Ju(S)]]
j=1

uelU() J

= aJa(s) + min [g(l’ u) + i pij(u)ha(j)]
ji=1

ueU)
from which

(1 — a)Jy(s) + hi(i) = min [é(i, u) + o i p;,(u)ha(j)} (22)
j=1

ue U(i)
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It follows from (22) and the finiteness of S and C that if for some sequence
{a,,} with0 < a,, < | and a,, — 1 we have

lim(1 — a,)J, (s) = 4, (23)
lim A, _(i) = h(i), i=1...,n (24)

(i.e., the limits above exist), then the constant 4 and the function h: S - R
defined by (23) and (24) satisfy

/4 + h(i) = min [g(i, u) + Z":p,-J u)h(j)], i=1,...,n,

ue U(i) ji=1

and condition (16) is satisfied. The following proposition states that a
sufficient condition for existence of a sequence {«,,} such that the limits in
(23) and (24) exist is that the differences [J,(i) — J,(s)] are uniformly bounded
over a.

Proposition 2 Assume that there exists a constant L such that for some
state s € S we have

[J () — J(s)| < L VieS, ae(0,1). (25)
Then:

(a) There exists a constant 4 and a function h: S — R satisfying (16).
(b) For some sequence a,, — 1 we have

h(i) = lim [J, () — J,(5)], i=1,...,n
¢ lim,, (- ,)=4Vi=1...,n
Proof Let {a,;} be any sequence such that a, — 1. By (25) the sequences
{Jo (i) — Jo(s)} are bounded. Hence there exists a subsequence of {a,},
say {«,}, such that {J, (i) — J, (s)} converges to a limit h(i) for each i e S,
and part (b) is proved. Now by Proposition 6.1 and finiteness of the state space
and control space we have

|Ju"'(s)| < M(l - am)—la

where M is some constant. Hence the sequence {(1 — «,,)|J, (s)|} is bounded.
Thus there exists a subsequence of {a,,}, say {a,-} such that

(1 - am')‘]amz(s) - A

From (22) we have

(1 - am’)‘]am:(s) + ham:(i) = min l:g(l’ u) + am' i pij(u)ha,,.r(j):l-
j=1

ue U(i) J=
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Taking the limit above and interchanging limit and minimization [using the
finiteness of U(i)] we obtain

A + h(i) = min [é(i, W)+ Y pi,(u)h(i)}
ueU(i) j=1
and part (a) is proved.
To prove (c) note that by the proof of (a) and (b) for any sequence o, — 1
and every subsequence of {«,}, say {a,}, such that lim,,_ . (1 — a,)/, (s)

exists, we have
lim (1 — a,)J, (s) = 4,

m— o

where 2 is the optimal value of the problem [by part (a) and Proposition 1].
It follows that lim, _, , (1 — o)J,,(s) = 4 and hence lim,_,; (1 — a)J(s) = 4.
Now if |J,(i) — J,(s)] is uniformly bounded for some s it is also uniformly
bounded for every s € S and hence by repeating the proof for every s € S we
obtain lim,_,, (1 — a)J (i) = AforallieS. Q.E.D.

We are now ready to state and prove the following proposition, which
combined with Proposition 1 provides one of the main results of this section.

Recall that to every admissible stationary policy {y, g, ...} there corre-
sponds a transition probability matrix P, defined by (4). For any positive
integer m we shall denote by p{j(4) the element in the ith row and jth column
of the matrix P} (P, raised to the mth power):

Py = [pifu)].

The scalar pj(u) is the probability that the state will be j after m stages when
the initial state is i and the stationary policy # = {u, g, ...} is used:

pi(¥) = P(x,, = jlxo = i, ).

For any two states i, s € S let us denote by K;(u) the smallest index k
for which x, = s when x, =i and the stationary policy n = {i, 4, ...}
is used:

Ki(u) = inflk|x, = s, xo =i, x; # sfor 1 <j <k}.

We call K (u) the first passage time from i to s associated with y. For each
i, s, and yu, K;(¢) may be viewed as a random variable taking positive integer
values or the value + oo with probabilities

i = P(Ki{p) = k) = P(x, = 5, x; # 5,1 < j < k|xo = i, m),

P = ) =1 - ¥ g,
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We define the mean first passage time E {K;(u)} associated with u by
kqi,  if a5 =1,
E{Kp)} = k; k;
+ oo otherwise.

One may show (see Appendix D) that for any given state s € S,
E{K(u)} <o VieS=ph(u)>0 forsomem;>1 VieS§, (26)

where ply was defined above. Furthermore, if the stochastic matrix P,
corresponds to an irreducible Markov chain (see Appendix D), then we have
E{K;{n)} < coforallijes.

Proposition 3 Suppose that there exists a state s € S such that for every
admissible stationary policy # = {u, u,...} and every state i € S we have

E{Ku)} <. @7
Then there exists a constant 4 and a function h: S — R satisfying (16), i.e.,
A + h(i) = min [g(i, u) + ip,-,(u)h(j)], i=1,...,n
ue U(i) j=1
Proof We assume without loss of generality that
0<gli,uys M VieS, uecC, (28)

where M is a constant. This is true since, by the finiteness of S and C, g(i, u) is
bounded, and furthermore the addition of a constant to g(i, «) merely adds the
same constant to the cost functional (3) for every admissible policy. Let «
be any discount factor, 0 < a < 1, and {y,, 4,, ...} a policy that minimizes
the corresponding discounted cost. We have, for every i € S,

Kis(sa)— 1 o)
J{i)=E { Zo o Glxy, tax)] + ) KZ( )akg[xk’ Ba(x)] | X0 = i}- (29
k= =Kis(la

By (28), the first term on the right is less than or equal to M E {K;(u,)}. The
second term is equal to

o

E{axil(ﬂu)} E{ Z a""‘"“‘”é[xk,#a(xk)]lxx..(u,) = s} = E{axa.(uu)}Ja(S),

k= Ks(tta)
which is in turn less than or equal to J(s). Hence if Q is an integer such that
E {K, (1)} < Qforalliand yu, we obtain

Ja(i) S M E{Kis(ﬂa)} + Ja(s) S MQ + Ja(s)’
or
Ji) — Jo(s) < MQ. (30)
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Also by (29),
Jdi) 2 J(s) E {oFiett},
or equivalently
Jos) — Jo(i) < [1 — E {ake® 1] (s). (31
By Proposition 1 in Chapter 6 we have
Js) € MA1 — w), (32)
while using the fact that 0 < a < 1, we have

E{axis(ﬂa)} = gftKisltal > 6Q (33)

where Q is the integer for which E {K(#)} < Q. From (31)-(33) we obtain

Q-1
Jos) = J() < [A — a®)/(1 — )IM = } oM < OM. (34)
i=0
Combining (30) and (34),
|J,G) — J(s))] < MQ VieS, a€(0,1)
and the result follows by Proposition 2. Q.E.D.

Condition (27) is satisfied in particular if every stationary policy gives rise
to an irreducible Markov chain (see Appendix D). It is to be noted that from
the preceding proof it is evident that it is sufficient that (27) holds only for
stationary policies that minimize the expected discounted cost for some
discount factor. [t is possible to obtain other conditions that guarantee the
existence of A and h such that (16) holds. One such condition is the following.

Weak Accessibility Condition For any two states i,j € S there exists an
admissible stationary policy = = {g, y, ...} and an integer m such that

Piy) = P(xp = jlxo =i, m) > 0. (35)

Proposition 4 Suppose that the weak accessibility condition holds.
Then there exists a constant 4 and a function h: S — R satisfying (16), i.e.,

ue U(i)

A + h(i) = min [g(i, u) + Z p,.,(u)hu)], i=1,...,n

Proof See the Appendix to this chapter.
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Combination of Propositions 1 and 3 or Propositions 1 and 4 yields:

Theorem Under the assumption of Proposition 3 or under the weak
accessibility condition there exists a constant 4 and a function #: S —» R
such that

J

A+ k(i) = minl:é(i, u) + ; pi,(u)h(j)], i=1,...,n (16")
=1

ue U(i)
Furthermore, the optimal value of the cost functional J (i) of (3) is equal to 4
foreveryi=1,...,n,ie,

A = 1nf J (i), i=1...,n

In addition if u*(i) attains the minimum in the right-hand side of (16') for every
i = 1,...,n, then the stationary policy n* = {u*, u*, ...} is optimal.

The conditions listed above are probably the weakest known that
guarantee that the optimal average cost per stage is independent of the
initial state. It is clear, of course, that some sort of accessibility condition
must be satisfied by the transition probability matrices corresponding to
stationary policies or at least to optimal stationary policies. For if there
existed two states none of which could be reached from the other no matter
which policy we use, then it can be only by accident that the same optimal
cost per stage will correspond to each one. An extreme example of this type
of situation is to consider a problem where the state is forced to stay the same
regardless of the control applied, ie., each state is absorbing. Then the
optimal average cost per stage for each state i will be min, .y, (i, u) and
this cost may be different for different states.

Finally, we state the following corollary of Proposition 3, which is
obtained in the same way as Corollary 1.1.

Corollary 3.1 Let = = {u, u, ...} be an admissible stationary policy
and assume that there exists a state s € S such that E{K;(u)} < oo for all
i € S. Then there exists a constant 4, and a function h,: S — R such that

J) =4, i=1,...,n, (36)

and furthermore
Ay + b)) = gL, p@] + Y plp®InG),  i=12,...,n. (37
j=1

Equation (37) represents a system of n linear equations with (n + 1)
unknowns—the scalars 4, h,(1), h,(2), ..., h,(n). We may add one additional
equation to this system by requiring that

hy(s) = 0. (38)
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This can be done since if {4,, h,(1),...,h,(n)} is a solution of (37) so is
{Ap b (1) + r,..., h(n) + r}, where r is any scalar. Corollary 3.1 states
that under the assumption E{K,(1)} < oo, system (37) and (38) has at
least one solution. We now show that the same assumption guarantees that
the system of equations (37) and (38) has a unique solution.

Proposition 5 For any admissible stationary policy # = {u, 4, ...} for
which there exists an s € § such that E{K;(u)} < oo for all i € S, the system
of equations (37) and (38) has a unique solution.

Proof Let {4, h(1),...,kH(n)} and {4, K'(1),...,H(n)} be two solutions.
We have 4 = ' = 4, by Corollary 1.1. Hence from (37) we obtain for every
mz1,

h—h = Pyh —h)=Phh—h),
or equivalently
hG) — K@) = Y pwlhG) — WG] Vi=1,...,n
j=1
From (26) and for a fixed i we obtain for some m; > 1 and ¢; > 0,

Pi(w) = & >0
and from (38), hk(s) — k'(s) = 0. Hence
1) = KO < 3 p30IAG) ~ HO)
= j;spi’}‘(u)lh(i) — k()
< (1 - sy max |G) — K)I.
Thus we obtain
max |hG) — () < (1 —¢) max |hG) — KU,
where
¢ = min[e,...,&,] > 0.
Hence h(j) = W'(j) for all j. Q.E.D.
We close this section with an example.

MACHINE REPLACEMENT EXAMPLE Consider a machine that can be in
any one of n states, S = {1, 2, ..., n}. The implication here is that state i
is better than state i + 1,i = 1,2,...,n — 1, and state 1 corresponds to a
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machine in perfect condition. The operating cost per unit time for which the
machine starts in state i is denoted g;, and we assume

0<g,<g.<"-<¢n (39)
During a time period of operation the transition probabilities satisfy

py=0 if j<i (40)

pi<l, i=1,...,n, @41

i.e., the machine cannot go to a better state with usage. We also assume
that

i<i=Yp;<Yp; Vk=12..,n 42)
=k j=k

At the beginning of each period the state of the machine is determined and a
decision is made whether to replace the machine at a cost R > 0 with a new
machine that is in state 1 or to continue operation. Thus there are two
possible controls—replace and do not replace. The problem is to find a
policy that minimizes the average cost per period.

It is to be noted that the hypothesis of Proposition 3 is not satisfied for
this problem. Indeed, consider the policy that never replaces. Then assump-
tions (40) and (41) imply that for this policy the only state that can be reached
from every other state is the state n. Consider also the policy that replaces
the machine at every state. Then, assuming p,, = 0, state n cannot be reached
from any state i # n. Notice also that one cannot guarantee in the absence
of further assumptions that the weak accessibility condition stated after
Proposition 3 is satisfied. We shall be able, however, to argue in terms of
Proposition 2.

Consider the corresponding discounted problem with a discount factor
o < 1. Then we have

Ja(i) = mln[R + gl + o iplj‘ld(i)’ gi + a ipu‘]a(l):l’ l = 1, 2, S (X
j=1 j=1
It follows that
J (i) — J, (1) = minl:R, (9 — g0 + a'_il(pij - Plj)-]a(i)] <R @)

It is possible to show (as in the second example of Section 6.1) that in view
of (39)-(42), we have for all « € (0, 1),

0<J)—Jf), i=12..,n
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Furthermore J,(i) — J (1) is nondecreasing in i. Hence by Proposition 2
there exists a scalar A and a nondecreasing function h(i), i = 1, ..., n, such
that

A+ h() = min[R + g, + Zpljh(j), g: + Zpijh(i):|, i=12...,n
j=1 j=1

and the policy that chooses the minimizing action above is average cost

optimal. Let

* = max{ilgi + Y pih) SR + g, + ZP1jhU)}~

i=1 i=1
Then the policy that replaces if the current state is greater than i* and does
not replace otherwise is optimal.

8.2 Successive Approximation

Since, as seen in Chapter 6, the method of successive approximation
may be used for computing the optimal discounted cost function J, of (20)
and furthermore under the assumption of Proposition 2 we have

lim(1 — a)J (i) = 4, i=12...,n,

a=—1
one expects that a limiting form (as « — 1) of the successive approximation
method may be used for the average cost problem. Indeed, this is the case
under an assumption that we shall introduce shortly. Prior to proceeding
with precise formulations and results let us provide a heuristic discussion
that indicates the appropriate limiting form of the successive approximation
method.

Let J:S — R be any function on S, a € (0, 1) be a discount factor, and
consider the following mapping T, which is familiar from Chapter 6:

T)G) = min[@(i, u) + azpixuw)} i=1...,n
ue U(i) j=1

As discussed in Section 6.2, the successive approximation method for the
a-discounted problem consists of the iteration

J

T4*1(J)(i) = min [Q(i, u) + o ; pi,(u)TZ(J)(i)], i=1,...,n (44)
ueU(i) =1
We have

lim T4J) (i) = J (i), i=1....m

k—
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for an arbitrary function J: S — R, where J, is the a-discounted optimal
value function. Since we may have T%J)(i) — o0 as k - o0 and « —» 1 we
shall rewrite-(44) in terms of quantities that have finite limits as k — oo and
oa— 1,

For any fixed state s € § let us denote, for all i and &,

ha i) = TJ) (@) — TeJ)(s). (45)

Using the notation above we may write (44) as

[T2" 1)) — aTaJ) )] + hyis1() = min [é(i, u) + alilpij(u)ha, k(i)J-

ue U(i) j=
(46)
Let us denote, foralli =1,2,...,nand k,
Hy i) = hy i) + [TI)6) — aTq ™ ' I)6)], (47)
From (45) and (47) we have
hy, (i) = Hy 1 (i) — H, i (s), i=12...,n (48)
Now we may write (46) [or, equivalently, (44)] as
Hopont) = min 2610 + 2 3 p ok km], “)
with h, (i) defined by J
ha, 1) = H, i(i) — Hy,uls). (50)

Algorithm (49) and (50) with a starting function h, o:S — R satisfying
h,,o(s) = 0 may be viewed as an alternative implementation of the successive
approximation algorithm (44) and may equally well be used for solution
of the a-discounted problem. In the limit algorithm (49) and (50) will yield
functions$ h, and H, via the relations

hy(i) = lim h, (i), i=12,...,n, (51)
k— o

H(i) = lim H, (i), i=12...,n (52)
k—

In addition we will have [cf. (45) and (47)]
hy(i) = J (i) — Js), i=12,...,n, (53)
Hy(s) = (1 — a)J(s), (54)

from which the optimal values J (1), J (2), . .., J (n) may be recovered.
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Now if we formally take the limit as « — 1 in algorithm (49) and (50) and
denote

) = lim (), (5%)
H,(i) = liir} H,, ), (56)
we obtain the algorithm a
Hy () = ..T:f(l,,[g(l u) + Zp,,{u)hko)] (57)
h(i) = Hi(i) — Hy(s), (58)

where hy: S — R is a function with hy(s) = 0. Let us suppose for a moment
that the algorithm yields functions H and h via

h(i) = lim h,(i), (59)
k— o0
H(@) = lim H,(i). (60)

Then assuming that the limit with respect to a and k may be interchanged,
lim h,(i) = lim lim h, (i) = lim lim h, ,(i) = lim h,(),
a—1 a1 k= k- w a1 k—

lim H (i) = lim lim H, (i) = lim lim H, ,(i) = lim H,(i),

a1 a—+1 k- k- a—1 k— o0

we obtain from (53), (54), (59), and (60):
h(i) = lim[J, (i) — J(9)], i=12...,n,

a—1

H(s) = lim(1 — o)J (s), i=1,2...,n
a—1
However, by Proposition 2 these imply, under the corresponding assump-
tions, that the quantity H(s) obtained from algorithm (57) and (58) is equal to
the optimal average cost per stage of the problem and the function h enters
in the optimality equation (16).

The conclusion from this informal discussion i 1s that algorithm (57) and
(58) is the natural candidate as a successive approximation method for the
problem of this chapter and, under appropriate assumptions, should yield
in the limit the optimal average cost per stage.

The validity of this conjecture is established in the following proposition.
In fact, we need not require that hy(s) = 0 since by (58) we will have h,(s) =
for all k 2> 1 even if hy(s) # 0.
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Proposition 6 Assume that there exists an ¢ > 0 and a positive integer
m such that for some state s € § and all admissible policies = = {y,, i4;,...}
we have

(P, P P Js=e>0 Vi=12...,n 61)

Bm-1 "

where P, , k =0,...,m, denotes the transition probability matrix corre-
sponding to y, as in (4) and [P, P, _,:-- P,Ji denotes the element in the
ith row and sth column of the matrix P,_--- P,,. Consider the algorithm

H, () = min [g(l u) + Zpu{u)hko)] i=1,2...,n, k=0,1,...,

ue U(i) j=1
(62)
hk+l(i)=Hk+1(i)_Hk+l(s)7 i=1,2,...,n, k=0,1,...,
(63)
where hy: S — R is an arbitrary function. Then the limits
h(i) = lim h,(i), i=12...,n (64)
k— o
H(i) = lim H,(i), i=12,...,n, (65)
k— o0
exist and we have
H(s) = A = inf J (i), i=12...,n, (66)

i.e,, A is the optimal average cost per stage of the problem. In addition,
A and h satisfy

A + h(i) = min [g(z, W+ Y p,,(u)h(;)J (67)

ue Ug) Jj=

Proof Let w(i) e U(i) attain the minimum in (62) for every k and i.
Denote for all k

H\(1) hi(1) g1, w(1)]
Ho=| | m={ | eu=|
H,(n) hi(n) gln, wdn)]
We have
Hk+1 =Gy Tt P hk Ime-r T Pllk 1h
Hk=guk-| + Pllk—lhk—l <guk Ilkhk—l’
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and hence
sy = gy + Py — Hyoi(S)e < gy, + Py — Hy i 1(S)e,
he =gy, + Py - — Hs)e < g, + P,y — Hys)e,
where e is the unit vector e = [1, 1,..., 1]". From the relations above we
obtain
Pulh — hy_1) — [Hys((s) — Hs)e < by — By
<Py (g —hy) — [Hy+ 1(s) — Hy(s)]e.
Since this relation holds for every k > 1, by iterating we obtain
PuPu - Py yem — Bympmy) — [Hyso(s) — Hi_p(s)e
< hey — by
<SPy Py Pyl — M 1) — [Hi1(s) — Hy_pfs)]e

(68)
Write
Q= hyy — hy.
Then (68) yields

qk(l) Z [ Hi-1 uk P Puk_m_l]ijqk—m—l(j) - [Hk+ l(s) - Hk—m(s)]'
(69)

Now we have for all k by hypothesis [P,,_, - P,, _.._,lis = £ > 0, and by
(63), q,(s) = 0. Hence from (69)

mf_lx ) <1 —¢ m?x Gi-m-10) = [His1(s) = Hi_p()]. (70)
Using a similar argument, from (68) we also obtain
mjn o) =1 - 8)mjn Gr-m-10) — [Hys () — Hy— ()] (71)
From (70) and (71) we have
max o) — mjin o) <1 —¢) [m?x G-m-10) = mjin a-m- 100,
which implies that for all k greater than some index and some B > 0 we have
max g,(j) — min g,(j) < B(1 — g™ * ",
i i
Since g,(s) = 0, it follows that
|+ 1) — M@ = |qu6)] < max g,(j) — min g,(j) < B(1 — )"+ 1,

Jj Jj
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This in turn implies that {h,(i)} converges to some real number h(i):
h(i) = lim h(i), i=12...,n
k— o

From (62) we see that the sequence {H,} also converges to a vector H € R",
and we have

H(i) = mé?)[g(l u) + Zp.,(u)h(l)} (72)
as well as
h(i) = H(i) — H(s). (73)

From (72) and (73) we have

H(s) + h(}) = min l:g(l u) + ZP.,(u)h(I)]

ue U(i)
and by Proposition 1, H(s) = 4 = inf, J(i). Q.E.D.

As for discounted problems, one may obtain upper and lower bounds
on the optimal average cost per stage A via the successive approximation
algorithm.

Proposition 7 Under the assumption of Proposition 6 for algorithm
(62) and (63) there holds

Hy(s) + ¢, S Hy 1(5) + Chi1 S AS Hyyi(8) + iy < Hy(s) + ¢, (74)
where forall k > 1,
C = mm[HkH(l) — H ()], (75)

= max[Hy.1() — Hy] (76)
Proof Let ui) attain the minimum in (62) for each k and i. We have

Hies® = Hl) = 000 0] + Y puld0]LH) — Hyo)] — Hi)
> i 0] + 3 polOIH() — Hufo]

— gli, w(@)] — .Z":lpij[ﬂk(i)] [Hi-1() — Hi—4(s)]

2 min[H,(j) = Hy-1()] + Hy—1(s) — Hy(s).
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Taking the minimum over i we obtain

Hi_(s) + c—y < Hils) + ¢
A similar argument shows that for all k

Hy(s) + & < Hy—(5) + G-y

Since ¢, tends to zero by Proposition 6 we have {H(s) + ¢,} — 4 and since
{H\(s) + ¢,} is a nondecreasing sequence it follows that H(s) + ¢, < 4.
Similarly H,(s) + ¢, = 4 and the result is proved. Q.E.D.

We now demonstrate the successive approximation algorithm and the
error bounds (74) by means of an example.
ExamMpLE 1 Consider an undiscounted version of the example of Section
6.2. We have
S={1,2}, C={u'u}

1y — p1.(u') Plz(ul)]=[
P [p“(ul) Pzz(ul)

2y _ P11(?) Plz(uz)]_[
P65 [P21(u2) Pzz(uz) -

Bl plw

Bl P
Al Blw B= B
e - |

and
gL,u)y=2  g(L,u*)=05 G2u)=1 §2,u°) =3
Letting s = 1 be the reference state, algorithm (62) and (63) takes the form

2
Hy. () = min{g(i, u') + .;Pu(ul)hk(i),

j
gti, u?) + ilpi, uz)hk(j)}, i=12,
j=
he+1(1) =0,
her1(2) = Hyy 1(2) — Hys o (1),
and the constants ¢, ¢, of (75) and (76) are given by
o = min{H, (1) — H(1), Hy.1(2) — H(2)},
¢, = max{H,, (1) — H{1), H,,,(2) — H(2)}.

The results of the computation starting with hq(1) = hy(2) = 0 are shown in
Table 8.1.
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TABLE 8.1

k h(1) h(2) H(1) He () + ¢y Hy () + ¢,y
0 0.00000 0.00000

1 0.00000 0.50000 0.50000

2 0.00000 0.25000 0.87500 0.62500 0.87500
3 0.00000 0.37500  0.68750 0.68750 0.81250
4 000000 031250  0.78125 0.71875 0.78125
5 0.00000 0.34375 0.73438 0.73438 0.76563
6 0.00000 0.32813 0.75781 0.74219 0.75781
7 0.00000 0.33594 0.74609 0.74609 0.75391
8 0.00000  0.33203 0.75195 0.74805 0.75195
9 0.00000  0.33398 0.74902 0.74902 0.75098
10 0.00000 0.33301 0.75049 0.74951 0.75049
11 0.00000 033350  0.74976 0.74976 0.75024
12 0.00000 0.33325 0.75012 0.74988 0.75012
13 0.00000 0.33337 0.74994 0.74994 0.75006
14 000000 0.33331 0.75003 0.74997 0.75003
15 0.00000 0.33334 0.74998 0.74998 0.75002
16 0.00000 0.33333 0.75001 0.74999 0.75001
17 0.75000 0.75000 0.75000

8.3 Policy Iteration

The policy iteration algorithm for solving the average cost problem is
similar to those described in the past two chapters. Given a stationary
policy one obtains an improved policy by means of a minimization process
until no further improvement is possible. We shall assume throughout that
there exists a state s € S such that for every admissible stationary policy
n={u u, ...} we have

E{K; (W)} < © Vi=1,...,n,
as in Proposition 3.
Let n* = {u*, u*, ...} be an admissible stationary policy obtained at the

kth iteration of the algorithm. We determine the average cost per stage 4,
corresponding to n* by solving the system of (n + 1) equations

A+ hli) = 30 2401 + 3 Ll OIl), = Lum, (77
i=1

hus) = 0. (78)
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This system has a unique solution by Proposition 5. Subsequently we find
a policy m**! = {u**1, p**1 ..} where p** (i) is such that

3L 0 + % puli Ol

= min I:g(l, u) + Z p: j(u)huk(_])] i=1,...,n, (79)

ue Ugi)

where we set p** (i) = k() if u"(z) attains the minimum above. Let A1
and hui(i), i = 1, ..., n, be the unique solution of the system of equations

},“k+l + h“k-n(i) = g[l, u"“(i)] + Z p,-j[/lk+ 1(i)]h"k+l(j)’ P= 1, PRSP (N
j=1

h"kn(S) = 0.
We claim that
A = At (80)

(" ("

Indeed, by switching to vector-matrix notation and using (77)—(80), we can
write
/I“ke + h“k =g, + P“kh“k = Gux+1 + Pukﬂh“k, (81)
and
luke Gue+1 + (P“k+1 - I)h“k,

where e = [1,1,..., 1] and I is the n x n identity matrix. By multiplying
both sides of the vector inequality by the matrix P,... the inequality is
preserved since P,..: has nonnegative elements, and we have

ApPucsie = Pyrigust + (Phoer — Pyerihy.
Since P,x+:e = e, we obtain
Age = Ppriguss + (Pl — Py,
Similarly we have for every i > 0,
Age = Plusigyors + (Pt — Pl hy.

Hence by summing over i we obtain for every N > 1,
N-1

uke (1/N)< Z Puk+lguk+l> + (I/N)(P‘,kn — I)h“k. (82)

Since (P,,.m — Ih,« is bounded we have limy_. ,(1/N)(PYs1 — Dhyu =0
and furthermore

N—-1
lim (I/N)( Z P“k+1guk+1> = lukne
N-w =0
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by (6). Hence from (82) we obtain

N-1

luke lim (1/N)< Z P‘,kng‘,kn) = iukne,
N-w i=0

and (80) is proved.

Thus the pollcy {p"“ uk*t1 ...} obtained via (79) is as good or better
than the policy {y*, u,...}. Now consider the generated sequence {A,}.
Since it is a nonincreasing sequence and furthermore the set of all stationary
policies is finite, we must have for some 4 and some index k,

Ape =4 Vk > k. (83)
If, in addition, we have for some policy n* = {u*, u*,...},
uk = p* Vk > k, (84)

then n* must be optimal in view of construction (77) and (79) and Proposition
1. Relation (84) can be guaranteed if different policies have different average
costs per stage associated with them. Another assumption that, as we prove
below, guarantees (84) is when for all k > k the matrices
N-1

= lim (1/N) Z Pl

N-wo i=
of (7) have identical rows each element of which is positive. This occurs if
under each transition probability matrix P, the resulting Markov chain is
irreducible (see Appendix D). Indeed under these circumstances if §; is the
(row) vector consisting of the row elements of P,

Bx
Ph=1":
Bx
then from (81) we have

ApePirie + Birihyu = Bis1Guers + Bis 1 Py i by, (85)

and by Lemma 1 we obtain B, gux+: = A+ and By (Pucsr = By
Thus (85) is equivalent to
)."k 2 i"k+l.

Since the elements of f,,; are positive we have equality above if and only
if equality holds in (81) or equivalently u*(i) attains the minimum in (79).
Thus relation (83) implies that p*(i) attains the minimum in (79). Hence (84)
holds and u* is optimal.

We state the last conclusion from the preceding discussion as a propo-
sition.



352 8 MINIMIZATION OF AVERAGE EXPECTED VALUE

Proposition 8 Assume that for every admissible stationary policy
{u, u, ...} the transition probability matrix P, gives rise to an irreducible
Markov chain. Then the policy iteration algorithm will yield an optimal
policy in a finite number of iterations.

We now demonstrate the policy iteration algorithm by means of the
example of the previous section.

EXAMPLE 1 (CONTINUED) Let
po) =u',  p0Q)=d’

We take s = 1 as the reference state and we obtain 4,0, h,d(1), h,o(2) from
the system of equations

Ayo + hyo(1) = G(1, u') + py(u')huo(l) + pya(u'hyel(2),
j’uo + hu°(2) = g(z, u2) + p21(u2)hu°(l) + p22(u2)hu°(2)’
ho(1) = 0.

Substituting the data of the problem
l‘,o =2+ %h”o(z), /1”0 + h‘,o(z) =3+ %h”o(z),

from which
= Ao =25, h,o(1) = 0, h(2) = 2. <1

We now find u'(1), u'(2) by the minimization indicated in (79). We
determine

min[g(1, u') + py,(u"hu(1) + pya(u')h,ol(2),
g(1, u?) + py1(Uh(1) + pyy(*)h,e(2)]
=min[2 + § x 2,0.5 + 2 x 2] = min[2.5, 2],
min[g(2, u') + p,,(u)h,e(1) + P22(u")h,o(2),
92, u®) + pay(huo(1) + pry(®)he(2)]
= min[1 + 4 x 2,3 + 2 x 2] = min[L5, 4.5].

The minimization yields

. ut(l) = u?, wQ) = ul. <1
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We obtain 4,1, h,:(1), h,:(2) from the system of equations

A + ha(1) = G(1, u?) + pyyAhu(1) + prah,(2),
Aur + hu(2) = G2, u') + pay (1) + paa(u')h,(2),
h,i(1) = 0.

By substitution of the data of the problem, we obtain
= Ay =075, h,(1) =0, h,u(2) = 4. <1
We find u2(1), #%(2) by determining the minimum in

min[g(1, u') + py1(u"h,(1) + pya(u')h,(2),
g(1, u?) + py3(UPh,(1) + pyHh,(2)]
= min[2 + 1 x 4, 0.5 + 2 x 4] = min[2.08, 0.75],

min[g2, u') + pay(u*h,(1) + poa(u'h,(2),
92, u?) + p21Wh,(1) + paa(?h,(2)]
=min{1l + % x 4,3 + 3 x 1] = min[1.08, 3.25].

The minimization yields
pi) = p'() =u?,  p2Q) = p'@2) =u',

and hence the policy above is optimal and the optimal average cost per
stage is 4, = 0.75.

8.4 Infinite State Space—Linear Systems with Quadratic
Cost Functionals

The standing assumption in the preceding sections has been that the
state space is finite and thus the underlying system is a controlled finite
state Markov chain. Once one removes the finiteness assumption on the
state space many of the results presented in the past three sections no longer
hold. For example, while one could restrict attention to stationary policies
for finite state systems this is not true anymore where the state space is
infinite. For instance, the following example (due to Ross [R4]) shows that
for a countable state space the optimal policy may be nonstationary. (This
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fact is true even if one expands the class of admissible policies to admit
randomized policies [R4].)

ExaMPLE Let the state space be § = {1, 2, 3,...} and let there be two
control actions C = {u', u?}. The transition probabilities under u' and u?
are specified by

pi(i+l)(u1) = p(u?) = L.
In other words, the system is deterministic and application of u! moves the

state from i to (i + 1), while application of u? leaves the state unchanged.
The costs per stage are

g, u') =1, gG, u?) = 1/i, i=123,....

In other words, at state i we may either move to state (i + 1) at the cost
of one unit or stay at i at a cost 1/i.

Now for any stationary policy @ = {4, 1, ...} other than the policy for
which u(i) = u' for all i, let n(r) be the smallest integer for which

uln(n)] = v,

Then concerning the average cost per stage corresponding to this policy we
clearly have

JA) = 1l/n(n) > 0 Vi < n(n).

For the policy where u(i) = u' for all i we have J (i) = 1 for all i. Since the
optimal cost per stage cannot be less than zero, it is clear that

infJ () =0, i=12....

However, the optimal cost is not attained by any stationary policy, so that
no stationary policy is optimal. On the other hand consider the non-
stationary policy n* that on entering state i chooses u? for i consecutive
times and then chooses u'. If the starting state is i, the sequence of costs
incurred is

11 1 1 1 1 1 1
PP T i+ i+ Ui D 4270427
[ER——

i times (i + 1) times

The average cost corresponding to this policy is

2m
Jol) = lim = =
() m-— o Z;cn=1 (l + k)

Hence the nonstationary policy =* is optimal while, as shown above, no
stationary policy is optimal.

0, i=123....
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Generally speaking the analysis of average cost optimization problems
involving an infinite state space presents considerable difficulties and as yet
there exists little in the way of a complete and powerful theory. However,
certain particular special cases can be satisfactorily analyzed and one such
case is the average cost version of the linear-quadratic problem examined
in Chapters 3, 4, and 6.

Consider an undiscounted version (x = 1) for the linear—quadratic
problem of Section 6.5 involving the system

Xpv1 = AX, + By + wy, k=0,1,..., (86)
and the cost functional

N-1
Jolxo) = lim(1/N) E {kzo [xiOxi + #k(xk)'R#k(xk)]}- (87)

N—w Wi
k=0,1,

We make the same assumptions as in Section 6.5, i.e., that w, are independent
and have zero mean and finite second moments. We also assume that the
pair (A, B) is controllable and that the pair (4, C), where Q = C’C, is ob-
servable. Under these assumptions it was shown in Section 3.1 that the
Riccati equation

Ko =0, (88)
Kis1 = A[K, — K B(BK,B + R)"'BK,]4 + Q, (89)
yields in the limit a matrix K,
K =1lmK,, (90)
k—

which is the unique solution of the algebraic Riccati equation
K = A[K — KB(BKB + R)"'BK]A + Q 91)

within the class of positive semidefinite symmetric matrices.
Now the optimal value of the N-stage costs

N-1
(1/N) E {kZO(Xi Ox, + uiRuk)} 92)

Wi
k=0,1,...,.N—-1

has been derived earlier and was seen to be equal to

N-1
(I/N)I:x()KNxo+ Y E{w’ka}J.

k=0
Thus using (90) and the fact that
N-1

lim(1/N) ), E {wK,w} = E {wKw},
k=0

N-ow
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the optimal finite horizon costs tend in the limit as N — oo to
A= E{wWKw}. (93)

In addition, the N-stage optimal policy in its initial stages tends to the station-
ary policy

u*(x) = —(BKB + R)"'B'KAx. 94)

Furthermore, a simple calculation shows that, by the definition of 4, K, and
1*(x), we have

A+ xKx = min E{x'Qx + w'Ru + (Ax + Bu + wYK(Ax + Bu + w)},

while the minimum in the right-hand side of the above equation is attained
at u* = u*(x) as given by (94).
Now by repeating the proof of Proposition 1 of this chapter, we obtain

A < (1/N) E {xyKxy|xo, 1} — (1/N)xq Kxg
N-1
+ (l/N)E{ Y. (xk@x + uRu)|xo, n},
k=0
with equality if = = {u*, u*,...}. Hence if = is such that E{xyKxy|xq, 7}
is uniformly bounded over N, we have by taking the limit above,

A< J(x) VYx € R",

with equality if = = {u*, u*,...}. Here the stationary policy {u*, u*,...}
as given by (94) is optimal over all policies n with E {xy Kxy|x,, 7} bounded
uniformly over N.

8.5 Notes

The average cost problem was first formulated and analyzed by Howard
[H15]. Several authors have contributed subsequently to the problem
[B2, B2S, L1, R4, §7, V2, V4], most notably Blackwell [B19].

In our approach to the results of Section 8.1. we follow Ross [R4]. This
approach is generalizable to situations where the state space is infinite.
For alternative expositions see references [D4], [K10], and [P1]. The result
of the appendix was shown by Bather [B2]. The successive approximation
method of Section 8.2 was devised by White [W2]. The error bounds of
Proposition 6 are due to Odoni [O1]. Related results for more general
situations have been given recently in references [H8] and [H12]. The policy
iteration algorithm can be generalized for problems where the optimal
average cost per stage is not the same for every initial state (see [B19], [V2],
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and [D4]). For a computational approach based on linear programming see
[M3]and[D4].Foran analysis of average cost Markovian decision problems
involving exponential risk-sensitive cost functionals, see the paper by
Howard and Matheson [H17]. For analysis of infinite horizon versions of
inventory control problems such as the one considered in Section 3.2, see
references [13], [H13], [H14], and [V5].

Problems

1. Assume that for some state s we have that J (i) — J(s) is uniformly
bounded for « € (0, 1). Show that for a sequence {«,} with a, — 1, &, € (0, 1),
and a sequence of a,-optimal policies {4, }, we have pu, (i) = u*(i) for all i
and all k sufficiently large, where u* is average cost optimal.

2, Show that if for some sequence {a,} with «,€(0,1), o — 1, and a
sequence of a,-optimal policies {u,,} we have u, (i) = ¢*(i) for all i and all k
sufficiently large, then u* is average cost.optimal.

3. Optimal Control of Deterministic Finite State Systems Consider a
stationary deterministic control system

xk+l=f(xk7uk)! k=0,19-'-y

where the state x, belongs to a finite state space S = {1, 2, ..., n} and the
control u, is constrained in a subset U(x,) of a finite control space C. We say
that the system is completely controllable if given any two states i, j € S there
exists a sequence of admissible controls that drives the state of the system
from the state i to the state j within at most (n — 1) steps. For a completely
controllable system and a given initial state x, = i consider the problem of
finding an admissible control sequence {u,, u;, ...} that minimizes

N-1

Jq(i) = lim (l/N)kzog(xk, Uy)y

N—-w

where g: S x C — R is given. Show that an optimal control sequence exists
and that the optimal cost is the same for every initial state. Show also that
there exist optimal control sequences that after a certain time index are
periodic.

4. Consider a stationary inventory control problem of the type considered
in Section 3.2 but with the difference that the stock x, can only take integer
values from O to some integer M. The amount of the order u, can take integer
values with 0 € u, < M — x, and the random demand w, can only take
nonnegative integer values with P(w, = 0) > 0 and P(w, = 1) > 0. Un-
satisfied demand is lost so that stock evolves according to the equation
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X +1 = max(0, x, + u, — w,). The problem is to find an inventory policy
that minimizes the average cost per stage. Show that there exists an optimal
stationary policy and that the optimal cost is independent of the initial stock
Xg-

Appendix Existence Analysis under the Weak
Accessibility Condition

In this appendix we provide a proof of Proposition 4 of Section 8.1.
In fact, we shall prove a more general result that contains Proposition 4
as a special case. The analysis requires a high degree of mathematical
sophistication and is directed toward the advanced reader.

Consider a controlled process in discrete time with a finite state space
S ={1,2,...,n}. We assume that for any state i € S, the next transition is
controlled by choosing a probability vector p; = (p;y, piz, - - -» Pin) from a
closed convex set D; € R". Any selection p;e D;, i =1, 2,..., n, defines the
rows of a stochastic matrix Pe D = D, x D, x --- x D,. The cost of each
transition is prescribed by functions cfp;), i = 1,...,n, each assumed
convex and continuous on the corresponding set D;. Thus when the current
state is i and probability vector p; € D; is selected, the cost incurred is ¢i(p;).
If Pe D is used at each time, the corresponding average expected cost is
P*c, where

P*= lim(1/N){I + P+ P* + ... + P¥ 1},
N-w
and c is the vector with coordinates ¢(p,), . - ., c,(p,), where p,, ..., p, are
the rows of P. Since the components of ¢ depend continuously on the rows
of P, the cost ¢(P) is bounded over D and we have |J*(i)| < oo with
J* = inf P*c,
PeD

where minimization above is considered separately for each coordinate of
P*c.

We shall rely on the following accessibility assumption:

For any pair of states i, j € S, there exists a matrix P € D and a positive

integer r such that p7; > O, where p; is the element in the ith row and jth column
of the matrix P" (P to the rth power).

Based on this assumption we shall prove that there exists a vector h € R"
and a constant 4 such that

Ae + h = min{c + Ph}, (96)

PeD
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where the minimization above is assumed to be componentwise. By this we
mean that the scalar 4 and the column vector h = (h, h;,..., h,) €R"
satisfy foreachi = 1,2,...,n,

A + h,' = min {ci(pi) + p,'h}9

pieD;

where p;h denotes the inner product of the row vector p; (ith row of the
stochastic matrix P) and the column vector h, i.e., p;h is the ith coordinate
of the vector Ph.

The problem described above is similar in nature to the one considered
in the first three sections of this chapter. A control u is identified with its
corresponding transition probability vector p{u) = [p; (), pi2 (), . . ., pitt)].
There is an important difference, however, in that while here the set of ad-
missible probability vectors D; is assumed to be a closed convex set, in the
problem considered earlier in the chapter the set of admissible controls U(i)
and hence also the set of corresponding probability vectors were assumed to
be finite. In order to utilize the result of this appendix in proving Proposition 4
we. shall need to construct a version of the problem of Sections 8.1-8.3.
where randomization on the set of admissible controls U(i) is allowed.

Within the framework of the problem of Sections 8.1-8.3 let i be any.
state (i =1,2,...,n) and let u®, u?, ..., u™ denote the elements of the
admissible control set U(i). Consider the case where at each state i it is possible
to select, instead of a control u € U(i), a probability distribution g = (¢*, q2,

.» ™) over the set U(i). Such a probability distribution will be referred to as
a randomized control. The set of all randomized controls is denoted Q,. If
the current state is i and the randomized control g is selected, the prob-
ability that the next state will be j is

Z q’pij(ur)’ .’ = 1, 29 cees
r=1
and the corresponding transition probability vector is
pia) = [ 2 aPu), Y apa), ..., ¥ q’pi..(u’)]-
r=1 r=1 r=1

The set of all possible transition probability vectors as g ranges over Q; is
denoted D;:
D; = {p{9)iq € Q:}.

The set D, is clearly the convex hull of the finite set of probability vectors

pi) = [pu), ..., pu)),  r=12,....m,
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and hence it is a closed convex set. With each state i and each probability
vector p; € D;, we associate a transition cost

clp) = min{ 2141'57(1', u") Zlqrpi(“r) =Di-q€ Qi}'

The cost c,(p;) is the least possible expected transition cost associated with
randomized controls g € Q; that result in a transition probability vector
equal to p;. From known facts of the theory of convex functions [R2] it
follows that c;(-) as defined above is a polyhedral convex continuous
function over the polyhedron D;. In fact, ¢, is the convex hull [R2, p. 36] of
the (extended real-valued function) &; defined by

~ _ g(l’ ur) lf Di = pi(u')’ r= 1’ R LT
edp) = + otherwise.

The extreme points of the epigraph [R2] of ¢; correspond to a subset of the
finite set of points {pu'),..., p(u™)} and the same is true for the extreme
points of the epigraph of any function of the form ¢,(p;) + p;h, where h is any
vector in R” and p; h denotes the inner product of p; and h.

Consider now the problem of this appendix with D; and c{p;) defined
as above and suppose that we are able to prove that (96) holds, i.e.,

A+ h; = min{c{p;) + p;h}, i=1...,n

pie Dy

Then in view of the construction of ¢; and D, the minimum on the right-hand
side above will be attained at one (or possibly more) of the generating points
piuY), piu?), ..., pu™) of the set D;, which correspond to nonrandomized
controls. As a result, in view of the definition of ¢; and D; we will have

A+h= min {ci[p.-(u')l + ipi,<u')hj}
j=1

r=1,...,m;

= min {Q(i, u)+ Y pi,{u)hj}, i=1,...,n
ueU(i) j=1
Thus the condition of Proposition 1 of Section 8.1 will be satisfied and the
result of Proposition 4 will follow. Thus in order to prove Proposition 4
it is sufficient to prove Eq. (96) within the generalized framework of this
appendix.
Consider now the nonlinear operator M: R" — R" defined by

Mx = min{c + Px}, x€R" 97

PeD
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Define for all x = (x,,..., x,) € R",
x| = max x; — min x;. (98)
ie§ Jjes
Since |[x — y| = 0 if and only if x and y differ by a multiple of the unit
vector e = [1, 1,..., 1], (98) defines a norm on the collection of all subsets
of R" elements of which differ by a multiple of the unit vector (i.e., | - | is a

seminorm on R" and a norm on the corresponding quotient space of equiva-
lence classes). Now suppose that some vector h € R" is a fixed point of M in
the sense that

[Mh — k|| = 0. 99)
Then it follows that

Ae + h = Mh = min{c + Ph},
PeD

for some scalar A. Hence proving (96) is equivalent to proving that there
exists at least one fixed point of M in the sense of (99).

We begin by deriving some useful properties of the operator M defined
by (97). For any x € R" we define H(x) = max{x;|i € S}. Similarly we
define L(x) = min{x;|i € S}. Then | x|| = H(x) — L(x). We have the following
lemma.

Lemma A.1 Foranyx, ye R"and a, f € R:

(1) HMx — My) < H(x - y).
@ IMx — Myl < [x — yl.
B3) IM(x) — M(BY)Il < lallx — yll + la — BlIyll.

Proof (1) Let P, Q € D be such that
Mx = ¢(P) + Px and My = Q) + Qy.

Then Mx < ¢(Q) + Ox and Mx — My < Q(x — y). Since Q is a stochastic
matrix and x — y < H(x — y)e, we obtain Mx — My < H(x — y)e from
which HMx — My) < H(x — y).

(2) We have

IMx — My|| = HMx — My) + HMy — Mx)
S H(x —y)+ Hly —x) =[x — yl.
(3) From part (2), || M(ax) — M(By)ll < |lax — Byll, and we have
llax — Byl = lledx — y) + (¢ — Byl < lalllx — yll + la = Bliyl,
from which the result follows. Q.E.D.
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Lemma A.2 Let {,} be a nondecreasing sequence with 0 < 6, < 1.
Consider the sequence {z(k)} defined by
z(k) = min{c + 6, Pz(k — 1)}, (100)

PeD
with z(0) = 0. Then {||z(k)||} is a bounded sequence.

Proof We recall that ¢{p;) is bounded for p;e D;, i =1,..., n. Since
|z(k)|| cannot be affected by adding the same constant to every transition
cost ¢i(p;), we may assume that for some f € R we have 0 < c(p;) < g for all
p;eD;, i =1,...,n Then it is easy to verify that {z(k)} is a nondecreasing
sequence, i.e.,

z(k + 1) = z(k), k=0,1,...,. (101)

Now under the accessibility assumption there exists a stochastic matrix
Q € D with elements q;;, i,j = 1, ..., n that defines an irreducible Markov
chain, i.e., a chain for which every state communicates with every other state.
This is a consequence of the accessibility assumption and the convexity of D,
since we can arrange that

q;>0 if p;>0 forsome PeD, (102)

by allowing P to participate in a convex combination forming Q. Thus if
P(i, j) € D is a stochastic matrix under which j is accessible from i, the matrix
Q = (1/n®) Y1=, 35=, P(, j) defines an irreducible Markov chain. We now
associate with Q a set of mean transition times. For each pair of distinct
states i, j € S we denote by 1;; the expected number of steps required to reach
j from i when Q is used as a stationary policy. Then, by considering the first
step, we have
Tij'__ 1+ unfu, l,_]= 1,...,", l?é_]. (103)
1#j
Finally, prior to establishing the result of the lemma, we prove by
induction that

z4k) < Pry; + zfk)  Vi#j, k>0 (104)

Indeed (104) holds for k = 0. Assume (104} holds for k = k. Since c(Q) < fe
and 6,,, < 1, we have

ztk + 1) < c(Q) + 0,4 ,0z(k) < Pe + Qz(k).
Thus
ztk + 1) < B+ Y quzidk) + qi;zfk).

1]



APPENDIX EXISTENCE ANALYSIS 363

Using (104) and then (103) we obtain
zfk + 1) < »3{1 + Z'%Tu } + zfk) = Bri; + z4k).
1%

Using (101) it follows that
zi(k + 1) < ﬂrij + Zl(k + 1)9

i.e., (104) is proved for k = k + 1 and the induction proof of (104) is complete.
Now we easily obtain that the sequence {||z(k)|} is bounded since (104)
implies

llz(k)| < max{fz;li,jeS,i#j}. QE.D.

We are now in a position to prove the existence of a fixed point of M in the
sense of (99) and hence that (96) holds for some A € R and h € R". Consider
the sequence

y(k) = min{c + (1 — (1/k))Py(k — 1)}, k=12...,

PeD
%0) = 0. (109
Let also
jk) = yk) — L[y(k)Je, k=0,1,..., (106)

where L[y(k)] = min{y(k)|i e S}. Then L{j(k)] = O, || (k)| = max;.g j{(k),
and

0 < Jdk) < 7RI = Iy (107)
The sequence {||y(k)||} is bounded by Lemma A.2, and by (107) the sequences
{yik)},i=1,...,n, are also bounded.

Proposition The sequence {ji(k)} has a limit point A€ R" such that
IMh — h|| = 0. Hence there exists a scalar A such that

Ae + h = Mh = min{c + Ph}.

PeD

Proof As explained above, each sequence {y(k)}, i=1,...,n, is
bounded and hence there exists a convergent subsequence of {j(k)}. Let

h = lim jik,), (108)

r—o

where {j(k,)} is the convergent subsequence. We also have, in view of (106),
that

lim ||h — jik,)|| = 0.

r—+o
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Now by using part (3) of Lemma A.1 we have

k k-1
Ik + 1) — k) = “M<m y(k)> - M(T Wk —~ 1))“

k lIytk = D)
k +1 kk +1) °

Let B be a bound for | y(k)|, i.e., ||y(k)|| < B for all k. Then (109) implies that

Iy(k) — y(k — DI + (109)

1 1
I+ ) =500 < (14 3 )

k+1
and hence ||y(k + 1) — y(k)|| — 0 as k — c0. Hence
Pk, + 1) — #k) -0 as r— . (110)

We have for the vector h of (108) that
IMh — hii < |Mh — jk, + DIl + I}k, + 1) — §k)il + [|7k,) — h|. (111)
By using part (3) of Lemma A.1 and (106) we obtain
IMh — 3k, + DIl = |IMh — ylk, + 1)|

k,
= UM h—M (m ,V(kr)>

< I = sl + g Itk
= {lh — kI + k 1 [l Pk (112)
Combining (111) and (112) we obtain
- - . B
IMh — kil < |k, +1) — FE)I + 2/ 5K,) = k] + —— PE

and taking the limit as r - co and using (110) we obtain |[Mh — h|| = 0.
Q.E.D.
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Appendix A

Mathematical Review

The purpose of this and the following appendixes is to provide a list of
mathematical and probabilistic definitions, notations, relations, and results
that are used frequently in the text. For detailed expositions the reader may
consult the references listed in each appendix.

A.l1 Sets

If x is a member of the set S, we write x € S. We write x¢ S if x is not a
member of S. A set S may be specified by listing its elements within braces.

For example, by writing § = {x,, x5, ..., X,} we mean that the set S consists
of the elements x, ..., x,. A set S may also be specified in the form
S = {x|P(x)}

as the set of elements satisfying property P. For example,
S={x|x:real,0 < x < 1}

denotes the set of all real numbers x satisfying 0 < x < 1.
The union of two sets S and T is denoted by S W T and the intersection of
S and T is denoted by S N T. The union and intersection of a sequence of

367
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sets Sy, S5, ..., S, ... is denoted by | J2, S, and ﬂ,‘:‘;l S, respectively. If
S is a subset of T, i.e,, if every element of S is also an element of T, we write
ScTorT>oS.

Finite and Countable Sets

A set S is said to be finite if it consists of a finite number of elements. It is
said to be countable if one can associate with each element of S a nonnegative
integer in a way that to each pair of distinct elements of S there correspond
two distinct integers. Thus according to our definition a finite set is also
countable but not conversely. A countable set S that is not finite may be
represented by listing its elements x4, X1, X5, ...,1.e., S = {Xg, X1, X2, ...}.
If A ={ay,a,,...}is a countable set and S,,, S,,, ... are each countable
sets, then the union | JX 4 S, (otherwise denoted {Jaca So)is also a countable
set.

Sets of Real Numbers

If a and b are real numbers or + c0, — o0, we denote by [a, b] the set of
numbers x satisfying a < x < b (including the possibility x = + oo, or
x = —o0). A rounded, instead of square, bracket denotes strict inequality
in the definition. Thus (a, b], [a, b), and (a, b) denote the set of all x satisfying
a<x<ba<x<b,and a < x < b, respectively.

If S is a set of real numbers bounded above, then there is a smallest real
number y such that x < y for all x € S. This number is called the least upper
bound or supremum of S and is denoted sup{x|x € §}. Similarly the greatest
real number z such that z < x for all x € S is called the greatest lower bound or
infimum of S and is denoted inf{x|x € S}. If S is unbounded above, we write
sup{x|x€ S} = +o0 and if it is unbounded below, inf{x|xe S} = — 0.
If S is the empty set, then by convention we write inf{x|x e S} = + o0 and
sup{x|xeS} =

A.2 Euclidean Space

The set of all n-tuples x = (x4, ..., x,) where x, ..., x, are real numbers
constitutes the n-dimensional Euclidean space denoted R". The elements of R"
are referred to as n-dimensional vectors or simply vectors when confusion
cannot arise. The one-dimensional Euclidean space R! consists of all the real
numbers and is denoted R. Vectors in R" can be added by adding their cor-
responding components. They can be multiplied by a scalar by multiplication
of each component by the scalar. The inner product (or scalar product) of two
vectors x = (Xy,...,X,), ¥y = (y1,-.., ys) is denoted x’y and is equal to
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Y"1 x;y;. The norm of a vector x = (x,, ..., x,) € R" is denoted ||x|| and is
equal to (x'x)'/% = (31, xF)!2.

A set of vectors a,, a,, . . ., a is said to be linearly dependent if there exist
scalars 1, 4,, ..., 4, not all zero, such that  ¥_, 4;a; = 0. If no such set of
scalars exists, the vectors are said to be linearly independent.

A.3 Matrices

An m x n matrix is a rectangular array of numbers, called elements, ar-
ranged in m rows and n columns. The element in the ith row and jth column of
a matrix A is denoted by a subscript ij, such as g;;, in which case we write
A = [a;;]. A square matrix (one with m = n) with elements a;; = 0 for
i#janda; = 1,fori =1,...,n,is said to be an identity matrix. The sum of
two m x n matrices A and B is written as A + B and is the matrix whose
elements are the sum of the corresponding elements in A and B. The product
of a matrix A and a scalar A, written as A4 or A4, is obtained by multiplying
each element of A by A. The product AB of an m x n matrix A and ann x p
matrix B is the m x p matrix C with elements ¢;; = e, agby;. If b is an
n x 1 matrix, i.e., an n-dimensional column vector, and A4 isan m x n matrix,
then Ab is an m-dimensional (column) vector.

The transpose of anm x n matrix A is the n x m matrix A’ with elements
a;; = a;;. A square matrix A is symmetricif A" = A. Asquaren x nmatrix 4 is
nonsingular if there is an n x n matrix called the inverse of A, denoted by 4~ !
suchthat A7'4 = I = AA~ !, where I is the n x n identity matrix. A square
n X n matrix 4 is nonsingular if and only if the n vectors that constitute its
rows are linearly independent or equivalently if the n vectors that constitute
its columns are linearly independent.

Partitioned Matrices

It is often convenient to partition a matrix into submatrices by drawing
partitioning lines through the matrix. For example, the matrix

az azz:azs Qa4

A3y 4z | Q33 Qi

A =|:A11 AlZ]
A21 A22

may be partitioned into
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where
Ay =lay ag.l Ay = [ays aials
Ay = [021 azzjl’ Ay, = [023 ‘124:|_
ds1 daz a3z Q3ga
For a partitioned matrix A = [BiC] we use interchangeably the notation
[B, C] or [BC]. The transpose of the partitioned matrix 4 above is

! ’
" 11 21
A =|, q :I
12 22

Partitioned matrices may be multiplied just as nonpartitioned matrices
provided the dimensions involved in the partitions are compatible. Thus if

A =[All All], B=|:B11 Bll]’
A21 A22 BZl BZZ

AB=[AIIBII +AIZBZI AllBIZ+AIZBZZ:|
A21B11 + AZZBZI A21B12 + A22B22 i

then

provided the dimensions of the submatrices are such that the products
A;jBy, i, j, k = 1, 2 above can be formed.

Rank of a Matrix

The rank of a matrix A is equal to the maximum number of linearly
independent row vectors of A. It is also equal to the maximum number of
linearly independent column vectors. An m x n matrix is said to be of full
rank if the rank of A is equal to the minimum of m and n. A square matrix is of
full rank if and only if it is invertible (i.e., nonsingular).

Positive Definite and Semidefinite Matrices

A square symmetric n X n matrix A4 is said to be positive semidefinite
if x’Ax = 0 for all x € R". It is said to be positive definite if x’Ax > 0 for all
nonzero x € R". The matrix A is said to be negative semidefinite (definite) if
(— A) is positive semidefinite (definite).

A positive (negative) definite matrix is invertible and its inverse is also
positive (negative) definite. Conversely, an invertible positive (negative)
semidefinite matrix is positive (negative) definite. If A and B are n x n
positive semidefinite (definite) matrices, then the matrix 24 + uB is also
positive semidefinite (definite) for all A >0 and u>0.If A is an n x n
positive semidefinite matrix and C is an m x n matrix, then the matrix CAC’
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is positive semidefinite. If 4 is positive definite, C has full rank, and m < n,
then CAC’ is positive definite.

An n x n positive definite matrix 4 can be written as CC’ where C is a
square invertible matrix. If A is positive semidefinite and its rank is m, then it
can be written CC’, where C is an n x m matrix of full rank.

Matrix Inversion Formulas

The following formulas expressing the inverses of various matrices are
often very useful. Let A and B be square invertible matrices and C be a matrix
of appropriate dimension. Then, if all the inverses below exist,

(A+CBC) '=A"1'-A"ICB '+ CAIC)'CA™ ..

The equation can be verified by multiplying the right-hand side by A + CBC’
and showing that the product is the identity matrix.
Consider a partitioned matrix M of the form

m=[e o}

Then we have

—D"'CQ ! D' + D~1CQBD!
where
Q=(4-BD'O),

provided the matrices D and Q are invertible. The proof is obtained by
multiplying M with the expression for M ~! given above and verifying that
the product yields the identity matrix.

A.4 Topological Concepts in R"

Convergence of Sequences

A sequence of vectors xg, X, ..., Xk, ... in R", denoted {x,}, is said to
converge to a limit vector x if ||x, — x|| = 0 as k — oo (that is, if given ¢ > 0,
there is an N such that forall k > N we have | x, — x| < ¢). If {x,} converges
to x, we write x, — x or lim,_, . x, = x. As can be easily verified we have
Ax, + By, - Ax + Byifx, — x,y, — y,and A, B are matrices of appropriate
dimension.
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A point x is said to be a limit point of a sequence {x,} if there is a subse-
quence of {x,} that converges to x, i.e., if there is an infinite subset K of the
nonnegative integers such that {x,},.x converges to x.

A sequence of real numbers {r,} that is monotonically nondecreasing
(nonincreasing), i.e., satisfies r, < ., (r, = r,4,) for all k, must either con-
verge to a real number or be unbounded above (below), in which case we
write lim, _, ,, r, = + 00 (— o). Given any bounded sequence of real numbers
{r,} we may consider the sequence {s,}, where s, = sup{r;|i = k}. Since this
sequence is monotonically nonincreasing and bounded it must have a limit
called the limit superior of {r,} and denoted lim sup, ., , r,. We define similarly
the limit inferior of {r,} and denoteit lim inf, _, , r,.If {r,} isunbounded above,
we write lim sup,.,, r, = + o0 and if it is unbounded below, we write
lim inf,, , r, = —o0. We also use this notation if r, € [— 20, oo] for all k.

Open, Closed, and Compact Sets

A subset S of R" is said to be open if for every point x € S one can find an
¢ > Osuchthat {z||z — x|| < ¢} < S. A set Sisclosed if and only if its comple-
ment in R" is open. Equivalently S is closed if and only if every convergent
sequence {x,} with elements in S converges to a point that also belongs to S.
A set S is said to be compact if and only if it is both closed and bounded (i.e., it
is closed and for some M > 0 we have ||x| < M for all xe S). A set S is
compact if and only if every sequence {x,} with elements in S has at
least one limit point that belongs to S. Another important fact is that if
S0, 815 ..., 8, ... is a sequence of nonempty compact sets in R" such that
Sy @ Sy+, for all k, then the intersection ﬂ v~ o S, is a nonempty and compact
set.

Continuous Functions

A function f mapping a set S, into a set S, is denoted by f: S, — S,. A
functionf: R" — R™is said to be continuous if f(x,) = f(x) whenever x, — x.
Equivalently f is continuous if given x € R" and ¢ > 0, there is a 6 > 0 such
that whenever jly — x| < & we have || f(y) — f(x)| < &. The function

(@ fi + a f2)(°) =a fi(+) + ay f5(+)

is continuous for any two scalars a;, a, and any two continuous functions
S farR* > R™ If §,,8,,S; are any sets and f,:S, —» S,,/5:5, = S, are
functions, the function f, - f;: S, — S; defined by (f>- f1)(x) = fo[ f1(x)] is
called the composition of f, and f,. If f;: R" > R™ and f,: R™ — R? are con-
tinuous, then f; - f] is also continuous.
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A.5 Convex Sets and Functions

A subset C of R" is said to be convex if for every x,, x, € C and every
scalar a with0 < o« < 1 wehaveax, + (1 — a)x, € C. In words, C is convex if
the line segment connecting any two points in C belongs to C. A function
f:C — R defined over a convex subset C of R" is said to be convex if for every
X, X, € C and every scalar « with 0 < o < 1 we have

Sloxy + (1 — a)x,] < af (xy) + (1 — a) f(x2)

The function f is said to be concave if (—f) is convex. If f: C — R is convex,
then the sets I'; = {x{x € C, f(x) < A} are also convex for every scalar 4. An
important property is that a real-valued convex function on R" is always a
continuous function.

If i, f5, - .., f.. are convex functions over a convex subset C of R" and
oy, 03,. .., 0, are nonnegative scalars, then the function «, f; + - -+ + a,, frn
is also convex over C.If f: R™ — Ris convex, A isanm x nmatrix,and bisa
vector in R™, the function g: R" — R defined by g(x) = f(Ax + b) is also
convex. If f: R" > R is convex, then the function g(x) = E,, {f(x + w)},
where w is a random vector in R", is a convex function provided the expected
value is well defined and finite for every x € R".

For functions f: R" — R that are differentiable there are alternative
characterizations of convexity. Thus if Vf(x) denotes the gradient of fat x, i.e.,

Vi (x) = [0f (x)/ox", ..., of (x)/ox"T,
the function f'is convex if and only if
fO) = fx)+ VF(x)(y — x), for all x, yeR"
If V3f(x) denotes the Hessian matrix of f at x, i.e., the matrix
V¥ (x) = [0%f (x)/0x' ox']

the elements of which are the second derivatives of f at x, then fis convex if
and only if V3f(x) is a positive semidefinite matrix for every x € R". For
detailed expositions see references [H6], [H10], and [R6].



Appendix B

On Optimization Theory

Given a real-valued function f: S — R defined on a set S and a subset
X < §, by the optimization problem

minimize f(x)
B.1
subjectto xe€ X, (B.T)

we mean the problem of finding an element x* € X (called a minimizing ele-
ment or an optimal solution) such that

S < fix)  VxeX.

Such an element need not exist. For example, the scalar functions f(x) = x
and f(x) = ¢* have no minimizing elements over the set of real numbers. The
first function decreases without bound to — oo as x tends toward — oo while
the second decreases toward 0 as x tends toward —oo but always takes
positive values. Given the range of values that f(x) takes as x ranges over X,
i.e., the set of real numbers

{/(x)|xe X}
there are two possibilities:

(@) The set {f(x)|x € X} is unbounded below (i.e., contains arbitrarily
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small real numbers) in which case we write

inf{f(x)|[xe X} = —o0 or in}l\ff(x): — 00,

(b) The set {f(x)|x e X} is bounded below, i.e., there exists a scalar M
such that M < f(x) for all x € X. The greatest lower bound of { f(x)|x € X}
we denote by

inf{f(x)|x € X} or inf f(x).

xeX
In either case we call inf, .y f(x) the optimal value of problem (B.1). If a
minimizing element x* exists, then

f(x*) = inff(x),
xeX
in which case we also write
f(*) = minf(x) = inff(x),

and use the notations min, . x f(x) and inf, .y f(x) for the optimal value inter-
changeably.
A maximization problem of the form

maximize f(x)
subject to xe X,

may be converted into the minimization problem

minimize — f(x)
subjectto xe X,

in the sense that both problems above have the same optimal solutions and
the optimal value of one is equal to minus the optimal value of the other.
This optimal value for the maximization problem is denoted sup,.x f(x).
When a maximizing element is known to exist we also write interchangeably

max,. x f(X)

Existence of Optimal Solutions

We are often interested in verifying the existence of at least one minimizing
element in problem (B.1). Such an element clearly exists when X is a finite set.
When X is not finite the existence of a minimizing point in problem (B.1) is
guaranteed if f: R" — R is a continuous function and X is a compact subset
of R" This is the Weierstrass theorem. By a related result existence of a
minimizing point is guaranteed iff: R” — R is a continuous function, X = R"
and f(x) - + o0 if ||x|| = + 0.
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Necessary and Sufficient Conditions for Optimality

Such conditions are available when f is a differentiable function on R"
and X is a convex subset of R” (possibly X = R"). Thus if x* is a minimizing
point in problem (B.1),/: R" — R is a continuously differentiable function on
R" and X is convex we have

Vi(x*y(x — x*) =20 Vxe X, (B.2)

where Vf(x*) denotes the gradient of fat x*. When X = R",i.e., the minimiza-
tion is unconstrained, the necessary condition (B.2) is equivalent to the
familiar condition

Vf(x*) = 0. (B.3)
When [ is in addition twice continuously differentiable and X = R”", an
additional necessary condition is that the Hessian matrix Vf(x*) is positive
semidefinite at x*. An important fact is that if f: R" — R is a convex function
and X is convex, then (B.2) is both a necessary and a sufficient condition for
optimality of a point x*.
Minimization of Quadratic Forms

Let f: R" —» R be a quadratic form
f(x) = $x'Qx + b'x,

where Q is a symmetric n x n matrix and be R". If Q is a positive definite
matrix, then f'is a convex function. Its gradient is given by

Vf(x)=0x + b.
By (B.3), a point x* is a minimizing point of f'if and only if
Vi(x*)=Qx*+b=0,
which yields
x*=—-Q b
For detailed expositions see references [A2], [L10], and [Z1].



Appendix C
On Probability Theory

This appendix lists selectively some of the basic probabilistic notions we
shall be using. Its main purpose is to familiarize the reader with some of the
terminology we shall adopt. It is not meant to be exhaustive and the reader
should consult references [A8], [F1], [P2], and [P3] for detailed treatments
particularly regarding operations with random variables, conditional prob-
ability, Bayes’ rule, etc. For an excellent recent treatment of measure theoretic
probability theory see the textbook by R. B. Ash, “Real Analysis and Prob-
ability,” Academic Press, 1972.

Probability Space
A probability space consists of

(a) aset(),
(b) acollection .Z of subsets of Q, called events, which includes Q and has
the following properties:

(1) If A is an event, then the complement A = {weQ|w ¢ A} is also an
event. (The complement of Q is the empty set and is considered to be an

event.)
(2) If A, A, are events, then A, N A,, A, U A, are also events.
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(3) IfAy, A,,..., Ay, ...areevents, then | Ji2, A, and ()i, 4, arealso
events.

(c) afunction P(-)assigning to each event 4 a real number P(A), called
the probability of the event A, and satisfying

(1) P(A) = O for every event A.

2) PQ) =1

(3) P(A, v A,) = P(A,) + P(A,)forevery pair of disjoint events A, A,.

@ P(Jr, A) =Y, P(4,) for every sequence of mutually disjoint
events A, A5, ..., Ay, ....

The function P is referred to as a probability measure.

Convention for Finite and Countable Probability Spaces

The case of a probability space where the set Q is a countable (possibly
finite) set is encountered frequently in this text. Where we specify that Q is
finite or countable we implicitly assume that the associated collection of events
is the collection of all subsets of Q (including Q and the empty set). Under
these circumstances the probability of all events is specified by the probability
of the elements of Q (i.e., of the events consisting of single elements in Q). Thus
if Qs a finite set Q = {w,, w,, ..., w,}, the probability space is specified by
the probabilities p,, p,, . .., p., Where p; denotes the probability of the event
consisting of w; above. Similarly if Q@ = {w,, w,, ..., @, ...}, the probability
space is specified by the corresponding probabilities py, p;,..., Py, .... In
either case we refer to (py, p2, ..., Pn) O (P1, P25 ---» Pk» - - -) @S @ probability
distribution over L.

Random Variables

Given a probability space (Q, %, P), a random variable on the probability
space is a function x:Q — R such that for every scalar 4 the set

{weQ|x(w) < A}

is an event, i.e., belongs to the collection F.

An n-dimensional random vector x = (x4, ..., x,) is an n-tuple of random
variables x,, x,, ..., X, each defined on the same probability space.

The distribution function (or cumulative distribution function) F: R - Rofa
random variable x is defined by

F(z) = P({weQ|x(w) < z}),

i.e., F(z) is equal to the probability that the random variable takes a value less
than or equal to z.
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The distribution function F : R" — R of a random vector x = (x,, X5,...,
X,) is defined by

F(zy, 25, ..., 2,) = PlweQ|x,(w) < zy, x5(0) < 25, ..., X, () < z,}).

Given the distribution function of a random vector x = (x,, ..., X,) the
(marginal) distribution function of each random variable x; is obtained from

Fi(zl')= lim .F(ZI,ZZ,...,Z,').

zj— 0, J#IQ
The random variables x,, ..., X, are said to be independent if
F(zb sy Zn) = Fl(zl)'FZ(ZZ) e 'F"(Z"'),

for all scalars z4, ..., z,.
The expected value of a random variable x with distribution function F
is defined as

E{x} = fo 2 dF(2)

provided the integral above is well defined.
The expected value of a random vector x = (x,, ..., x,) is the vector
E{x} = (E{xl}’ E{XZ}, ey E{xn})'

The covariance matrix of a random vector x = (x,, ..., Xx,) with expected

value E{x} = (X;,...,X,) is defined to be the n x n symmetric positive
semidefinite matrix
E{(x, — 3?1)2} cee Bl — X)(xy — X0}
Q.= :
Ef{(x, — X)(x; — X))} --- E {(x, — %)%}

provided the expectations above are well defined.
Two random vectors x and y are said to be uncorrelated if

E{x— E{x})(y — E{(yP} =0

where (x — E{x}) above is viewed as a column vector and (y — E{y}) is
viewed as a row vector.

The random vector x = (x, ..., x,) is said to be characterized by a
piecewise continuous probability density function f: R* — R if f is piecewise
continuous and

Fey...,z) = fw f:---flf@l,...,yn)dyl--dyn,

for every zy,..., z,.
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Conditional Probability

We shall restrict ourselves to the case where the underlying probability
space Q is a countable (possibly finite) set and the set of events is the set of all
subsets of Q.

Given two events A and B we define the conditional probability of B given A
by
P(A N B)/P(A) if P(A) >0,

P(B|4) = {o if P(4) = 0.

If B,, B,, ... are a countable (possibly finite) collection of mutually exclusive
and exhaustive events (i.e., the sets B; are disjoint and their union is £2) and A
is an event, then we have

P(4) = ¥ P(A N B)).

From this one may prove that
P(A) = ), P(B)P(A|B)).

This is called the theorem of total probability. From the expressions above
we obtain for every k

P(B,|4) = P(4 © BY/P(4) = P(B)P(A|B,)/Y; P(B)P(A|B)),

provided P(A) > 0. The relation above is referred to as Bayes’ rule.
Consider now two random vectors x and y on the (countable) probability

space taking values in R" and R™, respectively [i.c., x(w) € R", y(w) € R™ for

all w € Q]. Given two subsets X and Y of R" and R™, respectively, we denote

P(X1Y) = P({o|x(w) e X}|{w|fw) € Y}).

For a fixed vector w € R" we define the conditional distribution function
of x given w by

F(z|w) = P({o|x(w) < z}{w|y(@) = w}),

and the conditional expectation of x given w by

E{x|w} = f z dF(z|w),
provided the integral above is well defined. Note that E{x|w} is a function
mapping w into R". Similarly one may define the conditional covariance of x
given w, etc.
If w,, w,, ... are the elements of Q, let us denote

Z; = x(w,'), w; = y(wi), i= 1, 2, e
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Also for any vectors z e R", w e R™, let us denote
P(z) = P{w|x(w) = z}),  P(w) = P{ow|yw) = w}).

Wehave P(z) = 0ifz # z;,i =1,2,...,and Pw) = 0ifw # w,,i=1,2,....
Denote also

P(z|w) = P({o|x(w) = z}|[{o|y(w) = w}).
Then if P(w) > 0, Bayes’ rule yields
P(z;|w) = P(z)P(w|z)/Y iP(z)P(w/z)),  i=1,2,....
Pizlw)=0 if z#£z, i=12,...,
where P(w/z) = P({w/y(w) = w}|{w|x(w) = z}).



Appendix D

On Finite State Markov Chains

A square n x n matrix [p;;] is said to be a stochastic matrix if all its ele-
ments are nonnegative, i.c., p;; = 0,i,j = 1, ..., n,and the sum of the elements
of each of its rows equals unity, i.e., Y -, pijj=1forallj=1,...,n

Stationary Finite State Markov Chains

Suppose we are given a stochastic n x n matrix P together with a finite
set S = {s!,...,s"} called the state space with elements s, ..., s" called
states. The pair (S, P) will be referred to as a stationary finite state Markov
chain. We associate with (S, P) a process whereby an initial state x, €S is
chosen in accordance with some initial probability distribution

Do = (p(l),p(z),sp'('))

Subsequently a transition is made from state x, to a new state x, €S in
accordance with a probability distribution specified by P as follows. The
probability that the new state x, will be s/ is equal to p;; whenever the initial
state x, is s, i.e.,

P(x1=ij0=si)=pij’ i,j=1,...,n-
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Similarly subsequent transitions produce states x; , X3, . . . in accordance with
P(x, sy = s'|x, = 5) = pyj, hj=1,...,n (D.1)

The probability that after the kth transition the state x, will be equal to s;
given that the initial state x, is equal to s; is denoted

pii= P =5lxo=5), ij=1...,n (D-2)

These probabilities may be easily calculated to be equal to the elements of the
matrix P* (P raised to the kth power), in the sense that p}; is the element in the
ith row and jth column of P*:

P* = [ph]. (D.3)

Given the initial probability distribution p, of the state x, (viewed as a row
vector in R"), the probability distribution of the state x, after k transitions

pk = (p:’pl%7"'9pz)
(viewed again as a row vector) is given by
Px = Po P, k=12,.... (D.4)

This relation follows immediately from (D.2) and (D.3) once we write

n n

pi = ZP(xk = s'|xo = s)pp = Z Pfjpf)-

i=1 i=1

Nonstationary Finite State Markov Chains

Suppose we are given instead of a single stochastic matrix P a sequence
{P,} of stochastic n x n matrices P,, P, .... Werefer to the pair (S, {P,}) as
a nonstationary finite state Markov chain and we associate with it the following
process. The initial state x, € S is chosen in accordance with an initial dis-
tribution p, = (p3, p3, . . ., p§). Subsequently a transition is made to a state
x; € § in accordance with

P(x, = s'|xq = s') = p;{0), Lhj=1,...,n,

where p;{0) is the element in the ith row and jth column of the stochastic
matrix Py (P, = [p;£0)]). Subsequent transitions produce states in accordance
with

P(xy 4y = &|x, = 5) = pik), ij=1,...,n,

where p, (k)is the element in the ith row and jth column of P,. The probabilities

p',5j=P(xk=sj|xo=si), Lj=1,...,n
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can be calculated to be equal to the elements of the matrix Py P, --- P, _,:
PPy P,y = [PZ]

Given the initial probability distribution p, of the state x, the probability
distribution p, = (pi, ..., p}) of x, is given by

Px = PoPoPy---Py_y, k=1,2,....

We subsequently restrict ourselves to stationary Markov chains.

Classification of States of a Markov Chain

Given a stationary finite state Markov chain (S, P) we say that two states
x and x’ communicate if there exist two positive integers k, and k, such that
p§t > 0and p§? > 0. This definition does not exclude the possibility of a state
communicating with itself.

Let S < S be a subset of states such that:

(a) All states in S communicate with each other.
(b) Ifs‘eSands'¢S, then pf; = 0 for all k.

Then we say that S forms an ergodic class of states.

If S forms by itself an ergodic class (i.e., all states communicate with each
other), then we say that the Markov chain is irreducible. It is possible that
there exist several ergodic classes. It is also possible to prove that at least one
ergodic class must exist. States that do not belong to any ergodic class are
called transient. Transient states are characterized by the fact that

limp%=0 ifandonlyif s'is transient.
k=

In other words, if the process starts at a transient state the probability of
returning to the same state after k transitions diminishes to zero as k tends to
infinity.

It is easy to see from the definitions given that during the process of tran-
sition between states once an ergodic class is entered then the process remains
within this ergodic class for every subsequent transition. Thus if the process
starts within an ergodic class, it stays within that class. If it starts at a transient
state, it eventually (with probability one) enters an ergodic class after a
number of transitions and subsequently remains there.

Limiting Probabilities

An important property of any stochastic matrix P is that the matrix P*
defined by

N—-1
P* = lim(1/N) } P*
N-w k=0
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exists [in the sense that the sequences of the elements of (1/N) Y ¥=¢ P* con-
verge to the corresponding elements of P*]. The elements p}; of P* satisfy

ph = 0, prj=1, i=1,....n
i=1

1.e., P* is a stochastic matrix.
If§S < Sisanergodicclassand s', s € §, then it may be proved that for all k
such that s* € S,

pk = pi > 0,

so that if a Markov chain is irreducible, the matrix P* has identical rows. Also
if s/ is a transient state, we have

ph = Vies,
so that the columns of the matrix P* corresponding to transient states are
identically zero.
First Passage Times

Let us denote by g; the probability that the state will be s’ for the first time
after exactly k > 1 transitions given that the initial state is s, i.e.,

q,i(j = P(xk = Sj, X # Sj,l <m< kaO = Si).
Denote also for fixed i and j,
Kij = mln{k 2 llxk = Sj, xo = si}-

Then K;;, called the first passage time from i to j, may be viewed as a random
variable. We have foreveryk = 1,2, ...,

P(Kij =k) = q:'(ja

and we write
P(K;; = ) = P(x, # SVk=1,2,..|xg=5)=1— Zq{-‘j.
k=1

Of course, it is possible that ), gf; < 1. This will occur, for example, if
s’ cannot be reached from s’ in which case g; = O for all k = 1,2, .... The
mean first passage time from i to j is the expected value of K;;:

k;kqi-‘,- it Xa=1
E{K;} = ©
o0 if Ygh<l
k=1
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It may be proved that if s* and s’ belong to the same ergodic class, then
E{K;} < co.

Ifs'and s’ belongto two different ergodicclasses,then E{K;;} = E{K;} = .
If s* belongs to an ergodic class and s/ is transient, we have E{K;;} = oo.

Interpretation of Accessibility Conditions

In Chapter 8 we utilized the condition that there exists a special state
s* € S such that

E{K,’k} < 00 VsiGS. (D.S)

Now in view of the preceding discussion the state s* cannot be transient
and thus it must belong to an ergodic class. Furthermore, there cannot be more
than one ergodic class since if some state s/ belonged to a different ergodic
class than the one of s* we would have E{K} = co. Thus there must exist
a single ergodic class and s* must belong to it. Conversely, condition (D.5)
always holds when a single ergodic class exists and s* belongs to it. In con-
clusion assuming existence of a state s* such that (D.5) holds is equivalent to
assuming the existence of a single ergodic class.

Assume now that we have a collection of n x n transition probability
matrices P(u) parameterized by the elements g of some set M. Let us denote
by E{K;{u)} the mean first passage time for going from s’ to s’ when the
transition probability matrix is P(y). Then clearly from the discussion given
earlier it follows that the condition

there exists s* € S such that E {K,; (1)} <Oforall s'eS,ueM,

is equivalent to assuming that, for every u, P(u) gives rise to a Markov chain
with a single ergodic class and s* belongs to that class. In particular, the
condition above is satisfied if the Markov chain corresponding to P(u) is
irreducible for every u€ M. For detailed expositions see references [C3]
and [K7].
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