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Computer Chess - AlphaZero (2017)

AlphaZero (and most chess programs) involve two algorithms:
Off-line training of a position evaluator (among others), using deep NNs

On-line play by multistep lookahead, and position evaluation at the end

Most attention has been focused on the AlphaZero off-line training, which involves
important innovations in NN technology, approximate policy iteration, etc

The on-line algorithm part is more or less traditional. It is critically important for
good performance

On-line play in computer chess is strongly connected with MPC
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Model Predictive Control (MPC): `-Step Lookahead Optimization with
Cost Approximation J̃ at the End

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗(f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x
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Time 0 Time k Transformer Heuristic
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(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j
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1 − dm
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min
uk,uk+1,...,uk+`�1

(
`�1X

m=0

g(xk+m, uk+m) + J̃(xk+`)

)

Jk Jk+1 Fixed Base Policy

Adaptive Reoptimization Position Evaluator Instability Region

Threshold Stability Region

Newton step from Jk J⇤ = TJ⇤ T J̃ = minµ TµJ̃

Newton-SOR step

Linear policy parameter Optimal ` = 3 ` = 2 m = 4 Model minµ TµJ̃

minµ TµJ̃ µ̃ = arg minµ TµJ̃ Player/Policy Jµ = TµJµ

With the Newton Step Adaptive Rollout Cost Approximation

Generic Policy µ Tµ̃J “Greedy” policy Cost

Policy Evaluation of Base Policy µ TµJ Tµ̃J “Greedy” policy Cost

Linearization T 0
Jk

J Result of Newton step from Jk for solving J = TJ

Policy Improvement Yields Rollout Policy µ̃

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

“Multistep Greedy” policy at J̃ “Multistep Greedy” Cost

Without the Newton Step Base Player Threshold

Cost of Rollout Policy µ̃

Jµk = TµkJµk Jµk+1 = Tµk+1Jµk+1 Reoptimization

Current Position xk ON-LINE PLAY Lookahead Tree States xk+1

States xk+2

Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ (attains the min)

Corresponds to One-Step Lookahead Tree States xk+1 States xk+2

Policy Evaluation for µk and for µk+1 Evaluation Policy µ̃ with Tµ̃J̃ =
T J̃

Policy Improvement

Position Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ TµJ

Cost of µk Cost of µk+1

NOTE: J is a function (an n-vector for n states) Cost

The figure is a one-dimensional “slice” of the graph of J

1

Current Position xk ON-LINE PLAY

Off-Line Obtained Player Off-Line Obtained Cost Approximation

OFF-LINE TRAINING

6 1 3 2 9 5 8 7 10

Player Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature

Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
! Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

If J̃µ

(
F (i), r

)
=

∑s
!=1 F!(i)r! it is a linear feature-based architecture

(r1, . . . , rs: Scalar weights)

Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

Wp′ : Functions J ≥ Ĵp′ with J(xk) → 0 for all p′-stable π

W+ =
{
J | J ≥ J+, J(t) = 0

}
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(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1

Current State Control uk !-Step Lookahead Minimization uk+1, . . . , ul+!−1

Off-Line Obtained Terminal Cost Approximation J̃

for Riccati Equation Next Control uk

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗(f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x At xk

FL(K) for L Corresponding to an Unstable and a Stable Policy

Input (Control) Output (Function of the State) Changing Fixed . . .

Time 0 Time k Transformer Heuristic

Region of convergence d θ x l Stage N u = (u0, . . . , uN−1)
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1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability
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Apply the first control ũk, discard the remaining controls

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃
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n xk+2 xk+n xk+! Shortest Path Move Chosen
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F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2
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NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Discrete-time deterministic optimal control problem
Dynamic system equation at time k : xk+1 = f (xk , uk )

State and control at time k : xk and uk

Cost at stage k : g(xk , uk ) (≥ 0; can take∞ values to specify state and control
constraints)
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Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π
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Current Position xk ON-LINE PLAY Lookahead Tree States xk+1
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NOTE: J is a function (an n-vector for n states)
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NEWTON STEP INTERPRETATION

minu∈U(x) E
{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem
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(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1
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(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1
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Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator All legal moves uk

Nominal Opponent Position Evaluator Engine Newton step Starting point enhancement

Nominal Opponent Position Evaluator Engine

`-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F `�1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion Slope =1

Apply the first control ũk, discard the remaining controls

Transition Probabilities Depend on Data (Are Available) ⇡ Greedy Rollout Policy ⇡̃

x⇤ minimizes D(x) + H(x) over the leaf nodes x 2 S Current State J̃(xk+`) · · · Critical

xk+` x0 x⇤ xk (Current State) xn xk+1 xn x0
n xk+2 xk+n xk+` Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy ¯̀-Step Lookahead xn+1

Layer ¯̀ x¯̀ Terminal node to expand

F (K)x2 = min
u2<

�
qx2 + ru2 + K(ax + bu)2

 

= min
L2<

min
u=Lx

�
qx2 + ru2 + K(ax + bu)2

 

= min
L2<

�
q + rL2 + K(a + bL)2

 
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L2<

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) � y G(y) Region of Attraction of y⇤

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) � y G(y)

c(2) c(m�1) c(m) c(m+1) c(M) c(M �1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x
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1

It is “isomorphic" to the MPC architecture, except:
In chess the state and control spaces are discrete, while in MPC they are usually
continuous (or mixed discrete-continuous)

In chess the lookahead tree is usually “pruned", while in MPC the lookahead
optimization is usually exact (more on this later)

The differences are inconsequential: The underlying Newton step theory relies on
abstract DP that allows arbitrary state and control spaces, and inexact lookahead

Another difference is that chess is a two-player game. More on this later, but think
of chess against a fixed opponent (this makes chess a one-player game)
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Principal Viewpoints of this Talk

On-line play w/ one-step lookahead is a single step of Newton’s method for solving
the problem’s Bellman equation (similar interpretation applies to multistep
lookahead)

Off-line training provides the starting point for the Newton step

On-line play is the real workhorse ... off-line training plays a secondary role

The Newton step framework is very general, because it is couched on abstract DP
ideas (arbitrary state and control spaces, stochastic, deterministic, hybrid systems,
multiagent systems, minimax, finite and infinite horizon, discrete optimization)
There is a cultural difference that we will aim to bridge:

I Reinforcement Learning/AI research is focused largely on off-line training issues
I Model Predictive Control research is focused largely on on-line play and stability issues

MPC and RL have strong similarities, and stand to learn a lot from each other

Bertsekas MPC AND RL 7 / 28



MPC for Linear-Quadratic Problems

We focus on one-dimensional problems for easy visualization (xk ,uk : scalars)
System: xk+1 = axk + buk , where a, b are given scalars

Cost:
∑∞

k=0(qx2
k + ru2

k ), where q, r are positive scalars

Basic facts: The optimal cost function is a quadratic function of the state x , and
the optimal control policy is a linear function of x

Optimal solution

Optimal cost function: J∗(x) = K ∗x2 where K ∗ is the unique positive solution of
the Riccati equation

K = F (K ), where F (K ) =
a2rK

r + b2K
+ q is the Riccati operator

Optimal policy: Linear of the form µ∗(x) = L∗x , where L∗ is the scalar given by

L∗ = − abK ∗

r + b2K ∗

The insights from one dimensional/linear-quadratic problems generalize
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Graphical Solution of the Riccati Equation K = F (K )

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps
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Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

Perfect-State Info Ch. 3

1

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

using an Corresponds to One-Step Lookahead Policy µ̃

Line

1

Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

K ∗ corresponds to the point of intersection of the graph of F with the 45-degree line
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Visualization of Riccati Iteration [or Value Iteration (VI)]

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
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A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
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n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)
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Termination State Constraint Set X X = X X̃ Multiagent
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b2 + 1 1 − r

b2 K K∗ Kk kk+1
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Current Partial Folding Moving Obstacle
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Rollout with Base Policy m-Step
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u∈U(x)
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pxy(u)
(
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)
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Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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(
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Truncated Rollout Policy µ m Steps
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)
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Termination State Constraint Set X X = X X̃ Multiagent
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b2 + 1 1 − r
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Complete Folding Corresponding to Open
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Rollout with Base Policy m-Step
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(
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)
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sen by Base Heuristic at x0 Initial
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One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent
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b2 + 1 1 − r

b2 K K∗ Kk Kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3
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0 x∗

1 u∗
1 x∗

2 u∗
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3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk Kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

Effective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃

T J = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost T 2J̃ T J̃

J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

r
b2 + q q F (K) = arK

r+b2K + q

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region

Tµ̃T m
µ J̃ = TT m

µ J̃ Yields Truncated Rollout Policy µ̃ Defined by

1

Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

Effective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃

T J = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

ar
b2 + q q F (K) = a2rK

r+b2K + q K̃ = 0 K̄ KL̃

L̃ = −r + ab2K̃

abK̃
K1 L̃ = −r + ab2K1

abK1

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1)

Tµ̃(T m
µ J̃) = T (T m

µ J̃) Yields Truncated Rollout Policy µ̃ Defined by

Newton step from J̃ for solving J = TJ

1

E↵ective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃ 1

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1) K̂ = a2 � 1

Tµ̃(Tm
µ J̃) = T (Tm

µ J̃) Yields Truncated Rollout Policy µ̃ Defined by

Newton step from J̃ for solving J = TJ

Newton step from T `�1J̃ for solving J = TJ (TJ)(1)

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

VI generates iteratively the optimal cost functions Jk (xk ) of k -stage problems

Jk is quadratic of the form Jk (xk ) = Kk x2
k , where {Kk} is obtained by iterating with the

Riccati operator F :

Kk+1 = F (Kk ), k = 0, 1, . . . , K0 : given
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Visualization of Riccati Equation for Stable and Unstable Linear Policies

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

Effective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃

T J = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost T 2J̃ T J̃

J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

r
b2 + q q F (K) = arK

r+b2K + q

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region

Tµ̃T m
µ J̃ = TT m

µ J̃ Yields Truncated Rollout Policy µ̃ Defined by

1

Assuming |a + bL| < 1, i.e., that the closed loop system is stable, the above summation yields

Jµ(x) = KLx2,

where

KL =
q + rL2

1 − (a + bL)2
.

It follows that KL is the unique solution of the linear equation

K = FL(K),

where

FL(K) = (a + bL)2K + q + rL2;

see Fig. 3.12. This is equivalent to the Bellman equation J = TµJ for the policy µ. On the other hand when

|a + bL| > 1, and the system is unstable, we have Jµ(x) = ∞ for all x #= 0.

The preceding one-dimensional problem is well suited for geometric interpretations such as the ones we

gave earlier in this section, because approximation in value space, and the VI, rollout, and PI algorithms,

involve quadratic cost functions J(x) = Kx2, which can be represented by one-dimensional graphs as func-

tions of just the number K. In particular, Bellman’s equation can be replaced by the Riccati equation (3.12).

Similarly, approximation in value space with one-step and multistep lookahead Figs. 3.3-3.4, the region of

stability Figs. 3.5-3.6, and the rollout and PI Figs. 3.8-3.9 can be represented by one-dimensional graphs.

We will next present these graphs and obtain corresponding geometrical insights. In Section 3.5, we will also

obtain similar insights about what happens in exceptional cases where we may have q = 0 or r = 0.

Bellman’s Equation and Value Iteration

Approximation in Value Space with One-Step and Multistep Lookahead

Region of Stability

Rollout and Policy Iteration

31

E↵ective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃ 1

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q FL̃(K1) K̂ = a2 � 1

Tµ̃(Tm
µ J̃) = T (Tm

µ J̃) Yields Truncated Rollout Policy µ̃ Defined by

Newton step from J̃ for solving J = TJ

Newton step from T `�1J̃ for solving J = TJ (TJ)(1)

1

Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

F (K)x2 = min
u∈"

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

{
q + bL + K(a + bL)2

}
x2

or

F (K) = min
L∈"

FL(K), with FL(K) = (a + bL)2K + q + bL

y0 y1 H(y) = T (y) − y T (y) Region of Attraction of y∗

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = argmin
L

FL(K̃) H(y) = T (y) − y T (y)

to construct the one-step lookahead policy µ̃(x) = L̃x

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Termination State Infinite Horizon Approximation Subspace Bellman Eq: J(1) = αJ(2), J(2) = αJ(2)

Controls u ∈ U(x)

x y Shortest N -Stage Distance x-to-y J∗(1) = J∗(2) = 0 Exact VI: Jk+1(1) = αJk(2), Jk+1(2) =

αJk(2) (2αrk, 2αrk)

Terminal Position Evaluation

1
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}
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{
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}
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or

F (K) = min
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FL(K), with FL(K) = (a + bL)2K + q + bL

y0 y1 H(y) = T (y) − y T (y) Region of Attraction of y∗

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = argmin
L

FL(K̃) H(y) = T (y) − y T (y)

to construct the one-step lookahead policy µ̃(x) = L̃x

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Termination State Infinite Horizon Approximation Subspace Bellman Eq: J(1) = αJ(2), J(2) = αJ(2)

Controls u ∈ U(x)

x y Shortest N -Stage Distance x-to-y J∗(1) = J∗(2) = 0 Exact VI: Jk+1(1) = αJk(2), Jk+1(2) =

αJk(2) (2αrk, 2αrk)

Terminal Position Evaluation

1

F (K)x2 = min
u∈"

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

{
q + bL + K(a + bL)2

}
x2

or

F (K) = min
L∈"

FL(K), with FL(K) = (a + bL)2K + q + bL

y0 y1 H(y) = T (y) − y T (y) Region of Attraction of y∗

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = argmin
L

FL(K̃) H(y) = T (y) − y T (y)

to construct the one-step lookahead policy µ̃(x) = L̃x

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Termination State Infinite Horizon Approximation Subspace Bellman Eq: J(1) = αJ(2), J(2) = αJ(2)

Controls u ∈ U(x)

x y Shortest N -Stage Distance x-to-y J∗(1) = J∗(2) = 0 Exact VI: Jk+1(1) = αJk(2), Jk+1(2) =

αJk(2) (2αrk, 2αrk)

Terminal Position Evaluation

1

F (K)x2 = min
u∈"

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈"

{
q + bL + K(a + bL)2

}
x2

or

F (K) = min
L∈"

FL(K), with FL(K) = (a + bL)2K + q + bL

y0 y1 H(y) = T (y) − y T (y) Region of Attraction of y∗

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = argmin
L

FL(K̃) H(y) = T (y) − y T (y)

to construct the one-step lookahead policy µ̃(x) = L̃x

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Termination State Infinite Horizon Approximation Subspace Bellman Eq: J(1) = αJ(2), J(2) = αJ(2)

Controls u ∈ U(x)

x y Shortest N -Stage Distance x-to-y J∗(1) = J∗(2) = 0 Exact VI: Jk+1(1) = αJk(2), Jk+1(2) =

αJk(2) (2αrk, 2αrk)

Terminal Position Evaluation

1

for Riccati Equation

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗

(
f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x At xk

FL(K) for L Corresponding to an Unstable and a Stable Policy

Input (Control) Output (Function of the State) Changing Fixed . . .

Time 0 Time k Transformer Heuristic

Region of convergence d θ x l Stage N u = (u0, . . . , uN−1)

(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1

1

for Riccati Equation

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗

(
f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x At xk

FL(K) for L Corresponding to an Unstable and a Stable Policy

Input (Control) Output (Function of the State) Changing Fixed . . .

Time 0 Time k Transformer Heuristic

Region of convergence d θ x l Stage N u = (u0, . . . , uN−1)

(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Consider a linear policy µL(x) = Lx and its cost function

It is quadratic of the form KLx2, where KL is the unique solution of the Riccati equation
for linear policies (also called Lyapunov equation):

K = FL(K ), where FL(K ) = (a + bL)2K + q + rL2, it is linear in K

This is only for stable policies (those with |a + bL| < 1). For unstable policies KL =∞
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Visualization of MPC (One-Step Lookahead)

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

Effective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃

T J = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost

FL(K) = (a + bL)2K + q + rL2

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

ar
b2 + q q F (K) = arK
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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Policy Improvement
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Cost of µk Cost of µk+1
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min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

g(xk+m, uk+m) + J̃(xk+!)

}

J̃(xk+!) Jk Jk+1 Fixed Base Policy
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Newton step from Jk J∗ = TJ∗ T J̃ = minµ TµJ̃

Newton-SOR step

Linear policy parameter Optimal ! = 3 ! = 2 m = 4 Model minµ TµJ̃

minµ TµJ̃ µ̃ = argminµ TµJ̃ Player/Policy Jµ = TµJµ
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Apply the first control ũk, discard the remaning controls
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J Result of Newton step from Jk for solving J = TJ
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lookahead with position evaluation at the end

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

“Multistep Greedy” policy at J̃ “Multistep Greedy” Cost

Without the Newton Step Base Player Threshold

Cost of Rollout Policy µ̃

Jµk = TµkJµk Jµk+1 = Tµk+1Jµk+1 Reoptimization

Current Position xk ON-LINE PLAY Lookahead Tree States xk+1
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Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ (attains the min)

Corresponds to One-Step Lookahead Tree States xk+1 States xk+2
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Policy Improvement

Position Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ TµJ

Cost of µk Cost of µk+1

1

The graph of F is the lower envelope of the lines corresponding to linear policies
(stable as well as unstable)

The tangent line corresponding to K̃ defines the (one-step lookahead) MPC policy
with terminal cost K̃ x2

It linearizes the Riccati operator at K̃

Linearization is a critical property for the Newton step interpretation of MPC
(concavity of the Riccati operator is also important)
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Preview of the Newton Step Interpretation (One-Step Lookahead)
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for Riccati Equation

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗

(
f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x At xk

Input (Control) Output (Function of the State) Changing Fixed . . .

Time 0 Time k Transformer Heuristic

Region of convergence d θ x l Stage N u = (u0, . . . , uN−1)

(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1
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and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Off-Line Training On-Line Play
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Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of

NEWTON STEP

Enhancements to the Starting Point of Newton Step

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

and its cost function Jµ̃(x) = KL̃x2 M M − 1 m µ̃(x) = arg minµ(TµJ̃)(x) or

Multistep lookahead moves the starting point of the Newton step closer to K∗

The longer the lookahead the better

The start of the Newton step must be within the region of stability

Longer lookahead promotes stability of the multistep lookahead policy

Value Policy

Off-Line Training On-Line Play

1

The Newton step with starting point K̃ is the mapping

Cost approximation K̃ 7−→ Cost KL̃ of the (one-step) MPC policy

i.e., it relates (superlinearly) cost function approximation with MPC performance
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Newton Step Visualization

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn
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0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk
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Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
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⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ
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(
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1 x∗

2 u∗
2 x∗
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Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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u∈U(x)

E
w

{
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f(x, u, w)
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Truncated Rollout Policy µ m Steps
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Truncated Rollout Policy µ m Steps

1

Effective Cost Approximation Value Space Approximation J̃ Jµ̃ Jµ̃ =
Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Cost of Truncated Rollout Policy µ̃

T J = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost

FL(K) = (a + bL)2K + q + rL2

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

ar
b2 + q q F (K) = arK

r+b2K + q K̃

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stability Region F (K) = arK
r+b2K + q

Tµ̃(T m
µ J̃) = T (T m

µ J̃) Yields Truncated Rollout Policy µ̃ Defined by

Newton step from J̃ for solving J = TJ

1

Interval I Interval II Interval III Interval IV Ks K⇤ Kµ K � 1
2 �µ �1

J 0 Jµ = � 1
µ TµJ = �µ + (1 � µ2)J TJ = minµ2(0,1] TµJ

L̃ = � abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = �µ + (1 � µ2)J K̂

State 1 State 2 2-State/2-Control Example
E↵ective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃

Generic stable policy µ TµJ Generic unstable policy µ0 Tµ0J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J⇤ J⇤(1) J⇤(2) (TJ⇤)(1) = J⇤(1) (TJ⇤)(2) = J⇤(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J

TJ Instability Region Stability Region 0 Tm
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K⇤ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = � abK̃

r + ab2K̃
K1 L̃ = � abK1

r + ab2K1

F (K) =
a2rK

r + b2K

J⇤(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K Tangent Line of Unstable Policy

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Stability Region Slope=1

also Newton Step

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stable Policies Unstable Policy Optimal Policy

Region of stability

Also Region of Convergence of Newton’s Method

1

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

g(xk+m, uk+m) + J̃(xk+!)

}

J̃(xk+!) Jk Jk+1 Fixed Base Policy

Adaptive Reoptimization Position Evaluator Instability Region

Threshold Stability Region

Newton step from Jk J∗ = TJ∗ T J̃ = minµ TµJ̃

Newton-SOR step

Linear policy parameter Optimal ! = 3 ! = 2 m = 4 Model minµ TµJ̃

minµ TµJ̃ µ̃ = argminµ TµJ̃ Player/Policy Jµ = TµJµ

With the Newton Step Adaptive Rollout Cost Approximation

Apply the first control ũk, discard the remaning controls

Generic Policy µ Tµ̃J “Greedy” policy Cost

Policy Evaluation of Base Policy µ TµJ Tµ̃J “Greedy” policy Cost

Linearization T ′
Jk

J Result of Newton step from Jk for solving J = TJ

Policy Improvement Yields Rollout Policy µ̃

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

MPC POLICY Multistep lookahead with position evaluation at the
end

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

“Multistep Greedy” policy at J̃ “Multistep Greedy” Cost

Without the Newton Step Base Player Threshold

Cost of Rollout Policy µ̃

Jµk = TµkJµk Jµk+1 = Tµk+1Jµk+1 Reoptimization

Current Position xk ON-LINE PLAY Lookahead Tree States xk+1

States xk+2 Solve an !-step lookahead problem with terminal cost J̃

Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ (attains the min)

Corresponds to One-Step Lookahead Tree States xk+1 States xk+2

Policy Evaluation for µk and for µk+1 Evaluation Policy µ̃ with Tµ̃J̃ =
T J̃

Policy Improvement

Position Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ TµJ
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F (K)x2 = min
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1

The meaning of superlinear convergence:

The error |KL̃ − K ∗| is MUCH smaller than |K̃ − K ∗|
Explains the good performance of MPC in practice
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Multistep Lookahead - Preview of the Newton Step
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Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π
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Only the first step of the lookahead is a Newton step
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Multistep Lookahead - Illustration of the Newton Step
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Linear policy parameter Optimal ! = 3 ! = 2 m = 4 Model minµ TµJ̃

minµ TµJ̃ µ̃ = argminµ TµJ̃ Player/Policy Jµ = TµJµ

With the Newton Step Adaptive Rollout Cost Approximation

Apply the first control ũk, discard the remaning controls

Generic Policy µ Tµ̃J “Greedy” policy Cost

Policy Evaluation of Base Policy µ TµJ Tµ̃J “Greedy” policy Cost

Linearization T ′
Jk

J Result of Newton step from Jk for solving J = TJ

Policy Improvement Yields Rollout Policy µ̃

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

MPC POLICY Corresponding to K̃ Multistep lookahead with po-
sition evaluation at the end

“Greedy” policy at J̃ “Greedy” Cost of Base Policy µ

“Multistep Greedy” policy at J̃ “Multistep Greedy” Cost

Without the Newton Step Base Player Threshold

Cost of Rollout Policy µ̃

Jµk = TµkJµk Jµk+1 = Tµk+1Jµk+1 Reoptimization

Current Position xk ON-LINE PLAY Lookahead Tree States xk+1

States xk+2 Solve an !-step lookahead problem with terminal cost J̃

Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ (attains the min)

Corresponds to One-Step Lookahead Tree States xk+1 States xk+2

Policy Evaluation for µk and for µk+1 Evaluation Policy µ̃ with Tµ̃J̃ =
T J̃

Policy Improvement

Position Evaluation Policy µ̃ with Tµ̃J̃ = T J̃ TµJ

Cost of µk Cost of µk+1

1

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

g(xk+m, uk+m) + J̃(xk+!)

}

J̃(xk+!) Jk Jk+1 Fixed Base Policy

Adaptive Reoptimization Position Evaluator Instability Region

Threshold Stability Region

Newton step from Jk J∗ = TJ∗ T J̃ = minµ TµJ̃

Newton-SOR step

Linear policy parameter Optimal ! = 3 ! = 2 m = 4 Model minµ TµJ̃

minµ TµJ̃ µ̃ = argminµ TµJ̃ Player/Policy Jµ = TµJµ

With the Newton Step Adaptive Rollout Cost Approximation
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Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)
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Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical
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n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand
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u∈%
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qx2 + ru2 + K(ax + bu)2
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L∈%
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qx2 + ru2 + K(ax + bu)2
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F (K) = min
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FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State
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Multistep lookahead brings the starting point of the Newton step closer to K ∗
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The Importance of the First Step of Lookahead
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Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)
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for Riccati Equation

Approximation Error ‖J̃ − J∗‖ Performance Error ‖Jµ̃ − J∗‖ xk

1st Step Future 1st ! Steps

J∗(x) = min
u∈U(x)

{
g(x, u) + αJ∗

(
f(x, u)

)}
, x ∈ X,

µ̃(x) ∈ arg min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}
, x ∈ X ;

min
uk,uk+1,...,uk+!−1

{
!−1∑

m=0

αmg(xk+m, uk+m) + α!J̃
(
f(xk+!−1, uk+!−1)

)
}

min
u∈U(x)

{
g(x, u) + αJ̃

(
f(x, u)

)}

uk At x At xk

Input (Control) Output (Function of the State) Changing Fixed . . .

Time 0 Time k Transformer Heuristic

Region of convergence d θ x l Stage N u = (u0, . . . , uN−1)

(ũ0, . . . , ũk−1, uk, uk+1, . . . , uN−1)

Time k + 1 Time k + m i j

b0 b1 bm−2 bm−1 0 1 d1 d2 dm−1 dm d1 m m − 1 . . .

1 − b0 1 − b1 − d1 1 − bm−2 1 − bm−1 − dm−1 1 − d1 1 − d2 1 − dm−1

1 − dm

(u0, . . . , uk, uk, ũk+1, . . . , ũN−1) for all ũk+1

Cost Function Approximation
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Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT

!-STEP LOOKAHEAD IS ONE STEP LOOKAHEAD ON F !−1(K̃)
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Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃
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Enhancements to the Starting Point of Newton Step Value Iterations
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NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

1

In `-step lookahead MPC, only the first step of lookahead acts as a Newton step

The remaining `− 1 steps only serve to enhance the starting point of the
first/Newton step

Important insight: The first minimization step should be done exactly, the
remaining steps can be done approximately

Application: In stochastic problems, use certainty equivalence approximations in
all lookahead steps except the first (Bertsekas and Castanon, 1999)
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Region of Stability - When Does MPC Produce a Stable Policy

Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}

1

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃

TJ Instability Region Stability Region

using an Corresponds to One-Step Lookahead Policy µ̃

Line

1

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K Tangent Line of

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Stability Region Slope=1

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stable Policies Unstable Policy Optimal Policy

Region of stability

Also Region of Convergence of Newton’s Method

1

Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K Tangent Line of

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Stability Region Slope=1

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stable Policies Unstable Policy Optimal Policy

Region of stability

Also Region of Convergence of Newton’s Method

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion Slope =1
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The region of stability expands as the lookahead becomes longer
(Value iterations bring K̃ closer to K ∗)
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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Interval I Interval II Interval III Interval IV Ks K∗ Kµ K − 1
2 −µ −1

J 0 Jµ = − 1
µ TµJ = −µ + (1 − µ2)J TJ = minµ∈(0,1] TµJ

L̃ = − abK̃

r + b2K̃

Region of Instability Region of Stability TµJ = −µ + (1 − µ2)J K̂

State 1 State 2 K∗ K̄ 2-State/2-Control Example
Effective Cost Approximation Value Space Approximation State 1

State 2 (TJ)(1)

J̃ Jµ̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J TJ = minµ TµJ Cost of µ̃ − r
b2

Generic stable policy µ TµJ Generic unstable policy µ′ Tµ′J

Cost of Truncated Rollout Policy µ̃ 1 of the graph of T

J∗ J∗(1) J∗(2) (TJ∗)(1) = J∗(1) (TJ∗)(2) = J∗(2)

TJ = minµ TµJ One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

TJ = minµ TµJ Multistep Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Multistep Lookahead Policy Cost J is a function of x

FL(K) = (a + bL)2K + q + rL2 FL̃(K)

T 2J̃ T J̃ J̃ Region where Sequential Improvement Holds TJ ≤ J Tµ̃J

TJ Instability Region Stability Region 0 T m
µ J̃

a2r
b2

a2r
b2 + q q F (K) = a2rK

r+b2K + q K∗ = 0 K̃ = 0 K̄ K̄ = 0 KL̃

L̃ = − abK̃

r + ab2K̃
K1 L̃ = − abK1

r + b2K1

F (K) =
a2rK

r + b2K

J∗(1) = 0 J(1) (TJ)(1) = min{J(1), 1}
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Value Space Approximation J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

One-Step Lookahead Policy Cost l J̃ Jµ̃ = Tµ̃Jµ̃ Tµ̃J

Newton iterate starting from K Tangent Line of Unstable Policy

J̃ Region where Sequential Improvement Holds TJ  J Tµ̃J K̃ µK

TJ Instability Region Stability Region Slope=1

also Newton Step

using an Corresponds to One-Step Lookahead Policy µ̃

Line Stable Policies Unstable Policy Optimal Policy

Region of stability

Also Region of Convergence of Newton’s Method

1

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn
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1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2
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3 5 2 4 6 2
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⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

WE ASSUME A KNOWN OPPONENT Riccati Operator

!-STEP LOOKAHEAD ON K̃ IS ONE STEP LOOKAHEAD ON F !−1(K̃)

K̃ Stable K̃ Unstable Region of Stability

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · · Critical

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈%

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈%

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈%

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

1

Rollout uses K̃ = the cost coefficient of some linear stable base policy µ
A stable base policy produces a stable rollout policy through a Newton step
Policy iteration is repeated rollout, i.e., Newton’s method (Kleinman 1968)

There are several interesting variants of rollout (truncated, fortified, simplified)
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Range of Applications of MPC/Rollout - Our Work at ASU

Our Newton step view of MPC applies very broadly, thanks to the generality of the
underlying abstract DP theory

Traditional MPC applications have dealt with continuous state and control
problems
Chemical process control, robotics, aerospace, self-driving cars, etc

Many successful applications involve discrete state and control spaces
Multiagent robotics: Maintenance/repair, taxi fleet management - joint work with
Stephanie Gil’s group at Harvard (2021-2023)

Data association and multitarget tracking - Musunuru, Li, Weber, and DPB, 2024

Sequential inference/decoding problems and the Wordle puzzle - Bhambri,
Bhatacharjee, and DPB, 2023)

Most likely sequence generation in ChatGPT-like transformers, related HHM
inference, and Viterbi-rollout algorithm - Li and DPB, 2024

Computer chess - Gundawar, Li, and DPB, 2024
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MPC-MC (MetaChess): An Algorithm for Better Computer Chess
(paper posted on arXiv)
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NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations
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1

We introduce a one-player MPC architecture (the true opponent is
approximated by a “nominal" opponent)
We use two available chess engines as components (a meta algorithm)

The position evaluator engine: Evaluates any given position

The nominal opponent engine: Predicts the move of the true opponent of
MPC-MC (exactly or approximately)

Each move involves a Newton step starting at the position evaluation function
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MPC-MC: Computational Results Using the Stockfish (SK) Engine

We tested two variants of the algorithm

Standard version

Fortified version (plays a little better against very strong opponents, a little worse
against weaker opponents)

Table: MPC-MC vs SK

SK Strength Exact. Known Opponent Approx. Known Opponent
Standard Fortified Standard Fortified

0.5 secs 7.5-2.5 8-2 8-2 7-3
2 secs 5-5 5.5-4.5 5.5-4.5 6.5-3.5
5 secs 5-5 5.5-4.5 10-10 10.5-9.5

We use MPC-MC (one-step lookahead), with SK as both the position evaluator
and the nominal opponent, to play against SK

Similar results obtained with other engines

We can obtain better results with multistep lookahead

Parallel computation is essential to reduce the move generation time
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Concluding Remarks

The MPC architecture is the right framework for sequential decision making and
approximate DP, provided it makes use of the synergy between on-line play and
off-line training
Using just off-line policy training without on-line play may not work well

I On-line play uses an exact Newton step (not subject to training errors), and can deal
with changing system parameters (a connection with adaptive control)

Using just on-line play without off-line training misses out on performance
I Off-line training can produce good starting points for the Newton step, and enhance the

stability of the MPC policy

The role of Newton’s method is central - this is a new insight that can guide both
analysis and algorithmic design

Generality: Arbitrary state and control spaces, discrete optimization applications,
multiagent problems, etc (see the book references given in the cover slide)

MPC can be very computationally intensive ... but massive parallel computational
power is possible and can allow more sophisticated on-line play strategies

The cultural divide between RL/AI and control can be bridged: MPC uses a very
similar architecture to AlphaZero, and can benefit from RL/AI ideas

The Decision/Control/MPC community can provide intellectual leadership in the
journey ahead, thanks to its mathematical orientation
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Thank you!

Bertsekas MPC AND RL 28 / 28


	Reinforcement Learning and MPC - A View from Computer Chess
	The Newton Theoretical Framework for MPC
	MPC with Multistep Lookahead
	Region of Stability, Rollout, Policy Iteration
	Applications - Improving the Performance of any Chess Engine with MPC

