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O Chaerephon, many arts among men have been
discovered through practice, empirically;

for experience makes our life proceed deliberately,
but inexperience unpredictably.

(Plato, Gorgias 448¢c)

Preface

A few years ago our curiosity was aroused by reports on new methods in
reinforcement learning, a field that was developed primarily within the ar-
tificial intelligence community, starting a few decades ago. These methods
were aiming to provide effective suboptimal solutions to complex problems
of planning and sequential decision making under uncertainty, that for a
long time were thought to be intractable. Our first impression was that
the new methods were ambitious, overly optimistic, and lacked firm foun-
dation. Yet there were claims of impressive successes and indications of a
solid core to the modern developments in reinforcement learning, suggest-
ing that the correct approach to their understanding was through dynamic
programming.

Three years later, after a lot of study, analysis, and experimentation,
we believe that our initial impressions were largely correct. This is indeed
an ambitious, often ad hoc, methodology, but for reasons that we now un-
derstand much better, it does have the potential of success with important
and challenging problems. With a good deal of justification, it claims to
deal effectively with the dual curses of dynamic programming and stochas-
tic optimal control: Bellman’s curse of dimensionality (the exponential
computational explosion with the problem dimension is averted through
the use of parametric approximate representations of the cost-to-go func-
tion), and the curse of modeling (an explicit system model is not needed,
and a simulator can be used instead). Furthermore, the methodology has a
logical structure and a mathematical foundation, which we systematically
develop in this book. It draws on the theory of function approximation,

xi



xii Preface

the theory of iterative optimization and neural network training, and the
theory of dynamic programming. In view of the close connection with
both neural networks and dynamic programming, we settled on the name
“neuro-dynamic programming” (NDP), which describes better in our opin-
ion the nature of the subject than the older and more broadly applicable
name “reinforcement learning.”

Our objective in this book is to explain with mathematical analysis,
examples, speculative insight, and case studies, a number of computational
ideas and phenomena that collectively can provide the foundation for un-
derstanding and applying the NDP methodology. We have organized the
book in three major parts.

(a) The first part consists of Chapters 2-4 and provides background. It in-
cludes a detailed introduction to dynamic programming (Chapter 2),
a discussion of neural network architectures and methods for training
them (Chapter 3), and the development of general convergence the-
orems for stochastic approximation methods (Chapter 4), which will
provide the foundation for the analysis of various NDP algorithms
later.

(b) The second part consists of the next three chapters and provides the
core NDP methodology, including many mathematical results and
methodological insights that were developed as this book was written
and which are not available elsewhere. Chapter 5 covers methods in-
volving a lookup table representation. Chapter 6 discusses the more
practical methods that make use of function approximation. Chap-
ter 7 develops various extensions of the theory in the preceding two
chapters.

(¢) The third part consists of Chapter 8 and discusses the practical as-
pects of NDP through case studies.

Inevitably, some choices had to be made regarding the material to be
covered. Given that the reinforcement learning literature often involves a
mixture of heuristic arguments and incomplete analysis, we decided to pay
special attention to the distinction between factually correct and incorrect
statements, and to rely on rigorous mathematical proofs. Because some of
these proofs are long and tedious, we have made an effort to organize the
material so that most proofs can be omitted without loss of continuity on
the part of the reader. For example, during a first reading, a reader could
omit all of the proofs in Chapters 2-5, and proceed to subsequent chapters.

However, we wish to emphasize our strong belief in the beneficial in-
terplay between mathematical analysis and practical algorithmic insight.
Indeed, it is primarily through an effort to develop a mathematical struc-
ture for the NDP methodology that we will ever be able to identify promis-
ing or solid algorithms from the bewildering array of speculative proposals
and claims that can be found in the literature.
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The fields of neural networks, reinforcement learning, and approxi-
mate dynamic programming have been very active in the last few years
and the corresponding literature has greatly expanded. A comprehensive
survey of this literature is thus beyond our scope, and we wish to apologize
in advance to researchers in the field for not citing their works. We have
confined ourselves to citing the sources that we have used and that con-
tain results related to those presented in this book. We have also cited a
few sources for their historical significance, but our references are far from
complete in this regard.

Finally, we would like to express our thanks to a number of individu-
als. Andy Barto and Michael Jordan first gave us pointers to the research
and the state of the art in reinforcement learning. Our understanding
of the reinforcement learning literature and viewpoint gained significantly
from interactions with Andy Barto, Satinder Singh, and Rich Sutton. The
first author collaborated with Vivek Borkar on the average cost Q-learning
research discussed in Chapter 7, and with Satinder Singh on the dynamic
channel allocation research discussed in Chapter 8. The first author also
benefited a lot through participation in an extensive NDP project at Al-
phatech, Inc., where he interacted with David Logan and Nils Sandell,
Jr. Our students contributed substantially to our understanding through
discussion, computational experimentation, and individual research. In
particular, they assisted with some of the case studies in Chapter 8, on
parking (Keith Rogers), football (Steve Patek), tetris (Sergey Ioffe and
Dimitris Papaioannou), and maintenance and combinatorial optimization
(Cynara Wu). The joint researches of the first author with Jinane Abounadi
and with Steve Patek are summarized in Sections 7.1 and 7.2, respectively.
Steve Patek also offered tireless and invaluable assistance with the exper-
imental implementation, validation, and interpretation of a large variety
of untested algorithmic ideas. The second author has enjoyed a fruitful
collaboration with Ben Van Roy that led to many results, including those
in Sections 6.3, 6.7, 6.8, and 6.9. We were fortunate to work at the Labo-
ratory for Information and Decision Systems at M.I.T., which provided us
with a stimulating research environment. Funding for our research that is
reported in this book was provided by the National Science Foundation, the
Army Research Office through the Center for Intelligent Control Systems,
the Electric Power Research Institute, and Siemens. We are thankful to
Prof. Charles Segal of Harvard’s Department of Classics for suggesting the
original quotation that appears at the beginning of this preface. Finally,
we are grateful to our families for their love, encouragement, and support
while this book was being written.

Dimitri P. Bertsekas
John N. Tsitsiklis
Cambridge, August 1996
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2 Introduction Chap. 1

This book considers systems where decisions are made in stages. The
outcome of each decision is not fully predictable but can be anticipated
to some extent before the next decision is made. Each decision results in
some immediate cost but also affects the context in which future decisions
are to be made and therefore affects the cost incurred in future stages. We
are interested in decision making policies that minimize the total cost over
a number of stages. Such problems are challenging primarily because of
the tradeoff between immediate and future costs. Dynamic programming
(DP for short) provides a mathematical formalization of this tradeoff.

Generally, in DP formulations we have a discrete-time dynamic sys-
tem whose state evolves according to given transition probabilities that
depend on a decision/control w. In particular, if we are in state i and we
choose control u, we move to state j with given probability p;;j(u). The
control u depends on the state ¢ and the rule by which we select the controls
is called a policy or feedback control policy (see Fig. 1.1). Simultaneously
with a transition from i to j under control u, we incur a cost g(i,u, 7).
In comparing, however, the available controls u, it is not enough to look
at the magnitude of the cost g(i,u, j); we must also take into account the
desirability of the next state j. We thus need a way to rank or rate states j.
This is done by using the optimal cost (over all remaining stages) starting
from state j, which is denoted by J*(j) and is referred to as the optimal
cost-to-go of state j. These costs-to-go can be shown to satisfy some form
of Bellman’s equation

J*(i) = min E[g(i,u, j) + J*(j) | i,u], for all 4,

where j is the state subsequent to ¢, and E[- | ¢,u] denotes expected value
with respect to j, given ¢ and u. Generally, at each state ¢, it is optimal
to use a control u that attains the minimum above. Thus, controls are
ranked based on the sum of the expected cost of the present period and
the optimal expected cost of all subsequent periods.

Decision/Control State

U= uli) »| Stochastic System J
Transition Probabilities

Feedback Control
Policy u

Figure 1.1: Structure of a discrete-time dynamic system under feedback control.
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Sec. 1.1 Cost-to-go Approximations in Dynamic Programming 3

The objective of DP is to calculate numerically the optimal cost-to-
go function J*. This computation can be done off-line, i.e., before the real
system starts operating. An optimal policy, that is, an optimal choice of
u for each 4, is computed either simultaneously with J*, or in real time by
minimizing in the right-hand side of Bellman’s equation. It is well known,
however, that for many important problems the computational require-
ments of DP are overwhelming, because the number of states and controls
is very large (Bellman’s “curse of dimensionality”). In such situations a
suboptimal solution is required.

COST-TO-GO APPROXIMATIONS IN DYNAMIC
PROGRAMMING

In this book, we primarily focus on suboptimal methods that center around
the evaluation and approximation of the optimal cost-to-go function J*,
possibly through the use of neural networks and/or simulation. In partic-
ular, we replace the optimal cost-to-go J*(j) with a suitable approxima-
tion J(j,7), where 7 is a vector of parameters, and we use at state i the
(suboptimal) control fi(¢) that attains the minimum in the (approximate)
right-hand side of Bellman’s equation, that is,

i) = argmin B [g(i, u, j) + J (j,r) | 4, u].

The function J will be called the scoring function or approzimate cost-to-
go function, and the value j(j,r) will be called the score or approximate
cost-to-go of state j (see Fig. 1.2). The general form of J is known and is
such that once the parameter vector r is fixed, the evaluation of J(j, r) for
any state j is fairly simple.

Score or approximate
cost-to-go of state j

= Jir)

Neural network/

State j Approximation map

Parameter vector r

Figure 1.2: Structure of cost-to-go approximation.

We are interested in problems with a large number of states and in
scoring functions J that can be described with relatively few numbers (a
vector r of small dimension). Scoring functions involving few parameters



4 Introduction Chap. 1

will be called compact representations, while the tabular description of J*
will be called the lookup table representation. In a lookup table represen-
tation, the values J*(j) for all states j are stored in a table. In a typical
compact representation, only the vector r and the general structure of the
scoring function J(-,r) are stored; the scores J(j,r) are generated only
when needed. For example, if J (j,7) is the output of some neural network
in response to the input j, then r is the associated vector of weights or
parameters of the neural network; or if J (4,7) involves a lower dimensional
description of the state j in terms of its “significant features,” then r could
be a vector of relative weights of the features. Naturally, we would like to
choose 7 algorithmically so that .J(-,r) approximates well .J*(-). Thus, de-
termining the scoring function J (4,r) involves two complementary issues:
(1) deciding on the general structure of the function J(j,r), and (2) cal-
culating the parameter vector r so as to minimize in some sense the error
between the functions J*(-) and J(-, 7).
We note that in some problems the evaluation of the expression

E[Q(Z,u,j) + J(],T‘) | i7u]a

for each u, may be too complicated or too time-consuming for making deci-
sions in real-time, even if the scores J (j,r) are simply calculated. There are
a number of ways to deal with this difficulty (see Section 6.1). An impor-
tant possibility is to approximate the expression minimized in Bellman’s
equation,

Q+(i,u) = Blg(i,u,§) + J*(j) | i,u],

which is known as the Q-factor corresponding to (i,u). In particular, we
can replace Q*(i,u) with a suitable approximation Q(%,u,r), where r is a
vector of parameters. We can then use at state ¢ the (suboptimal) control
that minimizes the approximate Q-factor corresponding to i:

fi(i) = arg min Q(i, u, 7).

Much of what will be said about the approximation of the optimal costs-
to-go also applies to the approximation of Q-factors. In fact, we will see
later that the @Q-factors can be viewed as optimal costs-to-go of a related
problem. We thus focus primarily on approximation of the optimal costs-
to-go.

Approximations of the optimal costs-to-go have been used in the past
in a variety of DP contexts. Chess playing programs represent an interest-
ing example. A key idea in these programs is to use a position evaluator
to rank different chess positions and to select at each turn a move that
results in the position with the best rank. The position evaluator assigns
a numerical value to each position according to a heuristic formula that
includes weights for the various features of the position (material balance,
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piece mobility, king safety, and other factors); see Fig. 1.3. Thus, the posi-
tion evaluator corresponds to the scoring function J (j,r) above, while the
weights of the features correspond to the parameter vector r. Usually, some
general structure is selected for the position evaluator (this is largely an
art that has evolved over many years, based on experimentation and hu-
man knowledge about chess), and the numerical weights are chosen by trial
and error or (as in the case of the champion program Deep Thought) by
“training” using a large number of sample grandmaster games. It should
be mentioned that in addition to the use of sophisticated position evalua-
tors, much of the success of chess programs can be attributed to the use
of multimove lookahead, which has become deeper and more effective with
the use of increasingly fast hardware.

) Features: .

: Material balance, :

! Mobility, '

: Safety, etc . ;
W | | Feature d _| Weighting | . Score
Wl Extraction of Features

Position Evaluator

Figure 1.3: Structure of the position evaluator of a chess program.

As the chess program paradigm suggests, intuition about the problem,
heuristics, and trial and error are all important ingredients for constructing
cost-to-go approximations in DP. However, it is important to supplement
heuristics and intuition with more systematic techniques that are broadly
applicable and retain as much as possible of the nonheuristic characteristics
of DP. This book will focus on several recent efforts to develop a method-
ological foundation for a rational approach to complex stochastic decision
problems, which combines dynamic programming, function approximation,
and simulation.

APPROXIMATION ARCHITECTURES

An important issue in function approximation is the selection of an ar-
chitecture, that is, the choice of a parametric class of functions J(-,7) or
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Q(-, -,7) that suits the problem at hand. One possibility is to use a neu-
ral network architecture of some type. We should emphasize here that in
this book we use the term “neural network” in a very broad sense, essen-
tially as a synonym to “approximating architecture.” In particular, we do
not restrict ourselves to the classical multilayer perceptron structure with
sigmoidal nonlinearities. Any type of universal approximator of nonlinear
mappings could be used in our context. The nature of the approximating
structure is left open in our discussion, and it could involve, for example,
radial basis functions, wavelets, polynomials, splines, aggregation, etc.

Cost-to-go approximation can often be significantly enhanced through
the use of feature extraction, a process that maps the state i into some vec-
tor f(i), called the feature vector associated with i. Feature vectors sum-
marize, in a heuristic sense, what are considered to be important character-
istics of the state, and they are very useful in incorporating the designer’s
prior knowledge or intuition about the problem and about the structure
of the optimal controller. For example, in a queueing system involving
several queues, a feature vector may involve for each queue a three-valued
indicator that specifies whether the queue is “nearly empty,” “moderately
busy,” or “nearly full.” In many cases, analysis can complement intuition
to suggest the right features for the problem at hand.

Feature vectors are particularly useful when they can capture the
“dominant nonlinearities” in the optimal cost-to-go function J*. By this
we mean that J*(i) can be approximated well by a “relatively smooth”
function J ( f (z)), this happens for example, if through a change of vari-
ables from states to features, J* becomes a (nearly) linear or low-order
polynomial function of the features. When a feature vector can be chosen
to have this property, it is appropriate to use approximation architectures
where features and (relatively simple) neural networks are used together.
In particular, the state is mapped to a feature vector, which is then used as
input to a neural network that produces the score of the state (see Fig. 1.4).
More generally, it is possible that both the state and the feature vector are
provided as inputs to the neural network (see the second diagram in Fig.
1.4).

SIMULATION AND TRAINING

Some of the most successful applications of neural networks are in the areas
of pattern recognition, nonlinear regression, and nonlinear system identi-
fication. In these applications the neural network is used as a universal
approximator: the input-output mapping of the neural network is matched
to an unknown nonlinear mapping F' of interest using a least-squares op-
timization, known as training the network. To perform training, one must
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Feature vector

State Feature extraction [ Neural network/ U
— mapping - Approximation map———®
Parameter r
Feature vector & o
State Feature extraction i) Neural network/ Ry
- mapping ® Approximation map F———
> Parameter r

Figure 1.4: Approximation architectures involving feature extraction and neural
networks.

have some training data, that is, a set of pairs (i, F(z))7 which is represen-
tative of the mapping F' that is approximated.

It is important to note that in contrast with these neural network
applications, in the DP context there is no readily available training set of
input-output pairs (i, J*(z)) that could be used to approximate J* with a
least squares fit. The only possibility is to evaluate (exactly or approxi-
mately) by simulation the cost-to-go functions of given (suboptimal) poli-
cies, and to try to iteratively improve these policies based on the simulation
outcomes. This creates analytical and computational difficulties that do
not arise in classical neural network training contexts. Indeed the use of
simulation to evaluate approximately the optimal cost-to-go function is a
key new idea that distinguishes the methodology of this book from earlier
approximation methods in DP.

Simulation offers another major advantage: it allows the methods
of this book to be used for systems that are hard to model but easy to
simulate, i.e., problems where a convenient explicit model is not available,
and the system can only be observed, either through a software simulator or
as it operates in real time. For such problems, the traditional DP techniques
are inapplicable, and estimation of the transition probabilities to construct
a detailed mathematical model is often cumbersome or impossible.

There is a third potential advantage of simulation: it can implicitly
identify the “most important” or “most representative” states of the sys-
tem. It appears plausible that these states are the ones most often visited
during the simulation, and for this reason the scoring function will tend to
approximate better the optimal cost-to-go for these states, and the subop-
timal policy obtained will on the average perform better.
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1.4 NEURO-DYNAMIC PROGRAMMING

In view of the reliance on both DP and neural network concepts, we use the
name neuro-dynamic programming (NDP for short) to describe collectively
the methods of this book. In the artificial intelligence community, where
the methods originated, the name reinforcement learning is also used. In
common artificial intelligence terms, the methods of this book allow sys-
tems to “learn how to make good decisions by observing their own be-
havior, and use built-in mechanisms for improving their actions through
a reinforcement mechanism.” In the less anthropomorphic DP terms used
in this book, “observing their own behavior” relates to simulation, and
“improving their actions through a reinforcement mechanism” relates to
iterative schemes for improving the quality of approximation of the opti-
mal costs-to-go, or the Q-factors, or the optimal policy. There has been a
gradual realization that reinforcement learning techniques can be fruitfully
motivated and interpreted in terms of classical DP concepts such as value
and policy iteration.

In this book, we attempt to clarify some aspects of the current NDP
methodology, we suggest some new algorithmic approaches, and we iden-
tify some open questions. Despite the great interest in NDP, the theory of
the subject is only now beginning to take shape, and the corresponding lit-
erature is often confusing. Yet, there have been many reports of successes
with problems too large and complex to be treated in any other way. A
particularly impressive success that greatly motivated subsequent research,
was the development of a backgammon playing program by Tesauro [Tes92]
(see Section 8.6). Here a neural network was trained to approximate the
optimal cost-to-go function of the game of backgammon by using simula-
tion, that is, by letting the program play against itself. After training for
several months, the program nearly defeated the human world champion.
Unlike chess programs, this program did not use lookahead of many stages,
so its success can be attributed primarily to the use of a properly trained
approximation of the optimal cost-to-go function.

Our own experience has been that NDP methods can be impressively
effective in problems where traditional DP methods would be hardly ap-
plicable and other heuristic methods would have limited potential. In this
book, we outline some engineering applications, and we use a few compu-
tational studies for illustrating the methodology and some of the art that
is often essential for success.

We note, however, that the practical application of NDP is compu-
tationally very intensive, and often requires a considerable amount of trial
and error. Furthermore, success is often obtained using methods whose
properties are not fully understood. Fortunately, all of the computation
and experimentation with different approaches can be done off-line. Once
the approximation is obtained off-line, it can be used to generate decisions
fast enough for use in real time. In this context, we mention that in the
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artificial intelligence literature, reinforcement learning is often viewed as
an “on-line” method, whereby the cost-to-go approximation is improved
as the system operates in real time. This is reminiscent of the methods
of traditional adaptive control. We will not discuss this viewpoint in this
book, as we prefer to focus on applications involving a large and complex
system. A lot of training data are required for such systems. These data
often cannot be obtained in sufficient volume as the system is operating;
even if they can, the corresponding processing requirements are often too
large for effective use in real time.

We finally mention an alternative approach to NDP, known as ap-
proximation in policy space, which, however, we will not consider in this
book. In this approach, in place of an overall optimal policy, we look
for an optimal policy within some restricted class that is parametrized by
some vector s of relatively low dimension. In particular, we consider poli-
cies of a given form fi(i,s). We then minimize over s the expected cost
E; [J ﬂ('vs)(z’)] , where the expectation is with respect to some suitable prob-
ability distribution of the initial state i. This approach applies to complex
problems where there is no explicit model for the system and the cost,
as long as the cost corresponding to a given policy can be calculated by
simulation. Furthermore, insight and analysis can sometimes be used to
select simple and effective parametrizations of the policies. On the other
hand, there are many problems where such parametrizations are not easily
obtained. Furthermore, the minimization of E;[J#(~%)(i)] can be very dif-
ficult because the gradient of the cost with respect to s may not be easily
calculated; while methods that require cost values (and not gradients) may
be used, they tend to require many cost function evaluations and to be
slow in practice.

The general organizational plan of the book is to first develop some
essential background material on DP, and on deterministic and stochastic
iterative optimization algorithms (Chs. 2-4), and then to develop the main
algorithmic methods of NDP in Chs. 5 and 6. Various extensions of the
methodology are discussed in Ch. 7. Finally, we present case studies in Ch.
8. Many of the ideas of the book extend naturally to continuous-state sys-
tems, although the NDP theory is far from complete for such systems. To
keep the exposition simple, we have restricted ourselves to the case where
the number of states is finite and the number of available controls at each
state is also finite. This is consistent with the computational orientation
of the book.

NOTES AND SOURCES

1.1. The origins of our subject can be traced to the early works on DP
by Bellman, who used the term “approximation in value space,” and
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to the works by Shannon [Sha50] on computer chess and by Samuel
[Sam59], [Sam67] on computer checkers.

The works by Barto, Sutton, and Anderson [BSA83] on adaptive
critic systems, by Sutton [Sut88] on temporal difference methods,
and by Watkins [Wat89] on Q-learning initiated the modern develop-
ments which brought together the ideas of function approximation,
simulation, and DP. The work of Tesauro [Tes92], [Tes94], [Tes95]
on backgammon was the first to demonstrate impressive success on
a very complex and challenging problem. Much research followed
these seminal works. The extensive survey by Barto, Bradtke, and
Singh [BBS95], and the overviews by Werbos [Wer92a], [Wer92b], and
other papers in the edited volume by White and Sofge [WhS92] point
out the connections between the artificial intelligence/reinforcement
learning viewpoint and the control theory/DP viewpoint, and give
many references. The DP textbook by Bertsekas [Ber95a] describes
a broad variety of suboptimal control methods, including some of the
NDP approaches that are treated in much greater depth in the present
book.
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In this chapter we provide an introduction to some of the dynamic program-
ming models that will be the subject of the methodology to be developed
in the subsequent chapters. We focus primarily on infinite horizon models
and on algorithmic issues relating to the basic methods of value and policy
iteration. We also discuss some examples, both for the purpose of orienta-
tion, and also as an introduction to the case studies that will be discussed
in more detail in Ch. 8.

INTRODUCTION

The principal elements of a problem in dynamic programming (DP for
short) are:

(a) A discrete-time dynamic system whose state transition depends on a
control. Throughout this chapter, we assume that there are n states,
denoted by 1,2,...,n, plus possibly an additional termination state,
denoted by 0. When at state i, the control must be chosen from a
given finite set U (7). At state 7, the choice of a control u specifies the
transition probability p;;(u) to the next state j.

(b) A cost that accumulates additively over time and depends on the states
visited and the controls chosen. At the kth transition, we incur a
cost akg(i,u,j), where ¢ is a given function, and « is a scalar with
0 < a <1, called the discount factor. The meaning of o < 1 is that
future costs matter to us less than the same costs incurred at the
present time. For example, consider the case where the cost per stage
g is expressed in dollars, and think of kth period dollars depreciated
to initial period dollars by a factor of (1 4+ r)~*, where r is a rate of
interest; then we naturally have a discounted cost with o = (1+r)—L.

We are interested in policies, that is, sequences m = {po, p1,-..}
where each py, is a function mapping states into controls with py(7) € U(4)
for all states i. Let us denote by iy the state at time k. Once a policy 7
is fixed, the sequence of states iy becomes a Markov chain with transition
probabilities

Plirer = j | ix = 1) = pij (ui(0)).
We can distinguish between finite horizon problems, where the cost
accumulates over a finite number of stages, say N, and infinite horizon

problems, where the cost accumulates indefinitely. In N-stage problems
the expected cost of a policy 7, starting from an initial state i, is

N—-1
J}\T[(Z) =F OéNG(iN) + Z Ozk'g(ik,uk(ik),ikJrl) ‘ = Z‘| ,
k=0
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where aVG(iy) is a terminal cost for ending up with final state ix, and the
expected value is taken with respect to the probability distribution of the
Markov chain {49, 71, ...,in}. This distribution depends on the initial state
ip and the policy 7, as discussed earlier. The optimal N-stage cost-to-go
starting from state 4, is denoted by J3 (4); that is,

J% (1) = min JF (4).

The costs J¥ (i), ¢ = 1,...,n, can be viewed as the components of a vector
N+ which is referred to as the IV-stage optimal cost-to-go vector.
In infinite horizon problems, the total expected cost starting from an
initial state ¢ and using a policy © = {uo, ft1,...} is

N—-1
J (i) = Jm E Z kg (g, e (in), k1) ‘ ip = Z] .
k=0

(If there is doubt regarding the existence of the limit, one can use “lim inf”
in the above expression.) The optimal cost-to-go starting from state i is
denoted by J*(i); that is,

J* (i) = mﬂin J7(i).

We view the costs J*(i), i = 1,...,n, as the components of a vector J*,
referred to as the optimal cost-to-go vector.

Of particular interest in infinite horizon problems are stationary poli-
cies, which are policies of the form = = {p,p,...}. The corresponding
cost-to-go is denoted by J#(i). For brevity, we refer to {u, u,...} as the
stationary policy u. We say that p is optimal if J#(i) = J* (i) for all states
i. The vector J# that has components J#(i), i = 1,...,n, is referred to as
the cost-to-go vector of the stationary policy u.

2.1.1 Finite Horizon Problems

In this subsection, we develop the DP algorithm for the case of finite horizon
problems and when the special termination state 0 is absent. Consider first
the case where there is only one stage, that is, NV = 1. Then the optimal
cost-to-go is by definition

Ji (@) =miny " pis (n0(0)) (90, m0(0), 5) + aG())
j=1

For any fixed state ¢, the minimization over pg is equivalent to a minimiza-
tion over u € U(4), so we can write the above formula as

Ji(0) = min 37 i) (gliv.) + aGU)). 2.1)
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The interpretation of this formula is that the optimal control choice with
one period to go must minimize the sum of the expected present stage cost
and the expected future cost G(j) appropriately discounted by «. The DP
algorithm expresses a generalization of this idea. It states that the optimal
control choice with k stages to go must minimize the sum of the expected
present stage cost and the expected optimal cost J;_;(j) with k —1 stages
to go, appropriately discounted by «; that is,

T (i) = ; ) Hadi(5),  i=1,...,n. (2.2
()= min Zpa (903, u, §) + i1 (5)) i n. (2.2)

Thus, the optimal N-stage cost-to-go vector J% (i) can be calculated recur-
sively with the above formula, starting with

Ji(i)=G@), i=1,...,n. (2.3)

To prove this, we argue as follows. Any policy 7y for the problem with
k stages to go and initial state 4 is of the form {u,7_1}, where u € U(3) is
the control at the first stage and 71 is the policy for the remaining k — 1
stages. Thus,

Jlj(l) = EU?nnk sz] Z U,]) + a‘]l:f;l(]))
u i), T 1]
= min g(,u,7) + o min J (g
Jin me §) +a min JE (7))
= J;% pr 9(i,u, j) + aJi (7))

This argument can also be used to prove that if u},_, (i) attains the min-
imum for each k and i in the DP equation (2.2), then the policy 7* =
{ug, 15, .., wi_q} is optimal for the N-stage problem; that is, J% (i) =
J% (3) for all 4.

Ideally, we would like to use the DP algorithm (2.2) to obtain closed-
form expressions for the optimal cost-to-go vectors J}: or an optimal policy.
Some interesting models admit analytical solution by DP, but in many prac-
tical cases an analytical solution is not possible, and one has to resort to nu-
merical execution of the DP algorithm. This may be very time-consuming,
because the computational requirements are at least proportional to the
number of possible state-control pairs as well as the number of stages V.

2.1.2 Infinite Horizon Problems

Infinite horizon problems represent a reasonable approximation of prob-
lems involving a finite but very large number of stages. These problems
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are also interesting because their analysis is elegant and insightful, and the
implementation of optimal policies is often simple. For example, optimal
policies are typically stationary; that is, the optimal rule for choosing con-
trols does not change from one stage to the next. We will consider three
principal classes of infinite horizon problems. In the first two classes, we
try to minimize J7 (), the total cost over an infinite number of stages given

by

(a)

N-1
Jr(i) = Al E Z akg ik, p(ir), ik+1) ‘ ip = l] :
k=0

Stochastic shortest path problems. Here, @ = 1 but we assume that
there is an additional state 0, which is a cost-free termination state;
once the system reaches that state it remains there at no further cost.
The structure of the problem is assumed to be such that termination
is inevitable, at least under an optimal policy. Thus, the objective
is to reach the termination state with minimal expected cost. The
problem is in effect a finite horizon problem, but the length of the
horizon may be random and may be affected by the policy being
used. We will consider these problems in the next section.

Discounted problems. Here, we assume that @ < 1. Note that the
absolute one-stage cost |g(i,u,j)| is bounded from above by some
constant M, because of our assumption that ¢, u, and j belong to
finite sets; this makes the cost-to-go J7 (i) well defined because it is
the infinite sum of a sequence of numbers that are bounded in absolute
value by the decreasing geometric progression a* M. We will consider
these problems in Section 2.3.

Average cost per stage problems. Minimization of the total cost J7 (i)
makes sense only if J7(¢) is finite for at least some policies © and
some initial states i. Frequently, however, we have J7(i) = oo for
every policy 7 and initial state ¢ (think of the case where a = 1 and
the cost for every state and control is positive). It turns out that in
many such problems the average cost per stage, given by

. 1 .
A K@,
where J% (i) is the N-stage cost-to-go of policy 7 starting at state ¢, is
well defined as a limit and is finite. We will consider these problems
in Section 7.1.

A Preview of Infinite Horizon Results

There are several analytical and computational issues regarding infinite
horizon problems. Many of these revolve around the relation between the
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optimal cost-to-go vector J* of the infinite horizon problem and the optimal
cost-to-go vectors of the corresponding N-stage problems. In particular,
let J3 (7) denote the optimal cost-to-go of the problem involving N stages,
initial state ¢, one-stage cost g(i,u, j), and zero terminal cost. For all states
i=1,...,n, the optimal N-stage cost-to-go is generated after /N iterations
of the DP algorithm

J]:-‘rl _uIEn(}I(lZ)ZpU Z ’LL7]) +CYJZ(]))7 k= 0717"‘ (24)

starting from the initial condition J§(i) = 0 for all .. (We are assuming
here that the termination state 0 is absent.) Since the infinite horizon cost
of a given policy is, by definition, the limit of the corresponding N-stage
costs as N — 00, it is natural to speculate that:

(1) The optimal infinite horizon cost-to-go is the limit of the correspond-
ing N-stage optimal costs-to-go as N — oo, that is,

J*(1) = lim JX(7), (2.5)
N—oo
for all states i. This relation is very valuable computationally and
analytically, and fortunately, it typically holds.

(2) The following limiting form of the DP algorithm should hold for all
states i,

T ; ) +ad (),  i=1,...,n, (2.6
(i) urenl}r(l)Zpg gli,u,j) +aJ*(j), i n, (2.6)

as suggested by Eqs. (2.4) and (2.5). This is not really an algorithm,
but rather a system of equations (one equation per state), which has
as a solution the optimal costs-to-go of all the states. It will be
referred to as Bellman’s equation, and it will be at the center of our
analysis and algorithms. An appropriate form of this equation holds
for every type of infinite horizon problem of interest to us in this
book.

(3) If w(4) attains the minimum in the right-hand side of Bellman’s equa-
tion for each ¢, then the stationary policy p should be optimal. This
is true for most infinite horizon problems of interest and in particular,
for the models discussed in this book.

Most of the analysis of infinite horizon problems revolves around the
above three issues and also around the efficient computation of J* and
an optimal stationary policy. In the next three sections we will provide a
discussion of these issues. We focus primarily on results that are useful for
the developments in the subsequent chapters.
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STOCHASTIC SHORTEST PATH PROBLEMS

Here, we assume that there is no discounting (a = 1) and, to make the
cost-to-go meaningful, we assume that there exists a cost-free termination
state, denoted by 0. Once the system reaches that state, it remains there
at no further cost, that is,

poo(u) =1,  g(0,u,0)=0, YueU(0).

We are interested in problems where reaching the termination state is in-
evitable, at least under an optimal policy. Thus, the essence of the problem
is how to reach the termination state with minimum expected cost.

Two special cases of the stochastic shortest path problem are worth
mentioning at the outset:

(a) The (deterministic) shortest path problem, obtained when the system
is deterministic, that is, when each control at a given state leads with
certainty to a unique successor state. This problem is usually defined
in terms of a directed graph consisting of n nodes plus a destination
node 0, and a set of arcs (4, j), each having a given cost ¢;;. The cost
of a path consisting of a sequence of arcs is the sum of the costs of
the arcs of the path. The objective is to find among all paths that
start at a given node and end at the destination, a path that has
minimum cost; this is also called a shortest path. If we identify nodes
with states, the outgoing arcs from a given node with the controls
associated with the state corresponding to the node, and the costs of
the arcs with the costs of the corresponding transitions, we obtain a
special case of the problem of this section.

(b) The finite horizon problem discussed earlier, where transitions and
cost accumulation stop after NV stages. We can convert this problem
to a stochastic shortest path problem by viewing time as an extra
component of the state. Transitions occur from state-time pairs (i, k)
to state-time pairs (j, k + 1) according to the transition probabilities
pij(u) of the finite horizon problem. The termination state corre-
sponds to the end of the horizon; it is reached in a single transition
from any state-time pair of the form (j, N) at a terminal cost G(j).
Note that this reformulation is valid even if the finite horizon problem
is nonstationary; that is, when the transition probabilities depend on
the time k.

The above two special cases will often arise in various analytical con-
texts and examples, and while they possess special structure that simpli-
fies their solution, they also incorporate some of the key ingredients of the
generic stochastic shortest path problem structure.
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2.2.1 General Theory

In order to guarantee the inevitability of termination under an optimal
policy, we introduce certain conditions that involve the notion of a proper
policy; that is, a stationary policy that leads to the termination state with
probability one, regardless of the initial state.

Definition 2.1: A stationary policy u is said to be proper if, using
this policy, there is positive probability that the termination state will
be reached after at most n stages, regardless of the initial state, that
is, if
pu= max P(in#0]io=1i,p) <1 (2.7)
i=1,...,n

A stationary policy that is not proper is said to be improper.

With a little thought, it can be seen that u is proper if and only if
in the Markov chain corresponding to p, each state i is connected to the
termination state with a path of positive probability transitions. Note from
the condition (2.7) that

P(izn#ouo=i7u)ZP(ign#OUn#O,io:i,u)
< pi.-

More generally, under a proper policy u, we have

Pix #0 |io=i,u) < p’™,  i=1,....m (2.8)
that is, the probability of not reaching the termination state after k stages
diminishes to zero as phk/ nJ, regardless of the initial state. This implies

that the termination state will eventually be reached with probability 1
under a proper policy. Furthermore, the limit defining the associated total
cost-to-go vector J# exists and is finite, since the expected cost incurred in
the kth period is bounded in absolute value by

o™ max]g (, u(0), j) | (2.9)

Throughout this book and whenever we are dealing with stochastic
shortest path problems, we assume the following.

Assumption 2.1: There exists at least one proper policy.
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Assumption 2.2: For every improper policy u, the corresponding
cost-to-go J# (i) is infinite for at least one state .

When specialized to the classical (deterministic) shortest path prob-
lems, Assumption 2.1 is equivalent to assuming the existence of at least
one path from each node to the destination in the underlying graph, while
Assumption 2.2 is equivalent to assuming that all cycles in the underlying
graph have positive cost. These are the typical conditions under which
deterministic shortest path problems are analyzed.

Note that a simple condition that implies Assumption 2.2 is that
the expected one-stage cost E?:o pij(u)g(i, u,j) is strictly positive for all
it # 0 and u € U(i). Another important case where Assumptions 2.1 and
2.2 are satisfied is when all policies are proper, that is, when termination
is inevitable under all stationary policies.

Some Shorthand Notation

The form of the DP algorithm motivates the introduction of two mappings
that play an important theoretical role and provide a convenient shorthand
notation in expressions that would be too complicated to write otherwise.

For any vector J = (J(1),...,J(n)), we consider the vector T'J ob-
tained by applying one iteration of the DP algorithm to J; the components
of T'J are

TJ)(i) = ; N +JIG),  i=1,...n,
( min ij (9(i,u, ) +J(5), i n

where we will always use the convention that J(0) = 0 instead of viewing
J(0) as a free variable. Note that T can be viewed as a mapping that
transforms a vector J into the vector T'J. Furthermore, T'J is the optimal
cost-to-go vector for the one-stage problem that has one-stage cost g and
terminal cost J.

Similarly, for any vector J and any stationary policy u, we consider
the vector T),J with components

)= 3 pi (@) (9 (i p(0).3) + 76D, i= L,

Again, T,,J may be viewed as the cost-to-go vector associated with p for
the one-stage problem that has one-stage cost g and terminal cost J.

Given a stationary policy p, we define the n x n matrix P, whose ijth
entry is ps; (,u(z)) Then, we can write 7),J in vector form as

T.J =g, + P.J,
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where g, is the n-dimensional vector whose ¢th component is
n
gu (1) =Y g (1)) g (i, (), 5).
j=0

Note that the entries of the ith row of P, sum to less than 1 if the proba-
bility pio (u(z)) of a transition to the termination state is positive.

We will denote by T* the composition of the mapping T with itself k
times; that is, for all k£ we write

(TkJ)(i) = (T(T*=1J)) (i), i=1,...,n.

Thus, T*J is the vector obtained by applying the mapping T to the vector
Tk=1J. For convenience, we also write

(TOJ) (i) = J(7), i=1,...,n.
Similarly, the components of Tf.J are defined by
(TEDG) = (TATELD) @), i=1.m,

and
(T2) (i) = J (i), i=1,...,n.

It can be seen from Eq. (2.2) that (T%.J)(4) is the optimal cost-to-go for the
k-stage stochastic shortest path problem with initial state i, one-stage cost
g, and terminal cost J. Similarly, (T} J)(i) is the cost-to-go of a stationary
policy p for the same problem.

Finally, consider a k-stage policy m = {po, pt1,. .., tk—1}. Then, the
expression (T, Ty, -+ Ty, J)(4) is defined recursively by

(T Tarr - Tur 1) (@) = (Tam (Tar Ty ) (@), m=0,... k=2,

and represents the cost-to-go of the policy w for the k-stage problem with
initial state i, one-stage cost g, and terminal cost J.

Some Properties of the Operators 7" and 7},

We now derive a few elementary properties of the operators 7" and 7, that
will play a fundamental role in the developments of this chapter, as well as
in later chapters.
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Lemma 2.1: (Monotonicity Lemma) For any n-dimensional vec-
tors J and J, such that

J(i) < J(3), i=1,...,n,
and for any stationary policy u, we have
(T*kJ) (i) < (T*J)(4), i=1,...,n, k=1,2,...,

(TEI) () < (TET)(), i=1,...,n, k=1,2,...

Proof: This follows from the interpretations of (T*.J)(i) and (T} J)(i) as
k-stage costs-to-go: an increase of the terminal cost can only result in an
increase of the k-stage cost-to-go. A formal proof is easily obtained by
induction on k. Q.E.D.

For any two vectors J and J, we write
J<J if  J@) < J(), i=1,...,n.
With this notation, Lemma 2.1 is stated as
J<J = TkJ <TFJ, k=1,2,...,

J<J = ThJ < Tk, E=1,2,...

Let us also denote by e the n-vector with all components equal to 1:

The following lemma can be verified by induction using the definition of T’
and T},, and the monotonicity property.

Lemma 2.2: Consider the stochastic shortest path problem. Then,
for every k, vector J, stationary policy u, and positive scalar r, we

have
(T*(J +re)) (i) < (TkJ)(i) + 1, i=1,...,n,

(TE(J +re)) (@) < (TEI)(@) +r, i=1,...,n.

If the scalar r is negative, the inequalities are reversed.
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Main Results

The following proposition gives the main results regarding stochastic short-
est path problems. The proof is fairly sophisticated and can be found in
[BeT89], [BeT91a], or [Ber95a].t

Proposition 2.1: Consider the stochastic shortest path problem un-
der Assumptions 2.1 and 2.2.

(a) The optimal cost-to-go vector J* has finite components and sat-
isfies
J*=TJ*.

Furthermore, J* is the only solution of the equation J =T'J.

T We provide a quick proof of the Bellman equation J* = T'J* and also that
T,»J* =TJ" implies optimality of 11", using slightly different assumptions than
those of Prop. 2.1. In particular, we use Assumption 2.1 and we also use the
assumption Z?:o pij(w)g(i,u,j) > 0 for all (i,u) (in place of Assumption 2.2,
which will not be used). Let Jo be the zero vector, and consider the sequence
T*Jo. Our nonnegativity assumption on the expected one-stage cost implies
that Jo < T'Jo, so by using the monotonicity of 7' (Lemma 2.1), we have Tk Jy <
T**1J, for all k. Hence,

Jo <TFJo <T*Jy < lim T™Jo,

m— oo

where each component of the limit vector above is either a real number or +0c0. By
the definition and the monotonicity of T, we have for any policy m = {uo, p1, ...}

lim T7Jo < lim ThgTyy - Ty Jo = J™

m— oo

Since the cost-to-go vector of a proper policy has finite components and there
exists at least one proper policy, it follows that the vector Joo = limp,— oo T Jo
has finite components. By taking the limit as k& — oo in the relation T*+'.J, =
T(T"*Jo) and by using the continuity of T', we obtain Jo, = T'Jeo. Let u* be such
that T« Joo = T'Joo = Joo. Then, since Jo < Joo, we have

J* = lim TxJo < lim T Joo = Joo.

m— oo m— oo

Since we showed earlier that Jo, < J™ for all policies 7, we obtain J“* = Joo =
J*. The preceding argument also proves that J* is the unique solution of the
equation J = T'J within the class of vectors J with J > 0.
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(b) We have
lim T*J = J*,
k—o0

for every vector J.

(¢) A stationary policy u is optimal if and only if

T,J* = TJ*.

(d) For every proper policy p and every vector J, the associated
cost-to-go vector J# satisfies

klim ThEJ = Jk. (2.10)
Furthermore,
Jr=T,Jw,

and J# is the only solution of this equation.

The DP operator T' often has some useful structure beyond the mono-
tonicity property of Lemma 2.1. In particular, T is often a contraction
mapping with respect to a weighted mazrimum norm. By this we mean that
there exists a vector & = (5(1), e ,f(n)) with positive components and a
scalar § < 1 such that

17T =TTl < BIIT = Tlle,

for all vectors J and J, where the weighted maximum norm |- ||¢ is defined

by
|J(1)]
Jlle = max N
(B i=1,.om (1)

We have the following result:

Proposition 2.2: Suppose that all stationary policies are proper.
Then, there exists a vector £ with positive components such that the
mapping 1" and the mappings T}, for all stationary policies p, are con-
traction mappings with respect to the weighted maximum norm || - [|¢.
In particular, there exists some 3 < 1 such that

sz—j(u)f(j) < BEGE), Vi, ueUQ).
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Proof: We first define the vector £ as the solution of a certain DP problem,
and then show that it has the required property. Consider a new stochastic
shortest path problem where the transition probabilities are the same as
in the original, but the transition costs are all equal to —1 (except at the
termination state 0, where the self-transition cost is 0). Let .J(i) be the
optimal cost-to-go from state ¢ in this new problem. By Prop. 2.1(a), we
have for all i = 1,...,n, and stationary policies g,

J(i) = —1 i i (w)J(
(i) +J§%>;p3(u) ()

(2.11)

Define R
&(i) = —=J(4), i1=1,...,n.
1

Then for all 4, we have £(i) > 1, and for all stationary policies p, we have
from Eq. (2.11),

D o (w())EG) <€) =1 < BEE),  i=1,...,m, (2.12)
j=1
where [ is defined by
_ £() —1
AN e <!

For any stationary policy p, any state i, and any vectors J and J, we
have using Eq. (2.12),

(T d) (@) = (T ) ()| = | D pis (ul@)) (J(G) = T ()

S, pzy(ﬂ(i))‘J(J)_j(])|

o W -70)
< ;ng(ﬂ( ))f(]) <j_1’”’n 0 )
< Be(i) max 17G) = 7G|

A TG

Dividing both sides by £(7) and taking the maximum over ¢ of the left-hand
side, we obtain
(T ) (@) = (T ) (0)]

<
Jmex 0 <P max

7)) = T()]
i)
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so that T}, is a contraction with respect to the weighted maximum norm

[ lle-
The preceding calculation also yields

)

[7G) = TG)]
3

(T J) (i) < (Tuj)(l) + BE(i) ‘m’ahx G

j=1,....n

~—

and by taking the minimum of both sides over pu, we obtain

|7(5) — T ()]
R

(TI)(i) < (TT)(i) + B8 (i) max 7

Jj=1,....,n

By interchanging the roles of J and J, we also have

(TJ) (i) < (TJ)() + BE() e J)T

and by combining the last two relations, we obtain
[7() = ()]
£0)
Dividing both sides by £(¢) and taking the maximum over ¢ of the left-hand
side, we obtain that T is a contraction with respect to || - [[c. Q.E.D.

[(TJ)(i) = (TT)(i)| < BE() max

j=1,....n

We now discuss a number of different methods for computing the
optimal cost-to-go vector J*.

2.2.2 Value Iteration

The DP iteration that generates the sequence T*J starting from some J is
called wvalue iteration and is a principal method for calculating the optimal
cost-to-go vector J*. Generally, the method requires an infinite number of
iterations. However, under special circumstances, the method can termi-
nate finitely. A prominent example is the case of a deterministic shortest
path problem, but there are other more general circumstances where ter-
mination occurs. In particular, let us assume that the transition probability
graph corresponding to some optimal stationary policy u* is acyclic. By
this we mean that there are no cycles in the graph that has as nodes the
states 0,1,...,n, and has an arc (i, j) for each pair of states ¢ and j such
that ¢ # 0 and pi; (u*(i)) > 0. Then it can be shown (see [Ber95a], Vol. II,
Section 2.2.1) that the value iteration method will yield J* after at most n
iterations when started from the vector J given by
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The preceding acyclicity assumption requires in particular that there
are no positive self-transition probabilities p“( (4 )) for ¢ # 0, but it turns
out that under our assumption, a stochastic shortest path problem with
such self-transitions can be converted into another stochastic shortest path
problem where p;;(u) = 0 for all i # 0 and v € U(i). In particular, suppose
that psi(u) # 1 for all ¢ # 0 and v € U(4). Then, it can be shown that the
modified stochastic shortest path problem that has one-stage costs

pii(u)g(ia U, Z)
1 — pii(u)

in place of g(i,u, ), and transition probabilities

g(z?u7]):g(7’7u’])+ izl""7nﬂ

5 () 0, if j =1, .
iilu) = pii(u) . . 1=1,...,n,
P 1*137;7;(“)’ ifj #1,

instead of p;j(u), is equivalent to the original in the sense that it has the
same optimal costs-to-go and policies. This becomes intuitively clear once
we note that pi;(u)/(1—pii(u)) is the expected number of self-transitions at
state i, so the cost g(i,u, j) is the total expected cost incurred in reaching a
state j other than 4, counting the cost of intermediate self-transitions. Fur-
thermore, p;;(u) is the probability of transition from state ¢ to a state j # 1,
conditioned on the fact that the next transition is not a self-transition.

Gauss-Seidel Methods and Asynchronous Value Iteration

In the value iteration method, the estimate of the cost-to-go vector is up-
dated for all states simultaneously. An alternative is to update the cost-
to-go at one state at a time, while incorporating into the computation the
interim results. This corresponds to what is known as the Gauss-Seidel

method for solving the nonlinear system of equations J = TJ.
For n-dimensional vectors J, define the mapping F' by

(FJ)(1) = ufenUl?l)Zpu 9(1,u,5) + 7 (5)), (2.13)

and, for i =2,...,n,

(FI)() = min Zp” Jolis ) + 3 pis)(F)(5)

uEU( )
+ Y pig(u)]
J=i

In words, (F'J)(4) is computed by the same equation as (T'J)(¢) except that
the previously calculated values (F'J)(1),...,(FJ)(i — 1) are used in place

(2.14)
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of J(1),...,J(i —1). Note that the computation of F.J is as easy as the
computation of T'J (unless a parallel computer is used, in which case T'J
may potentially be computed much faster than F.J; see [BeT91b], [Tsi89]).

The Gauss-Seidel version of the value iteration method consists of
computing J, F'J, F2J,.... This method is valid, in the sense that F¥.J
converges to J* under the same conditions that T*.J converges to J*. In
fact the same result may be shown for a much more general version of the
Gauss-Seidel method. In this version, it is not necessary to maintain a fixed
order for iterating on the cost-to-go estimates J(i) of the different states;
an arbitrary order can be used, as long as J(i) is iterated infinitely often for
each state i. We call this type of method the asynchronous value iteration
method, and we prove its validity in the next proposition. The method
of proof is typical of convergence proofs of asynchronous algorithms that
satisfy monotonicity conditions (see [BeT89], Section 6.4).

Proposition 2.3: (Asynchronous Value Iteration Convergence) Con-
sider the algorithm that starts with an arbitrary initial vector Jy and
at the kth iteration, chooses an index i € {1,...,n}, replaces the
ixth component of the current vector Ji, with (T'Jy) (i), and leaves all
other components of J; unchanged; that is,

N @Te)(@), ifi=ip,
T (i) = { JIi (), otherwise.

Assume that all components are chosen for iteration infinitely often.
Then, the generated sequence of vectors Jj converges to J*.

Proof: Assume first that the initial vector Jy satisfies TJy < Jy. Let
ko, k1, ... be an increasing sequence of iteration indices such that kg = 0 and
each component J(1),...,J(n) is updated at least once between iterations
km and kpyy1 — 1, for all m = 0,1,.... Then it can be proved by induction
on k that

Jr < Jp <T™mJy, if ky, < k.

Since by Prop. 2.2, we have T™Jy — J*, it follows that J; — J*. Similarly,
we can prove that if Jo < T'Jy, then Jr — J*.

Let now J+ and J— be vectors of the form J+ = J* + de and J— =
J* — de, where ¢ is a positive scalar such that J— < Jy < J+, and e =
(1,...,1). Let J, and J; be the vectors obtained after k iterations of
the algorithm starting from the vectors J— or J+, respectively, instead of
starting from Jo (but with the same sequence of component choices). Then
it can be seen that we have TJ+ < J+ and J— < TJ—, so the preceding
argument implies that J,j — J* and J, — J*. On the other hand, the
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relation J— < Jo < J* implies that J, < Jp < J,j for all k. It follows
that J, — J*. Q.E.D.

Sequential Space Decomposition and Gauss-Seidel Methods

In some stochastic shortest path problems there is favorable structure,
which allows decomposition into a sequence of smaller problems. In particu-
lar, suppose that there is a sequence of subsets S1,S2, ..., Sy of {1,2,...,n}
such that each of the states i = 1,...,n belongs to one and only one of
these subsets, and the following property holds:

For all m = 1,..., M, and states ¢ € Sp,, and under any policy, the
successor state j is either the termination state or else belongs to one
of the subsets Sy,, Sm—1,...,51.

Then it can be seen that the solution of this problem decomposes into the
sequential solution of M stochastic shortest path subproblems. Each sub-
problem is solved using the optimal solution of the preceding subproblems.
The state space of the mth subproblem is the subset S, plus a termination
state which corresponds to a transition to one of the states in the subset
{0}US1U---USy,—1. The cost of transition from a state i € Sy, of the mth
subproblem to the termination state via a state j € {0} US1 U+ U Sp—1
is g3, u,5) + J*(j).

A more favorable form of decomposition can be obtained when the
following property holds, which requires in addition that transitions from
states in a subset S,, cannot lead to states in the same subset:

For all m = 1,..., M, and states ¢ € S,,, and under any policy, the
successor state j is either the termination state or else belongs to one
of the subsets Sy,—1,...,51.

For this case, consider the Gauss-Seidel method that iterates on the states
in the order of their membership in the sets S,,; that is, it first iterates on
the states in the set S, then iterates on the states in the set So, etc. It
can be seen by using induction on the index m, that after a single iteration
on the states in the set S,,, the Gauss-Seidel iterates will be equal to
the corresponding optimal costs-to-go because they will satisfy Bellman’s
equation, which takes the form

J*(i) = min Z pij (W) (g(i,u, ) + J*(5)), Vi€ Sn.
wel(3) |
je{0}US1U--USy, 1

Thus, only one Gauss-Seidel iteration per state is needed.

An important example of such a decomposition is the finite horizon
DP algorithm, which first finds the optimal costs-to-go of the states corre-
sponding to the last stage, then uses these optimal costs-to-go to find the
optimal costs-to-go of the states corresponding to the next-to-last stage,
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etc. For another interesting example, suppose that the states are K-tuples
of the form ¢ = (i1,42,...,iK), where each i, is a nonnegative integer.

The state (0,0, ...,0) is the termination state. Assume that the transition
probabilities have the property

K K
pij(u) >0 only if Z]k < Zlk
k=1 k=1
For all nonnegative integers m, consider the sets of states
K
Z ik = m} .
k=1

Then it can be seen that all transitions from states in a set S,, lead to the
termination state or to states in the set S;U---US;,,—1, and the preceding
decomposition method applies.

S {z‘(z‘l,...,z‘K)

2.2.3 Policy Iteration

In general, value iteration requires an infinite number of iterations to obtain
the optimal cost-to-go vector. There is an alternative to value iteration,
called policy iteration, which always terminates finitely. In this algorithm,
we start with a proper policy uo, and we generate a sequence of new proper
policies p1, p2, . . .. Given the policy ug, we perform a policy evaluation step,
that computes J#k (i), i = 1,...,n, as the solution of the (linear) system
of equations

J6@) = 3w (@) (9,1 ) +7G))s i=1m, (215)
j=0

in the n unknowns J(1),...,J(n) [cf. Prop. 2.1(d)]. [Recall that J(0) is
set to zero and is therefore not an unknown.] We then perform a policy
improvement step, which computes a new policy pg4+1 as

.[Lk+1(i) = arg IniIl‘ szj(u)(g(%u,]) + Jﬂk(]))a t=1,...,n,

(2.16)
or equivalently, as the policy satisfying

TMH_1 Jhke = T JHE .

The process is repeated with puri1 used in place of pg, unless we have
JHe+1(7) = Jrk(3) for all 4, in which case the algorithm terminates with
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the policy ug. The following proposition establishes the validity of policy
iteration.

Proposition 2.4: The policy iteration algorithm generates an im-
proving sequence of proper policies [that is, JH¥k+1 (i) < JFk(3) for all
i and k| and terminates with an optimal policy.

Proof: In the typical iteration, given a proper policy p and the correspond-
ing cost-to-go vector J#, one obtains a new policy [ satisfying 15 J# = T J*~.
Then we have J# = T, J+ > Ty J*#, and using the monotonicity of 1%, we
obtain

k—1
k _ pk m —
Ju > TEJw = PEJu+ N Prgz  k=1,2,...
m=0

If 7z is not proper, Assumption 2.2 implies that some component of the sum
in the right-hand side of the above relation diverges to oo as k — oo, which
is a contradiction. Therefore i is proper, and the preceding relation and
Prop. 2.1(d) imply that

Ju > lim TkJw = JF. (2.17)

Note that strict inequality J#(i) < J~ (i) holds for at least one state i, if
1 is nonoptimal; otherwise we would have J# = T'J#, and by Prop. 2.1(a)
it would follow that J# = J*, so that u would be optimal. Therefore, the
new policy is strictly better if the current policy is nonoptimal. Since the
number of proper policies is finite, the policy iteration algorithm terminates
after a finite number of iterations with an optimal proper policy. Q.E.D.

In practice, the policy iteration algorithm typically requires very few
iterations, although there are no theoretical guarantees for this.

Multistage Lookahead Policy Iteration

There is a variation of the policy iteration algorithm that uses a lookahead
of several stages in the policy improvement step. The method described
above uses single stage lookahead for generating an improved policy starting
from a given policy p: at a given state 4, it finds the optimal decision for
a one-stage problem with one-stage cost g(i,u,j) and terminal cost (after
the first stage) J~(j). An m-stage lookahead version finds the optimal
policy for an m-stage DP problem, whereby we start at the current state
i, make the m subsequent decisions, incur the corresponding costs of the
m stages, and pay a terminal cost J#(j), where j is the state after m
stages. This may be a tractable problem, depending on the horizon m and
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the number of possible successor states from each state. If @ is the first
decision of the m-stage optimal policy starting at state 4, the improved
policy in the multistage policy iteration method is defined by 1(i) = w.
This policy is then evaluated in the usual way, i.e., by solving the linear
system JF = TpJ*E.

It can be shown that the multistage lookahead policy iteration ter-
minates with an optimal policy under the same conditions as the ordinary
version. To see this, let {fy, 1, .-, Em_1} be an optimal policy obtained
from the m-stage DP algorithm with terminal cost J#; that is,

T

K

Tm—k=1Ju = Tm—k Ju k=0,1,...,m— 1. (2.18)
Since T'Jr < T, Jr# = Jr, we have using the monotonicity of T,
ThHLJn < ThJu < Ju,  k=0,1,... (2.19)

By combining this equation with Eq. (2.18), we have

T, Tm=F=1Jn = Tm=k Ju < Tm=k=1]n, k=0,1,...,m—1,
from which we obtain for all I > 1, using the monotonicity of Ty, ,

TﬁkTm*kflJ# < T Im=k=1jw = Tm=k Ju, kE=0,1,...,m—1.

By taking the limit as | — oo and by using Eq. (2.19), it follows that
JFe < Tm—k ju < Ju k=0,1,....,m—1.

In particular for the successor policy i generated by the m-stage policy
iteration, which is 1z = 11y, we have

JELTm jn < Jw,

It follows that 7z is an improved policy relative to pu. Furthermore, if J# =
Ji, in view of Eq. (2.19), we have that T'J# = J# and p is optimal. Similar
to the proof of Prop. 2.4, it follows that the algorithm terminates with an
optimal policy.

Note that the expression T™J# which is the result of m successive
value iterations applied to J#, provides an upper bound on the cost-to-go
function J#. This upper bound improves as m increases [cf. Eq. (2.19)],
thereby suggesting that for many problems, the multistage policy itera-
tion method may perform better than its single stage counterpart. This
is particularly so when cost-to-go function approximations are introduced
(see the discussion of Section 6.1.2). On the other hand the computation
required to perform the policy improvement step increases rapidly with the
size of the lookahead.
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Modified Policy Iteration

When the number of states is large, solving the linear system in the policy
evaluation step by direct methods such as Gaussian elimination is time-
consuming. One way to get around this difficulty is to solve the linear
system iteratively by using value iteration, as suggested by Prop. 2.1(d).
In fact, we may consider solving the system approximately by executing
a limited number of value iterations. The resulting method is called the
modified policy iteration algorithm.

To formalize this method, let Jy be an n-dimensional vector such that
TJy < Jy. Let mo, m1, ... be positive integers, and let the vectors Ji, Ja, . ..
and the stationary policies po, ti1, - . . be defined by

T =TJe,  Jep1 =T0%Je,  k=0,1,...

Thus, a stationary policy p is defined from Jj according to Ty, Ji = T'Ji,
and the cost-to-go J#k is approximately evaluated by mj — 1 additional
value iterations, yielding the vector Jx41, which is used in turn to define
Hk+1-

Note that if mj = 1 for all k£ in the modified policy iteration algorithm,
we obtain the value iteration method, while if m; = oo we obtain the policy
iteration method, where the policy evaluation step is performed iteratively
by means of value iteration. Analysis and computational experience suggest
that it is usually best to take my larger than 1 according to some heuristic
scheme. A key idea here is that a value iteration involving a single policy
(evaluating T}, J for some p and J) is much less expensive than an iteration
involving all policies (evaluating T'J for some J), when the number of
controls available at each state is large. The convergence properties of the
modified policy iteration method will be discussed in the context of a more
general algorithm, which we now introduce.

Asynchronous Policy Iteration

We may consider a more general policy iteration algorithm, whereby value
iterations and policy updates are executed selectively, for only some of
the states. This type of algorithm generates a sequence Jj of cost-to-go
estimates and a corresponding sequence uj of stationary policies. Given
(Jk, pr), we select a subset Sy of the states, and we generate the new pair
(Jk+1, tk+1) in one of two possible ways: either we update Jj according to

N (Tuka)(’L'), if 1 € Sk,

T (i) = { Ji(3), otherwise, (2.20)

while we leave the policy unchanged by setting ur = pg41, or else we
update uy according to

o Jargmingep ) Yo7 pij(u) (90, u, §) + Ji(5)), if i € Sy,
te+1(2) : ~
wr(7), otherwise,
(2.21)
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while we leave the cost-to-go estimate unchanged by setting Ji = Ji+1.

Note that by combining value and policy updates in various ways, we
may synthesize more structured methods. In particular, if a policy update
is followed by a value update for the same set of states Sy, the latter update
is equivalent to the value iteration update

N (TJ)(@), ifie Sk,
T (i) = { Ji(4), otherwise. (2.22)

Furthermore, if S, = {1,...,n} and an “infinite” number of value updates
(2.20) are done before doing a single policy update (2.21), we essentially ob-
tain the policy iteration method. If Sy = {1,...,n} and m; value updates
(2.20) are done followed by a policy update (2.21), we obtain the modified
policy iteration method (or the value iteration method if mj = 1). On the
other hand, if Sy always consists of a single state and each policy update
(2.21) is followed by a value update (2.20) [or equivalently by an update
(2.22)], the algorithm reduces to the asynchronous value iteration method.

The asynchronous policy iteration algorithm also contains as a special
case a version of the policy iteration method that uses a partition of the
state space into subsets, and performs “partial” policy iterations that are
restricted to one of the subsets at a time. In particular, at the kth iteration,
this method selects one of the subsets, call it Si, obtains a new policy g1
via the policy update (2.21), and “evaluates” this policy only for the states
in Si. The evaluation can be performed by using an infinite number of
value updates for all states in Sj, with the cost-to-go values of the states
J & Sk held fixed at Ji(j). Alternatively, the iteration can be performed by
solving a restricted system of linear equations whose variables are the cost-
to-go values of the states i € Sy only; this can be viewed as an evaluation
step of the policy p+1 for a stochastic shortest path problem that involves
the states ¢ € Si plus an artificial termination state which is reached at
cost Ji(j) whenever a transition to a state j ¢ Si occurs.

Finally, let us consider the convergence of the asynchronous policy
iteration method. For this, we will need some assumptions, including that
the initial conditions Jy and po must be such that T}, Jo < Jo (one possi-
bility to obtain such initial conditions is to select o in some way and then
take Jo = Jro). We have the following proposition.

Proposition 2.5: (Asynchronous Policy Iteration Convergence) As-
sume that the value update (2.20) and the policy update (2.21) are
executed infinitely often for all states, and that the initial conditions
Jo and po are such that Tj,Jo < Jo. Let (Jg,ur) be the sequence
generated by the asynchronous policy iteration algorithm. Then Jj
converges to J*.
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Proof: The idea of the proof is to first use the assumption 7T),,Jo < Jo
to show that J* < Ji1 < Ji for all k, so that the sequence Jj, converges
to a limit J. We will then use the assumption that the value and policy
updates are executed infinitely often for all states to show that J = T'.J, so
that J = J*.

We first show that for all k£, we have

/Lka < Ji = T#k+1 Je+1 < Jpp1 < Jg. (2.23)

Indeed assume that at iteration k we have Ty, Jp < Ji, and consider two
cases:

(1) The value update (2.20) is executed next. Then we have
Jet1(8) = (T Ji) (3) < Ji(4), if i € Sk, (2.24)

and
Jk+1(i) = Jk(i), if ¢ ¢ Sk, (2.25)

so that Jy41 < Ji. Using this inequality, the monotonicity of T}, ,
and the fact pg+1 = pg, we obtain

T ir Tert = Tug Jiir < Ty Jie (2.26)
On the other hand, from Eq. (2.24) we have
(T, Ji) () = Jet1(3), if ¢ € Sk,
while from Eq. (2.25) and the hypothesis T},, J < Ji, we have
(Tpu i) (3) < Ji(i) = T (3),  if i ¢ S.

The above two relations imply that T}, Ji < Ji41, which when com-
bined with Eq. (2.26), shows that Tppy1Jr+1 < Jr41 and completes
the proof of Eq. (2.23).

(2) The policy update (2.21) is executed next. Then we have Jyy1 = Ji,
and by using the relation T},, Ji < Ji, we obtain

(T i) (1) = (T iy J) (@) = (TI) (8) < (T, i) (0)

v (2.27)
< Jk (i) = Jr41(4), if i € Sk,
and
(TMk+1Jk+1)( ( HE+1 )(@) = (Tuka)(i) (2 28)
< Jk(i) = Jka (i),  ifi ¢ Sk,
so that Ty, ., Jr+1 < Jr+1, and Eq. (2.23) is shown.
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Equation (2.23) and the hypothesis T},,Jo < Jo imply that
Jer1 < Jg, Ty < Ty, Ji < Jyg, v k. (2.29)

By using the monotonicity of T', we also have T J;, < Jj, for all m, and by
taking the limit as m — oo, we obtain

J* < Jg, V k.

From this equation and Eq. (2.29), we see that Jj converges to some limit
J satisfying

TJ < J< Jy, v k. (2.30)

Furthermore, from Egs. (2.26)-(2.28), we have
Tl‘k+1 Jr+1 < T/%Jk? V k. (2.31)

Suppose, to arrive at a contradiction, that there exists a state ¢ such
that (TJ)(i) < J(i), and let k be such that (TJ;)(i) < J(i) for all k > &
(such an integer k exists by the continuity of T'). Let k be an iteration index
that satisfies & > k and is such that the policy update (2.21) is executed
for state 7, and let &k’ be the first iteration index with &’ > k such that the
value update (2.20) is executed for state i. Then we have

(Tuk/ Jk’ ) (’L)

< (Tuk+1 Jk+1 ) (Z)
(T#k+1 Jk)(i) (2'32)
(

where the first equality follows from the value update (2.20), the first in-
equality follows from Eq. (2.31), the second inequality follows from the
relation Ji+1 < Jj and the monotonicity of Ty, ,, and the second equality
follows from the policy update (2.21). The relation (2.32) contradicts the
relation (2.30). Thus we must have (7'J)(i) = J(i) for all 4, which implies
that J = J*, since J* is the unique solution of Bellman’s equation by Prop.
2.1(a). Q.E.D.

We note that without the assumption T},,Jo < Jo, one may construct
counterexamples to the convergence of the asynchronous policy iteration
method (see Williams and Baird [WiB93]).
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Policy Iteration as an Actor-Critic System

There is an interesting interpretation of policy iteration methods that will
prove useful when we will consider approximate versions of policy iteration
in subsequent chapters. In this interpretation, the policy evaluation step
is viewed as the work of a critic, who evaluates the performance of the
current policy, i.e., calculates an estimate of J#&. The policy improvement
step is viewed as the work of an actor, who takes into account the latest
evaluation of the critic, i.e., the estimate of J#k, and acts out the improved
policy pr+1 (see Fig. 2.1). Note that the exact, the modified, and the
asynchronous policy iteration algorithms can all be viewed as actor-critic
systems. In particular, modified policy iteration amounts to an incomplete
evaluation of the current policy by the critic, using just a few value iteration
steps. Asynchronous policy iteration can be similarly viewed as a process
where the critic’s policy evaluation and the critic’s feedback to the actor
are irregular and take place at different times for different states.

() i
- System -
> Policy Evaluation
(Critic)
Controller
(Actor)
J Mk g

Figure 2.1: Interpretation of policy iteration as an actor-critic system.

2.2.4 Linear Programming

Another method to solve the stochastic shortest path problem is based on
linear programming. Since limy_,oo T5J = J* for all J [cf. Prop. 2.1(b)],
we have

J<LTJ = J < J=TJ*.
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Thus J* is the “largest” J that satisfies the constraint J < T'J. This
constraint can be written as a finite system of linear inequalities

J(z‘)gZpij(u)(gu,u,j)H(j)), i=1,...,n, uwelU(),

and delineates a polyhedron in ®7. In particular, J*(1),...,J*(n) solve
the following problem (in the variables Ai,...,Ap):

n
maximize E i

i=1

subject to A; < Zpij('d) (9Gi,u,5) + X)), i=1,...,n, ueU(),
=0

where Ao is fixed at zero. This is a linear program with n variables and as
many as n X ¢ constraints, where ¢ is the maximum number of elements of
the sets U(i). As n increases, its solution becomes more complex. For very
large n and g, the linear programming approach can be practical only with
the use of special large-scale linear programming methods.

DISCOUNTED PROBLEMS

We now consider a discounted problem, where there is a discount factor
a < 1. We will show that this problem can be viewed as a special case of
the stochastic shortest path problem of the preceding section. We will then
obtain the associated analytical and algorithmic results by appropriately
specializing the analysis of the preceding section.

We first modify the definition of the mappings T and T}, to account for
the absence of the termination state. For any vector J = (J(1),...,J(n)),
we consider the vector T'J obtained by applying one iteration of the DP
algorithm to J; the components of T'J are

I
—

TJ)(i) = ; ) Ead(), i
( = min Zpy (9(i,u,5) +ad(5)), i

Similarly, for any vector J and any stationary policy u, we consider the
vector T, J with components

(T,J)(i pr D)) (90, (0),5) +aJ (), =1,
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Again, T,,J may be viewed as the cost-to-go vector associated with p for
the one-stage problem that has one-stage cost g and terminal cost aJ.

If P, is the n x n matrix whose ijth entry is pi; (u(i)), then T),J can
be written in vector form as

T,J = gu + aP,J,

where g, is the n-dimensional vector whose ith component is
n
9u(0) = > pi (u(i))g (i, (i), ).
j=1

The following two lemmas parallel Lemmas 2.1 and 2.2 of the preced-
ing section.

Lemma 2.3: (Monotonicity Lemma) For any n-dimensional vec-
tors J and J, such that

J(i) < J(3), i=1,...,n,
and for any stationary policy p, we have
(TkJ) (i) < (T*J) (i), i=1,...,n, k=1,2,...,

(TEI) () < (TFI) (), i=1,...,n, k=1,2,...

Again we denote by e the n-vector with all components equal to 1.
Then, for any vector J and scalar r

(T(J +re)) (i) = (TJT)(i) + ar, i=1,...,n,

(Tu(J +re)) (i) = (T J) (i) + ar, i=1,...,n.

More generally, the following lemma can be verified by induction.

Lemma 2.4: For every k, vector J, stationary policy u, and scalar r,
we have

(Th(J + 7€) (i) = (T*I)(i) + abr,  i=1,...,n,

(TF(J +re)) (i) = (TEJI)(E) + okr, i=1,...,n.
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We define the mazimum norm || - || on R™ by

[[/]loc = max [T (D)].

We then have the following contraction property of the DP operators T
and T),.

Lemma 2.5: For any vectors J and J and any policy y, we have
1T —TJ|oo < a|lJ = Jl|oo, (2.33)

|Twd — Tud ||oo < alld = Jloo- (2.34)

Proof: Denote
c= max |J(i)— J(i)|.

i=1,...,n

Then we have
J@)—c<J@) <J(G@)+e, i=1,...,n

Applying T in this relation and using the Monotonicity Lemma 2.3 as well
as Lemma 2.4, we obtain

(TJ)(i) — ac < (TJ) (i) < (TJ)(i) + ac, i=1,...,n.
It follows that
(TI)(@) = (TT)(@)| < ac, i=1,...,n,

which proves Eq. (2.33). Equation (2.34) follows by applying Eq. (2.33)
to the modified problem where the only control available at state 4 is u(7).
Q.E.D.

We will now show that the discounted cost problem can be converted
to a stochastic shortest path problem for which the analysis of the preceding
section holds. To see this, let ¢ = 1,...,n be the states of the discounted
problem, and consider an associated stochastic shortest path problem in-
volving the states 1,...,n plus an extra termination state 0, with state
transitions and costs obtained as follows. From a state i # 0, when control
u is applied, a cost g(i,u,j) is incurred with probability p;j(u); the next
state is j with probability ap;;(w), and 0 with probability 1 — «; see Fig.
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P apjiu)
Pit) ‘0—0’ P api() ‘0—0’ apjU)
Pji(u)
1-a 1-a

Figure 2.2: Transition probabilities for an a-discounted problem and its associ-

ated stochastic shortest path problem. In the latter problem, the probability that

the state is not 0 after k stages is o*.

2.2. Note that all policies are proper for the associated stochastic shortest
path problem, so the assumptions of the preceding section are satisfied.

Suppose now that we use the same policy in the discounted problem
and in the associated stochastic shortest path problem. Then, as long as
termination has not occurred, the state evolution in the two problems is
governed by the same transition probabilities. Furthermore, the expected
one-stage cost at each state ¢ is

Zpij (u)g(i7 u, .7)

for both problems, but it must be multiplied by a* because of discount-
ing (in the discounted case), or because it is incurred with probability o,
when termination has not yet been reached (in the stochastic shortest path
case). We conclude that the cost-to-go of any policy starting from a given
state, is the same for the original discounted problem and for the associ-
ated stochastic shortest path problem. Since in the associated stochastic
shortest path problem all policies are proper, we can apply the results of
the preceding section to the latter problem and obtain the following result.

Proposition 2.6: The following hold for the discounted cost problem:

(a) The optimal cost-to-go vector J* satisfies
Jr=TJ*.

Furthermore, J* is the only solution of this equation.

(b) We have
lim T = J-,

for every vector J.
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(c) A stationary policy p is optimal if and only if

T,J* =TJ*.

(d) For a stationary policy p, the associated cost-to-go vector J#
satisfies
lim T} J = J*,

k—oo

for every vector J. Furthermore,
Jr=T,J",

and J* is the only solution of this equation.

(e) The policy iteration algorithm generates an improving sequence
of policies [that is, J¥k+1(7) < Jrk (i) for all ¢ and k] and termi-
nates with an optimal policy.

There are also discounted versions of the multistage lookahead, the
modified, and the asynchronous policy iteration algorithms that we dis-
cussed earlier in connection with stochastic shortest path problems. In
particular, the convergence result of Prop. 2.5 admits a straightforward
extension to the discounted case.

2.3.1 Temporal Difference-Based Policy Iteration

We mentioned earlier that when the number of states is large, it is usually
preferable to carry out the policy evaluation step of the policy iteration
method by using value iteration. A drawback of this approach, however, is
that the value iteration algorithm may converge very slowly. This is true
for many stochastic shortest path problems with a large number of states,
as well as for discounted problems with a discount factor that is close to 1.
We are thus motivated to use an approach whereby the discount factor is
effectively reduced in order to accelerate the policy evaluation step.

The idea underlying the approach is that the discount factor can
be reduced without altering the cost-to-go of a given policy only if the
expected value of the one-stage cost under that policy is equal to 0. We
thus introduce a transformation that asymptotically induces this one-stage
cost structure. The transformation is based on the notion of temporal
differences (TD for short), which will be of major importance in the context
of the simulation-based methods of Chapters 5-7.

We now describe a policy-iteration like algorithm that maintains a
policy-cost vector pair (Ji, ). We can view Ji as an approximation to the



42 Dynamic Programming Chap. 2

cost-to-go vector J#x. In the typical iteration, given (J, ux), we calculate
r+1 by the policy improvement step

T,

HE+1

Jp =Ty (2.35)

To calculate Jiy1, we define the TD associated with each transition (i, j)
under fig41:

di(i,3) = g (i, prg1 (), §) + Ji(§) — J(3). (2.36)

We also consider a parameter A from the range [0,1]. We view di(i,7) as
the one-stage cost of policy pry1 for an al-discounted DP problem with
the transition probabilities p;; (Mk+1(i)) of the original problem, and we
calculate the corresponding cost-to-go vector. This vector, denoted by Ay,
has components given by

Z E[(aX)™dy(im, imt1) | io =i, Y i. (2.37)
m=0

The vector Jj41 is then obtained by
Jpr1 = Ji + Ap. (2.38)

We refer to the method as the A-policy iteration method.
Note that when A = 1, by using the TD definition (2.36) in the
expression (2.37), we obtain

M

Ay (7) E[amdy(im,im41) | io =i

0

3
I

!

E [amg(im, ﬂk+1(im), im+1)
0

3
I

+ am U (img1) — @™y (im) | o = z}

Z [am zm,ukﬂ(zm) zm+1) | 10 —z] Ji (1)
=Jr ’““() Ji ().

Thus, by using Eq. (2.38), we see that Jyy1 = J*s+1, so the I-policy itera-
tion method coincides with the standard policy iteration method. However,
for A < 1, the two methods are different, and in fact it can be seen from
Eqgs. (2.36)-(2.38) that the 0-policy iteration method coincides with the value
iteration method for the original problem.

The motivation for the A-policy iteration method is that the a-
discounted policy evaluation step [cf. Egs. (2.37)-(2.38)] can be much easier
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when A < 1 than when A = 1. In particular, when value iteration is used
for policy evaluation, convergence is faster when A < 1 than when A = 1.
Similarly, when policy evaluation is performed using a simulation approach,
as in the NDP methods to be discussed in Chapters 5-7, the variance of
the cost samples that are averaged by simulation is typically smaller when
A < 1 than when A = 1, as can be seen from the definition of Ay [cf.
Eq. (2.37)]. As a result, the number of cost samples that are required
to evaluate by simulation the cost-to-go of a given policy within a given
accuracy may be much smaller when A < 1 than when A\ = 1.

On the negative side, we will show shortly that the asymptotic conver-
gence rate of the sequence J; produced by the A-policy iteration method
deteriorates as A becomes smaller. However, this disadvantage may not
be very significant within the NDP approximation context to be discussed
later (cf. Chapter 6). In particular, when the policy evaluation step can-
not be performed with high accuracy, a reasonable practical objective is to
obtain a policy whose cost is within the best “achievable” tolerance from
the optimum, rather than to obtain the optimal cost-to-go function and an
optimal policy. Under these circumstances, the asymptotic rate of conver-
gence of J; may not be crucial, and using A < 1 often requires a comparable
number of policy iterations to attain the same performance level as using
A=1.

The following proposition introduces a mapping that underlies the \-
policy iteration method, and provides some basic results. The proposition
applies to both cases where o < 1 and o = 1.

Proposition 2.7: Given A € [0,1), Ji, and uky1, consider the map-
ping M), defined by

MyJ = (1= NTpp, Je + AT, J. (2.39)

Assume that T}, , is a contraction mapping of modulus 3 < 1 with

respect to some norm || - ||.

(a) The mapping M}, is a contraction mapping of modulus A with
respect to the norm || - ||.

(b) For any integer m > 1 and vector J, there holds

MT = (1= )Ty T+ Ny Ji + o+ Xm1TE L i)
+AmTR

k+1<"

(2.40)
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(¢) The vector Ji41 generated next by the A-policy iteration method
[cf. Egs. (2.37)-(2.38)] is the unique fixed point of M}. Further-
more,

Jet1 = Z AT Ty (2.41)

Proof: (a) For any two vectors .J and .J, using the definition (2.39) of Mj,,
we have

HMkJ MkJH = H)‘ Nk+1‘] Tﬂk+1J)H
= )‘”TMHJ TﬂkﬂJH
< BAlJ = J||.
(b) The relation (2.40) holds for m = 1 by the definition (2.39) of Mj,.

It can be proved for all m > 1 by using a straightforward induction. In
particular, we have

M;THJ = My (M;J) = (1 - )‘)TNkJrle + )‘Tﬂk+1(MI:,nJ)v

and after the expression (2.40) is used in the above equation, we obtain
Eq. (2.40) with m replaced by m + 1.

(c) From the definition (2.37)-(2.38) of Jxt1, we have
Jpp1 — Jp = Ek + a)\PNk+1 (Jk+1 — Jk)7 (2.42)

where P, “

fr+1, and dy is the vector of expected TD, with components given by

is the transition probability matrix corresponding to the policy

ZPU k1 (i dk(z 7)s Y i.

Using the definition (2.36) of the TD, we have

dj, = Jr — Jk, (2.43)

Hk+l

so Eq. (2.42) yields

Jir1 = Tuk+1 i+ APy (Jer1 — Ji)
Mk+1 Ji + )‘( Hk+1‘]k+1 Mk+1 Jk)
=(1-X) Ty I + ATy Tt
= My Jgt1-
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Thus, Jx11 is the fixed point of M. The expression (2.41) follows from
Eq. (2.40) by taking the limit as m — oco. Q.E.D.

The following proposition shows the validity of the A-policy iteration
method and provides its convergence rate.

Proposition 2.8: (T'D-Based Policy Iteration Convergence) Assume
that A € [0,1), and let (Jk,ur) be the sequence generated by the
A-policy iteration algorithm.

(a) If a < 1, then Jj converges to J*. Furthermore, for all k greater
than some index k, we have

| T — J*|0o- (2.44)

a(l—=2N)
— TH* e < —— 2
L e

(b) If & =1, Assumptions 2.1 and 2.2 hold, and T'Jy < Jo, then Jj
converges to J*.

Proof: (a) Let us first assume that 7'Jy < Jo. We show by induction that
for all k, we have

J* < TJg41 < Jpp1 < TJ, < Jp. (2.45)

To this end, we fix £ and we assume that TJ, < Jx. We will show that
J* < TJpi1 < Jgy1 < TJg, and then Eq. (2.45) will follow from the
hypothesis T'Jy < Jo.

Using the fact T}, Jx = T'J [cf. Eq. (2.35)] and the definition of
My, [cf. Eq. (2.39)], we have

M Jy =Ty, I =TT, < Ji.

k+1

It follows from the monotonicity of 7}, ,,, which implies monotonicity of

M., that for all positive integers m, we have M,’f“Jk <MMJ <TJ, <
Jk, so by taking the limit as m — oo, we obtain

Jrt1 < TJ < Jy. (2.46)
From the definition of M}, we have
My Jer1 = Typ o Ik + My Jev1 — Ty Jk)
=Ty Irtr + (1= N (Tppir Ik — Ty Jet1),

Using the already shown relation Ji — Jx1+1 > 0 and the monotonicity of

T, we obtain T, I — Ty Jkr1 2> 0, so that

Hr+1o Hk+1 k+1

Typy T < Mg g1
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Since My Jg4+1 = Ji+1, it follows that
TJgr1 < Ty Jir1 < T (2.47)

Finally, the above relation and the monotonicity of T}, imply that

k+1

for all positive integers m, we have Tuk+1Jk+1 < TukHJkHv so by taking
the limit as m — oo, we obtain
Jr < JRRL < Ty Tkt (2.48)

From Egs. (2.46)-(2.48), we see that the inductive proof of Eq. (2.45) is
complete.

From Eq. (2.45), it follows that the sequence Jj converges to some
limit J with J* < .J. Using the definition (2.39) of My, and the facts
Jk+1 = Mka—H and T#k+1 Jk = TJk, we have

Jiv1 = MiJgy1 = T + MLy Jer1 — Ty Ik,

so by taking the limit as k¥ — oo and by using the fact Jy11 — Jp — 0, we
obtain J = T'J. Thus J is a solution of Bellman’s equation, and it follows
that J = J*.

To show the result Without the assumption T'Jy < Jo, note that we
can replace Jy by a vector Jo = Jo + se, Where e = (17 ...,1) and s is a
scalar that is sufficiently large so that we have TJo < Jo; it can be seen that
for any scalar s > (1 — @)~ max; (TJO( ) — Jol(i )), the relation T'Jy < Jo

holds. Consider the A-policy iteration algorithm started with (jo, o), and
let (Jk, fix.) be the generated sequence. Then it can be verified by induction
that for all k£ we have

N a1 = M\" .

Hence jk — Jir — 0. Since we have already shown that jk — J*, it follows
that J, — J* as well.

Since J — J*, it follows that for all k larger than some index k, fi41
is an optimal policy, so that T, J* =TJ* = J*. By using this fact, Eq.

Hht1 18
(2.41), and the linearity of T}, , ,, we obtain for all k£ > £,

[Jkt1 — J*[loc = —A)Z/\mTlZﬂJk—J*

oo

Z AT () — J)

o0

IN

- Z Amamt [Ty = J*||
m=0

_a(l—=)) .
= Toan 1k Tl
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(b) The proof of this result is identical to the proof of the corresponding
result of part (a). Q.E.D.

The convergence rate result of Prop. 2.8(a) can be generalized to cover
the stochastic shortest path case where a = 1. The proof of Eq. (2.44) can

be adapted to show that if || - || is a norm with respect to which 7).« is a
contraction of modulus § for all optimal policies p*, then
=N
Jpar — I < 22— g
s = 71 < B = .

for all sufficiently large k. In the case of a stochastic shortest path problem
where all policies are proper, the above relation holds with || - || being the
weighted maximum norm with respect to which 7" and all T}, are contrac-
tions (cf. Prop. 2.2).

PROBLEM FORMULATION AND EXAMPLES

We now provide some examples of infinite horizon DP problems. Some of
these examples will form the basis for the case studies to be discussed in
Ch. 8.

Example 2.1 (Reaching a Goal in Minimum Expected Time)

The case where
Oé:l? g<l7u7j):17 Vi#07j7 ’U’EU(Z)7

corresponds to a problem where the objective is to reach the termination
state as fast as possible, on the average. The corresponding optimal cost-to-
go J* (i) is the minimum expected time to termination starting from state
i. Under our assumptions, the costs-to-go J*(i) uniquely solve Bellman’s
equation, which has the form

J*(i) = min
( ) u€eU (i)

1+Zplj(u)!]*(j)‘|7 7::17"'777"
=1

In the special case where there is only one stationary policy, J*(i) represents
the mean first passage time from 4 to 0 in the associated Markov chain (see
Appendix B). These times, denoted by m;, are the unique solution of the
equations

mizl—&—Zpijmj, t=1,...,n.
j=1
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Example 2.2 (Problems with Uncontrollable State Components)

Often in stochastic shortest path problems there is special structure that can
be exploited to simplify the basic value and policy iteration algorithms, as
discussed earlier. We describe here another type of simplification that will
also be used in the three subsequent examples.

In many stochastic shortest path problems of interest the state is a
composite (i,y) of two components i and y, and the evolution of the main
component i can be directly affected by the control u, but the evolution of the
other component y cannot. In particular, we assume that given the state (7, y)
and the control u, the next state (7, z) is determined as follows: j is generated
according to transition probabilities p;;(u,y), and z is generated according to
conditional probabilities p(z | j) that depend on the main component j of the
new state. The simplest case arises when z is generated according to a fixed
distribution independently of j. For an example, consider the case where z
represents the control of another decision maker whose decision is selected
randomly. As another example, consider a service facility that sequentially
services customers of different types; then the next state consists of pairs
(4, 2), where j describes the status of the facility following the service of a
customer and z is the type of the next customer.

Let us assume for notational convenience that the cost of a transition
from state (i,y) is of the form g(i,y,u,j) and does not depend on the un-
controllable component z of the next state (j, z). If g depends on z it can be
replaced by

aGi,y,u ) =Y p(z | )9,y u, 5, 2)
in the analysis that follows.

Stochastic shortest path problems with this structure admit substantial
simplification. In particular, the value and the policy iteration algorithms
can be carried out over a smaller state space, the space of the controllable
component i. To see this, note that the DP mapping is given for all i,y by

TJ)(i,y) = min i (U, L, Y, u,J) + z|79)J,2) |,
(TJ) (i) ugU@w>;§;pf( v) | 9ty u.3) jgjp< | 9)J (. 2)

and the corresponding mapping for a stationary policy p is given for all i,y
by

n

(Tud)(y) = D pis (00, ),9) | 9(iny, 1(9),5) + Y _p(2 13)(, 2)

=0

If we define for each J,
JG) = p(z] )G, ),

we see that to evaluate (T'J)(¢,y) or (T,J)(i,y), it is sufficient to know the
vector J. Furthermore, to calculate an optimal policy, it is not necessary to
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know the optimal cost-to-go J*(j, z) for all (j,2). It is instead sufficient to
know the vector J* given by

T (G) =Y oz | )T (. 2),

for all . We refer to J* as the reduced optimal cost-to-go vector.

This leads us to introduce simplified versions of the value iteration and
policy iteration algorithms over the space of the controllable state component
i. Let us consider the mapping T defined by

(TG =" ply | )(TT) (G, y)

_ . . i , .7 U, N j .

> i) (uerggy)ng(u y) (9(i,y,u,5) + (J)))
Y Jj=0

and the corresponding mapping for a stationary policy wu,

() @) = ply | (T ) (i y)

= p(y ) (szj (i), w) (9 (i, (i), 5) + f(i))) :

The simplified value iteration algorithm starts with arbitrary J(i), i =
1,...,n, and sequentially produces Tj, T2j7 T3j7 etc. The simplified policy
iteration algorithm at the typical iteration, given the current policy ux(%,y),
consists of two steps:

(a) The policy evaluation step, which computes the unique J*k (i), i =

1,...,n, that solve the linear system of equations Jhe = Tuk J"k or

equivalently

JeR() = " ply ) (Zpij (x i) (9 (i v (i), 5) + fuk(j))) ,
y J=0

foralli=1,...,n.

(b) The policy improvement step, which computes the improved policy

pik+1(%,y), from the equation Tuk“ JHk =T J*k or equivalently

p1(iyy) = arg min > pi(u,) (900, y,u, ) + I (7)),
j=0

for all (i,y).

It is possible to show that the preceding modified algorithms have sat-
isfactory convergence properties under the standard assumptions. In particu-
lar, the simplified value iteration algorithm converges to the reduced optimal
cost-to-go vector J*, which satisfies the reduced form of Bellman’s equation
J* = TJ*. The simplified policy iteration algorithm converges finitely to an
optimal policy.
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Example 2.3 (Tetris)

This example is typical of a number of one-player game contexts that can
be modeled as stochastic shortest path problems and can be addressed using
NDP methods.

Tetris is a popular video game played on a two-dimensional grid. Each
square in the grid can be full or empty, making up a “wall of bricks” with
“holes.” The squares fill up as objects of different shapes fall from the top
of the grid and are added to the top of the wall, giving rise to a “jagged
top”; see Fig. 2.3. Each falling object can be moved horizontally and can be
rotated by the player in all possible ways, subject to the constraints imposed
by the sides of the grid. There is a finite set of standard shapes for the
falling objects. The game starts with an empty grid and ends when a square
in the top row becomes full and the top of the wall reaches the top of the
grid. However, when a row of full squares is created, this row is removed, the
bricks lying above this row move one row downward, and the player scores a
point. (More than one row can be created and removed in a single step, in
which case the number of points scored by the player is equal to the number
of rows removed.) The player’s objective is to maximize the score attained
(total number of rows removed) up to termination of the game.

Figure 2.3: Illustration of the two-dimensional grid of the tetris game.

Assuming that for every policy the game terminates with probability 1
(something that is not really known at present), we can model the problem
of finding an optimal tetris playing strategy as a stochastic shortest path
problem. The control, denoted by wu, is the horizontal positioning and rotation
applied to the falling object. The state consists of two components:

(1) The board position, that is, a binary description of the full/empty status
of each square, denoted by i.
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(2) The shape of the current falling object, denoted by y.

As soon as the most recent object has been placed, the new component
y is generated according to a probability distribution p(y), independently of
the preceding history of the game. Therefore, as shown in Example 2.2, it is
possible to use the reduced form of Bellman’s equation involving a reward-to-
go vector J that depends only on the component ¢ of the state. This equation
has the form

(@)= ply)max [g(i,y, )+ J(f(i,y, u))} Vi,

where g(4,y,u) and f(4,y,u) are the number of points scored (rows removed),
and the next board position, respectively, when the state is (4, y) and control
u is applied.

Unfortunately, the number of states in the tetris problem is extremely
large. It is roughly equal to m2"®, where m is the number of different shapes
of falling objects, and h and w are the height and width of the grid, respec-
tively. In particular, for the reasonable numbers m = 7, h = 20, and w = 10,
we have over 10°! states. Thus it is essential to use approximations. The con-
trol selection methods of NDP use a scoring function, which can be viewed
as an approximation to the optimal reward function. In particular, the NDP
methods that we will discuss later, construct scoring functions that evaluate a
tetris position based on some characteristic features of the position. Such fea-
tures are easily recognizable by experienced players, and include the current
height of the wall, the presence of “holes” and “glitches” (severe irregularities)
in the first few rows, etc; see the discussion in Section 8.3.

Example 2.4 (Maintenance with Limited Resources)

This problem relates to generic situations where the issue is to maintain
certain assets in the face of breakdowns or adverse conditions, using limited
resources. Consider a repair shop that has a number of spare parts that can
be used to maintain a given collection of machines of different types and cost
over a given number of time periods. We assume that breakdowns occur
independently across time periods. A broken down machine can be repaired
with the use of a spare part or it can be discarded, in which case a cost C; is
incurred. We want to minimize the expected cost-to-go incurred over N time
periods. The essential issue is to decide whether to use a spare part to repair
a machine of low cost rather than save the spare part for repair of a high cost
machine in the future.
The state here has two components. The first component is

i=(ma,...,mr,s),

where T is the number of machine types, m; is the number of working ma-
chines of type t, and s is the number of remaining spare parts. This is the
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major component of the state. However, there is a second component of the
state, which is the current breakdown vector, given by

Y= (ylv"'7yT)7

where y; is the number of breakdowns of machines of type ¢ in the current
period. We assume that the conditional probabilities p(y | ) are known. The
control/decision to be selected is the vector

u = (u17~~~,UT)7

where u; is the number of spare parts used to repair broken down machines
of type t.

Because the probability distribution of the breakdown vector y only
depends on ¢, Bellman’s equation simplifies as described in Example 2.2. In
particular, let J; (7, y) denote the optimal expected cost-to-go starting at state
(i,y) with k periods remaining, and let

Ti@) = p(y | )i Gy y).
Y
Then J} satisfies the following reduced form of Bellman’s equation

Jina(@) = Y ply | ymin gy ) + Ji (£Gy.w) .

where .
9(y,u) = Z C (yz - uz)
t=1

is the one-period cost (the cost of the machines discarded during the period),
and f(7,y,u) denotes the controllable component of the next state:

T
fGEy,u)=mi—wn +u1,...,mT—yT+uT,s—Zut

t=1

Note that this is a finite horizon problem.

There are a number of variations of this problem depending on the
context. More complex versions arise when there are multiple types of spare
parts and breakdowns. Another possible variation involves a limitation on the
number of machines that can be repaired within a given time period, possibly
due to a limited number of repair personnel. Then, an appropriate additional
constraint should be placed on the control. Furthermore, if machines left
unrepaired may be repaired at a later time, the inventory of unrepaired ma-
chines of each type must be included in the state. In all of these cases, the
number of states can be extremely large, and it may be essential to resort to
approximations.
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Example 2.5 (Channel Allocation in Cellular Systems)

In cellular communication systems, an important problem is to allocate the
communication resource (bandwidth) so as to maximize the service provided
to a set of mobile users whose demand for service changes stochastically.
A given geographical area is divided into disjoint cells, and each cell serves
the users that are within its boundaries. The total system bandwidth is
divided into channels, with each channel centered around a frequency. Each
channel can be used simultaneously at different cells, provided these cells are
sufficiently separated spatially, so that there is no interference between them.
Thus the collection of subsets of cells where a channel can be simultaneously
used is constrained; this is called the reuse constraint. When a user requests
service in a given cell either a free channel (one that can be used at the cell
without violating the reuse constraint) may be assigned to the user, or else,
e.g., if no free channel can be found, the user is blocked from the system. Also,
when a mobile user crosses from one cell to another, the user is “handed off” to
the cell of entry; that is, a free channel is provided to the user at the new cell.
If no such channel is available, the user must be dropped/disconnected from
the system. One objective of a channel allocation strategy is to allocate the
available channels to users so that the number of blocked users is minimized.
An additional objective is to minimize the number of mobile users that are
dropped when they are handed off to a busy cell. These two objectives must
be weighted appropriately to reflect their relative importance, since dropping
existing users is generally much more undesirable than blocking new users.

Many cellular systems are based on a fixed channel allocation; that
is, channels are permanently assigned to cells. A more efficient strategy is
dynamic channel allocation, which makes every channel available to every cell
as needed, unless the channel is used in a nearby cell and the reuse constraint
is violated.

We can formulate the dynamic channel allocation problem using DP.
State transitions occur when a channel becomes free due to a user departure,
or when a user arrives at a given cell and requests a channel, or when there
is a handoff, which can be viewed as a simultaneous user departure from one
cell and a user arrival at another cell. The state at each time consists of two
components:

(1) The list of occupied channels at each cell.

(2) The event that causes the state transition (arrival, departure, or hand-
off). This component of the state is uncontrollable.

The control applied at the time of a user departure is the rearrangement
of the channels in use with the aim of creating a more favorable channel
packing pattern among the cells (one that will leave more options free for
future assignments). The control exercised at the time of a user arrival is the
assignment of resources to a user requesting service, or the blocking of the
user if resources to support the user are not currently available or if assigning
available resources to the user is likely to cause a disproportionate amount of
blocking of other users in the future. Finally, a cost is incurred each time a
user is blocked or dropped from the system. The objective is to find a policy,
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that is, a choice of control for each possible channel occupancy situation and
type of transition, so as to minimize an infinite horizon cost: a sum of expected
costs for blocking or dropping users, appropriately discounted. If we assume
that all events occur at equally spaced discrete times, we obtain a form of
the discounted cost problem of Section 2.3. Another possibility is to adopt a
continuous-time Markov chain formulation, which, however, may be reduced
to an equivalent discrete-time formulation using a standard transformation
(see e.g., [Ber95a], Vol. II, Ch. 5).

To illustrate the qualitative nature of the channel assignment decisions,
suppose that there are two channels and three cells. Assume that a channel
may be used simultaneously in cells 1 and 3, but may not be used in channel
2 if it is already used in cell 1 or in cell 3. Suppose that the system is serving
one call in cell 1 and another call in cell 3. Then serving both users on the
same channel results in a better channel usage pattern than serving them on
different channels, since in the former case the other channel is free to use
in cell 2. The purpose of the channel assignment and channel rearrangement
strategy is, roughly speaking, to create such favorable usage patterns that
minimize the likelihood of calls being blocked. To illustrate the purpose of
the blocking strategy, assume that channel 1 is used in cells 1 and 3, and
channel 2 is not used in any cell. Then if a new call arrives (in any cell),
it may be preferable to block this call, because assigning it to the available
channel 2 will leave no room to accommodate a handoff to cell 2 of any of the
two existing calls in cells 1 and 3.

Unfortunately, the optimal solution of the problem is completely in-
tractable because the number of states is enormous. Thus suboptimal meth-
ods of solution are called for, and we will discuss in Section 8.5 the use of
NDP methods for this problem.

Example 2.6 (Discrete Optimization)

Let us consider a general type of combinatorial optimization problem, that
includes as special cases problems such as assignment, scheduling, matching,
etc. The problem is characterized by a set of data d, by a finite set Uy of
feasible solutions, and by a cost function gq(u). (We parametrize the cost
function and the constraint set by the problem data d for reasons that will
become apparent later.) Each solution u has N components; that is, it has
the form u = (u1,u2,...,un), where N is a positive integer. Given problem
data d, we want to find a solution u € Uy that minimizes gq(u). To simplify
our notation, we will assume that the constraint set Uy has the form

Ud:{(ul,...,uN)|um€Ud,m,m:1,...,N},

where for every m, Uq,m is a given finite set. There is no loss of generality in
doing so because if Uy does not have the above form, it is typically easy to
determine sets Ug,m,m such that the set Uy is contained in the set

Ud:{(u1,...7u1\7)|um€Ud,m,m:17...,N},
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We can then define the cost ga(u) to be equal to a very large number for all u
that do not belong to Uy, and replace Uy with the set Uq, without essentially
changing the problem.

This type of problem arises in many contexts. An example of an im-
portant special case is the general {0,1} integer programming problem. For
another example that is particularly relevant to our purposes, suppose that
we have a DP problem, say of the stochastic shortest path type discussed in
Section 2.2. Assume that we have obtained by some means an approximate
cost-to-go function J (7), and that we want to implement a policy based on J ;
that is, we want to be able to calculate on-line the control p(7) given by

wu(i) = arg urgn(}r(li) z;pw(u) (g(i,u,j) + J(j))7 i=1,...,n, (2.49)
=

for any state ¢. This is a discrete optimization problem, which depending on
the number of elements of U (i), may be quite difficult to solve.

Let us view the problem as a deterministic DP problem with N stages.
We refer to an n-tuple (Um,,...,Um,) consisting of n components of a so-
lution as an n-solution, and we associate n-solutions with the nth stage. In
particular, for n = 1,..., N, the states of the nth stage of the DP problem are
of the form (d, M1, Umy, - - ., Mn, Umy, ), Where (Umy, ..., Um,, ) is an n-solution.
The initial state is the problem data d. From this state we may select any
index my and move to any state (d,m1,Um,), where um; € Udm,. More
generally, from a state of the form

(d, M1, Uiy s ey M1, Uy, )5
we may select any index
mn & {mi,...,Mn-1},
and move to any one of the states
(d, M1, Umy sy M1, Umy, 1 M, Uy, ) With Um,, € Uagym, -

Thus, the controls available at state (d,m1,%mq,-..,Mn—1,Um,_ ;) can be
identified with the pairs (mn, um,, ), where m,, ¢ {m1,...,mn_1} and wm,, €
Ud,my - The terminal states correspond to the N-solutions (ui,...,un), and
the only nonzero cost is the terminal cost gq(ui,...,un).

Unfortunately, in most cases, an optimal solution to the preceding DP
problem cannot be found without examining a large portion or even the entire
set of solutions. However, there is the possibility of an approximate solution
using the NDP methods of this book. Roughly speaking, in the discrete
optimization context, the objective of NDP is to “learn” how to construct,
component-by-component, a solution by using experience gathered from many
example problems that are similar to the one whose solution is sought.

Note that the NDP approach makes sense when we are interested in
solving an entire class of similar problems rather than just a single problem;
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it is only within such a context that “learning from experience” can be helpful.
As an illustration, consider a workshop that has to construct its production
schedule on a daily basis so as to optimize a certain criterion. The daily
scheduling problems depend on the production targets and the available pro-
duction capacity, which may change from day to day; yet they may be fairly
similar, since they likely involve similar products and a similar production
environment. The objective of the NDP approach is to obtain a scheduling
algorithm that can solve every possible daily scheduling problem that may
appear. As another example, consider the minimization over the control con-
straint set in Eq. (2.49). To implement the policy u, it is necessary to perform
a large number of minimizations corresponding to different states. In many
cases, these minimizations are similar.

In Sections 3.1.4 and 8.4, we will discuss a specific NDP method for
solving discrete optimization problems. This method constructs a function
approximation to the optimal cost-to-go of the corresponding DP problem by
using a “training” process involving a large number of sample problems from
the given class. Once the “training” has been completed, the NDP approach
yields an algorithm that obtains an approximately optimal solution to any
given problem from the class in N steps. In particular, at each step, this
algorithm augments a partial solution with one more component, by using
the optimal cost-to-go approximation to evaluate the various candidate com-
ponents. This is similar to evaluating the possible moves in a chess position
by using a “scoring function” (see the discussion in Section 1.1).

Example 2.7 (Discrete Optimization by Local Search)

Let us consider a discrete optimization problem similar to the one in the pre-
ceding example, and discuss an alternative DP formulation, which is amenable
to solution by NDP methods. In contrast to the preceding example, here the
states of the equivalent DP problem will be the complete solutions of the
discrete optimization problem. We consequently use the suggestive symbol 4
to denote a solution. In particular, given problem data d, the problem is to
minimize a cost function gq4(i) subject to the constraint ¢ € I4, where I is
a given finite set. Note, that this formulation is flexible enough to allow the
set I4 to contain some solutions that are “undesirable” or even infeasible in
a practical sense, since we can assign a very high cost to such solutions by
suitable choice of the cost function gq.

Discrete optimization problems are often approached by local search
methods such as genetic algorithms, tabu search, simulated annealing, and
random search. These search methods are iterative; that is, they generate a
sequence of solutions starting from some initial solution. The successor solu-
tions are obtained according to some search rules, which may be probabilistic.
Usually, the search rules are based on various ideas of “local perturbation” of
the current solution.

For example, consider a scheduling problem, where solutions are various
schedules for completing a set of tasks. Then a successor schedule may be
obtained by interchanging two tasks of the current schedule, or by scheduling
one currently unscheduled task, or by replacing a scheduled task in the current
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schedule by an unscheduled task. Similarly, consider an assignment problem
where we want to assign persons to jobs, and a solution is a set of assigned
person/job pairs. Then a successor assignment may be obtained from the
current assignment by exchanging the jobs of two assigned persons, or by
assigning some unassigned person to an unassigned job, or by switching the
assignment of an assigned job from one person to another.

The final solution of a search method is usually obtained either when
some criterion indicating that exact or approximate optimality has been met
or else when further search is deemed unlikely to generate solutions of lower
cost than the one achieved so far.

The success of search methods for discrete optimization crucially de-
pends on how the successor solution is chosen from the set of all possible
successor solutions. DP offers one possible framework for optimizing this
process. In particular, assume that given a solution ¢ we have two choices:

(a) Incur a positive cost c, select one of several search options u from a
subset U(z), and generate another solution j according to some given
transition probabilities p;;(u). Here ¢ can be viewed as a cost intended
to discourage very long searches. Also, typically the transition prob-
abilities p;;(u) are not available explicitly; instead, transitions can be
simulated by running the search method.

(b) Accept the current solution 4, incur the cost gq(%), and terminate the
search.

We view this problem as a stochastic shortest path problem with the
obvious identifications of states, controls, costs, and transition probabilities.
Because ¢ (the cost per search) is positive, the total cost of never terminat-
ing (which would be incurred under an improper policy) is co. Since there
exists at least one proper policy (the one that terminates at every solution),
the standing assumptions of Section 2.2 are satisfied. The cumulative cost
incurred if the search is stopped at a solution ¢ is gq(%), plus ¢ times the num-
ber of successive solutions generated in the process of reaching ¢. Thus by
choosing ¢ sufficiently small, an optimal policy will terminate with a solution
of minimal cost that can be reached from the starting solution.

Unfortunately, an optimal solution to the DP problem is impractical
when the number of possible solutions is large. However, there is the possi-
bility of approximate solution using the NDP methodology of this book. The
objective of NDP is to “learn” how to search more intelligently by using ex-
perience gathered from problems that are similar to the one whose solution is
sought. In particular, the objective of the NDP approach is to supplement the
standard search methods with a “scoring function,” which is used to evaluate
the search options at each solution.

2.5 NOTES AND SOURCES

2.1. Treatments of DP can be found in a number of textbooks, including
those by Bertsekas [Ber95a, Puterman [Put94], and Ross [Ros83].
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These books contain many references to the standard DP literature.

The analysis of the stochastic shortest path problem (Props. 2.1 and
2.2) is due to Bertsekas and Tsitsiklis [BeT91a], and can also be found
in the textbooks [BeT89] and [Ber95a]. The proof of Prop. 2.2 is new
and has also been independently discovered by Littman [Lit96]. Asyn-
chronous value iteration algorithms for DP were proposed and ana-
lyzed by Bertsekas [Ber82a]; see also Bertsekas and Tsitsiklis [BeT89)
for a detailed discussion. The modified policy iteration algorithm was
proposed and analyzed by van Nunen [Van76], and Puterman and
Shin [PuS78]. The convergence of the asynchronous policy iteration
algorithm was shown by Williams and Baird [WiB93].

The A-policy iteration algorithm and its analysis are new (see Bert-
sekas and Ioffe [Bel96]).

The formulation of tetris as a DP problem and its solution by NDP
techniques are described by Van Roy [Van95]. The application of
NDP methods to a problem that is similar to the maintenance ex-
ample is described in Logan et. al. [LBH96]. The formulation of
combinatorial optimization problems as DP problems in a way that
local search strategies can be learned by NDP techniques follows the
ideas of Zhang and Dietterich [ZhD95], and their solution of some
large scheduling problems (see Section 8.7).
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In this chapter we develop methods for approximating functions through
the use of neural networks. We use the term “neural networks” to refer
broadly to parametric approximation structures (or architectures), and we
consider the types of parametric approximation that are best suited for the
dynamic programming context. We also discuss in detail the training of
neural networks, that is, the methods used to set the free parameters so
as to optimize the quality of the approximation. The training methods of
this chapter involve primarily deterministic iterative algorithms. In some
contexts, it is more appropriate to use stochastic algorithms for training.
We develop and analyze algorithms of this type in the next chapter.

ARCHITECTURES FOR APPROXIMATION

As discussed in Ch. 1, our objective is to construct approximate represen-
tations of the optimal cost-to-go function or other functions of interest,
because this is the only possible method for breaking the curse of dimen-
sionality in the face of very large state spaces. While the discussion to fol-
low is framed in terms of building approximations to the optimal cost-to-go
function, everything applies verbatim to the approximation of Q-factors.

The first step in the development of an approximate representation is
to choose an approximation architecture, that is, a certain functional form
involving a number of free parameters. These parameters are to be tuned
so as to provide a best fit of the function to be approximated. The process
of tuning these parameters is often referred to as training or learning. A
closely related issue is the choice of a representation or encoding of the
input 2.

There are two important preconditions for the development of an ef-
fective approximation. First, we need the approximation architecture to
be rich enough so that it can provide an acceptably close approximation of
the function that we are trying to approximate. In this respect, the choice
of a suitable architecture requires some practical experience or theoretical
analysis that provides some rough information on the shape of the function
to be approximated. Second, we need effective algorithms for tuning the
parameters of the approximation architecture. These two objectives are of-
ten conflicting. Having a rich set of approximating functions usually means
that there is a large number of parameters to be tuned or that the depen-
dence on the parameters is nonlinear. In either case, the computational
complexity of the training problem increases.

In most applications of approximation theory (or neural networks),
we are given training data pairs (z;, y;), and we wish to construct a function
y = f(z) that best explains these data pairs. In our context, since we are
interested in approximating the optimal cost-to-go function J*, an ideal set
of training data would consist of pairs (i, J *(z))7 where i ranges over some
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subset of the state space. However, the function J* is neither known nor
can it be measured experimentally, and such training data are unavailable.
As a result, NDP is faced with an additional layer of difficulty, as compared
to classical uses of neural networks. In essence, the approximation needs
to be carried out in conjunction with an algorithm that tries to compute
J*.

The situation becomes easier if we are dealing with a single policy u
because the expected cost-to-go J#(i) under that policy can be estimated
by setting the initial state to ¢ and simulating the system under the policy
. For this reason, some of the most popular NDP methods focus on a
single policy at any one time, and try to estimate the cost-to-go function of
this policy by using simulation. Then, on occasion, they switch to another
policy that appears more promising on the basis of the simulation data
obtained, similar to the policy iteration and the modified policy iteration
methods discussed in Ch. 2.

3.1.1 An Overview of Approximation Architectures

The approximation problem can be framed as follows. Suppose that we are
interested in approximating a function J : S — R, where S is some set; in
our context, S will usually be the state space of a dynamic programming
problem and J will be the optimal cost-to-go function of the problem or
the cost-to-go function of some policy. We let r be a vector of parameters
and we postulate the functional form .J(i) ~ J(i,r). Here, J is a known
function describing the architecture that we have chosen and which is easy
to evaluate once the vector r is fixed. We then try to choose the param-
eter vector 7 so as to minimize some measure of the distance between the
function J that we are trying to fit and the approximant J.

Approximation architectures can be broadly classified into two main
categories: linear and nonlinear ones. A linear architecture is of the general
form

K
J(i,r) =Y r(k)er(i), (3.1)
k=0
where r(k), k =0,1,..., K, are the components of the parameter vector r,
and ¢y, are fixed, easily computable functions. For example, if the state ¢
ranges over the integers and if ¢ (i) = ik, k = 0,1, ..., K, the approximant
is a polynomial in i of degree K. We will refer to the functions ¢y as the
basis functions even though they do not always form a basis of a vector
space in the strict sense of the term. Note that it is common to use the
constant function ¢o(i) = 1 as a basis function in linear architectures, so

that Eq. (3.1) takes the form

K
J(i,r) =71(0) + > r(k)ér(i). (3.2)

k=1
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This allows a tunable offset from 0 for the approximation J(i,7), and en-
larges the range of mappings that the linear architecture can effectively
approximate.

If we have some training data pairs (i, .J(i)) that we wish to fit using
a linear architecture, we may pose a least squares problem whereby we wish

to minimize
S (70 = Y rmen) (3.3)
i k

7

over all vectors r. This is a linear least squares problem that can be ad-
dressed using linear algebra techniques. Several well-tested algorithms are
available for this problem and some of these algorithms are discussed later
in this chapter.

With a nonlinear architecture, the dependence of J(i,) on r is non-
linear. In this case, the least squares problem of minimizing

> (I6) = IGi,m)’ (3.4)

i

cannot be reduced to a linear algebraic problem and must be solved by
means of nonlinear programming methods, some of which are discussed in
Section 3.2.

Multilayer Perceptrons

A common nonlinear architecture is the multilayer perceptron or feedfor-
ward neural network with a single hidden layer; see Fig. 3.1(a). Under this
architecture, the state i is encoded as a vector & with components x(7),
¢ =1,...,L, which is then transformed linearly through a “linear layer,”
involving the coefficients r(k, £), to give the K scalars

L
> ek, Oze(i),  k=1,...,K.
=1

Each of these scalars becomes the input to a function o(-), called a sig-
moidal function, which is differentiable, monotonically increasing and has
the property

—oco < lim (&) < lim o(&) < oo;
E——o0 §—o0

see Fig. 3.2. Some common choices are the hyperbolic tangent function

& —e¢
o(€) = tanh(§) = .

and the logistic function
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Figure 3.1: (a) A feedforward neural network with a single hidden layer and a
single output. The inputs are xy(¢). The outputs of the first linear layer are

Z r(k, O)zo(i).

4

The outputs of the sigmoidal units are

o Z r(k, O)ze(3)

14

The final output is
D 0o [ Yk Owei)
k £

The term “hidden” refers to the portion of the architecture that is not directly
connected with neither the inputs nor the outputs of the architecture.

(b) A feedforward neural network with multiple hidden layers and multiple
outputs.

At the outputs of the sigmoidal functions, the scalars

L

o (D> rkOxe(i) ), k=1, K,
(=1

are obtained. These scalars are linearly combined using coefficients r(k) to
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produce the final output

) K L
J(i,r) = Zr(k)a (Z r(k,ﬁ)xﬂi)) : (3.5)

The parameter vector r consists of the coefficients r(k) and r(k, £), which
are also known as the weights of the network. We note that it is common
practice to provide the constant 1 as an additional input to the linear
layer, or equivalently to fix one of the components of x at the value 1. This
provides a tunable constant bias to each of the inputs of the sigmoidal units,
and expands the range of mappings that the architecture can effectively
approximate. For example, without such a bias, in the case where o(0) = 0,
the approximation J (i, ) provided by Eq. (3.5) would be forced to the value
0 when = = 0.

o(&)

S T

0 £
of8)

Figure 3.2: Some examples of sigmoidal functions.

There are also generalizations of the single hidden layer perceptron
architecture that involve alternation of multiple layers of linear and sig-
moidal functions; see Fig. 3.1(b). Multilayer perceptrons can be repre-
sented compactly by introducing certain mappings to describe the linear
and the sigmoidal layers. In particular, let Li,..., L,,+1 denote the ma-
trices representing the linear layers; that is, at the output of the 1st linear
layer we obtain the vector Lix and at the output of the kth linear layer
(k > 1) we obtain L&, where £ is the output of the preceding sigmoidal
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layer. Similarly, let Xy, ..., %,, denote the mappings representing the sig-
moidal layers; that is, when the input of the kth sigmoidal layer (k > 1)
is the vector y with components y(j), we obtain at the output the vector
Y,y with components o(y( 7 )) The output of the multilayer perceptron is

F‘(Ll7 e ,Lm+1,ﬂj) = Lm+1EmLm e ElLll’.

The special nature of this formula has an important computational conse-
quence: the gradient (with respect to the weights) of the squared norm of
the error between the output and a desired output y,

1
B(Ly,..., Luyr) = 5 |ly = F(Ly, ... Lo, @), (3.6)

can be efficiently calculated using a special procedure known as backprop-
agation, which is just an intelligent way of using the chain rule.t In par-
ticular, the partial derivative of the cost function E(L1,..., Ly41) with
respect to Lk (i, j), the ijth component of the matrix Ly, is given by

FE(L1,...,Lm — —
OB(L, .-, Lns1) = —€e'Lmt1XmLm - L1 Xk LijYp—1Lg—1 - - 1Lz,

OLy(i,7)
(3.7)
where e is the error vector
e=y—F(Li,...,Lpmt1,2),
Sn, n=1,...,m, is the diagonal matrix with diagonal terms equal to the

derivatives of the sigmoidal functions o of the nth hidden layer evaluated
at the appropriate points, and I;; is the matrix obtained from Ly, by setting
all of its components to 0 except for the ijth component which is set to 1.
This formula can be used to obtain efficiently all of the terms needed in
the partial derivatives (3.7) of E using a two-step calculation:

(a) Use a forward pass through the network to calculate sequentially the
outputs of the linear layers L1z, LoX1 Lz, ..., Lipp1Xm Ly - - X1 L1 .
This is needed in order to obtain the points at which the derivatives

in the matrices ¥, are evaluated, and also in order to obtain e =
Yy — F(Ll, ey Lm+1,x).

(b) Use a backward pass through the network to calculate sequentially
the terms €/ Lym+1%mLim - -+ Ly 12 in the derivative formulas (3.7),
starting with e’Lmem7 proceeding to e’LmHEmLmim,l, and con-
tinuing to e’LmHim oo Lody.

1 The name backpropagation is used in several different ways in the neural
networks literature. For example feedforward neural networks of the type shown
in Fig. 3.1 are sometimes referred to as backpropagation networks.
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Note that for the usual case where there is only one sigmoidal layer, the
gradient of E can also be efficiently calculated starting from first principles.

There is an important result that relates to the approximation ca-
pability of the multilayer perceptron. It can be shown that this network,
with a good choice of the weights, can approximate arbitrarily closely any
function J : S — R that is continuous over a closed and bounded set S,
provided the number of sigmoidal functions used in the hidden layers is
sufficiently large (see Cybenko [Cyb89], Funahashi [Fun89], and Hornik,
Stinchcombe, and White [HSW89]). For this, a single hidden layer is suffi-
cient. Intuitive explanations of this fundamental approximation property of
multilayer perceptrons are given in Bishop ([Bis95], pp. 129-130) and Jones
[Jon90]. In practice, the number of hidden sigmoidal layers is usually one
or two, and almost never more than three.

3.1.2 Features

A general approximation architecture J (i,7) can be visualized as in Fig.
3.3(a). It is often the case that the function J to be approximated is a
highly complicated nonlinear map and it is sensible to try to break this
complexity into smaller, less complex pieces. This is often done by select-
ing a set of features of the state and feeding them to an approximation
architecture. These features are usually handcrafted, based on whatever
human intelligence, insight, or experience is available, and are meant to
capture the most important aspects of the current state.

Formally, a feature can be defined as a mapping fx : S — R. Given
a collection fi,..., fx of features, we form the feature vector f(i) =
( @), [k (Z)) We may then consider approximation architectures of
the form j(f(i),r)7 as in Fig. 3.3(b), or, more generally, of the form
j(i7f(i),r)7 as in Fig. 3.3(c). We note that for the case of a feature-
based architecture [cf. Fig. 3.3(b)], as long as the architecture is linear, the
resulting approximation problem is again a linear least squares problem,
even if the feature extraction mapping f(-) is nonlinear. This is because
we are interested in minimizing

> (J(i) - gmkm(f(i))f ,

i

and the crucial factor is the linear dependence on the free parameters r(k).

We observe that the architecture shown in Fig. 3.3(c) involves a re-
dundant encoding of the state ¢ because the feature vector f(i) does not
carry any information that is not already contained in i. Also, in Fig.
3.3(b), the transformation from i to f(¢) results in some loss of informa-
tion. However, when dealing with features, the information content of an
encoding of 7 is not the main issue. A more appropriate point of view is
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State i Neural network/ Jir)
— Approximation map [———
Parameter r
@
. Feature vector ~
State/ Feature extraction i) Neural network/ R
™ manpin = Approximation map ———»
pping Parameter r
(b)
. Feature vector =
State ) (i) Neural network/ JEA(iP),r)
»| Feature extraction Approximation map ————=

Yy

mapping

Parameter r

(c)

Figure 3.3: (a) A general approximation architecture. (b) A feature-based ap-
proximation architecture. (c¢) An architecture that uses both a raw encoding of
the input as well as a feature vector.

to regard the mapping from states into features as a “nonlinear coordinate
transformation” that results into a hopefully more structured problem.

An interesting possibility arises in the context of NDP where we want
to approximate the optimal cost-to-go function J*. Then, if we know a
fairly good suboptimal policy p (based for example on some heuristic),
and we have a reasonable approximation J# of the corresponding cost-to-
go function J#, then Jr may be an effective feature for approximating
J*. The idea here is that J» may capture some important aspects of the
functional form of J*.

It is also possible to consider a feature iteration approach, whereby
a set of features is selected, some computation is done using these fea-
tures, and based on the results of the computation, some new features are
introduced. Examples of this approach will be given later.

The process of feature extraction is intimately related to the choice
of a representation of the data. For example, in the multilayer perceptron
shown in Fig. 3.1, the state i is encoded as a vector (z1(i),...,zr(i)). In
some cases there is a “natural” encoding of the data that is adopted; quite
often, however, the choice of an encoding is a conscious or subconscious
process of feature extraction. For example, suppose that we were given
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sample data points generated using the function sin(cosz). By simply
eyeballing data points of the form (x,sin(cosx)), it is quite difficult to
guess the right form of the functional dependence. On the other hand, if
we choose y = cosz as a feature, we are faced with the task of fitting a
function to data of the form (y,siny) which can be easily done visually or
computationally. In this example, the problem was substantially simplified
because we “happened” to use the right feature. Generally, without any
knowledge of how the data to be fit have been generated, we should not
expect to hit upon the most relevant features but, to the extent that we
have some qualitative knowledge about a problem, we should try to use it.

It would be highly desirable to have a theory or a computational
mechanism that could be used as a guide in the selection of the most
useful features. While there exist some general purpose methods that try
to discover interesting features from the data in an unsupervised fashion,
often there is no substitute for sound engineering judgment.

Feature-Based Aggregation

The use of a feature vector f(i) to represent the state ¢ in an approximation
architecture of the form .J ( @), T) implicitly involves state aggregation, that
is, the grouping of states into subsets. In particular, let us assume that the
feature vector can take only a finite number of values, and let us define for
each possible value v, the subset of states S, whose feature vector is equal
to v:
Sy ={i| f(i) =v}.

We refer to the sets S, as the aggregate states induced by the feature vector.
These sets form a partition of the state space. An approximate cost-to-go
function of the form J ( f(@), 7’) is piecewise constant with respect to this

partition; that is, it assigns the same cost-to-go value j(v,r) to all states
in the set S,.

An often useful approach to deal with problem complexity in DP is
to introduce an “aggregate” DP problem, whose states are some suitably
defined feature vectors f(i) of the original problem. The precise form of
the aggregate problem may depend on intuition and/or heuristic reasoning,
based on our understanding of the original problem. Suppose now that the
aggregate problem is simple enough to be solved exactly by DP, and let
J(v) be its optimal cost-to-go when the initial value of the feature vector
is v. Then J ( f (z)) provides an approximation architecture for the original
problem, i.e., the architecture that assigns to state i the (exactly) optimal
cost-to-go J ( f(z)) of the feature vector f(i) in the aggregate problem.
There is considerable freedom on how one formulates and on how one solves
aggregate problems. In particular, one may apply the DP methods of
value and policy iteration discussed in Ch. 2, but one may also use special
simulation-oriented methods of the type to be developed in Ch. 5 and in
Section 6.7.
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Features Viewed as State Measurements

A feature extraction mapping that is used for approximation of the cost-
to-go function of a DP problem can be viewed as a measurement device: it
produces a feature vector f(i) that provides partial information about the
state i. In general, we cannot reconstruct the state from its feature vector,
so the feature vectors from preceding periods may provide genuinely useful
additional information about the current state. This can be exploited by
using approximation architectures that depend on several past values of the
feature vector. For example, it may be fruitful to introduce a dependence
on a running average of the past values of some of the features.

In this connection, given a DP problem, it is conceptually useful to
consider a corresponding problem of imperfect state information, where at
time ¢ we are allowed to have access only to the feature vector f(i¢) in
place of the system state i;. According to the theory of imperfect state
information DP (see e.g., [Ber95a]), the optimal cost-to-go function of this
problem at time ¢ depends on the feature vectors of all preceding periods.
It has the general form .J; (f(io), f(i1),. .., f(ir)), where J is some func-
tion, and it provides an upper bound on the optimal cost-to-go function
J*(i¢) of the original DP problem and a lower bound on the performance
of any policy that is based on an approximation architecture of the form
J ( f (it),r). However, the performance gap can be narrowed by consider-
ing an approximation architecture of the form J; (f(io), f(i1), ..., f(ir),T)
or an architecture of the form j(f(it_k.)7 f(it—k+41),- .., f(ir),r), which in-
volves the current feature vector and the feature vectors of the preceding
k time periods.

Features Viewed as Approximate Sufficient Statistics

Feature extraction mappings take a special meaning when dealing with DP
problems with imperfect state information. In such problems, the control
is chosen on the basis of noise-corrupted measurements of the state, rather
than the state itself. These measurements accumulate over time, and in
order to deal with their expanding number, one often searches for sufficient
statistics, that is, for quantities which summarize the essential content of
the measurements as far as optimal control is concerned (see [Ber95a], Ch.
5). For example, under favorable circumstances, an estimator that provides
some form of state reconstruction may be such a sufficient statistic. Since
a sufficient statistic is, for optimization purposes, equivalent to the entire
available information, it may be viewed as an “exact” feature extraction
mapping. This leads to the conjecture that good feature extraction map-
pings are provided by “approximate sufficient statistics,” that is, mappings
which in a heuristic sense are close to being a sufficient statistic for the
given problem. For example, in some problems, a suboptimal state esti-
mator may serve as a fairly good feature extraction mapping. For another
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useful context, suppose that “most” of the relevant information for the pur-
poses of future optimization is provided by a small subset of the available
measurements, say those of the last k periods, where k is a small integer.
Then these measurements may constitute an effective set of features for an
approximation architecture.

3.1.3 Partitioning

A simple method to construct complex and sophisticated approximation ar-
chitectures, is to partition the state space into several subsets and construct
a separate approximation in each subset. For example, by using a linear
or quadratic polynomial approximation in each subset of the partition, one
can construct piecewise linear or piecewise quadratic approximations over
the entire state space. An important issue here is the choice of the method
for partitioning the state space. Regular partitions (e.g., grid partitions)
may be used, but they often lead to a large number of subsets and very
time-consuming computations. Generally speaking, each subset of the par-
tition should contain “similar” states so that the variation of the optimal
cost-to-go over the states of the subset is relatively smooth and can be
approximated with smooth functions. An interesting possibility is to use
features as the basis for partition. In particular, one may use a more or less
regular discretization of the space of features, which induces a possibly ir-
regular partition of the original state space (see Fig. 3.4). In this way, each
subset of the irregular partition contains states with “similar features.”

) Feature vector
State F . (i)
eature ex.tractlon
mapping
Induced irregular partition Regular partition
of state space of feature space

Figure 3.4: Feature-based partitioning of the state space. A regular partition of
the space of features defines an irregular partition of the state space.

Partitioning and “local” approximations can also be used to enhance
the quality of approximation in parts of the space where the mapping we are
trying to approximate has some special character. For example, suppose
that the state space S is partitioned in subsets Si,..., Sy and consider
approximations of the form

T(i,r) = J(0,7) 4+ > rm(k)dkm (D), (3.8)
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where each ¢, (7) is a basis function which contributes to the approxi-
mation only on the set Sp,; that is, it takes the value 0 for ¢ ¢ S,,,. Here
J(i,#) is an architecture of the type discussed earlier, such as a multilayer
perceptron, and the parameter vector r consists of 7 and the coefficients
7m (k) of the basis functions. Thus the portion .J(i,#) of the architecture is
used to capture “global” aspects of the mapping we are trying to approxi-
mate, while each portion Z?:"i Tm (k) ¢r,m () is used to capture aspects of
the mapping that are “local” to the subset Sy,.

It should be noted that the solution of least squares problems involv-
ing the “local-global” architecture (3.8) can be facilitated with the use of

decomposition. In particular, minimizing
2

M Kp
) (J(z‘) eSS Zm(k)qbk,m(i)) , (3.9)
% m=1 k=1

over the parameters # and r,, = (rm(l), ... ,rm(Km)), m=1,...,M, can
be done in two stages: first solving for the optimal local approximation
with the global parameter 7 held fixed, and then minimizing over all #. In
particular, we first fix # and we minimize for each m separately the cost
function (3.9) over all r,; for each m, this is a linear least squares problem
that can be solved in closed form (see Section 3.2.2), and that involves only
the squared terms corresponding to i € Sy,. The optimal values of r,, are
linear functions of J(i) — J(i,7), i € Sm, and when they are substituted in
the cost function (3.9), they yield a “reduced cost function” that depends
exclusively on 7. This reduced cost function [which incidentally is quadratic
if j(z,f) is linear in 7] can then be minimized with respect to 7; see also
our discussion of linear least squares problems in Section 3.2.2.

Still another possibility for partitioning and decomposition arises when
dealing with DP problems that have special structure. As an example,
consider a stochastic shortest path problem that has the sequential decom-
position structure discussed in Section 2.2.2. In particular, assume that
there is a sequence of subsets of states S, 52, ..., Sy such that each of the
nontermination states belongs to one and only one of these subsets, and
the following property holds:

For all m = 1,..., M and states ¢« € S,,, and under any policy, the
successor state j is either the termination state or else belongs to one
of the subsets Sy, Sm—1,...,51.

Then, the solution of the problem decomposes into the solution of M
stochastic shortest path problems, each involving the states in a subset
Sm. If the solutions of these problems are approximated using NDP meth-
ods, each cost-to-go function approximation needs only to be done over the
corresponding subset Sy,. Furthermore, one may consider solving exactly
the smaller ones of these problems, so that when the larger problems are
solved approximately, we can use optimal cost-to-go values for the states
of the smaller problems.
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A potential difficulty with partitioned architectures is that there is
discontinuity of the approximation along the boundaries of the partition.
For this reason, a variant, called soft partitioning, is sometimes employed,
whereby the subsets of the partition are allowed to overlap and the dis-
continuity is smoothed out over their intersection. In particular, once a
function approximation is obtained in each subset, the approximate cost-
to-go in the overlapping regions is taken to be a smoothly varying linear
combination of the function approximations of the corresponding subsets.

3.1.4 Using Heuristic Policies to Construct Features

Suppose that we have a difficult DP problem for which we know some rea-
sonable heuristic policies, say p1, ..., trx. The method by which these poli-
cies have been obtained is immaterial; for example, appropriate heuristic
policies could be guessed, they could be obtained by solving an analyti-
cally tractable variant of the original problem, or they could be generated
by some type of policy iteration. What is important for our purposes is
that for each state ¢ and policy g, we can calculate fairly easily an approxi-
mate cost-to-go J#k (i), perhaps through a closed-form expression, through
some fast and convenient algorithm, or through some already trained neural
network architecture.

Now suppose that for the states ¢ of interest, at least some of the
evaluations .Ji (i) are fairly close to the optimal cost-to-go J*(i). Then
it appears sensible to use J#& (1) as features to be appropriately weighted
in an architecture that aims at approximating J*. In particular, let us
consider the functions J# (i) as features in an architecture of the form

J(i,r) = woli,r0) + Y wi(i, i) Jrx (i), (3.10)

where each wy(-, ) is a tunable coefficient that depends on the state ¢ as
well as on a parameter vector rg, and r = (ro,r1,...,7K) is the overall
parameter vector of the architecture.

The idea behind this architecture is that by using different weights
wy(i,71) at different states i, we may be able to learn how to identify the
most promising heuristic policy to use at different portions of the state
space. Therefore, with proper training of the parameter vector r, one
may hope to obtain a policy that performs better than all of the heuristic
policies. Note that the architecture is very general, since by taking wy, (¢, 7% )
to be identically 0 for k = 1,..., K, it reduces to the generic form wo (%, ro).
On the other hand, the architecture may allow very effective approximation
of the optimal cost function J* by using simple parametrizations of the
weights wy (7, 7)), since the functions Jie may have already captured the
most important characteristics of J*.
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In particular, suppose that we have an M-dimensional feature vector

f@) = (f1(8),..., far (D).

Then we may consider a linear parametrization of wy(i,ry) of the form
wy(i,7x) = 7%(0) + Z T (m (3.11)

where r, = (rx(0),7%(1),...,rx(M)) is the parameter vector. With this
parametrization, the architecture (3.10) is written as

J(i,r) = 10(0 +ZTO —i—Zrk ) Jhk (i
+erk (i) Jhk (3),

m=1 k=1
so it is equivalent to a feature-based architecture where the features are
fun(@), Jr (i), and the products fo,(i).J# (i).

Alternatively, let the space of feature vectors f(i) be partitioned into
subsets S1,...,Sr. Then we can consider functions wy (4, ) that are piece-
wise constant on the (irregular) partition induced by the subsets Si,...,SL
(cf. Section 3.1.3); that is, functions wg (4, ri) of the form

(3.12)

Z ?"k Zrk | Sl) (3.13)

where (- | S;) is the indicator functlon of the set S,

. 1, if f(i) €5,
SUO19 =g it 1) 5.
and 7 = (rk(l), re(2),..., rk(L)) is the parameter vector. Note that with
the choice (3.13), the architecture (3.10) is written as
L K
J(i,r) = Z (ro(l) + Zrk(Z)Jﬂk (z)) §(f@) | S), (3.14)
1=1 k=1
so it amounts to weighting differently the evaluations of the heuristic poli-
cies Jik (i) on each subset {i | f(i) € S}

Note that here we are using features in two different ways. On one
hand, in the architecture (3.10), we use the J# (i) as features to construct
a cost-to-go approximation J. On the other hand, we use a different set of
features fn, () to represent the weighting coeflicients wy (i, ) of the first
set of features Jik (7). Note also that both architectures (3.12) and (3.14)
are linear, and can be trained using linear least squares methods.

The approach of using heuristic algorithms to construct features is
illustrated through a simple example in Section 8.4. We close this section
by specializing the approach to an important combinatorial optimization
context.
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Application to Discrete Optimization Problems

Let us consider the general discrete optimization problem of Example 2.6
in Section 2.4. The problem is characterized by a set of data d, by a
cost function gq(u), and by a finite set Uy of N-component solutions u =
(u1,...,un), where N is a positive integer. As in Example 2.6, we view
the problem as a deterministic DP problem with N stages. For n =
1,..., N, the states of the nth stage of the DP problem are of the form
(dyma, Umyy -, Mny Uy, ), Where (U, ..., Um, ) 18 an n-solution (a par-
tial solution involving just n components). The initial state is the problem
data d. From a state of the form

(dyma, Umyy -y M1, Um,,_ 1 )s
we may select any index
My & {m1,...,Mn_1},
and move to any one of the states
(d, M1, Uy s - o s M—1, Uy, 1> Moy Uy, ) With Um,, € Ugm,, -

The controls at a state (d, m1, Umy, - - -, Mn—1, Um,,_, ) can be identified with
the pairs (mp, um,, ), where my, & {m1,...,my_1} and um,, € Ugm, . The
terminal states correspond to the N-solutions (u1,...,un), and the only
nonzero cost is the terminal cost gq(u1,...,un).

Let us assume that we have K heuristic algorithms, the kth of which,
given problem data d and an n-solution (um,,...,Um, ), produces an N-
solution whose cost is denoted by Hy ¢(m1, Umy, - - -, Mn, Um, ). Thus, start-
ing from any partial solution, the heuristic algorithms can generate com-
plete N-component solutions, although there are no guarantees on the qual-
ity of these solutions. Consistently with our earlier discussion, we can use
the heuristic algorithms as feature extraction mappings in an approxima-
tion architecture. In particular, we may use for each n, an architecture of
the form

J(d,ma, Umy s - oy, My Uy, ) = Wo(d, M1, Umy s« -« s Miny Uy, T0)
K
+ E wk(d7 mi,Umq,y--- 7mn7umnark)Hk,d(m17Um17' . 'amn7u7nn)7
k=1

where wy, are tunable coefficients that depend on the parameter vector r =
(ro,71,...,7K). The functional form of the coefficients wy may be feature-
based, that is, it may include a dependence on features of the problem data
d or the n-solution (um,,. .., Um,), as discussed earlier. Furthermore, the
parameter vector r may include a separate component for each stage n.
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Such an architecture can be used to generate, for any problem data
d, a complete N-component solution in NV steps as follows. Given d, at the
first step we generate u,,, by solving the problem

mIEI{I%i,?,N} J(d,my, Umy, 7). (3.15)
Umq eUd,ml

At the nth step, given the preceding selections mi, Umy, ..., Mn—1, Um,,_;,
we generate um,, by solving the problem
min j(d, L, Uy s - - oy Mn—1, Uy, 1> Moy Uy s T)- (3.16)

mng{mq,....muy_1}
UMy, EUd,mn

Note that at each step of this process, several heuristic algorithms are
executed and their corresponding complete N-solutions and costs are gen-
erated. These solutions may be compared with the solution obtained via
the N-step (approximate) DP process (3.15)-(3.16) in terms of their costs,
and the best solution may be used as the final answer.

Let us now mention a few variants of the preceding formulation of
the discrete optimization problem as an N-stage DP problem. A simple
and effective variation is to introduce additional controls/decisions that
correspond to an immediate transition from the current state to a com-
plete N-solution provided by one of the heuristic algorithms starting from
that state. In particular, from a state (d,m1,Umy,...,Mn—1,Um,_,) We
may move to any one of the states (d7 M1, Umgy ey Mp—1, Umy,_q1, Mn, umn),
where m,, ¢ {m1,...,mp—1} and um, € Ugm,, or to the complete N-
solution produced by any one of the heuristic algorithms starting from
(dyma, Umyy -, Mn—1, Um,,_)-

Another, more complex possibility involves the use of a local search
algorithm, which given an n-solution (tm,, ..., um, ), produces a subset S
of n-solutions that includes (um,,...,Um, ) as well as some “neighboring”
n-solutions to (Um,,. .., Um,) (compare with Example 2.7 in Section 2.4).
The nth stage decision, at state (d, m1, Um,, ..., Mn—1,Um,,_, ), would then
consist of selecting my, ¢ {m1,...,mp_1} and the value of the component
Um,, from the set Ug m,,,, and then selecting an n-solution from the corre-
sponding subset S. Examples of suitable local search algorithms abound
in the combinatorial optimization literature; they include interchanging
the order of a few cities in a traveling salesman tour, exchanging the job
assignments of a few persons in a person-to-job assignment problem, etc.

Note that while all of the preceding DP formulations are equivalent
to the original discrete optimization problem, they give rise to different
approximation architectures. Thus, when these architectures are trained by
NDP techniques, they will generate solutions of the original optimization
problem that differ accordingly. Generally, one may hope that a more
complex DP formulation will result in a more powerful architecture that
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is capable of yielding better solutions of the original problem. On the
other hand, a more powerful architecture requires more time-consuming
computations for training, as well as for generating problem solutions after
training has been completed.

NEURAL NETWORK TRAINING

Neural network training problems are optimization problems where we want
to find the set of parameters or weights of an approximation architecture
that provide the best fit between the input/output map realized by the
architecture and a given set of input/output data pairs. Typically, these
problems are of the least squares form

1 m
L. 1 ) 2
minimize 5 Zl ||gz(7°)||
=
subject to r € Rn,

where g; is for each ¢ a continuously differentiable vector-valued function.
Throughout this section, || - || will stand for the Euclidean norm, given by
]| = Va'a.

As discussed in Section 3.1, least squares problems arise when we
want to approximate a DP cost-to-go function using sample pairs (i, J (z))
of states ¢ and corresponding (perhaps noisy) cost-to-go estimates J(i)
that have been obtained in some way (for example by simulation). In this
context, depending on the type of architecture used, we will be minimizing
the linear least squares cost function

S (76 - Y ko)
i k
or its nonlinear version
> (I00) = Tm)”,

[cf. Egs. (3.3) and (3.4)]. To provide some further orientation, let us discuss
some other related examples of least squares problems.

Example 3.1 (Model Construction — Curve Fitting)

Suppose that we want to estimate n parameters of a mathematical model
so that it fits well a physical system, based on a set of measurements. In
particular, we hypothesize an approximate relation of the form

y = h(z,7),
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where h is a known function representing the model and

r € ®" is a vector of unknown parameters,
y € R" is the model’s output,
x € RP is the model’s input.

Given a set of m input-output data pairs (z1,y1), ..., (Tm,ym) from the phys-
ical system that we are trying to model, we want to find the vector of param-
eters r that best matches the data in the sense that it minimizes the sum of

squared errors
2
> s = i ).
i=1

For example, to fit the data pairs by a cubic polynomial approximation, we
would choose

h(z,r) =r(0) 4+ r(Dz + r(2)2® + r(3)z®,

where r = (7’(0)7 r(1),7(2), r(3)) is the vector of unknown coefficients of the
cubic polynomial.

Example 3.2 (Least Squares Parameter Estimation)

Consider two jointly distributed random vectors z and y. We view = as a
measurement that provides some information about y. We are interested in
obtaining a function f(-), called an estimator, where f(z) is the estimate of
y given x. A commonly used estimator is the least squares estimator, which
is obtained by minimization of the following expected squared error over all
1):

E[ly - f@)?).

Since

E(ly - f@I°] = B|E[ly - F@)I* | ].

it is clear that f*(-) is a least squares estimator if f*(z) minimizes the con-
ditional expectation in the right-hand side above for every x. We have for
every fixed vector z,

Ellly = 2II* | z] = E[llyl* | «] - 22'Ely | 2] + |||

By setting to zero the gradient with respect to z, we see that the above
expression is minimized by z = E[y | ]. Thus the least squares estimator of
y given x is Ely | z].

Suppose now that E[y | z] is very complicated or otherwise difficult to
calculate. It would then make sense to consider instead minimization over r
of

E[lly — h(z,7)|]

over a class of estimators from a given architecture h(-,r) that depends on a
parameter vector r. For example, h(z,7) could be provided by some neural
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network. Assume further that we have sample pairs (z1,91), ..., (Tm, Ym)-
We can then approximate the preceding expected value by

1 m
= llys = Al
i=1

Then, if 7* minimizes the above sum of squares, h(z,r") is an approximation
to the least squares estimator Ely | z].

3.2.1 Optimality Conditions

In order to discuss computational methods for least squares problems, it is
most economical to embed them within the general class of unconstrained
minimization problems

minimize f(r)
subject to r € Rn.

A vector r* is a local minimum of f if it is no worse than its neighbors;
that is, if there exists an € > 0 such that

f(r=) < f(r), YV r with ||r —r*|| <e.

A vector r* is a global minimum of f if it is no worse than all other vectors;
that is,
flir) < f(r), YV reRe.

The local or global minimum 7* is said to be strict if the corresponding
inequality above is strict for r # r*. Local and global maxima are similarly
defined. In particular, r* is a local (global) maximum of f, if r* is a local
(global) minimum of the function —f.

The main optimality conditions are given in the following two classical
propositions.

Proposition 3.1: (Necessary Optimality Conditions) Let r* be a lo-
cal minimum of f : %" — R, and assume that f is continuously differ-
entiable. Then,

Vi) =0. (First Order Necessary Condition)

If in addition f is twice continuously differentiable, then,

V2 f(r*) is positive semidefinite. (Second Order Necessary Condition)
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Proof: Fix some s € &*. Then

, o S+ ys) = f(r¥)
sV f(r )—171%1 5 >0,

where the inequality follows from the assumption that r* is a local mini-
mum. Since s is arbitrary, the same inequality holds with s replaced by
—s. Therefore, s’V f(r*) = 0 for all s € ®", which shows that V f(r*) = 0.

Assume that f is twice continuously differentiable, and let s be any
vector in . For all v € R, the second order Taylor series expansion yields

2
Fre 38) = f(r) = AV F()'s + 5 V2F (1) + 0(72).
Using the condition V f(r*) = 0 and the local optimality of r*, we see that

1 2
= 5s’VQf(r*)s + 0(’72 ),

flre+s) = f(r)

0< 2

for sufficiently small v # 0. Taking the limit as v — 0 and using the fact

2
lim 207%)
~—0 ’yz

:0,

we obtain s'V2f(r*)s > 0 for all s € ", showing that V2 f(r*) is positive
semidefinite. Q.E.D.

In what follows, we refer to a vector r* satisfying the condition
Vf(r+) =0 as a stationary point.

Proposition 3.2: (Second Order Sufficient Optimality Conditions)
Let f: R — R be twice continuously differentiable. Suppose that a
vector r* satisfies the conditions

Vf(r+) =0, V2f(r*) is positive definite.

Then, r* is a strict local minimum of f. In particular, there exist
scalars @ > 0 and € > 0 such that

f(r) = f(r*) + allr — r||2, YV or with [|r —r*|| <e. (3.17)

Proof: Let A be the smallest eigenvalue of V2f(r*). Then A is positive
since V2 f(r*) is positive definite. Furthermore, s'V2f(r*)s > Al s||? for all
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s € Rn. Using this relation, the hypothesis V f(r*) = 0, and the second
order Taylor series expansion, we have for all s

Fre 4+ 5) = F(r) = Vf(r=)'s + Ls/V2 ()5 + of 52

A
2 5 lIsl? +o(lsl1?)

(Aol
_(2+IMP)”H'

It is seen that Eq. (3.17) is satisfied for any € > 0 and « > 0 such that

A 2
§+ﬁﬁﬁ)>m Vs with s <e
S

Q.E.D.

The above conditions can be substantially strengthened when the cost
function f is convex. Appendix A gives the definition and some of the prop-
erties of convex functions. In particular, if f is twice differentiable, then f
is convex if and only if for every r the Hessian matrix V2f(r) is positive
semidefinite. Furthermore, for convex functions there is no distinction be-
tween local and global minima; it can be shown that every local minimum
is also global. In addition, the first order necessary condition V f(r*) =0
is also sufficient for optimality if f is convex. This last property is an im-
mediate consequence of the relation f(r) > f(r*) + Vf(r*)'(r — r*), which
holds for all vectors r and r* when f is convex and differentiable.

Example 3.3 (Quadratic Minimization Problems)

Consider the quadratic function

§r) = 5r'Qr—t,

where @ is a symmetric n X n matrix and b is a vector in ™. If r* is a local
minimum of f, we must have, by the necessary optimality conditions,

Vir)=Qr" —b=0, sz(r*) = (@ : positive semidefinite.

There are two cases to consider:

(a) @ is not positive semidefinite. Then f can have no local minima because
the second order necessary condition is violated.

(b) @ is positive semidefinite. Then f is convex (because its Hessian matrix
is positive semidefinite) and any vector r* satisfying the first order
condition Vf(r*) = Qr* —b = 0 is a global minimum of f. If Q
is positive definite (and hence invertible), the equation Qr* —b = 0
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has a unique solution and the vector r* = Q7' is the unique global
minimum. However, if () is positive semidefinite and singular, there are

two possibilities:
(1) The vector b is in the range of the matrix @, in which case there
exist infinitely many solutions [if Q7 = b and d is any vector

satisfying Qd = 0, then Q(7 + ed) = b for all scalars €]. All of
these solutions are global minima.

(2) The vector b is not in the range of the matrix @, in which case
the minimal value of the cost function f(r) is —oo and no optimal
solution exists. To see this, take any nonzero vector 7 in the
nullspace of @ that is not orthogonal to b (such a vector exists
because b is not in the range of (), and is therefore not orthogonal
to the nullspace of Q). Consider the cost value f(aT) of vectors
a7 where « is a scalar. Since Q7 = 0, we have f(aF) = —ab'T,
and because b'T # 0, the cost f(aF) can be made arbitrarily small
by suitable choice of a.

3.2.2 Linear Least Squares Methods

Consider the least squares problem for the case where the functions g;(r)
are linear of the form

gi(r) = yi — Xir,

where y; € R™i are given vectors and X; are given m; X n matrices. In
other words, we are trying to fit a linear model to the set of input-output
pairs (y1,X1) ..., (Ym, Xm). We refer to each such pair as a data block.
The cost function has the form

1 m
Fr) =52 Ml = Xar2,
i=1

and is quadratic as well as convex (cf. Example 3.3). Its gradient and
Hessian matrix are

Vi) == Xiyi — Xor),  V2f(r) =Y X[X;.
i=1 i=1
Thus, if the matrix
> XIX;
i=1

is invertible, the problem has a unique solution r*, obtained by setting the
gradient to zero,

m -1 m
o= (Z X;Xi> > Xy (3.18)
1=1 =1
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If the matrix Z:’;l X!X; is not invertible, the problem has an infinite
number of solutions. To see this, note that a convex quadratic problem
that has no optimal solution must have an optimal value that is —oo, as
seen in Example 3.3, while in least squares problems, the optimal value
is bounded from below by 0. Thus at least one solution must exist, and
in fact the set of solutions is the linear manifold that is parallel to the
nullspace of Y /" | X!X; and passes through any one of the solutions of the
least squares problem.

There are a number of methods for computing the solution when the
solution is unique. We discuss two of the most popular: the singular value
decomposition method and the Kalman filtering algorithm. These methods
can also be appropriately modified to deal with the case where there is an
infinite number of solutions.

Singular Value Decomposition

The singular value decomposition (SVD) method first performs the factor-
ization

> XIX; = EAF, (3.19)
i=1
where the matrices £ and A have the form
A 0 ... 0
E=le1 e ... e], A=| ¥ A2 ... 0
0 0 ... X

Here the scalars A; and the vectors e; are the nonzero eigenvalues and corre-
sponding orthonormal eigenvectors, respectively, of the matrix >, | X/ X;.

In the case where 221 X!X; is invertible, the number of its nonzero
eigenvalues is n and the matrix F is a square orthonormal matrix, that is,
EFE' is the identity matrix. The inverse of E is E’, so that

(EAE")-1 = EA-1EY,
and using Egs. (3.18) and (3.19), we see that the unique solution of the
least squares problem has the form

r=EALE Y Xlys; (3.20)
i=1
see Fig. 3.5(a).

In the case where 2111 X[X; is not invertible, the vector r* given
by the formula (3.20) is still well defined. It can be shown that out of the
infinite set of optimal solutions of the linear least squares problem, r* is the
optimal solution that has minimum Euclidean norm [see Fig. 3.5(b)]. The
computation of r* and the SVD can be performed with well-established
algorithms that can be found in most linear algebra software packages (see
e.g., the textbooks by Hager [Hag88] or Strang [Str76]).
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r(2)

Y- X'r=0

Least squares
y2 - 12 r=0 P solution

y3~x3'4 \

r(1)

(@)

r(2) ¥1-X'r=0 Set of optimal
solutions

Minimum)|

' r(1)

(b)

Figure 3.5: (a) Solution of the linear least squares problem when the rows of
the matrices X; (the vectors x’l, 93’2, and zé in the figure) span the entire space
and the matrix 27;1 X!X; is invertible. (b) Illustration of the case where the

matrix Z:nzl X!X; is not invertible. Then the set of vectors that are orthogonal
to all the rows of the matrices X; is a nontrivial subspace. The set of all optimal
solutions of the linear least squares problem is a manifold parallel to this subspace.
The SVD formula (3.20) gives the solution of minimum norm on this manifold.

Iterative Methods for Linear Least Squares — The Kalman
Filter

The linear least squares estimate can also be computed recursively using the
Kalman filter. This algorithm has many important applications in control
and communication systems, and has been studied extensively. An impor-
tant characteristic of the algorithm is that it processes the least squares
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terms ||y; — X;r||? incrementally, one at a time. To get a sense of how this
can be done, consider the following simple example:

Example 3.4 (Recursive Mean Estimation of a Random Variable)

Suppose that we want to calculate the mean of a random variable y using
sample values y1,y2,...,Yym. The sample mean is

T*:y1+y2+---+ym
m

)

and can also be calculated as the solution of the problem

> i)

subject to 1 € R.

minimize

N =

It is possible to generate the sample mean by using the recursive formula
req1 =T+ L ( —T) t=0 m—1 (3.21)
t+1 =Tt t—l—lytH t) =Y. ) .

starting from the initial condition ro = 0. The scalar r; is the sample mean
(y1 + -+ + yi)/t based on the first ¢ samples, and the optimal solution r*
is equal to 7., the sample mean based on all the samples. Each iteration
using formula (3.21) involves only the new sample y:+1; the effect of the past
samples y1, ..., y; is summarized in their sample mean. Note that the formula
(3.21) can be generalized to process more than one sample, say s samples, at

each iteration as follows:
<Z¢ . n) . (3.22)

Ttts = Tt +

t+ s s

The iterative formulas (3.21) and (3.22) are special cases of the Kalman fil-
tering algorithm.

Consider the general case of the linear least squares problem where
gi(r) =y — Xir.
The Kalman filter sequentially generates the vectors that solve the partial

least squares subproblems involving only the first ¢ squared terms, where
t=1,...,m:

i
¢i=argrrg§?r}lz:||yj—XjTH27 i=1,...,m.
j=1



Sec. 3.2 Neural Network Training 85

Thus the algorithm first finds ¢1 by minimizing the first term ||y1 — X172,
then finds 2 by minimizing the sum of the first two terms ||y1 — X17(|2 +
lly2 — Xor|2, etc. The solution of the original least squares problem is
obtained at the last step as

r* = Un,.

The method can be conveniently implemented so that the solution of each
new subproblem is easy given the solution of the earlier subproblems, as
will be shown in the following proposition. We state this proposition for
the more general case where the least squares problem has the form

m

minimize Z Am=illy; — X r||?,
j=1

subject to 1 € Rn,

where )\ is a scalar with
0< A<,

sometimes called the fading factor or the exponential forgetting factor.
When A = 1, we obtain the usual linear least squares problem. A value
A < 1 deemphasizes the effect of the initial terms |ly; — X;r||2. This is
sometimes useful in situations where the mechanism that generates the
data changes slowly with time.

Proposition 3.3: (Kalman Filter) Assuming that the matrix XX,
is positive definite, the least squares estimates

7
i =arg min > X~y — X2, i=1,...,m,
j=1

can be generated by the algorithm
’L/)i :wi—l‘FHi_lX;(yi—Xiwi—l), iz 1,...,777,7 (323)

where g is an arbitrary vector, and the positive definite matrices H;
are generated by

H; = H;—1 + X/ X, {

1,...,m, (3.24)

with
Hy =0.
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More generally, for all i < i we have

|
—_

pi =+ H7D D XNTIX (g — Xguy), i .,m.  (3.25)

j=i+1

Proof: We first establish the result for the case of two squared terms in
the following lemma:

Lemma 3.1: Let y1, y2 be given vectors, and X;, X2 be given ma-
trices such that X{X; is positive definite. Then the vectors

1 = arg min ||y1 — X172, (3.26)
reRrn

and

Yo = arg min {Jly — Xar|2 + g — Xerl?},  (3:27)
are also given by

Y1 = o + (X1 X1) 71 X7 (11 — Xavo), (3.28)

and
Y2 = Y1 + (X[ X1 + X5 X2) 71 X5 (y2 — Xot1), (3.29)

where g is an arbitrary vector.

Proof: By carrying out the minimization in Eq. (3.26), we obtain
Y1 = (X1X0) " Xiy, (3.30)

yielding for any )y,

-1 -1
Y1 = Yo — (X{Xl) X{Xl’lﬁo + (X{Xl) X{yh
from which the desired Eq. (3.28) follows.
Also, by carrying out the minimization in Eq. (3.27), we obtain
o = (X[ X1 + X5X2) " (X1 + Xbyo),
or equivalently, using also Eq. (3.30),
(X1X1 + X5Xo2)Y2 = X{y1 + Xgyo

= X1 X111 + X5y2
= (X1 X1+ X5 X0)1 — X, X + Xy,
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from which, by multiplying both sides with (X] X1 + X}, X5)~1, the desired
Eq. (3.29) follows. Q.E.D.

Proof of Prop. 3.3: Equation (3.25) follows by applying Lemma 3.1 with
the correspondences ¥o ~ 1o, 11 ~ 5, P2 ~ 14, and

VAi—1y V-1 X,
A //\z‘—iy; \ /)\FEX{
Ai—i—1 i \ /Ai*;*1X3+1
Y2 ~ : X : ’
Yi Xi

and by carrying out the straightforward algebra. Equation (3.23) is the
special case of Eq. (3.25) corresponding to i =i — 1. Q.E.D.

Y1~

Note that the positive definiteness assumption on X7X; in Prop. 3.3
is needed to guarantee that the first matrix H; is positive definite and
hence invertible; then the positive definiteness of the subsequent matrices
Hs, ..., Hy, follows from Eq. (3.24). As a practical matter, it is usually
possible to guarantee the positive definiteness of X{X; by lumping a suffi-
cient number of measurements into the first data block (X; should contain
n linearly independent columns). An alternative is to redefine 1; as

i
1 = arg Trg}g I — 1bo|2 + Z A—dlly; — X572 7, i=1,...,m,
j=1

where ¢ is a small positive scalar. Then it can be seen from the proof of
Prop. 3.3 that 1; is generated by the same equations (3.23) and (3.24),
except that the initial condition Hyp = 0 is replaced by

Hoy = 41,

where I is the identity matrix, so that Hy = A6 + X X is positive definite
even if XX, is not. Note, however, that in this case, the last estimate 9.,
is only approximately equal to the least squares estimate r* (the approxi-
mation error depends on the size of ¢).

Decomposition of Linear Least Squares Problems

Some linear least squares problems have special structure that lends itself
to more efficient solution. As an example, consider a least squares problem
of the form

M
min 3" " (g — 1'60) — rhom(i)’, (3.31)

Ty yeesT
sees T M il
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where r and r,, m = 1,..., M, are the unknown parameter vectors,
I, ..., Iy are subsets of indices, and ¢(i) and ¢ (i), m = 1,..., M, are
known vectors for each i. Note that the “local-global” architecture (3.8)
leads to least squares problems of this type, where ¢(i) represents the
“global” feature extraction mapping and ¢, (i), m = 1,..., M, represent
the “local” feature extraction mappings. If the number M of subsets is
large, the dimension of the least squares problem will be proportionally
large. However, thanks to its special structure, problem (3.31) can be de-
composed into problems of lower dimension, as we now describe.

The minimization in Eq. (3.31) can be broken down in two parts: first
minimizing with respect to 7, for each m, while keeping r fixed, and then
minimizing with respect to . The minimization with respect to r,, has
the form

min Y (yi — 7'(i) — rhém (i), (3.32)

and yields an optimal parameter vector r;, which is a linear combination
of some vectors v; weighted by the scalars y; — r'¢(4), i € Iy,

Tho= Z (yi — 79 (i))vi,

1€1m

[cf. the general linear least squares solution formula (3.18); y; — r/¢(i) and

v; above correspond to y; and (Z;nzl XJ’-XJ») X/

79

respectively, in that

formula]. The vectors v; can be calculated from the corresponding formula
(3.18). Thus, ri can be expressed as

T = am + Bmr,

where a,, and B,, are the vector and matrix given by

Am = Z Yivi, B, = — Z v (1)

1€1m i€Im

Substituting these expressions into the least squares problem (3.31), we see
that this problem is equivalent to

M 2
min > 3" (5 = ahnom(i) = 7 (606) + Buom(i))) . (3.33)

m=11€lm,

which involves only the vector . Thus the decomposition method consists
of the solution of the linear least squares problems (3.32) and (3.33), which
are of much smaller dimension than the original.
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3.2.3 Gradient Methods

Most of the interesting algorithms for unconstrained minimization of a
continuously differentiable function f : " +— R rely on an important idea,
called iterative gradient descent, that works as follows. We start at some
point rg (an initial guess) and we successively generate vectors ri,ra, ...,
according to the algorithm

T‘t+1:T’t+’ytSt, t:(),l,...

where 7; is a positive stepsize, and the direction s; is a descent direction,
that is,
Vf(r:)'se <0,

assuming that V f(ry) # 0. If Vf(r;) = 0, then the method stops, that is,
re+1 = 1¢ (equivalently we choose s; = 0). We call algorithms of this type
gradient methods.

There is a large variety of possibilities for choosing the direction s; in
a gradient method. Here are some examples, which are discussed in more
detail in references such as [Lue84] and [Ber95b].

Steepest descent method

Here

St = fo(rt)

It can be shown that among all directions s with ||s|| = 1, the steepest, i.e.
the one that minimizes V f(r:)’s, the first order rate of change of f along the
direction s, is =V f(r:)/||V f(r¢)||. Steepest descent is simple, but suffers from
slow convergence, particularly for cost functions involving “long and narrow”
level sets.

Newton’s method

Here

se=—(V2f(r0) " V),

provided V2 f(r;) is positive definite. If V2 f(r;) is not positive definite, some
modification is necessary (see e.g., [Ber95b]). The idea in Newton’s method
is to minimize at each iteration the quadratic approximation of f around the
current point r; given by

Fe(r) = f(re) + Vf(re) (r —re) + %(r — 1) V2 (re) (7 = 7t).
By setting the derivative of ft(r) to zero,

Vf(r:) + VQf(rt)(r —1) =0,
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we obtain the minimizing point

Tt+1 =Tt — (VQf(Tt))_l Vf(re).

This is the Newton iteration corresponding to a stepsize v: = 1. It follows that
Newton’s method finds the global minimum of a positive definite quadratic
function in a single iteration (assuming 7: = 1). More generally, Newton’s
method typically converges very fast asymptotically. The price for the gain in
speed of convergence is the overhead required to calculate the Hessian matrix
and to solve the linear system of equations V2 f(r:)s; = —V f(r:) in order to
find the Newton direction.

Quasi-Newton methods

Here
st = —DiV f(ri),

where D; is a positive definite symmetric matrix. Then s; is a descent
direction since, by the positive definiteness of D:, we have Vf(r:)'s: =
—Vf(r) D:Vf(ry) < 0, assuming that Vf(r;) # 0. In some of the most
successful methods of this type, the matrix D; is chosen to be an approxi-
mation of the inverse Hessian (V2 f (rt))_l. Diagonal approximations that
simply discard the off-diagonal second derivatives in the Hessian matrix are
a common and simple possibility (see the subsequent discussion on scaling).
More sophisticated approaches use gradient information that is collected in
the course of the algorithm to construct inverse Hessian approximations along
increasingly larger subspaces. Examples are the DFP (Davidon-Fletcher-
Powell) method and the BFGS (Broyden-Fletcher-Goldfarb-Shanno) method
(see e.g., [Ber95b] or [Lue84]). These two methods can also be viewed as
special cases of an important class of methods, the class of conjugate direc-
tion methods, which have an interesting property: they require at most n
iterations to minimize an n-dimensional positive definite quadratic function
(as opposed to an infinite number of iterations for steepest descent and only
one iteration for Newton’s method). Generally, for nonquadratic functions,
Quasi-Newton methods tend to achieve in part the fast convergence rate of
Newton’s method without incurring the extra overhead for calculating the
Newton direction.

Gauss-Newton method

This is a very popular method for least squares problems of the form

minimize f(r) = 390} = 3 D ()
i=1

subject to T € R",
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where g; is for each i a given function from R™ to a Euclidean space R and
g =(g1,.-.,9m). Given r¢, the pure form of the Gauss-Newton iteration is
based on linearizing g around r; to obtain the function

g(r,re) = g(re) + Vg(re) (r —r)

and then minimizing the norm of the linearized function g, that is,
+ i _1 ll( )H2
T = arg min T
s greR” 2 g ¢

= arg min %(Hg(m)l\2 +2(r — 1) Vg(re)g(re)
+ (r—r)'Vg(r)Vg(r)' (r — o).

Assuming that the nxn matrix Vg(r:)Vg(r:)' is invertible, the above quadratic
minimization yields

T4l = Ti— (Vg(m)Vg(rt)/) _1Vg(7’z)g(n). (3.34)

Note that if g is already a linear function, we have ||g(r)||* = ||g(r,r+)||?, and
the method converges in a single iteration.

To ensure descent, and to deal with a singular matrix Vg(r:)Vg(r:)’
(and also to enhance convergence when this matrix is nearly singular), the

method is often implemented in the modified form

-1
Tigl =Tt — %(Vg(n)Vg(m)/ + At) Vg(ri)g(re), (3.35)
where v; is a positive stepsize and A; is a diagonal matrix such that
Vg(ri)Vg(r:)' + Ay is positive definite.

An early proposal, known as the Levenberg-Marquardt method, is to choose
A to be a positive multiple of the identity matrix.

The Gauss-Newton method bears a close relation to Newton’s method.
In particular, assuming that each g; is a scalar function, the Hessian of the
cost of the least squares problem is

V2 f(re) = Vg(r)Vo(re) + D V2gi(re)gi(re),
i=1
so it is seen that the Gauss-Newton iteration (3.34) is an approximation of
Newton’s method, where the second order term

Z V2gi(re)gi(re)

is neglected. Thus, in the Gauss-Newton method, we save the computation
of this term at the expense of some deterioration in the convergence rate. If,
however, the neglected second order term is relatively small near a solution,
the convergence rate of the Gauss-Newton method is quite fast. This is often
true in many applications such as for example when the components g;(r) are
nearly linear or when they are fairly small near the solution.
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Stepsize Rules

There are also a number of rules for choosing the stepsize v; in a gradient
method. We list some that are used widely in practice:

Minimization and Limited Minimization Rule

Here ~v: is such that the cost function is minimized along the direction si;
that is, v+ satisfies

f(re +ese) = min f(re +vse).
v>0

The limited minimization rule is a version of the minimization rule, which
is more easily implemented in many cases. A fixed scalar 7 > 0 is selected
and ~; is chosen to yield the greatest cost reduction over all stepsizes in the
interval [0,7], i.e.,

f(re+yese) = min  f(re +yse).
v€[0,7]

The minimization and limited minimization rules must be imple-
mented with the aid of a one-dimensional line search method. In general,
the minimizing stepsize cannot be computed exactly, and in practice, the
line search is stopped once a stepsize ~; satisfying some termination crite-
rion is obtained. Still, the one-dimensional line search method is typically a
fairly complicated iterative algorithm, and for this reason, the minimization
rules are not used very frequently in neural network training problems.

Constant Stepsize
Here a fixed stepsize v > 0 is selected and
Yt =7, t:0717

The constant stepsize rule is very simple and does not require any cost func-
tion evaluations for its implementation. However, if the stepsize is too large,
divergence will occur, while if the stepsize is too small, the rate of convergence
may be very slow.

Diminishing Stepsize

Here the stepsize converges to zero according to some more or less predeter-
mined formula:
Yt — 0.

This stepsize rule shares with the constant stepsize rule the advantage of
simplicity. One difficulty with a diminishing stepsize is that it may diminish
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so fast that substantial progress cannot be maintained, even when far from a
stationary point. For this reason, we require that

i Yt = Q.
t=0

This condition guarantees that r; does not converge to a nonstationary point.
Indeed, if 7, — T, then for any large indexes m and n (m > n) we have

m—1
Tm = Tp N F» Tm = Tn — 5 Tt Vf(F)7
t=n

which is a contradiction when 7 is nonstationary and Z:l;l 7+ can be made
arbitrarily large. Generally, the diminishing stepsize rule has good theoretical
convergence properties. The associated convergence rate tends to be slow, so
this stepsize rule is used primarily in situations where slow convergence is
inevitable, such as in singular problems or when the gradient is calculated
with error (see the subsequent discussion on gradient methods with errors in
this section).

Convergence Issues

Given a gradient method, ideally we would like the generated sequence 7+ to
converge to a global minimum. Unfortunately, this is too much to expect,
at least when f is not convex, because of the presence of local minima that
are not global. Indeed a gradient method is guided downhill by the form of
f near the current iterate, while being oblivious to the global structure of
f, and thus, can easily get attracted to any type of minimum, global or not.
Furthermore, if a gradient method starts or lands at any stationary point,
including a local maximum, it stops at that point. Thus, for nonconvex
problems, dealing with local minima is one of the fundamental weaknesses
of gradient methods, and the most we can expect as a guarantee is that
the method converges to a stationary point.

Generally, depending on the nature of the cost function f, the se-
quence r; generated by a gradient method need not have a limit point; in
fact 7 is typically unbounded if f has no local minima. Even if r; has a
limit point, convergence to a single limit point may not be easy to guar-
antee in general. However, there is analysis that shows roughly speaking
that local minima which are isolated stationary points (they are the unique
stationary points within some open sphere), tend to attract most types of
gradient methods; that is, once a gradient method gets sufficiently close to
such a local minimum, it converges to it (see [Ber95b], Prop. 1.2.5 for a
proof). Generally, if there is a connected set of multiple local minima, it is
theoretically possible for r; to have multiple limit points, but the occurrence
of such a phenomenon has never been documented in practice.
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We now address the question whether each limit point of a sequence
r¢ generated by a gradient method is a stationary point. From the first
order Taylor expansion

f(resr) = f(re) + 7V f(re)'se + o(7e),

we see that if the slope of f at r; along the direction s;, which is V f(r¢)’s¢,
has “substantial” magnitude, the rate of progress of the method will also
tend to be substantial. If on the other hand, the directions s; tend to be-
come asymptotically orthogonal to the gradient direction as r; approaches
a nonstationary point, the slope V f(r:)’s; will tend to zero. As a result,
there is a chance that the method will get “stuck” near that point. To
ensure that this does not happen, we consider a technical condition on the
directions s¢, which is either naturally satisfied or can be easily enforced in
most algorithms of interest. This condition is that for all ¢, we have

alVEr)l? < =Vf(re) s, lsell < 2Vl (3.36)

where ¢; and c2 are some positive scalars. This condition guarantees that
the vectors s; and V f(r¢) will not become asymptotically orthogonal near a
nonstationary point, as well as that their norms will be comparable (within
a constant of each other).

We will provide convergence results for the cases of a constant and of
a diminishing stepsize. A basic idea in the proof is that if the rate of change
of the gradient of f is limited, then one can construct a quadratic function
fi that majorizes f [satisfies fi(ri + ys:) > f(r¢ + ysi) for all 4 > 0]; see
Fig. 3.6.

Proposition 3.4: (Convergence for a Constant Stepsize) Let r+ be a
sequence generated by a gradient method ri11 = r¢ + ys¢, where s;
satisfies condition (3.36). Assume that for some constant L > 0, we
have

\Vf(r)=Vfm)| < L|r—7, vV or,7eRn, (3.37)

and
201

0<vy<—. 3.38

"< I3 (3.38)

Then either f(r;) — —oo or else f(r:) converges to a finite value

and lim; .o Vf(r¢) = 0. Furthermore, every limit point of r; is a
stationary point of f.
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Proof: Fix two vectors r and z, let £ be a scalar parameter, and let g(§) =
f(r+£&z). The chain rule yields (dg/d§)(€) = 2’V f(r + £z). We have

Fr+2) — £(r) = g(1) — g(0) = / j—g@ de = / SVt £2) dé
< /0 SV F(r)dé + /0 S (VF(r +€2) — V(1)) de

1
< VI + / l2ll - [V £+ €2) — VF(r)|de

1
< V() + |2 / Le || de

L
= 29 1(r) + 5|2l

Applying this relation with r = r; and z = s, we obtain (339
Flre+0) = F(r) < 7V F(reY'se + 522 Ll
from which by using the conditions (3.36), we have
£ = £lre) 2 eV IR — 22 LIV S0 (.40

~vLc3 [ 2¢
=53 (55 -) 9 Al
2

In view of the assumption (3.38), the above relation implies that the value of
the cost function f(r¢) is monotonically nonincreasing. Thus either f(r¢) —
—oo or else f(r:) converges to a finite value. In the latter case, we have
f(re) — f(reg1) — 0, so Eq. (3.40) implies that V f(r;) — 0. Furthermore,
if a subsequence of r+ converges to 7, f(r¢) must converge to the finite value
f(7). Thus we have V f(r:) — 0, implying that Vf(7) =0. Q.E.D.

A condition of the form
IVf(r)=Vf@)I < Llr=7l,  VnrreRnm,

[cf. Eq. (3.37)] is called a Lipschitz continuity condition on V f, and requires
roughly that the “curvature” of f is no more than L in all directions. It is
possible to show that this condition is satisfied if f is twice differentiable
and the Hessian V2 f is bounded over ®". Actually for Prop. 3.4 to hold, it
is sufficient to have a weaker form of the Lipschitz condition; it is sufficient
that it holds within the set {r | f(r) < f(ro)} rather than the entire space
R, as can be verified by the reader. Unfortunately, however, it is generally
difficult to obtain an estimate of the constant L, so in most cases the
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fi(r) =y VAry'sy +v2LIsg?/2

|VA(ry)' sl

v =
Liis,Ii?

~y

\

f(ry+ v sp) - f(ry)

y VI(ry)'s;

Figure 3.6: The idea of the proof of Prop. 3.4. Given r; and the descent direction
st, the cost difference f(r¢ + vs¢) — f(r¢) is majorized by the quadratic function

: 1
fe(v) =V f(re) st + EWQLHStHz

[based on the Lipschitz assumption (3.37)]. Minimization of this function over v

yields the stepsize
IVf(r) st

v =
L|se||?

This stepsize reduces the cost function f as well by an amount that is proportional
to ||[Vf(re)||? [cf. Eq. (3.40)].

interval of stepsizes that guarantee convergence [cf. Eq. (3.38)] is unknown.
Thus, experimentation may be necessary to obtain an appropriate range of
stepsizes.

The convergence proof of the following proposition, for the case of
a diminishing stepsize, bears similarity to the one for a constant stepsize.
We use again the construction of Fig. 3.6 to show that when the stepsize 7,
becomes sufficiently small, the cost function is decreased by an amount that
is proportional to v¢||V f(r¢)||2. We then use the hypothesis Y,° v = oo
to conclude that if f(r:) is bounded below, then liminfi—.o ||V f(r)] =
0. With a somewhat technical argument, we strengthen this conclusion
and show that lim;—. Vf(r:) = 0, and that every limit point of r; is a
stationary point of f.

Proposition 3.5: (Convergence for a Diminishing Stepsize) Let 1y
be a sequence generated by a gradient method ryy1 = r¢ + ¢S, where
s¢ satisfies condition (3.36). Assume that for some constant L > 0, we
have
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IVf(r) =Vf@I < Llr=7l, VnrTeRn, (3.41)
and that

0o
W = 03 th = Q.
t=0

Then either f(ry) — —oo or else f(r¢) converges to a finite value
and lim;— Vf(r:) = 0. Furthermore, every limit point of r; is a
stationary point of f.

Proof: Applying Eq. (3.39) with z = ~;s¢ and using also Eq. (3.36), we
have

o) < 1000+ 2 (gl = 950

< 70 = e (1 = L) IV o)

Since v — 0, we have for some positive constant ¢ and all ¢ greater than
some index ¢,

freea) < f(re) = el Vf (o) [ (3.42)

From this relation, we see that for ¢ > 7, f(r;) is monotonically nonincreas-
ing, so either f(r¢) — —oo or f(r+) converges to a finite value. If the former
case holds we are done, so assume the latter case. By adding Eq. (3.42)
over all t > t, we obtain

o0
¢S VI < Frg) — Jim f(r) < oo,
t=1
We see that there cannot exist an € > 0 such that ||V f(r:)]|2 > € for all ¢
greater than some £, since this would contradict the assumption Yoot =
o0. Therefore, we must have liminf; .o ||V f(r¢)| = 0.

To show that lim;,o Vf(r:) = 0, assume the contrary; that is,
limsup,_, ||V f(r)]| > 0. Then there exists an ¢ > 0 such that |V f(r)]] <
¢/2 for infinitely many ¢ and also ||V f(r+)|| > € for infinitely many ¢. There-
fore, there is an infinite subset of integers 7 such that for each ¢t € 7, there
exists an integer i(t) > ¢ such that

[Vl <e/2, IV f(rip)ll > €,
e/2 < ||V f(ri)] <e, if t <i<i(t).
Since

IVFres )l = IVFro)ll S IV f(res1) = V(o)
S Llresr = rell = veLllsell < veLea|[V f (),
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it follows that for all ¢t € 7 that are sufficiently large so that ¢ Lca < 1, we
have

/A< |V (rdll;

otherwise, the condition €/2 < ||V f(ri+1)|| would be violated. Without
loss of generality, we assume that the above relations hold for all ¢t € 7.

We have for all ¢ € T, using the condition ||s¢|| < c2||V f(r¢)|| and the
Lipschitz condition (3.41),

< IVFri)ll = IVl < IV (riy) = VI (r)ll
i(t)—1
< Lriy —rel LY llsill
i=t
i(t)—1 i(t)—1
<Ley 3 VI < Lese S

i=t 1=t

N

and finally
1 i(t)—1

< i A4
T >y (3.43)

i=t

Using Eq. (3.42) for sufficiently large t € 7, and the relation ||V f(r;)| >
e/dfori=tt+1,...,i(t) — 1, we have

i(t)—1

f(7"i(t))§f(7“t)—0<i>2 > v, VteT.
i=t

Since f(r:) converges to a finite value, the preceding relation implies that

contradicting Eq. (3.43). Thus, lim¢—o V f(r¢) = 0. Finally, if 7 is a limit
point of r, then f(r:) converges to the finite value f(7). Thus we have
Vf(r:) — 0, implying that Vf(7) =0. Q.E.D.

A condition that guarantees the existence of at least one limit point
in Props. 3.4 and 3.5 is that the level sets {r | f(r) < S} are bounded for
all scalars 8. Since the sequence f(r:) is bounded above, this condition
implies that the sequence r; is bounded, so that it must have a convergent
subsequence. Another condition that guarantees boundedness of r; is that
f is bounded from below and that the set {r | |V f(r¢)| < €} is bounded
for some ¢ > 0. This follows from the conclusion ||V f(r¢)] — 0, which
holds when lim; .o f(r:) > —o0.
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Rate of Convergence of Steepest Descent

We now discuss the rate (or speed) of convergence characteristics of gra-
dient methods. Many of these characteristics can be understood by ana-
lyzing the special case where the cost function is quadratic. To see why,
assume that a gradient method is applied to the minimization of a twice
continuously differentiable function function f : " +— R, and that it gener-
ates a sequence 7¢ converging to a local minimum 7* with positive definite
V2 f(r*). Since Vf(r*) = 0, by Taylor’s theorem we have

flr)=fr) + %(T =) V2f(r)(r =) +o(|lr — r*|]2).

Therefore, since V2 f(r*) is positive definite, f can be accurately approxi-
mated near r* by the quadratic function

F) 4 5= Y2 = 7).

[Note that if V2f(r*) were singular, this would not necessarily be true,
since the term of||r — r*[|2) could be significant.] We thus expect that
asymptotic convergence rate results obtained for the quadratic cost case
have direct analogs for the general case. This conjecture can indeed be
established by rigorous analysis and has been substantiated by extensive
numerical experimentation. For this reason, we take the positive definite
quadratic case as our point of departure. We subsequently discuss what
happens when V2 f(r*) is not positive definite, in which case an analysis
based on a quadratic model is inadequate.

Suppose that the cost function f is quadratic with positive definite
Hessian Q. We may assume without loss of generality that f is minimized
at 7* = 0 and that f(r*) = 0 [otherwise we can use the change of variables
r < r —r* and subtract the constant f(r*) from f(r)]. Thus we have

1
) =@ VI =@ V() =Q.
The steepest descent method takes the form

rep1 =1 — Y%V I(re) = (I — 1 Q)re.

Therefore, we have
[re41ll? = 7e! (I = 7@Q)?re.

Using the properties of eigenvalues of symmetric matrices, we have

HmHax (I —%Q)?r = maximum eigenvalue of (I —vQ)2,
r||=1
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so we obtain

lres1]|2 < (maximum eigenvalue of (I — fth)2> [lre]]2.

It can be seen that the eigenvalues of (I — Q)2 are equal to (1 — y:\;)2,
where )\; are the eigenvalues of (). Therefore,

maximum eigenvalue of (I —7:Q)? = max{(1 —ym)2, (1 — 3 M)2},

where
m : smallest eigenvalue of @,

M : largest eigenvalue of Q.

It follows that for r; # 0, we have

7241l
[l

< max{|1 —yml|, |1 — %M|}. (3.44)

It can be shown that the value of 4+ that minimizes the above bound is

. 2
'7 - M+m7
in which case
M
[reeall o o —1
[rel = X 41

This is the best convergence rate bound for steepest descent with constant
stepsize. The bound approaches 1 as the ratio M/m increases, indicating
slow convergence.

The ratio M/m is called the condition number of @), and problems
where M /m is large are referred to as ill-conditioned. Such problems are
characterized by very elongated elliptical level sets. The steepest descent
method converges slowly for these problems.

The estimate (3.44) shows that for a constant stepsize v; = +y in the
range (0,2/M), the sequence ||r¢| converges to zero at least as fast as a
geometric progression; this is known as linear or geometric convergence.
On the other hand, for a diminishing stepsize, the estimate (3.44) indicates
that we may have ||re1||/||7¢]| — 1; this is known as sublinear convergence.
Indeed it can be seen that since r:41 differs from 7 by vQr:, we will
typically have ||rit1]|/||r¢]| — 1 whenever 74 — 0. Thus, asymptotically,
a diminishing stepsize leads to a much slower speed of convergence than a
constant stepsize.
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Diagonal Scaling

Many practical problems are ill-conditioned because of poor relative scaling
of the optimization variables. By this we mean that the units in which the
variables are expressed are incongruent in the sense that single unit changes
of different variables have disproportionate effects on the cost.

The ill-conditioning in such problems can be significantly alleviated
by changing the units in which the optimization variables are expressed,
which amounts to diagonal scaling of the variables. In particular, we work
with a vector y that is related to r by a transformation,

r=_Sy,

where S is a diagonal matrix. In lack of further information, a reasonable
choice of S is one that makes all the diagonal elements of the Hessian

SV2f(r)S
of the cost h(y) = f(Sy) approximately equal to 1, that is,

—1/2
s(i) ~ <782f(r) ) ,
(or(i))”

where s(7) is the ith diagonal element of S. With this choice, and for a
positive definite quadratic cost, equal deviations from the optimal solution
along any one coordinate produce equal cost changes. It can be verified
that steepest descent in the y-coordinate system, when translated to the
r-coordinate system, yields the diagonally scaled steepest descent method

Tty1 =Tt — %DtVf(Tt),

where D; is a diagonal matrix with diagonal entries

. a2f(re) |
Dtl ~ P~
" ((am)))

The resulting method can be viewed as an approximation to Newton’s
method where the off-diagonal elements of the Hessian matrix have been
discarded. This scaling method is often surprisingly effective, and also
provides a side benefit: because the direction DV f(r:) approximates the
Newton direction, a constant stepsize around 1 often works well.

Some least squares problems are special because the variables can be
scaled automatically by scaling some of the coefficients in the data blocks.
As an example consider the linear least squares problem

1 m
minimize 5 z:(yZ —alr)?
i=1
subject to r € R
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where y; are given scalars and x; are given vectors in R with coordinates
Zij, 3 =1,...,n. The jth diagonal element of the Hessian matrix is

m

Thus reasonable scaling of the variables is obtained by multiplying for each
J, all coefficients x;; with a common scalar 3; so that they all lie in the
range [—1,1].

We finally note that the method

Tt41 =Tt — ’YtDtVf(Tt)

can be viewed as a scaled version of steepest descent even in the case where
Dy is a possibly nondiagonal positive definite symmetric matrix. In partic-
ular, it can be viewed as steepest descent for the function h¢(y) = f(Sty),
where S; is an invertible matrix that satisfies Dy = S:S; and defines a
transformation of variables r = Syy. The convergence rate of this method
is governed by the condition number of V2h(y) = S;V2f(r)S¢. Thus, with
an appropriate choice of S;, a favorable condition number and correspond-
ing convergence rate can be achieved. In particular, when D; is chosen
to be equal to (VQf(rt))_l, which corresponds to Newton’s method, the
matrix S;V2f(r:)S; is equal to the identity matrix, and the corresponding
condition number has the smallest possible value. Unfortunately, finding
suitable nondiagonal scaling matrices is often difficult, particularly when
second derivatives are unavailable.

Difficult Problems

We now turn to problems where the Hessian matrix either does not exist
or is (nearly) singular near local minima of interest. Expressed mathemat-
ically, there are local minima r* and directions s such that the slope of f
along s, which is V f(r* + ~vs)’d, changes very slowly or very rapidly with
v, that is, either

Vfi(rs+vs)s—Vf(r+)s

lim = 00, (3.45)
7—0 Y

or
£ e *\/
lim Vf(r=+~s)s—Vf(r<)s

7—0 Y

—0. (3.46)

In the case of Eq. (3.45) the cost rises steeply along the direction s. In
the case of Eq. (3.46) the reverse is true; the cost is nearly flat along s
and large excursions from r* produce small changes in cost. This situation
occurs often in approximation problems that are overparametrized.
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As an example, consider the function
F(r(1),r(2)) = [r(* + [r(2)]*/2,

where for the minimum r* = (0,0), Eq. (3.46) holds along the direction
s = (1,0) and Eq. (3.45) holds along the direction s = (0,1). Gradient
methods that use directions with norm that is comparable to the norm
of the gradient may require very small stepsizes in the case of Eq. (3.45),
and very large stepsizes in the case of Eq. (3.46). This suggests potential
difficulties in the implementation of a good stepsize rule. For example a
constant stepsize may lead to an oscillation in the case where Eq. (3.45)
holds, and may lead to very slow convergence in the case where Eq. (3.46)
holds. From the point of view of speed of convergence one may view the
cases of Egs. (3.45) and (3.46) as corresponding to an “infinite condition
number,” thereby suggesting slow convergence (see [Ber95b] or [Pol87] for
further analysis).

Problems with singular Hessian matrices near local minima are not
the only ones for which gradient methods may converge slowly. There are
problems where a given method may have excellent asymptotic rate of con-
vergence, but its progress when far from the eventual limit can be very slow
because of singularity and/or indefiniteness of the Hessian matrix, giving
rise to complex nonlinearities. This situation is common in the training of
sigmoidal neural networks. For example, consider the training problem for
a neural network with a single hidden layer involving the minimization of
the cost [cf. Egs. (3.4) and (3.5)]

2
> (J(z’) = r(k)o (Z r(k, em@)) ,
i k ¢

over the weights r(k) and r(k, £). For values of the weights that are large,
the sigmoidal units operate in their flat saturation regions, where the first
and second derivatives ¢/ and ¢” of ¢ are nearly zero, giving rise to near-
singularity of the Hessian matrix. In fact, as illustrated in Fig. 3.7, the cost
function tends to a constant as the weight vector is changed along lines of
the form r 4 7s, where v > 0 and s is a direction along which the weights
r(k,¢) [but not the weights r(k)] are changed.

Generally, there is a tendency to think that difficult problems should
be addressed with sophisticated methods, such as Newton-like methods.
This is often true, particularly for problems with a Hessian that is positive
definite but poorly conditioned. However, it is important to realize that
often the reverse is true, namely that for difficult problems it is best to
use simple methods such as (perhaps diagonally scaled) steepest descent
with simple stepsize rules such as a constant or a diminishing stepsize.
The reason is that methods that use sophisticated descent directions and
stepsize rules often rely on assumptions that are likely to be violated in
difficult problems.
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Figure 3.7: Three-dimensional plot of a least squares cost function

N yi — (D)o (r(1,0) + zir(1,1)) ’
2

i=1

as a function of the weights r(1,0) and r(1,1), with the third weight (1) held
fixed, for a simple neural network training problem. Here there is a single input
z (plus a constant bias), a single output y, and only one hyperbolic tangent
sigmoidal unit. The weights of the first linear layer are r(1,0) and r(1,1). The
cost function tends to a constant as r(1,0) and r(1,1) are increased to infinity
at a fixed ratio. For r near the origin the cost function can be quite complicated
alternately involving flat and steep regions. This characteristic is common in
neural network training problems involving multilayer perceptrons.

Steepest Descent With Momentum

There is variation of the steepest descent method (called the heavy ball
method by its originator, Poljak [Pol64]) that is often used for the training
of neural networks in place of steepest descent. This method has the form

’I"t+1ZTt—’)/Vf(Tt)+,6(Tt—Tt_1), t=1,2,...,

where « is a constant positive stepsize and [ is a scalar with 0 < § < 1.
The term ((ry — r¢—1) is known as the momentum term. If we write the
method as

t
Ti4+1 =Tt — ’YZ/Bt_kvf(rk)v
k=0

we see that the effect of the momentum term is to accelerate the progress
of the method over a sequence of iterations where the gradients V f(r:) are
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roughly aligned along the same direction, and to restrict the incremental
changes of the method when successive gradients are roughly opposite to
each other. Furthermore, when inside a “narrow valley,” the momentum
term has the effect of reinforcing the “general direction” of the valley and
“filtering out” the corresponding perpendicular directions. It is generally
conjectured that in comparison to steepest descent, the method tends to
behave better for difficult problems where the cost function is alternatively
very flat and very steep. This type of cost function is common in neural
network training problems (see Fig. 3.7).

The convergence properties of the method are similar to those of
steepest descent, and one can show corresponding variants of Props. 3.4
and 3.5. It also turns out, that the convergence rate is more favorable than
the one for steepest descent. In particular, when the heavy ball method is
applied to the positive definite quadratic function f(r) = r’Qr/2, it can be
shown that with optimal choices of v and 3, we have

[reell o VM — ym
lrell = VM +ym’

where m and M are the smallest and the largest eigenvalues of @, respec-
tively. The proof is based on writing the method as

-t 2L

T4 I -1

and then showing that v is an eigenvalue of the matrix in the above equation
if and only if v+ /v is equal to 1 4+ § — v\ where A is an eigenvalue of Q.

Gradient Methods with Random and Nonrandom Errors

Frequently in optimization problems, the gradient V f(r+) is not computed
exactly. Instead, one has available

Vf(re) +we,

where w; is an uncontrollable error vector. There are several potential
sources of error; roundoff error and discretization error due to finite dif-
ference approximations to the gradient are two possibilities, but there are
other situations of particular relevance to neural network training problems,
which will be discussed later (see the analysis of the incremental gradient
method in the next subsection). Let us consider the method of steepest
descent with errors, where

S¢ = —(Vf(rt) —|—wt),

and discuss several qualitatively different cases:
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(a) w; is small relative to the gradient, that is,

wel| <[IVFEoll, V¢

Then, assuming Vf(r:) # 0, s; is a direction of descent, that is,
Vf(re)'se < 0. This is illustrated in Fig. 3.8, and is verified by the
calculation

Vf(re)'se ==V f(r)ll2 = Vfre) we
—IVfr)l2 + IV F (o)l - lwe|
IVl (lwell = IV £(re)ll)
< 0.

IN

(3.47)

In this case, convergence results that are analogous to Props. 3.4 and
3.5 can be shown.

Figure 3.8: Illustration of the descent property of the direction s; = —(V f(r¢) +
we). If the error w; has smaller norm than the gradient V f(r:), then —s; lies
strictly within the sphere centered at Vf(r¢) with radius ||V f(r¢)||, and thus
makes an angle of less than 90 degrees with V f(r¢).

(b) w: is bounded, that is,

Jwel| <6, Vi,

where ¢ is some scalar. Then by the preceding calculation (3.47), the
method operates like a descent method within the region

{r [ IVf(r)ll > d}.

In the complementary region where ||V f(r)|| < 4, the method can be-
have quite unpredictably. For example, if the errors w; are constant,
say wy = w, then since s; = —(V f(r¢) + w), the method will essen-
tially be trying to minimize f(r)+ w’r and will typically converge to
a point 7 with V f(F) = —w. If the errors w; vary substantially, the
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method will tend to oscillate within the region where ||V f(r)|| < 6.
The precise behavior will depend on the precise nature of the errors,
and also on whether a constant or a diminishing stepsize is used (see
also the following cases).

wy is proportional to the stepsize, that is,
Jwell < qye, Y,

where ¢ is some scalar. If the stepsize is constant, we come under case
(b), while if the stepsize is diminishing, the behavior described in case
(b) applies, but with § — 0, so the method will tend to converge to a
stationary point of f. In fact, if the stepsize is diminishing, by using
the insight from case (a) above, it can be seen that for convergence
it is sufficient to have for some positive scalars p and ¢,

lwell < ve(g +pIVFroll), V.

w; are independent zero mean random vectors with finite
variance. An important special case where such errors arise is when
f is of the form

f(r)=E, [F(r, v)]7

where F' : ®m+n — R is some function, v is a random vector in ™,
and E,[] denotes expected value. Under mild assumptions it can be
shown that if F' is continuously differentiable, the same is true of f
and

Vf(r)=E, [VTF(T, v)]

Often an approximation s: to V f(r) is computed by simulation or
by using a limited number of samples of V, F(r¢,v), with potentially
substantial error resulting. In the extreme case, we have

st = =V, F(re,ve),
where v; is a single sample value. Then the error
wy = Ve F(re,ve) — Vf(re) = Ve F(re,ve) — By [VTF(rt, v)]

need not diminish with ||V f(r¢)||, but has zero mean, and under ap-
propriate conditions, its effects are “averaged out.” What is hap-
pening here is that the descent condition V f(r:)’s; < 0 holds on the
average at nonstationary points r¢. It is still possible that for some
sample values of v;, the direction s; is “bad,” but with a diminishing
stepsize, the occasional use of a bad direction cannot deteriorate the
cost enough for the method to oscillate, given that on the average
the method uses “good” directions. The analysis of gradient methods
with random errors will be given in Ch. 4.
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3.2.4 Incremental Gradient Methods for Least Squares

Let us return to the least squares problem

. . . 1 <
minimize f(r) = —||g )2 = B Z llgi(r)||?
=1
subject to 1 € Rn,

where g is a continuously differentiable function with component functions
gi,---,9m, where g; : " — Rmi. Motivated by the problems of primary
interest to us, we will view each component g; as a data block, and we will
refer to the entire function g = (g1, ..., 9m) as the data set.

In situations where there are many data blocks, gradient methods,
including Newton’s method and the Gauss-Newton method, may be inef-
fective because the size of the data set makes each iteration very costly.
For such problems it may be more attractive to use an incremental method
that does not wait to process the entire data set before updating r; instead,
the method cycles through the data blocks in sequence and updates the es-
timate of r after each data block is processed. For example, given r;, we
may obtain r¢41 as

Tt+1 = ’(/}TI’H

where v, is obtained at the last step of the following algorithm
1)[)1' :1/11;1 *"Ythi, = 1,...,m, (348)

where
Yo = Tt, (3.49)

¢ > 0 is a stepsize, and the direction h; is the gradient of the cost associated
with the ith data block,

hi = Vgi(Yi-1)gi(Yi-1). (3.50)

(Note that the vectors v; depend on ¢, but for simplicity, we suppress this
dependence in our notation.) This method can be written as

Tipl =Tt — Ve Z Vgi(Yi—1)gi(¥i-1), (3.51)

i=1

and is used extensively in the training of neural networks. It will be referred
to as the incremental gradient method, and it should be compared with the
steepest descent method (also referred to as the batch gradient method),

which is
m

rig1 =1 — 1w Vf(ry) =re — v Z Vgi(re)gi(re). (3.52)

=1
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Thus, we see that a cycle of the incremental gradient method through the
data set differs from a pure steepest descent iteration only in that the
evaluation of g; and Vg; is done at the corresponding current estimates
1p;—1 rather than at the estimate r; available at the start of the cycle.
One potential advantage to the incremental approach is that estimates
of r become available as data are accumulated, making the approach suit-
able for real-time operation. Another advantage is that for a very large
data set, it may converge much faster than the corresponding steepest de-
scent method, particularly when far from the eventual limit. This type of
behavior is most vividly illustrated in the case where the data blocks are
linear and the vector r is one-dimensional, as in the following example.

Example 3.5

Assume that r is a scalar, and that the least squares problem has the form

zm:(aﬂ’ — bi)2
=1

N | =

minimize f(r) =

subject to r € R,

where a; and b; are given scalars with a; # 0 for all . The minimum of each
of the data blocks

filr) = 5 (air = bi)?

T, = —,
(¢33

while the minimum of the least squares cost function f is

T'* _ E:Zl aibi
===
Dt 4

It can be seen that r* lies within the range of the data block minima
R= miinrf, mlaxrﬂ ,

and that for all r outside the range R, the gradient
Vfi(r) = a;(a:;r — b;)

has the same sign as V f(r) (see Fig. 3.9). As aresult, the incremental gradient
method

i = i1 — yeai(aii—1 — b;)

approaches r* at each step [cf. Eq. (3.48)], provided the stepsize ~; is small
enough. In fact it is sufficient that

o1
Ve < min —-
i CLZ-
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However, for r inside the region R, the ith step of a cycle of the incremental
gradient method need not make progress. It will approach r* (for small
enough stepsize +:) only if r; and r* lie on the same side of the current
point ¥;—1. This induces an oscillatory behavior within the region R, and
as a result, the incremental gradient method will typically not converge to
r* unless 7+ — 0. By contrast, it can be shown that the steepest descent
method, which takes the form

m

T4l =Tt — Vi Zai(am —b;),

i=1
converges to r* for any constant stepsize satisfying

Y < 2

t < =m _3-
Z,‘=1 a;

However, unless the stepsize choice is particularly favorable, for r outside
the region R, a full iteration of steepest descent need not make more progress
towards the solution than a single step of the incremental gradient method. In
other words, for this one-dimensional example, far from the solution (outside
R), a single pass through the entire data set by incremental gradient is roughly
as effective as m passes through the data set by steepest descent.

@r-by

7

in &i R a; r
min; —L max =L
'b, b,

Figure 3.9: Illustrating the advantage of incrementalism when far from the
optimal solution (cf. Example 3.5). The ith step in an incremental gradient
cycle is a gradient step for minimizing (a;r—b;)2, so if r lies outside the region
of data block minima

*

_ ; *
R = m_lnrl,maxri},
K3 3

and the stepsize is small enough, progress towards the solution r* is made.
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The preceding example relies on r being one-dimensional, but in many
multidimensional problems the same qualitative behavior can be observed.
In particular, a pass through the ith data block g; by the incremental
gradient method can make progress towards the solution in the region where
the data block gradient Vg;(1i—1)gi(%i—1) makes an angle less than 90
degrees with the cost function gradient V f(1;—1). If the data blocks g; are
not “too dissimilar,” this is likely to happen in a region of points that are
not too close to the optimal solution set.

There is a popular incremental version of the steepest descent method
with momentum discussed earlier. This method uses the update

Vi = Vi1 — yihi + B(hi—1 — Yi-2), i=1,...,m, (3.53)

where 8 € [0,1), in place of the update 1); = ;1 — Yth;. The momentum
term ;1 —1;i_2 is often helpful in dealing with the peculiar features of the
cost functions of neural network training problems. In addition it helps to
“filter” out the fluctuations of h; caused by dissimilarities of the different
data blocks.

Another popular technique for incremental methods is to reshuffle
randomly the order of the data blocks after each cycle through the data
set. A variation of this method is to pick randomly a data block from the
data set at each iteration rather than to pick each data block exactly once
in each cycle according to a randomized order. If we take the view that an
incremental method is basically a gradient method with errors, we see that
randomization of the order of the data blocks tends to randomize the size
of the errors, and it appears that this tends to improve the convergence
properties of the method. This is further discussed in Ch. 4.

Stepsize Selection

The choice of the stepsize 7; plays an important role in the performance
of incremental gradient methods. On close examination, it turns out that
the direction used by the method differs from the gradient direction by an
error that is proportional to the stepsize, and for this reason a diminishing
stepsize is essential for convergence to a stationary point of f (see the
following discussion and Prop. 3.8 in particular). However, it turns out
that a peculiar form of convergence also typically occurs for a constant but
sufficiently small stepsize. In this case, the iterates converge to a “limit
cycle,” whereby the ith iterates v; within the cycles converge to a different
limit than the jth iterates ¢; for ¢ # j. The sequence r; that consists of
the iterates obtained at the end of cycles converges, except that the limit
obtained need not be a stationary point. The limit tends to be close to
a stationary point when the constant stepsize is small; see the following
example and Prop. 3.6.
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Example 3.6 (Limit Cycling When the Stepsize is Constant)

Consider the case where there are two data blocks, g1(r) = y1 —r and g2(r) =
y2 — r, where y1 and y2 are given scalars. Consider the incremental gradient
method with a constant stepsize . At the first step of cycle t, we generate

Y1, =1 — ’Y(Tt - y1)7

while at the second step, we obtain the next iterate r:4+1 by

rer1 = 1 — Y(P1,6 — y2)-

It can be seen that if 0 < v < 2, the sequences 1, and r; converge. By
taking the limits in the preceding equations, we can verify that the limit of
the sequence r; is
A=)y +v2
2—n

while the limit of the sequence ¥ is

)

y1+ (1 =7y
2—1 '
We see therefore that within each cycle, there is an oscillation around the
minimum (y1 + y2)/2 of (y1 — r)? + (y2 — r)?. The size of the oscillation
diminishes as « approaches 0.

The preceding example suggests that the “average” iterate within a

cycle, which is
1 m
—_ E 77[]7;7
m <
i=1

may be a better estimate of the optimum than the last iterate, which is
Pm. Indeed, this is often the case and there is some theoretical support
for various forms of averaging (see the discussion of Section 4.2.2). Still,
however, when the stepsize v+ does not diminish to zero, the “average”
iterate will typically not converge to an optimal solution.

In practice, it is common to use a constant stepsize for a (possibly
prespecified) number of iterations, then decrease the stepsize by a certain
factor, and repeat, up to the point where the stepsize reaches a prespeci-
fied minimum. The stepsize levels and the numbers of iterations between
stepsize reductions are problem dependent and are typically chosen by trial
and error. An alternative possibility is to use a stepsize rule of the form

. «
= min —_—
Tt %t+ﬂ )

where o, , and v are some positive scalars, usually chosen by trial and
error.
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Incremental Gradient Methods with Constant Stepsize

There are variants of the incremental gradient method that use a constant
stepsize throughout, but involve a diminishing degree of incrementalism
as the method progresses. A simple approach to reduce the incremental
nature of the method, called batching, is to lump several data blocks into
bigger data blocks and process them simultaneously. The number of data
blocks lumped together may increase as the method progresses. In the
extreme case where all the data blocks are eventually lumped into one, the
method reverts to the steepest descent method, which is convergent for a
constant but sufficiently small stepsize (cf. Prop. 3.4).

There is another approach (due to Bertsekas [Ber95e]) that uses a
constant stepsize, but also involves a time-varying parameter 7; > 0 to
control the degree of incrementalism and to gradually switch from the in-
cremental gradient method to the steepest descent method. Consider the
method which given r¢, generates r:+1 according to

Tt+1 = '(/Jnu
where 1., is generated at the last step of the algorithm
i =1 — Yihi, i=1,...,m, (3.54)

and the vectors h; are defined as follows:

hi = Zwij(Ut)ng(wj—l)gj(T/)j—l), (3.55)
j=1
where
1/10 =Tt,
and
1 i—j
wigln) = X g m, 1< <

L+ne+ -+

It can be verified using induction that the vectors h; can be generated
recursively using the formulas

hi =nehio1 + Y &)V (i-1)g; (1), i=1,...,m, (3.56)
j=1

where hg = 0 and

§i(m) =
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Thus the computation of h; using Eq. (3.56) requires no more storage
or overhead per iteration that either the steepest descent method or the
incremental gradient method.

Since wpmj(n:) = 1 for all j, it follows from Egs. (3.54)-(3.55) that the
vector ¢, obtained at the end of a pass through all the data blocks is

G =rer1 = 10— Yhm = e =70 Y Vgi(8-1)95 (1)

Jj=1

In the special case where 1, = 0, we have &(n:) = wi(n:) = 1 for all i
and j, and it is seen from Egs. (3.54)-(3.55)that the method coincides with
the incremental gradient method. In the case where 7y — oo, it is seen
from Egs. (3.54)-(3.55) that we have w;;(n:) — 0, hy — 0, and 1; — 7 for
1=20,1,...,m—1, so the method approaches the steepest descent method.

Generally, it can be seen that as 7; increases, the method becomes
“less incremental.” Geometric convergence of the method can be proved
for the case of a constant but sufficiently small stepsize 7; under some mild
technical conditions, which require among other things that n: — oo so that
the method asymptotically approaches the steepest descent method (see
[Ber95e]). In practice, it may be better to change v+ with ;. In particular,
when 7 is near zero and the method is similar to the incremental gradient
method, the stepsize v+ should be larger, while when 7, is large, the stepsize
should tend to a constant and be of comparable magnitude to a stepsize
that is appropriate for steepest descent. We refer to [Ber95¢] for specific
suggestions on how to update 1; and 7, and for further implementation
details.

Scaling

We mentioned earlier that scaling can have a significant effect on the per-
formance of gradient methods, and that in linear least squares problems,
a reasonable form of diagonal scaling can be achieved by input scaling. In
particular, for the linear least squares problem

1 m
minimize 3 Z(yz — xlr)2
i=1
subject to r € R

where y; are given scalars and x; are given vectors in 8* with components
Zij, 7 = 1,...,n, we may multiply for each j, all coefficients x;; with a
common scalar §; so that they all lie in the range [—1, 1].

A more general scaling possibility is to preprocess the input vector
through a linear transformation. In particular, we may replace the vec-
tors x; in the preceding linear least squares problem with Ax;, where A
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is a square invertible matrix. The problem then is transformed into the
equivalent version

1 m
minimize 3 Z(% —xiA'2)?
i=1
subject to z € R

This transformation is equivalent to scaling the vector r in the manner
discussed earlier in Section 3.2.3, that is, letting r = A’z. The Hessian
matrix of the above cost function is

A (i mzx;) Al
i=1

and may have a more favorable condition number than the Hessian matrix
Yot i) of the original problem. One possibility is to use a matrix A that
makes the diagonal elements of the above Hessian matrix roughly equal to
each other.

One may similarly use diagonal or nondiagonal scaling for nonlinear
least squares problems, involving for example multilayer perceptrons or
other nonlinear architectures. Unfortunately, however, finding appropriate
scaling transformations within this context may not be easy.

Initialization

The choice of the starting vector ro can be very important for the success
of a gradient-like method. Clearly, one should choose this vector to be as
close as possible to the eventual limit of the method. It is also sometimes
necessary to use multiple initial starting points in order to reduce the risk
of convergence to a poor local minimum. In training problems involving
multilayer perceptrons, it is common to use initial weights that are small
enough so that no sigmoidal unit operates in the saturation region, where
the first and second derivatives of the corresponding sigmoidal function are
nearly zero. A typical method is to choose the initial weights randomly
from a small interval centered at zero.

Generally, it may be said that while incremental methods are used
widely in practical neural network training problems, their effective use
often requires skill, insight into the problem’s structure, and trial and error.

3.2.5 Convergence Analysis of Incremental Gradient Methods

We now discuss the convergence properties of the incremental gradient
method

Tipl =Tt — Ve Z Vgi(i—1)gi(i—1)

i=1
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[cf. Egs. (3.48)-(3.51)]. In Prop. 3.6, we consider the case where the data
blocks are linear, while in Prop. 3.8, we take up the nonlinear case. The
main idea of the convergence proofs is that the incremental gradient method
can be viewed as the regular steepest descent iteration where the gradient
is perturbed by an error term that is proportional to the stepsize. In
particular, if we compare the above incremental gradient method with the
steepest descent method

Tt+1 =Tt — TVt Z Vgi(rt)gi(rt),

i=1
we see that the error term in the gradient direction is

m

D (VGi(thim1)gi(ti=1) = Vgi(re)gi(re)).

i=1

The norm of this term is proportional to the norms of the differences ;1 —
r¢, which are in turn proportional to the stepsize ; [cf. Egs. (3.48)-(3.50)].
The following lemma will be needed for the proof of Prop. 3.6.

Lemma 3.3: Suppose that e; and J; are nonnegative sequences, and
c is a positive constant such that

ery1 < (1 — &¢)er + o2, 5 <1, Vt=0,1,...,
and -
5t — 0, Z§t = OQ.
t=0
Then e; — 0.

Proof: Given any € > 0, we claim that e; < € for infinitely many ¢. Indeed,
assuming this were not so and letting ¢ be such that e; > € and ¢d; < €/2
for all t > ¢, we would have for all t > ¢

€41 <et— 5t€t + céf <er— 5t€ + (5t6/2 = €t — 5t€/2.

Therefore, for all m >t we would have
€ m
emt1 < e — 3 Z&:-
=1

Since 0 < ep+1, this contradicts the assumption Zfio 0 = 00.
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Thus, given any € > 0, there exists f such that cd; < e for all t > ¢
and e; < e. We then have

ep1 < (1—0)eg +cf < (1 —d)e+ dre =

By repeating this argument, we obtain e; < € for all ¢ > . Since € can be
arbitrarily small, it follows that e; — 0. Q.E.D.

Proposition 3.6: (Convergence of the Incremental Gradient Method
— Linear Least Squares Case) Consider a linear least squares problem,

where,
gi(r) = yi — Xir, i=1,...,m, (3.57)

and the incremental gradient method
Te41 =Tt + Ve ZX{(yz — Xithi—1),
i=1
where ¥y = r; and
Vi = Y1 +’Ythl(yz *Xﬂ/)z;l), t=1,...,m. (358)

Assume that Z?il X!X; is a positive definite matrix and let r* be the
optimal solution of the corresponding least squares problem. Then:

(a) There exists 7 > 0 such that if 4, is equal to some constant
v € (0,7] for all ¢, r+ converges to some vector r(-y) that depends
on 7. Furthermore, we have limy_q r(y) = r*.

(b) If v > 0 for all ¢, and
Ve = 0, Z Tt = 09,
t=0

then r; converges to r*.

Proof: (a) Let v be equal to some v > 0 for all ¢. The idea of the proof
is to write the iteration as r++1 = A(y)r+ + b(7y), where A(y) and b(y) are
some matrix and vector, respectively, that depend on . We then show
that for sufficiently small v, the eigenvalues of A(y) are strictly within the
unit circle, which guarantees convergence.

We first show by induction that for all = 1,...,m, the vectors v; of
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Eq. (3.58) have the form

i
vi=re+v Y Xi(y; — Xjre) +72Li(re, ), (3.59)
j=1

where L;(r¢,7y) is a vector function of r; and ~ that is independent of ¢,
and has the form

i—1
Li(re,y) =0, Li(re,7) =Y Y (®ure+oi), i=2,...,m, (3.60)
j=1

where ®;; and ¢;; are some matrices and vectors, respectively. Indeed, this
relation holds by definition for ¢ = 1, with Li(r¢,y) = 0. Suppose that it
holds for ¢ = p. We have, using the induction hypothesis,

Yp+1 = Pp + p+1(yp+1 — Xp+1tp)

rt+'yZX’ — X1e) +Y2Lp(re,y)

+ ’VXp+1(yp+1 = Xpt17t) — v X1 Xpr1(Pp — 7t)
p+1
Tt-i-WZX = Xjre) + 2 Lyp(re,y)

VX1 Xp1 ZX’ — Xjre) + 72 Lp(re,7) |

which, by defining

p
Lps1(re,y) = Lp(re,7) — Xp 1 X Z i — Xjire) £ vLp(re,v) |

can be seen to be of the form (3.59)-(3.60), thereby completing the induc-
tion.
For i = m, Egs. (3.59) and (3.60) yield

riv1 = A(y)re + b(7), (3.61)

with .
Aly)=1- 'VZX/X + 72 Z'YJ 1Py, (3.62)

j=1 j=1

m m—1
V=D Xy 92> 1 m, (3.63)
=1 =1
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where ®,,; and ¢,,; are some matrices and vectors, respectively. Let us
choose « small enough so that the eigenvalues of A(7) are all strictly within
the unit circle; this is possible since 377" | X/ X is assumed positive definite
and the last term in Eq. (3.62) involves powers of « that are greater than

1. Define
r(v) = (I = A()) b(v). (3.64)

Then b(y) = (I — A(7))7(7), and by substituting this expression in Eq.
(3.61), it can be seen that

rev1 —1(v) = A(y) (Tt - T(’Y))>

from which we obtain

1

rep1 — r(y) = A(y)t (ro — r(’y)), Y t. (3.65)

Since all the eigenvalues of A(7y) are strictly within the unit circle, we have
A(y)t — 0, so re — (7).
To prove that limy—o7(7y) = r*, we first note that r* is given by

m -1
= (Z X;Xi> > Xii (3.66)
i=1 =1

[cf. Eq. (3.18)]. Then, we use Eq. (3.64) to write

r(v) = <£ - M)l M),

v Y v

and we see from Eqgs. (3.62) and (3.63) that

m -1 m
lim r = XX, Xly; = r*.
liy (1) (z Z ) S

(b) For v =~ and i = m, Eqgs. (3.59) and (3.60) yield

rerr =1ty Y Xy — Xgre) + 2 Ei(re — ) + e, (3.67)
j=1
where )
Er=Y 0, (3.68)
j=1
m—1 ]
e =Y A Qg + bmy). (3.69)
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Using also the expression (3.66) for r*, we can write Eq. (3.67) as
m
Pyl —TF = I—’ytZXéXj +2E: | (re — 1) + y2er. (3.70)
j=1
For large enough t, the eigenvalues of 7 Z;’;l XX are bounded from

above by 1, and hence the matrix I — ¢ Z;n:l X ;X j is positive definite.
Without loss of generality, we assume that this is so for all t. Then we have

H I- %ZXX (re— 1) < Q=) —re],  (37D)

where A is the smallest eigenvalue of Z;nzl X;X;. Let also B and 4 be
positive scalars such that for all ¢t we have

HEt(n — r*)” < Bl|re — ¥, lled|l < 6. (3.72)

Combining Egs. (3.70)-(3.72), we have

IN

[lresr — 7| H I— ZX X5 | (re — %) +'yt2||Et(rt — r*)H + 72 |ex]|

I A

(1= %A +2B)|re — r*| + 70,
(3.73)
Let ¢ be such that 4B < A/2 for all t > ¢. Then from Eq. (3.73) we obtain

Ireen = el < (1= A/2)llre —r*[| + 776,  Vt=1,
and Lemma 3.3 can be used to show that ||r; — r*|| = 0. Q.E.D.

In the case where the data blocks are nonlinear, the qualitative con-
vergence behavior of the incremental gradient method is similar to the one
shown in the above proposition for the linear case. Again, if the stepsize
is constant, oscillatory behavior within data cycles can be expected. The
size of the oscillation becomes smaller if the constant stepsize is chosen
smaller. Finally, for a diminishing stepsize, convergence to a stationary
point can be generally expected. To address this case, we first generalize
the convergence result for gradient methods with diminishing stepsize (cf.
Prop. 3.5) for the case where the descent direction involves an error that is
proportional to the stepsize. Then we specialize this result to the case of
the incremental gradient method with nonlinear data blocks. We will need
the following lemma.
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Lemma 3.4: Let Y;, Wy, and Z; be three sequences such that Wy and
Z are nonnegative for all ¢. Assume that

Yi+1§Yt—Wt+Zta t:0,17...,

and that ) ;2 Z; < oo. Then either ¥; — —oo, or else Y; converges
to a finite value and Z?io Wi < o0.

Proof: Let t be any nonnegative integer. By adding the relation Y;41 <
Y: + Z; over all t > T and by taking the limit superior as t — oo, we obtain

oo
limsupY; < Y7+ Zp < 00.
t—>00p b= Z !
t=t
By taking the limit inferior of the right-hand side as £ — oo and by using
the fact lim; __ >",°; Z; = 0, we obtain

limsup ¥; < liminf ¥ < oo.

t—oo t—oo

This implies that either Y; — —oc or else Y; converges to a finite value. In
the latter case, by adding the relation Y;11 <Y; — W; + Z; from ¢ = 0 to
i = t, we obtain

t t
ZWiSYO+ZZi_n+1a t=0,1,...,
=0 =0

which implies that Y .0 Wi < Yo+ > 0y Zi — limy—c ¥y < 0. Q.E.D.

Proposition 3.7: (Convergence for a Gradient Method with Errors)
Consider the problem of unconstrained minimization of a continuously
differentiable function f: R — R. Let r; be a sequence generated by
the method

rep1 = ¢ + (st + wy),

where ~y; is a positive stepsize, s; is a descent direction satisfying for
some positive scalars ¢; and ¢z, and all ¢,

alVEr)l? < =V f(re)se, el < 2l VF(ro)ll, (3.74)

and w; is an error vector satisfying for some positive scalars p and g,
and all ¢,

well < e (g + pIIVL(rI])-
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Assume that for some constant L > 0, we have
IVf(r) =Vi@I < Llr=7l, VrreRn
and that

oo o0
Z'Yt = 00, Z%Q < 00.
t=0 t=0

Then either f(r{) — —oo or else f(r:) converges to a finite value
and lim¢—o Vf(r¢) = 0. Furthermore, every limit point of r; is a
stationary point of f.

Proof: The proof is similar to the convergence proof for gradient methods
with a diminishing stepsize (Prop. 3.5), with the appropriate modifications
to deal with the error vectors w;. We apply Eq. (3.39) with » = r, and
z = y(s¢ + wi). We obtain

2
Flregr) < flre) + %V f(re) (st +we) + %”St + we|2.

Using our assumptions, we have

VI(re) (st +wi) < —er[[VF(ro)l]? + [V (ro)l] [Jws|
< =l V)P + gV Froll + epll V£ (re)l?,

and

l[s¢ +wel|? < 2f|se [ + 2{[we |2
<283V f(ro)lI? + 297 ¢* + 42pal |V f (ro)l| + 29¢p2 [V £ ()2

Combining the above relations, we have

f(rev1) < f(re) —ve(er — me3 L — yip — 2 p2 L) |V f (re) |2
+72(q + 272pgL) ||V £ (re) || + ¢ L.

Since 7+ — 0, we have for some positive constants ¢ and d, and all ¢
sufficiently large

Frien) < flre) = e VEr)l? +22d| V£ (ro) |l + 2 L.

Using the inequality ||V f(r)|| < 14 ||V f(r+)]|2, the above relation yields
for all ¢

frevr) < f(re) = (e = nd) [V f(ro) |2 +42d + v L. (3.75)
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Consider Eq. (3.75) for all ¢ sufficiently large so that ¢ — y:d > 0. By
using Lemma 3.4 and the assumption Y - 77 < oo, we see that either
f(ry) = —oo or else f(r) converges and

Yl V)7 < e (3.76)

t=0

If there existed an € > 0 and an integer ¢ such that ||V f(r:)|| > € for all
t > t, we would have

oo (e}
S V)2 2 e g = oo,
t=t t=t

which contradicts Eq. (3.76). Therefore, liminf; .o ||V f(r¢)|| = 0. From
this point, proving that lim: . Vf(r:) = 0 and that all limit points of r¢
are stationary is very similar to the proof of Prop. 3.5 following Eq. (3.42)
[we use Eq. (3.75) in place of Eq. (3.42) at the appropriate point in the
proof]. Q.E.D.

Proposition 3.8: (Convergence of the Incremental Gradient Method)
Consider a nonlinear least squares problem with cost function f(r) =
(1/2) > |lgi(r)||2, and let 74 be a sequence generated by the incre-
mental gradient method. Assume that for some positive constants L,

C,and D, and all : = 1,...,m, we have
IVgi(r)gi(r) — Vgi(T)gi(P)|| < Lllr =7,  Vr,7eR,
and
IVgi(r)gi(r)| < C+ DIIVf(r)ll, VreRn (3.77)

Assume also that

oo oo
Z% = 00, Z’yf < Q.
t=0 t=0

Then f(r¢) converges to a finite value and lim¢—. Vf(r:) = 0. Fur-
thermore, every limit point of r; is a stationary point of f.

Proof: The idea of the proof is to formulate the incremental gradient
method as a gradient method with errors that are proportional to the
stepsize, and then to apply Prop. 3.7. For simplicity we will assume that
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there are only two data blocks; that is, m = 2. The proof is similar when
m > 2. We have

Y1 =71t — 1 Vgi(re)gi(re),
rer1 = Y1 — e Vg2 (1) g2(¥1).

By adding these two relations, we obtain
Te41 =Tt + ’Yt(—Vf(Tt) + wt)7

where
wy = Vg2(ri)g2(re) — Vga (1) g2 (¥1).

We have
[well < Lllre = 1]l = % LIV g1 (re)gi(re) | < % (LC + LDV f(re)])-

Thus Prop. 3.7 applies, and by using also the nonnegativity of f(r), the
result follows. Q.E.D.

Since the gradient V f(r) is the sum of the m terms Vg;(r)g:(r), the
assumption (3.77) does not seem very restrictive. We note that there is
a convergence result analogous to Prop. 3.8 for the incremental gradient
method with a momentum term of Eq. (3.53) [see Mangasarian and Solodov
[MaS94], who assume boundedness of the generated sequence r; instead of
Eq. (3.77)].

3.2.6 Extended Kalman Filtering

We now consider a generalization of the Kalman filter, known as the ex-
tended Kalman filter (EKF for short). This method may be viewed as
an incremental version of the Gauss-Newton method. The method starts
with some rg, then updates r via a Gauss-Newton-like iteration aimed at
minimizing

g1 ()12,

then updates r via a Gauss-Newton-like iteration aimed at minimizing

g1 ()12 + llg2(r)12,

and similarly continues, with the ith step consisting of a Gauss-Newton-like
iteration aimed at minimizing the partial sum

> gy ()2
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Thus, a cycle through the data set of the EKF sequentially generates
the vectors

[
i = argggg&; lg;(rv5-0ll2,  i=1,....m,  (3.78)
J:

where §;(r,1;—1) are the linearized functions

Gi(rybi—1) = gj(¥j—1) + Vg (1) (r —j-1), (3.79)

and Yo = 79 is the initial estimate of r. Using the formulas (3.23) and
(3.24) of Prop. 3.3 with the identifications

Yi = gi(Yi-1) — Vgi(Yi—1)' i1, Xi==Vgi(¢i-1),

the algorithm can be written in the incremental form

Vi = im1 — H; 'V (viz1)gi(Yiz1), i=1,...,m, (3.80)
where the matrices H; are generated by
H; =Hi_1+ Vgi(¥i-1)Vgi(¥i—1)’, i=1,...,m, (3.81)
with
Hy=0. (3.82)

To contrast the EKF with the pure form of the Gauss-Newton method
unit stepsize), note that the first iteration of the latter can be written as
it stepsi te that the first iterati f the latt b itt

_ i 3i (r.70) |12, 3.83
r argrrggl%r;lzlllg(rro)l\ (3.83)

Thus, by comparing Eq. (3.78) for ¢ = m and r = r¢ with Eq. (3.83), we
see that a cycle of the EKF through the data set differs from a pure Gauss-
Newton iteration only in that the linearization of the data blocks g; is done
at the corresponding current estimates ;1 rather than at the estimate rg
available at the start of the cycle. This is similar to the relation between
the incremental gradient method and the steepest descent method.

Convergence Issues for the Extended Kalman Filter

We have considered so far a single cycle of the EKF. To obtain an algorithm
that cycles through the data set multiple times, we can simply create a
larger data set by concatenating multiple copies of the original data set,
that is, by forming what we refer to as the extended data set

(91;927 <oy dm, 91,925+ - -5 Gm, 91,92, - - ) (384)



126 Neural Network Architectures and Training Chap. 3

The EKF when applied to the extended data set asymptotically re-
sembles a gradient method with diminishing stepsize of the type described
earlier. To get a sense of this, let us denote by 7 the iterate at the end of
cycle t through the data set, that is,

Tt:wnn, t:1,2,

Then by using Eq. (3.25) with i = (£ + 1)m and i = tm, we obtain

Tt4+1 =Tt — (t+1 (Z Vi (Ytm+i-1) i (Vemti- 1)) (3.85)

Now H;41)m grows roughly in proportion to ¢ 4- 1 because, by Eq. (3.81),
we have

Ht+1)m szgz Vjmti—1)Vgi(Yjm+i-1)"- (3.86)

=0 i=1

It is therefore reasonable to expect that the method tends to make slow
progress when ¢ is large, which means that the vectors ¥um4i—1 in Eq.
(3.85) are roughly equal to r;. Thus for large ¢, the sum in the right-
hand side of Eq. (3.85) is roughly equal to the gradient Vg(r:)g(r:), while
from Eq. (3.86), H(;41)m is roughly equal to (t + 1)Vg(r:)Vg(r:)’, where
g = (91,92, -.,9m) is the original data set. It follows that for large t, the
EKF iteration (3.85) can be written approximately as

(Vg(r)Vg(re)) " Va(re)g(re), (3.87)

Tt41 = Tt — + 1
that is, as an approximate Gauss-Newton iteration with diminishing step-
size.

A variation of the EKF is obtained by introducing a fading factor
A < 1 (cf. Prop. 3.3), which determines the influence of old data blocks on
new estimates. To account for A, we should modify the updating formula
(3.81) as follows:

H; = Hi—1+ Vgi(¥i-1)Vgi(i—1)', i=1,2,..., (3.88)

with Hyp = 0. Generally, as A tends towards zero, the effect of old data
blocks is discounted faster, and the successive estimates produced by the
method tend to change more rapidly. Thus one may obtain a faster rate
of progress when A < 1. On the other hand, when \ < 1, the matrix Hi_1
generated by the preceding recursion will typically not diminish to zero.
Furthermore, as the following example shows, a limit cycling phenomenon
may occur, similar to the case of the incremental gradient method with a
constant stepsize (cf. Example 3.6).
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Example 3.7

Consider the case where there are two data blocks, g1 (r) = y1 —r and g2(r) =
y2 —r, where y1 and y2 are given scalars. Each cycle of the EKF with a fading
factor A consists of two steps. At the second step of cycle ¢, we minimize

t

Z (>\2i—1(y1 _ 7")2 + A2i—2(y2 _ 7”)2) ,

1=1

which is equal to a scalar multiple of the expression A(y1 — )% + (y2 — )%
Thus at the second step, we obtain the minimizer of this expression, which is

Ayt
Yr = T

At the first step of cycle ¢, we minimize

t—1

(y1 —7)* + )\Z (A =)+ A (g2 — 1)),

i=1
which is equal to the following scalar multiple of (y1 — )% + A(y2 — 7)?
A+ N+ X (=) + Ay — 1)),

plus the diminishing term /\2“2(3/1 - r)z. Thus at the first step, we obtain
approximately (for large ¢) the minimum of (y; — )2 + A(y2 — )2,

" Y1+ Ay

2t—1 1 + )\
It follows that within each cycle, there is an oscillation around the minimum
(y1 +y2)/2 of (y1 — 7)* + (y2 — )%, The size of the oscillation diminishes as
A approaches 1.

In practice, a hybrid method that uses a different value of A within
each cycle may work best. One may start with a relatively small \ to attain
a fast initial rate of convergence, and then progressively increase A towards
1 in order to attain high solution accuracy. The following proposition
shows convergence for the case where \ is either identically equal to 1, or
else tends to 1 at a sufficiently fast rate. Note that the proposition assumes
boundedness of the generated sequence of iterates. It is plausible that this
assumption can be replaced by an assumption such as Eq. (3.77) in Prop.
3.8, but the details have not been worked out.
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Proposition 3.9: Assume that the matrix Vg1 (r)Vgi(r)’ has rank n
for all r, and that for some L > 0 and all : = 1,..., m, we have

IVgi(r)gi(r) = Vai(M)gi(M)|| < Lljr =7, Vr,7TeR

Assume also that there is a constant ¢ > 0 such that the scalar A used
in the updating formula (3.88) within cycle ¢, call it A¢, satisfies

0<1-AP<=,  Vt=1,2,....

S+ 0

Then if the EKF applied to the extended data set (3.84) generates
a bounded sequence of vectors 1;, each of the limit points of 7 is a
stationary point of the least squares problem.

Proof: (Abbreviated) Using the Kalman filter recursion (3.25), r; satisfies

Ti4l =Tt — H(_til)m (Z )\;n_ivgi(wtm+i1)gi(wtm+i1)> .

i=1

It can be shown using the continuity of Vg;, the rank assumption on
Vg1(r)Vgi(r)’, the growth assumption on ¢, the boundedness of r¢, and
the preceding analysis that the eigenvalues of the matrices Hyy, are within
an interval [cit,cot], where ¢; and ¢z are some positive constants (see
[Ber95d]). The proof then follows the line of argument of the conver-
gence proof of gradient methods with diminishing stepsize (see Prop. 3.5).
Q.E.D.

Note that because of our assumption Hyg = 0, the matrix Vg1 (r) Vg1 (r)’
must have rank n, at least for » = rg, in order for the matrix H; to be
invertible. Proposition 3.9 can also be proved when Hj is any positive def-
inite matrix rather than Hp = 0. In this case it is unnecessary to assume
that Vg1(r)Vgi(r)’ has rank n, as long as enough alternative assumptions
are imposed to guarantee that the eigenvalues of the matrices Hyy,, are
within an interval [c1t, cot], where ¢1 and ¢y are some positive constants.

3.2.7 Comparison of Various Methods

A large variety of methods for neural network training was given in this
chapter, so it is worth summarizing their relative strengths and weaknesses.

For linear architectures and the corresponding linear least squares
problems, one must choose between the exact/finite computation meth-
ods such as the SVD and the Kalman filter, and the incremental gradient
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method (possibly with a momentum term), which is simpler but converges
only asymptotically. Surprisingly, in practice, the incremental gradient
method is often preferred because of its simplicity and its small overhead
per iteration. On the other hand, the incremental gradient method can be
very slow, so experimentation with scaling and stepsize selection is often
essential for success.

For nonlinear architectures, one important choice is between batch
and incremental methods. As we explained earlier, for large data sets,
incremental methods are clearly preferable. Among incremental methods,
the chief candidates are the incremental gradient method and its variants
(momentum term, data block randomization, etc), and the EKF. The latter
method requires more overhead per iteration, but may converge faster. As
in the case of a linear architecture, the use of appropriate scaling and
stepsize choice can be crucial for the success of the incremental gradient
method.

Among batch methods, one may use sophisticated algorithms such as
the Gauss-Newton method, Quasi-Newton methods, or Newton’s method.
However, despite the power of some of these algorithms, the attainable
speed of convergence may still be poor, because neural network problems
often involve singular local minima and regions where the Hessian matrix
is not positive semidefinite.

Finally, one must strive to be convinced that the final answer obtained
from the training is a reasonable approximation to a (global) optimum.
There are no systematic methods for this, but a few heuristics often help. In
particular, in least squares problems, a small cost function value is a strong
indication of success. No method, simple or sophisticated, incremental or
batch, can address adequately the issue of multiple local minima. The
technique of using many starting points for the training method is often
useful (but not always successful) in dealing with the difficulties caused by
multiple local minima.

NOTES AND SOURCES

3.1. Discussions of various neural network architectures, and multilayer
perceptrons in particular, can be found in many books on neural
networks (see e.g., Haykin [Hay94] and Bishop [Bis95]). A compara-
tive discussion of neural network and statistical methodologies can be
found in the review paper by Cheng and Titterington [ChT94]. The
quotation appearing in the beginning of this chapter is taken from L.
Breiman’s comments in this reference. The idea of feature-based par-
titioning in conjunction with a “local-global” architecture and least
squares problem decomposition seems to be new. The idea of an archi-
tecture that uses multiple heuristic algorithms as feature-extraction
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mappings, and its use in solving combinatorial optimization problems
is also new.

Detailed discussions of nonlinear optimization can be found in books
such as Luenberger [Lue84|, Bazaraa, Sherali, and Shetty [BSS93],
and Bertsekas [Ber95b]. The line of analysis of gradient methods with
diminishing stepsize (Prop. 3.5) and of gradient methods with errors
(Prop. 3.7) is classical (see for example Poljak [Pol87]). However,
our results improve on those found in the literature. In particular,
we show that if f(r¢) is bounded below then lim; .o Vf(r:) = 0,
while the strongest earlier results under the same assumptions, show
that liminf;— [V f(r¢)|| = 0, and require either convexity of f or
boundedness of 7 in order to assert that V f(r;) — 0.

Various practical aspects of neural network training problems and
algorithms are discussed in Ch. 6 of Haykin’s book [Hay94]. The
ill-conditioned character of these problems is discussed in Saarinen,
Bramley, and Cybenko [SBC93]. Incremental gradient methods for
linear least squares problems are attributed to Widrow and Hoff
[WiH60]. The application of these methods to nonlinear least squares
problems received wide attention following the work of Rumelhart,
Hinton, and Williams [RHW&6]. Related ideas are found in Werbds
[Wer74] and Le Cun [LeC85]. These works were based on informal
gradient descent arguments, and did not contain a rigorous conver-
gence analysis.

The convergence result of Prop. 3.6 is due to Luo [Luo91], and stems
from an earlier result of Kohonen [Koh74]. The convergence result
of Prop. 3.8 was shown by Mangasarian and Solodov [MaS94], un-
der a boundedness assumption on the generated sequence r;. The
alternative result given here and its method of proof based on general
convergence results for gradient methods with errors (cf. Prop. 3.7)
are new. For related results and variations of incremental gradient
methods, see Gaivoronski [Gai94], Grippo [Gri94], Luo and Tseng
[LuT94], Mangasarian and Solodov [MaS94], and Bertsekas [Ber95¢].

The incremental version of the Gauss-Newton method was proposed,
without a convergence analysis, by Davidon [Dav76]. The develop-
ment given here in terms of the EKF and the corresponding conver-
gence result are due to Bertsekas [Ber95d]. An alternative analysis
of the EKF is given by Ljung [Lju79], who assuming A = 1, used
a stochastic formulation (i.e., an infinite data set) and his ODE ap-
proach [Lju77] to prove satisfactory convergence properties for a ver-
sion of the EKF that is closely related to the one considered here.
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Optimization problems as well as systems of equations are often solved
by means of iterative algorithms; for example, Bellman’s equation can be
solved using the value iteration algorithm, described in Ch. 2. In many situ-
ations, however, the information needed to carry out an iterative algorithm
is not directly available and one has to work with information corrupted
by noise. (As an example, consider the “noise” introduced by using the
average of several sample values of a random variable, as an estimate of its
expectation.) Stochastic iterative algorithms are variants of deterministic
iterative algorithms that can operate in the presence of noise. In this chap-
ter, we provide a general discussion of stochastic iterative algorithms and
overview some available tools for studying their convergence. These algo-
rithms can be used both for solving optimization problems and for solving
systems of equations. They will be used in subsequent chapters to study
the convergence of simulation-based methods for exact and approximate
dynamic programming.

Suppose that we are interested in solving a system of equations of the

form
Hr=r,

where H is a function from $” into itself. [Note that we are using the
“operator” notation Hr, as opposed to the more conventional notation
H(r).] An interesting special case is obtained if we have

Hr=r—-Vf(r),

for some cost function f. In that case, the system Hr = r is of the form

which is closely related to the problem of finding a minimum of the function
f, as discussed in Ch. 3.
One possible algorithm for solving the system Hr = r is provided by
the iteration
r:= Hr,

or its small stepsize version
r:=(1—~)r+~Hr, (4.1)

where 7 is a positive stepsize parameter, usually chosen to be smaller than
1. [For the case where Hr = r — Vf(r), Eq. (4.1) reduces to the gradient
method.] If this algorithm converges to a limit 7*, and if H is continuous at
r*, then the limit must satisfy Hr* = r*, and there are several conditions
available under which such convergence is guaranteed to take place. Sup-
pose now that the functional form of the function H is not known precisely
or that an exact evaluation of Hr is difficult, but that we have access to
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a random variable s of the form s = Hr + w, where w is a random noise
term. For example, s might be generated using simulation or by means of
some experiment whose outcome is corrupted by measurement noise. It is
then reasonable to use s in place of Hr in Eq. (4.1), to obtain

ri=(1—7)r+~vy(Hr+w). (4.2)

(Note that the gradient methods with errors studied in Section 3.2.3 are
a special case.) The resulting algorithm is called a stochastic iterative or
stochastic approzimation algorithm. In an algorithm of this type, there
is an incentive to use a small stepsize 7, because this reduces the sensi-
tivity to the noise w. On the other hand, smaller values of v generally
lead to slower progress. This conflict can be resolved by using a variable
stepsize that decreases towards zero as the algorithm progresses. (Recall
also the discussion of deterministic methods with diminishing stepsize in
Sections 3.2.3 and 3.2.5.)

A more concrete setting is obtained as follows. Let v be a random
variable with a known probability distribution p(v|r) that depends on r.
Suppose that we are interested in solving for r an equation of the form

E[g(r, v)} =,

where g is a known function and where the expectation is with respect to the
conditional distribution p(v|r) of the random variable v. One possibility
is to use the deterministic algorithm

r:=(1—-yr+ ’yE[g(r,v)].

Note that if v is a vector-valued random variable, the expectation E[g(r,v)]
amounts to a multidimensional integral, which is generally hard to evalu-
ate. On the other hand, if the distribution p(v|r) is known or can be
simulated, it is often straightforward to generate random samples v of v
and use them to estimate E[g(r,v)]. For example, we might obtain several
random samples 71, . .., V%, and carry out an update using the sample mean

k
Z g(r, 61)
i=1

in the place of E[g(r,v)]. As k becomes large, the sample mean converges
to the true mean and we recover the deterministic algorithm r := (1—~)r+
~vE[g(r,v)]. At the other extreme, we may let k = 1 and base an update on
a single sample v. The resulting algorithm, known as the Robbins-Monro
stochastic approximation algorithm, is of the form

> =

ri=(L=9)r+7g(r,0),
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where v is a single random sample, generated according to the distribution
p(v|r). If we rewrite the Robbins-Monro algorithm as

ri= (L= +5(Elg(rv)] + 90,8) - Blg(rv)]),
we see that we are dealing with the special case of the algorithm
r:=1—-7)r+~yHr+w)

[cf. Eq. (4.2)], where
Hr = E[g(r,v)},

and where
w = g(r,0) — E[g(r,v)]

is a zero mean noise term.

In the remainder of this chapter, we will consider stochastic approxi-
mation algorithms in some detail. After providing a formal model, we will
continue with an overview of a few available convergence results and of the
different methodologies that can be used to establish convergence.

THE BASIC MODEL

We now provide a precise model of the stochastic approximation algorithms
we will be interested in. This model does not require all components of r
to be updated at each iteration, and is similar in spirit to the asynchronous
value iteration algorithm discussed in Ch. 2.

Consider an algorithm that performs noisy updates of a vector r € Rn,
for the purpose of solving a system of equations of the form

Hr =,

where H is a mapping from R into itself. A solution, that is, a vector
r* that satisfies Hr* = r*, will be called a fized point of H. We use
(Hr)(1),...,(Hr)(n) to denote the components of Hr, that is,

Hr = ((Hr)(1),...,(Hr)(n)), Ve Rn.

We use an integer variable ¢ to index the different iterations of the
algorithm. This variable is simply a counter and need not have any relation
with “real time.” Let r; be the value of the vector r at time ¢, and let 7(4)
denote its ith component. Let 7% be an infinite set of integers indicating
the set of times at which an update of r() is performed. We assume that

ren() =), t¢ T, (4.3)
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and
reg1(i) = (1= 7(0))re (i) + e (i) (Hre) (i) + we(3)) teTi. (4.4)
Here, (i) is a nonnegative stepsize parameter, w(i) is a noise term, and
(Hre) (i) = re (i) + wi (i)

is the step direction. Note that the stepsize (i) is allowed to depend on
the component ¢, which will provide us with some additional flexibility. In
order to bring Eqgs. (4.3) and (4.4) into a common format, it is convenient to
assume that 4+ (7) and wy (i) are defined for every i and ¢, but that v4(i) = 0
for t ¢ Ti. This is indeed what we will do throughout this chapter, and
we will henceforth assume that Eq. (4.4) applies for all times ¢. Let us
also mention that the stepsizes 7:(i) often need to be viewed as random
variables, for reasons to be discussed later.

Stepsize Choice

Let us now motivate and introduce some general assumptions on the step-
size choice. Consider a situation where the noise term wy(7) is statistically
independent from 7; and has a constant variance o2. Suppose that the
stepsize ¢() is kept equal to some positive constant . It follows from Eq.
(4.4) that the variance of r141(4) is at least 202 for all ¢ € T%. In particu-
lar, r¢ cannot converge to any limit vector r. In the best of circumstances,
r¢ will reach a neighborhood of a solution r* and start moving randomly
in that neighborhood. The size of the neighborhood can be controlled and
can be made smaller by using a smaller v, but convergence to r* cannot
be obtained as long as = is a positive constant. If on the other hand, we
allow ~¢(7) to decrease to zero, the effect of the noise w; (i) on the variance
of r441(7) becomes vanishingly small and the possibility of convergence re-
mains open. Of course, (i) cannot be allowed to decrease too quickly.
The reason is that [cf. Eq. (4.4)]

(i) = ro(i)] < i%(iﬂ(ﬂﬁ)(i) — 77 (i) +we (i)
7=0

In particular, if the steps (Hr;) (i) —7-(i) +w, () have bounded magnitude
and if Y72 1 v-(i) < A < oo, then the algorithm will be confined within a
fixed radius from ro; if the desired solution r* happens to be outside that
radius, the algorithm will never succeed in getting to r*. This motivates
part (a) of our first assumption.
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Assumption 4.1: The stepsizes 7+() are nonnegative and (i) = 0
for t ¢ T. Furthermore, the following hold with probability 1:

(a) For every i, we have
Z%(i) = 0.
t=0

(b) For every i, we have

For the case where all components are updated at every time instance,
a common (deterministic) choice that conforms to Assumption 4.1 is given
by v+(i) = ¢/t, for t > 0, where ¢ is a positive constant. More generally,
if component ¢ is updated less frequently, at times t1,t2,..., we may let
Ve, (1) = af(k + §), where o and [ are positive constants. In this case,
if the order of updating the various components is random, the stepsizes
v¢(?) are also random. Furthermore, Assumption 4.1 holds if and only if
all components are updated infinitely often, with probability 1.

The following example, among other things, motivates the need for
Assumption 4.1(b).

Example 4.1 (Estimation of an Unknown Mean)

Let v¢, t = 1,2,..., be independent identically distributed scalar random
variables with mean p and unit variance. Suppose that p is an unknown
constant that we wish to estimate using the random samples v;. This is the
same as wishing to solve the equation E[v] = r for r. Starting with the
algorithm r := (1 — v)r + vE[v] and using a single sample estimate of E[v],
we obtain a Robbins-Monro stochastic approximation algorithm of the form

rep1 = (1 — ve)7e + Yeve. (4.5)

Let us assume that the sequence ~; is deterministic. Let Vi be the variance
of r¢. Since r; and v; are independent, the variance of r;y1 is the sum of the
variances of (1 —7:)r: and of v, and we obtain

Virr = (1= %) Vi + 7.

With the stepsizes being nonnegative, it can be shown that Vi converges to
zero if and only if 7, converges to zero and Zfio v = oo [cf. Assumption
4.1(a)]. (Actually, convergence to zero under this assumption follows from
Lemma 3.3 in Section 3.2.4.)
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Besides convergence of the variance to zero, one is usually interested in
having r¢ converge to u, with probability 1. It is evident from Eq. (4.5) that
for r¢ to converge to p, we need v:(v: — ) to converge to zero. As it turns
out, Assumption 4.1(b) is useful in that respect. Under Assumption 4.1(b),
we have

E

> i H)Z] =Y WEB[e —p)?] =) 4P < oo,

(The interchange of the infinite summation and the expectation can be justi-
fied by appealing to the monotone convergence theorem [Ash72].) It follows
that the random variable % 7#(vy — p)? must be finite with probability 1
(otherwise, its expectation would be infinite), and we conclude that v;(ve — )
converges to zero with probability 1. With more technical work, it can be
shown that r; converges to u with probability 1, as desired. A more general
result of this type is provided in the next section.

Let us now consider the special case where 7+ = 1/t for all ¢ > 0.
Assuming that r1 = 0, it is easily shown, by induction on ¢, that

t
Tt+1:lv7—, t:1,2,....
t
Since the sample mean of the measurements v; is a sensible estimate of the
true mean g, this example suggests that ¢+ = 1/t is a sound choice for the
stepsize parameter. (The convergence of r; to p for this case is known as the
“strong law of large numbers.”)

In practice, the condition >,° ~7(i) < co of Assumption 4.1(b) is
not always adhered to. One reason is that once the stepsize becomes very
small, the algorithm may stop making any noticeable progress. Another
reason is that in certain on-line situations, the nature of the problem may
slowly change with time. In order for the algorithm to be able to respond
to problem changes, a nonnegligible adaptation rate must be present, and
we need to prevent the stepsize parameter from becoming too small.

Some Conventions

For our purposes, it is convenient to model all of the variables entering the
description of the algorithm as random variables. We wish to allow the
choice of the components r(i) to be updated at any given time ¢ to depend
on the results of previous computations. Since previous results are affected
by the probabilistically described noise terms we(i), we end up with an
implicitly probabilistic mechanism for choosing which variables to update.
Finally, the choice of whether a variable r(7) is to be updated at time ¢ may
determine whether ~¢(i) will be zero or not. To summarize, the variables
~¢(i) will in general depend on past noise terms and should be viewed as
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random variables. Furthermore, all stated conditions on their values are
implicitly assumed to hold with probability 1.

Let F; stand for the entire history of the algorithm up to and including
the point at which the stepsizes () are selected, but just before the update
direction is determined. More concretely, we may let

Fo=A{ro(@),...,re(i),wo(7),...,we—1(2), 0 (i), ..., (i), i=1,...,n},

although, in some cases, we may wish to include in F; additional infor-
mation from the past of the algorithm that could be of relevance. (For
example, the generation of the stepsizes or the noise terms might involve
some auxiliary probabilistic mechanisms whose details may need to be in-
cluded in F3;.) Nevertheless, we will always assume that F; is an increasing
sequence in the sense that the history F;41 contains the history F;.

Throughout this chapter, whenever we say that a sequence of random
variables converges to another random variable, we mean that we have con-
vergence with probability 1. In the same vein, many of the statements to
be made are true subject to the qualification “with probability 1.” How-
ever, we often refrain from making this qualification explicit, so as not to
overburden the discussion.

Lines of Analysis and Results

Given a stochastic approximation algorithm with the structure that we have
postulated, it can be quite difficult to determine whether it converges to the
desired fixed point. The tools used in the analysis of such algorithms are
often sophisticated. In the remaining sections of this chapter, we provide
three different types of convergence results relating to the convergence of
the iteration

o1 (2) = (1= ye(8))re (i) + e (i) (Hre) (0) + we (i)

(a) In Section 4.2, we derive convergence results for the case where the
expected update directions at each iteration are descent directions
with respect to a smooth potential (or Lyapunov) function. This
includes the optimization case where Hr = r — V f(r) and the case
where H is a contraction with respect to the Euclidean norm on R7.
The line of analysis here is quite similar to the arguments used in the
convergence analysis of Section 3.2.

(b) In Section 4.3, we consider the case where the mapping H is a con-
traction with respect to a weighted maximum norm or satisfies cer-
tain monotonicity assumptions. These assumptions are intended to
capture the properties of the dynamic programming operator 71" for
different DP models, and the results are therefore useful in studying
stochastic versions of DP methods such as value iteration.
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(¢) The results in Sections 4.2 and 4.3 more or less require the update
noises we(4) to be independent from one iteration to the next. In
Section 4.4 we discuss some analytical tools that allow us to study
convergence when such independence is absent. This case is of in-
terest if, for example, the noise w(7) is due to the randomness in
some underlying Markov process, e.g., the Markov chain that we are
interested in controlling.

4.2 CONVERGENCE BASED ON A SMOOTH POTENTIAL
FUNCTION

In this section, we present a few useful convergence results that rely on the
decrease of a smooth potential function. Rigorous proofs of these results
are provided at the end of this section and can be skipped without loss of
continuity.

4.2.1 A Convergence Result

A common method for establishing the convergence of a deterministic iter-
ative algorithm to some r* is to introduce a Lyapunov or potential function
f(r) that provides a measure of the distance from r*. If the “distance” from
r* keeps decreasing, in the sense that f(r¢+1) < f(r¢) whenever ry # r*,
and under some minor additional technical conditions, convergence to r*
follows. An example of this approach was seen during our discussion of
descent methods for deterministic optimization in Ch. 3, where the cost
function of the optimization problem served as the potential function.

For stochastic algorithms, a similar approach can be used except that
in the presence of noise, it would be overly restrictive to require that the
condition f(ri+1) < f(r¢) hold at every step. Instead, it is more natural to
assume that the expected direction of update is a direction of decrease of f.

In this section, we consider an algorithm of the form

Tt41 = Tt + VeS¢, (4.6)

and we introduce an assumption that will allow us to establish convergence
using the potential function method. Note that this is slightly more general
than the model introduced in Section 4.1, in which we had

st = Hry —ry + wy.

For the purposes of this section, we will be using a single scalar stepsize
parameter ~; for every component that is being updated. In order to handle
the general case, it suffices to divide every positive v:(7) by a certain factor
and multiply s:() by the same factor, so as to come back to the case where
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all positive y¢(¢), ¢ = 1, ..., n, are equal. Those 7:(7) that are zero can also
be set to the common value ~; if we redefine the corresponding component
s¢(1) to be zero.

The assumption that follows is closely related to the descent condition

2
al[ V)| < =V f(re)'se,
that was used in our analysis of gradient methods in deterministic optimiza-
tion, properly adapted to the stochastic setting. Throughout this section,
|| - || will stand for the Euclidean norm defined by

2 = v

Furthermore, we use F; to denote the history of the algorithm until time
t. For example, we may let

Ft = {10, oy Tt,80, oy St—15Y0y -« -5 Vi }s

but additional information can also be included in F, if necessary.

Assumption 4.2: We assume that there exists a function f : ®» — R
with the following properties:

(a) There holds f(r) > 0 for all r € Rn.

(b) (Lipschitz continuity of V f) The function f is continuously dif-
ferentiable and there exists some constant L such that

Vi) V@] < Llr—7l,  ¥rFeRn

(¢) (Pseudogradient property) There exists a positive constant ¢ such
that )
cHVf(rt)H < =V f(ri) Elst | Fe, Y t.
(d) There exist positive constants K7, K2 such that

E[lse]? | 7] < K1 + Ko|VE(ro) ||, V.

Part (b) of Assumption 4.2 is a smoothness condition on the function
f and was used to establish convergence of deterministic gradient methods
(cf. Props. 3.4 and 3.5 in Ch. 3). This condition is satisfied, in particular,
if f is twice differentiable and all of its second derivatives are bounded
(globally) by some constant. Unlike the case of deterministic optimization
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(cf. the discussion following Prop. 3.4), convergence cannot be guaranteed
if the inequality |V f(r) — Vf(7)|| < L||r — 7| is only imposed for r and
7 belonging to a certain level set of f. The reason is that even if we start
within such a level set, the randomness in the algorithm could always take
us outside. In fact, if the second derivatives of f are finite but unbounded,
adding noise to a convergent deterministic gradient algorithm can result in
divergence.

Part (c) is a key assumption and requires that the expected direction
E[st | Ft] of update make an angle of more than ninety degrees with the
gradient of f; thus, the expected update is in a direction of cost decrease
of the function f. Finally, part (d) provides a bound on the mean square
magnitude of the update; it plays a role similar to the condition

Isell < e2l[ Vo)l

that we had imposed in the context of deterministic optimization. A no-
table difference, however, is that Assumption 4.2(d) allows s: to be nonzero
even if V f(r:) is zero.

We now have the following convergence result, which is in many ways
analogous to Prop. 3.5 in Section 3.2. The proof is given in Section 4.2.3.

Proposition 4.1: Consider the algorithm
Ti41 = Tt + VSt

where the stepsizes y; are nonnegative and satisfy

o0 o0
> e =00, D 42 < oo
t=0 t=0

Under Assumption 4.2, the following hold with probability 1:
(a) The sequence f(r:) converges.

(b) We have
Jim V£(re) = 0.

(¢) Every limit point of r¢ is a stationary point of f.

Proposition 4.1 says nothing about the convergence or boundedness of
the sequence 1. However, if the function f has bounded level sets, part (a)
of the proposition implies that the sequence r; is bounded. If, in addition,
f has a unique stationary point r*, part (c¢) implies that 7= is the only limit
point of r; and, therefore, r; converges to r*.

We now continue with some applications of Prop. 4.1.
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Example 4.2 (Stochastic Gradient Algorithm)

The stochastic gradient algorithm for minimizing a cost function f is described
by
T4l =Tt — Yt (Vf(rt) + wt). (4.7

We observe that this is a special case of algorithm (4.6), with
st ==V f(re) —we.

We assume that the stepsizes are nonnegative and satisfy

- .
Z% = o0, va < 0.
t=0 t=0

Furthermore, we assume that the function f is nonnegative and has a Lip-
schitz continuous gradient [Assumptions 4.2(a)-(b)]. Concerning the noise
term w;, we assume that

Elw | 7] =0, (4.8)
and )
E[llwl® | 7] < A+ B|| V)|, (4.9)

for some constants A and B.
We now verify that parts (c) and (d) of Assumption 4.2 are satisfied.
Indeed, using Eq. (4.8), we have

Vf(r) Else | Fi) = V(re) (= VI(re) — Elwe | Fe]) = =V £(ro)|?,

and Assumption 4.2(c) holds with ¢ = 1. Furthermore, using Egs. (4.8) and
(49),

Efllsdll* | 7] = IV fro)l” + Blllwel|* | Fe] + 2V f(re) Elwe | Fi]
<IVF@rol* + A+ BV F(re)|?
= A+ B+ 1)Vl
and Assumption 4.2(d) is also satisfied. We have used here the fact that the
value of V f(r:) is completely determined by F; and, therefore, can be pulled
out of the conditional expectation.

Under the preceding assumptions, Prop. 4.1 applies and we conclude
that f(r:) converges and that

t—o0
Furthermore, every limit point of the sequence r; is a stationary point of f.
Our next example deals with the simplest possible application of the

stochastic gradient algorithm and is intimately related to the problem of
estimating the unknown mean of a random variable (cf. Example 4.1).
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Example 4.3 (Estimation of an Unknown Mean, ctd.)

Let v+ be independent identically distributed random variables with unknown
mean p and finite variance. The Robbins-Monro stochastic approximation
algorithm

Tt41 = (1 — ’yt)T't -+ YtUt,

considered in Example 4.1 [cf. Eq. (4.5)] can be written in the form

ree1 = 1e — Ye(re — 1) + yewe,

where wy = vy — p. This is the stochastic gradient algorithm (4.7), applied
to the potential function (r — p)?/2. Assuming that the stepsizes satisfy
Assumption 4.1, the gradient of the potential function converges to zero,
which implies that r; converges to pu.
For a related situation, let r: be a scalar that is updated according to
the recursion
rig1 = (1 —ye)re + yewe.

We assume the usual conditions on the stepsizes 7: and that the noise term
wy satisfies
E[wt | Ft] = 07

and
Elw; | ] < A+ Br}.

This is the stochastic gradient algorithm applied to the potential function
f(r) = r?/2. By the discussion in Example 4.2, Vf(r:) converges to zero,
and therefore r; converges to zero.

Our next example provides an alternative view of the incremental gra-

dient methods for deterministic optimization that were discussed in Section
3.2.4.

Example 4.4 (Incremental Gradient Methods — I)

Consider a nonnegative cost or potential function f : R" — R of the form

1) = 257 Jl),
k=1

where each fi is a nonnegative function from R" into 3. One possible ap-
proach for minimizing the function f is to use the (deterministic) gradient
algorithm, described by

K
Tigl =Ty — % kz:vfk(rt)
=1

In incremental gradient methods (cf. Section 3.2.4), instead of using the aver-
age of all gradients V fi(r:) at each update, one relies instead on the gradient
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V fr(r:) of just one of these functions. In the most common implementation,
the individual gradients V fj(r:) are used in a cyclical order. In an alternative
that we consider here, each update involves a single gradient term V fi(r¢)
which is selected at random.

Let us be more specific. Let k(t), ¢ = 1,2,..., be a sequence of inde-
pendent random variables, each distributed uniformly over the set {1, ..., K}.
The algorithm under consideration is

rer1 =Tt — YV frqe) (1e), (4.10)

where v; is a nonnegative scalar stepsize. We claim that this is a special
case of the stochastic gradient algorithm. Indeed, the algorithm (4.10) can
be rewritten as

K K
1
Tep1 =Tt — % vak(n) -t <ka(t>(7“t) ~% vak(rt)> ;
k=1
which is of the form
Tt41 =Tt — ’thf(rt) — YtWt,

where
1
K

M~

we = V fry (re) — Vfi(re).

o
Il

1

We now verify that w, satisfies the assumptions (4.8) and (4.9) that we had
imposed during our discussion of the stochastic gradient algorithm. Due to
the way that k(t) is chosen, we have

K
E[V fiw (re) | F] = %Zka(rt),
k=1

from which it follows that E[w; | ;] = 0 and Eq. (4.8) is satisfied. We also
have

EfJurl* | £ = B[V i1 7] = | B[V fuco () | 7]
< E[Hka(t)(m)Hz | 7],

which yields )
E[Hth2 | .7:,5] < mgXHka(rt)H .

An inequality of this type is not enough to lead to a bound of the type (4.9);

for this reason, we impose some additional conditions on the functions fx. In
particular, let us assume that there exist constants C' and D such that

VA <c+D|vim| Yk (4.11)
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It follows that )

)

E[llw? | 7] < C+D||V£(ro)]

condition (4.9) is satisfied, and convergence of V f(r;) to zero follows, under
the usual stepsize conditions.
Condition (4.11) is guaranteed to be satisfied if each fi is of the form

fe(r) =7'Qrr + gir + h,

where each Q. is a positive semidefinite matrix, Zle Q. is positive definite,
each gi is a vector, and each hy is a scalar. (This is the generic situation
encountered in the training problem for linear approximation architectures.)
Because of positive definiteness, there exists a unique vector r* at which
Vf(r*) =0, and this vector is the unique minimizer of f. The function f has
bounded level sets and the convergence of f(r;) implies that the sequence r;
is bounded. Every limit point 7 of r; must satisfy V f(r) = 0, from which we
conclude that r; converges to r*.

We close by noting that the incremental gradient algorithm (4.10) can
be generalized to

Tt
T4l =Tt — 77 V fi(re).
s, 2,

Here, S(t) is a random subset of {1,..., K} and |S(¢)| is its cardinality. We
assume that the cardinality of S(¢) is chosen at the same time that ~; is
chosen [that is, before any of the elements of S(¢) are sampled] and that
every element of {1,..., K} has the same probability of belonging to S(t).
We can then repeat our earlier arguments and come to the same conclusions
regarding convergence. This more general version of the algorithm, described
as “batching” in Chapter 3, allows us to control the noise variance in the
stochastic algorithm. In the beginning, we may use |S(t)| = 1, leading to
high variance estimates of V f; as the algorithm approaches a minimum of f,
more accurate estimates of Vf can be used, by increasing the cardinality of
S(t). With such a modification, we can obtain convergence without the need
for a diminishing stepsize, as long as in the limit we have |S(t)| = K.

Example 4.5 (Incremental Gradient Methods — II)

In Example 4.4, we dealt with a cost function that was the sum of finitely
many terms. A similar development is also possible when the cost function is
an integral of a continuum of cost functions.

Consider a nonnegative cost or potential function f : R" — R of the
form

) = / Jor) dp(8) = E[fo(r)].

where 6 is a parameter ranging in some set, p(-) is a probability distribution
over that set, and the expectation above is with respect to this probability
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distribution. Under some regularity assumptions that allow us to interchange
expectation and differentiation, we have

Vf(r)=E[Vfa(r)].

In this case, an alternative to the deterministic gradient method is obtained by
replacing the above expectation by a single sample estimate. More precisely,
we have the following algorithm. At each time ¢, we generate a sample value
0: of 0, sampled according to the probability distribution p(-), and we perform
the update

Ti41 =Tt — ’thfet (Tt)
=71 — 1V f(re) — yewe,

where
we = Vo, (re) — E[V fo(re) | Fe).

We have E[w; | F:] = 0 and

Bllwl? | 7] = B[|Vs(ro)|* | 7] = | E[Vfor) | 7|
< B[[|Viotro)|* 1 7]

If we impose enough assumptions to guarantee that

2
)

B[|Vforo|*1 7] < €+ D|[ V()|

for some constants C' and D, our convergence analysis of stochastic gradient
algorithms (Example 4.2) applies.
Example 4.6 (Euclidean Norm Pseudo-Contractions)

In our last example for this section, we consider the Robbins-Monro stochastic
approximation algorithm

reg1 = (1 —ye)re + ye(Hre + wy),
where H is a mapping from R" into itself that satisfies
|Hr —r*|| < B|lr — ", VreR". (4.12)
Here, (3 is constant with 0 < 3 < 1 and r* is a vector that satisfies Hr* = r*,
that is, a fixed point of H. We say that the mapping H is a pseudo-contraction

with respect to the Euclidean norm.
In order to study this algorithm, we introduce the potential function

7y = 5l =12,
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and note that Vf(r) = r —r*. Assuming that Ffw; | ;] = 0, we obtain
E[St | ]:z] = H’f’t — Tt,

where
s¢ = Hry —re + we

is the step direction. Using the Schwartz inequality and Eq. (4.12), we obtain
(Hr =) (r—r") < ||[Hr =7 - |lr = r*[| < Bllr — |
We subtract (r — r*)'(r — 7*) from both sides, to obtain
(Hr—r)'(r—r") < =(1=B)|r —r"||*.

With r equal to r:, the latter inequality can be rewritten as

2
)

Else | F)Vf(re) < —(1 - B)||V£(ro)|

and the pseudogradient Assumption 4.2(c) is satisfied with ¢ = 1 — 8. If
we now assume that E[||wt||2 | .7-'1] < A+ B|re — r*||* for some A, B, and
impose the usual stepsize conditions, we conclude that the gradient r; —r* of
the potential function converges to zero.

4.2.2 Two-Pass Methods

The analysis in this section was geared towards methods like the stochastic
gradient algorithm. There are also stochastic approximation methods that
use second derivative information, such as “stochastic Newton methods.”
Such second order methods tend to converge faster, at the expense of more
complex calculations during each iteration, although of course not as fast
as their deterministic counterparts. Surprisingly, however, second order
methods are in a sense unnecessary in the stochastic context; namely, there
is a variant of the stochastic gradient algorithm, involving a second pass
through the sequence r;, that combines the computational simplicity of first
order methods and the desirable convergence properties of second order
methods.

Consider the stochastic gradient algorithm and suppose that the step-
size 7y is fixed at some small positive value. We then expect that r; gets
to the vicinity of a local minimum r* and thereafter oscillates around r*,
with the magnitude of these oscillations depending on the size of 7y (see the
discussion at the end of Subsection 3.2.3). In that case, an estimate of r*
that is better than the current value of r; can be constructed by forming
the average of the past values of r;. The estimate of r* generated by such
averaging has some remarkable properties. Not only does it converge to
r* (under suitable assumptions), but its mean squared error is in a certain
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asymptotic sense at least as good as the mean squared error of any other
method, including methods that exploit second derivative information; see
the notes at the end of the chapter.

In practical terms, in order for the averaged estimate to outperform
the instantaneous estimate r;, we need the algorithm to reach a “steady-
state” and to be oscillating around r*. In contrast, during the early stages
of the algorithm, that is, when 7 is halfway between o and the vicinity of
r*, there is no reason to expect that the averaged estimate will be of any
particular use.

4.2.3 Convergence Proofs

This subsection contains the proof of Prop. 4.1 and can be skipped without
loss of continuity. In many respects, the proof is similar to the convergence
proofs for deterministic descent algorithms (e.g., Props. 3.4, 3.5, and 3.7);
however, some deep results from probability theory are also required.

In all of the proofs in this section, we assume that we have already
discarded a suitable set of measure zero, so that we do not need to keep
repeating the qualification “with probability 1.”

Martingales and Supermartingales

The supermartingale convergence theorem is a key result from probability
theory that lies at the heart of many convergence proofs for stochastic ap-
proximation algorithms. It is a generalization to a probabilistic context of
the fact that a bounded monotonic sequence converges, and also of Lemma
3.4 of Section 3.2. The proof of this theorem lies beyond the scope of this
treatment and can be found in [Ash72] and [Nev75]. For our purposes, we
need a slight generalization of the supermartingale convergence theorem
(see Neveu [Nev75], p. 33).

Proposition 4.2:  (Supermartingale Convergence Theorem) Let Yz,
X¢,and Z;, t =0,1,2, ..., be three sequences of random variables and
let 7, t=0,1,2,..., be sets of random variables such that F; C F41
for all ¢. Suppose that:

(a) The random variables Y;, X;, and Z; are nonnegative, and are
functions of the random variables in F;.

(b) For each t, we have E[Yiq11 | ] <Y: — Xt + Zt.
(c) There holds >, Z; < .

Then, we have Zz 0 Xt < oo, and the sequence Y; converges to a
nonnegative random variable Y, with probability 1.
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We also provide here a related result that will be of use later on
[Nev75].

Proposition 4.3: (Martingale Convergence Theorem) Let X, t =
0,1,2,..., be a sequence of random variables and let F;, ¢ =0,1,2, ...,
be sets of random variables such that F; C Fi4; for all t. Suppose
that:

(a) The random variable X; is a function of the random variables
in ft.

(b) For each ¢, we have E[X 41 | Fi] = X.
(c) There exists a constant M such that E[|X;|] < M for all ¢.

Then, the sequence X; converges to a random variable X, with prob-
ability 1.

A sequence X; that satisfies properties (a) and (b) in Prop. 4.3, to-
gether with the property E[|X;|] < oo for all ¢, is called a martingale. We
note that if the random variables X; satisfy E[X?] < M for some con-
stant M and for all ¢, we can use the inequality |z| < 1 + 22, to obtain
E[|Xt|} <1+ M. In conclusion, if the second moment of a martingale X;
is bounded, the martingale convergence theorem can be applied.

Proof of Proposition 4.1

This proof is similar to the proof of Prop. 3.5 (convergence of deterministic
gradient methods with diminishing stepsize) and Prop. 3.7 (convergence
of deterministic gradient methods with errors), in Section 3.2.3. However,
due to the presence of probabilistic noise, we need to work with suitable
conditional expectations of f(r¢). In particular, using a second order Taylor
series expansion of f, we will show that [f(rt_H) | Fi] < f(re)+ Z¢, where
Zy satisfies ), Z; < 0o, and we will use the supermartingale convergence
theorem to establish convergence of f(r:). In order to show that V f(rs)
converges to zero, we argue as in the proof of Prop. 3.5, except that some
additional technical work is needed (Lemma 4.1), to bound the effects of
the noise during the excursions of V f(r) away from zero.

By Assumption 4.2(b), the gradient of the potential function f is
Lipschitz continuous and has the property

|Vf(r) =V i@ <Lllr =7,  ¥YnrT7,

where L is some positive constant. As shown in the beginning of the proof
of Prop. 3.4 in Section 3.2.3, we have

F) < FO0) + VI =)+ Sl -l Y
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We apply this inequality with » = r; and ¥ = r¢y1 = r+ + Y+S¢+ and obtain

Flrisn) € Fr) + 09 oY+ 2o sl (113)

We take expectations of both sides of Eq. (4.13), conditioned on F%, and
use Assumption 4.2, to obtain

E[f(ree) | F

< ) + WV Y Else | i+ 53 (K + K| 956r0)|)

_ LKQ’}/t LK1 ’th
2 2

(4.14)

< f(re) —%(C
= f(re) — Xt + Zy,

Jvrea|*+

where

2 .
X, =M (c — %) ||Vf(7"t)|| , if LKy < 2¢,
0, otherwise,

and

2
LK1 if LKy, < 2c,

)

7 2
t LK1~? — (c— LKQQ%)HVJC(”)HQ, otherwise.

2

Note that X; and Z; are nonnegative. Furthermore, X; and Z; are functions
of the random variables in F;.

Using the assumption Y - o v2 < 00, v converges to zero, and there
exists some finite time after which LKovy; < 2¢. It follows that after some
finite time, we have Z; = LK1~}?/2, and therefore Y ,~ ) Z; < co. Thus, the
supermartingale convergence theorem (Prop. 4.2) applies and shows that
f(r¢) converges and also that ), X; < co. Since ~; converges to zero, we
have LKsvy; < ¢ after some finite time, and

LKQ’W
2

Xo=(e = =5 )96 2 Gl V0

Hence,
2
> w||VEr)| < oo (4.15)
t=0
Suppose that there exists some time ¢y and some § > 0 such that
IVfr)|* =6, Vit

Since Y;2 ;7 = oo, this would provide a contradiction to Eq. (4.15). We
conclude that HV flre) || gets infinitely often arbitrarily close to zero, and

lim inf ||V £ (r+)[| = 0.



Sec. 4.2 Convergence Based on a Smooth Potential Function 151

In order to prove that Vf(r:) converges to zero, we will be studying
its excursions away from zero. To this effect, we fix a positive constant e
and we say that the time interval {¢,t + 1,...,t} is an upcrossing interval
(from €/2 to €) if

Vel <5 IV > e,

and .
§§HVf(rT)||§e, t<t<t.

We will eventually show that any sample path has a finite number of up-
crossings from €/2 to e. Towards this goal, we first develop some machinery
(cf. Lemma 4.1 below) that will allow us to bound the effects of the noise
terms w; in the course of an upcrossing interval.
Let us define
§t = E[St | .7:15],
and
W¢ = St — S¢.-

Using Assumption 4.2(d), we have

1512 + E[[lwel2 | Fo] = E[llsell? | F] < K1+ K2||Vf(ro)|, V.
(4.16)
We also define
Xt:{]-’ lvaf(rt)H SE,

0, otherwise,

and note that x; is a function of the random variables in .

Lemma 4.1: The sequence u; defined by

t—1
Ut = g X1YrWr,
7=0

converges with probability 1.

Proof: We start by imposing the additional assumption that Zfio v <
A, where A is some deterministic constant. Later on, we will show how
this assumption can be relaxed.

We first observe that wu; is a function of the random variables in F3,
because the summation defining u; runs up to 7 = ¢t — 1. We also note that

Elxtviwe | Fi]) = xeveElwe | Fi] = 0,
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and therefore,
E[UtJrl | ft] = Ut.

If x; =0, then E[||uss1]|? | 7] = |lwe|[2. If on the other hand, x¢ = 1, we
have

EfJucsrl? | F = urll? + 2wy Elwe | F +2E [[wi])? | 7]
< el + 72 (K + Kae?),

where the last inequality is a consequence of Eq. (4.16). By taking uncon-
ditional expectations and summing over t, we obtain

Elu?] < (K1 + K2€2)E[Zvﬂ < (K1 + Kae)A, Vit
7=0

and since ||ut|| <14 |Jut]|2, we have

sup E[flut]l] < oo.

We can now apply the martingale convergence theorem (Prop. 4.3) to (the
components of) u; and conclude that u; converges, with probability 1.
Let us now consider the general case where > .~ o 42 is finite, but
not necessarily bounded by a deterministic constant. Given any positive
integer k, we consider the stopped process u¥ which is equal to u; as long
as Zf;é 72 < k, and stays constant thereafter. Using the argument that
we just gave, it follows that for any k, uf converges with probability 1.
Let € be the set of sample paths for which uf does not converge. By
discarding the zero probability set U2 ,€), we can assume that uF always
converges, for every k. Since >,° ~7 is finite, for every sample path there
exists some k such that Y_,° 77 < k. Hence, for every sample path there
exists some k such that u; = uf for all ¢, and u; converges. Q.E.D.

Let us now consider a sample path with an infinity of upcrossing
intervals and let {tx,...,%x} be the kth such interval. Using the definitions
of x+ and of upcrossing intervals, we have x; = 1 for t; <t < #; and using
Lemma 4.1, we obtain

klim Z ~vewe = 0. (4.17)

(If this were not the case, the sum of xsy:w¢ could not converge.) For
another useful consequence of Lemma 4.1, we observe that

klirr;o Y, wi, = 0. (4.18)
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‘We now have

||Vf(7'tk+1)|| - ||vf(rtk)|| < va(rthrl) - Vf(rtk)H
<L —
> ||7”tk-s_-1 TtkH (4.19)
= Y, LISty + we, ||
< i, LISt | + e, Lllwe |-
Note that the right-hand side converges to zero as k tends to infinity, be-
cause ||5¢, ||? is bounded by K1+ K2e? [cf. Eq. (4.16)], 7+, goes to zero, and
also because of Eq. (4.18). Since ||V f(re,4+1)|| = €/2, Eq. (4.19) implies
that for all large enough &, we have

V5]l = 5 (4.20)
For every k, we also have

5 <Vl = V£

< [[V£(rs,) = Vi)
< LHTZk — Tty |

<L wllsill + L) Y e
t=ty, t=ty,

Note that the second term in the right-hand side converges to zero, by
Eq. (4.17). Furthermore, for t;, <t < t;—1, ||5¢]|2 is bounded by K1+ K2€2,
which implies that ||3¢|| is bounded by d = 1 + K1 + K2e2 [cf. Eq. (4.16)].
Thus, by taking the limit inferior as k tends to infinity, we obtain

€
lim inf > <
s tz = 9o0d

=ty

We now note that for ¢, < t < t;, we have HVf(rt)H > ¢/4. [For
t = ti, this is a consequence of Eq. (4.20).] Thus,

t—1 9
. 2 € €
hk“i?-?ftzzﬁ”vf el = 353 16

By summing over all upcrossing intervals, we obtain

Z%va(?“t)nz = 00,
=0
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which contradicts Eq. (4.15). We conclude that the number of upcrossing
intervals is finite.

Given that HV f (rt)H comes infinitely often arbitrarily close to zero
and since there are finitely many upcrossings, it follows that ||V fre) || can
exceed € only a finite number of times, and lim sup,_, HVf(rt) H < €. Since
€ was arbitrary, it follows that limsup,_ . ||V f(r)|| = 0, and part (b) of
the proposition has been proved. Finally, if r is a limit point of r¢, V f(r)
is the limit of some subsequence of V f(r:) and must be equal to 0, which
establishes part (c). Q.E.D.

CONVERGENCE UNDER CONTRACTION OR
MONOTONICITY ASSUMPTIONS

The results of the preceding section are very useful in a variety of contexts,
but there are some important exceptions. For example, in the next chapter
we will study stochastic approximation algorithms that build on the value
iteration algorithm J := T'J. Unfortunately, it is unclear whether one can
define a smooth potential function f such that the update of any compo-
nent of J is along a descent direction with respect to f. The only properties
of T that can be exploited are its monotonicity and, under further assump-
tions, the fact that it is a contraction with respect to a weighted maximum
norm. In the latter case, the weighted maximum norm is a natural po-
tential function and has been used, in a deterministic setting, to establish
convergence; on the other hand, it is not differentiable and the results of the
preceding section do not apply. In this section, we state and prove some
convergence results that do not rely on a smooth potential function but
only on certain contraction or monotonicity properties of the algorithm.
The proofs are quite technical and are deferred to the end of the section so
as not to disrupt the continuity of the presentation.

4.3.1 Algorithmic Model

For the purposes of this section, we assume that the ith component (i) of
r is updated according to

rea (i) = (1=7e(0) e () +9e(0) (Hre) (0) +we (i), t=0,1,..., (4.21)
[cf. Eq. (4.4)], with the understanding that (i) = 0 if r(¢) is not updated

at time t. Here, wy(i) is a random noise term. As before, we denote by F;
the history of the algorithm until time ¢, which can be defined as

Fe={roi),...,re(i),wo(d), ..., we—1(1),70(i), ..., (i), i =1,...,n},
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or may include some additional information.

We now introduce some assumptions on the noise statistics. Part (a)
of the assumption below states that w(¢) has zero conditional mean and
part (b) places a bound on its conditional variance.

Assumption 4.3:
(a) For every i and ¢, we have E[wt (@) | ft] =0.

(b) Given any norm || - || on 7, there exist constants A and B such
that
E[w?(@) | 7] < A+ Bllrell2, Vit

We continue with our assumptions on the iteration mapping H, and
the corresponding convergence results. The assumptions we will impose
correspond to the properties of the dynamic programming operator 1" for
different dynamic programming problems.

4.3.2 Weighted Maximum Norm Contractions

We start by recalling some definitions from Ch. 2. Given any positive vector

&, we define the weighted mazimum norm || - ||¢ by
|r(0)]
]| = max —=.
Irle = ma

When all components of £ are equal to 1, the resulting norm is the mazimum
norm, denoted by ||||sc. We say that a function H : 8" — R is a weighted
mazximum norm pseudo-contraction if there exists some r* € R, a positive
vector £ = (£(1),...,&(n)) € R", and a constant 3 € [0, 1) such that

[Hr —r*lle < Bllr —r*le, V.
In more detail, the pseudo-contraction condition can be written as

r(j) = r(5)|
&G

The pseudo-contraction condition implies that r* is a fixed point of H,
that is, Hr* = r*. It is easily verified that H cannot have other fixed
points. To see this, consider a vector r that satisfies Hr = r. We then
have ||r — r*||¢ = || Hr — r*||¢ < B|lr —r*||¢; since 8 < 1, we conclude that
[lr —7*]l¢ =0 and r = r*.

|(Hr) (i) — (i)
£(4)

< fmax Vi, r. (4.22)
J
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It is well known that if H is a contraction mapping, that is, if it
satisfies
[Hr — Hrlle < Bllr =7lle;  VrT,

then it is guaranteed to have a fixed point r* (see e.g., [BeT89], p. 182,
or [Lue69], p. 272). By letting 7 = r*, we see that H is automatically a
pseudo-contraction.

We now have the following result.

Proposition 4.4: Let r; be the sequence generated by the iteration
(4.21). We assume the following.

(a) The stepsizes v:(7) are nonnegative and satisfy

> m) =00, DY 22(i) = oo
t=0

t=0

(b) The noise terms wy (i) satisfy Assumption 4.3.
(¢) The mapping H is a weighted maximum norm pseudo-contraction.

Then, r; converges to r*, with probability 1.

Proposition 4.4 will be used in Ch. 5 to establish the convergence of
stochastic approximation methods based on the value iteration J := TJ
or related algorithms, for the case of discounted problems or stochastic
shortest path problems in which all policies are proper.

‘We now provide some of the intuition behind Prop. 4.4, by considering
a related but much simpler algorithm. In particular, let us assume that
r* = 0 (this is no loss of generality) and that H is a pseudo-contraction
with respect to the maximum norm || + ||oc. Thus,

|H7"(2)} §ﬁmax‘r(i)’, Y, 7.

Furthermore, let us assume that there is no noise in the algorithm, namely,
we(i) = 0 for all 4, ¢, and that the stepsizes ~¢(i) are either unity [when
r(7) is updated] or zero. Suppose that we start with a vector ro and that
|ro(i)] < ¢ for some constant c. (We can always take ¢ = [[ro[lec.) In
words, ro lies within a “cube” of size 2c¢ along each dimension, centered at
the origin. Suppose that r; also lies within that cube and that its ith com-
ponent is updated, to r:41(¢) = (Hr¢)(é). Due to the pseudo-contraction
condition, we have |7‘t+1(i)| < fBec < ¢, which shows that given the initial
cube, any subsequent update of any component keeps us within that cube.
Furthermore, any updated component is at most (¢ in magnitude, which
means that when all components have been updated at least once, we find
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ourselves within a smaller cube, of size 203¢ along each dimension. By con-
tinuing similarly, and assuming that each component is updated an infinite
number of times, we get into progressively smaller cubes, and convergence
to 0 follows. The proof of Prop. 4.4 follows the same lines, except that in
the presence of a small stepsize it will take several updates before we get
into the next smaller cube; in addition, we need to verify that the presence
of the noise terms wy (i) cannot have an adverse affect on convergence.

4.3.3 Time-Dependent Maps and Additional Noise Terms

We provide here a generalization of Prop. 4.4 that encompasses two addi-
tional elements:

(a) We allow the iteration mapping H to change from one iteration to
another and hence use the notation H;. We will assume, however,
that all of the mappings H; are pseudo-contractions under the same
weighted maximum norm, with the same fixed point, and with the
same contraction factor (.

e allow the algorithm to be driven by some additional noise terms,

b) We allow the algorithm to be driven b dditional noise t
not necessarily zero mean. We will impose certain assumptions that
guarantee that these additional terms are insignificant in the limit.

The algorithm we consider is of the form

rer1() = (1= 7 () re (@) +9e(0) (Here) (1) +we(3) +ue (i), ¢=0,1,....

(4.23)
Here each H; is assumed to belong to a family H of mappings. We assume
that the selection at each step of a particular mapping H; out of the family
‘H is made without knowledge of the future. Formally, we require that the
choice of H; is only a function of the information contained in the past
history F; and, in particular, H¢r: is determined by F:.

Proposition 4.5: Let r; be the sequence generated by the iteration
(4.23). We assume the following.

(a) The stepsizes 7:(i) are nonnegative and satisfy

Z’Yt(i) = 00, Z’yf(z) < 0.
t=0

t=0

(b) The noise terms w(7) satisfy Assumption 4.3.
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(c) There exists a vector r*, a positive vector &, and a scalar § €
[0,1), such that

| Hire —r*||e < Bllre — r*||e, v t.

(d) There exists a nonnegative random sequence §; that converges
to zero with probability 1, and is such that

lue(@)] < Oe(Irelle +1), Vit

Then, r; converges to r* with probability 1.

4.3.4 Convergence under Monotonicity Assumptions

For many stochastic shortest path problems, the dynamic programming
operator T fails to be a weighted maximum norm pseudo-contraction. In
such cases, convergence proofs for the deterministic value iteration algo-
rithm r := T'r, as well as for its stochastic counterparts, need to rely on
other properties of T', such as those captured by our next assumption.

Assumption 4.4:
(a) The mapping H is monotone; that is, if r <7, then Hr < HT.
(b) There exists a unique vector r* satisfying Hr* = r*.

(c) If e € R is the vector with all components equal to 1, and if 7
is a positive scalar, then

Hr —ne < H(r —ne) < H(r +ne) < Hr + ne.

Parts (a) and (c) of Assumption 4.4 imply that the mapping H is
continuous; to see this, note that for any r,7 € R*, we have 7 < r + ||F —
7|looe, which implies that

HF < H(r+ ||F —rlloc€) < Hr + |7 — r||e.

A similar argument yields

Hr < HT 4 || — 7| €.
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Therefore,

[HT = Hrlloo <7 = 7floo,

and H is continuous. Note that the last inequality is not strict, in general,
and for this reason, H is not necessarily a maximum norm contraction.

Assumption 4.4 leads to a convergence result, which is somewhat
weaker than our earlier result for weighted maximum norm pseudo-
contractions; in particular, a separate boundedness assumption is imposed.
It is not known whether the same result can be proved without this bound-
edness assumption.

Proposition 4.6: Let r; be the sequence generated by the iteration
(4.21). We assume the following:

(a) The stepsizes v:(7) are nonnegative and satisfy
oo oo
Z'yt(i) = 00, 2%2(1) < 00.
=0 t=0

(b) The noise terms w (i) satisfy Assumption 4.3.
(¢c) The mapping H satisfies Assumption 4.4.

If the sequence r; is bounded with probability 1, then r; converges to
r* with probability 1.

4.3.5 Boundedness

Verifying the boundedness condition in Prop. 4.6 is often difficult and may
require some special arguments tailored to the application at hand. We
provide below a criterion which is sometimes useful.

Proposition 4.7: Let r; be the sequence generated by the iteration
(4.23). We assume the following:

(a) The stepsizes v:(i) are nonnegative and satisfy

> w@) =00, D 22(i) < oo.
t=0

t=0
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(b) The noise terms w(7) satisfy Assumption 4.3.

(¢) There exists a positive vector £, a scalar 8 € [0, 1), and a positive
scalar D such that

[Herdlle < Bllrelle + D, V¢

(d) There exists a nonnegative random sequence 6; that converges
to zero with probability 1, and is such that

lue(3)| < ¢ ([Irelle + 1), Y i, t.

Then, the sequence r; is bounded with probability 1.

Note that whenever H; is a pseudo-contraction mapping with respect
to a weighted maximum norm, the condition |[Hyr|e < B||relle + D is
automatically satisfied because

[ Hirelle < ||[Here —r[le + [[r||e
< Bllre —r*lle + llr*lle
< Bllrelle + (1 + B)|[r]le.

Therefore, in this case boundedness is guaranteed, consistently with Props.
4.4-4.5. Unfortunately, however, Prop. 4.7 does not always apply when H
only satisfies the monotonicity Assumption 4.4.

We now discuss a general purpose approach for guaranteeing bound-
edness of stochastic approximation algorithms. The idea is to modify the
algorithm so that r; gets projected to a bounded set whenever r; tends to
become too large. Of course, the bounded set must be chosen large enough
so that the desired fixed point 7* lies in that set. (This requires some prior
knowledge on the structure of the problem at hand, but such prior knowl-
edge is often available.) Once projections are introduced, the algorithm
has been modified, and in order to establish convergence one needs to ver-
ify that the modified algorithm satisfies all required assumptions. For this
reason, some additional technical work is usually required to complete a
convergence proof. Fortunately, this is often feasible.

A mathematical description of one possible version of the projection
method is as follows. The method uses two bounded sets, denoted by S
and Sp, with Sy C S. At any time ¢ such that r; ¢ S, the next update is
governed by

rer1 = m(re) € So,

instead of the original update equation. Here, the “projection” = is an
arbitrary mapping from R” into Sp.
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The convergence of stochastic approximation algorithms is usually
established by showing that the algorithm tends to make some progress at
each step, assuming that a suitable measure of progress has been defined. In
order to establish convergence of the projection method, we should choose
the sets S and Sp so that whenever a projection is effected, progress is
guaranteed. For example, if a potential function f is used, we should
choose S and So so that f(r) < f(7) for every r € Sy and every 7 ¢ S.

4.3.6 Convergence Proofs

In this subsection we prove all of the results that have been stated in this
section, except for Prop. 4.4, which is a special case of Prop. 4.5. Our first
step is to develop a corollary of Prop. 4.1 from the previous section that
will be needed in the proofs to follow.

As in Example 4.3, let r; be a scalar and consider the recursion

rer1 = (1 —ye)re + ywe. (4.24)

We assume that the stepsizes satisfy ¢ > 0, Y 7oy = 00, and >0 g 77 <
o0, and that the noise term w; satisfies

E[wt | .7:,5] =0

and
EJ[U)t2 | ft] S At,

where A; is a random variable which is a function of the random variables
in F;. The only difference here from Example 4.3 and Assumption 4.2(d)
is that the conditional variance of w; is now bounded by a random variable
Aq.

Corollary 4.1: Under the above assumptions, and if the sequence A;
is bounded with probability 1, the sequence r; generated by Eq. (4.24)
converges to zero, with probability 1.

Proof: We see that all of the assumptions of Prop. 4.1 are satisfied [with
f(r) = r2]. except that the deterministic constant K; in Assumption
4.2(d) is replaced by the random but bounded sequence A;. With this
substitution, convergence is established by repeating the proof of Prop. 4.1;
in particular, we use the boundedness of A; to ensure that Z;’i 0Lt < 00,
and the rest of the proof remains unchanged. Q.E.D.

We continue with a proof of the boundedness result (Prop. 4.7),
which will be needed for the proof of the weighted maximum norm pseudo-
contraction convergence results (Prop. 4.5).
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Proof of Proposition 4.7

Before developing a formal proof, we summarize the basic ideas. We first
show that without loss of generality, we can restrict attention to the case
where || - ||¢ is the maximum norm, to be denoted simply by | - ||. We then
enclose 7o in a “cube” of the form {r | ||| < G}, where G is chosen large
enough so that [|Hyr¢|| < G, whenever ||r¢]] < G. In the absence of the
noise terms uy and wy, this would imply that r; stays forever in that cube.
On the other hand, in the presence of noise, r; may wander outside the
cube. If it wanders far enough, so that ||r¢|| > (14 ¢€)G (here € is a positive
constant), we reset G and the corresponding cube so as to again enclose
the current iterate r;, and repeat our arguments. We use our assumptions
to bound the effects of the noise terms (Lemma 4.2) and show that a reset
of the bound G will take place only a finite number of times (Lemma 4.3),
implying boundedness of r;.

We now start the proof by showing that the case of a general positive
weighting vector ¢ can be reduced to the special case where & = (1,...,1),
by a suitable coordinate scaling. We define a new vector 7 by

F=2="1r

where = is a diagonal matrix whose ith diagonal entry is equal to £(i); in
particular,

We then define a new mapping H, by
Hy7 = E-1H,(E7),
and note that
E@)(H) (@) = (Her)(i),  i=1,...,n.

We use this relation in Eq. (4.23), and we also replace r+(i) by &(4)7+(4).
We then divide by £(i), to obtain

fHM)U%@VW)PMUOE%W)“M@+UMU,

§6) &)

which is an iteration of the same form except that H; has been replaced by
H,. Using assumption (c) in the statement of the proposition, we obtain

65)®] = 20O < e 0 = e + D,
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where || - |loo is the maximum norm. We conclude that with this change
of variables we have come to a situation where the norm | - ||¢ has been
replaced by the maximum norm || - ||oo.

For the purposes of this proof, let us use the simpler notation || - ||
to denote the maximum norm. Given the preceding discussion, we can
assume, without loss of generality, that there exist some 8 € [0,1) and
some D > 0 such that

[[Here|| < Blre]| + D, v t. (4.25)

Let us choose some G > 1 such that fG + D < G and let n satisfy
0BG + D = nG. Note that § < n < 1. Let us also choose € > 0 so that

(I4+en=1

Our next step is to define some scaling factors that will be used to
renormalize the noise terms so as to keep them bounded. We define a
sequence Gy, recursively, as follows. We start with Go = max{||ro||, G}
Assuming that G has already been defined, let Giy1 = Gy if [|ri41] <
(1 + €)Gy. If ||rega|l > (1 + €)Gy, then let Gip1 = Go(1 + €)F where k is
chosen so that

Go(1+ 1 < [l ]l < Go(1+ ) = Grpa.

What this definition has accomplished is that we have constructed a non-
decreasing sequence Gy > 1 such that

[rell < (1 +€)Ge, V20, (4.26)

and
[rel| < G, if Gi—1 < Gh. (4.27)

We finally note that ||r¢]| and G¢ are functions of the random variables in
Fi since they are completely determined by 7o, 71, ..., 7¢.

We observe that fe +n < ne +n = 1. Let 6* be a small enough
positive constant such that

Be+n+0+(2+¢) < 1. (4.28)

Finally, let t* be a time such that

such a time exists since 6; has been assumed to converge to zero.
We will now prove that

||Ht71t|| + gt(llrt” + ].) < Gy, Vit >tr. (429)



164 Stochastic Iterative Algorithms Chap. 4

Indeed, Eqs. (4.25), (4.26), and the definition SG + D = nG of 7 yield

[Herel| < Bllrel| + D
S/B(lJrE)GtJrD
=6(1+¢G+ (n—B)G
< (,8(1+6)+77—,8)Gt
= (Be + )Gy,

where we have also used the property Gy > G. Hence, for ¢ > t*, we have

| Here|l + 9t(||7‘t|| + 1) < (Be+1n)Gt + 9*((1 +€6)Gt + 1)
< (Be+n)Gi +60*(2+¢)Gy
< G,

as desired. [We have used here the property Gy > 1, Eq. (4.26), and
Eq. (4.28).]

In order to motivate our next step, note that as long as there is a
possibility that r; is unbounded, E[w?(i) | F¢] could also be unbounded
[cf. Assumption 4.3(b)] and results such as Corollary 4.1 are inapplicable.
To circumvent this difficulty, we will work with a suitably scaled version of
we(4) whose conditional variance is bounded.

We define (0

L. we(t

we(i) = G Vt>0.
Assumption 4.3 and the fact that G; is a function of the random variables
in F; imply that

Bly(i) | 7] =%ﬁ|ft]:0, Vit>0,

and
E[wi(i) | Fi]
G}
_ A+ Bn?
A+ B(1+€)2G?
<
<K, vVit>0,

E[wi (i) | 7] =

where K is a deterministic constant. [Here we made use of Eq. (4.26) to
bound |[|r¢[|, as well as the property G > 1]
For any ¢ and to > 0, we define Wy, (4) = 0 and

Wittsto (1) = (1= 76()) Wasto (6) + 7 (i) e (0), ¢ > to.
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Lemma 4.2: For every § > 0, and with probability 1, there exists
some tg such that |W, ()] < 6, for all ¢ > .

Proof: From the convergence result in Example 4.3, we obtain
lim Wy,0(i) = 0.
t—oo

For every t > to, we have, using linearity,

t—1

Wio(i) = [H (1- %(i))] Wigi0(1) + Wt (4),

T=to
which implies that
Wit ()] < [Wao ()] + [Weg0(9)].
The result follows by letting to be large enough so that [Wy.o(i)| < 6/2 for
every t > tg. Q.E.D.

We now assume that r; is unbounded, in order to derive a contradic-

tion. Then, Eq. (4.26) implies that G+ converges to infinity, and Eq. (4.27)

implies that the inequality ||r|| < Gt holds for infinitely many values of

t. Using also Lemma 4.2, we conclude that there exists some to such that
Irioll < Gep and

[Wiito ()| <e, YVt >to, Vi (4.30)

Furthermore, by taking to large enough we can also assume that
’}/t(i) <1, 0; < 0+, Y t>to, 1. (431)

The lemma that follows derives a contradiction to the unboundedness of
G and concludes the proof of the proposition.

Lemma 4.3: Suppose that there exists some ¢ such that ||ry, || < Gy,
and such that Eqgs. (4.30) and (4.31) hold. Then, for every ¢t > to, we
have Gt = Gy,. Furthermore, for every ¢ we have

~Gro(1+€) < =Gy + Weito (1) Gy < 74(i)
< Gy 4+ Wity (1)Grg < Gio (1 + ).
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Proof: The proof proceeds by induction on t. For t = tg, the result is
obvious from ||, || < Gy, and Wiy (i) = 0. Suppose that the result is
true for some t and, in particular, Gy = Gy,. We then use the induction
hypothesis and Eq. (4.29) to obtain

re1(8) = (1= 9¢(0) 72 (i) + e (0) (Here) () + v (0)we () + v (1) ue (7)
(1= 2(9)) (Gro + Weito (1) o) + 2 (i) (Here) (i) + 7 (0) e () G
+ 7 ()0 ([lrel| + 1)
< (1= %(1)) (Gy + Wity (1)Go ) + 7 (1) Gro + 7e ()0 (i) G
= Gtg + (1= 76(0) Weity (0) + 76(0):() ) Grg
=Gy, + Wt+1;to (1)Ghg-

IN

A symmetrical argument also yields —Gy, +I7Vt+1 0 (1)Gio < 1y41(1). Using
Eq. (4.30), we obtain |ri1(i)| < Gy, (1+¢€), which also implies that G¢11 =
Gi,- Q.E.D.

Proof of Proposition 4.5

This proof follows the general argument outlined at the end of Section 4.3.2.
According to that argument, and in the absence of noise, the iterates are
guaranteed to eventually enter and stay inside progressively smaller cubes.
Thus, we only need to show that the effects of the noise are small and
cannot alter this type of behavior.

Without loss of generality, we assume that r* = 0; this can be always
accomplished by translating the origin of the coordinate system. Further-
more, as in the proof of Prop. 4.7, we assume that all components of the
vector £ are equal to 1 and use the notation ||r| instead of ||r||¢. Notice
that Prop. 4.7 applies and establishes that the sequence r; is bounded.

Proposition 4.7 states that there exists some (generally random) Dy
such that |r¢|| < Do, for all t. Fix some ¢ > 0 such that 54 2¢ < 1. We
define

Dk+1 = (ﬁ + QE)Dk, k>0.

Clearly, Dy, converges to zero.
To set up a proof by induction, suppose that there exists some time
t; such that
H?‘tH < Dy, Vit>tg.

Since (i) converges to zero, we can also assume that v;(i) < 1 for all 4
and all t > t. We will show that this implies that there exists some time
ti+1 such that ||r¢]] < Dgyq for all ¢ > ti4q. This will complete the proof
of convergence of r; to zero.
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Let Wy(i) = 0 and
Wi (i) = (1= 7 (0)) Wi(i) + e (i)we(0). (4.32)

Since r¢ is bounded, so is the conditional variance of wy(i). Hence, Corol-
lary 4.1 applies and we have lim¢—.o, W¢(i) = 0. For any time 7, we also
define W+ (i) = 0 and

Wt+1;7‘(i) = (1 - ’Yt(l))Wt,T(Z) =+ ’Yt(l)wt(l)a t>T. (433)

Using the same argument, Corollary 4.1 also implies that lim—, o0 W7 (i) =
0 for all 4 and .
Note that

lue (i) < O ([Irell + 1) < 0:(Dy + 1), t > 1.

Since 0 converges to zero, so does |u¢(7)|. Let 75, > t) be such that |us(i)] <
€Dy, for all t > 7, and all i. We define Y7, (i) = D, and

Vir1(i) = (1= %(0)Ye(@) + 7 ()BDx + 7 (i)eDy,  t>1.  (4.34)

Lemma 4.4: For every ¢, we have

“Yi (i) + Waer, (6) < 14(6) < Yi(3) + Wasr, (i), V> 7 (4.35)

Proof: We use induction on ¢. Since Y7, (i) = Dy and Wy, ;7 (i) = 0, the
result is true for ¢ = 7. Suppose that Eq. (4.35) holds for some ¢t > 7.
Note that |(Hyre)(i)| < B|re]| < BDk. We then have
rer1() < (1= e(0) (Ye (i) + Wesry (2)) + e () (Here) (0)
+ e (D)we (i) + ve () (i)

< (1= 7¢(0) (Ya(i) + War, (3)) + 7¢(4)BDk + 72 ()we (i) + v (i)eDy.

= Yi1(9) + Wign;r, (4).
A symmetrical argument yields —Y;1(2) + Wig1,7, (i) < re41(7) and the
inductive proof is complete. Q.E.D.

It is evident from Eq. (4.34) and the assumption >, (i) = oo
that Y;(4) converges to BDy + €Dy, as t — oo. This fact, together with Eq.
(4.35), and the fact that lim oo Wi;r, (1) = 0, yield

limsup ||r¢|| < (84 €)Dg < Dgy1.
t—oo

Therefore, there exists some time t;11 such that ||r¢|| < Dyyq for all ¢ >
ty+1 and the induction is complete.
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Proof of Proposition 4.6

At a high level, this proof is similar to the proof of Prop. 4.5, where we
showed that r; is guaranteed to enter and stay inside progressively smaller
cubes. However, because we do not have a contraction property anymore,
instead of working with cubes, we need to work with rectangular sets of the
form {r | L¥ <r < UF}. The vectors L* and U* are constructed similar to
the vectors J, and J, ,j used in the proof of asynchronous value iteration
convergence (Prop. 2.3 in Section 2.2.2), and the entire proof can be viewed
as an adaptation of that argument to account for the presence of noise.

Recall that e stands for the vector with all components equal to 1.
Let n be a large enough positive scalar so that

r* —ne <1y <1r* + e,

for all t. (Such a scalar exists by the boundedness assumption on 7; but is a
random variable because sup, ||7¢||c could be different for different sample
paths.) Let

LO = (LO(1),...,Lo%n)) =r* —ne

and
U = (U°(1),...,U%n)) = r* + ne.

Let us define two sequences U and L* in terms of the recursions

k4 HIJk
Uk+1 = #7 k>0, (4.36)

and Ik 4 HIk
Li+1 = +T k> 0. (4.37)

Lemma 4.5: For every k£ > 0, we have
HUk < Uk+1 < Uk,

and
HLk > Lk+1 > [k,

Proof: The proof is by induction on k. Notice that, by Assumption 4.4(c)
and the fixed point property of r*, we have HU? = H(r* + ne) < Hr* +
ne = r* +ne = UY. Since U! is the average of U? and HUY, we obtain
HUY < Ul < U9, Suppose that the result is true for some k. The inequality
Uktl < UF and the monotonicity of H yield HU*+1 < HU%. Equation



Sec. 4.3 Convergence under Contraction or Monotonicity Assumptions 169

(4.36) then implies that Uk+t2 < Uk+1l. Furthermore, since HUF1 <
HUk* < Uk+1 and since U*+2 is the average of HU*+! and Uk+1, we also
obtain HUk+1 < Uk+2. The inequalities for L* follow by a symmetrical
argument. Q.E.D.

Lemma 4.6: The sequences U¥ and L* converge to r*.

Proof: We first prove, by induction, that U* > r* for all k. This is true
for UY, by definition. Suppose that Uk > r*. Then, by monotonicity,
HU* > Hr* = r*, from which the inequality U*+1 > r* follows. There-
fore, the sequence U* is bounded below. Since this sequence is monotonic
(Lemma 4.5), it converges to some limit U. Using the continuity of H,
we must have U = (U + HU)/2, which implies that U = HU. Since r*
was assumed to be the unique fixed point of H [Assumption 4.4(b)], it
follows that U = r*. Convergence of L¥ to r* follows from a symmetrical
argument. Q.E.D.

We will now show that for every k, there exists some time t; such
that
Lk <r, <Uk, — Yit>t,. (4.38)

(The value of ¢ will not be the same for different sample paths and is
therefore a random variable.) Once this is proved, the convergence of r+ to
r* follows from Lemma 4.6. For k = 0, Eq. (4.38) is certainly true, with
to = 0, because of the way that U9 and L0 were defined. We continue by
induction on k. We fix some k and assume that there exists some t; so
that Eq. (4.38) holds. Furthermore, since (i) converges to zero, we can
assume that () <1 for all ¢ and all ¢ > .
Let Wy (i) = 0 and

Wit (i) = (1= 72(2)) Wi (i) + 72 (i) we ().

Note that the bound A + BJr¢||2 on the conditional variance of ws (cf.
Assumption 4.3) is a random variable. Since the sequence r; has been
assumed bounded, Corollary 4.1 applies and we obtain lim;_. Wi(i) = 0.
For any time 7, we also define W-.-(i) = 0 and

Witair (i) = (1= % (0) Wer (4) + e (we (i), t > (4.39)

Using Corollary 4.1 once more, we obtain lims—oo Wi, (4) = 0, for all 7.
We also define a sequence Xy(i), t > ti, by letting Xy, (1) = UF(4)
and

Xeer() = (1= (@) Xe(0) + %) (HUR)@),  t>t  (440)
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Lemma 4.7: We have r4(i) < X¢(i) + Wiy, (¢), for all i and ¢ > .

Proof: The proof proceeds by induction on ¢t. For ¢ = ¢, the induction
hypothesis (4.38) yields 7, (i) < U*(4) and, by definition, we have Uk (i) =
X, (1) + Wiy, (7). Suppose that the result is true for some ¢. Then,
Egs. (4.21), (4.38), (4.40), and (4.39) imply that

re1 (i) = (1= 7(8)) 7 (i) 4+ ve (i) (Hre) (i) + 2 () we (i)
< (1= 700)) (Xe®) + Way () + 2 (HURYG) + (i)
= X 41(2) + Wig1, (4).

Q.E.D.

Let 6 be equal to the minimum of (U* (i) — (HU*)(i))/4, where the
minimum is taken over all ¢ for which Uk (i) — (HU¥)(3) is positive. Since
HUk < Uk, we see that d, is well-defined and positive unless UF = HUF.
But in the latter case, we must have Uk = r* = Uk+l the inequality
r¢ < Uk implies that r; < Uk+1 and there is nothing more to be proved.
We therefore assume that §y is well-defined and positive.

Let t, be such that t} > ¢y,

’
t—1

. 1
H (1 *%(Z)) < 1

T:tk

and
Wi, (1) < O,

for all t > ¢; and all i. Such a ¢, exists because Assumption 4.1(a) implies
that

oo

I[[ @-@)=0

T=t}

(this can be checked by taking logarithms and using a first order Taylor
series expansion, or by appealing to Lemma 3.3), and because Wiy, (1)
converges to zero, as discussed earlier.

Lemma 4.8: We have r;(i) < UF+1(i), for all ¢ and t > t).

Proof: Fix some i. If Uk+1(3) = Uk(7), the inequality ri(i) < Uk+1(7)
follows from the induction hypothesis (4.38). We therefore concentrate
on the case where UFt1(3) < UF(i). Equation (4.40) and the relation
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X, (1) = Uk(z) imply that X;(¢) is a convex combination of Uk(i) and
(HU¥)(4), of the form

Xi(i) = au())UR (i) + (1 — cue(3)) (HUF)(d),

where
t—1 1
a(i) = H (1 —'yT(z)) < T
T=tg
for t > t;. Because HU* < U*, we obtain
) 1 . 3 )
Xuli) < TUME) + S(HUR)G)

= JUMG) + S (HUM() — 1 (UR() — (HU)(0)
< UR+L(i) — .

This inequality, together with the inequality Wy, (i) < 0, and Lemma 4.7,
imply that r¢(i) < UF+1(3) for all ¢t > ¢;. Q.E.D.

By an entirely symmetrical argument, we can also establish that
(i) > L*+1(4) for all ¢t greater than some t}. By letting t;11 = max{t},t}},
we see that we have proved Eq. (4.38), with k replaced by k + 1, which
concludes the induction, and completes the proof of the proposition.

THE ODE APPROACH

We discuss here another approach for studying the convergence of stochas-
tic approximation algorithms. This method has become known as the ODE
(ordinary differential equation) approach, because it leads to a determinis-
tic differential equation that captures the aggregate behavior of the iterates
r¢+. This ODE approach can be developed in full rigor, but it is often used
heuristically (without elaborating on technical conditions) in order to ob-
tain a quick preliminary understanding of a given algorithm. In this section,
we start along this heuristic avenue, and then conclude with a formal result.
Consider a stochastic approximation method of the form

ree1 = (L —ye)re + veHre + yews,

where ~; is a nonnegative deterministic stepsize parameter. We assume
that Y, = oo and Y, 77 < oo. Let us define v to be a small positive
constant and let us choose an increasing sequence k,, of integers such that

km-{»l -1

Z TR

t=km
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We will monitor the progress of the algorithm by using a different “clock”
under which the interval [km,, km+1 — 1] is treated as a unit interval.

Let us assume that the infinite sum Y ;o v:we is convergent with
probability 1. This assumption can be shown to hold if, for example,
Elwe | 7] = 0 and E[||w||? | ] < A, where A is an absolute constant and
Ft is the history of the algorithm until time ¢. (Under these conditions,

the sequence ZtT=o yewe, T = 0,1,..., is a martingale with bounded sec-
ond moments and its convergence follows from the martingale convergence
k41—

theorem.) Note that under our assumptions, Zt ! Yiwe converges to
zero as m tends to infinity.

Loosely speaking, we have r+41 = r+ + O(7+), which implies that

=k,

Pe= T + 00,k S o, (4.41)
We then have
Fmg1—1 kmi1—-1
T S T R
t=km t=km
km+171
Rkt Y (Hrky = Tk, +0())
t=km

R Ty + Y (Hr ke, — T ) + O(72),
where we have used the convergence of Zf:,:;ifl Yrw; to zero to eliminate
that term. There is also an implicit assumption that

Hry = Hri, +O(lre =7k ) = Hre,, +O(7), km <t < kmt1. (4.42)

Thus, up to first order in ~, the algorithm is similar to the deterministic
iteration

rk’m«!»l = Tkm + ,Y(Hrk?m - rkm)?

or
ro=r-+y(Hr—r). (4.43)

As mentioned earlier, we rescale the time axis so that [km, km+1 — 1] be-
comes a unit interval. We divide by v, and take the limit as ~ tends to
zero. (This is possible because the preceding argument was carried out for
an arbitrary positive v.) We then obtain that the algorithm has behavior
similar to the deterministic differential equation

pri Hr —r. (4.44)
In conclusion, a preliminary understanding of the long term behavior of
the algorithm can be obtained by focusing on the deterministic iteration
(4.43) or the differential equation (4.44).
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The development above is far from rigorous. For example, the as-
sumptions (4.41) and (4.42) need to be given precise meaning and must
be justified under suitable conditions. Furthermore, the assumption that
the sum Zfi o twy converges often requires the boundedness of the con-
ditional variance of w; which in turn may require r; to be bounded. For
this reason, rigorous developments of the ODE approach are often based
on an assumption that r;: is bounded, something that needs to be inde-
pendently verified. Nevertheless, it is usually the case that Eqgs. (4.43) or
(4.44) correctly capture the asymptotic behavior of the algorithm.

4.4.1 The Case of Markov Noise

Our development in Sections 4.2 and 4.3 rested on the assumption that the
noise w; has the property Elw;|F:] = 0. In contrast, the ODE approach
is more generally applicable; for example, w; could be a Markov process.
Note that when the stepsize 7; is small, r; changes very slowly, and can
be viewed as a constant over fairly long time intervals. If the Markov
process w; reaches steady-state during such long intervals, then it is only
the steady-state average value of w; that matters; if this value is zero, the
situation is similar to having imposed our earlier assumption Ew; | F¢] = 0.
In this subsection, we derive a result that shows how a Markov process can
be replaced by its mean value, and which will be used in later chapters.
In fact, this result, as presented, does not involve an explicit ODE, but
nevertheless relies on the informal ideas that we introduced earlier.

Let X;,t=0,1,..., be a time-homogeneous Markov process (that is,
its transition probabilities do not depend on time) taking values in some
set S, not necessarily finite. Let A(-) be a mapping that maps every X € S
to an n x n matrix A(X). Similarly, let b(-) be a mapping that maps every
X € S to a vector b(X) in ™. We consider an algorithm of the form

Ter1 =Tt + Vi (A(Xt)rt + b(Xt))7

where v is a nonnegative scalar stepsize.
For the remainder of this section, we let || - || be the Euclidean norm.
In addition, for any matrix M, we define its Euclidean matrix norm by

M
M| = max 1211
lzl#0 |||

In particular, we have | Mz|| < [|[M||-||z||, for every vector z. We introduce
the following assumption.
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Assumption 4.5:

(a) The stepsizes 7: are nonnegative, deterministic, and satisfy
Z;}io Tt = 090, Zfio 'Ytz < 00.
(b) The Markov process X; has an invariant (steady-state) distribu-

tion. Let Ep[-] stand for the expectation with respect to this
invariant distribution.

(¢) The matrix A defined by A = Eo[A(X;)] is negative definite.

(d) There exists a constant K such that [|A(X)|| < K and ||b(X)|| <
K, for all X € S.

(e) There exist scalars C' and p, with 0 < p < 1, such that
HE[A(Xt) | Xo = X] — AH <Cpt, Vit>0, X€S,

and

HE[Z)(Xt) | Xo=X] - b” <Cpt, Vt>0, XeS&,

where b = Eo[b(X¢)].

In words, Assumption 4.5(e) requires that for any initial state Xo, the
expectation of A(X:) and b(X;) converges exponentially fast to the steady-
state expectation A and b, respectively. Thus, in a sense, we are assuming
“rapid” convergence to steady-state.

The convergence result that follows is based on a rigorous version
of the informal argument outlined in the beginning of this section. In
particular, we show that the algorithm has essentially the same behavior
as the deterministic iteration

r:=r+y(Ar +0),

which is convergent, for small v, due to the negative definiteness assumption
on A.

Proposition 4.8: Under Assumption 4.5, the sequence 7; converges
with probability 1 to the unique solution 7* of the system Ar*+b = 0.

Proof: To simplify notation, we provide the proof for the case where b(X)
is identically zero and, therefore, r* = 0. The proof for the general case is
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entirely similar. Let us fix a positive constant v that satisfies
e2vK < 2.

We choose an increasing sequence of integers k,, such that

km+1—1
v< Y m<2y,  Vm
t=km
We define
km«l»l_l
7171 = Z Tty
t=km

and note that
Y < Vm < 279, vV m.

Since 7; converges to zero, we can assume without loss of generality that

all v are smaller than ~, and such a sequence ky, is guaranteed to exist.

Furthermore, let us focus on m large enough so that v < ~2 for all t > k.
Let us define ¢y, = 7g,,. We have

kg1 —1
Gm+1 = Gm + Z Y A(X )T

t=km

km«l»l*l
=gm+ Y. Agnm

t=km

+ Y (E [AX) | Xx,, ] — A)qm (4.45)
t=km
km-{»l_l

+ > (A - BIAXD) | Xk,] )am
t=km
km+1_1

-+ Z Yt (A(Xt)Tt — A(Xt)qm)

t=km
We can write Eq. (4.45) in the form
qm+1 = qm + gi,m + g2,m + g3,m + 94,m;, (446)

where g1,m, ..., g4,m are the four sums that appear in the right-hand side
of Eq. (4.45), in that order. We will now bound each one of these terms.
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Since the matrix A is negative definite, there exists some constant
B > 0 such that ¢/ Agm < —pS|lgm||2. Using this fact, together with the
inequality ||Agm || < K||gm]|, we obtain

km+171

lgm + grml> = lam + > Agm
t=km

=agm(I + 79, A) (I +7,,4)qm
= @nGm + 27 @ Agm + VoG A’ Agm
< lgmll? = 269 lgm 12 + 72,52l gm 2
= (1-267,, + K292 llqm 2.

Let us assume that + has been chosen small enough so that 2K2v < .
Then, K272, < 2K2¥,, < [37,,- We then obtain

lgm + g1mll> < (1 = BYp)llgm|* < (1 = B9)llgm 1. (4.47)
Regarding the second term g2 ,, we use Assumption 4.5(e), to obtain
kmiy1—1

lgzmll < > %Cpt=Fm|lgml| < 42

t=km

m|- 4.48
Sl (a8)

(We have used here the assumption v, < ~2, for ¢t > ky,.)
Let F,,, be the history of the algorithm up to and including the time
that X}, is generated, that is,

Fo = {Xo, X1,..., Xk, }
Using the Markov property of X, we obtain
Elgsm | Fm] = Elgs.m | Xk,,] = 0. (4.49)

We also note that
lg3,mll < 47K ||gm|- (4.50)

In order to bound the magnitude of the fourth term, some more work
is needed and we have the following lemma.

Lemma 4.9: For all ¢ such that k,, <t < kp+1, we have

llre — gmll < 47K ||gm]|-
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Proof: Note that
el < [T+ AXD)|| - el < (14K 7]
Hence, for all ¢ satisfying ky, <t < kp41, we have
kma1—1
Irell < llamll [T (04 7K) < e2Elgmll < 2ligmll,
T=km

where we have used the inequality

km+171 km#»lf1
[I G+%EK)<expd Y 7K ) <enk,
T=km T=km

which is easily proved using the Taylor series expansion of the exponential
function, and our assumption e27K < 2.
We now have, for k,, <t < kp+1,

km+171 km+171
[re — gm|l < Z 'VT”A(XT)H Al < Z Y K2|gm || < 47K ]| gml-
T=km T=km

Q.E.D.
Lemma 4.9 yields

km+1_1

lgamll < Y WA llre—gmll < 29)K (4K gm ) = 8K272|gm]-
t=km

(4.51)
We now use Eq. (4.46), to obtain

gm+1[12 = llgm + g1,m 1% + l92.m + g3,m + ga,ml|?
+ 2(gm + g1,m)"(92.m + 93,m + ga.m)
< qu + gl,mH2 + ||92,m +93m + 94,mH2
+2(gm + 91,m) g3,m + 2l@m + g1,ml| - [|g2,m + gam |-

We take expectations of both sides, conditioned on F,,. Note that ¢m—+g1,m
is completely determined by Fy,, and Eq. (4.49) yields

E[(gm + 91.m)'g3.m | Fm] = 0.

We use Eq. (4.47) to bound the term ||gm + g1,m||2. We use Egs. (4.48) and
(4.51) to bound ||g2,m + ga,m|| by D¥2||gm||, for some constant D. Finally,
we use Eq. (4.50) to bound |/g3,m| by G¥||gm||, for some other constant
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G. Putting everything together, we see that there exists a constant L such

that

E(llgm1ll? | Fm] < (1= By + Ly?)|lgml|>-

Suppose that v was chosen small enough so that Ly2 < 8v/2. Then,

Ellgm1]? | Fm] < (1= 57/2) ]l gm|-

Using the supermartingale convergence theorem (Prop. 4.2 in Section 4.2),
with the identification Yy, = ||gm||2, we see that ||gm||2 converges and
furthermore, > |lgm||? < oo, which implies that g, converges to zero.
We then use Lemma 4.9 to conclude that r; must also converge to zero.
Q.E.D.

NOTES AND SOURCES

4.1.

4.2.

4.3

4.4

Some general references on stochastic approximation algorithms are
the books by Kushner and Clark [KuC78], and by Benveniste, Metivier,
and Priouret [BMP90].

Stochastic approximation algorithms under the pseudogradient as-
sumption have been studied by Poljak and Tsypkin [PoT73] and part
of the proof of Prop. 4.1 given here is adapted from that paper; see
also [Pol87]. However, the convergence of V f(r¢) to zero is a new re-
sult, the strongest earliest result being liminf; .o ||V f(r¢)|| = 0. The
connection of incremental gradient methods and the stochastic gradi-
ent algorithm has been made by White [Whi89]. Two-pass methods
have been introduced and studied by Poljak and Juditsky [PoJ92],
and have been further analyzed by Yin [Yin92], and by Kushner and
Yang [KuY93]. A heuristic analysis is provided by Ljung [Lju94].

The results of this section are adapted from Tsitsiklis [Tsi94], and the
proofs use ideas on asynchronous distributed algorithms developed
in a deterministic context by Bertsekas [Ber82a] and expanded in
Bertsekas and Tsitsiklis [BeT89]. An informal proof of Prop. 4.4 is
also given by Jaakkola, Jordan, and Singh [JJS94].

The idea of projecting on a bounded set in order to ensure bounded-
ness of a stochastic approximation algorithm has been discussed by
Ljung [Lju77], and by Kushner and Clark [KuC78]. A formal proof
of convergence for the case where a smooth potential function is em-
ployed is given by Chong and Ramadge [ChR92].

The ODE approach has been introduced by Ljung [Lju77]. A more
formal treatment can be found in Kushner and Clark [KuC78]. The
monograph by Benveniste et al. [BMP90] provides a comprehensive
treatment and contains results much more general than Prop. 4.8.
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The computational methods for dynamic programming problems that were
described in Ch. 2 apply when there is an explicit model of the cost struc-
ture and the transition probabilities of the system. In many problems,
however, such a model is not available but instead, the system and the cost
structure can be simulated. By this we mean that the state space and the
control space are known and there is a computer program that simulates,
for a given control u, the probabilistic transitions from any given state i to
a successor state j according to the transition probabilities p;;(u), and also
generates the corresponding transition cost g(i,u,j). It is then of course
possible to use repeated simulation to calculate (at least approximately)
the transition probabilities of the system and the expected costs per stage
by averaging, and then to apply the methods discussed in Ch. 2.

The methodology discussed in this chapter, however, is geared to-
wards an alternative possibility, which is much more attractive when one
contemplates approximations: the transition probabilities are not explic-
itly estimated, but instead the cost-to-go function of a given policy is pro-
gressively calculated by generating several sample system trajectories and
associated costs. We consider several possibilities, which will be revisited in
the next chapter in conjunction with approximation methods. More specif-
ically, we discuss simulation-based methods for policy evaluation, including
the method of so called temporal differences. We also present variants of
the value iteration algorithm that use simulation so as to target the com-
putations on the most important parts of the state space. We finally study
the @-learning algorithm, which is a simulation-based method for obtaining
an optimal policy when a model of the system is unavailable.

The methods of this chapter involve a lookup table representation of
the cost-to-go function J, in the sense that a separate variable J(4) is kept
in memory for each state i, in contrast with the compact representations
of the next chapter where .J is represented as a function of a smaller set of
parameters. While the methods of this chapter cannot be used when the
number of states is large, they are still of interest for several reasons:

(a) These methods are applicable whenever the problem is “easy” in the
sense that the state space is of moderate size, but an exact model is
unavailable.

(b) Some of the methods in the next chapter are extensions and modifica-
tions of the methods considered here. For this reason, the analysis of
algorithms that use a lookup table representation provides a baseline
against which the results of the next chapter are to be compared.

(c¢) Finally, some of the approximate methods studied in the next chapter
can be viewed as lookup table methods (of the type considered here)
for a suitable auxiliary (and usually much smaller) problem. Thus,
the understanding gained here can be transferred to the study of some
of the methods in the next chapter.
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As a final comment, in this chapter we assume that the costs per stage
g(i,u,j) are a deterministic function of ¢, u, and j. All of the algorithms
to be developed remain applicable if g(i,u, j) is replaced by ¢(i,u,j) + w,
where w is zero mean random noise with bounded variance. All of our
convergence results generalize to cover this case, with minimal changes in
the proofs. We have chosen, however, not to include this added noise term,
so as to keep notation more manageable.

SOME ASPECTS OF MONTE CARLO SIMULATION

In this section, we consider some issues related to Monte Carlo simulation
that will set the stage for our subsequent discussion of simulation-based
methods for dynamic programming. Suppose that v is a random variable
with an unknown mean m that we wish to estimate. The basic idea in
Monte-Carlo simulation is to generate a number of samples vy,...,vx of
the random variable v and then to estimate the mean of v by forming the

sample mean
1N
MN = N Z Vg
k=1
Note that the sample mean can be computed recursively according to

1
M =M —_ - M
N+1 N+ N I(UN+1 N),
starting with M; = vy.
The Case of i.i.d. Samples
In the simplest possible setting, the number of samples N is chosen ahead

of time and the samples vi,v2,..., vy are independent, identically dis-
tributed, with mean m. We then have

E[My] = % 3" Bluy] = m, (5.1)
k=1

and the estimator My is said to be unbiased. Furthermore, the variance of
My is given by

N

1 o2

VaI'(MN) = m E Var(vk) = N,
k=1

where 02 is the common variance of the random variables v;,. The variance
of My converges to zero as N — oo and we say that My converges to m
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in the mean square sense. This can be used to show that for N large, My
is close to the true mean m, with high probability. Another property is
provided by the strong law of large numbers which asserts that the sequence
Mp converges to m, with probability 1, and we say that the estimator is
consistent. (The strong law of large numbers is actually a special case of
the convergence result in Example 4.3 of Section 4.2, if we let the stepsize
v be 1/t.)

The Case of Dependent Samples

Suppose now that the samples vy, are identically distributed, with common
mean and variance m and o2, respectively, but that they are dependent.
Equation (5.1) remains valid and we still have an unbiased estimator. On
the other hand, the variance of My need not be equal to 02 /N and its cal-
culation requires knowledge of the covariance between the different samples
v. In general, the dependence between the samples v can have either a
favorable or an adverse effect on the variance of My, as shown by the
examples that follow.

An interesting question that arises in this context has to do with
the possibility of obtaining better estimators (with smaller variance) by
discarding some of the available samples. In general, it may be preferable
to use a weighted average of the samples vy, of the form ), (rvr, where
(i are nonnegative weights that sum to one. On the other hand, except
for certain singular situations, each sample contains some new and useful
information and should not be entirely discarded; thus, typically all of the
weights ( should be nonzero.

Example 5.1

Suppose that N = 3, that v; and v2 are independent identically distributed,
with unit variance, and that vs = v2. Then the sample mean is equal to

V1 + v2 + v3 1 2
M= ——"7—"=— —va.
3 3 3U1+3U2

() +(G) -5

However, the variance of the estimator (vi + v2)/2 is equal to

1\2 1\2 1

() ~(3) =3
which is smaller. In fact, any estimator of the form (i1v1 + (2v2 + (3vs with
¢1 = 1/2 and (2 + (3 = 1/2 has variance equal to 1/2, and it can be shown
that this level of variance is the minimal that can be achieved using estimators
of the form (yv1 + (2v2 + (3vs that are constrained to be unbiased, that is,

1+ (2 + ¢3 = 1. In this example, vz does not contain any new information
and can be discarded.

Its variance is
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Example 5.2

Consider a situation where we have 2N samples v1,...,vn,U1,...,0N, all
with the same mean and with unit variance. Suppose that the random pairs
(vk,Uk) are independent from each other and identically distributed for dif-
ferent k, but that the two samples v and Ty in the same pair are dependent.
We may then ask whether we are better off using the sample mean

N
1 _
Moy = W ;(Uk + Uk)y

or whether we should discard the dependent data and compute
1 &
MN = N kz Vk.

1

An easy computation shows that
Var(Man) = ——

where
p=E[(vx —m) (@ —m)]

is the correlation coefficient between vy, and vx. Because p < 1, this is no
worse than the variance 1/N of My, which means that we do not profit by
discarding dependent data.

Regarding the convergence of My, it can be established that My
converges to m, with probability 1, as long as the dependence of the ran-
dom variables vy is weak, e.g., if the distribution of vy has a diminishing
dependence on the random variables v; realized in the remote past. For
a concrete example, consider a finite state Markov chain ¢; with a single
recurrent class and let 7(7) be the steady-state probability of state i. Sup-
pose that a cost of g(4) is incurred whenever at state i, and let vy = g(it).
Assuming that the Markov chain starts in steady-state, F[v:] is equal to
the average cost per stage » . m(i)g(i), for all t. The random variables vy
are dependent but, nevertheless, it is well known that

N
1 N
iy 2= ot

with probability 1. More results of this type can be obtained using the
ODE approach discussed in Section 4.4.
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The Case of a Random Sample Size

The situation becomes more interesting and also more complex if the num-
ber of samples N is itself a random variable. In the simplest case, the mean
of v1,...,vN, conditioned on N, is the same as the unconditional mean m.
We then have

E[MN]|=FE |E = E[m] =m,

1N
— ’U‘N
N’;k

and the sample mean is again an unbiased estimator. If, conditioned on NV,
the random variables vy are independent identically distributed and their
variance o2 does not depend on N, then the conditional variance of My
given N is equal to 02/N, according to our earlier discussion. It follows
that the unconditional variance of My is equal to 02E[1/N].

Suppose now that the conditional distribution of vi,...,vnN, condi-
tioned on N, is different than the unconditional one. This would be the
case, for example, if we draw a number of samples and we decide whether
more samples should be drawn depending on the past sample values. We
then have, in general,

E[My] # m,

and the sample mean is a biased estimator.
Example 5.3

Let v; be independent identically distributed random variables that take ei-
ther value 1 or —1, with equal probability. Let us choose the number of
samples as follows. We first draw v1. If v1 = 1, we stop, else we draw one
more sample. There are three possible events:

(a) If v1 =1 (probability 1/2), the sample mean is 1.

(b) If v1 = —1 and v2 = 1 (probability 1/4), the sample mean is 0.

(¢) If v1 = —1 and vo = —1 (probability 1/4), the sample mean is —1.
Thus, the expectation of the sample mean is

1 1 1 1
Sx14 - S x(=1)=-.
2>< —|—4><0+4><( ) 1

Here, the sample mean is a biased estimator of the true mean (which is zero).

Fortunately, My is a consistent estimator, as long as the sequence
v1, V2, ... satisfies a strong law of large numbers. To turn this into a formal
statement, suppose that the random number N of samples depends on a
certain parameter K, and that Nx — oo as K increases. We then have

. 1 1
hm—E vk:hm—g v = m,
NK n—oo N,
k=1 k=1
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where the last equality follows from the assumed strong law of large num-
bers for the sequence v, va,. ..

We close by developing an identity that is very useful when dealing
with samples of a random size. Suppose that the random variables vy, va, . ..
have a common mean and

Elvg | N > k] = E[v1];

intuitively, the fact that we have decided to go ahead and obtain a kth
sample does not alter our expectation for the value of that sample. We
now claim that

£y

= E[v1] E[N], (5.2)

under certain conditions. Equation (5.2) is known as Wald’s identity. For
a simple proof, notice that

N

Z} g (N >k)E[vp | N > k]

k=1

1)1 iPN>k)

Eluv; ZZP

k=1n=~k

=E[n] Y nP(N =

= E[v1] B[N].

The interchange of the expectation and the summation in the first step
of the proof can be justified by appealing to the dominated convergence
theorem [Ash72], if we impose a condition of the form

Ellv| [IN>k] <M, V&,

where M is some constant, and if we also assume that E[N] < co.

One possible corollary of Wald’s identity is the following: while the
expected value of the sample mean My has no simple relation with the
unknown mean m, the sample sum Zszl vk is a good indicator of the sign
of Elv1], in the sense that the expected value of the sample sum has the
same sign as Efv1].
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POLICY EVALUATION BY MONTE CARLO SIMULATION

In this section, we assume that we have fixed a stationary policy p and that
we wish to calculate by simulation the corresponding cost-to-go vector J#.
We consider the stochastic shortest path problem, as defined in Ch. 2, with
state space {0,1,...,n}, where 0 is a cost-free absorbing state, and we focus
on the case where the policy p is proper. In order to simplify notation,
we do not show the dependence of various quantities on the policy. In
particular, the transition probability from i to j and the corresponding
cost per stage are denoted by p;; and g(4,7), in place of ps; (u(z)) and
(i, (i), j), respectively.

One possibility is to generate, starting from each ¢, many sample state
trajectories and average the corresponding costs to obtain an approxima-
tion to J#(i). While this can be done separately for each state i, a possible
alternative is to use each trajectory to obtain cost samples for all states
visited by the trajectory, by considering the cost of the trajectory portion
that starts at each intermediate state.

To formalize the process, suppose that we perform a number of sim-
ulation runs, each ending at the termination state 0. Consider the mth
time a given state i is encountered, and let (io,%1,...,in) be the remain-
der of the corresponding trajectory, where iy = 0. Let ¢(ig, m) be the
corresponding cumulative cost up to reaching state 0, that is,

c(io,m) = g(io,41) + -+ g(in—1,iN).

We assume that different simulated trajectories are statistically indepen-
dent and that each trajectory is generated according to the Markov process
determined by the policy p. In particular, for all states ¢ and for all m, we
have

Ju(i) = Elc(i,m)]. (5.3)

We estimate J#(i) by forming the sample mean

1 K

subsequent to the Kth encounter with state i. We can iteratively calculate
the sample means in Eq. (5.4) by using the update formula

J (i) = J (i) + ym (c(i,m) — J(i)), m=1,2,..., (5.5)
where )
TYm = —, m = 1,2, s
m

starting with
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Consider a trajectory (io,#1,...,in) and let k be an integer between

1 and N. We note that this trajectory contains the subtrajectory (i, i5+1,

.,in); this is a sample trajectory with initial state i and can therefore

be used to update J (i) according to Eq. (5.5). This leads to the follow-

ing algorithm. At the end of a simulation run that generates the state

trajectory (io,%1,...,in), update the estimates J(ix) by using for each
k=0,...,N —1, the formula

J (i) 7= J (i) +(ir) (9 (ks Th1) +9(ikr1, ihp2) +- - '+g(iN71,Z’N)_J(Zk)))7
5.6

where the stepsize v(iy) is allowed to change from one iteration to the next.
There are many choices for the stepsizes (i) under which the algorithm
remains sound. In particular, using the results of Ch. 4, it can be shown
that convergence of iteration (5.6) to the correct cost value J#(iy) is ob-
tained as long as (i) diminishes at the rate of one over the number of
visits to state i; such results will be established in the next section, within
a more general setting.

While the preceding simulation approach is conceptually straightfor-
ward, there are some subtle issues relating to the correlation between dif-
ferent cost samples, which we proceed to discuss.

5.2.1 Multiple Visits to the Same State

It is important to note that if a state 7 is encountered multiple times within
the same trajectory, Eq. (5.6) amounts to multiple updates of J(i), with
each update based on the cost of the subtrajectory that starts at the time
of a different visit. (We call this the every-visit method.) These subtrajec-
tories are dependent because they are all portions of the same trajectory
(i0,11,...,in). Consequently, the cost samples associated to the different
visits are dependent. As discussed in Section 5.1, such dependencies usu-
ally have an effect on the variance of the sample mean. Furthermore, since
the number of times a given state is encountered is random, the number
of cost samples available for a given state is also random. According to
the discussion in Section 5.1, the sample mean could be a biased estima-
tor, and this is illustrated by the example that follows. Nevertheless, we
will see later that the bias diminishes to zero as we increase the number of
trajectories that are averaged.

Example 5.4

Consider the two-state Markov chain shown in Fig. 5.1. State 0 is a cost-free
absorbing state but every transition out of state 1 carries a cost of 1. Let p
be a shorthand for the probability pi1¢ of moving from state 1 to state 0. Note
that J#(1) satisfies

JH1) =141 -p)J"(1),
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and therefore,
1

J"(1) = — = E[N],
p
where N is the number of transitions until the state becomes 0, starting from
state 1.

A typical trajectory starting at state i9 = 1 is of the form (ig,i1,...,
iNfl,iN), withig = -+ =iny-1 = land iy = 0. Note that (im,im+1, . ,iN),
for m = 0,..., N — 1 is a subtrajectory that starts at state 1. We therefore
have a total of N subtrajectories and the cost sample c¢(i,m) corresponding
to the mth subtrajectory is equal to

c(i,m) =N —m, m=0,...,N—1.
The sample mean of all the subtrajectory costs is equal to

1

N +1
N (V= m) = S

N-1
m=0
The expectation of the sample mean is equal to

E[N+1] 1+4p
2 T o2p

which is different than J*(1) and we therefore have a biased estimator.

More generally, if we generate K trajectories and if Ny is the time that
the kth trajectory reaches state 0, a similar calculation shows that the sample
mean of all subtrajectory costs is

Zszl Nk(Nk + 1)
258 Ny

and this turns out to be again a biased estimator.

I

-
he]

Figure 5.1: The Markov chain in Ex-
p ample 5.4.

Example 5.4 has shown that the sample mean of all available sub-
trajectory costs is a biased estimator of J# (7). Nevertheless, if we average
over many independent trajectories the estimator is consistent as will be
shown next.
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Consistency of the Every-Visit Method

For the purposes of this discussion, let us focus on a particular state i # 0.
Suppose that there is a total of K independently generated trajectories and
that K of these trajectories visit state i. Suppose that the kth trajectory
involves nj visits to state ¢ and generates ny corresponding cost samples
c(i,1,k),c(i,2,k),...,c(i,nk, k). Here, c(i,m, k) is the cost sample corre-
sponding to the mth visit to state ¢ during the kth trajectory. We note
that conditioned on nj > 1 (that is, if the kth trajectory visits state ¢ at
least once), the random variables nj are independent and identically dis-
tributed. (The fact that they are identically distributed is a consequence
of the Markov property; once the trajectory gets to state i, the statistics
of the future trajectory and the number of revisits to state ¢ only depend
on ¢. The independence of the ny is a consequence of the assumed in-
dependence of the different trajectories.) For similar reasons, the random
variables Y " ¢(i,m, k), conditioned on ny > 1, are also independent and
identically distributed for different k.

We now assume that as K — oo, so does K;; that is, state ¢ is
encountered infinitely many times in the long run. We use the strong law
of large numbers to see that the sample mean of all available cost samples
c(i,m, k) is given, asymptotically, by

" c(i,m, k A " vk e(i,m,k
hy 2y Zmea G R) R 21y 2 O )

Koo 2 (klng>1) T Ki—oo K% D (kjng>1} T
B Xy clim. k) [ ni > 1]
E[nk | N Z 1] '

We now note that E|[c(i,m, k) | ny, > m] = J#(i), which is a consequence
of the Markov property: each time that state ¢ is visited, the expected
behavior of the remaining trajectory is the same as if state i were the
initial state on the trajectory. Therefore, Wald’s identity applies [cf. Eq.
(5.2)] and we have

B Yy cim, k) [ ni > 1]
E[?’Lk ‘ ng > 1]

= Elc(i, 1, k) | n > 1] = Jr(i).

By combining these two relations, we see that for any state ¢ that is visited
infinitely often in the course of the simulation, the mean of all available
cost samples converges to the correct value J#(7).

The First-Visit Method

The preceding argument has established the consistency of averaging all
available cost samples c(i,m, k), despite their dependence. On the other
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hand, the wisdom of doing so has been questioned, primarily because we
end up with a biased estimator when the number of cost samples that
are averaged is finite (cf. Example 5.4). In an alternative method, for any
given state ¢ and for each trajectory k, we only use the cost sample ¢(i, 1, k)
corresponding to the first visit to that state. Formally, this leads to the

estimator )
> (kjng>13 €6 1, k)
K;

where K is the number of trajectories that visit state ¢. Let us assume that
the total number K of trajectories and their starting states are fixed ahead
of time. Then, the mean of the cost samples c(i,1,k), k = 1,..., K;, condi-
tioned on Kj, is the same as the unconditional mean J#(7) and, according
to the discussion in Section 5.1, we have an unbiased estimator.

9

Example 5.5

Consider the same system as in Example 5.4. Suppose that we generate a
total of K independent trajectories (io,...,in, ), & = 1,..., K, all of them
starting at state ioc = 1. Here Ny, is the time that the kth trajectory reaches
state 0. Then, the first cost sample ¢(i, 1, k) obtained from the kth trajectory
is equal to Ni. The sample mean computed by the first-visit method is

1 K
I ZNk.
k=1

Its expectation is equal to E[Ng], which is the same as J*(1), and we have
an unbiased estimator.

We have seen so far that the first-visit method leads to unbiased
estimates whereas the every-visit method can lead to biased estimates. This
observation in itself does not necessarily mean that the first-visit method is
preferable. For a meaningful comparison, we need to compute and compare
the mean squared error that results from the two alternative methods.

Example 5.6
We consider again the same system as in Examples 5.4 and 5.5. Suppose that
we generate a single trajectory and state 0 is reached at time N. As shown

in Example 5.4, the every-visit method leads to the estimate

s N +1
Tp(l) = ==,

whereas the first-visit method leads to the estimate

Jr(1) = N.
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The random variable N has a geometric distribution with mean 1/p and

n_2_1
E[N?] = S
Thus,
Var(Jr (1)) = Var(N) = E[N*] - E[N]* = pi B 11)

On the other hand the mean squared error of the every-visit method is equal

to
N+1 1\’ 1 3 L1
2 P Top2 dp 47
It is easily checked that the every-visit method has smaller mean squared
error for every p < 1, even though it is biased.

E

Let us now consider an arbitrary Markov chain and focus on multiple
visits to a fixed state, say state i. If we look at this Markov chain only
at those times that the state is either ¢ or 0, we obtain a reduced Markov
chain whose state space is {0,4}. A transition from state i to itself in the
reduced Markov chain corresponds to a sequence of transitions (a segment
of a trajectory) in the original Markov chain that starts at ¢ and eventually
returns to . Let the cost of such a transition in the reduced Markov
chain be random and have the same distribution as the cost of a trajectory
segment in the original chain that starts at ¢ and returns to ¢. Transitions
from state ¢ to state 0 in the reduced Markov chain are modeled similarly.
It can be seen that the reduced Markov chain contains all the information
needed to analyze the behavior of the every-visit and first-visit methods.
Thus, Examples 5.4-5.6 capture the essence of these methods for arbitrary
Markov chains; the only difference is that in the reduced Markov chain
that we have just constructed, the transition costs are random variables,
whereas in Examples 5.4-5.6 they are equal to unity. The calculations in
Examples 5.4-5.6 can be repeated with this randomness taken into account,
and the same conclusions are reached; in particular, for the case of a single
trajectory, the every-visit method outperforms the first-visit method, as far
as the mean squared error is concerned [SiS96].

In practice, we are mostly interested in the case of a large number
of simulated trajectories. It can be shown that the bias of the every-visit
method converges to zero, but there is strong evidence, including experi-
mental results, indicating that its mean squared error eventually (as the
number of trajectories increases) becomes larger than the mean squared
error of the first-visit method [SiS96]. Even though this may seem para-
doxical, the first-visit method appears to be preferable.

Note, however, that the significance of the comparison of the every-
visit and first-visit methods should not be overemphasized. For problems
with a large state space, the likelihood of a trajectory visiting the same state
twice is usually quite small and so the two methods essentially coincide.
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5.2.2 (@-Factors and Policy Iteration

Policy evaluation procedures such as the one discussed in this section or the
temporal difference methods to be discussed in the next, can be embedded
within a simulation-based policy iteration approach for obtaining an opti-
mal policy. Let us introduce the notion of the Q-factor of a state-control
pair (4, u) and a stationary policy p, defined as

Qu(iu) =Y pij(u)(g(isu, ) + Jn(j)), (5.7)
j=0

which is the expected cost if we start at state i, use control u at the first
stage, and use policy p at the second and subsequent stages.

The Q-factors can be evaluated by first evaluating J# as discussed
earlier, and then using further simulation and averaging (if necessary) to
compute the right-hand side of Eq. (5.7) for all pairs (i,u). [Of course,
if a model is available, the right-hand side of Eq. (5.7) can be computed
directly.] Once this is done, one can execute a policy improvement step
using the equation

(i) = arg min QX (4, u), i=1,...,n. (5.8)
weU (3)
It is thus possible to implement a version of the policy iteration algorithm
that alternates between a policy and Q-factor evaluation step using simu-
lation, and a policy improvement step using Eq. (5.8).

Strictly speaking, we are dealing here with an approximate version
of policy iteration because policy evaluation is based on simulation rather
than exact computation. We therefore need to verify that inexact policy
evaluation does not have too adverse an effect on the performance of the
policy iteration algorithm. This issue will be addressed in greater generality
in Section 6.2.

Finally, there are some important practical issues related to the way
that the initial states of the simulated trajectories are chosen. Any given
policy may have a tendency to steer the state to a restricted region R in
the state space. We then obtain many cost samples for states within R and
fewer cost samples for states outside R. Accordingly, the quality of our
simulation-based estimates of J#(i) can be poor for states outside R. It is
now possible that a policy update results in a new policy that steers the
state to some region R, disjoint from R. In that case, the actions of the
new policy at the states that matter most (states in R) have been designed
on the basis of the poor estimates of J# (i) for that region. For this reason,
the new policy can perform much worse than the previous one, in sharp
contrast with the improvement guarantees of exact policy iteration. These
difficulties suggest that great care must be exercised in choosing the initial
states of simulated trajectories.
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Issues of this type are important not just for approximate policy it-
eration but for any simulation-based method. The best way of addressing
them usually depends on the nature of the particular problem at hand.
One option, which we call iterative resampling, is the following. Suppose
that under the old policy p we have high quality estimates for states in
a region R and poor estimates outside. If a policy update leads us to a
new region R outside R, we can postpone the policy update, go back, and
perform further simulations of y with starting states chosen in R.

TEMPORAL DIFFERENCE METHODS

In this section, we discuss an implementation of the Monte Carlo policy
evaluation algorithm that incrementally updates the cost-to-go estimates
J (1), following each transition. We then provide a generalization of this
method whereby later transitions are given less weight. This leads us to a
family of policy evaluation algorithms, known as temporal difference meth-
ods. We discuss some related issues and close with an analysis of conver-
gence properties.

Throughout this section, we adopt the following notational conven-
tion: given any trajectory ig,?1,...,in, with ¢y = 0, we define i, = 0 for all
k > N and accordingly set g(ik,ix+1) = 0 for £ > N. In addition, for any
cost vector J(-) to be considered, we will always assume that J(0) has been
fixed to zero. Finally, the assumption that the policy under consideration
is proper remains in effect.

5.3.1 Monte Carlo Simulation Using Temporal Differences

We recall [cf. Eq. (5.6)] that once a trajectory (io,é1,...,in) is generated,
our cost estimates J(ix), k =0,..., N — 1, are updated according to

J (i) = J(ir) + v (9(iks iks1) + gling1, thg2) + - + glin—1,in) — J(ir)).
This update formula can be rewritten in the form

J(ig) = J(ix) + ’Y((g(ik, ikg1) + J(igg1) — J(in))

+ (9(int1, ikt2) + I (ir2) — T (ikt1))
_|_ -

+ (glin-1,in) + (i) = T(in-1)) )
where we have made use of the property J(iy) = 0. Equivalently,

J(ig) == J(ix) +y(dk + dg1 + - + dn-1), (5.9)



194 Simulation Methods for a Lookup Table Representation Chap. 5

where the quantities di, which are called temporal differences, are defined
by
di = glig,ig+1) + J(ik+1) — J(ix)- (5.10)

The temporal difference dy represents the difference between an estimate
(i, thv1) + J (Tk41)

of the cost-to-go based on the simulated outcome of the current stage, and
the current estimate J(ix). In this sense, the temporal difference provides
an indication as to whether our current estimates J(¢) should be raised or
lowered.

Note that the fth temporal difference dy becomes known as soon as
the transition from i, to igy1 is simulated. This raises the possibility of
carrying out the update (5.9) incrementally, that is, by setting

J(ix) = J(ix) +vde,  L=k,...,N—1,

as soon as dy becomes available.

We observe that the temporal difference dy appears in the update
formula for J(ix) for every k < ¢. Thus, the final form of the algorithm is
to let

J (i) := J(ix) + vde

. o . . (5.11)
= J(ix) +v(9ie, ie1) + J(ieg1) — J(ie)),  k=0,....
as soon as the transition to i¢4+1 has been simulated. The stepsize v can
be different for every state i and can also be different at every iteration.
One possibility is to let the stepsize used for updating J(ir) be roughly
inversely proportional to the total number of visits to state ix during past
trajectories.

In full analogy with the discussion in the previous section, we can dis-
tinguish between the every-visit and the first-visit variant of the algorithm.
For example, in the every-visit variant, the update Eq. (5.11) is carried out
for every k, even if two different ks correspond to the same state i;. In
contrast, with the first-visit method, we can have at most one update of
J (i) for the same state i.

If the sample trajectory involves at most one visit to each state, the
algorithm (5.11) is mathematically equivalent to the original update rule
(5.6) or (5.9). Otherwise, there is a small difference between the update
rules (5.9) and (5.11), for the following reason. Suppose that k and ¢ are
such that k < ¢ and iy = iy = ¢. Then, under the rule (5.11), the update
of J(i) effected after the kth transition causes a change in the value of the
temporal difference d; generated later. The nature of this discrepancy will
be examined in more detail, and in a more general context, towards the
end of the next subsection.
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5.3.2 TD()\)

In this subsection, we motivate the TD(\) algorithm as a stochastic ap-
proximation method for solving a suitably reformulated Bellman equation,
and then proceed to discuss a few of its variants.

The Monte Carlo policy evaluation algorithm of Section 5.2 and Eq.
(5.6) in particular, can be viewed as a Robbins-Monro stochastic approxi-
mation method for solving the equations

Je(iy) =FE

Z g(ik+maik+m+1)] , (5.12)

m=0

for the unknowns J#(iy), as ix ranges over the states in the state space. (Of
course, this would be a pretty trivial system of equations if the expectation
could be explicitly evaluated.) One can generate a range of algorithms with
a similar flavor by starting from other systems of equations involving J#
and then replacing expectations by single sample estimates. For example,
if we start from Bellman’s equation

Je(ig) = Elg(in, iks1) + J#(iks1)], (5.13)
the resulting stochastic approximation method takes the form
J (i) = J(ir) +v(9(k, ins1) + J(Grs1) — T (i), (5.14)

with such an update being executed each time that state ¢ is visited.

Equation (5.12) relies on the sum of the costs over the entire tra-
jectory whereas Eq. (5.13) only takes into account the immediate cost. A
middle ground is obtained by fixing a nonnegative integer £ and taking into
consideration the cost of the first £+ 1 transitions. For example, a stochas-
tic approximation algorithm could be based on the (¢ + 1)-step Bellman
equation

¢
Ju(ig) = E lz 9(iktm, iktm+1) + J”(ik+€+1)] : (5.15)

m=0

In the absence of any special knowledge that could make us prefer one
value of ¢ over another, we may consider forming a weighted average of
all possible multistep Bellman equations. More precisely, let us fix some
A < 1, multiply Eq. (5.15) by (1 — A)A¢, and sum over all nonnegative /.
We then obtain

Ji(in) = (1=MNE

o) 4
Z Al (Z 9(iktm, ihyms1) + Jﬂ(z‘wﬂ))] . (5.16)

=0 m=0
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We interchange the order of the two summations in Eq. (5.16) and use the
fact (1 —X) > 2, MY =A™ to obtain

J“(ik)
= E|(1=X) > glikpmrikrmir) Y AN+ T (irern) (A — V“)}
m=0 l=m £=0
= F

Do <g(ik+m7 ihtm+1) T JH (lhgms1) — J“(ik+m)>] + Jr(ix).
m=0

(5.17)
[Recall here our convention that iy, = 0, g(ix,ix+1) = 0, and J(ix) = 0 for
k larger than or equal to the termination time N. Thus, the infinite sum in
Eq. (5.17) is in reality a finite sum, albeit with a random number of terms.]
In terms of the temporal differences d,,, given by

A = glim, im+1) + J#(Gmt1) — JH(im), (5.18)

Eq. (5.17) can be rewritten as

Je(iy) =FE + JE(ig), (5.19)

i )\mfkrdm
m=k

which is hardly surprising since from Bellman’s equation [cf. Eq. (5.13)],
we have E[dy,] = 0 for all m.

The Robbins-Monro stochastic approximation method based on Eq.
(5.16), or the equivalent Eq. (5.19), is

J(ir) = J(ix) +v Y Am—hdyp, (5.20)

m=k

where v is a stepsize parameter, possibly changing from one iteration to
another. The above equation provides us with a family of algorithms, one
for each choice of A, and is known as TD()), where TD stands for “temporal
differences.” The use of a value of X less than 1 tends to discount the effect
of the temporal differences of state transitions in the far future on the cost
estimate of the current state. (However, this is not to be confused with
having a discount factor in the cost function of the dynamic programming
problem.)

Note that if we let A = 1 in Eq. (5.20), the resulting TD(1) method
is the Monte Carlo policy evaluation method of the preceding subsection
[cf. Eq. (5.9)]. Another limiting case is obtained if we let A = 0; using the
convention 09 = 1, the resulting TD(0) algorithm is

J(ir) = J (i) + (9 (ks ins1) + J (1) — I (ik)),
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and coincides with the algorithm (5.14) that was based on the one-step
Bellman equation. Note that this update can be carried out by picking
an arbitrary state i; and only simulating the transition to a next state
ir+1 rather than an entire trajectory. Thus, TD(0) can be implemented by
carrying out updates at an arbitrary sequence of states, much the same as
in the asynchronous value iteration algorithm of Ch. 2. Nevertheless, we
will reserve the name TD(0) for the variant of the algorithm that gener-
ates complete trajectories and updates J(i) for each state i visited by the
trajectory.

Every-Visit and First-Visit Variants

With the TD(A) algorithm, once a sample trajectory is generated, the
update (5.20) is to be carried out for every state iy, visited by the trajectory.
If a state is visited more than once by the same trajectory, then under the
every-visit variant, the update (5.20) is to be carried out more than once,
with each update involving the summation of A™~*d,, over the portion of
the trajectory that follows the visit under consideration. More formally, fix
some state ¢, and suppose that during a single trajectory, state ¢ is visited
a total of M times, namely, at times mi,ma,...,mp. (Note that M is a
random variable.) Then, the total update of J(4) is given by

M 0o
J(@) = J@) +y Y Y AT, (5.21)

j=1m=m;

In essence, this amounts to updating J(ix) using several samples of the
right-hand side of Eq. (5.19). These samples are in general correlated,
because the same d,, may appear in the sum Y -_ A"~ "™idp, for more
than one j. Nevertheless, the soundness of the method is not affected for
reasons similar to those discussed in Section 5.2.1.

The first-visit variant of the algorithm can be similarly described by
the update formula

J(i) == J(0) + v i Am=mid,, (5.22)

m=mj

where mq is the time of the first visit to state 7.

For A = 1, the two variants of TD(1) are equivalent to the two cor-
responding variants of Monte Carlo policy evaluation that were discussed
in Section 5.2. Both methods are guaranteed to converge and for a large
enough number of simulated trajectories, the first-visit method is prefer-
able, in the sense that its mean squared error is smaller.

For A < 1, however, the situation is different. Consider, for example,
the first-visit method for the case A = 0. Then, the temporal difference
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corresponding to a transition from iy to ix4+1 leads to an update only if this
is the first time during the trajectory that state iy, was visited. In particular,
at most n temporal differences will be used by the update equations where n
is the number of nonterminal states. Thus, if we are dealing with a problem
for which the typical time to termination /N is much larger than n, most of
the information obtained from simulated transitions gets discarded. This
suggests that first-visit TD(0) and, by extension, first-visit TD()) for small
A, may not be the best choice. Other, possibly more promising, alternatives
will be introduced later in this section.

Off-Line and On-Line Variants

In the most straightforward implementation of TD()), all of the updates
are carried out simultaneously, according to Eq. (5.21), after the entire
trajectory has been simulated. This is called the off-line version of the
algorithm. In an alternative implementation, called the on-line version of
the algorithm, the running sums in Eq. (5.21) are evaluated one term at a
time, following each transition, as shown below:

J(i0) := J(io) + vdo, following the transition (ig, 1),
J(i0) := J(i0) + yAd1,
J(’L1) = J(’Ll) + ’ydl,
and more generally for k =0,...,N — 1,
J(Zo) = J(Zo) + ’y)\kdk,
J(ll) = J(l1) + ’y)\kfld;g,

following the transition (i1, i2)

following the transition (ix,éx+1)-

J(ix) = J(ix) + vd,

If the same state is visited more than once by the same trajectory,
then the two implementations are slightly different. The example that fol-
lows is meant to clarify the nature of the updates in the off-line and on-line
algorithm. In particular, we shall see that the difference between the two
variants is of second order in the stepsize v and is therefore inconsequential
as the stepsize diminishes to zero.

Example 5.7

Consider a trajectory that starts at state 1 and then visits states 2, 1, 0. We
first consider the off-line version of every-visit TD()), initialized with some
Jo(1) and Jo(2). The results of one iteration of the algorithm are denoted by
J¢(1) and J;(2). We have

Jp(1) = Jo(1) +v(do + Ad1 + N°da + da)
= 2o(1) +7((9(1,2) + Jo(2) = (D) + A(9(2,1) + Jo() = Jo(2)

2% (9(1,0) = Jo(1)) + (9(1,0) = Jo(1)) ),
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where the last temporal difference term d2 is due to the subtrajectory that
starts with the second visit at state 1. We also have

J5(2) = Jo(2) +7( (92, 1) + Jo(1) = Jo(2)) + A(9(1,0) = Jo(1)) ).

We now consider the on-line version of the algorithm. Following the
first transition, from state 1 to 2, we set

Ji(1) = Jo(1) +(9(1,2) + Jo(2) — Jo(1)),
J1(2) = Jo(?).

Following the second transition, from state 2 back to state 1, we set

J2(1) = J1(1) + A (g9(2,1) + Ji(1) — J1(2)),

(5.23)
J2(2) = 1(2) +v(9(2,1) + (1) — J1(2)).

Following the last transition, from state 1 back to the final state 0, we set

Js(1) = Ja(1) 4+ (W (9(1,0) = J2(1)) + (9(1,0) = (1)) ).

J3(2) = J2(2) +vA(9(1,0) + J2(1)).

(5.24)

If in the right-hand side of Eqgs. (5.23) and (5.24), Ji1 and J> were
replaced by Jo, then Jy and J3 would be the same. The difference of J; and
Jo is of the order of v, which implies that the difference of J> and Jj is also
of the order of v. It follows that the difference between Jy and J3 is of the
order of 2.

Preview of Convergence Results

It can be shown that the values J(i) generated by the TD(A) algorithm
are guaranteed to converge to J# (i), with probability 1, provided that each
state is visited by infinitely many trajectories and the stepsizes diminish
towards zero at a suitable rate. A complete proof is provided later in this
section, in a more general setting. Nevertheless, we provide here a summary
of the proof as it would apply to off-line first-visit TD(\).

The first step is to use the properness of the policy p to conclude
that there exists a positive vector £ and some 3 € [0, 1) such that |[PJ||¢ <
B¢, where P is the n x n matrix with the transition probabilities p;;,
1,7 = 1,...,n, under the given policy (cf. Prop. 2.2 in Section 2.2.1). Equa-
tion (5.16) can be written in vector notation as

Jr =G+ (1=X) ) MPHLn, (5.25)
£=0
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where G is a constant vector. Using the contraction property of P, it is
seen that

(L= X)) D AMPHLI|| < (1= X)) M| PHLT|e

£=0 13 £=0
< B0 -0 S N ]le
£=0
=pBlJlle, V.

Thus, Eq. (5.25) is of the form J+ = H.J* where H is a contraction with re-
spect to a weighted maximum norm. Recall now that TD()) is the Robbins-
Monro stochastic approximation method based on Eq. (5.25). Convergence
of the algorithm to the fixed point J# of Eq. (5.25) can be then obtained by
applying our general results for Robbins-Monro stochastic approximation
methods for solving a system J = HJ, when the mapping H is a weighted
maximum norm contraction (Prop. 4.4 in Section 4.3.2).

Tradeoffs in Choosing A

Now that we have available a whole family of algorithms, parametrized by
A, it is natural to inquire as to the best choice of X\. A systematic study
has been carried out by Singh and Dayan [SiD96] who developed analytical
formulas that can be used to predict the mean squared error of different
methods, when applied to problems of small size. The general conclusion
is that intermediate values of A (neither 1 nor 0) seem to work best, but
there is a very intricate interplay with the way that the stepsize is chosen.

o—a| |5

Figure 5.2: A Markov chain. Once at state i*, we always move to state 7, at
unit cost. When TD(1) is applied, the information in the cost samples with initial
state i is not used to improve the estimate of J(i*). On the other hand, when
TD(0) is applied, an accurate estimate of J(i) leads to an accurate estimate of

J(i*).

We now discuss a simple example that is meant to provide some
insight. Consider the Markov chain shown in Fig. 5.2 and suppose that
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every simulated trajectory is initialized with ig = i*. Let c¢(i*,m) be the
cumulative cost in the mth trajectory. Since i* is visited only once by
each trajectory, the average of the sample trajectory costs c(i*,m) is an
unbiased estimate of J#(i*) and, furthermore, it is known to be a best
estimate in a precise sense. [For example, it can be shown that the sample
mean minimizes the error variance among all unbiased estimates of J#(i*)
that depend linearly on the simulated transition costs ¢(ix,ix+1).] Since
the sample mean is the same as the result of TD(1) with v, = 1/, it follows
that A = 1 should be the preferred choice.

The situation becomes more complex if there is some additional avail-
able information that could be of help in estimating J#(i*). For example,
suppose that an estimate of J#(i) is available, possibly because of addi-
tional simulations with i as the initial state. Under TD(1), this additional
information would not be used in the estimation of J#(i*). In contrast,
TD(0) uses such information very efficiently because for v = 1, it sets
J(i*) to J(i) + 1; if J(i) is a very accurate estimate of Jr(i), an equally
accurate estimate of J#(i*) is obtained in a single step.

In the example we have just discussed, the move from TD(1) to TD(0)
amounts to replacing the simulated cost-to-go c¢(i,m) from state i, which
might have a high variance, with J(i). Whether TD(1) or TD(0) will be
better involves a comparison of the variance of ¢(i,m) with the inaccuracy
(bias) of our estimate of J#(i); this is commonly referred to as the bias-
variance tradeoff.

As long as we have a convergent algorithm, the quality of the esti-
mates J (i) should improve as the algorithm progresses. As the values of
J(i) get closer to Jr(i), it seems plausible that we could rely more and
more on the values of J at the nearest downstream states, and we should
use a smaller . This suggests a strategy whereby we start with a large
value of A and then, as learning progresses, reduce the value of A to zero.
The convergence proofs to be given later on, cover the case where A is al-
lowed to vary from one iteration to another and, therefore, there are no
theoretical obstacles to changing A in the course of the algorithm. However,
a mathematical argument substantiating the possible advantages of such a
strategy is not available at present.

5.3.3 General Temporal Difference Methods

We will now introduce a generalization of TD(\) that will provide us with
additional flexibility and will allow us to develop a single convergence proof
that covers all variants of interest.

Suppose that a sample trajectory ig,41,... has been generated and
let dn, be the corresponding temporal differences. We then postulate an
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update equation of the form
J(@) = J@) + 7Y 2m(i)dm, (5.26)
m=0

where the z,,(i) are nonnegative scalars, called the eligibility coefficients.
We will introduce shortly a number of assumptions on the eligibility co-
efficients but in order to motivate them, we will first discuss a number of
special cases.

Let us concentrate on a particular state ¢ and let m1,...,mps be the
different times that the trajectory is at state . With M being the total
number of such visits, we also use the convention mps4+1 = oo. Recall that
in TD(A), a temporal difference d,, may lead to an update of J(i) only if
has already been visited by time m. For this reason, in all of our examples,
we assume that zp, (i) = 0 for m < my.

(a) If we let
Zm (1) = Am—m1 m > ma,

we recover the first-visit TD(A) method [cf. Eq. (5.22)].
(b) If we let

Z2m (1) = Z AT
{ilm;j<m}
we recover the every-visit TD(\) method [cf. Eq. (5.21)].

(¢) Consider the choice
Zm (1) = AT, m; <m < mji1, V.

With this choice, subsequent to the first visit to i, we start forming the
terms A™~m1d,,, as in ordinary TD(X). Once state ¢ is visited for a
second time, at time ma, we essentially reset the eligibility coefficients
zm (1) and proceed with TD(A) updates as if we were faced with a new
trajectory that started at time mg at state . We call this the restart
variant of TD()A). Note that for A = 1, the restart variant coincides
with the first-visit method (the eligibility coefficients stay equal to
1), whereas for A = 0 it coincides with the every-visit method. The
available computational experience suggests that the restart variant
outperforms the every-visit method over the entire range of values of
A [SiS96], and seems to be a better alternative.

(d) Let us define a stopping time as a random variable 7 such that the
event {7 < k} is completely determined by the history of our simu-
lations up to and including the point that the state i) is generated.
Intuitively, a stopping time is a rule for making stopping decisions,
that is not allowed to foresee the future: the decision whether or not
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to stop at state ix must be made before generating subsequent states
in the simulated trajectory. Some examples will be discussed shortly.
Given a stopping time 7, we let

Zm (i) = Am—m1, 0<m<r,

and 2z, (1) = 0 for m > 7. Let us focus, for example, on the case
where A = 1. Then, the update equation for J(i) is

J(i) = J() + 7 z_j dm

m=m]

= J(l) + 0 i (g(imaim-l-l) + J(im—i-l) - J(Zm>) (527)

m=mj

I+ Y Gl i) 7T Gir).

m=mj

This update rule is the stochastic approximation algorithm corre-
sponding to a multistep Bellman equation, but with a random number
of steps, namely,

T—1

J(io) = E Z G(im,im+1) + J(ir)

m=0

If S is a subset of the state space, we can consider the stopping time
7 defined by 7 = min{k > 1| iy, € S}, that is, the first time that S is
reached. The resulting method essentially treats the states in S the
same way as the termination state 0. This method makes most sense if
there is a subset S of the state space for which we are highly confident
about the quality of our estimates J(i), while on its complement we
are less confident. Our confidence on J(i), i € S, means that once
we reach a state i € S, the expected cost-to-go for the remaining
trajectory is readily available and need not be simulated, and this is
exactly what our method does.

Let A = 1 and consider a trajectory that starts at state ¢9p = 7. Let
the stopping time 7 be the first positive time that the state either
comes back to state ¢ or reaches the termination state. For any given
trajectory, there are two possibilities. If the trajectory reaches state
0 without returning to state ¢, then the resulting update is the same
as for TD(1). If on the other hand, the trajectory returns to state i
at time 7, we have J(ig) = J(ir) and the update rule (5.27) becomes

T—1
J(0) = T +7 Y glimsims).
m=0
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Out of the preceding list of possible variants, the one involving stop-
ping when high-confidence states are reached [variant (e)] is quite appeal-
ing. However, it has not been systematically investigated, one of the reasons
being that there are no convenient and general methods for measuring the
confidence on the quality of an estimate J(z).

We now present a list of conditions on the eligibility coefficients 2z, (¢)
that are satisfied by all of the special cases we have discussed.

(a) zm(i) > 0.

(b) z—1(¢) = 0. This is simply a convention to guarantee that the coeffi-
cients are initially zero.

(¢) zm(i) < zm—1(i) if i, # . Due to this condition, together with (b),
the eligibility coefficients remain at zero until the first time that state
1 is visited.

(d) zm(i) < zm—1() + 1 if iy, = i. This condition allows the eligibility
coefficients to increase (by at most 1) with each revisit to state 7. In
particular, this allows us to capture multiple-visit variants of TD(\).

(e) zm(i) is completely determined by io, ..., im, together possibly with
other information collected before the simulation of the current tra-
jectory began. The essence of this condition is that the weight 2, (7)
given to the temporal difference d,, should be chosen before this tem-
poral difference is generated. It is not hard to see that this condition
is satisfied by all of the examples that were discussed earlier.

We finally note that the coefficients 2z, (¢) play a role analogous to
the stepsize parameter . For this reason, some additional assumption is
required to guarantee that the terms -z, () sum to infinity over the entire
duration of the algorithm. A precise assumption of this form will be in-
troduced in Section 5.3.5 where convergence of general temporal difference
methods to J# will be established.

The On-Line Variant

We close by noting that the method described here has an on-line variant
whereby instead of executing the update (5.26) at the end of a trajectory,
we let

J(i) == J(2) + v2m (i) dm,
as soon as the mth temporal difference is generated. This on-line variant
is also convergent, as will be shown in Section 5.3.6.

5.3.4 Discounted Problems

Discounted problems can be handled in two different ways, leading to some-
what different types of simulation experiments. We present these two al-
ternatives and discuss their relative merits.
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The first approach is to convert a discounted problem into an equiv-
alent stochastic shortest path problem, as discussed in Ch. 2, and then
apply TD()) to the new problem. Recall that this conversion amounts to
viewing the discount factor « as a continuation probability. At each stage,
a transition is simulated and we then decide to terminate the process with
probability 1 — «. With this approach, every simulated trajectory is of
finite duration, with probability 1. Its duration is random and can be ar-
bitrarily large; in fact it gets larger, on the average, the closer the discount
factor is to 1. The following example illustrates the variance of the sample
trajectory costs associated with this approach.

Example 5.8

Consider a Markov chain with a single state, namely ¢ = 1. In a small de-
parture from our standard framework, we let the transition cost be a random
variable g, which is independent from one transition to the next. Suppose,
for simplicity, that ¢ has mean zero and variance 2. Let the discount factor
be a < 1. Clearly, J*(0) = 0.

In the equivalent stochastic shortest path problem, we have two states,
namely 4 = 0 and ¢ = 1. State 0 is a zero-cost termination state. Whenever
at state 1, we move back to state 1 with probability « or to state 0 with
probability 1 — «; every such transition carries a random cost g. The off-line
first-visit TD(1) method estimates J#(1) as the average of the available cost
samples. Each cost sample is of the form g1 + - -+ 4+ gn, where g; is the cost
incurred during the ith transition, and N is the number of transitions that
take us back to state 1. The variance of this cost sample is computed to be

E[(g1+~~~+gzv)2] :ZE[(gl +"'+gk)2] P(N =k)

> ko*P(N =k)
k=1

o E[N]

As seen in the preceding example, the algorithm treats the known dis-
count factor o as an unknown probability which is essentially estimated via
simulation. This is a wasteful use of simulation and therefore the method
appears to be inefficient. A more sensible alternative is to develop a method
that does not use the equivalent stochastic shortest path problem and treats
« as a known quantity. This is indeed possible as will be shown next.

The development of a temporal differences method for discounted
problems is essentially a repetition of our earlier derivation of TD(A). We
start with the (¢+1)-step Bellman equation for discounted problems which
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is

J“(ik) =F

4
> amg(inymyikime1) + aé+1J~(z’k+e+1)] . (5.28)

m=0

Fix some A < 1, multiply Eq. (5.28) by (1 — M)A, and sum over all non-
negative £. We then obtain

oo 4
Z Af <Z a™G(iktms Tktm+1) + Oé”lJ“(ik-s-ﬁl))] '

£=0 m=0
(5.29)
We interchange the order of the two summations in Eq. (5.29) and use the
fact (1 —X)>",2, AL =A™ to obtain

Tn(i) = (1= NE

oo o
Ju(ig) = E|(1—X) Z ™G (iktm, tktmt1) Z A
m=0 {=m
+ ZaerlJu(ikJrHl)()\z — A+
= (5.30)
=F Z A (@ g(ikmy Thm1)
m=0
+ oML (i ms1) — @™ T B (i) | + JH (k).
In terms of the temporal differences d,,, defined by
dm = glim, im+1) + @I (ims1) — I (im), (5.31)
Eq. (5.30) can be rewritten as
Ju(i) = E | > (aX)m=Fkdy, | + Jn(iy), (5.32)
m=k

which is again not surprising since from Bellman’s equation, we have E[d,,] =
0 for all m. From here on, the development is entirely similar to the de-
velopment for the undiscounted case. The only difference is that « enters
in the definition of the temporal differences [cf. Eq. (5.31)] and that A is
replaced by aA. In particular, Eq. (5.20) is replaced by

J(ir) = J(ix) +7 > (@A) Fdy,.

m=k
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Example 5.9

Let us consider the same problem as in Example 5.8, and apply the off-
line first-visit TD(1) method directly, without a conversion to a stochastic
shortest path problem. We obtain cost samples by simulating infinitely long
trajectories, and by accumulating the properly discounted costs. Thus, a
typical cost sample is of the form g1 + ags + a2g3 + - -+, where g is the cost
of the kth transition. The variance of such a cost sample is computed to be

(iakgk+1>2 — 2 Ooazk: o’ _ o2 .
1-a2 (1-a)(1+4+a)

For a close to 1, this is better than the variance of the cost samples considered
in Example 5.8, by a factor of about 2. In conclusion, there is an advantage
in dealing with the problem directly, rather than through a conversion to
a stochastic shortest path problem. On the other hand, each iteration of
the method described here involves a never ending, infinitely long trajectory,
which would have to be truncated with some bias resulting.

E

For discounted problems, the assumption that we eventually reach a
zero-cost absorbing state is not usually imposed. (Indeed, in Example 5.9,
there was no zero-cost state.) This implies that a trajectory may never end
and if we use an off-line variant of TD()\), we may have to wait infinitely
long before a complete trajectory is obtained. This is not practical and for
this reason, some changes are necessary. We must either truncate trajec-
tories so that their length is finite or we must use an on-line variant. We
review these two options in some more detail.

(a) As discussed in the preceding subsection, we can introduce a stopping
time 7 and collect temporal differences only up to that time. This
stopping time could be deterministic (e.g., stop after 100 transitions)
or random (e.g., stop as soon a certain subset of the state space is
reached). As long as this stopping time is finite with probability 1,
each trajectory would have to be simulated only for a finite number of
steps and the off-line TD(A) method becomes again practical. In the
context of Example 5.9 this would amount to replacing the infinite
sum g1 + agz + a2gs + - - - with

g1 + aga + -+ OéT_lgq— + aTJ(iT>7

where the term o7 J(i;) originates from the temporal difference gen-
erated by the Tth transition, which is, g- + @J(i~) — J(ir—1) [compare
with Eq. (5.28)].

(b) We can let the entire algorithm consist of a single infinitely long tra-
jectory. Since we cannot afford to wait until the end of the trajectory
in order to carry out an update, the on-line version of the algorithm
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must be used. Furthermore, it is essential that the stepsize v be grad-
ually reduced to zero in the course of this infinitely long simulation.
The update equation for this case becomes

Imt1(i) = I (1) + Ym (D)2 (1) dm (i), Vi,

where the ., () are nonnegative stepsize coefficients. The only tem-
poral differences methods that seem sensible in this case are the fol-
lowing;:

(i) The every-visit TD(A) method whereby the eligibility coeffi-
cients are determined by

o arzm_1(9), if i # 1,

Zm(i) = { adrzm—1(1) + 1, if 4 = 1. (5.33)

(ii) The restart TD(A) method whereby the eligibility coefficients
are determined by

2m (i) = {O‘Mm‘l(i)’ if i # 4, (5.34)

1, if iy = i

Convergence of the algorithm to J# is guaranteed for all variants in-
troduced in this subsection, under suitable assumptions, as will be discussed
in more detail in Section 5.3.7.

5.3.5 Convergence of Off-Line Temporal Difference Methods

In this subsection, we consider the most general form of (off-line) temporal
difference methods for undiscounted problems, as described in Section 5.3.3,
and we prove convergence to the correct vector J#, with probability 1. The
proof is rather technical and the reader may wish to read only the formal
description of the algorithm and the statement of the convergence result.
We start with a precise description of the method.

We use a discrete variable ¢ to index the simulated trajectories that
are generated by the algorithm. Let JF; represent the history of the algo-
rithm up to the point at which the simulation of the tth trajectory is to
commence and let J; be the estimate of the cost-to-go vector available at
that time.

Based on F;, we choose the initial state i of the ¢th trajectory and
the stepsizes 1(i), ¢ = 1,...,n, that will be used for updating each J(i).
We generate a trajectory i, if,...,4l,, where Ny is the first time that the
trajectory reaches state 0. We then update J; by letting

N¢—1

Ter1(i) = Je(@) +7e(0) D 2ha(i)dme, (5.35)

m=0
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where the temporal differences d,,,; are defined by
dm,t = g(ﬁﬂ’ifnJrl) + Jt(itm+1) - Jt(ﬁn)a

and where zf,(7) are the eligibility coefficients which are assumed to have
the following properties (these are the same properties that were introduced
in Section 5.3.3):

Assumption 5.1: For all m and ¢, we have:
a) 2% (i) > 0.

2t (i) = 0.

2t (i), if ity # .

2 () +1, ifit, =i

i) is completely determined by F; and if,. . ., .

)

(c) zi(i) <

(d) 2m(7)
) 2 (1)

z

?

I /\

We allow the possibility that no update of J(i) is carried out even
if a trajectory visits state i. However, for J(i) to converge to the correct
value, there should be enough trajectories that lead to a nontrivial update
of J(i). For this reason, an additional assumption is needed. To this effect,
we define

qi(i) = P(there exists m such that zf,(i) > 0 | ft).

Note that ¢:(¢) is a function of the past hlstory F:. We define
Tt = {t | qt > O}

which corresponds to the set of trajectories that have a chance of leading
to a nonzero update of J(i). Observe that whether ¢ belongs to 7" or not
is only a function of the past history F;. We now introduce the following
assumption.

Assumption 5.2:

(a) For any fixed 7 and ¢, 2§, (7) must be equal to 1 the first time that
it becomes positive.

(b) There exists a deterministic constant § > 0 such that ¢:(¢) > o
for all t € T and all 1.

(¢c) We have (i) > 0 for all ¢t € T, and (i) = 0 for t ¢ T".
(d) ZteTi ’}’t(l) = 00, for all 3.
(e) ZteTi v2(i) < oo, for all i.
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Assumption 5.2(a) is satisfied by all of the special cases discussed in
Section 5.3.3 and is therefore not a major restriction. Assumption 5.2(b)
is not necessary for the convergence result to be given below, but it is
imposed because it allows for a simpler proof. In fact, Assumption 5.2(b)
is only a minor restriction, as illustrated by the following example, which
is representative of practical implementations of the method.

Example 5.10

Suppose that before starting the tth trajectory we choose two subsets Ri;
and Ry of the state space. The trajectory will be simulated and temporal
differences will be generated only up to the time that the state enters the set
R1,:. Furthermore, TD(\) updates of J(¢) will be carried out for all states
1 € Ry + that are visited by the trajectory before the set R; : is entered. Note
that 2!, (i) becomes positive for some m if and only if i € Ra and state i is
visited before the trajectory enters Ri ;. The probability that this happens,
which we have defined as ¢:(4), only depends on R, R2+, and the starting
state i, and can be written as §(Ri, Ray,ig). For all ¢ such that q.(i)
is positive, we have q:(i) > ming, R,y d(R1, R2,%0), where the minimum
is taken over all Ri, Ra, io such that 6(Ri1, R2,i0) is positive. Since there
are only finitely many states and subsets of the state space, it follows that
whenever ¢:(4) is positive, it is bounded below by a positive constant .

Our main result follows.

Proposition 5.1: Consider the off-line temporal differences algorithm,
as described by Eq. (5.35), and let Assumptions 5.1 and 5.2 hold.
Assume that the policy under consideration is proper. Then, J¢(4)
converges to J# (i) for all 4, with probability 1.

Proof: In this proof, we will first express the off-line temporal differ-
ence method in the same form as the stochastic approximation algorithms
studied in Ch. 4, and we will then apply the convergence results for the
case where the iteration mapping is a weighted maximum norm pseudo-
contraction. Given that the method for setting the eligibility coefficients
can change from one trajectory to the next, we will see that the itera-
tion mapping must be taken to be time-dependent. Furthermore, because
the eligibility coefficients affect the magnitude of each update, they will
have to be incorporated in the stepsize. As it turns out, the argument
outlined towards the end of Section 5.3.2 cannot be used to verify the de-
sired pseudo-contraction property, and a different approach will be taken,
involving Lemma 5.3 below.

We start the proof by recalling that an update of J(¢) can take place
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only when ¢t € T%. For ¢t € T%, we define
Ii(@) = {m | im = i},

which is the set of times that the tth trajectory visits state . We also
define

OIS zfn(i)‘ft . teT.
melt (i)

Note that for every ¢ € T, there is probability ¢;(¢) that z%,(i) is posi-
tive for some m, and that z},(i) > 1 for some m [see Assumption 5.2(a)].
Furthermore, by Assumption 5.2(b), ¢:(¢) is at least §. We conclude that

§i(i) =06, VteTn

For t ¢ T, we have Ji41(i) = Ji(i). For t € T, the algorithm (5.35)
can be rewritten in the form

Jt+1(i) = Jt(Z) (1 — ’yt(Z)(St(Z))
E[zﬁ;—; ()it | ft}
0t ()

+ ()0 () + Ju(i)

S #ho(Ddm — B SN 2ha (i)t | ]
G)

+ 7 (i) d¢ ()

(5.36)
We define a mapping H; : R — R” by letting, for any vector J € R,

Bl S0 (i) (it ity ) + I (it 1) = I (i) | Fi]

(HJ) (i) = 50

+ J(i).

and note that

B0 #h i)t | Fi]
d¢(4)

(HJe)(i) = + Ji(i).

Thus, the algorithm (5.36) is a stochastic approximation algorithm of the
form

Jop1(1) = (1= 3e(8)) Je(8) + 3¢ (8) (He o) (3) + e (i) we (2),

where

3(1) = (D)0 () = () E | > #h(i) ‘ Fl, teTi

mel (i)
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A:(2) = 0, t¢ T,

SN #h(Ddm — B SN 2ha (i)t | ]
w(i) = - , te Tt
6:(4)

We plan to apply Prop. 4.5 from Section 4.3.3, which deals with the
convergence of stochastic approximation methods based on weighted max-
imum norm pseudo-contractions. To this effect, we need to verify all the
required assumptions. In particular, we need to verify that the standard
stepsize conditions hold, establish a bound on the variance of the noise
term w¢(2), and finally establish that the mappings H; are contractions
with respect to a common weighted maximum norm. Note that the term
u¢(2) in Prop. 4.5 is absent in the present context.

We start by discussing the stepsize conditions. Note that by assump-
tion, v:(7) is a function of the history F;. The same is true for d:(7), since
it is a conditional expectation given F;. It follows that the new stepsize
4¢(7) is a function of the history F%, as required. Next we verify that the
new stepsizes 4:(4) satisfy the usual conditions.

Lemma 5.1: The new stepsizes 4+(¢) sum to infinity and the expec-
tation of the sum of their squares is finite.

Proof: Recall that §;:(i) > § > 0 for all t € T". Using Assumption 5.2(d)
it follows that > % 4+(i) = > ,cqi Y6 (i) = 8 3 cqi ve(i) = o0.

Next, we derive an upper bound for §:(¢). Recall that Ny is the num-
ber of transitions in the ¢th trajectory until the termination state is reached.
Since 2%, (7) can increase by at most 1 with each transition [Assumptions
5.1(c)-(d)], we have z%,(i) < Ny for all m. We therefore have

Ne—1

m=0

(i) = E < E[N? | 7).

Because the policy under consideration is proper, the tail of the probabil-
ity distribution of N; is bounded by a decaying exponential. Hence, all
moments of Ny are finite and only depend on the initial state. Since there
are only finitely many states, there exists a deterministic constant K such
that

0t(i) < K, Vt, .

Thus, ¢ (1) < K~:(i), and

o0

J2(0) =Y AR S K2 ) 2(t) < oo,

t=0 teT? teT?
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where the last step follows from Assumption 5.2(e). Q.E.D.

Next we consider the noise term and show that it satisfies Assumption
4.3 of Section 4.3.1. The condition Elw:(i) | F¢] = 0 is a straightforward
consequence of the definition of w¢(7). The lemma that follows deals with
the variance of w¢(¢) and shows that Assumption 4.3(b) is satisfied.

Lemma 5.2: Let ||-|| be any norm on . Then, there exist constants
A and B such that

E[wi(i) | 7t] < A+ B||J|2, VteTi Vi

Proof: Recall that the denominator d:(i) in the definition of we (i) is
bounded below by the positive constant §, for t € T%. We therefore, only
need to concentrate on the numerator. Since the variance of any random
variable is no larger than its mean square, the expectation of the numerator
square is bounded above by

2

E(i%@%g‘ﬂ. (5.37)

m=0

Let G be an upper bound for |g(4,5)|. Then, |dm | < 2| + G, and the
expression (5.37) is bounded above by

2

Ni—1
(2| el -|-G)2E (Z z%(z)) ‘ Fel . (5.38)

m=0

As argued earlier, 2%,(7) is bounded above by the length N; of the tth

trajectory and
Ng—1

> 2h(i) < NP

m=0
It follows that the conditional expectation in Eq. (5.38) is bounded above
by E[N} | Fi]. The latter quantity is only a function of the initial state
of the trajectory and is bounded above by a deterministic constant, due to

the properness of the policy. We also use the inequality (2||J¢|| + G)2 <
8|12 + 2G? in Eq. (5.38), and the desired result follows. Q.E.D.

We now turn to the heart of the proof, which deals with the contrac-
tion property of Hy. Our first step is to define a suitable norm.
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Since we are dealing with a proper policy, the n xn matrix with entries
pij, for i,j = 1,...,n, is a contraction with respect to some weighted
maximum norm (Prop. 2.2 in Section 2.2.1). In particular, there exist
positive coefficients £(j) and a constant 8 € [0, 1) such that

> opw() < BE(R),  k=1,...,n. (5.39)
j=1
We define the corresponding weighted maximum norm || - ||¢ by letting
()]
Jle = —
171le = max &)

In order to apply Prop. 4.5 from Section 4.3.3, it suffices to show that
[HeJ = Jrlle < B = THlle, VI, ¢

We start with the observation that H:J is an affine mapping of J. In
particular,

(HiJ)(i) = (A ) (2) + be(0),

where A; is the linear mapping defined by

Bl YN 2 ) (i) = T (i) | 7]

A ) = j
( t‘])(Z) (St(’L) +J(Z)7
and
o BTG Dl tn) | ]
= 0 '
We plan to show that
ATl < Bl lle, VI, ¢, (5.40)
and
HyJw = Jk, v t. (5.41)

Once these two properties are shown, the desired contraction property for
H; follows because

[He = Jille = [|Hed = HiJ#|le = [[Ac(J = J#)[le < BT = e

We start by showing Eq. (5.41). Let Fp, + stand for the history of the
algorithm up to the point that 4%, is generated and the coefficients 2, (i)
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are chosen, but just before the next state 7%, ; is generated. Because the
state sequence is a Markov chain, we have

E[g(zfn,z’ﬁnﬂ) + Jn(it, ) — Je(ib) | fm’t}
= Blglitn,ityy) + I ) — Jo(it) [ ip] - (5:42)
= O’

where the last equality is simply Bellman’s equation for the case of a fixed

policy.
Conditioned on F, +, 25, (¢) is a deterministic constant [cf. Assump-
tion 5.1(e)] and Eq. (5.42) yields

B[4 0) (9(itas by 1) + T4(iby 1) = J4(08) | Fina| = 0.
Taking the expectation conditioned on F;, we obtain
B2 (0) (900t i) + J#(iby 1) = T4(it) | o] = 0.

If we add the latter equality for all values of m, and interchange the sum-
mation and the expectation (which can be justified by appealing to the
dominated convergence theorem [Ash72]), we obtain

N¢—1

Y (g, ity iy) + T (i, ) — (i) | ft] =0.

m=0

E

It follows that
(HeJm)(i) = Jr(i),

and Eq. (5.41) has been established.

We now turn to the proof of Eq. (5.40). By comparing the definition
of (H:J)(i) and (A¢J)(7), we see that it is sufficient to prove that ||H:J|e <
B|IJ]e for the special case where the transition costs g(i, j) are identically
zero, which we will henceforth assume.

Consider some vector J € R We define a new vector .J by letting

J(i) = €@ Tle-

Note that _
[I1le = [T 1le-

Also, since |J ()] < &(4)||]]|¢ for all i, we see that

|J(3)| < J(i), Vi,
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Lemma 5.3: For every i # 0 and ¢t € T, we have

Ntfl
E | Y (i) - I@) + Y h6)I@) | R
m=0 mely (i)

< BE| S )0 | F

mel(i)

Proof: Let us fix some state i # 0 and some ¢t € T%. For the purposes
of this proof only, we suppress ¢ from our notation, and we do not show
explicitly the conditioning on F;. Furthermore, having fixed i and t, we
use the notation z,, to indicate 2, (7). Similarly, we use the notation I and
N instead of I;(i) and N, respectively.

The left-hand side of the inequality in the statement of the lemma is
equal to

N—-1
E Z Zm (J(im+1) — J(im)) + Z ZmJ(i)]
m=0 mel
N—-1
= E|> (zmo1 = zm)J(im) + Y sz(i)] . (5.43)
m=0 mel

where we have made use of the properties z_; = 0 [cf. Assumption 5.1(b)]
and J(iny) = J(0) = 0. Note that whenever i,, # i, the coefficient zp,_1 —
zm multiplying J(iy,) is nonnegative [cf. Assumption 5.1(c)]. Furthermore,
whenever i, = i, the coefficient z,;,—1 — zm + zm multiplying J(4) is also
nonnegative. Thus, the right-hand side in Eq. (5.43) can be upper bounded
by

E

i (Zm-1— 2m)J (im) + Z ij(i)} ,

m=0 mel

which is the same as

N—-1
>z (T(imer) = T(im)) + > zm?f(i)] .

m=0 mel

E

Hence, in order to prove the lemma, it suffices to show that

N—-1

>z (T(imer) = T(im)) + (1= 8) D zmj(i)] <0. (5.44)

m=0 mel

E




Sec. 5.3 Temporal Difference Methods 217

Since the vector J is proportional to &, Eq. (5.39) yields
n p— p—
Zpkj‘](j) Sﬁ‘](k)7 Vkv
j=1

which implies that

Hence,

E [zm (T(ims1) — 7(%))} < —(1= B)E[zmI(im)].

Thus, the left-hand side of Eq. (5.44) is upper bounded by

E

N-1
m=0

mel

which is clearly nonpositive and the proof of lemma is complete. (We are
using here the fact that for m € I, we have i, =i.) Q.E.D.

Let us now take the result of Lemma 5.3 and divide both sides by
E| > omer, i) 2m(?) | Fi], which is the same as 6;(i). We then obtain

(Au]) () < BT().
By an argument entirely symmetrical to the proof of Lemma 5.3, we obtain
—BJ(i) < (A¢J)(i).
Thus,

[(Ard)(@)| < BI(i) = BEE)| T e

We divide both sides by £(¢) and take the maximum over all 4, to conclude
that

[AeTlle < Bl Tlle,

as desired. The proof is now complete because all of the conditions of
Prop. 4.5 are satisfied, and we get convergence with probability 1 to the
common fixed point J# of the mappings H;. Q.E.D.
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Remarks on Stepsize Selection

Assumptions 5.2(d)-(e) on the stepsizes are rather natural, but are they
easily enforced? We discuss a few alternatives.

(a) If we let v¢(i) = 1/t, we have >, v¢(i) = co. Still, the desired condi-
tion ), i (i) = oo does not follow unless we introduce additional
assumptions such as a requirement that ¢t € T% at least once every K
time steps, where K is a constant. In many cases, this latter condition
is natural.

(b) We may let v:(i) = 1/k if ¢ is the kth element of T%. As long as
T* is an infinite set, this rule will satisfy Assumptions 5.2(d)-(e), but
is not easy to implement, because at each time ¢ we would have to
determine whether ¢ belongs to T or not, which may be nontrivial.

(¢) A last and most natural alternative is to let v(i) = 1/(k+ 1) if there
have been exactly k past trajectories during which J(i) was updated;
that is, if there have been exactly k past trajectories during which
2(i) became positive. This stepsize rule does satisfy Assumptions
5.2(d)-(e), but this is not entirely obvious, and we provide a proof.

Let us concentrate on some state i. We use v and ¢+ to denote 7(7)
and g¢(i), respectively. Let x: be equal to 1 if z(¢) becomes positive at
some point during the tth trajectory; let x; be zero otherwise. Note that
E[xt | Ft] = q¢ which is either zero, if t ¢ T, or larger than or equal to 4,
if t € T". We assume that ) ,° x¢ = oo, that is, that J() is updated an
infinite number of times. (This assumption is clearly necessary in order to
prove convergence. )

Let us look at the sequence v:x:. We see that v¢x: is nonzero only
if x; = 1. Furthermore, if this is the kth time that x; = 1, then yx: =
1/k. We conclude that the sequence 7¢x: is the same as the sequence
1/k, with zeroes interleaved between the elements 1/k. In particular, we
obtain Y% yixt = oo and Y2 77Xt < co. The first relation implies that
> ieri vt = o0 and the validity of Assumption 5.2(d) has been established.

Using the definition ¢+ = E[x: | F¢] and the fact that v is a function
of Fi, we obtain v2q = E[y?x: | F¢]. Taking unconditional expectations,
we obtain E[y?q:] = E[y?x:]. Therefore,

E|Y via|=E Z’Y?Xt‘| = Zt% < 0.
t=0 t=0 t=0

From this, it follows that >,~ vZ¢: < oo, with probability 1. For t € T%,
we have ¢; > ¢ [Assumption 5.2(b)]. Hence =, ;i 77 < oo and the validity
of Assumption 5.2(e) has been established.
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5.3.6 Convergence of On-Line Temporal Difference Methods

We now return to on-line temporal difference methods and once more es-
tablish convergence. The main idea behind the proof is pretty simple.
We show that the update by the on-line method differs from the off-line
update by a term which is of second order in the stepsize, thus general-
izing the observations made in the context of Example 5.7. We therefore
have a stochastic approximation method based on contraction mappings,
together with some additional noise terms that are asymptotically insignif-
icant. Convergence follows from our general results in Ch. 4 (Prop. 4.5 in
Section 4.3.3).

We start with a precise definition of the on-line algorithm. In the
beginning of the tth iteration, we have available a vector J?, we pick an
initial state 4, and we simulate a trajectory if, starting from if. Let J?,
be the vector obtained after simulating m transitions of the tth trajectory.
The update equations are as follows:

Too(i) = JP(@), Vi,
dy+ = 9, i, 1) + J0 (i ) — TP (i),
Tomi1 (1) = T () + (D)2l (i), o Vi,
T () = Ty, (D), Vi,
where the superscript 0 is used to indicate that we are dealing with the
on-line algorithm, and where NV; is the length of the tth trajectory. Note

that the stepsizes 7 (i) are held constant during each trajectory. We then
have the following convergence result.

Proposition 5.2: Consider the on-line temporal differences algorithm,
as described above and let Assumptions 5.1 and 5.2 hold. Furthermore
assume that the eligibility coefficients z%,(i) are bounded above by a
deterministic constant C'. Assume that the policy under consideration
is proper. Then, J (i) converges to J~(i), for all 4, with probability 1.

Before proving Prop. 5.2, let us note the additional assumption that
the eligibility coefficients 24, (i) are bounded. This assumption is satisfied
whenever we are dealing with the first-visit or restart variants of TD(\)
because for these variants 2%, (i) is bounded above by 1. Also, if A < 1, it
is easily seen that under the every-visit TD(\) method we have z2%,(i) <
1/(1 = A) and our assumption is again satisfied. The only interesting case
where the coefficients z£,(7) cannot be bounded is the every-visit TD(1)
method. We believe that a convergence result is also possible for this case,
with a somewhat different line of argument, but the details have not been
worked out.
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Proof of Prop. 5.2: We introduce the notation 4; = max; 7:(i). Note that
>, A7 < 00, as a consequence of Assumptions 5.2(c) and 5.2(e). Through-
out this proof, we let || - || stand for the maximum norm.

We will compare the evolution of ng in the course of a single tra-
jectory with a related evolution equation that corresponds to the off-line
variant. Recall that the off-line algorithm is given by

Ne—1
Ter1(8) = Jo(@) +7e() Y 2ha(i)dmr, (5.45)

m=0

where
dm,t = g(iﬁn,ifnJrl) + Jt(ifn+1) - Jt(ﬁﬂ)'

We rewrite Eq. (5.45) in incremental form as

Jro = Ju(3),
Jtm41(2) = Je,m (4) + 72 (4) 20 (1) it
Je1 (i) = Je.n, (4).

Note that |dm | < 2||J¢|| + G, where G is a bound on |g(ifn, i, 1)l
Using also the assumption that z£,(i) < C, we conclude that

| Je.m (i) — Je(i)| < (@) NeC (2] J2]| + G), Y m.

Let us consider the two variants, starting with the same vector at the
beginning of the tth trajectory, that is, with J? = J;. We will prove, by
induction on m, that

for some D,,. Note that Eq. (5.46) is true for m = 0 with Dy = 0. We
assume as an induction hypothesis, that it holds for some m.
Our first observation is that

|00 () = Je(@)] < | I (i) = Jem(D)] + [ Je,m (i) = Je(4)]
< DinAeve (i) + 7 () NeC (2] Je|| + G)-

Hence,
|d9n7t - dm,t

<2072 = i
< 2DmA2 + 29N C (2| i + G).
We therefore have
T2 i1 (0) = Teamg1 ()| < T2 (6) = Teom (8)] + |7(8) 2 () (A9, , — dimt)|
< DAy (i) 4+ 2Dm CAZy1(0) 4 2507 (1) NeC2 (2] Je || + G)
= DAy (4) (1 + 29:C) 4 29y (1) N, C? (2”Jt” + G),
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which proves Eq. (5.46) for m + 1, with
Dini1 = D (14 2%C) + 2N, C2(2]|J|| + G), (5.47)
and the induction is complete.
We now use Eq. (5.46) with m = Ny, and obtain
|21 (0) = Jer (0)| = [T, (4) = Jo,n, ()] < DAy (i)

Because Eq. (5.47) is a linear recurrence in Dy,, we obtain

Dy, < Ne(1+25:C)Ne2N,C2(2]|J¢]| + G)

< ANZ(1+ 250N ([l i) + 1),

where A is some constant.
Overall, the on-line algorithm is of the form

TP1 () = (1= 72 (8)) P (@) + 7e (@) (HeJP) (i) + e (i) we (i) + e (i) ue (3),
where Hy and wy(7) are the same as for the off-line algorithm and ~y;(¢)us (i) =
JP 1(i)—Ji+1(i). Note that ug(¢) is bounded in magnitude by Dy, 4. Hence

|u (i) < Dn,Ae < AANE(1 + 29, C)Ne (|11 + 1).
We can now apply Prop. 4.5 from Section 4.3.3 and establish convergence

provided that we can show that u () satisfies the assumptions required by
that proposition. In particular, we need to show that 6, defined by

0; = ’%Ntz(l + 2’%C)Nt,
converges to zero.
Since we are dealing with a proper policy and the state space is finite,
the probability that Ny is equal to k is bounded above by an exponentially

decaying function of k, such as Bp*, where 0 < p < 1. Let 4* > 0 be small
enough so that (14 2v*C)2p < 1. Then, whenever 4: < v*, we obtain

E[N;‘(l + 24:C)2Nt ’ j:t] < BZ kA(1 + 29+C)2kpk = K,
k=1
where K is a deterministic constant. It follows that
EOF | R < K52, if A <o
Let xt = 1 if 4 < *, and x: = 0, otherwise. Let

t
Ve = Y xkb3-
k=0

We have
Elpiyr | Fi] = e + E[x:07 | Fi] < ¢ + 47K,

Since 42 sums to a finite value, the supermartingale convergence theorem
(Prop. 4.2 in Section 4.2.3) applies and shows that ¢ converges with prob-
ability 1. Tt follows that x:0? converges to zero. Since 4; converges to zero,
x¢ converges to 1. This shows that 6; converges to zero and the proof is
complete. Q.E.D.
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5.3.7 Convergence for Discounted Problems

We now review convergence results for the case of discounted problems, for
the alternatives that were introduced in Section 5.3.4.

Methods Based on Finite-Length Trajectories

The first alternative we have discussed is to convert the problem to a
stochastic shortest path problem. In that case, we are back to the sit-
uation considered in Sections 5.3.5 and 5.3.6 and we get convergence for
both the on-line and the off-line case.

In a second alternative, we only simulate trajectories for a finite num-
ber N; of time steps, which is tantamount to setting the eligibility coeffi-
cients 25, (i) to zero for m > N;. For example, if there are some zero-cost
absorbing states, we may let IV; be the number of steps until one of them
is reached. Otherwise, we may let INV; be a stopping time, such as the first
time that a certain subset of the state space is reached, or a predetermined
constant.

The main differences that arise in the discounted case are as follows.
First, the discount factor « enters in the definition

dm = g(lmu Z'17"L+1) + aJ(im-&-l) - J(lm)

of the temporal differences. A second difference is that we replace Assump-
tion 5.1(c) by the condition

2 (i) < azb (i), if il # 1.

(Note that this condition is met by all of the special cases we had consid-
ered in Section 5.3.4.) By carefully inspecting the proofs in Sections 5.3.5
and 5.3.6, we see that one more condition is required, namely,

P(Nt2k|ft)§Apk7 Vka ta

where A and p are nonnegative constants, with p < 1. Subject to these
additional assumptions, the proofs of Props. 5.1 and 5.2 go through with
relatively few modifications and we obtain convergence to J#, with prob-
ability 1, for both the off-line and the on-line case. The only place where
a nontrivial modification is needed is in showing that the mapping A; in
the proof of Prop. 5.1 is a contraction mapping. For this reason, we repeat
this part of the proof.
We define

B S0 (i) (0 (i) = J (i) | 7
9:(1)

(AeJ)(i) = +J(9),
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Note the presence of «, which comes from the factor o in the definition of
the temporal differences for the discounted case. Instead of introducing a
weighted maximum norm, we will work with the maximum norm, defined
by ||J|| = max; |J(i)|, and we let J = |.J||. We now have the following
counterpart of Lemma 5.3.

Lemma 5.4: For every i # 0 and ¢t € T, we have

Ne—1
E| Y () (ad(it,) - J@) + S an(i),](i)‘ft
m=0 meT (i)

< aF Z 2 (3)J ‘ Fi

mely (2)

Proof: Let us fix some state ¢ # 0 and some ¢ € T% As in the proof of
Lemma 5.3, we suppress t from our notation, and we do not show explicitly
the conditioning on F;. Furthermore, having fixed ¢ and ¢, we use the
notation z,, to indicate z%,(z). Similarly, we use the notation I and N
instead of I;(7) and Ny, respectively.

The left-hand side of the inequality in the statement of the lemma is
equal to

N—-1
E > zm(@(imsr) = J(im)) + sz(i)]
m=0 mel
N
=E | (azm1—2m)J(im) + Y sz(i)] . (5.48)
m=0 mel

where we have used the properties z_1 = 0 [cf. Assumption 5.1(b)] and
zny = 0. Note that whenever i,, # i, the coefficient azy,—1 — 2, multiply-
ing J(in) is nonnegative. Furthermore, whenever i,, = 4, the coefficient
QZm—1—2Zm+2zm multiplying J () is also nonnegative. Thus, the right-hand
side in Eq. (5.48) can be upper bounded by

E

N N-1
Z(azm_1 — zm)d + Z ij] =F lz zm(a—1) + Z zml J

m=0 mel m=0 mel

SE[sz(a—l)—&—sz]j

mel mel
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5 Zm] 7

mel

=aF

Q.E.D.

On-Line Method Based on a Single Trajectory

The last set of alternatives that was introduced in Section 5.3.4 was based
on a single infinitely long trajectory and involved the update equation

Tma1()) = T (8) + Yo (1) 2m (1) dm (i), Vi

We gave there two different formulas for the eligibility coefficients corre-
sponding to the restart and the every-visit variants of TD(\), respectively
[cf. Egs. (5.33) and (5.34)]. Both of these methods can be shown to con-
verge with probability 1. We omit the arguments for the restart version.
The convergence of the every-visit method is proved in Section 6.3.3, in a
much more general setting that incorporates a parametric representation
of the cost-to-go function.

OPTIMISTIC POLICY ITERATION

In this section, we discuss a variant of policy iteration whereby we perform
policy updates on the basis of only an incomplete evaluation of the current
policy. The method is in many respects similar to the asynchronous policy
iteration algorithm introduced in Section 2.2.3.

The policy iteration algorithm fixes a policy u, evaluates the asso-
ciated cost-to-go function J#, possibly using TD()), and then performs a
policy update. As discussed in Section 2.2.3, methods of this type are often
viewed as “actor/critic” systems; cf. Fig. 5.3. The actor uses a policy u to
control the system, while the critic observes the consequences and tries to
compute J#. For the standard version of policy iteration, the policy u is
fixed for a long time and the critic’s computations converge to J#; at that
point, the limit J# is passed to the actor who takes J# into account and
forms a new policy, by performing the minimization in the right-hand side
of Bellman’s equation; that is, at each state ¢, an action u is chosen that
minimizes

Zpij(u) (9(i,u,5) + J(5)),

over all u € U(4). Note that the communication from the critic to the actor
is very infrequent.
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System

u=p(i ; Critic

Actor

Figure 5.3: An actor/critic system. The critic tries to compute J#, e.g., using
TD(A), and occasionally makes a connection with the actor and communicates a
J vector. The actor uses the J vectors received from the critic in order to update
its policy.

There is an alternative to the standard version of policy iteration, in
which we perform policy updates more frequently, without waiting for the
policy evaluation algorithm to converge. In terms of the actor/critic frame-
work, this corresponds to more frequent communication from the critic to
the actor, with each such communication resulting in a policy update.

An extreme possibility is to perform a policy update subsequent to
every update by the policy evaluation algorithm (critic). In the context of
simulation-based methods, this means that we may perform a policy update
subsequent to the generation of each simulated trajectory, or even subse-
quent to each simulated transition. Methods of this type, which we will call
optimistic policy iteration, have been widely used in practice, particularly
in conjunction with function approximation, although their convergence
properties have never been studied thoroughly. In the remainder of this
section, we will describe a variety of methods of this type, and we will
present a few results and examples that shed some light on their conver-
gence properties.

Our development will be based on the case where a model of the
system is available so that we do not need to work with @Q-factors. The
generic algorithm to be considered employs TD()) in the critic for policy
evaluation. In general, there will be a number of TD()) iterations under a
fixed policy, followed by a policy update based on the vector J currently
available at the critic. We observe that there are several degrees of freedom
for a method of this type, namely:

(a) the frequency of policy updates (communications from the critic to
the actor);

(b) the value of \;



226 Simulation Methods for a Lookup Table Representation Chap. 5

(c) the choice between alternative versions of TD()), e.g., first-visit vs.
every-visit or restart, off-line vs. on-line, etc.

It turns out that different choices may result in different convergence
behaviors, as will be seen in the remainder of this section. Nevertheless,
there are a few simple facts that relate to all methods of this type. More
specifically, let us assume the following;:

(a) the critic’s algorithm is sound in the sense that if p is held fixed, then
the vector J maintained by the critic converges to J#;

(b) the critic communicates to the actor an infinite number of times.

Under these assumptions, if the sequence of policies p generated by the
actor converges, then the limit must be an optimal policy. To see this,
note that if u converges, then the critic’s vector J must converge to J#, by
assumption (a) above. Given assumption (b), the vectors J received by the
actor also converge to J#. Since the policy converges to i, we conclude that
the policy updates based on J# and the Bellman equation do not result
in any policy changes. Thus, TJ# = T, J# = J#, and J# is a solution of
Bellman’s equation, proving that J# = J*.

Thus, we have a general guarantee that if ;1 converges, we have con-
vergence to the optimal cost-to-go function J* and to an optimal policy.
However, this leaves open the possibility that the algorithm does not con-
verge. Indeed, as will be seen later in this section, there are cases where
the sequence of vectors J converges to a limit different than J* (in which
case, the sequence of policies  must oscillate); there are also cases where
J fails to converge.

For the remainder of this section, we assume that we are dealing
with a discounted problem, with discount factor a@ < 1, and that the state
space is {1,...,n}. We also occasionally refer to stochastic shortest path
problems in which case we assume that the state space is {0,1,...,n},
that Assumptions 2.1 and 2.2 are satisfied (there exists a proper policy
and every improper policy has infinite cost for some initial state), and we
always use the convention J(0) = 0.

Visualizing Policy Iteration

In this subsection, we develop a way of visualizing policy iteration, which
is particularly useful for the study of its optimistic variants.

Let J be some cost-to-go function. We say that a policy p is greedy
with respect to J if p attains the minimum in the right-hand-side of Bell-
man’s equation that is, if

Zp” (i, (i), §) + @J(j)) = min Zp” g(i,u, j) + aJ(j)),

uEU( )

for all states ¢. Using operator notation, a greedy policy u satisfies
T.J=TJ.
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Note that a greedy policy is not always uniquely defined. In particular, if
there is a tie in the minimization with respect to u, there are several greedy
policies.
We will now classify vectors J by grouping together all those vectors
that lead to the same greedy policy. More specifically, fix some policy p
and let
R, = {J | v is greedy with respect to J}.

Equivalently,
JeR, ifand only if T,J=TJ.

In more detail, the above condition becomes

2 pia () (90, w(0), §) + @ (7)) < D pig (w)(g(i, w, §) + @ (7)),

for all ¢ and all w € U(%). This a system of linear inequalities on the vector
J and we conclude that for every policy p, the set R, is a polyhedron. We
therefore have a partition of R (the set of all vectors J) into a collection
of polyhedra, and we refer to it as the greedy partition. Strictly speak-
ing though, this is not a partition because the different polyhedra share
common boundaries. Whenever a vector J leads to more than one greedy
policy, that vector belongs to more than one set R,,.

Let us now recall that a policy p is optimal if and only if T}, J»# = T'J#;
this is equivalent to the requirement J# € R,,.

Example 5.11

Consider the discounted, two-state, deterministic problem shown in Fig. 5.4(a).
At each one of the two states, there are two possible decisions: stay, at a cost
of 1, or move to the other state, at a cost of 0.

Let us identify the greedy policy associated with an arbitrary vector J.
At state 1, a greedy policy can choose to stay if and only if

1+aJ(1) <0+ aJ(2),

that is,

ﬂngﬂm—é. (5.49)

Similarly, at state 2, a greedy policy can choose to stay if and only if
1+aJ(2) <0+ alJ(1),

that is,

ﬂmgﬂn—é. (5.50)

We will now identify the sets R, associated with the four possible policies.
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oo

(b) )
(d) (e)

Figure 5.4: A simple deterministic problem is shown in (a). There are four
possible policies, p;, pr, ftg, tw, leading to the transition diagrams shown in
parts (b)-(e), respectively.

Consider the worst policy ., which is the one that always decides to
stay. Its cost is given by

J'uw(l) = J”“’(Q) = m

For this one to be the greedy policy we need both conditions (5.49) and (5.50)
to hold, which is impossible; hence R,,,, is empty.

Consider the “left” policy p; that moves from state 2 to state 1 and
stays there. Its cost is given by

)=, R = 2

—« 1—a

It is easily seen that this is a greedy policy if and only if J(1) < J(2) — 1/a.
By symmetry, the “right” policy u, that moves from state 1 to state 2 and
stays there has cost

JTU) =, J7(2) = ;

and is a greedy policy if and only if J(2) < J(1) — 1/a. Finally, the optimal
policy, which is to always move, has zero cost and is a greedy policy if J
satisfies |J(2) — J(1)| < 1/a.
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J2 A

1/a

=
1/a J(1)

Figure 5.5: Visualization of the greedy partition in Example 5.11.

The vectors J* for the different policies and the sets R, are shown in
Fig. 5.5. Let us now visualize policy iteration.

a) If we start with a vector J inside R,,,, the resulting greedy policy is ug,
Mg g8 Hg
and policy evaluation leads to J* = (0,0).

b) If we start with a vector J in R,,,, the resulting greedy policy is u;, and
u g8 y Y s p
policy evaluation takes us to J*!. Since J"! belongs to R,,, a further
policy update leads us to the optimal policy pg4.

Having developed a way of visualizing the progress of policy iteration,
we can now move to the study of its optimistic variants.

Optimistic TD(0)

We consider here a variant of the on-line TD(0) algorithm, for discounted
problems. Under a fixed policy p, the algorithm is of the form

J(0) = @) + (90, 1(0),9) + @I () = JG))

= (1= + (90, 1(0), 1)) + @I (7))
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where i is the state at which we choose to perform an update and j is the
next state, selected according to the transition probabilities pi; (1(i)). This

is of the form
J(1) == (1 =) J (@) +y(Tpd) (i) + yw, (5.51)

where w is a zero mean noise term. With a diminishing stepsize the effects
of the noise term tend to be averaged out (cf. the discussion in Section 4.4)
and the algorithm behaves like the small-step value iteration algorithm

J(@) = (L =) J(0) + (T J)(D),

under a fixed policy. In the context of Example 5.11, if «y is small, and if
each J(i) is updated with the same frequency, the trajectory followed has
the structure shown in Fig. 5.6(a).

J@) A R.U/ Hug J@) A R-“/ Rug
JH J4
R R
Jg Hr Mg A
- o
J(1) J(1)
(a) (b)
J2 A R, A,
JH
Ry,
JMe
P
J(1)

(c)

Figure 5.6: The trajectory followed by: (a) policy iteration based on TD(0); (b)
optimistic policy iteration based on TD(0); (c) partially optimistic policy iteration
based on TD(0). For all three cases, it is assumed that J(7) is updated with the
same frequency for all states .
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Let us now consider optimistic TD(0). The update rule is similar to
Eq. (5.51), except that the policy u used at each update is a greedy policy
with respect to the current vector J, and satisfies T),J = T'J. Thus, the
algorithm is of the form

J(i) == (1 — ) J() + AT (G) +~yw, (5.52)

where w is again a zero mean noise term. Let us interject here that this
version of TD(0) is only of academic interest: if we have a model of the
system that allows us to determine a greedy policy u at each step, this
model can also be used to compute (7'J)(¢) exactly, instead of using the
noisy estimate g(i, u(i),j) + aJ(j) of (I'J)(i). In any case, ignoring the
noise term, the algorithm tends to behave like a small-step version of value
iteration. In the context of Example 5.11, and for small ~, the trajectory
followed by this algorithm is of the form shown in Fig. 5.6(b). Note that
this trajectory is initially the same as the trajectory followed by (non-
optimistic) policy iteration based on TD(0) [cf. Fig. 5.6(a)]. However, as
soon as the trajectory crosses from R, into Ry, the optimistic method
updates the policy from gy to pg.

The noise term w notwithstanding, convergence results for optimistic
TD(0) are immediate consequences of the general results of Section 4.3.
This is because the operator T is either a weighted maximum norm con-
traction (if all policies are proper or if the costs are discounted) or satisfies
the monotonicity Assumption 4.4 of Section 4.3.4, and the variance of the
noise term w is easily shown to increase only quadratically with J. The
only requirement is that an infinite number of updates be carried out at
every state and that the stepsizes used satisfy the usual conditions.

Partially Optimistic TD(0)

Let us now consider a partially optimistic variant of TD(0) in which we
fix the policy u, perform a number of updates (5.51) under that policy,
and then perform a policy update. In particular, neither do we have a
policy update at each step, nor do we wait for convergence to J# in order
to carry out a policy update. In the context of Example 5.11, the resulting
trajectory is of the form shown in Fig. 5.6(c). The breakpoint in that
trajectory corresponds to the time at which a policy update is carried out.

For deterministic problems, and if v = 1, partially optimistic policy
iteration is a special case of the asynchronous policy iteration algorithm
introduced in Section 2.2.3. If « is less than 1, we have a small stepsize
variant. Does this algorithm converge? Unfortunately, the picture is rather
complicated. The following are known to be true:

(a) For deterministic problems and if the algorithm is initialized with a
vector J that satisfies T'J < J, the relation T'J < J is preserved
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throughout the algorithm, and we have convergence without any re-
strictions on the sequence according to which the states are updated
(Prop. 2.5 of Section 2.2.3), as long as there is an infinite number of
updates at each state. While that proposition was proved for the case
~v =1, the proof goes through when 0 < v < 1, or when the costs are
discounted.

(b) If the condition T'J < J is not initially satisfied, then the algorithm
need not converge. A nonconvergent example, involving a determin-
istic discounted problem, and with stepsize v = 1, was given by
Williams and Baird [WiB93]. The example is easily modified to yield
nonconvergence for smaller stepsizes as well. (A large number of up-
dates at a single state, with a small stepsize, have about the same
effect as a single update with v =1.)

(c) If the noise term w is present, as will be the case in problems other
than deterministic, the condition T'J < J need not be preserved even
if it is initially satisfied. In light of item (b) above, there is no reason
to expect that convergence is guaranteed.

It should be pointed out that the divergent behavior in the above
mentioned examples can be ascribed to a maliciously selected order for
choosing states for an update. If states are chosen for updates as they
appear along a simulated trajectory, as is the case in TD(0) proper, it is
not clear whether nonconvergence is possible.

Optimistic TD(1)

We now consider the case where TD(1) is used for policy evaluation. We
focus again on discounted problems, with discount factor o < 1.

Suppose that we have a fixed policy p. We choose an initial state
1o and generate a trajectory (io,?1,...), simulated according to p. Having
done that, and for every state i on the trajectory, the cumulative cost

9k ikv1) + ag(ipyr, ipra) + -

provides us with an unbiased estimate of J#(iy), i.e., it is equal to J#(ix) +
w, where w is a zero mean noise term. Thus, with each cost sample for
state 4, J(7) is updated with the expected update direction moving it closer
to JH(i). However, the nature of the path to be followed by the vector J
depends on the frequency with which cost samples are generated for the
different states.

The workings of policy iteration based on TD(1) are easier to visualize
if we consider the following, somewhat idealized, variant of the method,
which we call synchronous. We generate one trajectory for each possible
initial state, and use a single cost sample (“initial-state-only” variant) to
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update each J(i); the updates for the different states use the same stepsize.
Then, the algorithm is given by

J =1 =) +vJ#+vyw, (5.53)

where w is a zero-mean noise vector.

If v =1 and in the absence of noise, this is simply policy evaluation.
For smaller +, and without noise, the algorithm moves along a straight
path from the current J to J#. In the presence of noise, each step is again
targeted at J#, but noise can cause deviations from the straight path. In
the context of Example 5.11, and if « is very small, the evolution of the
algorithm is shown in Fig. 5.7(a). Note that we have a straight trajectory
until we reach J#, at which point we have a policy update and we switch
to a straight trajectory targeted at J*.

Let us now consider the optimistic variant of synchronous TD(1).
The update equation is the same as (5.53), except that the policy p being
employed is a greedy policy with respect to the current J. In the context
of Example 5.11, as soon as the trajectory enters the region R, the policy
is updated to g, and the trajectory starts moving now in the direction of
Jhe = J*; see Fig. 5.7(b).

Finally, let us consider a partially optimistic variant of TD(1) where a
finite number of updates (5.53) are carried out before a policy update. We
then obtain a trajectory like the one shown in Fig. 5.7(c). The breakpoint
in that trajectory occurs precisely at the time where the policy is updated
from gy to pg.

In turns out that the synchronous variant of optimistic TD(1) is guar-
anteed to converge to J* with probability 1, at least for the case of dis-
counted problems [Tsi96]. A similar convergence result is obtained for the
initial-state-only variant of optimistic TD(1) if the initial state is chosen
randomly, with all states having the same probability of being selected. It
is also conjectured that the convergence result extends to cover a suitably
defined synchronous optimistic version of TD(A). We omit the detailed
presentation and derivation of these results because they only refer to an
idealized version of the algorithm and it is unclear whether they are rele-
vant to more practical variants (as will be discussed next) or to methods
involving function approximation.

Synchronous optimistic TD(1) provides some useful insights. How-
ever, it is quite restrictive and does not capture the full flavor of the TD(1)
methods that are commonly used, for two reasons:

(a) In the synchronous method, every state is chosen to be the initial
state with the same frequency whereas, in practice, more freedom is
desirable. For example, if there is a natural initial state, we might be
inclined to start all or most trajectories from that initial state.
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Figure 5.7: The trajectory followed by: (a) policy iteration based on TD(1); (b)
optimistic policy iteration based on TD(1); (c) partially optimistic policy iteration
based on TD(1). For all three cases, it is assumed that J is updated according to
(5.53), but there are differences in the way that the policy p is selected.

(b) Having generated a trajectory, we may be inclined to use several of
the generated cost samples, instead of limiting ourselves to using only
the cost sample corresponding to the initial state.

Unfortunately, the more general variants of optimistic TD(1) are much
harder to analyze. The example that follows shows that optimistic policy
iteration based on (asynchronous) TD(1) can diverge.

Example 5.12

Consider the problem described in Example 5.11. Let us assume that the dis-
count factor « is very close to 1. Then, there exists a vector J [see Fig. 5.8(a)]
with the following properties:
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(a) The vector J lies on the boundary of the regions R,, and R, , that is,
it satisfies J(2) = J(1) + (1/c).

(b) If we form a 2 x 1 rectangle centered at .J, any vector J in the interior
of that rectangle satisfies

1
0<J(1) <
(1) < -,
and 1
@
—<J(2) < .
o ) 11—«
We partition this 2 x 1 rectangle into four regions Pi, ..., Py, as indi-
cated in Fig. 5.8(a).
J2 A J2 A
Ry JH Ay S
Py Po Rug Py — Po Rﬂg
A Va [/ 1]
Py A P3 Py P3
J' J'
|
J(1) J(1)
(@ (b)

Figure 5.8: (a) Illustration of the failure to converge to J*. (b) Illustration
of convergence to J when the stepsize is diminishing.

We consider optimistic policy iteration based on the initial-state-only
variant of TD(1). Note that at each iteration, there is a single component of
J that gets updated and therefore, an update of J(i) is effected as follows. We
generate an infinite trajectory starting at ¢, using the current policy u, and
evaluate the cost J*(7) of that trajectory. [Since the problem is deterministic,
there is no noise in the evaluation of J*(4).] We then update J(¢) according
to

J(1) == (1 —7)J (@) +~vJ*(4).

We allow the stepsize to change from one update to the next, but we assume
that it is small enough so that v/(1 — «) < 1/2. This has the following
implication. If 0 < J(¢) < 1/(1 — a), we use the fact 0 < J*(i) < 1/(1 — «)
for all p, to conclude that the step fy(J“(i) - J(z)) is less than 1/2.
Suppose that we start the algorithm at some J that belongs to P;
and that we update J(1). For J in Pi, u; is a greedy policy and J*!(1) =
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1/(1—a) > J(1). As a consequence, as long as we are inside P, each update
increases the value of J(1) and eventually J enters P». (Note that J cannot
“jump over” P, because each step is bounded by 1/2.)

Inside P2, ug is a greedy policy and J#9(2) = 0 < J(2). Thus, if we
perform a number of updates of J(2), then J(2) decreases and J eventually
enters P3. We continue similarly. Once in Ps, we update J(1) until J enters
P;. Once in P4, we update J(2) until J enters P;. This process can be
continued ad infinitum. The algorithm stays forever in the 2 x 1 rectangle
centered at J, and does not converge to J*.

The example we have constructed is compatible with either a fixed
stepsize v or with a diminishing stepsize. With a fixed stepsize, the algorithm
could converge to a limit cycle centered at J, in which case the greedy policy
corresponding to the current vector J evolves periodically. However, aperiodic
(chaotic) behavior also seems possible.

If a diminishing stepsize is employed, the algorithm can be made to
converge to J, as illustrated in Fig. 5.8(b). If we now recall that there was a
lot of freedom in choosing J, we conclude that there is a large (uncountable)
set of possible limit points of the algorithm.

We note a few peculiarities of Example 5.12:

(a) There is no restriction on the relative frequency of updates at states
1 and 2.

(b) Each update is based on the cost J# of an infinitely long trajectory.
(c) We use the initial-state-only version of TD(1).

Regarding item (a), we note that the same example goes through if
we require each update of J(1) to be followed by an update of J(2) and
vice versa, as long as we allow the stepsizes to be arbitrary. If we restrict
the updates of J(1) and J(2) to be interleaved, and if we also require the
stepsize to be the same for J(1) and J(2), then we obtain an algorithm
which is almost the same as synchronous optimistic TD(1) and which is
convergent for the case of diminishing stepsize.

Regarding item (b), we could modify our example so that there is
an additional termination state, and at each iteration there is a positive
probability p of terminating. In that case, each update would involve a
trajectory which is finite with probability 1. As long as p is small (espe-
cially, if it is much smaller than 1 — «), the character of the problem does
not change much and failure to converge should still be possible.

Finally, regarding item (c¢), we conjecture that other variants of TD(1)
(e.g., first-visit or every-visit) are also divergent, especially if there is some
latitude in the choice of the stepsizes.

The above example notwithstanding, there is still the possibility that
one of the simpler variants of optimistic policy iteration could be guar-
anteed to converge to J*. For example, let us suppose that there is a
termination state, that we choose the initial state of each trajectory at
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random, with a fixed probability distribution, and that we use the off-line
initial-state-only, or the every-visit TD(1) method. If the fixed distribution
is uniform, and if the initial-state-only variant is employed, the method is
known to converge as we discussed earlier. If the every-visit method is used
or if the initial distribution is non-uniform, the convergence properties of
the resulting algorithm are not known.

Summary

A high level summary of the results in this section is as follows. We have
a class of methods that are parametrized by A as well as by the time, call
it k, between consecutive policy updates.

When k = oo, we have ordinary policy iteration, with different choices
of A\ corresponding to different ways of carrying out policy evaluation. We
have convergence for all values of .

When k = 1, we have optimistic policy iteration. For A = 0, this is
essentially the same as asynchronous value iteration, and we have conver-
gence due to the contraction property. By a continuity argument, it follows
that we must also have convergence for small values of \.

For intermediate values of k£ and for A = 0, we are dealing with noisy
versions of modified policy iteration. The method converges for the right
initial conditions and in the absence of noise. It can diverge, in general.

For k = 1 and A = 1, we have optimistic TD(1) which converges
synchronously but can diverge asynchronously.

These results seem to favor optimistic TD(0) as well as non-optimistic
TD(A) for any A. One can never be certain that such theoretical results are
indicative of performance on typical practical problems; nevertheless, they
provide some indications of what could go wrong with any given method.
Of course, all of these results refer to lookup table methods. Once we move
into large scale problems and introduce approximations, the picture can
only get more complex. Still, results obtained for the case of lookup table
representations delineate the range of results that might be possible in a
more general context.

SIMULATION-BASED VALUE ITERATION

We will now investigate simulation-based methods that mimic the value
iteration algorithm. We only discuss the undiscounted case, but the meth-
ods and the results we present are also applicable to discounted problems.
Throughout this section, we assume that an analytical model of the system
is available. (The case where such a model is not available is dealt with in
the next section.) Thus, the only possible use of simulation is to generate
representative states on which the computational effort is to concentrate.
This is of interest primarily if the state space is fairly large and we wish to
avoid updates at states that are highly unlikely to be ever visited.
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The general structure of the algorithm to be considered is as follows.
Using random sampling, simulation, or any other method, we obtain a

sequence of states ig, 71, ..., and we carry out updates of the form
J (i) = min )sz‘kj(u) (9(in, u, 5) + J(4))- (5.54)
u i) <
7=0

An interesting possibility here is to choose the states where we update on
the basis of simulated trajectories, but update at the different states in the
reverse of the order that they appeared on these trajectories, because this
may lead to faster convergence. In any case, the algorithm described here
is simply the asynchronous value iteration algorithm introduced in Ch. 2
and is guaranteed to converge to the optimal cost-to-go function, if each
state is visited infinitely often (see Prop. 2.3 in Section 2.2.2).

The requirement that each state be visited infinitely often is quite
restrictive and may be difficult to satisfy in problems with a large state
space. In practice, one may wish to perform updates at only a subset of the
state space. Suppose, for example, that we are dealing with a problem in
which we always have the same initial state, and that we are only interested
in the optimal cost-to-go J*(¢) and in the optimal decisions for those states
that may arise while following an optimal policy. If these states are a small
subset of the state space, one would hope that an optimal policy can be
obtained while performing updates only in that subset. There is a difficulty
here because the nature of an optimal policy is not known ahead of time
and, therefore, there is no a priori knowledge of the states at which updates
should be performed. Clearly, a certain amount of exploration of the state
space is needed in order to avoid missing a profitable alternative. A nice
way out of such dilemmas is provided by the method described in the next
subsection.

Simulations Based on a Greedy Policy

We concentrate on the special case where there is a single initial state, say
state 1. In our general description of the method (5.54), we had allowed
the states ig, i1, ... to be generated according to some arbitrary mechanism
provided that all states are visited infinitely often. We now assume that
state trajectories are generated by starting at state ig = 1 and by following
a greedy policy with respect to the currently available cost-to-go function
J. A formal statement of the algorithm is as follows. Before a typical
update, we are at a state i and have available a cost-to-go function J.
We set

o) = min > pi(w)(gliewi) + (@), (5:55)
j=0

and
Ji+1(3) = Ji(7), R
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We then choose a value of u that attains the minimum in the right-hand
side of Eq. (5.55), and let the next state ;41 be equal to j with probability
equal to p;, j(u). The only exception arises if i1 is the terminal state, in
which case we reset i;11 to be the initial state. The example below shows
that this method may suffer from insufficient exploration.

Figure 5.9: A three-state stochastic shortest path problem. State 0 is a cost-free
absorbing state. From state 2, we always move to state 0, at zero cost. At state 1,
there are two options: under the first, say u = 1, we move to state 2 at zero cost;
under the second, say u = 2, we stay at state 1, with probability p, and move to
state 0, with probability 1 — p; the cost of the second option is equal to 1.

Example 5.13

Consider the three-state stochastic shortest path problem shown in Fig. 5.9,
suppose that p = 1/2, and let 19 = 1 be the initial state. The optimal policy
at state 1 is to move to state 2. Clearly, J*(1) = J*(2) = 0. Suppose that we
initialize the algorithm with Jo(1) = 2 and Jo(2) = 3; as usual, we also set
Jo(0) = 0. We have

Ji(1) = min {Jo(2),1+ Jo(1)/2} =2,

and J(1) remains unchanged. The greedy policy at state 1 is to let u = 2
which means that state 2 is not visited. Thus, as long as we keep starting at
state 1, the greedy policy does not visit state 2, the values of J(1) and J(2)
never change, and we are stuck with a non-optimal policy.

The failure to converge to an optimal policy in Example 5.13 was due
to the large initial value of J(2) which prevented us from exploring that
state. Suppose now that the algorithm is initialized by setting each J(i) to
some value Jo(7) that satisfies

Jo(i) < J*(i),
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for all 5. We will prove shortly that the algorithm converges to an optimal
policy starting from state 1. The intuition behind this result is as follows.
We use monotonicity of the dynamic programming operator to show that
the inequality J(¢) < J*(¢) is maintained throughout the algorithm, and
all states appear more profitable than they actually are. Consequently, if
a state ¢ is profitably visited under an optimal policy, the cost-to-go J (i)
being an underestimate makes that state appear even more profitable, and
the greedy policy will eventually take us there.

Example 5.14

Consider the same problem as in Example 5.13 and suppose that Jo(1) and
Jo(2) are less than or equal to zero. As long as the greedy policy selects the
nonoptimal action at state 1, we update J(1) according to

J(1) =1+ pJ(1).

If this were to continue indefinitely, J(1) would eventually become positive,
hence larger than J(2). Thus, at some point the greedy policy should switch
to the optimal policy.

Suppose now that p = 1, Jo(1) = —100, and Jo(2) = 0. We then
see that it takes 100 visits to state 1 before the greedy policy switches to the
optimal policy. This indicates that the number of iterations until convergence
to an optimal policy can be very large if the initial underestimates Jo are far
below J*.

We now state a precise convergence result and provide its proof.

Proposition 5.3: Assume that there exists a proper policy and that
all improper policies have infinite cost at some state (Assumptions 2.1
and 2.2) Assume that each simulated trajectory starts from the same
initial state, say state 1, and that Jo < J*. Then:

(a) The sequence Jj converges to some Joo.

(b) Let I be the set of states ¢ that are visited infinitely often by
the algorithm. For ¢ € I, let u() be an action that is applied at
state 4 infinitely many times in the course of the algorithm. For
i ¢ I, let p(i) be arbitrary. Then,

Ju(i) = Joo(i) = J*(i), Viel.

Proof: In this proof, we will view the algorithm as an asynchronous value
iteration method, limited to the states that are visited infinitely often, and
then use a result from Ch. 2 to show that the sequence Jj (%) converges to an
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underestimate Joo (i) of J*(i). For those states i that are visited infinitely
often, we will also show that Ju (%) is the cost-to-go of a particular policy,
and is therefore no smaller than J*(4), thus completing the proof.

Our first step is to prove, by induction on k, that J < J* for all <.
For k = 0, this is true by assumption. Suppose this is true for some k. We
then have

n

Ji+1(ix) = min )Zpikj(u) (9(ix,u, 5) + Jx(j))

n

< min )Zpikj<u)(g(ik7uaj) +J5(4))
j=0

and the induction argument has been completed.

Let I be the set of nonterminal states that are visited infinitely often
by the algorithm, together with the termination state 0. Let Juo(i) be the
final values of Ji(7) at the remaining states. Since there exists a time after
which we only have updates at states ¢ belonging to I, we will view this
as the initial time and assume that J; (i) = Joo (i) for all ¢ ¢ I and all k.
We are then dealing with a special case of the asynchronous value iteration
algorithm for a modified stochastic shortest path problem in which all states
i ¢ I are treated as terminal states with terminal cost J (7). Since the
original problem satisfied Assumptions 2.1 and 2.2, it is easily shown that
Assumptions 2.1 and 2.2 also hold true for the modified problem. (The
existence of a proper policy for the original problem implies the existence
of a proper policy for the modified problem. Furthermore, an improper
policy in the modified problem leads to an improper policy for the original
problem and must have infinite cost for at least one initial state in I,
hence verifying Assumption 2.2 for the modified problem.) We can now
use Prop. 2.3 from Section 2.2.3, on the convergence of asynchronous value
iteration, to conclude that J; converges to some Jo,. Furthermore, for all
i € I, Joo(i) is equal to the optimal cost-to-go for the modified problem
that we have introduced.

Let us fix some ¢ € I, and let u(i) be a decision that is applied
infinitely many times at state i. At each time k that action p(4) is applied
at state 7, we have

Tisr () = " pi (ul0)) (90 (D). ) + Tr ()
j=0

= min > pi;(u) (90, u, ) + Ji(5));

uel(7) =0
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this is because the action that is applied must attain the minimum in Eq.
(5.55). Taking the limit as k — oo, we obtain

n

Joo i) = D pig (1(0)) (900, 1), 5) + Joc (7))
= min Zpij(u) (9(i,u,j) + Js(4)), Vi€l

This implies that i = {u(i) | i € I} is an optimal policy for the modified
problem. In particular, i is a proper policy for the modified problem.

Consider any 7 € I and j ¢ I. By definition, decision u(i) is applied
infinitely often at state 7; since state j is only visited a finite number of
times, we must have p;; (,u(z)) = 0. Thus, under the policy i and starting
in I, the states outside I are never reached. Consider now a policy u for
the original problem which coincides with i on the set I. Starting from
a state ¢ € I, it does not matter whether we are dealing with the original
or the modified problem, since states outside I are never reached. Hence,
for ¢ € I, the cost of fi in the modified problem, which is J(7), is equal
to the cost J~ (i) of p in the original problem, and Juo (i) = JH(i) > J*(i).
On the other hand, we have shown that J, < J* for all k, implying that
Joo = limg 00 Ji < J*, and we conclude that Jo(i) = J*(i) for all i € T,
and that policy p is optimal starting from any state : € I. Q.E.D.

According to Prop. 5.3, we obtain a policy u that is optimal for all the
states that are visited infinitely often by the algorithm, and J# (i) = J*(4)
for all such states. For other states, it is possible that J# (i) # J*(i), even
if these states are visited by some optimal policy other than p; see the
example that follows.

Example 5.15

Consider the stochastic shortest path problem shown in Fig. 5.10, in which
all policies are optimal and J*(1) = J*(2) = J*(3) = 2. Suppose that the
algorithm is initialized with Jo(1) = 0, Jo(2) = 2, and Jo(3) = 0. The greedy
policy at state 1 chooses not to go to state 2 and J(1) is updated according
to

J(1):=1+4+J(1)/2.

No matter how many updates of this form are carried out, J(1) is always
strictly smaller than 2, which means that the greedy policy never visits state
2 or state 3. We see that J(1) converges to the correct value of 2. However,
the value of J(3) is never corrected. Thus, J(3) does not converge to J*(3)
even though state 3 is a state that would be visited under some optimal policy.

According to Prop. 5.3, the algorithm provides us, in the limit, with
an optimal action and with the value of J*(i), for all states ¢ that are
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Figure 5.10: A four-state stochastic shortest path problem. The transition costs
are indicated next to each arc. At state 2, either arc can be followed. At state
1, there are two options: the first is to move to state 2, at zero cost; under the
second option, we stay at state 1 with probability 1/2, or we move to state 0,
with probability 1/2.

visited infinitely many times by the algorithm. Is the initial state included
in this set of states? The answer is affirmative, but this needs proof. (In
principle, the algorithm could consist of a single infinitely long trajectory
that never reaches the termination state and, therefore, never revisits the
initial state.)

Proposition 5.4: Under the assumptions of Prop. 5.3, the initial
state is included in the set of states that are visited infinitely often
by the algorithm, and we therefore obtain an optimal policy starting
from that state.

Proof: For any state i, let U*(i) be the set of all actions at state ¢ that
satisfy

n

> i (W) (90w, ) + T*(5)) = min Y pi;(v)(g(i,v,5) + T*())-

= veU (i) =

According to Prop. 5.3, if state i is visited an infinite number of times and
if action w is selected infinitely often at that state, then w is part of some
optimal policy and, therefore, u € U*(). In particular, after some finite
time, the algorithm only chooses actions belonging to the sets U* (7).
Note that any policy that satisfies u(i) € U*(4) for all 4 is an optimal
policy and must be proper. We apply Prop. 2.2 from Section 2.2.1 to
a new problem in which the sets U(i) are replaced by U*(i). Since all
policies are now proper, there exist positive constants £(1),...,&(n), and a
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scalar 8 € [0,1) such that
> pi(we() < BEGE),  Vi#0, ue Ui,
=0

where we also use the convention £(0) = 0. Thus, we see that for all times
k greater than some finite time, we have

E[g(ik+1) | ir # 0} < BE(ir),

where i, is the state generated by the algorithm at the kth iteration. This
means that as long as state 0 is not reached, £(ix) is a positive super-
martingale, it must converge with probability 1, and because 8 < 1, it can
only converge to zero. But this implies that state 0 must be reached with
probability 1, and therefore the initial state will be revisited. Q.E.D.

The method of this section, specialized to deterministic shortest path
problems, amounts to an algorithm for the shortest path problem for a
single origin-destination pair (we are looking for a shortest path from state
1 to state 0). As illustrated by Example 5.14 (with p = 1), the number
of iterations depends heavily on the initial underestimates Jy, and for this
reason it is not a polynomial-time algorithm. Nevertheless, it could be an
efficient method if tight underestimates are available.

We finally note that the algorithm can be used in the presence of
multiple initial states, if we introduce an artificial initial state that leads
to any of the true initial states with equal probability.

A Generalization

A careful inspection of the proof of Prop. 5.3 reveals that the particular
way in which the system is simulated is not crucial, because we only made
use of the following property: if p(4) is a decision that is selected infinitely
many times at state ¢ and if j is any other state, then either state j is
visited infinitely often, or p; (,u(z)) = 0. But this property could also
be enforced by means other than simulation under the greedy policy. An
example is the following: whenever J (i) is updated and a minimizing action
u is determined, then every state j for which p;;(u) > 0 must be picked
for an update of J(j) at some later time. With this observation at hand,
we may now define a related algorithm from which simulation has been
completely eliminated.

The algorithm maintains a priority queue containing states at which
an update must be carried out. During a typical iteration, we pick the
state at the top of the queue, perform an update as in Eq. (5.55), choose an
action u that attains the minimum in Eq. (5.55), and insert at the bottom
(or possibly in the middle) of the queue all states j such that p;;(u) > 0.
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Proposition 5.3 remains valid for all such variants as long as the algorithm
does not concentrate on a subset of the states and leave some other states
waiting indefinitely in queue, and as long as we have an infinite number of
updates at state 1.

Q-LEARNING

We now introduce an alternative computational method that can be used
whenever there is no explicit model of the system and the cost structure.
This method is analogous to value iteration and can be used directly in
the case of multiple policies. It updates directly estimates of the Q-factors
associated with an optimal policy, thereby avoiding the multiple policy
evaluation steps of the policy iteration method.

We assume that we are dealing with a stochastic shortest path prob-
lem, with state 0 being a cost-free termination state, and that Assumptions
2.1 and 2.2 of Ch. 2 are satisfied. Let us define the optimal Q-factor Q* (i, u)
corresponding to a pair (¢,u), with u € U(i), by letting Q*(0,u) = 0 and

Q*(i,u) :Zpij(u)(g(i,u,j)—I—J*(j)), i1=1,...,n. (5.56)
§=0

Bellman’s equation can be written as

J*(i) = uren[}r(lz) Q*(i,u). (5.57)

Combining the above two equations, we obtain
n
@00 =Y puw) (st + min @G)). 639
j=0

The optimal Q-factors Q*(i,u) are the unique solution of the above
system, as long as we only consider Q-factors that obey the natural condi-
tion Q(0,u) = 0, which will be assumed throughout. This can be proved
as follows. If some Q(i,u) solve the system (5.58), then the vector with
components min, ey (;) Q(i,u) is seen to satisfy Bellman’s equation. There-
fore, using the uniqueness of solutions of Bellman’s equation, we have
min, ey ) Q(4, u) = min, ey Q* (¢, u) for all i. Using the assumption that
Q(i,u) satisfy Eq. (5.58), we conclude that Q(i,u) = Q*(i,u).

More insight into the meaning of the @Q-factors can be obtained by
the following argument. Let us introduce a new system whose states are
the original states 0,1, ...,n, together with all pairs (i,u), u € U(i), i # 0;
see Fig. 5.11. Whenever the state is some (4, u), there are no decisions to
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Figure 5.11: An auxiliary problem that provides an interpretation of the Q-
factors.

be made, the next state j is chosen according to the probabilities p;;(u),
and a cost of (%, u, j) is incurred. Whenever the state is some 4, a decision
u € U(i) is made and the next state is (¢,u), deterministically. If we let
J*(4) and Q*(i,u) be the optimal cost-to-go in this new system, starting
from state ¢ or state (i,u), respectively, then Egs. (5.56)-(5.57) are simply
Bellman’s equations for the new system and Eq. (5.58) can be viewed as
a two-step Bellman equation. Assuming that the original system satisfies
Assumptions 2.1 and 2.2, it is easily shown that the same is true for the
new system. In particular, it follows from the results of Ch. 2, that Eqgs.
(5.56)-(5.57) have a unique solution and, therefore, Eq. (5.58) also has a
unique solution.

In terms of the @Q-factors, the value iteration algorithm can be written
as

Qi,u) := Zpij(“) (g(z’,u,j) + min Q(j,v)) , for all (4,u). (5.59)
3=0

vel(4)

A more general version of this iteration is

n
Qi) = (1)@ 093 p) (s6i.09) + min QGv)) (500
j=0
where v is a stepsize parameter with v € (0, 1], that may change from one
iteration to the next. The Q-learning method is an approximate version of
this iteration, whereby the expectation with respect to j is replaced by a
single sample, i.e.,

Qivu) = (1—v>cz<i,u>+v(g<i,u,j>+ i Q(j,w). (5.61)

veU ()

Here j and g(i,u,j) are generated from the pair (¢,u) by simulation, that
is, according to the transition probabilities p;;(u). Thus, @-learning can be
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viewed as a combination of value iteration and simulation. Equivalently,
Q-learning is the Robbins-Monro stochastic approximation method based
on Eq. (5.58).

In the special case where there is a single policy and the minimization
with respect to v is omitted, Q-learning uses the same update rule as the
TD(0) algorithm of Section 5.3 [cf. Eq. (5.14)]. Once Q-learning is viewed
as an extension of TD(0) to the model-free case, one is led to look for a
similar extension of TD(\), for A > 0. A key difficulty here is that there is
no simple and usable ¢-step Bellman equation that generalizes Eq. (5.15) to
the case of multiple policies. Nevertheless, certain extensions of Q)-learning,
that incorporate a parameter A have been discussed in the literature; see,
e.g., Watkins [Wat89], and Peng and Williams [PeW94].

The @Q-learning algorithm has convergence properties that are fairly
similar to those of TD(\), as long as every state-control pair (i, u) is visited
infinitely often and the stepsize v diminishes to zero at a suitable rate. An
example of a stepsize choice that guarantees convergence is the following: if
an update corresponds to the mth visit of the pair (i,u), let v = b/(a + m),
where a and b are positive constants.

A rigorous convergence proof is provided in the next subsection but
its substance is easily summarized. We express the algorithm in the form
Q:=1-7Q+~HQ+ w), where H(Q is defined to be equal to the
right-hand-side of Eq. (5.59), and w is a zero mean noise term. We then
show that H satisfies the monotonicity Assumption 4.4 of Section 4.3.4,
and appeal to our general results on the convergence of stochastic approx-
imation algorithms. For the special case where all policies are proper, it
will be shown that H is also a weighted maximum norm contraction and
this leads to somewhat stronger convergence results.

The Convergence of ()-Learning

In this subsection, we prove formally that the @Q-learning algorithm con-
verges to the optimal Q-factors Q*(i,u), with probability 1. We start by
writing down a formal description of the algorithm.

We use a discrete variable ¢ to index successive updates and we let
T be the set of times ¢ that an update of Q(i,u) is performed. We let F;
represent the history of the algorithm up to and including the point where
the stepsizes 7:(i,u) are chosen, but just before the simulated transitions
needed for the updates at time ¢ and their costs are generated. We are
dealing with the algorithm:

Qt-l-l (i, u) = (1 - Pyt(ivu))Qt(iv u) + Pyt(@u) <g(i,u,z) + vrenUi%) Qt(gvv)> ’

where the successor state i is picked at random, with probability p;(u).
Furthermore, ~(i,u) = 0 for ¢ ¢ T%». Throughout, we assume that
Q¢(0,u) =0 for all ¢.
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Proposition 5.5: Suppose that

Z'yt(i,u):oq Zﬁ(z,u) < 00, Vi, u € U(i).
=0 t=0

Then, Q:(4,u) converges with probability 1 to @*(¢,u), for every ¢ and
u, in each of the following cases:

(a) If all policies are proper.

(b) If Assumptions 2.1 and 2.2 hold (there exists a proper policy and
every improper policy has infinite cost for some initial state), and
if Q¢(i,u) is guaranteed to be bounded, with probability 1.

Proof: We define a mapping H that maps a @Q-vector to a new @Q-vector
HQ according to the formula

veU(j)

(HQ)(i,u) Zp” ( (i,u,j) + min Q(j,v )), i£0, ueU(i).

(5.62)
Then, the @-learning algorithm is of the form

Quea (i) = (1= 72, ) Qe ) + 726y w) (HQ) (i w) + wr(iw)),

where

we(i,u) = g(i,u,7) + min Q¢(i,v) Zp” ( i, u,j)—i—vIenUi%) Qt(j,v)).

veU ()

This is precisely the type of algorithm that was considered in Ch. 4.
Note that Efw(i,u) | F¢] = 0 and that

Blup(i,u) | ] < K (1+max Q3. v)).

where K is a constant. Thus, Assumption 4.3 in Section 4.3.1 on the
conditional mean and variance of the noise term is satisfied.

It now remains to verify that H has the properties required by the
general results of Ch. 4 on the convergence of stochastic approximation
algorithms.

We consider first the case where all policies are proper. According to
Prop. 2.2 in Section 2.2.1, there exist positive coefficients £(i), 4 # 0, and
a scalar 8 € [0,1) such that

pr ) < BE@E), Vi, ueU(i).
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For any vector Q of Q-factors, we define

|QG, w)|
HQ”E =, gé%( &0 :

Then, for any two vectors Q and @, we have

[(HQ)(i,u) — (HQ)(i, u) pr

min Q(j,v) — min Q(j, )‘

veU(j5) veU ()

< Zpij(w max |Q(j,v) — Q(j, v)|

<zﬁm Q= Qlle £(4)

SM@—QM&U

We divide both sides by £(i) and take the minimum over all ¢ and u € U (),
to conclude that || HQ—HQ||¢ < B]|Q—Q||¢ and, therefore, H is a weighted
maximum norm contraction. Convergence of the @Q-learning algorithm now
follows from Prop. 4.4 in Section 4.3.2.

Let us now remove the assumption that all policies are proper and
impose instead Assumptions 2.1 and 2.2. It is easily seen that H is a
monotone mapping, namely, if Q < @, then HQ < HQ. Also, if r is a
positive scalar and e is the vector with all components equal to 1, then it
is easily checked that

HQ—-re<H(Q—-re) < HQ+re) <HQ +re.

Finally, the equation HQ = @, which is the same as Eq. (5.58), has a
unique solution, as argued earlier in this section. In conclusion, all of the
assumptions of Prop. 4.6 in Section 4.3.4 are satisfied and ); converges
to @* with probability 1, provided that @Q: is bounded with probability 1.
Q.E.D.

We continue by addressing the boundedness condition in Prop. 5.5.
One option is to enforce it artificially using the “projection” method, as
discussed in Section 4.3.5. There is also a special case in which boundedness
is automatically guaranteed, which is the subject of our next result.

Proposition 5.6: Consider the Q-learning algorithm under the same
assumptions as in Prop. 5.5. Furthermore, suppose that all one-stage
costs g(i,u, j) are nonnegative, the stepsizes satisfy v4(i,u) < 1 for all
i, u, t, and that the algorithm is initialized so that Qo(%,u) > 0 for all
(i,u). Then, the sequence @+ generated by the Q-learning algorithm
is bounded with probability 1 and therefore converges to Q*.
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Proof: Given the assumptions ¢(i,u,j) > 0 and Qo(i,u) > 0, it is evident
from Eq. (5.60) and the assumption (7, u) < 1 that Q:(,u) > 0 for all 4,
u, and t. This establishes a lower bound on each Q¢ (i, u).

Let us now fix a proper policy ;1. We define an operator H,, by letting

=0

The operator H,, is the dynamic programming operator for a system with
states (i,u) and with the following dynamics: from any state (i,u), we
get to state (j,u(j)), with probability p;j(u); in particular, subsequent
to the first transition, we are always at a state of the form (i, (7)) and
the first component of the state evolves according to pu. Because p was
assumed proper for the original problem, it follows that the system with
states (i,u) also evolves according to a proper policy. Therefore, there
exists some 8 € [0,1) and a weighted maximum norm | - ||¢ such that
1H.Q — Qe < BIlQ — Q#||¢ for all vectors @, where Q# is the unique
fixed point of H,. By comparing the definition (5.62) of H with that of
H,,, we see that for every vector ) > 0, we have 0 < HQ < H,Q. Using
this and the triangle inequality, we obtain for every @ > 0,

IHQlle < [HuQlle < |H.Q — HuQMle + [ Hu Q"¢
<BIQ — @ lle + 1@+ lle < BllQIle +2/1Q#le-

This establishes that H satisfies the assumptions of Prop. 4.7 in Section
4.3.5 and the result follows. Q.E.D.

We close by noting that for the case where the costs g(i,u,j) are
allowed to be negative, and without the assumption that all policies are
proper, the question of the boundedness of the @Q-learning algorithm for
stochastic shortest path problems has not yet been settled.

@Q-Learning for Discounted Problems

A discounted problem can be handled by converting it to an equivalent
stochastic shortest path problem. Alternatively, one can deal directly with
the discounted problem, using the algorithm

Qiyu) == (1= 7)Qi,u) + (g0, w. ) +a min QG.v)).  (5.63)

veU(7)

Here j and g(i,u,j) are generated from the pair (i,u) by simulation, that
is, according to the transition probabilities p;;(u), and « is the discount
factor. If we assume the same stepsize conditions as in Prop. 5.5, we obtain
convergence to the optimal Q-factors Q*(i,u), with probability 1. The
proof is similar to the proof of Prop. 5.5 and is omitted. Suffice to say that
the iteration mapping associated to this algorithm is a contraction with
respect to the maximum norm, with contraction factor «, and convergence
follows by applying Prop. 4.4 in Section 4.3.2.
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Exploration

It should be clear that in order for optimistic policy iteration to perform
well, all potentially important parts of the state space should be explored.
In the case of Q-learning, there is an additional requirement, namely, that
all potentially beneficial actions be explored. For example, the convergence
theorem requires that all state-action pairs (i,u) are tried infinitely often.

In a common implementation of Q-learning, a sequence of states is
generated by simulating the system under the greedy policy provided by
the currently available Q-factors, which is similar in spirit to optimistic
TD(0). This implies that one only considers state-action pairs of the form
(i, ,u(i)), where g is the current greedy policy. Even if all states ¢ are ad-
equately explored, it is still possible that certain profitable actions u are
never explored. For this reason, several methods have been suggested that
occasionally depart from the greedy policy. In one method (see Cybenko,
Gray, and Moizumi [CGM95]), one switches between exploration intervals
where actions are chosen randomly, and intervals during which greedy ac-
tions are employed. In a second method, there is a small positive parameter
e: a greedy action is chosen with probability 1 — ¢, and a random action is
used with probability €. In a third method, when at state ¢, an action u is
chosen with probability

exp{—Q(i, u)/T}
ZveU(i) exp{—Q(i,v)/T} 7

where T is a positive “temperature” parameter; note that when 7' is chosen
very small, almost all of the probability goes to an action w that has the
smallest Q(i,u), that is, a greedy action. All three methods involve pa-
rameters that control the degree of exploration (the frequency and length
of exploration intervals, the probability €, or the temperature T, respec-
tively), and these can be changed in the course of the algorithm. If they
are chosen so that enough exploration is guaranteed, convergence to the
optimal @-factors can be established. If at the same time, exploration is
gradually eliminated, then we asymptotically converge to a greedy policy,
which must be optimal given the convergence of the Q-factors.

NOTES AND SOURCES

5.2. The comparison of the every-visit and first-visit methods, including
Examples 5.4-5.6 is due to Singh and Sutton [SiS96].

5.3. Temporal difference methods have been introduced by Sutton [Sut84],
[Sut88], building on related work by Barto, Sutton, and Anderson
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[BSA83]. The restart variant was introduced by Singh and Sutton
[SiS96], who call it the “replace” method. The different variants are
systematically compared by Singh and Dayan [SiD96], on the basis
of analytical formulas that they derive. The formalization of general
temporal difference methods in Section 5.3.3 is new.

Sutton [Sut88] has shown that under TD(0), the expectation of J;
converges to J#. Dayan [Day92] extended this result to the case
of general A\. However, this is a very weak notion of convergence.
Jaakkola, Jordan, and Singh [JJS94] carried out an argument similar
to the one outlined at the end of Section 5.3.2, to show that off-line
every-visit TD(\) is a stochastic approximation algorithm based on
a contraction mapping, and then argued (somewhat informally) that
this implies convergence. Dayan and Sejnowski [DaS94] sketched an-
other possible approach for proving convergence, based on the ODE
approach. Another, rigorous, proof has been provided by Gurvits,
Lin, and Hanson [GLH94]. The extension of these proofs to cover
cases other than first-visit or every-visit TD()), e.g., the restart vari-
ant, is not apparent, and this was our motivation for introducing
general temporal difference methods and proving their convergence
(Prop. 5.1), which is a new result. A (nonprobabilistic) worst-case
analysis of the behavior of TD(\) has been carried out by Schapire
and Warmuth [ScW96]. Finally, Barnard [Bar93] shows that, gener-
ically, the expected step direction of TD(0) cannot be interpreted as
the gradient of any function, in contrast to TD(1).

Proposition 5.2 on the convergence of on-line TD()), for A < 1, is
from Jaakkola et al. [JJS94] who provided an informal proof. The
convergence of the on-line method for discounted problems based on
a single infinitely long trajectory is a new result.

Bradtke and Barto [BrB96] have introduced a “least squares tem-
poral difference” (LS-TD) method and they prove that under nat-
ural assumptions, it converges to the true cost-to-go vector. The
update equations in their method are similar to the Kalman filter-
ing recursions, and they are more demanding computationally than
TD(0). Recall that the Kalman filter computes at each step the least
squares optimal estimates given the available simulation data and
therefore converges faster than TD(1), which is an incremental gradi-
ent method. For roughly the same reasons, one expects that LS-TD
should converge faster than TD(0).

“Optimistic policy iteration” (the term is nonstandard) has been used
explicitly or implicitly in much of the empirical work in reinforcement
learning, but not much was available in terms of theoretical analysis,
with the exception of the somewhat related work of Williams and
Baird [WiB93]. The divergent counterexample (Example 5.12) is new
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5.5.

5.6.

and was based on insights provided by Van Roy. The convergence
result for the synchronous case is due to Tsitsiklis [Tsi96].

Asynchronous value iteration with the greedy policy being used for
selecting states to be updated has been called real-time dynamic pro-
gramming by Barto, Bradtke, and Singh [BBS95], who discuss it at
some length and also present experimental results for the “racetrack”
problem. For deterministic shortest path problems, Prop. 5.3 is due
to Korf [Kor90]. The generalization to stochastic shortest path prob-
lems, under a positivity assumption on the costs, is due to Barto et
al. [BBS95]. The extension to nonpositive costs is a new result.

The Q-learning algorithm is due to Watkins [Wat89]. Its convergence
was established by Watkins and Dayan [WaD92] for discounted prob-
lems and for stochastic shortest path problems where all policies are
proper. The connection with stochastic approximation was made by
Jaakkola et al. [JJS94] and by Tsitsiklis [Tsi94]. The convergence
proof without the assumption that all policies are proper is due to
Tsitsiklis [Tsi94]. The issue of exploration is discussed by Barto et
al. [BBS95] who also provide a number of related references.
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In this chapter, we discuss several possibilities for the approximate solu-
tion of DP problems. Generally, we are interested in approximations of the
cost-to-go function J# of a given policy u, of the optimal cost-to-go func-
tion J*, or of the optimal @Q-factors @*(i,w). This is done using a function
which, given a state 4, produces an approximation J(i,r) of J#(i), or an
approximation J (i,r) of J*(i), or, given also a control u, an approximation
Q(Lu,r) of Q*(i,u). The approximating function involves a parameter
vector r, and may be implemented using a neural network, a feature ex-
traction mapping, or any other suitable architecture; see the discussion in
Ch. 3. The parameter vector r is determined by optimization, often using
some type of least squares framework.

We observe that the lookup table representation considered in the
preceding chapter can be viewed as a limiting form of an approximate
representation. In particular, if the dimension of the parameter vector r
is the same as the number of non-terminal states and if .J(i,7) = r(i) for
all 7, then maintaining the values of the parameter vector r is the same as
keeping the values J(i) in a lookup table. For this limiting case, most of
the algorithms to be developed in this chapter degenerate into the methods
that were discussed in Ch. 5.

In approximate DP, there are two main choices:

(a) The choice of an approximation architecture to represent various cost-
to-go functions or Q-factors.

(b) The choice of a training algorithm, that is, a method for updating
the parameter vector r.

These choices are often coupled because some algorithms are guaranteed
to work properly only for certain types of architectures. Thus, while much
of the discussion in this chapter focuses on algorithmic issues, we will often
consider the implications of particular types of architectures, especially
linear ones.

In our study of lookup table methods, in Ch. 5, we concentrated on
the convergence of different algorithms to the optimal cost-to-go function
J*. Once approximations are introduced, convergence to J* cannot be
expected, for the simple reason that J* may not be within the set of func-
tions that can be represented exactly by the chosen architecture. Thus, the
typical questions to be investigated are:

(a) Does a given algorithm converge?

(b) If an algorithm converges, does the limit possess some desirable prop-
erties, e.g., is it close to J*?

(¢) If an algorithm does not converge, does it oscillate within some small
neighborhood of J*?

Our approach to the second and third questions can be roughly described
as follows. We introduce a parameter, call it e, that characterizes the
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power of the approzimation architecture. For example, we can define € as
the minimum of ||J — J*||, where the minimum is taken over all .J that
can be represented by the chosen architecture, and where || - || is a suitable
norm. Given the limitations imposed by an architecture, no algorithm can
produce results whose distance from J* is less than €, and we have an
absolute standard against which the performance of different algorithms is
to be measured. We say that an algorithm has an amplification factor of
at most c if the algorithm is guaranteed to converge to a region of radius
ce around J*.

The power e of an architecture is problem specific; it depends on
the number of free parameters (e.g., on the number of “neurons” in a
multilayer perceptron), and on the smoothness properties of the function
to be approximated. On the other hand, in defining the amplification factor
c of an algorithm, we consider the worst case over all possible problems.
As a consequence, the amplification factor becomes a problem-independent
property of a given algorithm.

We will be deriving error bounds, leading to estimates of the am-
plification factors, for a variety of algorithms. For discounted problems,
we sometimes obtain amplification factors of the form O(1/(1 — «)) or
O(l /(1 — a)2), which may seem disappointing, because « is usually close
to 1. Nevertheless, the mere finiteness of the amplification factor can be
viewed as a certification that we are dealing with a fundamentally sound
algorithm: as the power of the architecture is improved, that is, as € | 0,
we are guaranteed to approach the exact solution. Furthermore, a drastic
difference in the amplification factors of two algorithms can be viewed as
serious evidence that one is intrinsically better than the other.

In most of this chapter, we stay within our basic framework, which
assumes a finite-state controlled Markov chain. However, once an approxi-
mation architecture is introduced, finiteness of the state space is no longer
required, and most of the algorithms to be presented can be also applied
to problems involving infinite, possibly continuous, state spaces.

Chapter Outline

A broad variety of algorithmic ideas and analyses are given in this chapter.
We have organized this material in four parts:

(a) Generic issues, applying to all algorithms (Section 6.1).
(b) Methods related to policy iteration (Sections 6.2-6.4).
(¢) Methods related to value iteration (Sections 6.5-6.9).
(d) Other methods (Sections 6.10-6.12).

The chapter begins with a discussion, in Section 6.1, of some ways of
constructing policies, starting from an approximation of the optimal cost-
to-go function. We also provide performance guarantees for such policies.
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In Section 6.2, we discuss approximate policy iteration, whereby the
performance of any given policy is evaluated approximately, e.g., by means
of Monte Carlo simulation followed by a least squares fit. We also derive
a bound on the amplification factor of such a method. In Section 6.3,
we present temporal difference methods for approximate policy evaluation,
and prove convergence for the case of linearly parametrized approximation
architectures. Then, in Section 6.4, we discuss optimistic policy iteration.
While this method is not completely understood at present, we indicate
that it typically exhibits chattering, whereby the policies obtained keep
oscillating, even though the parameters of the approximation architecture
may converge.

We then turn to algorithms based on value iteration. In Section 6.5,
we discuss methods that perform value iterations at some states, followed
by a least squares fit, as well as some incremental variants, and we show that
divergence is possible. In Section 6.6, we consider the model-free case and
present a (Q-learning algorithm that is compatible with function approxi-
mation, as well as a very brief discussion of advantage updating. Because
value iteration can generally diverge, we are motivated to look for special
structures under which convergence is guaranteed. In Section 6.7, we estab-
lish convergence results and performance guarantees for approximate value
iteration, when state aggregation and a piecewise constant approximation
of the cost-to-go function is employed. In Section 6.8, similar positive
results are obtained under the assumption that the DP operator is a con-
traction with respect to a weighted Euclidean norm. We show that this
assumption is always satisfied for some optimal stopping problems, and we
establish convergence of an algorithm of the Q-learning type for such prob-
lems. Finally, in Section 6.9, we consider the case where value iterations
are carried out only at a set of representative states, as is often done when
dealing with discretizations of continuous-state problems. Convergence is
again demonstrated under a further assumption on the parametrization of
the approximate cost-to-go function at the remaining states.

In Section 6.10, we introduce a method that directly aims at an ap-
proximate solution of Bellman’s equation. With T" being the DP operator,
this method tries to minimize the “Bellman error” ||T'.J — J||, over the class
of functions J that can be represented by the available approximation ar-
chitecture. Several implementations and the relation with TD(0) are also
discussed. In Section 6.11, we note that the “slope” of the cost-to-go func-
tion is often very important and we discuss approaches that aim at learning
this slope directly. We also discuss some issues that arise from determin-
istic, continuous-time optimal control problems. The last method of this
chapter, which is presented in Section 6.12, is based on linear programming
and capitalizes on the linear programming formulation of DP problems. We
then conclude in Section 6.13, with an overview of the different methods
and of the issues that they raise.
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GENERIC ISSUES — FROM PARAMETERS TO POLICIES

Most of the methods discussed in this chapter eventually lead to an approxi-
mate cost-to-go function J(i, ), which is meant to be a good approximation
of the optimal cost-to-go function J*(i). Such a cost-to-go function leads
to a corresponding greedy policy 1 defined by

p(i) = argulenr}l(li)Zpij(U) (9(i,w,5) + J(j,r), Vi (6.1)

J

(For simplicity, we assume here that we are dealing with an undiscounted
problem.) In this section, we elaborate on how we can use Eq. (6.1) to
obtain an implementable policy. We focus on the situation where the num-
ber of states is large and therefore a cost-to-go function cannot be made
available as a table with the values of .J (i,7) for each i. Instead, we assume
that we have chosen a value for the parameter vector r and that we have
access to a subroutine which on input ¢ outputs j(i,r). Our objective is
to use this subroutine as a tool and construct a new one which on input ¢
produces p(i).

Note that a subroutine that inputs ¢ and outputs u(z), is needed in
two different contexts:

(a) Simulation-based methods for the approximate computation of J*
often require us to simulate the system under a policy u, as in the
simulation-based policy iteration method discussed in Ch. 5. In this
context, the subroutine must be called after each transition. Given
that we may need to simulate a very large number of transitions, the
subroutine should be computationally efficient.

(b) Once all training and computation is completed, we will eventually
want to implement a policy on a physical system, that runs in real
time. Physical considerations often dictate the window available be-
tween the time that the system moves into a new state and the time
that a decision must be applied. Clearly, the running time of the sub-
routine for (i) should not be longer than the length of this window.

In the simplest setting, where a model is available, the subroutine
for p works as follows. Once a state ¢ is given, we simply compute the
right-hand side of Eq. (6.1); note that doing so requires a number of calls
to the subroutine for .J, with a separate call needed to compute J (j,r) for
every j for which p;;(u) is positive. For this to be practically feasible, the
number of possible immediate successors j of state ¢ must be reasonably
small. If the number of potential successor states j is large, we may have

to estimate the sum

Zpij(u) (g<i>u7j) + j(]7 T))
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using Monte Carlo simulation, that is, by generating several random sam-
ples of j according to the probabilities p;;(u), and by averaging the resulting
values of g(i,u,j) + J(j, 7).

The issues we have just discussed are greatly simplified if approximate
Q-factors Q(z, u, r) are available because for every state 4, the corresponding
decision p(i) can be obtained by evaluating Q(i,u,r) for every u € U(i)
and then taking the minimum.

The preceding comments are predicated on the assumption that the
sets U(i) are fairly small in size so that one can afford to compute or

estimate
Zpij(u) (g(iv u,j) + j(Jv T))

J

for every u € U(i), and then take the minimum. There are also some
interesting cases where the set U (4) is large or infinite, but the minimization
with respect to u can be carried out analytically (see the example below).
This is rarely the case when nonlinear approximation architectures such as
multilayer perceptrons are used, but sometimes arises when suitable linear
architectures are employed, as shown by the following example.

Example 6.1

Consider the deterministic linear quadratic problem in which we are dealing
with the scalar system

Tht1 = aTk + bug, Ty, up € RN,
and the cost function
g(z,u,y) = Ku® + 2°,

where K is a positive scalar. Consider an approximation architecture of the
form

J(z,r) = r(0) + r(1)z + r(2)2>.

Given the current parameters r(0),7(1),r(2), and a state x, the corresponding
decision p(z) is obtained by minimizing

Ku® +7(0) + r(1)(az + bu) + 7(2)(az 4 bu)?
over all u, which is easy to do analytically.

Generally, in problems where the sets U (i) contain a large number of
controls, the implementation of a greedy policy can become quite difficult.
For this reason, given such a problem, it may be worthwhile to consider
reformulations or approximations that involve a smaller number of controls
at each state. For example, in the maintenance problem of Example 2.4
in Ch. 2, it may be worth considering variants where at most one machine



Sec. 6.1 Generic Issues — From Parameters to Policies 261

can break down at any one time period, so that there are only two possible
decisions (repair or not repair). Similarly, the channel allocation problem
of Example 2.5 in Ch. 2 greatly simplifies if the arrival, departure, and
handoff events that trigger state transitions are assumed to occur one-at-a-
time. A more general approach for dealing with problems with a complex
control space is considered in Section 6.1.4.

Approximation of ()-Factors

We now mention a variant which requires the solution of an additional ap-
proximation problem. In this variant, we form an approximation Q(z, u, §),
where the parameter vector s is determined by solving the least squares
problem

msin Z (Q(i,u,s)—@(i,u,r))2, (6.2)

where Y is a representative set of state-control pairs (i,u), and Q(i,u,r) is
evaluated using the equation

Q(i7u7r) = Zpij(u)(g(ivuhj) + j(]v T))a

and either exact calculation or simulation. Note that the optimization
problem (6.2) is solved off-line and the value of s is fixed once and for all.
For the resulting policy to be implemented on-line, we need to minimize
Q(i,u, s) with respect to u whenever the current state is ¢. This variant
could be useful if either a model of the system is unavailable or if for a

typical i and w there exist many j with ps;(u) > 0.
Policy Approximation

If all of the preceding methods are so computationally demanding that
u(i) cannot be evaluated on-line, there is another approach that can be
followed. Given the cost-to-go function J, we use any of the previously
discussed methods and the formula

to compute the policy u(i) for states ¢ in a representative subset S. We
then “generalize” the decisions p(i), i € S, to obtain a policy ji(i,v), which
is defined for all states, by introducing a parameter vector v and by solving
the least squares problem

min > i, v) - molle (6.4)

=
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Here, we assume that the controls are elements of some normed space and
|| - || denotes the norm on that space. This approach involves an additional
least squares problem but can accelerate the simulation of a policy: once
v has been fixed, the decision fi(7,v) is readily obtained, without having
to go through the possibly time consuming calculations in Eq. (6.3). The
approximation architecture that provides us with fi(¢,v) is often called an
action network, to distinguish it from the architecture that provides us
with J(i,r), which is often called a critic network.

The least squares problem (6.4) can be solved after training is com-
pleted and an approximate cost-to-go function J has become available. One
reason for doing so could be the need for quick on-line computation of the
required decisions when the policy is implemented in real time. However,
an action network can also be useful for speeding up the simulation of a
policy in the course of a simulation-based method. In that case, the least
squares problem (6.4) has to be solved simultaneously with the training
of J , which means that there will be two approximation architectures (or
“neural networks”) that are trained in an interleaved or concurrent fashion.
Some more details will be provided later on.

6.1.1 Generic Error Bounds

Approximate DP is based on the hypothesis that if J is a good approxima-
tion of J*, then a greedy policy based on J is close to optimal. We provide
here some evidence in favor of this hypothesis.

Under our standing assumption that there are finitely many states and
that the set of possible decisions at each state is finite, it is easily shown that
when J is sufficiently close to J*, a corresponding greedy policy must be
an optimal policy. The result that follows establishes this fact and provides
bounds on the performance of a greedy policy when J is not necessarily
close to J*.

Proposition 6.1: Consider a discounted problem, with discount fac-
tor oo < 1, and let || - || stand for the maximum norm. Suppose that a
vector J satisfies ||J — J*|| = e for some € > 0. If p is a greedy policy
based on J, then

2ce

1—a’

Furthermore, there exists some €y > 0 such that if € < €g, then p is an
optimal policy.

[T = I <

Proof: We use the DP mappings T and 7}, defined by

(TJ)(@) = min Zpu(U) (9(i,u,4) +at(5)), i=1,....n,
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and

(T, J) (i) = Zpij (1) (9(6 u(0), §) + @ (4)),  i=1,...,n.

We have

[T = T = (| Tpg e = J=||
|70 — T | + 1T = |
allJr = J[[+[TT = J*|
allJi = J*|| + al|J* = Jl| +allJ — J*|
= af|Jr — J*|| + 2ae,

IN A CIA

and the first result follows. We have used above the facts that both 7" and
T,, are contractions, and the definition T'J = T},J of a greedy policy.
Let
§ = min || JF — J*
m

)

where the minimum is taken over all nonoptimal policies. Since there are
finitely many policies, the minimum is attained and § > 0. If € is small
enough so that 2ce/(1 — «) < §, then ||J+ — J*|| < ¢, and g must be
optimal. Q.E.D.

The bounds provided by Prop. 6.1 are tight, as shown by the example
that follows.

Example 6.2

Consider the two-state discounted problem shown in Fig. 6.1, where ¢ is a
positive number and « € [0,1) is the discount factor. The optimal policy
is to move from state 1 to state 2 and the optimal cost-to-go function is
J*(1) = J*(2) = 0. Consider the vector J with J(1) = —e and J(2) = e.
Clearly, ||J — J*|| = e. The policy p that decides to stay at state 1 is a
greedy policy based on J, because 2ea + aJ(1) = e = 0+ aJ(2). We have
JH(1) = 2ea/(1 — @), and the bound given by Prop. 6.1 holds with equality.

Figure 6.1: A two-state problem. All transitions are deterministic, but at state
1 there are two possible decisions, indicated by the two different outgoing arcs.
The cost of each transition is shown next to the corresponding arc.
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For undiscounted problems and if all policies are proper, the operators
T and T, for any policy p, are contractions with respect to a (common)
weighted maximum norm || - ||¢ (Prop. 2.2 in Section 2.2.1). Let p be the
corresponding contraction factor. If J satisfies ||J — J*||¢ <€, and p is a
greedy policy obtained from J, then the proof of Prop. 6.1 applies verbatim
and leads to the conclusion

2pe

7 = T < 2

For undiscounted problems in which there are improper policies (with
every improper policy having infinite cost for some initial states), it can be
shown that if J is sufficiently close to J*, then a greedy policy is optimal.
However, if J is not close to J*, there is no guarantee that a greedy policy
will be proper and for this reason there are no performance guarantees (see
the example that follows).

Example 6.3

Consider the same problem as in Example 6.2 (cf. Fig. 6.1), except that
a = 1. Suppose that J(1) < —2¢ and J(2) = 0. The resulting greedy policy
chooses to stay at state 1 and its cost is infinite. On the other hand, if J(1)
is sufficiently close to the correct value J*(1) = 0, the resulting greedy policy
is optimal.

6.1.2 Multistage Lookahead Variations

To reduce the effect of the approximation error
J(i,r) — J*(i)

between true and approximate cost-to-go, one can consider lookahead of
several stages in determining a policy pu. The method adopted earlier,
namely

J

corresponds to single stage lookahead. At a given state ¢, it finds the
optimal decision for the one-stage problem with immediate cost g(i,u, j)
and terminal cost (after the first stage) J(j, 7).

An m-stage lookahead version finds the optimal policy for an m-stage
problem, whereby we start at the current state ¢, make the m subsequent
decisions with perfect state information, incur the corresponding costs of
the m stages, and pay a terminal cost J(j,r), where j is the state after m
stages. If w is the first decision of the m-stage lookahead optimal policy

starting at state i, the policy is defined by

wu(i) =a.
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Note that we need to perform an m-stage lookahead and solve a
stochastic shortest path problem each time that a decision u(i) needs to
be chosen. This stochastic shortest path problem involves a finite horizon
(namely, m) and its state space consists of all states that can be reached
with positive probability in m or fewer steps, starting from the current
state i. Suppose that for any 4, there exist at most B states j such that
pij(u) > 0 for some u. Then, the stochastic shortest path problem involves
O(B™) states and, depending on the values of B and m, a quick solution
may be possible.

If J(i,r) is equal to the exact optimal cost .J*(i) for all states 7, that
is, if there is no approximation error, then m-stage lookahead gives an
optimal decision, no matter what m is; in particular, one-stage lookahead
suffices. On the other hand, in the presence of approximation errors, one
expects multistage lookahead to yield better performance. For example, in
discounted problems, the effects of the approximation error ||.J — J*|| are
diminished by a factor of a* through a k-stage lookahead. Similarly, in a
stochastic shortest path problem, as the lookahead becomes larger, so does
the probability that the termination state will be reached within the span of
the lookahead. Another reason is that the consequences of different actions
are often clarified as time progresses, in the sense that the approximation
error at the end of the lookahead may tend to be reduced, and this may
give multistage lookahead an advantage. In this connection, it is worth
mentioning a form of selective lookahead, where lookahead is used only at
states for which the cost-to-go error is potentially “large.” For example,
computer chess programs use deeper lookahead in “unclear” positions.

A more detailed study of the effects of lookahead should involve a
comparison of the cost-to-go errors

é(i,r) = J@,r) — J*(1),
and the lookahead-induced errors
é(i,r) = J(i,r) — J(i),

where

JGi,r) = min sz'j(U) (9, u, 5) + J(4,7)).

(Note that when two-stage lookahead is used with terminal cost .J, then J
plays the role of a one-stage lookahead approximate cost-to-go function.)
We may conclude that two-stage lookahead provides some benefit over one-
stage lookahead if the error € is smaller in some sense than €. It can be
seen that the maximum norm of € is no larger than the maximum norm of
é. In the absence of additional information, it does not seem possible to
draw any further conclusions. However, a statistical comparison of € and
é could be helpful in specific contexts.
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It is well-known that the quality of play of chess programs crucially
depends on the size of the lookahead. Multistage lookahead has also been
found to be useful to backgammon players, as will be discussed in Section
8.6. This indicates that in many types of problems, multistage lookahead
should be much more effective than single stage lookahead. This improve-
ment in performance must of course be weighed against the considerable
increase in computation to obtain the decisions p(i).

6.1.3 Rollout Policies

Suppose that through some method we have obtained a policy u that we
can simulate in our system. Then it is possible (at least in principle) to
implement in real-time, instead of i, the improved policy f that is obtained
by a single ezact policy improvement step from p; that is, for all states 4
to be encountered in real-time operation of the system, we let

N o
7i(i) urenr}%_)Q (4,u),

where

Qu(i,u) = sz—j (u)(9(i,u, §) + J1(j)). (6.5)

The key point here is that while our approximate DP method may provide
only approximations to Q*(i,u), still the exact values of Q#(i,u) that are
needed in the above policy improvement step can be calculated by Monte-
Carlo simulation, as follows. Given any state ¢ that is encountered in
real-time operation of the system, and for every possible control u € U (i),
we simulate trajectories that start at ¢, use decision u at the first stage,
and use policy p for all subsequent stages. The expected cost accumulated
during such trajectories is the Q-factor Q#(i,u), and by simulating a large
number of trajectories, an accurate estimate of Q*(i,u) is obtained. We
then implement on the actual system a decision u with the smallest Q-
factor. We refer to the policy i as the rollout policy based on .

Note that it is also possible to define rollout policies based on a policy
1, that make use of multistage (say, m-stage) lookahead. What is different
here from the discussion in Section 6.1.2, is that instead of associating
a cost-to-go J(j,7) to every state j that can be reached in m steps, we
use the exact cost-to-go J#(j), as computed by Monte Carlo simulation
of several trajectories that start at j and follow policy u. Clearly, such
multistage lookahead involves much more on-line computation, but it may
yield better performance than its single-stage counterpart. In what follows,
we concentrate on rollout policies with single-stage lookahead.

The viability of a rollout policy depends on how much time is avail-
able to make the decision 7i(i) following the transition to state ¢ and on
how expensive the Monte Carlo evaluation of Q#(i,u) is. In particular, it
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must be possible to perform the Monte Carlo simulations and calculate the
rollout control i(7) within the real-time constraints of the problem. If the
problem is deterministic, a single simulation suffices, and the calculations
are greatly simplified, but in general, the computational overhead can be
substantial. However, it is worth emphasizing that the rollout policy @ will
always perform better than the current policy u, as a consequence of the
general results on the policy iteration method (Prop. 2.4).

It is possible to speed up the calculation of the rollout policy if we are
willing to accept some potential performance degradation. Here are some
possibilities:

(a) Use an approximation J#(-,7) of J# to identify a few promising con-
trols through a minimization of the form

J

calculate Q#(i,u) using fairly accurate Monte Carlo simulation for
these controls, and approximate Q# (i, ) using relatively few simula-
tion runs for the other controls. Adaptive variants of this approach
are also possible, whereby we adjust the accuracy of the Monte Carlo
simulation depending on the results of the computation.

(b) Use an approximate representation j“(-ﬂ“) of JH# to approximate
Q*(i,u) by using simulation for N stages, and by estimating the cost
of the remaining stages as J#(jn,r), where jy is the state after N
stages.

(¢) Identify a subset U(i) of promising controls by using the procedures
in (a) above or by using some heuristics, and use the control fi(7)
given by

[1‘(1) =arg _min Q“(i, u)a (66)
uel()U{pn()}

where Q#(i,u) is obtained through accurate Monte-Carlo simulation.

Note that while the policies obtained from possibilities (a) and (b)
may perform worse than u, the policy fi in possibility (¢) can be shown
to perform at least as well as u, i.e., J& < J#. This is because Eq. (6.6)
implies that T;J# < T}, J# = J#, from which by the Monotonicity Lemma
2.1, we have JA = lim;— o T;LJM S TpJw < Jm,

It is finally worth mentioning the broad generality of a rollout policy.
It can be used to enhance the performance of any policy u, no matter how
obtained. In particular, p does not need to be constructed using NDP
techniques, and may be derived using heuristics.
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6.1.4 Trading off Control Space Complexity with State Space
Complexity

We discussed earlier the difficulty associated with large control constraint
sets U(7): the minimization

min Zpij(u) (Q(iauvj) + j(jv T))

el (i)

required to calculate the greedy policy with respect to a given approximate
cost-go function J(j,7) may be very time-consuming. It is thus useful to
know that by reformulating the problem, one can in many cases reduce the
complexity of the control space by increasing the complexity of the state
space. The potential advantage is that the extra state space complexity
may still be dealt with by using function approximation.

In particular, suppose that the control u consists of N components,

w=(Ut,...,uN).

Then, at a given state i, we can break down the control w into the se-
quence of the N controls ui,us,...,uyx, and introduce artificial inter-
mediate “states” (i,u1), (¢, u1,u2),..., (i, u1,...,un—1), and correspond-
ing transitions to model the effect of these controls. The choice of the last
control component uy at “state” (i,u1,...,un—_1) marks the transition to
state j according to the given transition probabilities p;;(u). In this way
the control space is simplified at the expense of introducing N — 1 addi-
tional layers of states, and N — 1 additional cost-to-go functions Ji (i, u1),
Jo(i,ur,u2),. .., IN—1(i,u1,...,un—1). The dependence of these cost-to-
go functions on the control components is reminiscent of the dependence
of the Q-factors on u. The increase in size of the state space can be dealt
with by using function approximation, that is, with the introduction of
cost-to-go approximations

j1(i,’tL1,’l“1), jQ(i,ul,UQ,TQ), .. -,jN—l(i,Ul, - ,uNfl,T‘Nfl),

in addition to J(i,7).

It is worth noting a few variants of the above procedure. First, in-
stead of selecting the controls in a fixed order, it is possible to leave the
order subject to choice. Second, the above procedure can often be sim-
plified by taking advantage of special problem structure. In particular,
the intermediate “states” (i,u1,...,ur) can be sometimes identified with
“regular” problem states, with simplification in the function approximation
procedure resulting. As an illustration, consider the maintenance problem
of Example 2.4 in Section 2.4. The state here has the form

(mlﬂ"'vavylv"'ayTaS):
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where my, t = 1,...,T, is the number of working machines of type ¢, yi,
t=1,...,T, is the number of breakdowns of machines of type t, and s is
the number of available spare parts. The control is u = (u1, ..., ur), where
uz is the number of spare parts used to repair breakdowns of machines of
type t (each breakdown repair requires one spare part). The control space
here is very large if T is large and the number of machines that can break
down in one period is large. However, the problem can be reformulated to
trade control space complexity with state space complexity as follows.

In the reformulated problem, at any state where ZtT:l yr > 0, the
control choices are to select a particular breakdown type, say ¢, with y; > 0,
and then select between two options:

(1) Leave the breakdown unrepaired, in which case the state evolves to

(mla s amtflamt_17mt+17 cee,MT Y1, 7yt*1ayt_17yt+1a s 7yT75)

and the cost Ct of losing the corresponding machine is incurred.

(2) Repair the breakdown, in which case the state evolves to

(mlﬁ"'amTaylr"7yt—1ayt_1ayt+17"'ayT78_1)7

and no cost is incurred. (This option is, of course, available only if
s>0.)

Furthermore, at any state where y; = --- = yr = 0, there is no decision to
make, and we simply move to a new state with ZtT:I yr > 0 according to
the given probabilistic structure of the problem.

Note that the complexity of the control space has been greatly re-
duced, since at each state we have to choose between at most 27T options
(select a breakdown type, and repair or not repair it). Furthermore, the
reformulation did not require an increase in the size of the state space.
However, in the reformulated problem, the transitions of the component
(y1,...,yr) of the state depend on the current value of that component.
As a result, the state space reduction that we discussed in Examples 2.2
and 2.4 cannot be used any more.

APPROXIMATE POLICY ITERATION

We discuss here a generic version of approximate policy iteration, and pro-
vide some details on one possible variant, based on Monte Carlo simulation
and least squares approximation. (Other variants are considered in Sections
6.3 and 6.4.) We also show that the method is sound in the sense that it
has some minimal performance guarantees.

The general structure of approximate policy iteration is the same as
for exact policy iteration (see Fig. 6.2). There are two differences, however.
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Policy update

Figure 6.2: Block diagram of approx-

o imate policy iteration.

Approximate policy u
evaluation

(a) Given the current policy u, the corresponding cost-to-go function J#
is not computed exactly. Instead, we compute an approximate cost-
to-go function jﬂ(im), where r is a vector of tunable parameters.
There are two sources of error here. First, the approximation ar-
chitecture may not be powerful enough to adequately represent J#;
second, the tuning of the parameter vector r may be based on simu-
lation experiments, and simulation noise becomes a source of error.

(b) Once approximate policy evaluation is completed and J 1(i,r) is avail-
able, we generate a new policy 7 which is greedy with respect to Jx.
As discussed in the preceding section, this can be sometimes done ex-
actly, in which case we do indeed have a greedy policy. On the other
hand, there are cases in which we only obtain an approximation of a
greedy policy, and this is a new source of error.

In order to run the approximate policy iteration algorithm, an initial
policy is required. In practice, it is usually important that this policy be
as good as possible. In many problems, one can define a fairly good initial
policy through heuristics or other considerations. In the absence of such
a policy, we may fix a parameter vector r and then use a corresponding
greedy, or approximately greedy, policy.

6.2.1 Approximate Policy Iteration Based on Monte Carlo
Simulation

We now focus on a variant of approximate policy iteration that combines
Monte Carlo simulation and function approximation for the purpose of pol-
icy evaluation. In our discussion we assume that a = 1, but the generaliza-
tion to discounted problems is straightforward. There is also a straightfor-
ward generalization to other forms of policy iteration, such as multistage
lookahead and A-policy iteration.
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The method uses approximations J (i,7) of the cost-to-go J of sta-
tionary policies u, but approximations @(z, u,r) of the corresponding Q-
factors may also be used. In particular, suppose that we have fixed a proper
stationary policy u, that we have a set of representative states S, and that
for each i € S, we have M (i) samples of the cost J#(i). The mth such sam-
ple is denoted by ¢(i,m). We consider approximate cost-to-go functions of
the form J (i,7), where r is a parameter vector to be determined by solving
the least squares optimization problem

M (i)

mlnz Z —c(i m))Z. (6.7)

ie§ m=1

Once an optimal value of r has been determined, we can approximate the
cost-to-go J (i) of the policy p by J(i,7). Then, approximate Q-factors
can be evaluated using the formula

Qi u,r) pr (90i,u,9) + T (G,7). (6.8)

and one can obtain an improved policy @ using the formula

fi(i) = argurent}r(ll)Q(Z u,r)

= i J)+J(G,r)),  foralli.
argugl[}% ij g(i,u,j) (4, 7)) or all 7

(6.9)

As discussed in the preceding section, the policy & is “obtained” in the
sense that we have a subroutine which, given a state ¢, produces the value
of 71(i).

We thus have an algorithm that alternates between approximate pol-
icy evaluation steps and policy improvement steps, as illustrated in Fig.
6.2. The algorithm requires a single least-squares optimization of the form
(6.7) per policy iteration, to generate the approximation j(z7 ) associated
with the current policy p. The parameter vector r determines the Q-factors
via Eq. (6.8) and the next policy & via Eq. (6.9).

For another view of the approximate policy iteration algorithm, note
that it consists of four modules (see Fig. 6.3):

(a) The simulator, which given a state-decision pair (¢, u), generates the
next state j according to the correct transition probabilities.

(b) The decision generator, which generates the decision fi(7) of the im-
proved policy at the current state ¢ [cf. Eq. (6.9)] for use in the sim-
ulator.

(c) The cost-to-go approzimator, which is the function .J(j,r) that is
consulted by the decision generator for approximate cost-to-go values
to use in the minimization of Eq. (6.9).
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(d) The least squares solver, which accepts as input the sample trajecto-
ries produced by the simulator and solves a least squares problem of
the form (6.7) to obtain the approximation J(,7) of the cost func-
tion of the improved policy iz, as implemented through the decision
generator.

Decisions States
> Simulator

Decision >
generator

Y

- | Least squares
J@r) J solver

Cost-to-go r r
approximator

Figure 6.3: Structure of the approximate policy iteration algorithm. The com-
munication from the least squares solver to the cost-to-go approximator only takes
place after a policy has been fully evaluated and an optimal value of 7 has been
determined, at which point the cost-to-go approximation j(z, r) is replaced by

J(i,7).

An issue critical to the success of this method is that the least squares
solution r constructed by the cost-to-go approximator will usually depend
strongly on the sampling method, that is, on the set of representative states
for which we collect cost samples. For this reason, we may wish to pay
special attention to the sampling process, e.g., by employing the iterative
resampling method discussed at the end of Section 5.2.2.

We comment here on a minor issue that arises in the context of dis-
counted problems. The cost-to-go J# (i) is the suitably discounted expected
cost of an infinite trajectory and the generation of the cost samples requires
an infinitely long simulation. A common device here is to use finite horizon
approximations of the infinite horizon cost samples. In particular, we may
simulate a trajectory for a finite number of steps, say N, and accumulate
the discounted costs of only the first N — N visited states, using the tran-
sition sequences starting from these states up to the end of the N-step
horizon. Since each cost sample obtained in this way involves at least N
transitions, the expected value of the resulting sample cost-to-go is within
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GaMN /(1 — a) of J#, where G is an upper bound on |g(i,u, j)|. By taking
N sufficiently large, the effects of using a finite trajectory can be made
arbitrarily small. An alternative approach is to use a transformation to a
stochastic shortest path problem (cf. Section 2.3), and to simulate trajec-
tories until termination occurs. While this leads to unbiased estimates of
J#(7), the randomness of the termination time adds to the variance of the
cost samples, and it is unclear whether this approach offers any advantages.

Using an Action Network

In our discussion of policy approximation in the preceding section, we have
pointed out that the computation of an improved policy & based on Eq.
(6.9) may be too time consuming to be useful in a simulation context. In
that case, we could compute 7i(7) only at a set S of sample states and use
an approximation architecture fi(i,v) to represent fi, where v is a vector of
tunable parameters. Assuming, for simplicity, that the possible decisions
u are scalars, this can be done by posing the least squares problem

min >~ (ji(i,v) = 7)),
ies

which can be solved by means of the incremental gradient iteration

v =0+ YV (i, v) (ﬁ(z) — pi, U))’

or by any of the other methods discussed in Ch. 3. In this case, approx-
imate policy iteration alternates between solutions of two approximation
problems. Given a policy u, we simulate it and perform an approximate
policy evaluation to compute an approximation J of Jr. Given J, we
compute the improved policy i for some states and then solve a policy
approximation problem to obtain the new policy fi(-,v).

Suppose now that computing 7i(i), according to Eq. (6.9), is difficult
even if we were to consider only a limited set of representative states i. In
that case, samples of the improved policy 1z are unavailable. Even so, we
may sometimes be able to evaluate the derivative

o S pis)(glisw.) + G, )

at u = fi(i,v). (Here, we are departing from our standing assumption of a
finite control set, and assume that u is free to take any scalar value.) The
partial derivative with respect to u suggests a direction along which p(¢)
should be changed to obtain a performance improvement. We can then
update the parameters v of the action network so that fi(i,v) moves in the
desired direction. The resulting update rule is

Vi=v—= ’vaﬂ(iﬂ})% Zpij(u) (g<i>u7j) + j(]7 T))’ (6'10)
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where the partial derivative is evaluated at u = ji(é,v). Note that Eq. (6.10)
is basically a gradient step that tries to minimize

> pig (i, 0) (90,60, v).) + TG.r) ).

with respect to v. Once several updates of the form (6.10) have been carried
out, we can assume that we have constructed a new policy, which we can
then proceed to evaluate, thus initiating the next stage of approximate
policy iteration.

Note that the methods that we have described here involve two ap-
proximation architectures that are trained in an interleaved fashion. Policy
evaluation involves the training of the parameter vector r of the approxi-
mation J (i,7), and a policy update involves the training of the parameter
vector v used to represent the new policy. An alternative approach in
which the two approximation architectures are trained simultaneously will
be discussed in Section 6.4, in the context of optimistic policy iteration.

Solving the Least-Squares Problem

The least squares problem (6.7) that is used to evaluate a policy u can be
solved by an incremental gradient method, of the type discussed in Ch. 3.
Given a sample state trajectory (io,i1,...,in) generated using the policy
1, the parameter vector r is updated by

N-1 N-1
ri=r—v> VJ(ir) (j(ik,r) -y g(im,u(im),im+1)> . (6.11)

k=0 m=k

where v is a stepsize. (Here, as well as throughout this chapter, the gra-
dient is the vector of partial derivatives with respect to the components of
the parameter vector r, unless a subscript is used to indicate otherwise.)
The term multiplied by v in the right-hand side above is a sample gradient
corresponding to only some of the terms in the sum of squares in prob-
lem (6.7), namely, the cost samples c(ig,-) associated with the states iy
visited by the trajectory under consideration.

Note that the update (6.11) assumes that for each trajectory, we
obtain and use a cost sample that starts from every state visited by the
trajectory (even if the same state is visited twice). In a “first-visit” variant
of the method, the summation from k£ = 0 to N — 1 could be replaced by
a sum over those k such that the state iy is visited at time k for the first
time. For problems involving a large number of states, multiple visits to
the same state by a single trajectory are unlikely and this issue becomes
less of a concern. Finally, for the case where J(i,r) = (i) (lookup ta-
ble representation), V.J(i,7) is the ith unit vector and the method (6.11)
reduces to the method discussed in Section 5.2.
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The algorithm (6.11) is the incremental gradient method, with each
iteration corresponding to a new simulated trajectory. Another incremen-
tal method that can be used in this context (cf. Ch. 3) is the extended
Kalman filter, which could lead to faster convergence, at the expense of
more computation per iteration. For the case where the dependence on
the parameter vector r is linear, one can use exact Kalman filtering, which
leads to an optimal solution with a single pass through the training data.
A key advantage of incremental algorithms is that they allow us to decide
whether or not to simulate more trajectories, depending on the quality of
the results obtained so far.

An alternative set of computational methods is obtained if we sim-
ulate a number of trajectories, collect the results, formulate the problem
(6.7), and then solve it in batch mode. For example, if we are dealing with
a linear least squares problem, the optimality conditions lead to a linear
system of equations in the unknown vector r that can be solved using the
methods discussed in Ch. 3, or simply by applying routines available in
numerical linear algebra packages.

6.2.2 Error Bounds for Approximate Policy Iteration

In this section, we investigate the theoretical guarantees of approximate
policy iteration. We assume that all policy evaluations and all policy up-
dates are performed with a certain error tolerance of € and 9, respectively.
We then show that approximate policy iteration will produce policies whose
performance differs from the optimal by a factor that diminishes to zero as
€ and § are decreased, as long as improper policies are avoided. The error
bounds to be obtained refer to the worst possible case and may be too
pessimistic to be practically relevant. Nevertheless, they remain of concep-
tual value in that they establish the fundamental soundness of approximate
policy iteration.

Discounted Problems

Let us assume a discounted problem, with discount factor a. We consider
an approximate policy iteration algorithm that generates a sequence of
stationary policies pur and a corresponding sequence of approximate cost-
to-go functions Jj satisfying

max | Ji (i) — Jrr(i)| <€,  k=0,1,... (6.12)
and
max |(Tyugei1 Je) (@) — (TTi) (3)] < 6, k=0,1,... (6.13)

where € and § are some positive scalars, and pg is some policy. The scalar
€ is an assumed worst-case bound on the error incurred during policy eval-
uation (the critic’s error). It includes the random errors due to simulation
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plus any additional errors due to function approximation. In practice, the
value of € is rarely known; in fact, if there is a small probability of large
simulation errors, € will have to be set to a rather large value. The scalar §
is a bound on the error incurred in the course of the computations required
for a policy update. If a model of the system is available, these calculations
can be often done exactly, and § can be taken to be very small or zero.

The following proposition shows that the algorithm eventually pro-
duces policies whose performance differs from the optimal by at most a
constant multiple of € and 4.

Proposition 6.2: The sequence of policies uy generated by the ap-
proximate policy iteration algorithm satisfies

limsup max |Jrk (i) — J*(9)| < 0+ 2ac

msup max T—af (6.14)

Proof: Our first step is to establish the following lemma, which shows
that a policy generated by a policy update cannot be much worse than the
previous policy.

Lemma 6.1: Let p be some policy and suppose that a vector J sat-
isfies ||J — J#|| < e for some € > 0, where || - || is the maximum norm.
Let 7z be a policy that satisfies

(TaJ)(@) < (TJ)(3) + 0, Y1,
for some 0 > 0. Then,

0+ 2ce

TRG) < Tn(i) + S

. Y

Proof: Let
&= max (JrE(i) — Jr(i))

i=1,...,n

and let e be the vector with all entries equal to 1. Note that
JiE< Jr+ Ee

and
JE = TpJr < Tp(J* + e) = TpJr + ake. (6.15)
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Using our assumption on i, we have

0L —TIgd +TJ +de < =Tz J + T, J + de.
Using this inequality, together with Eq. (6.15), we obtain

JE— Jr <TpJr + afe — JH
ST =Td +T,J — Jr + afe + de
<allJr = J|e+ a||J — JH|le + ate + de
< 2aee + ake + de.

Thus,
& < af+2ae+9,
or 549
¢ < TR
T l-a

and the desired result follows. Q.E.D.

Let
& = max (J”k+1(i) - Jl‘k(i)).

1=1,..., n

We apply Lemma 6.1 with g = py, and @ = px+1, and obtain

0+ 2ce
& < T .
—a

We now let
(r = max (J“k(i) — J*(z))

i=1,...,n

The lemma that follows provides us with some bounds for (.

277

(6.16)

Lemma 6.2: We have

Cht1 < al + ali + 0 + 2ae, vV k.

Proof: We first note that
Jre < J* + (e,
which leads to

TJre <T(J* 4 (re) = TJ* + alre = J* + alie.
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We then have

Thg sy I < Ty (Ji + €e)
=Ty 1 Ik + aee
<TJ; + e+ ace
< T(Jkk + ee) + de + aee
=TJFe + de + 2aee
< T(J* + (re) + de + 2aee
= J* 4+ alre + de + 2ace.

Thus,
J#k+1 = T[.Lk+1
< gy (JHE + Eie)
= Ty JH* + e
< J* + alre + (0 + 2ae)e + e,

JHk+1

which leads to the desired result. Q.E.D.

We now start with the inequality provided by Lemma 6.2, take the
limit superior as k — 0o, and also use Eq. (6.16), to obtain

o+2
(1 —a)limsup(y < « + Y€ 46+ 2ae.
k—oo 1-«a
This relation simplifies to
) 0+ 2
hglsolip Gk < A—a2

which proves the proposition. Q.E.D.

We note that if for some reason we can guarantee that £ is of the
order of § 4+ 2ae, then the result of Lemma 6.2 easily leads to the conclusion
that (i eventually becomes of the order of (6 + 2ae)/(1 — «). In particular,
if the method converges, we have &, = 0 for sufficiently large k, and we
obtain

o6+2
limsup (; < + oze'
k—o0 l-«a

However, such convergence is quite uncommon unless € and ¢ are very close
to zero.
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Stochastic Shortest Path Problems

Suppose now that we are dealing with a stochastic shortest path problem,
under the usual assumptions (there exists a proper policy and improper
policies have infinite cost for some starting state). We assume that the
state space is {0,1,...,n}, with state 0 being a cost-free termination state.

We consider the same approximate policy iteration algorithm as in
the preceding subsection [cf. Egs. (6.12)-(6.13)]. One difficulty with this
algorithm is that, even if the current policy ug is proper, the next policy
tk+1 need not be proper. In this case, we have J##+1(i) = oo for some ¢,
and the method breaks down. A possible way of dealing with this difficulty
(in theory) is to reduce the tolerances € and ¢ in Egs. (6.12) and (6.13).
It can be shown, that for sufficiently small € and §, the next policy will
be proper. In any case, we will analyze the method under the assumption
that all policies generated by the algorithm are proper. This assumption
is of course satisfied if every policy is proper.

The following proposition provides an estimate of the difference J#x —
J* in terms of the scalar

N

Note that for every proper policy p and state i, we have P(in, # 0 | i9 =
i,14) < 1 by the definition of a proper policy, and since the number of
proper policies is finite, we have p < 1.

Proposition 6.3: Assume that the stationary policies uj generated
by the approximate policy iteration algorithm are all proper. Then

n(l —p+n)(6+ 2¢)
(1-p)?

limsup max |Jre (i) — J*(i)| < . (6.17)

k—oo =1

Proof: From Egs. (6.12) and (6.13), we have for all k,

T

g1 I —ee < T

k+1Jk < TJ + de,
where e = (1,1,...,1), while from Eq. (6.12), we have for all k,
TJp <TJFk + ce.

By combining these two relations, we obtain for all &,

Tppsr I < TTME + (6 + 2€)e < Ty JHe + (6 + 2¢)e. (6.18)
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From Eq. (6.18) and the equation T}, J#+ = J#k, we have
Tppgoyr JHe < JHE + (0 + 2¢€)e.

By subtracting from this relation the equation T}, , J\k+1 = JHk+1, we

obtain

k+1

Tygoq I = Ty JHEHL < Tl — JHEFL + (6 + 2€)e.

This relation can be written as
JHkAr — Jik < Py (SRR — JEE) 4 (0 + 2¢)e, (6.19)

where P,

jurg1 18 the n X n transition probability matrix corresponding to
Ht1-

Lemma 6.3: Let P be the n x n transition probability matrix corre-
sponding to some proper policy u and let ¢ be a nonnegative scalar.

(a) If a vector x satisfies
z < Px + ce,

then
ne

I—p

x(i) < Y 3.

)

(b) If a sequence of vectors xy, satisfies
Tr+1 < Pxy + ce, vk,

then
ne

lim sup xg (i) < , Y 3.

k—o0 1_p

Proof: (a) Let y(i) = max{0,z(i)}, i = 1,...,n. Then, 2 < Pz + ce <
Py + ce, which together with the relation 0 < Py -+ ce, implies y < Py+ ce.
We then have

y < P(Py+ ce) + ce < P2y + 2ce.

By repeating this process for a total of n — 1 times, we have
y < Pry + nce.
By the definition of p, we have

Pry < p(maxy(i))e,
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and it follows that
max y(i) < pmaxy( ) + ne.
Hence, z(i) < max; y(i) < nc/(1 — p), as desired.

(b) Proceeding as in part (a), we obtain

max ygin (i) < pmaxyk( ) + ne, vk,

where yi (i) = max{0, xx(7)}. Hence,

lim sup (maxyk_,_n( )) < plimsup (maxyk( )) + ne,

k—oo k—oo

and the result follows. Q.E.D.

Let
§p = max (JH+1(3) — JHk(i)).

1=1,..., n

Then Eq. (6.19) and Lemma 6.3(a) yield

n(d + 26).

& <
I—p

(6.20)

Let p* be an optimal stationary policy and note that p* must be
proper. From Eq. (6.18), we have
Jte < Ty JHe + (6 + 2¢€)e
=Ty» Itk — Ty JB° 4 J* + (6 + 2€)e
= P (Jte — J*) 4+ J* + (§ + 2¢)e.

Hk+1

We also have

Jrk = JHE+1 _|_T# JHE — l‘k+ JHE+1 = JHE+1 _|_P#k+1 ((]Mk_‘]#k-',-l).

#k+1 k+1

By subtracting the last two relations and by using Eq. (6.20), we obtain

JHkHL — J* < Py (J#k — J*) 4 Py, (JPR+1 — Jik) + (5 + 2€)e
Py (Jhr — *)+£kpﬂk+le+(§+2e)
< Py (Jrk — J*) + Epe 4 (0 + 2€)e (6.21)
< P ik — J) + “‘”J{”)(‘s”e)e.
—p

We now use Lemma 6.3(b) with x; = J#& — J*, and we obtain

. b (3) — T (i n(l —p+n)(d+ 2¢)
hl?l—?ip(J (i) — J*(i)) < (1= p)2 )

v i,
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which is the desired result. Q.E.D.

The error bound (6.17) uses the default estimate of the number of
stages required to reach the termination state 0 with positive probability,
which is n. We can strengthen the error bound if we have a better estimate.
In particular, for all m > 1, let

pm = max P(im £ 0| 0 =1, ),
p: proper
and let 7 be any m for which p,, < 1. Then the proof of Prop. 6.3 can be
modified to show that

im sup max ’J}Lk (2) _ J*(Z)| < 7(1 — pr+ 7') (6 + 26) ) (622)

o e (1= pr)2

Note that this bound only depends on 7 and not on n. In addition, if there
exists some N > 0 such that termination occurs within at most IV stages
for all proper policies, then py = 0 and we obtain

limsup max |J#e (i) — J*(i)| < N(1+ N)(6 + 2e).
k—oo =1,...,n

If we have a guarantee that the sequence of policies pi eventually
settles on some limit policy u, our bounds can be improved with the de-
nominator term (1 — p)2 being replaced by 1 — p. This can be seen from
Eq. (6.21), as follows. If policies converge, then eventually £ becomes zero,
and we obtain

JHk+l — J* < Py (Jie — J*) + (6 + 2€)e.
We then use Lemma 6.3(b) and obtain

limsup max (Jre(i) — J*(i)) < n(d + 2¢)

. Y
k—oo =1,...,m 1— 1%

However, experience with the algorithm indicates that the sequence of poli-
cies rarely converges, when e and § are substantially larger than zero.

6.2.3 Tightness of the Error Bounds and Empirical Behavior

We provide here an example of a discounted problem in which the perfor-
mance loss due to approximations in policy iteration comes arbitrarily close
to (0 + 2ae)/(1 — )2, proving that the bound in Prop. 6.2 is tight. The
same example can be also viewed as a stochastic shortest path problem, by
interpreting 1 — « as a termination probability. In reference to the notation
used in the bound (6.22), we have 7 = 1 and p, = a. We thus conclude
that the bound (6.22) is also tight, within a small constant factor.
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Example 6.4

Consider a discounted problem involving states 1,...,n. All transitions are
deterministic. At state 1, the only option is to stay there at zero cost. At
each state ¢ > 2 there is a choice of staying, at cost g;, or of moving to state
i — 1, at zero cost. The one-stage costs g; of staying are defined recursively
by

g2 = 0 + 2ae, git1 = agi + 6+ 2ae, 0> 2,

where « is the discount factor and €, § are positive constants. Clearly, the
optimal cost-to-go is zero for all states.

Consider an approximate policy iteration method in which each policy
evaluation is allowed to be incorrect by €, as in Eq. (6.12), and the policy
update may involve an error of 4, as in Eq. (6.13). We will show, using
induction, that after k — 1 iterations (k > 2), we can obtain a policy that
decides to stay at state k, and moves to state ¢ — 1 for every i # k, i > 2.

Let us start with the optimal policy, and suppose that J(1) is incorrectly
evaluated to be €, and J(2) is incorrectly evaluated to be —e. For a policy
update at state 2, we compare 0+«J(1), which is «e, with go+«aJ(2), which is
0+ 2ae+a(—€) = 0+ ae. Since we allow an error of  in the policy update, we
can choose the policy that stays at state 2. For every state ¢ > 2, suppose that
J (i) has been correctly evaluated to be 0. Then, the policy update compares
gi + aJ (i), which is positive, with aJ (i — 1), which is nonpositive. Thus, if
the error in the policy update is zero, the new policy will choose to move to
state ¢ — 1. This establishes our claim for k = 2.

Let now k£ > 2 be arbitrary and suppose that we have reached a policy
u that decides to stay at state k& but for all other states ¢ > 2, it decides
to move to state ¢ — 1. Under that policy, we have J*(k) = gr/(1 — ) and
JH(k+1) = agr/(1—«a). Suppose that policy evaluation overestimates J* (k)
to be J(k) = gr/(1 — a) + €, underestimates J*(k + 1) to be J(k + 1) =
agr/(1 — a) — €, and that J*(4) is correctly evaluated for all other states i.
It is easily seen that for all states ¢ different than 1 or k 4 1, the resulting
greedy policy chooses to move to state ¢ — 1. Let us now consider state
k+ 1. To determine a greedy policy, we need to compare 0 + a.J(k), which is
agr/(1 — a) + ae, with gri1 4+ aJ(k + 1), which is gr41 + o?gx/(1 — @) — ae.
Using the definition of gx41, it is seen that the choice of moving to state k
dominates by

2
(gk+1+w_ae> _ (%Me) _s
11—« 11—«

However, since we are allowed an error of § in the policy update, the algorithm
is in fact free to choose the policy that stays at state k + 1.

Once, we reach the policy that stays at n, and for i # 1,n, moves to
i— 1, a subsequent policy update takes us back to the optimal policy, and the
process can be repeated. We thus obtain a periodic sequence of policies and
once every n steps, we have a policy whose cost is g.»/(1 — «), followed by
the optimal policy whose cost is zero. Using the recursion for the one-stage
costs g, we see that for n large, g, approaches (6 +2ae)/(1— ). This means
that by taking the number of states to be large enough, we have an oscillation
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whose amplitude approaches (8 + 2a¢)/(1 — a)?, and therefore the bound in
Prop. 6.2 is tight.

The behavior of approximate policy iteration in practice is in agree-
ment with the insights provided by our error bounds. In the beginning, the
method tends to make rapid and fairly monotonic progress, but eventually
it gets into an oscillatory pattern. For discounted problems, presumably
this happens after .J gets within O((6+2¢)/(1—a)2) of J*; thereafter, .J os-
cillates fairly randomly within that zone. This behavior will be illustrated
by our case studies in Ch. 8.

Our bounds, referring to the worst case, are rather pessimistic, es-
pecially as far as the (1 — «)? term in the denominator is concerned. In
practice, the deviation from J* is smaller than what this theory seems to
predict. Let us also keep in mind that out of the sequence of policies gen-
erated by the algorithm (whose performance will generally oscillate), one
should choose to implement the policy that had the best performance, and
this may lead to further reduction of the distance from optimality.

As indicated by Example 6.4, a policy update in the course of the
approximate policy iteration algorithm, can lead to a policy which is sub-
stantially worse than the previous one. This suggests that one should
exercise caution and move from one policy to the next one in a gradual
fashion. This argument leads to the optimistic policy iteration method, to
be discussed in Section 6.4.

APPROXIMATE POLICY EVALUATION USING TD())

In the preceding section, we discussed one possible method for approxi-
mate policy evaluation, namely Monte Carlo simulation, followed by least
squares approximation. In this section, we develop an alternative imple-
mentation, in terms of temporal differences, that generalizes the TD(1)
method introduced in Ch. 5. We will see in Section 6.3.1 that TD(1) can
be interpreted as a type of incremental gradient method for solving the
least squares problem associated with the cost-to-go approximation.

As in Ch. 5, we modify TD(1) using a parameter A, and we obtain
a family of methods similar to the TD(A) methods of that chapter. The
motivation for TD()) is not as clear as in Ch. 5, and in fact we will argue
that as A becomes smaller, there is a tendency for the quality of the cost-
to-go approximation to deteriorate. Nonetheless, there are reasons for our
interest in TD(A), for A < 1: there is empirical evidence that for some
problems, particularly those where the costs-to-go have large variance, it

converges faster and leads to better performance than that obtained from
TD(1).
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For the case of lookup table representations, we have seen that TD())
converges to the correct vector J#, for all values of A. However, TD())
combined with function approximation, may converge to a different limit
for different values of A. In fact, even the issue of convergence is much
more complex. The only available convergence results refer to the case of
linearly parametrized approximation architectures and, unlike the results
of Section 5.3, they do not allow for much freedom in the choice of the
eligibility coeflicients.

Throughout this section, we assume that a policy p has been fixed.
For this reason, we do not need to show the dependence of various quantities
on p, and we employ the notation g(4, j) and ps; instead ofg(i, u(i),j) and

pi; (u(4)), respectively.
6.3.1 Approximate Policy Evaluation Using TD(1)

We will now develop TD(1) and interpret it as a gradient-like method
for least squares approximation. We consider a stochastic shortest path
problem, with 0 being a cost-free absorbing state, and we assume that p
is a proper policy. We use an approximate cost-to-go function J (i,7) to
approximate J# (i), where r is a vector of tunable parameters. Consistently
with our convention of fixing J(0) to zero, we assume that .J(0,r) = 0 for
all r.

In one version of the Monte Carlo method that was discussed in
Section 6.2, we pick an initial state ip and generate a sample trajectory
(i0,11,...,in), where iy is the first time that state 0 is reached. Once
this trajectory is available, we carry out an incremental gradient update
according to the formula [cf. Eq. (6.11)]

N-1 _ N-1
TiI=T—" Z VJ (ik, ) (J(ikﬂ") - Z g(im7im+1)> : (6.23)

k=0 m=k

Just as there is a temporal difference implementation of Monte-Carlo sim-
ulation for the lookup table case, there is also a temporal difference imple-
mentation of the incremental gradient iteration (6.23). We define temporal
differences dj by

di = glin,int1) + J(iegr,7) — J(in,7),  k=0,...,N—1, (6.24)
and, using the fact J(in,r) = J(0,7) = 0, the iteration (6.23) becomes

N—-1

ri=7 47 Z VI (ig,7)(dg + dir + - +dn—1).
k=0

Instead of waiting for the end of the trajectory to update r as above, we
may perform the part of the update involving dj as soon as di becomes
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available. This leads to the update equation
k
r::r—l—wdeVj(im,r), k=0,1,...,N — 1.
m=0

For example, following the state transition (g, 1), we set

=14 ydoV.J (i, 1). (6.25)
Following the state transition (i1,72), we set
=1 +vdy (VI (io,r) + VI (i1, 7)), (6.26)

and similarly for subsequent transitions. Finally, following the state tran-
sition (in—1,in), we set
ri=r+ydn_-1 (Vj(io,r) + VJ(ir,r) + -+ Vj(iNfl,r)). (6.27)

For the special case where r has dimension equal to the number of
nonterminal states, and if J(i,r) = r(7) (which is a lookup table represen-
tation), we recover the TD(1) method of Ch. 5, with r(¢) playing the role
of J(4).

If all updates of the vector r are performed at the end of a trajectory,
we have a generalization of the off-line method described in Section 5.3. If
on the other hand, an update is performed subsequent to each transition,
according to Eqgs. (6.25)-(6.27), we have a generalization of the on-line
method of Section 5.3. There is a small complication having to do with
the evaluation of the gradient terms vJ (ig,r). While the same gradient
term may appear in several update formulas [e.g., V.J (ig,) appears in all
of them], it would be very cumbersome to reevaluate these gradients at
each step, at the current value of r. A more practical alternative is to
evaluate the gradient Vj(ik,r) as soon as the state iy is generated, at
the prevailing value of r, and use that value of the gradient in subsequent
updates, even though r may have changed in between. For the special case
of linear architectures, i.e., if .J (¢,7) is a linear function of r, the value of
the gradient does not depend on r and this issue does not arise. In any
case, the effect of such minor changes as well as the difference between the
off-line and the on-line algorithm are of second order in the stepsize and
have negligible effect on convergence properties, for reasons similar to those
discussed in Section 5.3.

Note that in order to expect any kind of convergent behavior, the
stepsize 7 should diminish over time. A popular choice is to let v = ¢/(m+
d) in the course of the mth trajectory, where ¢ and d are some positive
constants.

We should stress once more the importance of proper sampling. In
particular, the method used for picking the initial states can be crucial to
the quality of the cost-to-go approximation constructed by TD(1). One
generally expects the approximation to be better for those states that are
more frequently visited, and the identity of these states depends strongly
on the initialization of the simulated trajectories.
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6.3.2 TD()\) for General \

As in Ch. 5, we now generalize from TD(1) to TD(A), where X is a pa-
rameter in [0, 1]. In an off-line version of TD(A), a trajectory o,...,inN is
simulated and afterwards the parameter vector r is updated by letting

N-1 N-1
=14y Z VI (im,T) Z dgAk—m,
k=m

m=0

In the on-line version, the terms involving djy are used for a partial update
of r, as soon as dj, becomes available. More specifically, for k =0,..., N—1,
following the state transition (ig,ik+1), we set

k
ri=1r+ydg Z M= J (i, 7).

m=0

For the case of a lookup table representation, it is easy to check that this
method reduces to the TD(\) method of Section 5.3.

While this method has received wide attention, its convergence be-
havior is unclear, unless r contains enough parameters to make possible an
exact representation of J#(i) by J(i,r) for all states i. In general, when
A < 1, TD()) resembles an incremental gradient method for the objective
function 37, (J(4,7) — J“(i))Q, except that some error terms are added to
the gradient. [Only TD(1) uses the correct gradient (modulo a zero mean
simulation error).] These error terms depend on r as well as A, and their
effect cannot be neglected unless A = 1 or a lookup table representation is
used. For this reason, the limit obtained by TD()), depends in general on
A

To amplify this point and to enhance our understanding, let us con-
sider in more detail the algorithm TD(0) obtained by setting A = 0. In the
on-line version of the algorithm, a transition from 7 to j leads to an update
of the form

ri=r+~d(i,5,r)VJI(i,7),

where d(i, j,7) is the temporal difference g(i,j) + J(j,r) — J(i,r). Recall
that in the lookup table case, TD(0) can be thought of as a stochastic
approximation method for solving the system of equations

J@) =Y pii(9Gi, )+ J(G),  i=1,...,n
j=0

With a parametric representation J (i,7), we could similarly try to minimize

2
n

Do\ ) =Y pi(oi) + TG |

=1
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with respect to r. An incremental gradient update based on the ith term
of this least squares criterion is of the form

n n
ri=r+vY pyd(i,j,r) (VJ(Z’J“) - ZmﬁJ(km)) :

j=0 k=0
The term Z?:o pijd(i, j,r) is the expectation of d(i,j,r) and can be re-
placed by a single sample d(i, 7, 7), where j is the outcome of a transition
simulated according to the transition probabilities p;;, leading to the up-
date

ri=r—+~yd(i,j,T) (Vj(i,r) — Zpiij(k,r)> .

k=0

Thus, TD(0) could be explained as an incremental gradient algorithm, ex-
cept that the term d(i, j,r) S r_, pir,VJ (k, ) is omitted. The consequences
of omitting this term are not easy to predict.

The example that follows shows that TD(A) not only gives in the limit
a vector r(A) that depends on A, but also that the quality of j(z, r()\)) as an
approximation to J#(i) can get worse as A becomes smaller than 1. In par-
ticular, the approximation provided by TD(0) can be very poor. This casts
some doubt on the suitability of TD(0) for obtaining good approximations
of the cost-to-go function.

Example 6.5

In this example there is only one policy, and the state transitions and associ-
ated costs are deterministic. In particular, from state ¢ > 1 we move to state
i — 1 with a given cost g;. We use a linear approximation of the form

J(i,r) =1ir
for the cost-to-go function. Let all simulation runs start at state n and end

at 0 after visiting all the states n—1,n—2,...,1 in succession. The temporal
difference associated with the transition from 7 to 7 — 1 is

gi + j(lf 17T) - j(l,?") =g =T
and the corresponding gradient is

VJ(i,r) = 1.

The iteration of TD(A) corresponding to a complete trajectory is given by

r=rby Y (o) (TN = 1) 4 k), (6.28)

k=1
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and is linear in 7.
Suppose that the stepsize 7 is either constant and satisfies

n -1
0<y<2 (Z (X A (- 1)+-~~+k)> ,
k=1
[in which case the coefficient of r in iteration (6.28) is in the range (—1, 1) and
the iteration is contracting], or else v is diminishing at a rate that is inversely
proportional to the number of simulation runs performed thus far. Then, the
TD(A) iteration (6.28) converges to the scalar #(\) for which the increment
in the right-hand side of Eq. (6.28) is zero, that is,
D (o =) A" AT = 1) -+ k) =0,
k=1
In particular, we have
Gt tg)+tm-—Dgi++gn-1)+ - +q
n2+(n—-12+--+1 ’
o g+
#(0) = ™9 t(-Vgn1t--+g
ntn—1)+---+1

It can be seen that 7#(1) minimizes over r the sum of squared errors

w1y = (6.29)

(6.30)

ST (I6) - JaGn), (6.31)
i=1
where
J@) =g1+- -+ g, J(@i,r) = ir, i=1,...,n.
Indeed the optimality condition for minimization of the function (6.31) over
r is

Zi(gl-f-"'-*-gi—i?“):@
=1

which when solved for r gives a solution equal to (1) as given by Eq. (6.29).
Figures 6.4 and 6.5 show the form of the cost-to-go function J(i), and
the approximate representations J(i, f“(l)) and J(i, f“(O)) provided by TD(1)
and TD(0), respectively, for n = 50 and for the following two cases:
(1) g1=1and g; =0 for all ¢ # 1.
(2) gn=—-(n—1)and g; =1 for all i # n.

It can be seen that TD(0) can yield a very poor approximation to the cost
function.

The above example can be generalized with similar results. For in-
stance, the cost of a transition from ¢ to ¢ — 1 may be random, in which
case the costs g; must be replaced by their expected values in Egs. (6.29)
and (6.30). Also the results are qualitatively similar if the successor state
of state ¢ is randomly chosen among the states j with j < 4. Finally, the
trajectories need not all start at state n.
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1.5

Cost function J(i) ¢

e
4
4
4
4
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, (1) Approximation
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e TD(0) Approximation
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0 — . . . .
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State i

Figure 6.4: Form of the cost-to-go function J(¢), and the linear representations
j(i, 7”"(1))7 and j(z, 7”“(0)) provided by TD(1) and TD(0), respectively, for the case

gi=1, g;=0, Vi#l

Discounted Problems

For discounted problems, the TD(A) update rule is almost the same as for
the undiscounted case. As in Ch. 5, we need a small modification in the
definition of the temporal differences which are now given by

die = g(in, ipi1) + o (igg1,m) — J (i, 1),

and the (on-line) update rule following the transition from i; to ix11 be-

comes
k

ri=r+ydg Z (aN) k=N J (i, 7).
m=0
In the absence of an absorbing termination state, the trajectory never ter-
minates and the entire algorithm involves a single infinitely long trajectory.
In this case, and in order to have any hope for convergence, it is necessary
to gradually reduce v towards zero as the algorithm progresses.
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50.0

Cost function J(i)

25.0

TD(1) Approximation
0.0 <

Sl TD(0) Approximation
-25.0 -
-50.0 - - - - -
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State i

Figure 6.5: Form of the cost-to-go function J (i), and the linear representations
j(i, f“(l))7 and j(z, ?(0)) provided by TD(1) and TD(0), respectively, for the case

gn =—(n—1), gi=1, Vi#n.

The use of a single infinite trajectory may be inappropriate in some
cases. For example, if some of the important states of the Markov chain
are transient (e.g., if there is a fixed initial state which is never revisited),
there will be very little training at these states, with a poor approximation
resulting. If this is the case, the trajectory should be frequently reinitial-
ized.

As a last comment, if « is set to a value substantially smaller than 1,
the choice of A\ has a diminished effect on the update equation, and there
is less of a motivation for using values of A smaller than 1.

TD()A) Can Diverge for Nonlinear Architectures

We will now show that when A = 0, the TD(\) method described in this sec-
tion can fail to converge, even with an appropriately diminishing stepsize,
when the parameter r affects the approximate cost-to-go function J (i,7)
nonlinearly. This is to be contrasted with the case of linear parametriza-
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tions for which convergence guarantees will be provided in the next sub-
section. By a continuity argument, divergence is also possible for TD()),
for small values of X\. At this point it is not known whether divergence is
possible for all values of A smaller than 1.

Example 6.6
We consider a Markov chain with three states, and a transition probability
matrix given by
1/2 0 1/2
P= [1/2 1/2 0 1 .
0 1/2 1/2

We let the costs per stage be identically equal to zero; we also let o < 1 be
the discount factor.
Let @ be the matrix given by

1 1/2 3/2
Q= [3/2 1 1/2],
1/2 3/2 1

and let € be a small positive scalar. We consider an approximate cost-to-go

vector
J(r) = (j(l,r), J(2,7), j(S,T)),

parametrized by a single scalar r. Let e = (1,1,1). The form of J is defined
for 7 > 0 by letting J(0) be some nonzero vector that satisfies €’.J(0) = 0,
and by requiring that J(r) be the (unique) solution of the linear differential
equation
dJ
dr
where [ is the 3x3 identity matrix.
We make a few observations on the form of J(r).

(a) From Eq. (6.32) we obtain

(r) = (Q +el)J(r), (6.32)

,dJ
e

E(T) =e'(Q+ eI)j(r) =3+ e)e'j(r).

Since the initial condition J(0) satisfies ¢/J(0) = 0, it follows that
e J(r)y=0for all r > 0.

(b) It is seen that @ + Q' = 2ee’. Since €' J(r) = 0 for all 7, we obtain
J(r)'(Q+Q")J(r)=2J(r)ee’ J(r) = 0, for all r, which also yields

JrYQJ(r)=0, Y (6.33)

Using Eq. (6.32), we obtain

%ﬂﬂﬂw=jWﬂQ+QUﬂﬂ+2¢ﬂMW=2ﬂﬂﬂwa (6.34)
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where ||| stands for the Euclidean norm. In particular, ||.J(r)|| diverges
to infinity as 7 increases.

The TD(0) algorithm, based on a single infinitely long trajectory leads
to the update equation

Tt41 = Tt + Yt %(’L‘t, Tt) (OéJ(it+1, Tt) — J(it, 7')),
where i, is the state visited by the trajectory at time t. We argue somewhat
heuristically, along the lines of the discussion of the ODE approach in Section
4.4, although the argument can be made fully rigorous. Since the stepsize
is decreasing to zero, we can think of r; as being temporarily fixed at some
value r while the Markov chain i; reaches steady-state. We can then compute
the steady-state expectation of the update and this is the average direction
of motion for r.

We note that the steady-state distribution resulting from P is uniform.
Hence, within a factor of 3, the steady-state expectation of the update direc-
tion is given by

Z fj—i(:-,m (aZpijJ(j, r) = J, 7“)) :

This is the inner product of the vector gij/dr, which is (Q + e)J(r), with
the vector with components 0‘2?:1 pijJ(j4,r) — J(i,7), which is the vector

aPJ(r) — J(r). We conclude that the average direction of motion of the
parameter r is captured by the ordinary differential equation

% = ((Q + eI)j(r))/(aP - I)j(r) = j(r)'(Q’ +el)(aP — I)j(r)

For € = 0, we have, using Eq. (6.33),

% = J0rYQ (P~ DJ(r) = al(r) @ PI(r) = SI()(@ P+ P'QJ(r).
Note that

25 1.75 1.75
QP+PQ=|17 25 175/,
1.75 175 2.5

which is easily verified to be positive definite. Hence, there exists a positive

constant ¢ such that
dr

= 2
i c||lJm)|| - (6.35)
By a continuity argument, this inequality remains true (possibly with a
smaller positive constant c) if € is positive but sufficiently small. By com-
bining Egs. (6.34) and (6.35), we conclude that both r and ||J(r)|| diverge to

infinity.
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6.3.3 TD()) with Linear Architectures — Discounted Problems

We now focus on the case where the approximate cost-to-go is a linear
function of the parameter vector. In this subsection, we consider discounted
problems and we focus on an on-line method involving the simulation of
a single infinitely long trajectory. We will show that TD()\) is guaranteed
to converge but, in contrast with the results of Ch. 5, convergence rests on
a specific method for simulating the system and for setting the eligibility
coefficients.
We consider a linear parametrization of the form

J(i,r) =Y r(k)or(i).

k=1

Here, r = (r(1),...,r(K)) is a vector of tunable parameters and ¢y(-) are
fixed scalar functions defined on the state space. The functions ¢ are
the basis functions in a linearly parametrized approximation architecture;
alternatively, they can be viewed as features of the state that are combined
linearly to form an estimate of the cost-to-go.

It is convenient to define for each state i, a vector ¢(i) by letting

o(i) = ($1(i), ..., oK (4))-

We also define a matrix ®, of dimensions n x K, whose ith row is the row
vector ¢(i)’ and whose kth column is the vector ¢ = (¢i(1),...,dr(n)).
That is,
| | — o)y —
d= ¢ - Oxl|l=1|- -
| | — o(n) —
Our approximation architecture can be described concisely in the form

J(r)y=(J(L,r),...,J(n,1)) = Pr,

and it is seen that

VJ(@i,r) = ¢(i).

We now develop a mathematically precise description of the algo-
rithm. Starting from some initial state ig, we generate a single infinitely
long trajectory (io, ¢1,...). Suppose that at some time ¢, the current value
of the parameter vector r is r;. As soon as the transition from i; to i;41 is
simulated, we evaluate the temporal difference

dy = g(it, te41) + Ctj(it+1, re) — j(it,Tt)7
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and update r; according to the formula

t
Ti+1 = Tt + "Ytdt Z(Oé/\)t_ij(ik, T‘t)
k=0
t

=1t + Yeds Z(a)‘)hk‘ﬁ(ik)v

k=0

where ; is a scalar stepsize whose properties will be specified later.
A more convenient representation of the method is obtained if we
define an eligibility vector z; by

t

2= (@) EG(in).

k=0

Note that z; is of dimension K, with its /th component z: () being associ-
ated with the th basis function ¢,(-). With this new notation, the TD(X)
updates are given by

Ti41 = 1t + Ndezt, (6.36)

and the eligibility vectors are updated according to
Zt41 = @Azt + P(it41)- (6.37)

We introduce the following assumptions.

Assumption 6.1:

(a) The stepsizes 7; are positive and deterministic (predetermined).
Furthermore, we have > .~ v = 0o and >_,° 77 < 0.

(b) There exist positive numbers m(j) such that
tlim P(ir = j | io = i) = 7(j), Vi,

(¢) We have K < n (no more parameters than states) and the matrix
® has full rank.

Under Assumption 6.1(b), we are dealing with an aperiodic Markov
chain with a single recurrent class and no transient states. Furthermore,
all states are visited an infinite number of times during an infinitely long
trajectory. Besides the aperiodicity requirement, this assumption results
in no loss of generality, as far as the validity of the convergence result is
concerned. This is because the states that are only visited a finite number of
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times can be simply eliminated. From a pragmatic point of view, however,
the cost-to-go approximation provided by the limiting vector r will usually
be very poor at the transient states.

In connection with Assumption 6.1(b), we note that the vector 7 =
(m(1),...,m(n)) of steady-state probabilities satisfies

P =

Furthermore, it is well known from Markov chain theory that the transition
probabilities P(i; = j | 40 = i) converge to w(j) at the rate of a geometric
progression. These facts will prove useful for our convergence analysis.

Assumption 6.1(c) requires that ¢1(-),...,¢x () be linearly indepen-
dent functions on the state space {1,...,n}. This results in no loss of
generality because if some function ¢(-) is a linear combination of the
others, it can be eliminated without changing the power of the approxima-
tion architecture.

We now move towards a convergence result. Its proof is based on
a technique that is very different from those used in Ch. 5, and leads to
some new insights. Recall that the transition probability matrix P satisfies
IPJ]|oc < ||J]loo for all J, where || - || is the maximum norm. This
property has been used repeatedly in our earlier development and underlies
the contraction property of the DP operator T', for discounted problems. In
contrast, the proof that follows relies on a different and less known property
of P, namely, the relation |PJ||p < ||J||p, where || - ||p is the weighted
quadratic norm defined by

n
1713 = J'DJ = w(i)J (0)?,
i=1

where D is a diagonal matrix with diagonal entries 7(1), 7(2),...,7(n), and
where 7(7) is the steady-state probability of state i [cf. Assumption 6.1(b)].
For an outline of the proof, we first show that TD()) can be expressed
in the form
T4l = T+ Ve (A(Xt)rt + b(Xt)),

studied in Section 4.4.1, where X; is a suitably defined auxiliary Markov
process. We then derive formulas for the steady-state expectation of A(X;)
and b(X;) (Lemma 6.5). Finally, we use an argument involving the norm
Il - |lp, to show that the steady-state average of A(X;) is negative definite
(Lemma 6.6). Convergence then follows once we verify an additional key
assumption of Prop. 4.8 from Section 4.4.1, which is done in Lemma 6.7.

Proposition 6.4: Under Assumption 6.1, the sequence r; generated
by Eqgs. (6.36) and (6.37) converges, with probability 1.
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Proof: As mentioned earlier, the proof rests heavily on the lemma that
follows.

Lemma 6.4: For any J € R, we have |PJ|p < ||J]|p-

Proof: Let p;; be the ijth entry of P. Then,
\PJ||% = J P DPJ

We have used here the inequality E[J(iH_l) | it = i]2 < E[J(it+1)2 | i =
i}, as well as the property 7/ P = n’ of the vector of invariant probabilities.
Q.E.D.

Let X¢ = (it,4¢41, 2¢). It is easily seen that X; is a Markov process,
with an infinite state space (since z; takes real values). Indeed, z;y; and
it+1 are deterministic functions of X, and the distribution of it only
depends on 4;41. This Markov process has a steady-state version, which
can be constructed as follows. We first construct a stationary Markov chain
iy, —00 < t < 0o, whose transition probabilities are given by P, and we

then let ,

=Y (a\)t=7g(ir). (6.38)
T=—00
It is easily seen that the resulting process X: is stationary, i.e., it is a
Markov chain in steady-state. We will use Fy[-] to denote expectation
with respect to the steady-state distribution of X;.
Note that

dy = g(it,it+1) + aJ(it+1,Tt) — J(’L't,’l“t>
= g(ie, ie41) + ad(itr1)'re — @(i) 1+
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Hence, the step d;z; involved in the update of r; is of the form
dize = A(Xe)re + b(X3),
where b(X;) is a K-dimensional vector defined by
b(X¢) = 2tg(it, ie41),
and A(X:) is a K x K matrix defined by
A(Xy) = 2 (ag(ivt) — ¢(ie)').

Let
b= FEy [b(Xt)},

and
A= Bo[A(X0)].

Lemma 6.5: We have

A=®'D(M - I)d,

where -
M=(1-X) ) Am(aP)mtL.
m=0
Furthermore,
b= ®'Dg,
where

g= > (aAP)mg,
m=0

and where g is a vector in R®" whose ith component is given by g(7)

Proof: We observe that for any two vectors J and .J, we have

n

Eo[J(i0) T (im)] = > (i)Y Plim = j | io = 4)J ()T (j)

i=1 =1

U (6.39)
(i) J (i) [P J) (i)

-

i=1

J'DPmJ,
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where the notation [P.J](i) stands for the ith component of the vector
PmJ. By specializing to the case where J = ®r, J = @7, we have J(ip) =
@d(io)'r and J(im) = ¢(im)'T, and we obtain

Ey [r’qﬁ(io)qﬁ(im)’ﬂ = r/'®' DPmPT,
Since the vectors r and T are arbitrary, it follows that
Eo[¢(i0)¢(im)'| = @' DP™P.
Using Eq. (6.38), with t = 0 and 7 = —m, we obtain

[zo(ﬁ(lo = Z P(i—m)(aX)™d(io)’

m=0

=o'D > (a\)mPmo.

m=0
Using a similar argument, we also obtain
[e.e]
Eolz0¢(i1)'] = ®'D > (aX)mPmH1d,
m=0
Hence,

A= By [a(ad(in) - o(io))]

=®'D Y (a\)m(aPmtl — Pm)d

m=0
=d'D ( Z Am (aP)m+1 — I) )
m=0
= &'D(M — I)®.

We now use Eq. (6.39), with J = ®r and J = g, to obtain

r’'b = Ey [r’zog
= Eo[

i0,71)]

0)]
7/ Z (aX) ™ (i—m (zo)]

(
0g (i

:EO

o
= '®'D Z (aAP)™

m=

Since the vector r is arbitrary, the desired formula for b follows. Q.E.D.
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Lemma 6.6:

(a) For every vector J € R, we have

1—A
a7 < SNy

1—

(b) The matrix A is negative definite.

Proof:

(a) Recall that
1PJp <|Jlp, V¥

From this, it easily follows that
| PmJlp < |IJ]lp: v J, m > 0.
Using the definition of M and the triangle inequality, we obtain

a(l—=2X)

Toan 17l

1M | < (L=X) Y Amamti|J|p =

m=0

(b) Let ||| stand for the Euclidean norm. Using the Schwartz inequality,

we have
J'DMJ = J'DY2D/2M J
< [DV2g] - D2 M|
— | llp - Ml
<alJlp-[|/]lp
=aJ'DJ.
Thus,

JD(M —1)J < —(1—a)J'DJ <0, VY .J#0,

which proves that D(M —T) is negative definite. Using the assumption
that the matrix ® has full rank, it follows that A = ®’D(M — I)® is
also negative definite. Q.E.D.

We have established so far that the algorithm is of the form
T4l = Tt + Ve (A(Xt)rt + b(Xt)),

and that the steady-state average of A(X:) is negative definite. If A(-) and
b(-) did not depend on X, convergence would follow at once by considering
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the potential function || — 7*||2, where || - || is the Euclidean norm and
r* is the solution of Ar + b = 0. However, because of the dependence
on the Markov process X;, we need to resort to the convergence results
of Section 4.4. These results require that the dependence of A(X;) and
b(X:) on X, for 7 < t, be exponentially decreasing. We will show that
this is indeed the case, using the fact that the dependence of i; on ig is
exponentially decreasing in ergodic finite state Markov chains. In addition,
the formula for z; involves an exponentially decaying dependence on the
past. These considerations are translated into a formal argument in the
lemma that follows.

Lemma 6.7: There exists some p < 1 and some C > 0 such that for
every t > 0 and every X,

|E[A(Xe) | Xo = X] — Al < O,

and
B[ | X0 = X] —b] < st

Proof: Let B be a constant such that ||¢x(i)|] < B for all k and 7. Note
that every component of z; is bounded in magnitude by B/(1 — a\).
We have

E[A(X)) | Xo] = E[zt (ag(irsr) — (i) | o, in, zo]
Let us focus on the term E[z¢(i;)’ | io,i1,20]. We have

Elz(i)' | do,i1, 20] = E lz G(im) (@N) = (ir) | i, 41, Zo]

m=0

D dlim)(@N)=me(ir)

m=—0o0

= Eo[z0(it)'] + f1(t) + f2(t),

= Eo + fi(t) + f2(t)

where
A =E Y éim)(@N)t=me(ir) | iovilsz]
m=0
~ B |3 ¢<im><ax>t—m¢<z‘t>'1 ,
m=0
and .
fo(t)=—Eo | Y ¢(im)(a/\)t‘m¢(it)’] :
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We will now show that f1(t) and f2(t) decay exponentially as ¢ tends
to infinity. Regarding fa2(t), this is fairly obvious because all entries of
@ (im)@(i1)" are bounded by a deterministic constant and because

-1

Yo (@)= (aN)t Y (e,

m=—o0 m=1

which is an exponentially decaying function of t.
Regarding fi1(t), we first consider the difference

E[¢(im)o(it) | i0,11,20] — Eo[¢(im)d(it)'].
For 1 < m < t, this is equal to

n n

> Plim =4 | i0)6()E[@(ir) | im = 3] =Y 7()G)E[¢(ir) | im = j].

j=1 j=1

Because the m-step transition probabilities P (i, = j | i1) converge to the
steady-state probabilities 7(j) exponentially fast in m, we conclude that
this difference is bounded in magnitude by C1p! for some p; < 1 and some
Ci. For m = 0, the difference under consideration is clearly bounded by a
constant C7. We then see that the magnitude of f1(t) is bounded above by

t

C1 Y (aN)i=mpr,

m=0

which decays exponentially to zero as ¢ converges to infinity.
By a similar argument, we also obtain

Elzag(iv1)" | 0,1, 20) = Eolzad(irt1)] + f3(t),

where f3(t) decays exponentially with ¢. It then follows immediately that
the difference between E[A(X;) | Xo] and A decays exponentially with ¢.
The proof for b(X;) is similar and is omitted. Q.E.D.

We can now invoke Prop. 4.8 from Section 4.4.1 and conclude that r;
indeed converges to the unique solution of the system Ar+b=0. Q.E.D.
Interpretation of the Algorithm and Error Bounds
As shown in the proof of Prop. 6.4, the sequence of parameter vectors r;

converges to some limit, call it r*, that satisfies Ar* + b = 0. We now set
out to develop an interpretation of this limiting vector r*, and to derive a
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bound on the magnitude of the difference between the approximate cost-
to-go ®r* and the true cost-to-go J# of the policy under consideration.
For 0 < A < 1, we define an operator T'») by letting

TN = (1=A) > Am(aP)mtL] + Y " (aAP)mg = MJ +q, (6.40)
m=0 m=0

where M and ¢ have been defined in Lemma 6.5. Using simple algebra, it
can be verified that for A < 1 we have

(TNT)(@) = (1=X) Y AmE | Y atgliv,irgr) + o (img1) ‘ io = Z‘| :
m=0

t=0

and for A =1,

(TMI) (i) =Y amE[g(im,imt1) | io = i] = Jn(i).

m=0

It is seen that (M) J# = Jr, Furthermore, because of the result in Lemma
6.6(a), the mapping TV is a contraction mapping with respect to the norm
I lip-

We have seen in Section 5.3 that the TD(A) method, for the case of a
lookup table representation, is a Robbins-Monro stochastic approximation
method for solving the system of equations T(»).J = J, and J# is the unique
solution [cf. Eq. (5.29)]. In particular, given a cost-to-go estimate J, T} J
is a new, and hopefully better, estimate based on a weighted average of
m-step Bellman equations, for all nonnegative m.

We now return to the case where function approximation is used, and
where we have convergence to the solution of the system Ar +b = 0. Note
that

Ar+b=9'D(M — I)®r + &' Dq
=9 D(MPr+q) — &' DOr
= &' DTN (Pr) — &' DPr.

The matrix ®’D® is invertible because D is a diagonal matrix with positive
diagonal entries and the matrix ® is assumed to have full rank. Hence, the
system Ar + b = 0 can be rewritten as

(' DP)-19' DTN (&r) = Pr,

or
T (®r) = o,

where II is the matrix defined by

I = &(&'DP)-19'D.
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The lemma that follows provides an interpretation of the matrix II;
it shows that it corresponds to a projection on the space of all vectors of
the form ®r, with respect to the norm || - || p.

Lemma 6.8: Assume that the matrix ¢ has linearly independent
columns and let IT = ®(®'DP)~1d’D. For every vector J, we have

IILJ — J||p = mrin||<I>7" —J|p.

Proof: We minimize the objective function ||®r — J||%,, with respect to r,
by writing it in the form /&’ D®r—2r'®' DJ+J'DJ. We take the gradient,
and set it to zero, to obtain that the optimal solution ®r is given by ILJ.
Q.E.D.

Having come to the conclusion that r* satisfies [IT(N) (®r*) = ®r*, we
can imagine the following algorithm. Start with a vector r and the corre-
sponding approximate cost-to-go function ®r, and then compute TV (dr).
Because the latter vector need not be within the set of vectors that can be
represented by the approximation architecture, we project it on the space
of possible approximate cost-to-go vectors, to obtain IIT () (®r). This al-
gorithm, namely,

J :=TTWM(Dr),

is guaranteed to converge because T(» is a contraction, and II is a non-
expansion in the sense that ||ILJ||p < ||J||p (this is a generic property of
projections). The TD()) algorithm can be now understood as a method
that leads to the same limit point, by taking small steps based on simula-
tion, as opposed to using exact calculations and exact projections.

Our next step is to develop error bounds. Because a similar situation
will be encountered in later sections, we first develop a general result, and
then specialize it to the current context.

Lemma 6.9: Suppose that 7' : £ — R7 is a contraction mapping,
with respect to the norm || - || p, with contraction factor § < 1, and
with a fixed point J*. Let II be the projection on some subspace of
Rr, with respect to the same norm. Then, the system of equations
IITJ = J has a unique solution J that satisfies

[T = J*||p

J—=J*||p <
R
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Proof: Existence and uniqueness of a solution J follows from the con-
traction mapping theorem (see e.g., [BeT89], p. 182, or [Lue69], p. 272),
because the mapping J +— IITJ is a contraction. We now have

1] = J*|lp < ||J = ILT*|[p + [ILJ* = J*|[p
= |IITJ — OTJ*||p + |TJ* — J*||p
< BIT = J*lp + |[ILT* = J*| p,

and the result follows. Q.E.D.

We now use Lemma 6.9 to obtain error bounds for TD()). Recall that
the operator T(M) is a contraction (with respect to || -|| p), with contraction
factor 8 = a(1 — A)/(1 — a) (cf. Lemma 6.6), and its fixed point is J*.
Furthermore, the temporal difference algorithm converges to a vector ®r*
such that 1T (®r*) = &r*. We observe that 1 — =1 — (1 — \)/(1 —
al) = (1 —a)/(1 — aX), and we have the following result.

Proposition 6.5: Let r* be the limit of the sequence r; generated
by the TD()) algorithm described by Egs. (6.36) and (6.37). We then

have
— a\

—

1
|@re — ullp < =22 Tk - T .

Note the term ||ILJ# — J#||p. When the error is measured according
to the norm || - ||p, ILJ# is the best possible approximation of J#, given
the available approximation architecture, and this sets a lower bound for
the approximation error. For the case A = 1, this lower bound matches
the upper bound, and we have ®r* = IIJ#. As A decreases, the numerator
term increases and the bound deteriorates. The worst bound, namely,
|[TLj# — Jr||p/(1 — @) is obtained when A = 0. Although this is only
a bound, it strongly suggests that higher values of A\ can be expected to
produce more accurate approximations of J*. This is consistent with the
conclusions that were reached in Example 6.5.

The Case of an Infinite State Space

The case of an infinite state space (either discrete or continuous) has not
been addressed before in this book. However, TD()) is often used in prob-
lems involving infinite state spaces and for this reason, it is important to
point out that Props. 6.4-6.5 extend to that case, under mild assumptions
(see Tsitsiklis and Van Roy [TsV96b]). Some, but not all, of the assump-
tions required are of the following type (see [TsV96b] for exact statements).
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(a) We need E[A(X:) | Xo] to converge to its steady-state expectation
A sufficiently fast, which is the case in many applications of practical
interest (compare with Lemma 6.7).

(b) The “basis functions” ¢ (-) need not be bounded, as long as their
rate of increase is smaller than the decay rate of the steady-state
probabilities. For example, if the state space is the set of all x € &n»
and if the steady-state probability distribution decays exponentially
with z, the basis functions are allowed to grow polynomially.

Remarks on TD(0) and the Possibility of Divergence

According to our results, for the case of linear architectures, TD(0) is guar-
anteed to converge as long as our updates are based on complete trajecto-
ries, generated according to the policy under consideration. Let us consider
now a version of TD(0) that rests on the simulation of individual, possibly
unrelated transitions.

At stage t of the algorithm, we have available a parameter vector
rt. We choose some state i; and simulate a transition to a next state i;.
(Unlike our previous development, i;+1 need not be the same as i;.) We
then update r; according to the TD(0) update rule, which is

Te41 = Tt + Y (e )de

- _ 6.41
=i+ 7ed(ie) (9(it, i) + g (ir)'r — p(ir)'r). (641

If the states i; are independent identically distributed samples, drawn ac-
cording to the steady-state probabilities 7 (i), the convergence result of
Prop. 6.4 remains valid. What happens is that the random matrices A(X%)
are replaced by independent identically distributed random matrices Ay
satisfying E[A:] = A, and similarly for b(X;). Thus, the algorithm is of the
form

ree1 = re + Y (Agre + be),

with E[A:] negative definite, and convergence follows easily from a potential
function argument. This suggests that there is no imperative to select
sample states by simulating trajectories. Any other method that leads
to sample states drawn according to the steady-state probabilities would
do. Realistically, however, simulation of long trajectories is the only viable
method for generating samples of the steady-state distribution.

If we sample states with frequencies other than the steady-state prob-
abilities, the expectation F[A:] changes, and there is no guarantee that it
is negative definite. In particular, the algorithm can diverge, as shown by
the example that follows.
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Example 6.7

Consider the two-state Markov chain shown in Fig. 6.6. Assume that all
transitions carry zero cost and let o < 1 be the discount factor. Consider an
approximate cost-to-go function J (¢,7) involving a single scalar parameter r,
of the form J(1,7) = r and J(2,r) = 2r. Note that ¢(1) = 1 and ¢(2) = 2.

1-¢

Figure 6.6: A two-state Markov chain.

At a typical iteration of the algorithm, we let r; be the current value
of the parameter r and choose a state ix which is either 1 or 2 with equal
probability. We assume that the choices of i; for different times ¢ are inde-
pendent. We then simulate a transition to a next state i;, form the temporal
difference d¢, and update r according to the TD(0) update rule (6.41). By
taking expectations, and using the fact that i = 1 with probability 1/2, we
obtain

Elren] = Elrd + 'yt%(2a 1) E[r] + %%2((1 — (20— 2) + el — 2)) Elr]

= Blri + 5 (60— 5+ 0(e)) Elrd],

where O(e) is a term which is linear in e. We observe that if & > 5/6 and e
is small enough, E[r:] is multiplied by a constant larger than 1 and therefore
diverges.

This is to be contrasted with the trajectory-based TD(0) method. As-
suming that € is very small, the vast majority of the transitions are from state
2 to itself and we have

Elrisa] = Elrd +7%22a = 2)Elrd + O(e) Erd,

which converges because o < 1, in agreement with the results in this section.

A similar potential for divergence exists for TD(A), with A > 0. Our
convergence results assume that we generate temporal differences along a
complete trajectory (for discounted problems, an infinitely long trajectory,
and for stochastic shortest path problems, a trajectory that reaches the
termination state). With other mechanisms, however, divergence is possi-
ble. Suppose for example that we pick a random initial state (according
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to a fixed distribution), that we run the temporal differences algorithm for
N steps (where N is a fixed constant), and then restart. This algorithm is
more general than the one considered in Example 6.7 (where we had A = 0
and N = 1), and can therefore diverge.

6.3.4 TD(\) with Linear Architectures — Stochastic Shortest
Path Problems

We will now derive convergence results for the TD(A) algorithm applied
to stochastic shortest path problems. We assume that state 0 is absorbing
and cost-free, and that we are dealing with a fixed proper policy. As in the
preceding section, we consider a linear approximation architecture of the
form

JG,r)=¢@i)yr, i=0,1,...,n,
together with the convention ¢(0) = 0.

We focus on an off-line method in which an update of the parame-
ter vector r is carried out whenever a trajectory is completed. A general
iteration of the algorithm works as follows. We choose an initial state
1o randomly and independently from the past of the algorithm, accord-
ing to some fixed probability distribution. We then generate a trajectory
(40,91, ...,9N), where N is the first time that state 0 is reached. Given the
current parameter vector r, the temporal differences d; are defined by

di = g(it,it41) + O(ieg1)'r — o(ie)'r, t=0,1,...,.N —1.
We also define eligibility coefficients z;, which are initialized with
20 = ¢(io),
and are updated according to
2i41 = Azt + d(it4+1), t=0,1,...,N —2.

At the end of a trajectory, we update the parameter vector r according

to
N-1

ri=r+7 Z zedy
t=0
N-1
=r+7 Y 2(glis,ity1) + @liver)'r — o(ic)'r).
t=0

(6.42)

We assume that the stepsize remains constant during each trajectory and
we let v, be the stepsize used in the course of the kth trajectory.

The convergence result that follows will be proved by an argument
similar to the proof of Prop. 6.4, but there are some differences that make
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this proof a little easier. In Prop. 6.4, we used ¢ to index individual tran-
sitions of the Markov chain, whereas here ¢ is used to index trajectories.
Because different trajectories are independently generated, the algorithm
will be expressed in the form

ri=r+y(Ar + b+ w),

where w is a zero mean noise term, which is independent from one iteration
to the next. We argue as in the proof of Prop. 6.4 to obtain a formula for
A and show that A is negative definite. Convergence is then established
using the results of Ch. 4.

Proposition 6.6: Suppose that the stepsizes 5 are nonnegative and
satisfy > p- o vk = 00, and Y, ;77 < co. Suppose also that all states
have positive probability of being visited by the algorithm. Finally,
suppose that the columns of the matrix ® are linearly independent.
Then, the sequence of vectors r generated by Eq. (6.42) converges with
probability 1.

Proof: We define a matrix A and a vector b by letting

A=F

N—-1
Z 2t (plies1) — ¢(it)’)1 :
t=0

and

b=FE

N-1

> Ztg(it7it+1)] :

t=0

Then, the algorithm is of the form
ri=r+~vyAr+b+w),

where w is zero-mean noise, which is independent from one iteration to the
next. Furthermore, w is affine in r and therefore its variance increases lin-
early with ||r||2. In particular, the assumptions on w that were introduced
in Section 4.2 are satisfied.

We will prove that the matrix A is negative definite. This will imply
that the expected direction of update Ar + b is a descent direction, with
respect to the potential function ||r — r*||2, where r* satisfies Ar* +b =0,
and where || - || is the Euclidean norm. Convergence will then follow from
Prop. 4.1 in Section 4.2.
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‘We have

=

-1

A=F 2t (P(ire1) — ¢(it)/)]

1T
~+
Il
o

i

m=0
t

M7 1

=F

t=

o

m=0

where the last step uses the convention ¢ (i)

Z A= (i ) (D (i41)" — D(ir)’)

A= (i ) (P 11) — ¢(it)’)] ;

Chap. 6

= ¢(0) =0 for k> N.

Let P be the n x n matrix with the transition probabilities p;;, %, 7 =
1,...,n. Since the policy is proper, P™ converges geometrically to zero.
Let qo(i) = P(ip = i); these are the probabilities according to which the
initial state ig is chosen. Similarly, let ¢, (¢) = P(im = ¢). Form =0,1,.. .,

let @ be a diagonal matrix whose diagonal entries are g, (7).

Using the same calculation as in the proof of Lemma 6.5, we obtain

E[¢(im)(ir)] = ®'QmPt=—m®,

Using this relation, we conclude that

A= i > Qu(AP)=m(P —1)®.

t=0 m=0

Let

Vit>m.

Lemma 6.10: The matrix B is negative definite.

Proof: Rearranging the order of the summation, and letting k = t — m,

we obtain

k:O

m=0
Q

(M )

)\kPkJrl I)
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where -
Q = Z va
m=0
and -
M= (1-X)> AkPktL,
k=0

(Note that @ is finite because the diagonal entries of @, decay exponen-
tially with m.) By our assumption that all states have positive probability
of being visited, () has positive diagonal entries and is positive definite.
Note that if A = 1, then B = —@Q and we are done. We therefore assume
that A < 1.

Let ¢ (respectively, ¢n) be a vector whose components are the diag-
onal entries of @ (respectively, Q). It is easily verified that ¢ P = ¢},
and therefore ¢'P = ¢’ — ¢{, < ¢; that is,

Z(J(i)pia‘ <aq(j), Vi

We define a norm || - || by letting ||J||?, = J'QJ. Using an argument
similar to the proof of Lemma 6.4, we obtain

1Pl < le: ¥ J,

which leads to
[P* 1Tl < g, ¥V J, k=0.

Let us focus on the case 0 < A < 1. Since M is a weighted average
of the matrices P5+1, we obtain ||MJ|qg < ||J|l@. For any J # 0, PkJ
converges to zero, which means that the inequality ||P¥*+1J|o < ||J|l¢q is
strict for some k. It then follows that ||MJ||g < ||J||q for all J # 0, which
implies that there exists some p < 1 such that |MJ|g < p||J]|q for all J.
From here on, we follow the exact same steps as in the proof of Lemma
6.6(b), and conclude that B is negative definite.

We now consider the case A = 0. (This case needs separate treat-
ment because we have M = P and the inequality ||PJ|o < ||J]||q is not
necessarily true for all J # 0.) Using the Schwartz inequality and the fact
I1PJ]lo < ||J|lq, we obtain

JQPJ < |Jllq-[PJlle < [IJ]5 = J'QJ. (6.43)

The inequality (6.43) is strict unless J and PJ are colinear and ||PJ||q =
|[7]l@- This implies that the inequality is strict unless PJ = J or PJ = —J.
In either case, we obtain P2mJ = J for all m > 0. Since we are dealing
with a proper policy, P2™ converges to zero, and we must have J = 0.
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We conclude that the inequality (6.43) is strict for all J # 0. Therefore,
the matrix Q(P — I) is negative definite, and the desired result has been
established for the case A =0 as well. Q.E.D.

Due to the full column rank assumption for ®, negative definiteness of
®’BP = A follows, and the proof of the proposition is complete. Q.E.D.

Example 6.7 can be reformulated as a stochastic shortest path prob-
lem, by interpreting 1 — @ as a termination probability. Once more, we
see that divergence is possible if the states are sampled according to a
mechanism different than the one assumed in Prop. 6.6.

Error Bounds

We can define an operator 7(*) using the same formula as in the discounted
case [cf. Eq. (6.40)], except that we set « = 1. We can then follow the same
line of argument and show that the algorithm converges to a vector r* that
satisfies [T1T'(M) (®r*) = $r*, where II is now the projection with respect to
the norm || - ||g. We can also duplicate the argument that led to Prop. 6.5
and arrive at the error bound

[TLTE — J|lq
1-8

where 3 is the contraction factor of the operator T»). Similar to the
discounted case, this is the same as the contraction factor of the matrix

[®r* = Jrflg <

M= (1-X)> AkPk+L,
k=0

It is possible to develop estimates for the contraction factor of M, in terms
of the rate of convergence of P¥ to zero, but we do not pursue this subject
any further. We observe, however, that when A = 1, we have M = 0 and
(3 =0, and we obtain the most favorable bound.

OPTIMISTIC POLICY ITERATION

In the approximate policy iteration approach discussed in Section 6.2, we
fix a policy, and construct an approximation J (+,r) of JH, by solving a least
squares problem or by running TD()\). We then perform a policy update by
switching to a new policy T which is greedy with respect to J (-,7), that is,
a policy @ that satisfies TJ = Tﬁj . An alternative is to perform a policy
update earlier, before the approximate evaluation of J# converges. An
extreme possibility, in the spirit of the optimistic policy iteration method of
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Section 5.4, is to use a simulation-based method for approximating J* and
to replace u with & subsequent to the simulation of every state trajectory
or even subsequent to every state transition. The resulting type of method,
which we will again call optimistic policy iteration, is often used in practice,
sometimes with success, even though there is little understanding of its
convergence behavior.

There are many possible variations of optimistic policy iteration. We
mention a few below.

Optimistic TD()) for Discounted Problems

Consider a discounted problem and let i), stand for the simulated sequence
of states. We will describe here the TD(\)-based variant of optimistic policy
iteration that updates the current policy after every state transition.

At a typical iteration, we are at some state iy and we have a current
parameter vector 7. We select uy € U(iy) such that

s eH(l]l(n )Zp’bkj(u) (g(Zk,U,]) + Clj(j,’l’k,)), (644)
u i =

we generate the next state i1 by simulating a transition according to the
transition probabilities p;, j(ur), and finally we perform the TD(A) update

k
Tht1 = Tk + 'ykdk Z (Oé/\)k_mVj(im, Tk),

m=0

where dj, is the temporal difference
die = g, Wey i) + @ (i1, 1) — J (i 7).

In fact, this method is not easily implemented because we need to evaluate
a different gradient VJ (i, ri) for each k and m. For this reason, one uses
instead the update rule

k
i1 =1k +di D (@A) (i, 7). (6.45)

m=0

The gradient v.J (im, rm) is evaluated just once, when state 4,, is reached.
If we define the eligibility vector

k
zp = Z (@A) R =N (i, )
m=0
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the algorithm takes the simpler form
Tkt1 = Tk + Vedr 2k,
where z; is updated by
2kl = QAZg + Vj(ik+17 Tht1)-
Note that if we set A = 0, we get an algorithm of the form
Tra1 = Tk + edp VI (i, 1)

We observe that the expectation of dj given the state of the algorithm up
to time k, is given by

Eldy | i, ] = Zpikj(Uk)(g(ik,Ukvj) +ad(j,re)) = J(in, k)
= (TJ (7)) (i) — J (iks 73),s

where uy, is the action chosen by the greedy policy and T is the DP operator.
Since (Tj (-,7%)) (ix) has to be computed anyway in order to determine the
greedy action uyg, it can be used to replace di by its expectation, thus re-
moving some of the noise in the algorithm, and leading to the deterministic
update rule

et = T + 1RV ik, 7) ((Tj(-, ri)) (i) — J (i rk)).

In this case, the only role played by simulation is to generate the trajectory
and select the states iy, but otherwise the algorithm is deterministic, similar
to the simulation-based value iteration algorithm discussed in Section 5.5.

Optimistic TD(A) for Stochastic Shortest Path Problems

For a different variant, suppose that we are dealing with a stochastic short-
est path problem, with all policies proper, that we wish to use TD(}\), and
that we update the policy at the end of each trajectory. Let r; be the value
of the parameter vector at the beginning of the tth trajectory. We pick an
initial state i9 and simulate a trajectory ¢o,1,...,%xN, using the policy pu;
defined by

ut(i) = arg Ienl}l(l) Zpij(u) (9(i,u,5) + j(i,n)), Y i.
J
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Of course, we do not need to generate the policy for all states i; it is only
when the trajectory reaches a state ¢ that we compute (%) as above. Then,
at the end of the trajectory, we update the parameter vector r by letting

N-1 k
Tiel1 =Tt + " Z di. Z )\k*mVj(im,Tt)
k=0 m=0
Vo1 (6.46)
=147 Y VI (ik, ) (di + Adipy + -+ M -1kdy ).
k=0

As discussed earlier (cf. Sections 6.2.1 and 6.3.1), if we were dealing with a
fixed policy and A = 1, this would be an incremental gradient method for
solving a least squares approximation problem.

Optimistic A\-Policy Iteration

Let us discuss another possibility for optimistic policy iteration, which
is attractive primarily in the case of linear architectures. Consider the
stochastic shortest path problem, let r; be the parameter vector after ¢
policy updates, and let p; be the greedy policy with respect to r:. We
then simulate a trajectory io,i1,...,ix using policy u:, and we form the
temporal differences

d = g (i, pe(in), ing1) + J (ipgr, ) — J(in, 7).

We then evaluate p: using a least squares minimization that approximates
the policy evaluation step of the A-policy iteration method of Section 2.3.1,
where A is a scalar satisfying 0 < A < 1. In particular, we calculate

N-1/ N-1 ) 2
7 = argmin y (J(ik,r) — Y Amkdy, — J(ix, rt)) . (6.47)
k=0 m=k

The new parameter vector r;y1 is then obtained by interpolation between
r¢ and 7, i.e.,

rer1 =1t + Ve (Pe — 1e), (6.48)
where ~; is a stepsize that satisfies 0 < 7+ < 1 and diminishes as t increases.

A gradient iteration for performing the least squares minimization
(6.47) has the form

N-1 N-1
Fe=rotye Y V(in,re) Y Am=hdy, (6.49)
k=0 m=k

which is identical to the optimistic TD()) iteration (6.46). Thus, we can
view the optimistic A-policy iteration (6.48) as a version of optimistic
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TD(A) where the gradient increment in Eq. (6.49) is replaced by the least
squares minimization increment 7 — r4 in Eq. (6.48).

Note that there are variants of the optimistic A-policy iteration meth-
od that use multiple simulated trajectories at each iteration, and there are
also discounted cost variants. In the extreme case of a very large number of
trajectories per iteration and a stepsize 7+ = 1, we obtain an approximate
(nonoptimistic) version of the A-policy iteration method of Section 2.3.1.

Optimistic Policy Iteration Using Kalman Filtering

Recall that the TD(1) update rule has been motivated as an incremental
gradient method for solving the least squares problem associated with ap-
proximate policy evaluation. As discussed in Section 6.2.1, the extended
Kalman filter can be used for the same purpose (or the ordinary Kalman
filter, if the approximation architecture is linear). Kalman filters can also
be used to perform parameter updates in optimistic policy iteration; the
algorithm is essentially the same as the one used when simulated trajectory
costs are generated under a fixed policy. Here, one may wish to employ a
weighted least squares criterion (e.g., the exponentially weighted cost dis-
cussed in Section 3.2), that places more emphasis on recently simulated
trajectory costs. As policies change in the course of optimistic policy iter-
ation, the Kalman filtering algorithm will then attempt to provide a good
fit to the more recent simulated trajectory costs, and will therefore reflect
the costs-to-go of recently used policies. Still, if there is to be a hope of
parameter convergence, weighting should be gradually eliminated as the
algorithm progresses.

Optimistic Policy Iteration with an Action Network

As discussed in Section 6.2, approximate policy iteration may sometimes re-
quire the use of an action network to represent the current policy. We then
noted that (nonoptimistic) approximate policy iteration consists of a suc-
cession of phases: the cost-to-go approximator is trained during one phase
and the action network during the next. With optimistic policy iteration,
however, the two approximation architectures can be trained concurrently,
as we proceed to illustrate.

Suppose that u is allowed to take arbitrary scalar values and let us use
an approximation architecture [i(i,v) to represent policies. One method,
based on optimistic TD(A) is as follows. At time &, we have a policy fi(-, vk),
an approximate cost-to-go function .J (-,7k), and the current state is ir. We
apply the decision ur = [i(ig,vk), simulate a transition, and update 7
on the basis of the observed temporal difference di, as in Eq. (6.45). In
addition, we compute

% Zpikj <u) (g(llﬁ uvj) + j(j7 rk))a (650)
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evaluated at @ = fi(ix, vk ), and update the action network according to
. 0 . N G
V41 = Uk — VVvM(Zk,vk)a—u > pigi(u)(glin, u, ) + J(G,rx)). (6.51)
J

Similar to the update equation (6.10) in Section 6.2.1, the form of the
update equation (6.51) can be motivated as a gradient descent step for
minimizing

> pis (i, ) (9 (i i, 0).5) + T(G70)).

with respect to v. This method is of interest if the expression (6.50) is
easier to compute than the greedy decision given by Eq. (6.44).

Partially Optimistic Policy Iteration

Consistently with the discussion in Section 5.4, there is an intermediate
class of algorithms whereby we update the policy frequently (before the
approximate policy evaluation converges) but not as frequently as every
transition or every trajectory. In particular, for the case of a stochastic
shortest path problem, each iteration may consist of the generation of a
fixed number of trajectories using the current policy, and a corresponding
parameter vector update using one of the algorithms discussed so far.

Exploration

Optimistic policy iteration relies on a greedy policy for simulating the sys-
tem, which raises the possibility of inadequate exploration of the state
space, the issues being the same as those discussed in Section 5.5. In par-
ticular, it is possible that certain profitable alternatives are never explored
and remain undiscovered. In Section 5.5, this difficulty was circumvented
by starting with an underestimate of the optimal cost-to-go function J*,
and then ensuring that we have an underestimate throughout the duration
of the algorithm. However, once function approximation is introduced, the
initial condition J < J* cannot guarantee that this relation will remain
true, and inadequate exploration is possible. One possibility for guaran-
teeing adequate exploration of the state space is to frequently restart the
trajectory and to ensure that the initial states employed form a rich and
representative subset of the state space, or to introduce some artificial noise
in the decisions. Exploration is somewhat less of an issue in problems with
a lot of randomness; it is a major concern, however, for deterministic or
close-to-deterministic problems.
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6.4.1 Analysis of Optimistic Policy Iteration

We have seen in Section 6.2 that (nonoptimistic) approximate policy it-
eration offers some performance guarantees but on the other hand, it has
the potential for oscillation. For example, starting with a moderately good
policy, and with J fairly close to J*, the next policy can be much worse,
and the evaluation of the new policy can lead to a vector J which is further
away from J*. In contrast, with optimistic policy iteration, once a bad
policy is adopted, J starts moving gradually away from J* and there is the
hope that while this happens, the policy will be updated again to avoid a
move far away from J*. It is unclear whether such a self-correcting mech-
anism will always be operative, but the example that follows gives some
insight into such a phenomenon.

Example 6.8

Consider a discounted problem with the structure shown in Fig. 6.7(a). Sup-
pose that we start with the (optimal) policy u*, which decides to go to state
2. With approximate policy iteration, we simulate this policy a few times and
average the simulated costs to form an estimate of the cost-to-go J*(1). While
the mean value of the estimate is 0, suppose that the randomness in the sim-
ulation leads us to J(1) < —e/a. We then adopt a new policy p that chooses
to stay at state 1. The cost-to-go J(1) under policy p is €/(1 — «) and for «
close to 1, the error in the evaluation of the previous policy is greatly ampli-
fied [cf. Fig. 6.7(b)]. A subsequent policy update based on J(1) =€¢/(1 — a),
J(2) = 0, takes us back to the optimal policy u*.

Let us now consider optimistic policy iteration and suppose that at
some point, J(1) becomes less than —e/a, so that the policy u of staying at
state 1 is preferred. As long as J(1) < —e/a, this policy remains in effect and
the TD(A) updates gradually increase J(1). As soon as J(1) becomes larger
than —e/a, we switch back to the optimal policy u* [cf. Fig. 6.7(c)]. The key
difference between the two methods is that under optimistic policy iteration,
the selection of an erroneous policy was corrected much faster and the size of
the oscillation of J(1) became much smaller.

We have argued that the behavior of optimistic policy iteration may
be less oscillatory relative to its nonoptimistic variant and we can ask
whether this behavior can be mathematically substantiated. We thus con-
sider the following two questions:

(a) Assuming that the generated policies converge, how close to optimal
is the limit policy?
(b) How common is policy oscillation, and what are the properties of the

policies involved in the oscillation when policy oscillation occurs?

For the lookup table case, we saw in Section 5.4 that if the policies
generated by optimistic policy iteration converge, and if the policy evalua-
tion method employed is sound, then the method converges to an optimal
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Figure 6.7: (a) There are two decisions at state 1: stay at a cost of € > 0,
or move to state 2 and incur a random cost whose mean is equal to 0. Once
at state 2, we must stay there, at zero cost. (b) The behavior of approximate
policy iteration. (c¢) The behavior of optimistic policy iteration.

policy. We now develop an analogous result that takes function approxi-
mation into account. We only discuss the case of discounted problems.
Suppose that the approximation architecture is rich enough and that
the policy evaluation algorithm is sound, in the following sense: if the
policy 1 is held fixed, the algorithm converges to some J that satisfies

max ’j(z) - J“(i)’ <e, (6.52)

where € is some constant [compare with Eq. (6.12)]. Furthermore, suppose
that the sequence of policies generated by optimistic policy iteration con-
verges to some limit policy . Using our assumption above, this implies
that the sequence of vectors J converges. In addition, the limit policy y is
greedy with respect to the limit vector J, because otherwise it would have

been revised; hence,
TJ=1T,J. (6.53)

We rewrite Eq. (6.52) in the form
J#—eegng#—kee,

where e is the vector with all components equal to 1. Using also Eq. (6.53),
we obtain

TJr > T(j— ee) = TJ — cee = Tuj —aee > T, JF — 2aee = JH — 2aee.
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By operating on both sides of this inequality with T', we get
T2Jr > TJr — 2ea?e > JH — 2¢(a + a?)e.
Continuing similarly, we obtain
TEJr > Jr —2e(a+ a2+ -+ + ak)e, v k.
Using the fact that T*J# converges to J*, we obtain

2ex

Jr< T e (6.54)

Recall that the error bounds for nonoptimistic policy iteration were
of the form O(1/(1 — @)2) (cf. Prop. 6.2). The bound (6.54) is better by
a factor of O(1/(1 — «)), but this does not mean that optimistic policy
iteration is preferable, because our assumption that we have a convergent
sequence of policies typically fails to hold. In fact, under the comparable
assumption that the policies generated by nonoptimistic approximate pol-
icy iteration converge, the same argument as above leads to the same bound
(6.54). Thus, under the unrealistic assumption of policy convergence the
bounds for the optimistic and nonoptimistic variants are the same.

On the other hand, we will explain in the next subsection that failure
of policies to converge is prevalent. This leaves us with a major theoret-
ical question. Is there some variant of optimistic policy iteration that is
guaranteed to lead to policies whose performance is within O(e/(1 — @),
or even O(e/(1 — )?) of the optimal, where € is some constant that char-
acterizes the power of the approximation architecture? As of this writing,
the answer is not known.

6.4.2 Oscillation of Policies in Optimistic Policy Iteration

We mentioned earlier that a basic characteristic of nonoptimistic policy
iteration is that the parameter vector as well as the corresponding policy
may change substantially from one iteration to the next, and that a sus-
tained policy oscillation will often result in the limit. One may hope that
in optimistic policy iteration, where parameter changes are more gradual
and tend to zero because of a typically diminishing stepsize, some form of
convergence of policies may be obtained.

Unfortunately, however, it turns out that there is a fundamental struc-
ture, common to all approximate policy iteration methods, that causes os-
cillations. In fact we will see that in optimistic policy iteration, oscillations
are more complex and less well understood than in its nonoptimistic ver-
sion. In particular, we will encounter a phenomenon, called chattering,
whereby there is simultaneously oscillation in policy space and convergence
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Figure 6.8: Chattering phenomenon in optimistic policy iteration. The plot at
the top shows the oscillatory performance of the sequence of policies generated by
optimistic policy iteration. The plot relates to the football problem discussed in
detail in Section 8.2. Each data point gives the cost-to-go from a fixed initial state,
calculated accurately by Monte Carlo simulation using many thousands of trajec-
tories. The plot at the bottom shows the generated sequence of parameters of a
linear architecture based on quadratic polynomials, which is used to approximate
the cost-to-go of the different policies. While there is apparent parameter conver-
gence, the limit parameters do not correspond to any of the generated policies,
and cannot be used to approximate the optimal cost-to-go function.

i parameter space. Furthermore, the limit to which the parameter se-
quence converges need not correspond to any of the policies of the problem.
It may instead be a boundary point on some surface that separates policies
in parameter space. Figure 6.8 illustrates the chattering phenomenon with
an example from the football case study (cf. Section 8.2).

To understand the chattering phenomenon, let us consider the stochas-
tic shortest path problem and let us fix the approximation architecture
J(i,r). We note that .J defines for each stationary policy u, a set R, of
parameter vectors r for which p is greedy with respect to J(-,7), that is,

R#: r :LL(Z):argu?&%)zplj(u)(g(lauh?)+j(]7r))72:177”
=0
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These sets form a partition of the parameter space into the union U, R,
which we refer to as the greedy partition, and which is a generalization of
the greedy partition introduced in Section 5.4.1.

Let us also consider an iterative policy evaluation method within an
approximate policy iteration scheme, such as for example TD(A) or Monte-
Carlo simulation, and for simplicity, let us assume that if we fix p, then the
policy evaluation method converges to a unique parameter vector r,. Then
the trajectory of nonoptimistic policy iteration is specified by the choice of
the initial policy uo [or alternatively the initial parameter vector o, which
specifies po as a greedy policy with respect to J(-,70)]. The method first
generates r,, by using the given iterative policy evaluation method, and
then finds a policy ui that is greedy with respect to j(-,rm)), ie., a ui
such that

Tuo € Ryy -

The process is then repeated with u; replacing po. If some policy pg
satisfying
Ty, € Ry (6.55)

is encountered, the method keeps generating that policy. In fact the above
condition is necessary and sufficient for policy convergence in the nonopti-
mistic policy iteration method. In the case of a lookup table representation
where the parameter vectors 7, are equal to the cost-to-go vector J#, the
condition 7., € Ry, is equivalent to T}, J¥+ = T'J#r and is satisfied if
and only if g is optimal. When there is function approximation, how-
ever, this condition need not be satisfied for any policy, and it can be
seen that in general the algorithm ends up repeating some cycle of policies
Py Bke415 - - - 5 Hetm With

T € Bgins Tigr € Bugias 5 Tingm—1 € Buis Tingm € B (6.56)

(see Fig. 6.9). Furthermore, there may be several cycles of this type that
the method may end up converging to. The actual cycle obtained may
depend on the initial policy ppo.

In the case of optimistic policy iteration, the trajectory of the method
is less predictable and depends on the fine details of the iterative policy
evaluation method, such as the stepsize used and the frequency of the
policy updates. Generally, given the current policy p, optimistic policy
iteration will move towards the corresponding “target” parameter r,, for
as long as p continues to be greedy with respect to the current cost-to-go
approximation J (,7), that is, for as long as the current parameter vector
r belongs to the set R,. Once, however, the parameter r crosses into
another set, say Ry, the policy it becomes greedy, and r changes course and
starts moving towards the new “target” rz. Thus, the “targets” r;, of the
method, and the corresponding policies 1 and sets I, may keep changing,
similar to nonoptimistic policy iteration. Simultaneously, the parameter
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Figure 6.9: Greedy partition and cycle of policies generated by nonoptimistic
policy iteration. The algorithm ends up repeating a cycle g, k41, Mk+m
with

Tup € Bupps Tupr € Bugios s Tupgm—1 € RBuppns Tugypm € Ry,

vector r will “chatter” along the boundaries that separate the regions R,
that the method visits (see Fig. 6.10). Furthermore, as Fig. 6.10 shows, if
diminishing parameter changes are made between policy updates (such as
for example when a diminishing stepsize is used by the policy evaluation
method) and the method eventually cycles between several policies, the
parameter vectors will tend to converge to the common boundary of the
regions R, corresponding to these policies.

Figure 6.10: Illustration of the trajectory of
optimistic policy iteration. The algorithm set-
tles into an oscillation between policies p1, p2,
p3 with rpy € Rug, Tpy € Rug, T € Ry
The parameter vectors converge to the com-
mon boundary of these policies.

The insight provided by the preceding interpretations leads to a num-
ber of conjectures and practical conclusions:
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Even though in optimistic policy iteration the parameter vectors tend
to converge, their limit tends to be on the common boundary of sev-
eral subsets of the greedy partition and cannot always be used to
construct an approximation of the cost-to-go of any policy or the
optimal cost-to-go.

The error bounds on limsup,_, ., ||J# — J*|| are often comparable
for optimistic, nonoptimistic, and partially optimistic methods, since
all of these methods operate on the same greedy partition and often
settle into an oscillation between cycles of policies with the property
(6.56). Experimental results seem to confirm this conjecture, but for
optimistic policy iteration, the derivation of error bounds that are
comparable to the ones of Props. 6.2 and 6.3 for the nonoptimistic
version is a major open research question.

At the end of optimistic policy iteration and in contrast with the
nonoptimistic version, one must go back and perform a screening pro-
cess; that is, evaluate by simulation the many policies generated by
the method starting from the initial conditions of interest and select
the most promising one. This is a disadvantage of optimistic pol-
icy iteration that may nullify whatever practical rate of convergence
advantages the method may have over its nonoptimistic counterpart.

The choice of the iterative policy evaluation method [e.g., TD(0) ver-
sus TD(1) versus Monte-Carlo] does not seem crucial for the qual-
ity of the final policy obtained. Using a different policy evaluation
method changes the targets r, somewhat, but leaves the greedy par-
tition unchanged. As a result, different methods “fish in the same
waters” and tend to yield similar ultimate cycles of policies. This
is in contrast with the case where we want to evaluate a single pol-
icy, where different policy evaluation methods provide different error
bound guarantees, as we saw in Section 6.3.

Experiments with simple examples involving relatively few states show
that optimistic policy iteration can exhibit very complex behavior.
This is true for any type of plausible policy evaluation method such
as TD(0), TD(1), Monte-Carlo simulation, A-policy iteration, or gra-
dient methods based on the Bellman equation error approach to be
discussed in Section 6.10. In particular, optimistic policy iteration
methods may have multiple stable and unstable equilibrium points in
parameter space. Some of the stable equilibrium points may corre-
spond to a limit cycle of policies (lie on the common boundary of some
of the sets R, of the greedy partition), and others may correspond
to single policies (lie in the interior of some set R,). Furthermore,
the limit cycle of policies or the stable equilibrium point to which
the method converges may depend on the initial choice of parameter
vector. The following examples illustrate the various possibilities:
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Example 6.9

Consider a stochastic shortest path problem, where in addition to the termi-
nation state 0, there are two states 1 and 2. At state 2 there is one control
that moves us to state 1 with cost —1. At state 1 there are two controls: the
first moves us to 0 with cost 1, and the second keeps us at 1 with probability
p and cost ¢, and moves us to 0 with probability 1 — p and cost 1. There are
two policies: p that tries to keep us in state 1, and p* that moves us from
1 to 0 (policy p* is optimal if and only if ¢ > 0). We consider the linear
approximation architecture

J(i,r) =ir,

involving the scalar parameter r. The policy p is greedy if and only if the
parameter r is such that at state 1, the expected immediate cost plus the
estimated cost-to-go of p, which is pc + 1 — p + pr, is no more than the
expected immediate cost plus estimated cost-to-go of u*, which is 1. Thus,
is greedy if and only if » < 1 — ¢, and the greedy partition consists of the sets

R = (—00,1—(], R* =[1—¢,00);

i is greedy in R while p* is greedy in R*. The “targets” r, and 7., to
be denoted by r and r*, respectively, depend on the method used for policy
evaluation. Let us consider TD()) with states generated by simulating full
trajectories starting from state 2. It can be verified that for the case of the
first visit TD(1) method, we have

3pc "

+5(1—p)’

1
r==
5
[To verify this, note that under p* the sample costs from states 1 and 2 are
1 and 0, respectively, and in first visit TD(1), * minimizes the least squares
cost (r — 1) + (2r)?, while under p the expected sample costs from states 1
and 2 are 1 + pe/(1 — p) and pc/(1 — p), respectively, and r minimizes the
expected least squares cost E[(r — cost(1))? + (2r — cost(2))?].] For the case
of every visit TD(1), it can be verified that

_ 1—p+pc(3—2p) .1
- (1-p)(B-4p) 5

For the case of every visit TD(0), it can be verified that
1 pc "
T

There are four cases, only the first three of which are possible for first visit
TD(1), every visit TD(1), and every visit TD(0), with appropriate choice of
the parameters p and ¢ > 0 (see Fig. 6.11):

(1) 7 and r* belong to R*. Here nonoptimistic policy iteration converges
to r* and generates p* in at most one iteration. Optimistic policy
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iteration generates a sequence r that converges to r* and generates p*
at all except finitely many iterations.

(2) r and r* belong to R. This is case (1) above with the roles of r and r*
reversed.

(3) r belongs to R* and r* belongs to R. Here nonoptimistic policy it-
eration oscillates between p and p*. Optimistic policy iteration also
oscillates between p and p*, and generates a sequence 7, that con-
verges to the boundary point 1 — ¢ between R and R*. What happens
here is that when r; gets into R it is pulled back towards r and into
R*, and reversely, when 7 gets into R* it is pulled back towards r*.

(4) r belongs to R and r* belongs to R*. Here nonoptimistic policy iteration
converges to r and p if it is started in R, and converges to r* and p* if
it is started in R*. Optimistic policy iteration generates a sequence 7y
that may converge to either r or r*.

1st Visit TD(1); p=0.9,c= 1 Every Visit TD(0); p = 0.5, c = 2
0 =02 r=5.6 -1 /=-033 r=033
- —-———— ————
R R R R
1st Visit TD(1); p = 0.9, ¢ = 0.1 Every Visit TD(0); p=0.5,c=-3
=02 r=0.74 0.9 r=-1.33 r'=-0.33 4
- -
R R R R
1st Visit TD(1); p= 0.9, c = 0.5 Every Visit TD(0); p= 0.6, c =1
r'=02 0.5 r=2.9 r'=-0.33 0 r=0.17
B T - ————
R R’ R R

Figure 6.11: Illustration of the greedy partition and the “targets” of first visit
TD(1) and every visit TD(0) in the first three cases in Example 6.9. The fourth
case (r € R, r* € R*) is not possible for first visit and every visit TD(1), or
for every visit TD(0), in this example. Oscillation of policies occurs in the two
bottom cases where » € R* and r* € R.

Example 6.10

Consider a stochastic shortest path problem, where in addition to the termi-
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Figure 6.12: Illustration of the greedy partition and optimistic policy iteration
for Example 6.10. There are four policies: (1) p* which moves to 0 at both states
1 and 2, (2) p which at state 1 tries to move to state 2, and at state 2 tries to
move to state 1, (3) p1 which at state 1 tries to move to state 2, and at state 2
moves to state 0, (4) p2 which at state 2 tries to move to state 1, and at state
1 moves to state 0. The problem data are p = 0.7 and ¢ = 0.7. The partition is
given by

Ry = {r|r(1) £0.3, r(2) <0.3}, Ry = {r|r(1) > 0.3, r(2) > 0.3},

Ruy = {r|r(1)203,7(2) <03}, Ry, ={r|r(1) <03, r(2) > 0.3).

We show the iterates of iterations 17,001 to 20,000 generated by optimistic policy
iteration using every visit TD(1) with states generated by simulating full trajec-
tories starting from state 3. Each iteration involves a single trajectory; that is,
there is both a parameter and a policy update at the end of each trajectory. The
chattering at the parameter values 7(1) = 7(2) = 0.3 involves all four policies.

nation state 0, there are three states 1, 2, and 3. This example is obtained by
adaptation of the preceding example (state 1 is essentially split in two states).
At state 3 there is one control that moves us to states 1 and 2 with equal
probability 1/2 and with cost —1. At state 2 there are two controls: the first
moves us to 0 with cost 1, and the second moves us to 1 with probability p
and cost ¢ > 0, and moves us to 0 with probability 1 —p and cost 1. Similarly,
at state 1 there are two controls: the first moves us to 0 with cost 1, and the
second moves us to 2 with probability p and cost ¢ > 0, and moves us to
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0 with probability 1 — p and cost 1. We consider the linear approximation

architecture
r(1) ifi=1,
J(i,7(1),7(2)) = ¢ 7(2) if i =2,
( ) {2(r(1)+r(2)) if i = 3,

involving the parameter vector r = (r(1),7(2)). If the problem data are
p = 0.7 and ¢ = 0.7, it can be verified that nonoptimistic policy iteration
oscillates. Figure 6.12 shows the trajectory of optimistic policy iteration for
this choice of p and c.

We end this section with some speculation on the nature of the os-
cillation when chattering occurs. Suppose that we have convergence to a
parameter vector 7 and that there is a steady-state policy oscillation in-
volving a collection of policies M. Then, all the policies in M are greedy
with respect to J(4,7), which implies that there is a subset S of states such
that for each i € S, there are at least two different controls p1(¢) and p2(4)
satisfying

min Zpij(u) (g(i,u,j) + j(j’ F))

uel (i) —
= > pii () (9001 0).3) + T(G.7)) (6.57)
=3 pis (1) (9 i a2(0).5) + T (.7 ).

Each equation of the type above can be viewed as a constraining relation on
the parameter vector 7. Thus, if m is the dimension of 7, then excluding
singular situations, there will be at most m relations of the form (6.57)
holding. This implies that there will be at most m “ambiguous” states
where more than one control is greedy with respect to J (-, 7).

Now assume that we have a problem where the total number of states
is much larger than m and, furthermore, there are no “critical” states; that
is, the cost consequences of changing a policy in just a small number of
states (say, of the order of m) is relatively small. It then follows that all
policies in the set M involved in chattering have roughly the same cost.
Furthermore, if TD(1) is used, the cost approximation .J(-,7) is close to
the cost approximation J(-,r,) that would be generated by TD(1) for any
of the policies p € M. From this, we can construct an argument that, for
most states ¢, and all policies y € M,

an—ﬂ@=0( 6),

l1—«

where € is the power of the architecture [compare with the discussion pre-
ceding Eq. (6.54)]. Note, however, that the assumption of “no critical
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states,” aside from the fact that it may not be easily quantifiable, will not
be true for many problems.

In a practical implementation where the stepsize does not quite ap-
proach zero, the parameter vector may end up oscillating within a small
neighborhood instead of converging to a limit 7. In that case, the number
of policies involved in chattering may be much larger than the number m
assumed above. This raises the question whether all of these policies have
roughly similar costs-to-go; if yes, the argument given in the preceding
paragraph may still have some validity. An interesting case seems to arise
when the control variable w is continuous rather than discrete. We can
expect that for many problems, small changes in r can only cause small
changes in the corresponding greedy policy, which would then imply that
the costs-to-go of the policies involved in any chattering phenomenon are
close to each other.

APPROXIMATE VALUE ITERATION

The value iteration algorithm is of the form

= Hlln ZPU Z ua])+J(]))7

or, in more abstract notation, J(z) := (T'J)(i), where T is the DP operator.
In this section, we discuss a number of different ways that the value iteration
algorithm can be adapted to a setting involving parametric representations
of the optimal cost function. Our discussion revolves primarily around
the case where a model of the system is available, so that the transition
probabilities p;;(u) and the one-step costs g(i,u,j) are known. We will
discuss first the finite horizon case and then move on to the case of infinite
horizon problems.

6.5.1 Sequential Backward Approximation for Finite Horizon
Problems

Finite horizon problems, where there is a fixed number N of stages, can be
viewed as a special case of stochastic shortest path problems, by introducing
a cost-free termination state to which the system moves immediately after
the Nth state transition. For such problems the finite horizon DP algorithm
can be used. It takes the form

Ji(i) = min g(i,u,j) + G(5)),

i eU(Z)ZpU ) +G())

where G(j) is a given terminal cost for arriving at state j following the last
stage, and

Jx (i —mm Zp” (9(i,u,§) + T, (5)),  k=2,....N.
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Here J{ (i) is the optimal cost-to-go associated with a k-stage problem,
when the starting state is 4.

We can introduce approximations to the cost-to-go functions J}, by
proceeding recursively. In particular, we approximate the function Jj(4)
by a function

jl(ia Tl)a

where 7 is a parameter vector, which can be obtained by solving the prob-
lem

min Z (i) (JE (i) = i, 7)), (6.58)

where S1 is a representative set of states and v(i) are some predefined
positive weights indicating the importance of each state i. The least-squares
problem (6.58) can be solved using any of the methods discussed in Ch. 3.
Furthermore, if a linear architecture is used, this is simply a linear least
squares problem.

Once an approximating function .J;(¢,71) has been obtained, it can
be used to similarly obtain an approximating function Jo (i,r2). In par-
ticular, (approximate) cost-to-go function values Ja(i) are obtained for a
representative subset of states So through the (approximate) DP formula

Jo(i) = min Zpij(u) (9(i,u,§) + J1(j,m)), i€ Sa

These values are then used to compute an approximation of the cost-to-go
function J3 (¢) by a function

jQ(iv T2)a

where 77 is a parameter vector, which is obtained by solving the problem

The process can be similarly continued to obtain jk(z', ri) up to k = N, by
solving for each k the problem

Given approximate cost-to-go functions Ji(i,71),. .., Jn(i,7n), we
obtain a suboptimal policy by making the decision

(i) = arg min > piy(w) (900, w.g) + Jer (i), (659)
J
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if we are at state ¢ and there are k stages remaining. [For k = 1, Jh1 (4, 7k-1)
is replaced by the terminal cost G(j).] This control can be calculated on-
line, once the state becomes known, as discussed in Section 6.1.

For the method that we have described, one can prove formally that if
the approximation architecture is rich enough, and if the training method is
successful in accurately solving the least squares problem, then the function
Ty generated at each stage is a close approximation of the optimal cost-
to-go function J;. Based on that, one can also show that the performance
of the policy defined by Eq. (6.59) is close to optimal. We do not provide
any details because such results can be obtained as special cases of the
results derived in Section 6.5.3 for infinite horizon stochastic shortest path
problems.

6.5.2 Sequential Approximation in State Space

We present another approximation method that is similar to (and in fact
generalizes) the one just presented for finite horizon problems. In this
method, we gradually approximate the cost of a policy or the optimal cost
over the state space rather than over time. For this, we need a somewhat
restrictive assumption on the structure of the problem. In particular, as in
Section 2.2.2, we assume that there is a finite sequence Si,Ss,..., Sy of
subsets of the state space such that each state 1,...,n belongs to one and
only one of these subsets, and the following property holds:

For all m =1,..., M, all states i € Sp,, and all choices of the control
u € U(4), the successor state j is either the termination state 0 or else
belongs to one of the subsets Sp,—1,...,S51.

Under the preceding assumption, the problem decomposes over the
state space. In particular, for i € S1, we have J*(i) = min,, g(¢,u,0). Then
given the optimal cost-to-go J*(2) for i € Si, we can determine the optimal
cost-to-go J*(i) for states ¢ in Sp by stipulating that following a transition
to a state j in S, there immediately follows a transition to the terminal
state with the (already known) cost-to-go J*(j). Similarly, the optimal
cost-to-go can be determined for all states in the subsets Ss, ..., Sy

The preceding procedure can be approximated similar to the finite
horizon DP algorithm. First an approximation of the optimal cost-to-go
function over the states in S; will be computed, then an approximation
over Sa, etc.

6.5.3 Sequential Backward Approximation for Infinite Horizon
Problems

We now turn to infinite horizon problems. The algorithms that follow
incorporate a discount factor o, but we can always let &« = 1 and apply them
to stochastic shortest path problems. The main algorithm is essentially
the same as the finite horizon algorithm of Section 6.5.1, except that we
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keep iterating until the algorithm converges. A formal description is as
follows. The algorithm is initialized with a parameter vector ro and a
corresponding cost-to-go function .J (i,70). At a typical iteration, we have
a parameter vector rj, we select a set Sy of representative states, and we
compute estimates of the cost-to-go from the states in Sy by letting

J 1) = min i (u i,u,j)+ad(,r i € Sk.
k+1() uEU(i);p”( )(g( ) ])+ (ja k?))a k
We then determine a new set of parameters 741 by minimizing with respect
to r the quadratic cost criterion

> 0(0) (Jena () = T(0m)), (6.60)

i€S}

where v(i) are some predefined positive weights. In the special case where
the approximation architecture .J is linear, we are dealing with a linear
least squares problem that can be solved efficiently, using the algorithms
of Ch. 3.

We now discuss the soundness of this method. We first argue that
under some circumstances the algorithm performs well. We then continue
with a counterexample demonstrating that the algorithm can diverge.

Performance Guarantees

We provide here some error bounds on the cost-to-go functions generated
by approximate value iteration. We first discuss the case of stochastic
shortest path problems, and then consider discounted problems. In order
to simplify the argument, and for the purposes of this subsection only, we
use the notation Jj, to indicate the cost-to-go function .J (-,7%) obtained
after k iterations of the algorithm.

Let N be such that |TN Jo — J*||ec < J, where || ||oo is the maximum
norm; such an N exists since T*.J converges to J* for every function J.
Suppose in addition, that the approximation architecture is flexible enough
and that the states sampled are rich enough so that at each stage of the
algorithm we have

[Jk+1 = TJklle < e

Intuitively, this requires that carrying out a value iteration at the sample
states and then fitting the results to obtain Ji11 is not very different from
the result T'Jy of exact value iteration.

We first prove, by induction on k, that |T%Jy — Ji||cc < ke for all k.
This is certainly true for £k = 0. Assuming it is true for some k, we obtain

[T+ o = Jetilloo < (| THFJ0 — T'klloe + ([T Tk — Jkt1]loc
A A
< ke + ¢,
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and the induction argument is complete. We conclude that

TN = J*[loo < [[JN = TN Jolloo + | TN Jo = J*|loc < Ne+ 0.
This shows that when § and € are small, and NV is not very large, a close
approximation of J* will be obtained.

For the case of discounted problems, more refined error bounds are
possible, as we now proceed to show. Let o € (0,1) be the discount factor
and let us again assume that

[Jk1 = TJklloe <€, (6.61)
for all k. We will show that the sequence of cost-to-go functions Ji, ap-
proaches J*, within an error of ¢/(1 — ). To see this, note that Eq. (6.61)

yields
TJyo—ee < Jy <TJy+ ee,

where e = (1,1,...,1). By applying T to this relation, we obtain
T2Jy — aee < TJ, <T?Jy + aee.
Using Eq. (6.61), we have
TJ —ee < Jo <TJ; + ece,
and we obtain
T2Jp —e(1+a)e < Jo <T?Jy+ €(1 + ae.
Proceeding similarly, we obtain for all k£ > 1,
TFJo—e(l+a+-+abNe< J, <TrkJo+e(l+a+ -+ ak1e.

By taking the limit superior and the limit inferior as k — oo, and by using
the fact limg_,oo T*Jg = J*, we see that

J* —

e <liminf J; <limsup J < J* +

— k—o0 k— 00 —

€.

It is worth noting that the assumption || Jx4+1 — T Jkl|eo < € [cf. Eq.
(6.61)] that we have used here is qualitatively different from the one used
in our analysis of approximate policy iteration [Egs. (6.12) and (6.13)]. In
Section 6.2, we had assumed that the cost-to-go J# of any generated policy
can be approximated within e. In contrast, here we assume that we can
closely approximate functions of the form T'Jy, for any J; generated by the
method, which could be a larger class.
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=Y

@ (b)

Figure 6.13: (a) A deterministic system in which there is a single policy. The
cost per stage is zero. (b) Illustration of divergence.

The Possibility of Divergence

Unfortunately, the example that follows shows that approximate value it-
eration suffers from potential divergence.

Example 6.11

Consider the deterministic two-state system shown in Fig. 6.13(a). State 2
is absorbing and all transitions are cost-free. Let o < 1 be the discount
factor. Obviously, we have J*(1) = J*(2) = 0. Consider a linear function
approximator, with a single scalar parameter r, of the form J(1,7) = r and

J(2,7) = 2r. Given a value 7}, of r, we obtain J(1) = J(2) = 2ars. We form
the least squares problem

min ((r —2ar,)? + (2r — 2ark)2),

and by setting the derivative to zero, we obtain ryy1 = 6arr/5. Hence, if
a > 5/6, the algorithm diverges.

A graphical illustration of divergence is provided in Fig. 6.13(b). The
solid line assumes a given value of r and is a plot of j(z, r) as a function of
i. The values of J(1) and J(2), indicated by crosses in the figure, “pull” r in
opposite directions. For a > 5/6, the upward pull by J (1) is “stronger” and
r moves further away from zero, as indicated by the dashed line. Note that in
this example there is no € > 0 such that the assumption ||Jr11 — TJk|lec < €
[cf. Eq. (6.61)] holds, and so the performance guarantees that were derived
earlier do not apply.

The same example can be used to show divergence in stochastic shortest
path problems, by letting the discount factor be unity and introducing a
termination probability of 1 — « at each state.
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We note that the function approximation architecture used in Exam-
ple 6.11 was rich enough to allow an exact representation of the optimal
cost-to-go function J*. As the example demonstrates, this property is not
enough to guarantee the soundness of the algorithm. Apparently, a stronger
condition is needed: the function approximator must be able to closely rep-
resent all of the intermediate cost-to-go functions obtained in the course
of the value iteration algorithm. Given that such a condition is in general
very difficult to verify, one must either accept the risk of a divergent algo-
rithm or else restrict to particular types of function approximators under
which divergent behavior becomes impossible. The latter possibility will
be pursued in Sections 6.7 and 6.9.

6.5.4 Incremental Value Iteration

The approximate value iteration algorithm that we have described above
proceeds in phases: we obtain estimates J (7) at a number of states i and
then compute a new parameter vector r by solving the least squares prob-
lem (6.60). This could be done, for example, by means of a gradient algo-
rithm like

ri=r4y Z V(i) (J (@) = J(i,r))

1€Sk

=r+v > VJGr) | min Y piiw)(g(,u, )+ ad(Gre) = J(,r)
ey weU (3) y
(6.62)
If the incremental gradient algorithm is used, this update equation is re-
placed by updates of the form

ri=1r-+ nyj(i,r) min pr(u) (g(i, u,j) + ozj(j, rk)) - j(z, r) ],

(6.63)
where we are to cycle over the states i in the set Si. Note that throughout
this incremental gradient method, the vector ry used to evaluate J (j, %)
remains constant. Once the algorithm converges, the limiting value of r is
denoted by 7,41, and we are ready to start the next phase of the algorithm.

In an alternative, fully incremental, version of the algorithm, we stop
distinguishing between different phases and instead of freezing rj through-
out an entire phase, we always use the most recently computed value of 7.
In particular the iteration (6.63) is replaced by

ri=r+ ’ij(i,T) min Zp”(u) (g(i,u,j) + aj(j, T)) — j(i,r)

(6.64)
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The iteration (6.64) is to be carried out at a sequence of states ¢ that can
be generated in a number of different ways. For example, we may choose
states randomly according to some distribution, or we may simulate the
system under some policy and perform updates at the states visited by the
simulation.

In the special case where there is a single policy, the sum in Eq. (6.64)
can be replaced by a single sample estimate, leading to the update equation

ro=r+yVJI,7) (g0, u, §) + ad(G,r) = (7)),

where j is sampled according to the probabilities p;;(u). We note that this
has the same form as the update equation used in the TD(0) algorithm. The
only difference is that in TD(0), it is assumed that one generates an entire
state trajectory and performs updates along all states on the trajectory,
whereas the sequence of states used for the updates in incremental value
iteration are arbitrary.

In the special case where the dimension of r is the same as the dimen-
sion of the state space and J(i,r) = r(i) for each 7, the algorithm (6.64) is
a small stepsize version of the asynchronous value iteration algorithm dis-
cussed in Ch. 2, and again in Section 5.5. It is known to converge as long
as every state is visited an infinite number of times and the stepsize satis-
fies 0 < v < 1. In the presence of function approximation, a diminishing
stepsize is necessary in order to have any hope of convergence. Unfortu-
nately, this incremental approximate value iteration algorithm suffers from
the same drawbacks as the original approximate value iteration algorithm,
as shown next.

Example 6.12

Consider the incremental approximate value iteration algorithm applied to
the same discounted problem as in Example 6.11. Note that VJ(l,r) =1
and VJ(2,7) = 2. Suppose that we alternate between updates at states 1
and 2. Then, the evolution of r can be described by

Thr1 =Tk + Y620k — 1),

Tht2 =Tkt1 + Ve+12(200r k41 — 2rk41),

for every odd k. Assuming that vy = yx41 for every odd k, we have
Thi2 = Tk (1 + v (2a — 1)) (1 + 4y (a0 — 1)) =7 (1 + v (6 — 5)) + O(’yz).

It is seen that if 4% is small enough so as to neglect the O(77) term, and if
a > 5/6, we obtain
itz 2 Te(L+ o),

where c is some positive constant. Under the usual assumption that » e Yk =
o0, the algorithm diverges.
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Q-LEARNING AND ADVANTAGE UPDATING

Recall the form of the Q-learning algorithm under a lookup table repre-
sentation. We choose a state-action pair (i,u) and simulate a transition
to a next state j according to the transition probabilities p;;(u). We then
update Q(i,u) according to

Qi,u) = Qi,u) +7(gli,u,7) + o min Q(j.v) — QG,w)).  (6.65)

vel(4)

For discounted problems (as well as for certain undiscounted problems),
we have seen in Section 5.6 that this algorithm converges to the optimal
Q-factors, with probability 1, provided that all state-action pairs are con-
sidered infinitely many times and the stepsizes satisfy the usual conditions.

We now generalize to the case where we have approximate Q-factors of
the form Q(z, u, ), where r is a parameter vector. Equation (6.65) provides
us with a desired update direction for Q(@, u, ). Since we can only control
the parameter r, we compute VQ(Z', u, 1), which indicates in which way r
should be updated so that Q(z, u, ) moves in the desired direction. Based
on this heuristic argument, the following iteration has been suggested:

ri=r+yVQ(i,u,r) (g(i,u,j) +a min Q(j,v,r) — Q(i,u, 7')) (6.66)
vel(j)

This algorithm is frequently used, especially in the model-free case
where the transition probabilities p;;(u) are unknown. Nevertheless, theo-
retical justification for this algorithm and convergence results are limited
to the following cases:

(a) The lookup table case (Section 5.6).

(b) For the case of a single policy, it is essentially the same as TD(0)
and it converges as long as we use a linear parametric representation
and we generate sample states by simulating complete trajectories
according to the given policy (Section 6.3).

(¢) The case where the approximation architecture corresponds to state
aggregation (Section 6.7.7).

(d) Some specially structured problems such as optimal stopping prob-
lems, to be discussed in Section 6.8, where a variant of @Q-learning
will be shown to converge.

Other than these convergence results, little can be said, mainly be-
cause there is no interpretation of the method as a stochastic gradient
algorithm.

Whenever @-learning is used in practice, its performance depends
crucially on the sampling mechanism that is being used. One wants to
concentrate on the most interesting states, and one possibility is to generate
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states by simulating a reasonably good policy; sometimes a greedy policy is
used. On the other hand, one needs to explore the entire state space as well
as all possible decisions (rather than restricting to the decisions given by
a greedy policy). For this reason, the algorithm is often a combination of
steps simulated according to a greedy policy, and of random steps involving
arbitrary decisions u, whose purpose is to enhance exploration.

Of course, @Q-learning can also be applied even if a model of a system
is available and this raises the question whether this would be a better
method than, say, optimistic policy iteration, which tries to learn only the
cost-to-go function J*. The key difference between these two alternatives
is in the way that the simulated system is controlled and the potential for
exploration. With optimistic policy iteration based on TD(A), the degree
of exploration depends largely on the nature of the greedy policies arrived
at by the algorithm, which is outside our control. It is only when the
problem contains a lot of randomness, guaranteeing adequate exploration
independent of policy, that this issue can be bypassed. Thus, when there is
a need for explicitly forcing exploration, @-learning may be more suitable.

6.6.1 (@-Learning and Policy Iteration

We now discuss some variations of @-learning that are closer in spirit to
the approximate policy iteration methods discussed in Sections 6.2-6.4. We
start by considering the case of a fixed policy.

Suppose that we generate a state trajectory ig, 1, ..., according to a
fixed policy u, that is, by employing the actions ux = p(ix). Then, the
Q@-learning algorithm (6.66) becomes

=14+ yVQik, w, ) (glik, Uk, int1) + 0Qig41, kg1, ) — Qik, Uk, 7).

(6.67)
By identifying Q(i,u(i),r) with J(i,7), we see that it is identical to the
TD(0) policy evaluation algorithm studied in Section 6.3. In particular, it
is guaranteed to converge for the case of a linear architecture. Extensions
involving a A factor, as in TD()), are possible, but we do not discuss them
here in order to keep the presentation simple. The algorithm (6.67) can be
used for policy evaluation, followed by a policy update to a new policy
defined by

(7)) = arg min
(%) g min

: Q(@ u,r),

and the same process can be repeated. There is a difficulty here because
the algorithm (6.67) is trained only with the actions chosen by the policy
1, and the approximation provided for other actions will be poor. For this
reason, the policy p is usually replaced by a randomized policy, call it [,
which deviates from g and applies a random action, with some positive
probability €. One then hopes that the parameter vector r will converge to
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a value such that Q(z, U, 7") is a good approximation of
> i (u) (g(i,u, 5) + Ji(5)),
J

for all actions wu.

If this algorithm is accepted as a legitimate policy evaluation method
to be used in approximate policy iteration, one may venture into the next
step and consider the following optimistic variant. Let € be a small positive
constant. At a typical step, we have a current parameter vector ry, we are
at some state i, and we have chosen an action u;. We then simulate a
transition to the next state ix11. Finally, we generate the decision uy1 to
be used at the next state iyy1 as follows. With probability €, we choose an
action ug+1 randomly and uniformly from the set U(ig4+1) (other proba-
bilistic mechanisms are also possible), and with probability 1—e¢, we choose
an action ug,1 that minimizes Q(ikH, u,ri) over all u € U(igs1). At that
point, we update 7 according to the formula

repr =k + YVQ(ik, e, i) (9 (s ks i i1) + @Q ik 41, urt1, )

. (6.68)
— Qi up, k)
and we are ready to continue with the next iteration.

The algorithm that we have just described is often called SARSA,
which stands for State-Action-Reward-State-Action, because a typical up-
date involves the state ik, the action uy, the cost g(ik, uk,ik+1), the next
state ir41, and the next action ug41. The update equation (6.68) is almost
the same as for ordinary @-learning, except that the term
minyer (i, ;) Q(irs1,v,71) in the Q-learning algorithm (6.66) is replaced
by Q(ikH, Ug+1,Tk), and the two are different with probability e.

This form of SARSA is essentially a variant of optimistic policy it-
eration that can be applied without the need for an explicit model of the
system. As such, it can be expected to have more or less the same conver-
gence behavior as the optimistic policy iteration methods of Section 6.4.
In particular, there are no convergence guarantees.

6.6.2 Advantage Updating
A Q-factor Q(i,u) can always be expressed in the form
Qi u) = A(i,u) + J (i),

where

J(i) = Uglrjhé) Q(i,v)
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is an estimate of the optimal cost-to-go at state ¢ and

A(i,u) = Q(i,u) — min Q(i,v),

veU (i)

can be viewed as the disadvantage of action u, when compared to the best
possible action, that is, the action v that minimizes Q(¢,v).

Let J*(7) be the optimal cost-to-go function, let Q*(i,u) be the corre-
sponding optimal Q-factors, and let A*(i, u) be the resulting disadvantages.
It is clear that in order to construct an optimal policy, we only need to know
the disadvantages A*(i,u). While learning the disadvantages without si-
multaneously estimating the optimal cost-to-go function or the @Q-factors
does not seem possible, there have been arguments in favor of using a sep-
arate approximation architecture for A* and J* [Bai93]. The main idea
is that in some problems, especially continuous time problems and their
discretizations, the range of J*(-) and Q*(-,-) is very large compared to
the range of the disadvantage function A*(-,-). Learning algorithms, based
on least squares criteria attempt to capture the large scale behavior of the
function being estimated and would therefore make no attempt to capture
the finer scale variations of Q*(+,-). In particular, the dependence of @Q* on
u may be lost.

Motivated by the preceding arguments, “advantage updating” algo-
rithms have been proposed by Baird [Bai93], that separately update the
cost-to-go function and the (dis)advantages. With a lookup table represen-
tation, advantage updating has been shown to be mathematically equiva-
lent to Q-learning [Bai93] and therefore inherits the convergence properties
of @-learning. However, once function approximation is introduced, the
properties of advantage updating methods are largely unknown.

We close with an example which is meant to provide a more concrete
feeling for the issues being discussed here.

Example 6.13

Consider a scalar continuous-state discrete-time system described by the equa-
tion
Tr41 = Tt + Suy, t>0,

where z; € R is the state, u; € R is the control, and ¢ is a small positive
scalar. We let the cost per stage be of the form

g(z,u) = 5(x2 + u2).

When ¢ is small, it is interpreted as a small time increment, and the problem
can be viewed as a discrete time approximation of the problem of minimizing

/ (w? + uf) dt,
0
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for the continuous-time system described by

dzy _
a — "

Let us consider for simplicity an approach based on policy iteration.
We start with the policy p given by u(x) = —2z. Under this policy, we have

z; = (1 —26)"z0, ur = —2(1 — 26)*zo,
and the cost-to-go is given by

m 2 - 2t 561‘2 5 2
J*(x) = 502" (1 —20)* = TTao F (L 0)?,
t=0

where we have ignored terms that are of the order of 6% or smaller. Ignoring
second order terms in §, the Q-factors Q" corresponding to this policy are
given by

Q" (2, u) ~ 6(2” + u2) + (1 + ) (x + 6u)°

4 (6.69)
= §aj2 +4 <9x2 +u? + E:cu) .
4 4 2
Suppose now that we were to train a function approximator so as to learn the
function Q*. Assuming that ¢ is very small, the parameters of the architecture
will be tuned so as to obtain the best possible fit to the function 5x2/4. Note
that all of the information relevant to a policy update is contained in the
term 5((93&2/4) +u? + (5xu/2)) However, this latter term would be treated
as insignificant by the training algorithm and we would therefore lack any
meaningful basis for carrying out a policy update.
The right-hand side of Eq. (6.69) can be rewritten in the form

5 116 5 \2
Q" (z,u) ~ (Z + F) :c2+6(u+ Zac) .
A policy improvement step would lead to u = —5z/4 and we recognize
5(u + (530/4))2 as the disadvantage A(z,u) of any decision u. A function
approximator which is to learn the term 5(u + (5:;17/4))2 will not be affected
by the presence of §, as long as the inputs and outputs of the approximation
architecture are suitably scaled. As a consequence, the quality of the policy
obtained after a policy update will not be affected by the size of §.

6.7 VALUE ITERATION WITH STATE AGGREGATION

In this section, we consider the fully incremental approximate value iter-
ation method together with a function approximator derived from state
aggregation. We will show that convergence is guaranteed no matter how
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states are sampled, and we derive some error bounds. We concentrate
on the case of stochastic shortest path problems, but almost everything
generalizes to the case of discounted problems.

We counsider a partition of the set {0,1,...,n} of states into disjoint
subsets Sop, S1,...,S5k, with Sy = {0}. We introduce a K-dimensional
parameter vector r whose kth component is meant to approximate the
value function for all states ¢ € Sk, k # 0. In other words, we are dealing
with the piecewise constant approximation

J(i,r) = r(k), if i € Sy, k#0,
together with our usual convention j(O,r) = 0. As discussed in Ch. 3,
this is a feature-based architecture whereby we assign a common value
r(k) to all states i that share a common feature vector. Note that such

a representation is able to closely approximate J* as long as J* does not
vary too much within each subset. In particular, let us define

e(k) = max |J*(i) = J*(7)],

which is a measure of the variation of J* on the set Si. If we choose r so
that )
€
k) = min J*(¢) + —= Vv k
r(k) min (@) + == ;
it is easily seen that

mlaxfj(i,r) = J*(i)| = mgx@.

6.7.1 A Method Based on Value Iteration

We now consider the fully incremental approximate value iteration method
considered in the previous section [cf. Eq. (6.64)]. We start by noting that
dJ(i,r)/0r(k) is equal to 1 if i € Sy, and is equal to zero, otherwise. Thus,
Eq. (6.64) becomes

k) :=(1- ; )+ TG, T)), if i € Sy.
r(k) := (1 —y)r( +7ur€n(}r(lz)ng gli,u,§) +J(j,r),  if i€ Sy

(6.70)
Let us use k(j) to denote the index k of the subset Sy to which j belongs;
that is, j € Si(;)- In order to have a more precise description, let us assume
that at every iteration ¢ the algorithm considers a state i; and performs
the corresponding update. We then have

revi(k) = (1 —ye(k))re(k) + e (k) uggt) me(u) (g(it,u, §) + J(j,74))

= (1= 3(k)re(k) + (k) min me ) (9t w,d)+ 11 (k) )

uGU('L
(6.71)
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if 44 € Sk, and

’I“t+1(k‘) = ’I“t<k‘), if ’it ¢ Sk.
Here, v:(k) is a positive stepsize parameter and we make the usual assump-
tions that

Z vt (k) = oo, Z V2 (k) < oo, vk, (6.72)

teTk teTk

where T* is the set of times such that i; € S;. The state i; used for the
update at time ¢ can be chosen by a variety of mechanisms. In order to
simplify the analysis, we will assume that it is chosen by random sampling
of the type described below. We first choose, in some arbitrary manner, a
subset S; to be sampled, and then select a random element i of Sy with
probability ¢(i | k), independently of the past of the algorithm. In what
follows, we show that the resulting algorithm can be interpreted in terms
of an auxiliary problem, and that it possesses some desirable theoretical
guarantees.

6.7.2 Relation to an Auxiliary Problem

The algorithm described in this section was developed as an approximate
version of value iteration, based on state aggregation, for solving the orig-
inal problem. We now provide additional insight by demonstrating that it
can also be viewed as an exact value iteration algorithm for an auxiliary
aggregated problem.

We construct an auxiliary stochastic shortest path problem as follows.
We introduce two types of states:

(1) the states i = 0,1,...,n of the original problem, and

(2) an additional K states, denoted by si,...,sk; each sy is viewed as
an aggregate state representing the subset Sy of the state space.

The dynamics of the auxiliary system are as follows.

(a) Whenever we are at a state s, there are no decisions to be made, and
a zero-cost transition to a state i € Sy takes place, with probability
q(i | k).

(b) Whenever the state is some ¢ # 0 and a decision v € U (%) is made, the
next state is s, with probability Zjesk pij(u), in which case a cost
equal to Zjesk pij(u)g(i,u,7), is incurred. Alternatively, the next
state could be state 0, with probability pio(u), and the associated
transition cost is g(¢,u,0).

If we use R*(sy) and J*(i) to denote the cost-to-go for the two types
of states in the auxiliary problem, Bellman’s equation takes the form

Re(sg) = > q(i | k)J*(i),

1€SE
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J*(i) = min Z Z pij(u)(g(i, u, j) JFR*(SIC))

u€U k} OJESk
= min pr(u)(g(l u, j) +R*(5k(3)))
J

where we make use of the convention R*(sg) = 0. Using the second equa-
tion to eliminate J* (i) from the first, we obtain

Re(sp) = Y qli| k) urg[;%)zpixu) (9w, j) + R (sx(j))).  (6.73)

€S},

This equation can be written in the form R* = HR*, where R* = (R*(sl),

., R*(s K)) and where H is a nonlinear mapping such that the kth com-
ponent of HR* is equal to the right-hand side in Eq. (6.73). Note that the
summation over all i € Sy in Eq. (6.73) amounts to taking expectation, with
respect to the probabilities ¢(i | k), ¢ € Sk. The Robbins-Monro stochastic
approximation algorithm based on Eq. (6.73), in which this expectation is
replaced by a single sample ¢ drawn according to the probabilities ¢(i | k),
is given by

R(s) :== (L —7)R(sx) + Ienl}?) Zpu 9(i,u, ) + R(sp(j)))-

We recognize this as being the same as the algorithm (6.71) introduced in
the beginning of this section, provided that we identify R(sj) with r(k).

We have therefore succeeded in describing the method of this section
as a stochastic approximation algorithm that attempts to solve exactly the
auxiliary problem. This provides us with two advantages. First, it allows
us to obtain an intuitive feeling for the workings of the algorithm. If we
believe, based on some understanding of the original problem, that the
auxiliary problem is a reasonable approximation of the original, then we
can expect the method to work well. Second, by realizing that we are
dealing with the Robbins-Monro stochastic approximation method based
on Eq. (6.73), the general results of Ch. 4 can be brought to bear in order
to establish convergence.

6.7.3 Convergence Results

Suppose that the auxiliary problem is such that all policies are proper.
It follows that the DP operator for the auxiliary system is a contraction
mapping with respect to a suitably weighted maximum norm (Prop. 2.2
in Section 2.2). The operator H is essentially a two-step DP operator for
the auxiliary system and it follows easily that H has the same contraction



Sec. 6.7 Value Iteration with State Aggregation 345

property. (The formal proof of this statement is identical to the argument
carried out during the proof of Prop. 5.5, in the context of the @Q-learning
algorithm, when all policies are proper.) We can now invoke Prop. 4.4
of Section 4.3 and conclude that the algorithm (6.71) is guaranteed to
converge to the unique solution of Eq. (6.73).

Let us now make the weaker assumption that there exists at least
one proper policy for the auxiliary system and that every improper policy
has infinite cost. It then follows from Prop. 4.6 of Section 4.3 that if
the sequence r; is guaranteed to be bounded with probability 1, then the
algorithm again converges. In particular, if all of the costs g(i,u,j) are
nonnegative and if the algorithm is initialized with a nonnegative vector
ro, convergence is guaranteed. (The proof is the same as the one given for
Prop. 5.6 in Section 5.6.)

Note that the convergence results stated in the preceding two para-
graphs require assumptions on the policies associated to the auxiliary sys-
tem. It is important to realize that these assumptions for the auxiliary
system do not necessarily follow from corresponding assumptions for the
original system. This is illustrated by the following example.

Example 6.14

Consider a stochastic shortest path problem in which we have a single (proper)
policy and all transitions are deterministic, as shown in Fig. 6.14(a).

All transition costs starting from states 1,2,3, are unity and state 0 is
a zero-cost absorbing state. We let S1 = {1,3} and S2 = {2}. Suppose that
whenever we sample the set S1, we always choose state 1; that is, g(1] 1) = 1.
Then, the update equations become:

\3

=
=

=
i

=1 -yr@) +v(1+r(2),
r(2):= 1 —y)r2) + 'y(l + 7"(1)).

This algorithm cannot converge, since by adding the above two equations we
obtain r(1)+7(2) := r(1)+7r(2)+2v. To understand the reason for divergence,
we form the auxiliary problem; it has the structure shown in Fig. 6.14(b) and
we see that we are dealing with an improper policy. In particular, the equation
R = HR does not have a solution.

Let us change the sampling distribution so that ¢(1 | 1) = ¢ > 0 and
q(3|1) =1— ¢ > 0. The resulting auxiliary system has the structure shown
in Fig. 6.14(c). We are now dealing with a proper policy and it can be seen
that the algorithm is guaranteed to converge to the unique solution of the
system

(1
(2

=1+4qr(2),
1+r(1),

)
)

r
r
which is given by r(1) = (1+¢)/(1 — ¢q) and r(2) = 2/(1 — q). Clearly, as ¢
approaches 1, the quality of the limit, as an approximation of J*, deteriorates.
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OO

F0E

|

(b) ©

Figure 6.14: (a) A simple deterministic problem with a single policy. (b)
The transition graph of the auxiliary problem for S1 = {1, 3}, S2 = {2}, and
q(1| 1) = 1; only nonzero probability transitions are shown. (c¢) The auxiliary
problem when g > 0.

The preceding example amplifies the importance of the sampling dis-
tribution and shows that it can significantly affect the limiting value of
J(i,74). Nevertheless, as long as all states are sampled with positive prob-
ability, the algorithm does not diverge, as will be shown in the proposition

that follows.

Proposition 6.7: Consider the algorithm described by Eq. (6.71).
Suppose that all states are sampled with positive probability, and that
the stepsize condition (6.72) is satisfied.

(a) If all policies in the original problem are proper, the same is true
for the auxiliary problem and r; converges with probability 1 to
the unique solution of the system (6.73).

(b) Suppose that (for the original problem) there exists a proper
policy and all improper policies have infinite cost for some initial
state. Furthermore, suppose that g(i,u,j) > 0 for all 4, w, j,
and that the algorithm is initialized with a nonnegative vector
ro. Then, the sequence 7: converges with probability 1 to the
unique solution of the system (6.73).
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Proof: (Abbreviated) Note that there is a one-to-one correspondence be-
tween the policies of the original and of the auxiliary problem. This is
because, in the auxiliary problem, we only get to make decisions at states
1,...,n, but not at the states sg. So, let us fix a policy for the two prob-
lems. Let p;; be the transition probabilities in the original problem and
let p;; be the probability that starting from i = 0,1,...,n, we end up at
some j = 0,1,...,n, after two transitions in the auxiliary problem. Note
that if p;; > 0, then there is positive probability of moving from i to sy
in the auxiliary problem and, given that we are at sy (;), there is positive
probability that state j is sampled. We conclude that whenever p;; is posi-
tive, P;; is also positive. This implies that any proper policy in the original
problem is also proper in the auxiliary problem.

Suppose that all policies in the original problem are proper. Then,
the same is true for the auxiliary problem and as argued earlier in this
subsection, the operator H is a weighted maximum norm contraction. Since
we are dealing with a Robbins-Monro stochastic approximation algorithm
based on H, Prop. 4.4 in Section 4.3 applies and proves convergence. For a
complete proof, we also need to verify that the noise variance does not grow
faster that ||r||2, but this is straightforward and similar to the argument
used in the convergence proof for @-learning (Prop. 5.5 in Section 5.6).

We now move to the case where improper policies are possible. Con-
sider an improper policy for the auxiliary problem and let us focus on a
recurrent class of states that does not include the termination state. Let .S
be the set of states i € {1,...,n} in that recurrent class. Then, we must
have p;; = 0 for all i € S and j ¢ S. This implies that we also have p;; = 0
foralli € Sand j ¢ S. In particular, we have an improper policy p for the
original problem under which the state stays forever in the set S. Since all
improper policies have infinite cost for some initial state (in the original
problem), Zj pijg(i, u(i),j) must be positive for at least one of the states
in S. Since the two problems have the same expected costs per stage, the
expected cost per stage is positive for at least one nontransient state in
the auxiliary problem. This argument shows that the auxiliary problem
satisfies the usual assumptions (there exists a proper policy and for every
improper policy some initial state has infinite cost).

Having verified the above, it is easily shown that the iteration map-
ping H has a unique fixed point (because it is closely related to the DP
operator for the auxiliary problem). We can then apply our convergence
results for stochastic approximation algorithms based on monotone map-
pings. Proposition 4.6 in Section 4.3 establishes convergence as long as the
iterates stay bounded. Boundedness follows from the existence of a proper
policy and the nonnegativity of the costs; the details of the proof are the
same as in the proof of convergence of Q-learning (Prop. 5.6 in Section 5.6).
Q.E.D.

The nonnegativity assumption in part (b) of the preceding proposition
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cannot be relaxed. The example that follows shows that divergence is
possible in the absence of that assumption. The reason is that even if all
improper policies in the original problem have infinite cost, the auxiliary
problem may possess improper policies with finite cost.

(b)

Figure 6.15: (a) The system in Example 6.15. (b) The transition graph of the
auxiliary system under the policy that chooses to go from state 3 to state 2 and
from state 2 to state 1.

Example 6.15

Consider the system shown in Fig. 6.15(a). All transitions are deterministic
but at states 2 and 3, there are two possible decisions, as indicated in the
figure. The labels next to each arc indicate the transition costs. Note that
every improper policy has infinite cost because the sum of the costs along
every cycle are positive. Let S1 = {1,3} and S2 = {2}. Let q(1]1)=¢ >0
and ¢(3|1) =1 — g > 0. The equation r = Hr takes the form

r(l) = q(2 + r(2)) + (1 — ¢) min {O,T(Q)},
r(2)=min{ - 1+r(1),1+r(1)} =-1+7r(1).
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Using simple algebra, it can be verified that if ¢ < 1/2, the equation r = Hr
has no solutions. Since the algorithm could only converge to a solution of this
equation, it follows that the algorithm does not converge.

A better understanding of the divergent behavior can be obtained by
considering the policy that chooses to go from state 3 to state 2 and from
state 2 to state 1. Under that policy, the auxiliary system has the structure
shown in Fig. 6.15(b). The expected cost incurred between two consecutive
visits to state 2 in the auxiliary system, is equal to —1 + 2¢. (From state 2,
we move to s1, at a cost of —1; once at s1, we choose state 1 with probability
q and then incur a cost of 2, or choose state 3, with probability 1 — ¢, and
incur zero cost.) Thus, if ¢ < 1/2, the total expected cost of this policy is
—o00, which violates the usual assumption that every improper policy must
have cost +o0.

Discounted Problems

The algorithm of this section is easily adapted to discounted problems; all
that is required is to insert a factor of « at the usual place in the update
equation, and H becomes a maximum norm contraction. The auxiliary
problem is also a discounted problem. Hence, the equation r = Hr has
a unique solution and the algorithm converges to it with probability 1, as
long as each subset Sj is sampled infinitely often, and under the usual
assumptions on the stepsize.

6.7.4 Error Bounds

We continue by introducing some stronger assumptions on the original
problem that will allow us to establish bounds on the quality of the ap-
proximate cost-to-go function obtained in the limit. We assume that there
exists a positive constant « such that for every state ¢ and every decision
u € U(i), we have

pio(u) > 1 —a. (6.74)

We note that such an assumption is satisfied whenever we start with a
discounted problem (with discount factor «) and convert it to a stochastic
shortest path problem, as discussed in Ch. 2. The bounds to be derived
are also valid for discounted problems that are treated as such (without
converting them to undiscounted ones); the arguments are entirely similar
and will be omitted.

Under condition (6.74), it is easily seen that every policy is proper.
Using our earlier discussion, the mapping H described by Eq. (6.73) is a
contraction and the algorithm converges, with probability 1, to the unique
solution of the system r = Hr, to be denoted by r*. Let

k — *(7) *(q
e(k) ﬁ?iw (i) — J*(5)]
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and € = maxy, €(k). We then have the following result.

Proposition 6.8: Under condition (6.74), the unique solution r* of
the system r = Hr [cf. Eq. (6.73)] satisfies

€

r*(k) —

< Jx(i) < re(k) +

, Vk, i€ Sk

11—« 1—«

Proof: In order to eliminate some details, we make the minor assumption
that g(¢,u,0) = 0 for all i and u € U(4). The proof can be easily extended
to the case where this assumption does not hold. Let us define

€

7(k) = min J* () +

K.
i€S), l—«

. k=1,..

*

We then have

(HT)(k) = 3" q(i | ) min Zp” ( (i u,j)+F(k(j)))

1€Sk GU(Z
) , . €

< ZQ(” min szj < ZU,])+J*(])+1_a)

1€SK ue ()
:Zq(z|k) J*(#) + min Zpu

; u€eU (i)

1€ Sk

fe73
< wmin (J*(i
_?GHSI;( (z)+e)+1_a
R €

R U
=7(k).

We have therefore established that H7 < 7. Since r* = lim;— o, H'T, the
monotonicity of H implies that r* < 7. This proves the left-hand side
inequality in the proposition’s statement. The right-hand side inequality
is proved similarly by defining

€

r(k) = max J*(i) —

1€Sk 1—04’

and establishing that Hr > r. Q.E.D.

It is known that the bounds provided by Prop. 6.8 are tight. In
particular, an example is given by Tsitsiklis and Van Roy [TsV96a] where
the approximation error is as large as €¢/(1 — «).
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Using the bounds in Prop. 6.8, we can also obtain bounds on the
quality of the resulting policy. Let u be a greedy policy, defined by

p(i) = arg min sz'j(u) <g(i,u,j) + ¥ (k(]))), Y .
§=0

Then, Prop. 6.1 in Section 6.1 shows that

; el 2ae .
J/‘(’L)SJ (2)+m7 Y i.

We note that this is similar to the performance guarantees of approximate
policy iteration (cf. Prop. 6.2 in Section 6.2). However, the two results are
not directly comparable. In approximate policy iteration, we assumed the
ability to approximate any J# within €, where € is the power of the approx-
imation architecture. In contrast, Prop. 6.8 only assumes that J* can be
approximated with accuracy €/2, but with a special type of architecture,
the class of functions that are piecewise constant over the sets Sk.

6.7.5 Comparison with TD(0)

Let us now assume that there is a single policy p, which would be the case,
for example, if we were trying to evaluate a policy within a policy iteration
scheme. The algorithm and the convergence results remain applicable,
with J* replaced by J#. For the single policy case, the algorithm can be
viewed as an adaptation of TD(0) to a particular type of approximation
architecture.

In order to make a closer connection with the results of Section 6.3,
we define the “projection” IIJ# of J~ by

ITLT# = Jilloe = min [ J(-,7) = o,

and it is easily seen that |[IIJ+ — J#| = €/2. Thus, the error bound of
Prop. 6.8 is of the form

(| J — j(.)r*)”oo < M

1—a ’

which is very similar to the error bound |IIJ# — J¥|p/(1 — «) derived
for TD(0) (cf. Prop. 6.5 in Section 6.3). Despite the apparent similarity,
the two results are not comparable, neither one implying the other. Leav-
ing aside the fact that different norms are involved, the convergence of
TD(0) is based on a particular sampling mechanism (simulate the policy
under consideration), but it allows for a much more general approximation
architecture than the one considered here.
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6.7.6 Discussion of Sampling Mechanisms

The algorithm considered in this section and our convergence results are a
bit restrictive because of the requirement that the different samples from
the same set Sy are independent identically distributed. In a simulation-
based implementation one might wish to generate random trajectories (un-
der some policy) and perform updates at the states visited by the trajec-
tory; in that case, the independence assumption would be violated. For-
tunately, our convergence results remain valid under much more general
sampling mechanisms.

To be more specific, suppose that there is an underlying finite-state,
stationary, ergodic Markov process X; and that the state to be sampled
at time t is a function of X;. For example, X; could be the state of the
system under consideration, when controlled under a fixed policy. We then
define ¢(i| k) as the steady-state probability that state ¢ is sampled, given
that the partition Sy is selected. In this context, the convergence behavior
of the algorithm is the same as in the case of independent sampling, except
that the proof requires somewhat more sophisticated machinery.

One could also consider a nonstationary sampling mechanism, that
evolves based on the progress of the algorithm. For example, if our sampling
is based on simulations of the system using a greedy policy, we get a method
resembling optimistic policy iteration using TD(0). The convergence of the
resulting method is questionable.

In practice, one would want to combine some aspects of optimistic
policy iteration, so as to ensure that the most important states are visited,
together with some random sampling to ensure that no regions of the state
space remain unexplored. An alternative is to heuristically design a rea-
sonably good policy and let the sample states be the states visited by that
policy.

6.7.7 The Model-Free Case

If a model of the system is unavailable, but the set U(7) is the same for
all states 7 in the same subset Sk, we can introduce approximate Q-factors
that remain constant within each subset S, of the form

Qi u) = Q(Sk,u), i€ Sk, uel().

We then obtain an algorithm that updates the Q-factors Q(Sk,u), using
the equation

Q(Sk,u) := (1 —7)Q(Sk,u) + ’y(g(i, u, j) + vrenUig) Q(Sk(j)» U))7

where ¢ is an element of Sj chosen with probability ¢(i | k), and j is
the outcome of a transition simulated according to the transition proba-
bilities p;j(u). It is not difficult to see that this algorithm coincides with
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Q-learning, with a lookup table representation, applied to the auxiliary
problem. With a suitably decreasing stepsize and if all pairs (Sy, u) are con-
sidered an infinite number of times, the convergence results for Q)-learning
apply (cf. Section 5.6).

We note that if the set U(4) is different for different states i € Sk, or
if the same u has drastically different effects at different states ¢ in Sk, a
method of this type cannot be useful.

EUCLIDEAN CONTRACTIONS AND OPTIMAL STOPPING

In this section, we focus on the case of a linearly parametrized approxima-
tion architecture. We impose an additional assumption on the DP operator
T and then proceed to show that approximate value iteration becomes a
convergent algorithm. We close by demonstrating the convergence of Q-
learning when applied to a broad class of optimal stopping problems.

In order to motivate the nature of our assumptions on the DP operator
T, recall that approximate value iteration can be viewed as a combination
of two elements: updates of cost-to-go values, according to the value itera-
tion formula, which amounts to applying the operator T'; “projections” on
the set of cost-to-go functions that can be represented by the approximation
architecture. For discounted problems, the DP operator is a contraction
(with respect to the maximum norm) and projection operators are nonex-
pansive (with respect to the Euclidean norm). However, in order to assert
that the composition of the two is also a contraction, we need their proper-
ties to refer to the same norm and this is essentially what will be assumed
in this section. We will be working in terms of weighted quadratic norms;
recall that such norms played a key role in establishing the convergence of
TD(A) for the case of a single policy and linear parametrizations (Section
6.3).

6.8.1 Assumptions and Main Convergence Result

Consider a stochastic shortest path problem with state space {0, 1,...,n},
where 0 is a cost-free termination state. We assume a linearly parametrized
approximation of the cost-to-go, of the form

J(i,7) = o(i)'r, i1=1,...,n,

where r and each ¢(i) are K-dimensional vectors, and where ¢(0) = 0.
Let ® be the n x K matrix whose ith row is the row vector ¢(i)’. We
may then write, in vector notation, J(r) = ®r, where J(r) is the vector
(J(1,r),....d(n,1)).

Let 7 = (m(1),...,m(n)) be a vector with positive components that
sum to 1, and let D be an n x n diagonal matrix with diagonal entries
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m(1),...,m(n). As in Section 6.3, we define the weighted quadratic norm
|- Ilp by [[J||% = J'DJ, for all J € R".

Let us consider the fully incremental approximate value iteration al-
gorithm of Section 6.5.4 [cf. Eq. (6.64)], specialized to the case of a linear
approximation architecture. Since V.J(i,7) = ¢(i), Eq. (6.64) becomes

ri=r+96(i) | min Zp” (9i,u,5) + 6(3)'r) — Bli)r

i
= r+76(1) ((T(@r)) (i) = 6()T).
A more precise description of the algorithm is
reet = 7+ 3000i0) ((T(@re)) i0) = dlie)'re ), (6.75)

where i; is a state chosen for an update at iteration t.
We now introduce the main assumption of this section.

Assumption 6.3: The operator T is a contraction with respect to
the norm || - || p, namely, there exists some § < 1 such that

\TJ-TJ||p <B|lJ—J|b, v J, .

The result that follows shows that if the states i; are independently
sampled according to the probability distribution specified by the vector
m, then the algorithm converges, with probability 1. The proof is in some
respects similar to the convergence proofs for TD(A) (Props. 6.4 and 6.6),
specialized to the case A = 0. One difference here is that the update formula
(6.75) depends nonlinearly on r. Nevertheless, the contraction property
that we assume can be used to show that the expected update direction has
a descent property with respect to a certain quadratic potential function.

Proposition 6.9: Consider the algorithm described by Eq. (6.75) and
assume the following.
(a) The stepsizes 7: are deterministic, nonnegative, and satisfy
YooYt =00 and > o0 2 < 0.
(b) The states i; are independently chosen and P(i; = i) = 7 (i) for
all ¢ and all ¢.
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(¢) The columns of the matrix ® are linearly independent.
(d) Assumption 6.3 holds.
Then, with probability 1, the sequence r+ converges to r*, the unique

solution of the system of equations

r* = (&' D®) =18/ DT (Pr+). (6.76)

Proof: Let us define a matrix II by
II=3(®'DP)-19'D. (6.77)

As shown in Lemma 6.8 of Section 6.3.3, for any given vector J, I1J is a
vector of the form ®r, where r is chosen so as to minimize ||®r — J||p,
and in that sense, Il is a projection matrix. It then follows that II is
nonexpansive, in the sense that ||ILJ||p < ||J| b, for all J € 7. While this
is evident from the geometric interpretation of projections, it can also be
proved algebraically as follows. We have

1713, = 117 + (7 — ) T,
= |TILJ||%, + (I — II)J||%, + 2J/I'D(I —11)J
D D
— T3, + (7 - DI
> |13,

where the last equality follows from the relation II’'D = II’ DII, which is
an easy consequence of Eq. (6.77). We conclude that ||ILJ||p < ||.J||p for
all J.

Consider now the mapping that maps a vector J to the vector IITJ.
Since T is a contraction and I is nonexpansive (with respect to the norm
I Ip), it follows that this mapping is a contraction mapping. We now in-
voke the contraction mapping theorem (see e.g., [BeT89], p. 182, or [Lue69],
p. 272), which asserts that a contraction mapping from R into itself has
a unique fixed point; we conclude that there exists a unique vector J that
satisfies J = IIT"J. Since J is in the range of II, it follows that there exists
some r* such that J = ®r*. Using Eq. (6.77), we have

Or* =TT (Pr*) = &(P'DP) 10’ DT (Pr+). (6.78)
Since ® has linearly independent columns, we obtain
r* = (' DP)-1®' DT (Pr*),

and therefore Eq. (6.76) has a solution. [This can also be proved by mul-
tiplying both sides of Eq. (6.78) by (2’ D®)~19'D.]
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We now prove the uniqueness of r*. If r is another vector satisfying
r = (®'D®)-1®'DT(Pr), then both &r and ®r* are solutions (for J) of the
equation .J = IITJ which, as shown earlier, has a unique solution. Thus,
®r = &r* and since ® has full column rank, we conclude that r = r*.

We now continue with the proof of convergence. Let s¢ be defined by

st = ¢(it) ((T(‘I’Tt))(it) - ¢(it>/rt)7
and note that the algorithm we are studying is of the form
Ti41 = Tt + VSt

Some simple algebra yields

Els | r] = m(i)e(i) ((T(%))(i) - ¢>(i)'n) = &' DT (Pr;) — ®'DPr.

i=1

Our convergence proof is based on a stochastic descent property with
respect to the potential function

1
7y = 5l =13,

where || - ||2 is the (unweighted) Euclidean norm. As a first step, we es-
tablish that V f(r¢) E[s: | r¢] is negative whenever r; # r*. Omitting, for
simplicity, the subscript ¢ from our notation, we have
Vf(r)E[s|r] = (r—r*)®D(T(Pr) — r)
= (r —r*)®D(IIT(®r) + (I — I)T(®r) — Pr)
= (®r — @r*)’D(IT(Pr) — Or),
where the last equality follows because ® DII = ®'D [cf. Eq. (6.77)]. Using
the definition of r* [cf. Eq. (6.76)], the contraction assumption on 7', and
the nonexpansion property of II, we have
|7 (Dr) — ®r=||p = |UT(Pr) — IIT(Pr*)| b
<|IT(®r) = T(2r+)[lp (6.79)
< B||®r — $r||p.
We have, using Eq. (6.79) to obtain the first inequality,
p2||@r — r+||3 = [T (2r) — r|3
= |OT(®r) — &r + (Pr — &r+)||3
= [OT(®r) — Or(|} + [|r — Sre||},
+ 2(IUT(®r) — &) D(Br — &r*)
> ||@r — ®r |2 + 2(T(Pr) — &r) D(®r — r),
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from which it follows that

1_ 32

p |@r—®r+[|2, < 0.
(6.80)

Since ® has full column rank, &’ D® is positive definite and, therefore, there

exists some ¢ > 0 such that ' ® D®r > cr'/r, for all r. Using this inequality

with  —7* in place of r, we obtain ||®r — ®r*||% > ¢||r —r*||3. We conclude

that

V() Els|r] = (UT(®r)—&r) D(®r—&r+) < —

vieyEls < -y ez = - 197} I3.

In order to apply the convergence results from Ch. 4, we also need a
bound on E|[s¢|3 | r]. We have

E[|lsll3 | r] = Zﬂ(i)

1=

c(1 -7
2

’ 2

6() ((T(@r0) () — (i)y're ||

Using the contraction property of T, it is not hard to show that
|T(®re)|, < AL+ [[®rell2) < B(1+ [Irell2),
for some constants A and B. Using this relation, it follows easily that

E[llsill3 | r] < C(1+ rell2)”
< O+ [fre = |2 + [|r*]|2)®
< F(L+ |re —r*|13)
= F(1+|Vf@r)l3),

for some constants C and F.
We can now apply Prop. 4.1 from Section 4.2. We obtain that
V f(r:) = r+ — r* converges to zero, and the proof is complete. Q.E.D.

6.8.2 Error Bounds

We continue with a result that shows that if the approximation architecture
J = ®@r is capable of closely approximating J*, then the limit ®r* provided
by the algorithm provides a close approximation.

Proposition 6.10: Under the assumptions of Prop. 6.9, the limit r*
to which the algorithm converges satisfies

1
1or= = J*llp < 751> = J*[[p.
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Proof: Recall that ®r* has been characterized as the solution of the equa-
tion ®r* = T (Pr*). Using the contraction assumption on T, the result
follows immediately from Lemma 6.9 in Section 6.3.3. Q.E.D.

6.8.3 Applicability of the Result

The main difficulty in applying the convergence result of this section is
in defining a suitable norm || - ||p, verifying that T is a contraction with
respect to this norm, and finally generating the sample states according to
the distribution 7 (-).

One case arises when we are dealing with a single policy and we
have a discounted problem. Then, we can let w(-) be the steady-state
distribution. As shown in Section 6.3, the transition probability matrix
P satisfies ||PJ||p < ||J||p for every vector J and it follows that T is a
contraction, with a contraction factor equal to the discount factor. In that
case, we recover the convergence result for TD(0), already shown in Section
6.3. A second case where Prop. 6.9 applies is discussed in Van Roy and
Tsitsiklis [VaT96], which deals with systems where the states are embedded
in a Euclidean space and all transitions are local. Yet another case is the
subject of the next subsection.

Regarding the sampling mechanism, the discussion in Section 6.7.6
applies. In particular, a convergence result can be proved without the
assumption that the different samples i; are independent, as long as they are
generated according to some Markov process with steady-state distribution
m(-); for example, by generating independent trajectories according to some
fixed policy. The proof, however, requires more sophisticated machinery.

6.8.4 ()-Learning for Optimal Stopping Problems

Optimal stopping problems are a special case of DP problems in which we
only get to choose the time at which the process terminates. They arise
in many contexts (see e.g. [Ber95a]), such as search problems, sequential
hypothesis testing, and pricing of derivative financial instruments.

We are given a Markov chain with state space {1, ...,n}, described by
a transition probability matrix P, and which has a steady-state distribution
(). We assume that 7(¢) > 0 for all states i. Given the current state i,
we assume that we have two options: to stop and incur a termination cost
h(i), or to continue and incur a cost g(i,j), where j is the next state. We
adopt a discounted formulation, and let o € (0,1) be the discount factor.

We digress to note that a similar development is possible without the
positivity assumption on the steady-state probabilities, but the algorithm
has to be different (we need to keep reinitializing the trajectory so as to
ensure that all transient states are visited infinitely often), and the weights
used to define the norm || - |[p must be defined differently. (The same
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choice of norm as the one that was used in Prop. 6.6 of Section 6.3.4 will
do.) Furthermore, the case of & = 1 can also be handled under suitable
assumptions.

The DP operator T for the problem that we have defined is given by

(TJ)(0) = min ¢ (@), > pig(95,5) +aJ () ¢ -

or, in vector notation,
TJ = min{h, g + aPJ},

where h = (h(l), e h(n)), and g is a vector whose ith component is equal
to >0y pijg(i, J)-

In the spirit of the Q-learning algorithm, we associate a Q-factor
with each of the two possible decisions. The Q-factor in the case where the
decision is to stop is equal to the termination cost h(:). The @-factor in
the case where the decision is to continue is denoted by Q(¢). This latter
Q-factor satisfies

Qi) = > pis (900,9) + amin {h(7), Q()}),
j=1
and the @-learning algorithm is

Q) = Q) +7(g(i,5) + amin {(j). QU)} - QW)

where i is the state at which we choose to update and j is a successor state,
generated randomly according to the transition probabilities p;;.

Let us now adopt an approximation architecture and introduce an
approximation Q(i,r) of the Q-factors Q(i), where r is a K-dimensional
parameter vector. We assume that the approximation architecture is linear
and that

Qi,r) = ¢(i)'r,
where ¢(i) is a K-dimensional feature vector associated with state . In
the presence of such function approximation, we can construct the following
Q-learning algorithm [cf. Eq. (6.66) in Section 6.6]. At the beginning of
the tth iteration we have access to a parameter vector r:. We select the
stepsize v+ and a state i;, simulate a transition to a state j:, according to
the transition probabilities p;, ;, and perform the update

rin = 11+ %000 (9(ir, o) + amin {h (i), QUi o)} = Qlirrs)). (6.81)
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We rewrite the algorithm in the form

Tep1 = e + 7 (ir) (g(it’jt) + amin {h(ji), p(ji)'re} — ¢(it)’7“t)

= 1 200(ie) ((T(@r0)) (i) = B(ia)'re ) + (i

where

(TQ)() = pis (9i.4) + ormin {h(1). Q7)} )

and
wi = g(ir, jr) + cmin {h(je), d(je)'re }

= > piei (glie.d) + amin {h(3). o(3)ri}).
Jj=1

is a zero mean noise term.

Let D be the diagonal matrix associated with the steady-state prob-
abilities m(¢) and consider the norm || - |p. We claim that the operator T'
is a contraction with respect to this norm. Indeed, for any two vectors
and Q, we have

[(TQ)(H) = (TQ)(H)| < Y pij| min{h(4), Q(j)} — min{h(j), Q(j)}|
j=1

<o) piylQU) - QU
j=1

or o o
TQ - TQ| < aP|Q — ¢,

where we use the notation |x| to denote a vector whose components are the
absolute values of the components of x. Hence,

ITQ — TQl|p < a||PIQ = Q| ||, < allQ - Qllp,

where the last step used the fact that ||PJ||p < ||J||p for every vector
J (Lemma 6.4 in Section 6.3.3). We conclude that 7' has the claimed
contraction property.

If we now assume that the states i; are independently sampled ac-
cording to the steady-state distribution, we see that the assumptions of
Prop. 6.9 are satisfied and the QQ-learning algorithm converges with prob-
ability 1, except for the presence of the additional term w;. Fortunately,
this additional noise term does not pose any difficulties. Going back to
the proof of Prop. 6.9, we see that the noise term w; being zero-mean does
not affect the expected direction of motion E[s; | ] and we still have a
descent direction on the average. The variance of wy is easily seen to be
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proportional to 1+ ||r¢||2. Hence, Prop. 6.9 does extend and covers the
present algorithm as well. In addition, the error bounds of Prop. 6.10 also
apply. We summarize this discussion in the following result.

Proposition 6.11: Suppose that the stepsizes y; are nonnegative, de-
terministic, and satisfy Y_,° v = oo and Y_,° 77 = co. Suppose also
that the states i; are independently chosen according to the steady-
state probabilities 7(i) and that the columns of the matrix ® [with
rows ¢(¢)'] are linearly independent. Then, the sequence r¢ generated
by the @Q-learning algorithm (6.81) converges with probability 1 and
the limit r* satisfies

1
12r* = @*llp < 7= II1Q* - Q*||p,

where II is the projection with respect to the norm || - [|[p and @Q* is
the vector of optimal Q-factors.

In practice, it is difficult to construct independent samples from the
steady-state distribution of the (unstopped) Markov chain, unless one sim-
ulates the Markov chain sufficiently long. Carrying out an independent
long simulation to generate each random sample would be too demanding
computationally. Instead, the most natural version of the algorithm is the
following. Carry out a single, infinitely long simulation of the (unstopped)
Markov chain, let i; be the sequence of visited states, and let j; = ds41.
Then, at each time ¢, update r; according to the update rule in Eq. (6.81).
For this version, the sample states i; are obviously dependent and a key as-
sumption of Prop. 6.9 is violated. Nevertheless, this variant is guaranteed
to converge, with probability 1, to the same limit as the variant based on
independent identically distributed samples. One approach for obtaining
such a result rests on the averaging ideas discussed in Section 4.4 and used
in the convergence proof of on-line TD()) in Section 6.3.3. In contrast to
these earlier results, the expected update direction involves the nonlinear
DP operator T" and is a nonlinear function of the parameter vector r. Thus,
Prop. 4.8 of Section 4.4 is not enough to establish convergence, but more
powerful results from [BMP90] will do. In an alternative, more elementary
approach to proving convergence, we may add (“lump”) all the updates
that take place between successive visits to a fixed reference state. Condi-
tional on the current time ¢, the direction of a lumped update that starts
at time ¢ is statistically independent from previous lumped updates. Using
calculations similar to those in the proof of Prop. 6.9, this is a descent
direction with respect to the potential function ||r — 7*||2 and convergence
follows.
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VALUE ITERATION WITH REPRESENTATIVE STATES

Suppose that a feature vector ¢(i) has been associated with each state i.
If the set of all possible feature vectors ¢(i) is rather small, we can lump
together all states sharing the same feature vector and use the aggregation
method described in Section 6.7. However, the set of possible feature vec-
tors is often huge making it impossible to associate a separate value with
each one of them. This leads us to approximation architectures involving
fewer parameters such as the linear architecture

J(i,r) = o(i)'r = ) dr(i)r(k),

71

where ¢(i) = (¢1(i),...,¢x(i)). In this section, we discuss such a linear
approximation architecture, with some additional special structure, which
leads to demonstrably convergent algorithms.

Let there be a total of n 4+ 1 states with state 0 being, as usual, a
zero-cost absorbing state. We single out K states (K < n) considered to
be sufficiently representative of the entire state space. By possibly renum-
bering the states, we can and will assume that the representative states are
the states 1,..., K. For these states, we use a lookup table representation,
involving the variables J(k), k = 1,..., K. For the remaining states, we
introduce a linear parametrization of the form

K
J(@) =Y _0k(i)J(k), i=K+1,...n, (6.82)
k=1
where the ) (7) are some fixed nonnegative coefficients that satisfy

Oo(i) =1, i=K+1,...,n.

Nt

Thus, the cost-to-go J(i) of any state i > K is expressed as a weighted
average of the costs-to-go J (k) of the representative states. The coefficient
01 (i) may be viewed as a measure of similarity or proximity of state i to the
representative state k. This approximation architecture is very similar to
what has been traditionally used in the discretization or finite-element ap-
proximation of continuous-state stochastic control problems [KuD92], but
can also be applied to large scale discrete problems, as long as a meaningful
set of representative states can be generated. The example that follows is
meant to amplify the connection with continuous-state problems.
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Example 6.16

Suppose that each state ¢ can be identified with a point z; in two-dimensional
Euclidean space. (The discussion below extends to higher dimensions in an
obvious manner.) Let us form a triangulation of the state space. That is, we
form a set of triangles with disjoint interiors such that every state lies in one
of these triangles. Furthermore, we require that every vertex of each triangle
is one of the states, and we let the vertices be our representative states. Then,
every nonrepresentative state x; lies in some triangle with vertices Tiys Tig,
xiy, and there exist nonnegative coefficients 6;, (i), 0i,(é), and 0;5(4), that
sum to 1, and such that

Ti = 91'1 (Z)szl + 91'2 (Z)JIQ + 91'3 (1)1’13
The parametric representation we have adopted is of the form
J(i) = 05y (i) J (i1) + 03y (1) (i2) + Oig (i) J (i3).

In effect, we are considering cost-to-go functions that are linear in each tri-
angle and, therefore, completely determined by the values at the triangle
vertices.

The algorithm we have in mind updates the coefficients J(k), k =
1,..., K, by carrying out value iterations at the representative states, and
uses the parametric representation in Eq. (6.82) to obtain the necessary
costs-to-go at the nonrepresentative states. Mathematically, the algorithm
is of the form

n K
Jry(i) = ug%)Zm(u) (g(i,u,j) + Zek(j)Jt(m) ,i=1...,K.
j=0 k=1

~ (6.83)
If this algorithm converges, then the values J(i), i = 1,..., K, obtained in

the limit satisfy

J@) = min > pi(w) (g0, u.5) + J())
j=0

n K
= urenl}l(lz) Zpij(u) (g(iauaj) + Z ek(])J<k)> ) i=1,... K
§j=0 k=1
(6.84)
Regarding the implementation of the algorithm, if a representative
state has a large number of possible successor states [states j for which
pij(u) is positive|, then the outer summation over j in the right-hand side
of Eq. (6.83) (which is really an expectation over j) may have to be replaced

by an estimate obtained by Monte Carlo simulation.
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Relation to an Auxiliary Problem

Equation (6.84) can be interpreted as the Bellman equation for an auxiliary
stochastic shortest path problem with state space {0, 1,..., K}, defined as
follows. Given a current state i < K, we make a decision u and choose some
Jj according to the probabilities p;j(u). If j < K, then j is our next state. If
j > K, the next state k is chosen at random according to the probabilities
0r(j). Tt is seen that the algorithm defined by Eq. (6.83) is simply the
ordinary value iteration algorithm for the auxiliary problem. Consequently,
as long as the auxiliary problem satisfies the usual assumptions (there exists
a proper policy and every improper policy has infinite cost for some initial
state), the algorithm is guaranteed to converge to the optimal cost-to-go
function (j*(l), e j*(K)) for the auxiliary problem, which is the unique
solution of the system of equations (6.84).

As in Section 6.7, stronger results are possible under some more as-
sumptions on the problem structure. For example, for discounted problems,
convergence does not require any assumptions on the nature of the different
policies. Furthermore, error bounds similar to the ones in Prop. 6.8 are ob-
tained by following more or less the same lines of argument (see Tsitsiklis
and Van Roy [TsV96al).

6.10 BELLMAN ERROR METHODS

One possibility for approximation of the optimal cost by a function .J (i,7),
where r is a parameter vector, is based on minimizing the error in Bellman’s
equation; for example, by solving the problem

2

mTinZ J(i,r) — min Zp”(u) (9(i,u, j) + j(],r)) , (6.85)

where S is a suitably chosen subset of “representative” states. Equivalently,
if we define the error D(i,7) in Bellman’s equation by

D(i,’l“) = urenl}r(lz) Zp’ij(u) (g(ia u?.?) + j(]v ’I“)) - j@) ’I“),

we are dealing with the problem
. ofs
min Z D2(i,r).
ie8

This minimization may be attempted by using some type of gradient or
Gauss-Newton method; some possibilities will be discussed shortly. We
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observe that if S is the entire state space and if the cost in the problem
(6.85) can be brought down to zero, then J(i,r) solves Bellman’s equation
and we have .J(i,7) = J*(i) for all .. The set S of representative states may
be selected by means of regular or random sampling of the state space, or
by using simulation to help us focus on the more significant parts of the
state space.

The cost function in the problem (6.85) is the sum of several cost
terms. We may therefore use the incremental gradient method which, in-
stead of computing the gradient of the full cost function, it bases each
update on the gradient of a single cost term. The resulting update equa-
tion is given by

r:=r—~D(i,r)VD(i,r)
=r =106 Yps @V - viGn), 650

where @ is given by

@ = arg min Ej:pu (w) (903, u, ) + T (4,7)),

and v is a stepsize parameter. The method should perform many such
iterations at each of the representative states. One possibility is to cycle
through the set of representative states in some order, which may change
from one cycle to the next, as discussed in Section 3.2. In a second alter-
native, we can let S be the entire state space and choose the state at which
to carry out an update at random according to the uniform distribution; in
that case, the incremental gradient method is a stochastic gradient method,
as discussed in Example 4.4 of Section 4.2. Finally, random sampling under
distributions other than the uniform is possible. For example if state ¢ is
chosen for the next update with probability v(), then the expected update
direction is equal to

—ZU(i)D(i,r)VD(i,r),

which indicates that we are dealing with a stochastic gradient algorithm
for the weighted Bellman error criterion

> w(i)D2(i,r).

%

Note that in iteration (6.86) we approximate the gradient of the term

urenl}r(l) Zpu(U) (9(i,u, )+ J(5.7)) (6.87)



366  Approximate DP with Cost-to-Go Function Approximation Chap. 6

by )
Zpij(ﬂ)VJ(L T),

which can be shown to be correct when the above minimum is attained at
a unique @ € U(7). The set of values of r for which D(7,r) is nondifferen-
tiable is typically a zero volume set and, in the presence of noise, one can
often safely assume that the algorithm stays clear of points of nondiffer-
entiability. On the other hand, some of the key assumptions used in the
convergence analysis of Ch. 3 are violated and the convergence properties
of the iteration (6.86) should be analyzed using the theory of nondiffer-
entiable optimization methods. One possibility to avoid this complication
is to replace the nondifferentiable term (6.87) by a smooth approximation
(see [Ber82b], Ch. 3, or [Ber95b], Section 1.10).

6.10.1 The Case of a Single Policy

The special case where we want to approximate the cost function of a
given policy p is particularly interesting. For any given state ¢ that has
been chosen for an update, the iteration (6.86) takes the form

ro= TﬁvE[d(imjar) | ’L,[L]E[Vd(l,j,?”) | Z,‘LL}

= r = E[dGi,4,r) | i,6) (E[VTGor) o] = VI (.7)), (6.88)

where
d(i, j,r) = g(i,p(i),5) + J(G,r) = J(i,7),

and E[- | i, ] denotes expected value over j using the transition proba-
bilities pq; (p4(7)). There is a simpler version of iteration (6.88) that does
not require averaging over the successor states j. In this version, the two
expected values in iteration (6.88) are replaced by two independent single
sample values. In particular, r is updated by

ri=r—yd(i,j,7) (Vj(ﬁ, r) — Vj(i, r)), (6.89)
where j and j correspond to two independent transitions starting from s.

It is necessary to use two independently generated states j and § in order
for the expected value (over j and j, given ) of the product

d(iaja 7') (vj(Ea T) - VJ(Z, 7‘))7
to be equal to the term
E[d(i,j,7) | i, p] (E [VIGr) | ] — Vj(i,r))

appearing in the right-hand side of Eq. (6.88).
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If the state ¢ at which an update is carried out is chosen randomly at
each iteration, the incremental gradient method (6.88) can be viewed as a
stochastic gradient method, as discussed in the preceding subsection. By
replacing the expectations in Eq. (6.88) by random samples, an additional
noise source is introduced, but the expected direction of update is not
changed. For that reason, the method (6.89) is also a stochastic gradient
method.

6.10.2 Approximation of the @-Factors

The algorithm (6.86) requires a model of the system and the algorithm
in the last subsection deals with the case of a fixed policy. If we wish
to construct an optimal (or close to optimal) policy but a model of the
system is unavailable or is too complex to be useful, we need to work in
terms of approximate @-factors. We are thus led to consider versions of the
above iterations that update Q-factor approximations rather than cost-to-
go approximations.

Let us introduce an approximation Q(z, u,r) to the optimal Q-factor
Q*(i,u), where r is a parameter vector. Bellman’s equation for the Q-
factors is given by [cf. Eq. (5.58) in Section 5.6]

w) = pi(w) (96w, d) + min Q*(G,0))-

veU(j)

In analogy with problem (6.85), we determine the parameter vector r by
solving the least squares problem

2
min Y| QG ur) - sz‘j(U)( iu,f) + min Q(j, v, 7‘)) :
(i,u)eV J
. (6.90)
where V' is a suitably chosen subset of “representative” state-control pairs.

The analog of the incremental gradient methods (6.86) and (6.88) is given
by

ri=r— ’yE[d“(i,j, r) | i,u]E[Vd“(i,j, r) | i,u]
:T_’YEI:du(’Lu% | ’L u Zpu ]7“’ T) v@(iau7r) )

where d¥(i, j,r) is given by

d*(i,4,r) = gli,w,5) + min, Qj,v,m) = QUi u,r),
7 is obtained by

U= arg min ,U, T
g, min, Qj,v,7),



368  Approximate DP with Cost-to-Go Function Approximation Chap. 6

and 7 is a stepsize parameter. In analogy with Eq. (6.89), the two-sample
version of this iteration is given by

re=r = yde(i,5,r) (YO, T, ) — VQ(i, u,m)),
where j and j are two states independently generated from i according to
the transition probabilities corresponding to u, and

w=arg min Q@ v, 7).

6.10.3 Another Variant

Note that the iteration (6.86), which was based on approximation of the
optimal cost-to-go, does not lead to a two-sample algorithm, and this is
one advantage of using Q-factor approximation. The point is that it is
possible to use single-sample or two-sample approximations in gradient-
like methods for terms of the form E[min{ . }], such as the one appearing
in Eqg. (6.90), but not for terms of the form min { E[-]}, such as the one
appearing in Eq. (6.85).

For another example to which the two-sample approximation idea
applies, suppose that we are dealing with a Bellman equation of the form

=300 iy (990 + I (70,y,w) ),

welU (i

where p(-) is a probablhty mass function over a finite set of possible values
for y, and f(i,y,u) is a successor state obtained deterministically from ¢,
y, and u. As seen in Section 2.4, such an equation arises in some problems
involving systems with uncontrollable state components (see Examples 2.3-
2.5 in Section 2.4). This leads us to the optimization problem

2
miny (j( Zp u?&%( (Z,y,U)Jrj(f(i,y,U),r))) :
i€S

where S is a suitably chosen set of “representative” states. Because this

problem involves a term of the form E|min{ - }|, a two-sample gradient-like
method is possible. It has the form

ri=r—yd(i,y,7) (Vj<f(i7§7 w),r) — V.J(, 7"))’

where y and y are two independent random samples drawn according to
the distribution p(-),

d(i,y,r) = urenljr(lz) (g(i7y7u) + j(f(% y,u),r)) - J(Z7 T)v

and
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6.10.4 Discussion and Related Methods

The approximation methods discussed so far are easily generalized to the
case of discounted problems; the only change required is to replace J (4, 7)
throughout by ot (j,7). An extension is also possible to the case of average
cost problems and will be discussed in Ch. 7.

How good are the policies that result from Bellman error minimiza-
tion? If we have a discounted problem, with discount factor «, and if the
method converges to some J that satisfies ||J — TJ|loc < ¢, it is easily
shown that ||J — J*|lec < €/(1 — ). However, the method of this section is
geared towards minimizing the Euclidean norm of the error vector J —TJ.
Whether and under what circumstances this will also lead to a small value
of ||J — TJ||eo is unclear.

The cost function (6.85) minimized by Bellman error methods can
have multiple local minima (with the exception of problems involving a
single policy and a linear parametrization). Thus, even if a very good fit
is possible, there is no guarantee that an incremental gradient method will
converge to it. In fact, it is even possible that the approximation architec-
ture can represent J* exactly, and the optimal cost in the problem (6.85)
is zero, but the method converges to some nonoptimal local minimum with
nonzero cost.

A form of the chattering phenomenon discussed in Section 6.4.2 may
also occur when the Bellman equation error method is used for the case of
multiple policies. For example, there may exist a local minimum 7 of the
cost function

2

Z j(i,’l“) — min Zpij(u) (g(i7uaj) + j(]a T)) )

that lies on a boundary of the greedy partition, so that there is more than
one policy that is greedy with respect to J(-,7). If a gradient method, used
to minimize the Bellman equation error, happens to converge to 7, then
chattering between these multiple greedy policies is likely to occur.

There is a close relationship between Bellman error methods and
TD(0) (cf. the discussion in Section 6.3.2). For example, in the single
policy case, TD(0) involves the same update equation as Eq. (6.89), except
that the term V.J(j,7) is omitted. When that term is included, conver-
gence is much more robust because we are dealing with a gradient-based
method. When that term is omitted, as in TD(0), the method can diverge
but whenever it does converge, convergence is often faster. For this reason,
Baird has proposed [Bai95] combining the best aspects of the two methods,
e.g., by using an update equation of the form

r=r—yd(i,j,T) (5Vj(}, ) — Vj(i,r)),
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where 0 is a constant between zero and one, to be chosen experimentally.
One would like § to be sufficiently large so as to preserve the descent prop-
erty of the update direction, but also small enough so that some of the
accelerated convergence of TD(0) is present. Alternatively, ¢ could be
changed adaptively as the algorithm progresses. For example, it could be
set initially to a small value, so as to obtain rapid convergence, and then
increased towards 1 in order to enhance the accuracy of the final approxi-
mation.

6.11 CONTINUOUS STATES AND THE SLOPE OF THE COST-
TO-GO

In many problems of practical importance, the states can be associated with
grid points in some Euclidean space, and state transitions are only possible
between neighboring states. This is the case, for example, when dealing
with a discretization of a continuous-time problem. In such problems, the
slope of the cost-to-go function becomes important, and we are led to some
new methods that are briefly explored in this section.

As a motivating example, if the state is an n-dimensional vector in-
dicating the number of customers in each of n queues, transitions usu-
ally correspond to a customer arriving, departing, or moving to a different
queue, which means that at most two components of the state will be incre-
mented or decremented by one. For a more concrete illustration, suppose
that we have n; customers in queue 1, ng customers in queue 2, and that
the optimal cost-to-go function J* is known. If a new customer arrives
who can be routed to either queue, a decision can be made by comparing
J*(n1 + 1,n2) to J*(ni,n2 + 1). If only an estimate J of J* is available,
a good decision can be made provided that j(nl + 1,m2) — j(nl,ng +1)
is close to J*(n1 + 1,n2) — J*(n1,n2 + 1). It is therefore desirable that J
captures correctly the slope of J* in the vicinity of (n1,n2), but there is no
reason to require that J be close to J*. Thus, the slope of J* can be more
important than J* itself.

In order to amplify the importance of the slope of J*, let us consider
a continuous-time, continuous-state, deterministic optimal control problem
of the form

o0
minimize / g(ze, us) dt
0

d
subject to % = flae,ue),

utEU,

where z; and u: belong to Euclidean spaces " and ™, respectively. If
we let § be a small time increment and discretize time, we are led to the
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problem of minimizing
o0
5y glwe,ur),
t=0

subject to
Tep1 = 2t + 0 f (T4, ur).

The Bellman equation for the latter problem is

J*(z) = Lrglrjl (5g(x,u) + J*(z + 5f(x,u))).
We approximate J* (z + 6 f(z,u)) by J*(x) 4+ 6V J*(x) f(x, u), and divide
by § to arrive at the Hamilton-Jacobi equation

0 = min (g(xau) + VIJ*(x)’f(x,u)),
uelU

which is a continuous-time analog of the Bellman equation. Evidently, u
should be chosen so as to minimize g(z,u) + VaJ*(x) f(z,u), and it is
clear that only the gradient of J* matters. (Note that the argument we
just gave is rather informal, bypassing several technical issues, such as the
differentiability of J*, for which we have to refer the reader to the technical
literature; see e.g., Fleming and Rishel [FIR75].)

To gain some more insight, let us follow the steps involved in policy
iteration. Given a policy g, the resulting cost-to-go function J# satisfies

0= g(x, u(x)) + Vaou(a) f(z, u(x)), (6.91)

(this is the Hamilton-Jacobi equation, specialized to the single policy case),
and a policy update leads to the new policy

le) = argmin (g(z, u) + Vo Tn(@) f(z,w).

It is then clear that approximate policy evaluation should strive to learn
the function V,J# rather than J#.

Learning the Slope Under a Fixed Policy

Suppose that we are using some form of approximate policy iteration and
that we have fixed the current policy u. Furthermore, suppose that due
to reasons such as the ones just discussed, we wish to modify our training
method so that it tries to approximate the function V,J#. We will discuss
here a number of possibilities.

The first question is related to the nature of the approximation ar-
chitecture. With the state z assumed n-dimensional, V,Jr(z) is also
n-dimensional which might suggest a general approximation architecture
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with n outputs instead of one (e.g., a multilayer perceptron with n units
at the output layer). However, the fact that V,J# is the gradient of a
scalar function contains useful information that should be exploited. The
most natural way of doing that is to start with a parametric representation
J(z,r) of Jt(z) and then view V,J(z,r) as the parametric representation
of VyJi(z).

A second question is related to the availability of training data based
on which the parameter vector r is to be tuned. In this respect, we observe
from Eq. (6.91), that —g(z, u(x)) provides us with training data for learn-
ing the directional derivative Vo J# () f (2, p(z)). Suppose that g(z, u(z))
and f(z:, u(x)) have become available, possibly through simulation, at a
collection X of representative elements x of the state space. We are then
led to the least squares problem

2

min Y (g(@,1(@) + Vo (2.7)f (2, 0(2)) )
which can be solved using the incremental gradient method

rim 1=V (Vad (o,7)'f (2, 1(2)) ) (92, 0(2)) + Vad (2,7)'f (2, 1)) ).

(6.92)
It turns out that this method is essentially the same as the Bellman er-
ror method for the case of a single policy (cf. Section 6.10.1). We com-
pare with the two-sample gradient method (6.89) and note that the term
9(z, u(x)) + V. (x, r) f(z, u(z)) plays the role of the temporal difference
d(i, j,r) whereas V, (ij(x,r)’f(x,u(x))) can be viewed as the limit of
V,J(j,r) = V,.J(i,r). In conclusion, the objective of Bellman error meth-
ods is very similar to the goal of approximating V,J#. Similar arguments
also apply to the multiple policy case.

The method we have just described is trained on the basis of the direc-
tional derivatives of J# along the direction of motion, which is f (sc, ,u(x))
It is plausible that a better approximation will result if we use training
data for other directions as well. One possibility for generating such train-
ing data is to simulate two trajectories x; and y;, starting from two different
nearby states xo and yp, and use the difference of the simulated costs to
form an estimate of the directional derivative V,J#(z)'(yo — xo). In fact,
by taking yo very close to xg, it is sufficient to simulate one trajectory x;
and estimate y; using the formula

1+ 9% (o — o)
=T e — o).
Yt t 8580 Yo 0

Here, 0x+/0x¢ is an nxn matrix of partial derivatives that can be computed
based on the formula

Ti41 = Tt + 5f (‘Tt, :u(‘rt))a (693)
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and the chain rule.

To be more specific, suppose that we have generated K trajectories,
indexed by i, and let z} be the initial state of the ith trajectory. Fur-
thermore, suppose that by proper application of the chain rule, we have
calculated V,J#(z). We may then pose the least squares problem

K
min Z ||sz(x6,r) — v;zzjﬂ(x'é)Hz’

i=1

which can be solved using the methods of Ch. 3.

Once this methodology is adopted for policy evaluation, it can be used
in conjunction with optimistic policy iteration whereby each trajectory is
simulated using a greedy policy, that is, a policy that at every state x
minimizes over all u the expression

g(z,u) + Vo (z,r) f(z,u),

where r is the current parameter vector. However, the convergence behavior
of such a method has not been analyzed.

Let us interject here that estimates of the gradient J#(zo) can also
be obtained for certain types of stochastic systems, on the basis of a single
simulation, using a technique known as Infinitesimal Perturbation Analysis;
see, e.g., Ho and Cao [HoC91] or Glasserman [Gla91].

We have discussed a method for fitting V,J#(x) based on sample val-
ues of this function obtained by simulating complete trajectories, followed
by the solution of a least squares problem. In that sense, the method is like
TD(1) applied to the estimation of V,J#. Methods analogous to TD(0)
are also possible, but we do not pursue this subject any further.

If a model of the system (e.g., the form of the functions f and g)
is not available, knowing the optimal cost-to-go function, or its gradient,
is not enough for making good decisions. As should be clear from the
Hamilton-Jacobi equation, we also need to learn the quantity g(z,u) +
VazJ*(x) f(x,u). The latter quantity, when multiplied by ¢, is identical
to the disadvantages introduced in Section 6.6.2, hence the motivation for
advantage updating methods.

We have argued in this section that estimating the gradient of J*
is sometimes more important than estimating J* itself. One then asks
whether there are any special circumstances under which an algorithm
that learns J* well is also guaranteed to learn V;J* well. In some cases
this is true. For example, suppose that the optimal cost-to-go function is
quadratic, say J*(z) = o’ Az+b x+-c for some A, b, and ¢. Suppose also that
we use a quadratic approximation architecture of the form J(z) = x’Ax +
v z+¢, where A, l;, and ¢ are the tunable parameters. If the approximation
J provides a good fit of J*, the parameters in the approximation must be
close to the true parameters. It follows that V.Jisa good approximation of
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VJ*, and we need not make an additional effort to learn V,J*. However,
this example is somewhat misleading, because the entire argument is based
on the possibility of a perfect fit of J* by the approximation architecture.
In problems where a perfect fit is impossible, there is no a priori reason
why Vg J* will be well approximated; it is such problems that should be
the litmus test of new algorithms.

Using an Action Network

When the current policy is represented by an approximation architecture
ii(-,v), where v is a parameter vector, we sometimes need to update the
policy parameter v according to the formula

vi=v— vvvﬂ(i,v)% Zpij(u) (g(i,U,j) + (3, 7")),

where 7 is the current state and where the partial derivative with respect to
u is evaluated at u = fi(i,v) [cf. Eq. (6.51) in Section 6.4]. For simplicity,
we are assuming here that u is scalar.

We wish to specialize this update to the continuous-time deterministic
problem discussed in this section. The state i is replaced by x, the cost
per stage g(i, u, j) becomes dg(x,u), the next state j becomes x4 4 f(z,u),
and J(j,r) is approximated by J(z,7) + 6V J(z,r) f(z,u). With these
substitutions, we end up with the update rule

0 ~ 0
v i=v—yVyi(z,v) (a—z($7u) + Vi J(z, r)’a—z(x, u)),
which is just a gradient iteration aimed at minimizing

g(x, iz, u)) + sz(x, r)’f(x, iz, v))

This update rule is sometimes described as a “backpropagation” through
a sequence of three structures. Given a small change in the parameter v in
the action network, V,fi(x, v) gives us the direction of change of the control
variable; multiplication by 0 f/du provides us with the direction of change
of the next state; finally, multiplication by V,J gives us the change of the
cost-to-go of the next state. To summarize, we are determining a direction
along which v should be updated so as to improve the quality of the next
state, as evaluated by its approximate cost-to-go. The derivatives Vji(i, v)
and V,.J (z,7) are easily computed for most approximation architectures;
for example, if a multilayer perceptron is employed, these derivatives are
obtained with an easy application of the chain rule. The derivatives dg/du
and Jf/0u can be obtained from an analytical model, if available. Other-
wise, one can simulate the system and train separate neural networks to
construct models of these functions.
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The above update rule for v is based on a limited lookahead, as we
use J to evaluate the state that results  time units later. For deterministic
systems, multistage or “deeper” lookahead is also possible without much
additional effort. The deeper the lookahead, the smaller the importance of
the “critic” J. In fact, if one uses infinite lookahead, that evaluates each
action in terms of the exact cost to be accumulated in the long run, the
critic J can be eliminated altogether. One then recovers more traditional
methods such as “backpropagation through time” [Hay94], that can be
viewed as incremental gradient methods in policy space.

In more detail, the parameter v determines a policy fi(-,v), which in
turn determines a cost-to-go function .J (z,v), defined by

J(z,v) = JAC0) ().

Note that J(z,v) is available through simulation and V,.J(x,v) can be
computed using the chain rule along the simulated trajectory. We can
then use the update equation

vi=v—yVy,J(z,v),

which is an incremental gradient method for minimizing over v a cost func-
tion of the form ) .y J(x,v), where X is a set of representative states.

6.12 APPROXIMATE LINEAR PROGRAMMING

As discussed in Ch. 2, the optimal cost-to-go function J* in stochastic
shortest path problems can be obtained by formulating and solving the
linear programming problem

maximize Z v(1)J (i)
=t (6.94)
SubjeCt to J(Z) < ZPZ](U’) (g(lauaj) + J(]))v Vi, u€ U(l)a

=0

where the v(i) are arbitrary positive weights. When the state space is large,
such a linear programming problem is difficult to handle because there is
a large number of variables and a large number of constraints. We can
develop, however, an approximate linear programming problem, based on
a parametric representation of the function J. We restrict attention to
linear parametrizations of the form

K
J(i,r) = r(k)o(i) = ¢(i)'r, (6.95)

k=1
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where 7 = (r(1),...,7(K)) is a vector of free parameters, ¢ (i) is the kth
feature of state i, and ¢(i) = ($1(i),...,dx (i), is an associated feature
vector. By substituting the functional form (6.95) in the problem (6.94),
we obtain a linear programming problem in the variables r(1),...,r(K):

n

maximize Z w(i) Y (k) (i)

i=1 k=1
K n K

subject to " r(k)éi(i) < 3 pis(u) <g<i,u,j> " erm(j)) ,
k=1 7=0 =1

Vi, ueU(i).
(6.96)

Intuitively, the original problem (6.94) involves an optimization over
a polyhedron P defined by the constraints in that problem. Equation
(6.95) can be viewed as an additional constraint that restricts us to a
K-dimensional subspace S. Then, problem (6.96) is essentially the same
as problem (6.94) except that we are now optimizing over the smaller set
SNP. If the true optimal cost-to-go function J* can be exactly represented
in the form (6.95), and therefore lies in S, the additional constraint is
inconsequential and Zszl r*(k)or (i) = J*(i), where r*(1),...,r*(K) is an
optimal solution of (6.96). If J* lies close to the subspace S, it is easily
shown that the optimal costs of the two linear programming problems are
also close; however, the optimal solutions can be quite far and the quality
of the resulting policies cannot be easily predicted.

The linear programming problem (6.96) is easier to solve than the
original one because the number of variables to be optimized has been
reduced to K. Unfortunately, the number of constraints is still large. This
difficulty can be handled in two different, though related, ways that we
discuss next.

Restriction to a Few Representative States
Suppose that we have selected a relatively small subset I of the state space

consisting of states that are considered sufficiently representative. We may
then approximate the problem (6.96) by the following:

i€l k=1
K n K

subject to > r(k)ok(i) <Y pij(u) (g(z',u,ﬁ + Zr(k)qsk(j)) :
k=1 j=0 k=1
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This problem can be solved using any general purpose method for linear
programming.

Cutting Plane Method

We first discuss some issues related to the cost function in the problem
(6.96). We note that the cost coefficients Y, v(i)@x(i) associated with
each variable r(k) are difficult to compute because a summation over the
entire state space is needed. This difficulty can be easily bypassed by
resorting to a Monte Carlo approach. Suppose that we are able to gener-
ate a sequence i1, ...,iy of independent sample states that are uniformly
distributed over the set of nonterminal states. We may then form the ex-
pression (n/M) le\il v(i¢)¢r(i¢) and use it to approximate Y ., v(i)¢x (7).
As M increases, this estimate is guaranteed to converge to the correct value
of 1, w(i) ).

Alternatively, if the weights v(i) sum to 1, we may generate sample
states i1, ...,i5r, according to the probability distribution determined by
these weights, and form the sum (1/M) Zé\il ¢r(i¢). With the probability
distribution we are using, we have

n

E[pr(ie)] = > v(i)dr(d),

i=1

which means that we have again an unbiased estimate of the desired cost
coefficient; this estimate also converges to its mean value as M increases.

The effect of different choices for the weights v(i) are far from un-
derstood. To appreciate the nature of this problem, we observe that by
suitably choosing v(i), we can get the cost coefficients > ; v(i)¢x (i) in
the reduced linear program (6.96) to be pretty arbitrary. Thus, a lot of ex-
perimentation may be needed to determine a “good” choice for the weights.

Let us now assume that, one way or another, we have determined
the cost coefficients to be employed. We still have a problem with a large
number of constraints, but problems of this type can be often handled
efficiently using the cutting plane method, which is a general purpose al-
gorithm for dealing with linear programming problems involving a large
number of constraints. At present, there is very little experience with the
linear programming approach outlined in this section, and further study
and experimentation is needed.

6.13 OVERVIEW

In this chapter, we have introduced a large variety of methods, and most
of them present us with a large number of further choices. It would be
therefore proper to pause and take inventory of the available options. It
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would also be desirable to make an assessment of the relative merits of the
various methods. In this respect, theory can be useful in providing insights
and in indicating what kind of convergence behavior can be expected from
any given method. However, a complete answer can only rely on practical
experience and may often depend on the specifics of the problem at hand.

Unfortunately, there is no work in the literature that has attempted a
systematic and exhaustive comparison of all solution approaches. Most of
the available experience relies on variants of approximate policy iteration,
both optimistic and nonoptimistic, as well as on @Q-learning. Temporal
difference methods figure prominently here. Omne of the reasons is that
gradient-based methods such as TD(1) have some convergence guarantees
but can be very slow. On the other hand, TD()) with A < 1, is often
surprisingly effective, despite the fact that it has less of a mathematical
basis.

Some insights into the behavior of the different methods will be pro-
vided by the case studies to be presented in Ch. 8. Nevertheless, much more
experimentation is needed before a complete picture starts to emerge, in-
cluding, for example, more applications of approximate value iteration or
linear programming.

We conclude by listing of a few different issues and choices, together
with some brief comments.

(a) Approzimation architecture
An approximation architecture must be chosen with due regard to
whatever is known about the problem structure. Whenever possible,
linear architectures are preferable, because they can be trained with
faster and more reliable methods.

(b) Representation of policies
Depending on the nature of the action space, an action network may
be needed, leading to a parametric class of policies. An action net-
work tends to have some advantages whenever the action space is
continuous, or whenever the minimization in the right-hand side of
Bellman’s equation is computationally prohibitive.

(¢) Model-based versus model-free methods
Whenever a model of the system is available or can be estimated, it
seems plausible that model-based methods will make better use of
available information. In the absence of a model, however, a method
based on @-factors becomes necessary.

(d) The value of A in temporal difference methods
Practical experience indicates that intermediate values of A, between
0 and 1, often work best. This is particularly so when the cost-to-go
samples obtained through simulation have a large variance. For any
given problem, however, some experimentation with different values
of X is always called for.
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(e) The degree of optimism in approximate policy iteration
In a sense, most approximate policy iteration methods are partially
optimistic, since we cannot run an infinite number of iterations during
policy evaluation. So, the choice of when to switch to a new policy
is a matter of degree. Once more, this is something that calls for
experimentation.

(f) Exploration
There are two somewhat separate issues here. First, one must explore
all “important” regions of the state space, which requires either a lot
of randomness in the problem itself or, else, avoiding strict adherence
to arigid policy. Alternatively, the freedom in initializing the different
trajectories can be exploited. Second, in the absence of a model, one
must also ensure that a rich enough set of actions is tried.

(g) Deterministic problems
Deterministic problems are special in that many quantities of interest
can be computed exactly on the basis of a single trajectory, as opposed
to Monte Carlo simulation. On the other hand, in the absence of
randomness, the need for adequate exploration may become more
pressing.

(h) Learning the slope of the cost-to-go function
If the states are elements of a Euclidean space and if transitions are
mostly local, the slope of the cost-to-go function can be of great im-
portance, and in such cases, one has the choice of using methods that
explicitly attempt to provide a good fit of the slope.

Besides the above catalog, there are many other important issues,
such as the choice of training algorithms (e.g., incremental gradient meth-
ods versus Kalman filters), the choice of stepsizes, the option of using
rollout policies with or without multistage lookahead, etc. Any list of this
type is bound to raise more questions than there are answers. Nevertheless,
it is useful to be aware of the different possibilities and possess as much
insight as theory can provide.

6.14 NOTES AND SOURCES

The methods discussed in this chapter involve several elements whose seeds
can be found in early work in the fields of reinforcement learning, artificial
intelligence, and control. However, different communities placed emphasis
on different aspects of the problem, and due to the absence of interaction,
it took until the late eighties for a coherent picture to start emerging. In
what follows, we provide a very rough schematic description of the different
intellectual threads involved.
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Some of the central ideas in the field have their origins in the work
of Samuel [Sam59], [Sam67], who built a checkers-playing program that
made decisions based on multistage lookahead and an approximate cost-
to-go function, represented as a linear combination of a number of features.
(An element of “feature iteration” was also present, whereby some features
would be eliminated and some would be added, out of a fixed pool, depend-
ing on their contribution.) Samuel’s key innovation was that he trained the
tunable parameters of the approximation architecture, using temporal dif-
ferences to guide the direction of update of each parameter. (For some more
recent works using methods related to those of Samuel, see Christensen and
Korf [ChK86], and Holland [Hol86].)

In Samuel’s work, the cost-to-go approximator was trained using suit-
able “reinforcement signals”; once this training was complete, obtaining
good decisions was straightforward. This is to be contrasted to another
trend in reinforcement learning in which a policy or an “action network”
is the central element. The key question then is finding a promising way
for training the parameters of the action network. It was gradually real-
ized that a separate “critic network” (see e.g., Widrow, Gupta, and Maitra
[WGMT3]) could be useful for tuning the action network. The work of
Barto, Sutton, and Anderson [BSA83] combined an action and a critic
network in a meaningful fashion and used TD()) for training the critic
network. As the field developed, it was eventually understood that the
critic has to take the central role, whereas an action network is an auxil-
iary device that may or may not be necessary.

While most of the work we have just described was carried out with-
out realizing the close connection with DP, Werbos took DP as the start-
ing point and suggested a number of methods that make use of approx-
imation to bypass the curse of dimensionality (see, e.g., [Wer77]). For
example, “heuristic dynamic programming,” as described in [Wer77], is
closely related to the approximate value iteration method of Section 6.5,
and the TD(0) method. Drawing upon ideas from the field of differen-
tial dynamic programming [JaM70], he also suggested methods aimed at
learning the partial derivatives of the cost-to-go function (“dual heuristic
programming”).

A major development in the field occurred when Sutton [Sut84],
[Sut88], formalized temporal difference methods, which made them amena-
ble to mathematical analysis. Subsequently, the work of Watkins [Wat89]
clarified the relation between temporal difference methods and DP, and
introduced @-learning. At this point, the understanding of the connection
between reinforcement learning and DP had reached a degree of maturity,
and was laid out in an influential overview paper by Barto, Bradtke, and
Singh [BBS95] (which circulated widely as a report in 1993).

To the above account of the history of the field, we should add that the
idea of approximate DP, using a parametric representation of the cost-to-go
function, goes back to Bellman and his coworkers [BeD59], [BKK73]. Since
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then, approximate DP has been analyzed and applied extensively, with
much of the research focusing on discretizations of continuous state spaces
(see, e.g., Daniel [Dan76], Whitt [Whi78], [Whi79], Chow and Tsitsiklis
[ChT91], Kushner and Dupuis [KuD92]). However, most of this work was
targeted on low-dimensional problems and did not consider the possibility
of making simulation an integral part of the methods. A comprehensive
survey of many recent research directions in approximate DP is provided
by Rust [Rus96].

6.1. Bounds on the performance of greedy policies (Prop. 6.1) have been
known for some time, even though it is hard to find early references.
Recent proofs have been given by Williams and Baird [WiB93], Singh
and Yee [SiY94], and by Tsitsiklis and Van Roy [TsV96al. The use
of a rollout policy has been suggested by Tesauro in the context of
backgammon, and has been experimentally evaluated by Tesauro and
Galperin [TeG96].

6.2. The error bounds for approximate policy iteration (Props. 6.2-6.3)
are due to the authors and are also given by Bertsekas in [Ber95a].
Example 6.4 showing the tightness of the error bounds is new.

6.3. Temporal difference methods, in conjunction with function approxi-
mation, are due to Sutton [Sut84], [Sut88]. Example 6.5 showing that
A = 1 may be preferable for the purpose of cost-to-go approximation
is due to Bertsekas [Ber95c]. The divergent example for TD(0) with
nonlinear parametrizations (Example 6.6) is due to Van Roy (unpub-
lished).

For the discounted case, the convergence results and the error bounds
for TD(A) (Props. 6.4-6.5) are due to Tsitsiklis and Van Roy, whose
results extend to the case of an infinite state space [TsV96b]. For
stochastic shortest path problems the convergence results in Prop. 6.6
have been obtained by Tsitsiklis and Van Roy (unpublished), and by
Gurvits (unpublished) who has also proved extensions to the case
of an infinite state space. Some of the key ideas, including the use
of a weighted quadratic norm, can be traced back to earlier work
by Gurvits, Lin, and Hanson that dealt with the lookup table case
[GLH94].

The importance of sampling states based on simulated trajectories
has been repeatedly stressed by Sutton (see e.g., [Sut95]). The diver-
gent example for TD(0) with linear parametrizations and arbitrary
sampling is due to Tsitsiklis and Van Roy [TsV96a]. Other diver-
gent examples have been constructed by Baird [Bai95] and Gordon
[Gor95]. Further insights can be obtained by the divergent computa-
tional experiments of Boyan and Moore [BoM95].

An alternative policy evaluation method introduced and analyzed by
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Bradtke and Barto [BrB96], which is called the “least squares tem-
poral difference method,” has been shown to converge in the case of
linear parametrizations and the limit is the same as for TD(0). In
particular, the error bounds of Prop. 6.5 apply for this method.

6.4. Optimistic policy iteration is due to Sutton [Sut88] and has been used
in many applications. The analysis and the divergent examples in
Section 6.4.1, as well as the explanation of the chattering phenomenon
in Section 6.4.2, are new. Bradtke [Bra94| proves convergence for
a partially optimistic policy iteration method, based on Q-factors,
applied to a linear quadratic problem, for the case of a quadratic
approximation architecture.

6.5. Approximate value iteration can be traced back to Bellman. Since
then, it has been used and analyzed a lot, mostly within the context of
discretizations of continuous-state problems. The divergent examples
are due to Tsitsiklis and Van Roy [TsV96a].

6.6. -learning is due to Watkins [Wat89]. Advantage updating has been
proposed by Baird [Bai93]. An application to a simple linear quadratic
problem similar to Example 6.11 is described in the latter paper. An-
other application, involving a linear quadratic differential game has
been carried out by Harmon, Baird, and Klopf [HBK94].

6.7. The development and the results in this section follow Tsitsiklis and
Van Roy [TsV96al, [Van95]. Similar results appear in subsequent
work by Gordon [Gor95].

Related convergence results have been obtained by Singh, Jaakkola,
and Jordan [SJJ94], who consider the discounted case and assume
that decisions are constrained to be constant within each partition,
motivated from problems of imperfect information. They also pro-
vided an argument that Markov, as opposed to independent, sam-
pling would be enough to guarantee convergence. Other work by
the same authors [SJJ95] provides an extension to an approximation
architecture that corresponds to “soft” state aggregation.

6.8. The main result in this section is essentially proved by Van Roy
and Tsitsiklis [VaT96] (that paper only considers the case of the un-
weighted Euclidean norm, but the extension is not difficult). The
application to Q-learning for optimal stopping problems is due to
Tsitsiklis and Van Roy (unpublished).

6.9. The discussion in this section follows Tsitsiklis and Van Roy [TsV96a).
However, the method, and the idea of the convergence proof we have
outlined is classical and is closely related to the finite-element meth-
ods overviewed by Kushner and Dupuis [KuD92].

6.10. Bellman error methods have been discussed by many authors, a rel-
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6.11.

6.12.

atively early reference being the paper by Schweitzer and Seidman
[ScS85]. The two-sample variant is briefly mentioned by Harmon,
Baird, and Klopf [HBK94]|, and is also discussed by Bertsekas [Ber95a].
In earlier work, Werbos [Wer90] showed that a single sample Bellman
error method can produce biased results, but did not discuss a two-
sample method. The combination of the gradient direction and the
TD(0) update direction has been advocated by Baird [Bai95].

The discussion in the beginning of this section proceeds along the
lines of Dayan and Singh [DaS96] and is closely related to the subject
of advantage updating [Bai93].

There is a large body of literature on continuous-time optimal control
problems, some of which deals with the technical issues that we did
not address. See, for example, Athans and Falb [AtF66], Hestenes
[Hes66], Bryson and Ho [BrH75], Fleming and Rishel [FIR75], and
Bertsekas [Ber95al.

The importance of learning the slope of the cost-to-go function has
been emphasized by Werbds who has proposed a number of algo-
rithms with that objective in mind; see [Wer92a| and [Wer92b] for an
overview.

The approximate linear programming method we have described is
due to Schweitzer and Seidman [ScS85]. Trick and Zin [TrZ93] have
applied large scale linear programming methods to obtain approx-
imate solutions of DP problems arising from the discretization of
continuous-state problems.






It is hard to predict,
especially about the future.

(Niels Bohr)
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In this chapter, we discuss various extensions of the NDP methodology
developed so far. In particular, we consider average cost per stage DP
problems and dynamic games. We will see that the NDP methods for
these problems are less well developed than for discounted and stochastic
shortest path problems. Still, however, there are some methods that can
be tried with a good chance of success. In the last section of this chapter,
we discuss issues of parallel computation.

AVERAGE COST PER STAGE PROBLEMS

The methodology discussed so far applies to problems where the optimal
total expected cost is finite either because of discounting or because of
a cost-free termination state that the system eventually enters. In many
situations, however, discounting is inappropriate and there is no natural
cost-free termination state. It is then often meaningful to optimize the
average cost per stage starting from a state 7, which is defined for any

policy m = {40, pa, ...} by

N—oo N

N-1
J7(i) = lim —E Z 9k, pe (i) zk+1) ‘ ig = Z] ,
k=0

assuming that the limit exists.

It is important to keep in mind that the average cost per stage of a
policy primarily expresses cost incurred in the long term. Costs incurred
in the early stages do not matter since their contribution to the average
cost per stage is reduced to zero as N — oo; that is,

K

NIEEONE ];) 9 ik pr(in), iny1) | =0, (7.1)

for any K that is either fixed or is random and has a finite expected value.
Consider now a stationary policy p and two states ¢ and j such that the
system will, under p, eventually reach j with probability 1 starting from
1. It is then intuitively clear that the average costs per stage starting from
i and from j cannot be different, since the costs incurred in the process
of reaching j from ¢ do not contribute essentially to the average cost per
stage. More precisely, let K;;(u) be the first passage time from 4 to j under
1, that is, the first index k for which i, = j starting from i9 = ¢ under p
(see Appendix B). Then the average cost per stage corresponding to initial
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condition 79 = ¢ can be expressed as

Kij(p)—1
Ju(i) = lim —F Z 9k, (i), ins1)

1
+ lim B ; 9 (i, pulin), inr1)

If E[K;j(u)] < oo (which is equivalent to assuming that the system even-
tually reaches j starting from ¢ with probability 1; see Appendix B), then
it can be seen that the first limit is zero [cf. Eq. (7.1)], while the second
limit is equal to J#(j). Therefore,

Jn(i) = Jr(j), for all 4, j with E[Ky;(p)] < oo.

We conclude that if under a given policy there is a state that can be reached
from all other states with probability 1, then the average cost per stage of
the policy is independent of the initial state.

The preceding argument suggests that the optimal cost J*(i) should
also be independent of the initial state ¢ under normal circumstances. In-
deed, it can be shown that

J(@) = J*(),  ViJ,

under a variety of fairly natural assumptions that guarantee the accessibil-
ity of some state from the other states (see [Ber95a], Vol. II, Section 4.2).
Our analysis will be based on such an assumption.

In what follows in this section, we first present, mostly without proofs,
some of the basic results and algorithms relating to the average cost prob-
lem. We then discuss the corresponding NDP methodology. Unfortunately,
this methodology and its underlying theory are not as complete as for
stochastic shortest path and discounted problems. One reason is that Bell-
man’s equation for the average cost problem does not involve a weighted
maximum norm contraction. Nonetheless, some of the analysis relating to
stochastic shortest path problems can be brought to bear on the average
cost problem thanks to a connection that we now proceed to discuss.

7.1.1 The Associated Stochastic Shortest Path Problem

We will make a connection between the average cost problem and an asso-
ciated stochastic shortest path problem. For this we will need the following
assumption:
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Assumption 7.1: One of the states 1,...,n, call it s, is such that
for some integer m > 0, and for all initial states and all stationary
policies, s is visited with positive probability at least once within the
first m stages.

Assumption 7.1 can be shown to be equivalent to assuming that each
stationary policy corresponds to a Markov chain with a single recurrent
class (as defined in Appendix B), and that state s belongs to the recurrent
class of each stationary policy.

To motivate the connection with the stochastic shortest path problem,
consider a sequence of generated states, and divide it into cycles marked by
successive visits to the state s. The first cycle includes the transitions from
the initial state to the first visit to state s, and the kth cycle, k = 2,3,...,
includes the transitions from the (k — 1)st to the kth visit to state s. Each
of the cycles can be viewed as a state trajectory of a corresponding stochas-
tic shortest path problem with the termination state being essentially s.
More precisely, this stochastic shortest path problem is defined by leaving
unchanged all transition probabilities p;j(u) for j # s, by eliminating all
transitions into state s, and by introducing an artificial termination state
S to which we move from each state ¢ with probability p;s(u); see Fig. 7.1.
Note that Assumption 7.1 implies that all policies are proper, which in turn
implies the Assumptions 2.1 and 2.2 of Section 2.2 under which the results
of Section 2.2 on stochastic shortest path problems were shown.

P,'j(U)

Special
State S

Artificial Termination State

Figure 7.1: Transition probabilities for an average cost problem and its asso-
ciated stochastic shortest path problem. The latter problem is obtained by in-
troducing, in addition to 1,...,n, an artificial termination state s to which we
move from each state ¢ with probability p;s(u), by eliminating all transitions into
state s, and by leaving unchanged all other transition probabilities. In effect, a
transition into s in the original problem corresponds to termination in the new
problem.
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We next argue that if we redefine the cost per stage to be
g(l7ua]) - )‘*7

where A* is the optimal average cost per stage, then the associated stochas-
tic shortest path problem becomes essentially equivalent to the original
average cost per stage problem. Even though A\* is unknown, this trans-
formation will be conceptually and analytically useful to us. In particular,
Bellman’s equation for the associated stochastic shortest path problem will
be viewed as Bellman’s equation for the original average cost per stage
problem.

For a heuristic argument of why this is so, note that under all station-
ary policies there will be an infinite number of cycles marked by successive
visits to s. From this, it can be conjectured (and it can also be shown)
that the average cost problem amounts to finding a stationary policy u
that minimizes the average cycle cost

_ G5

A#_N—é{;,

(7.2)

where
Ck; : expected cost under p starting from s up to the first return to s,

NLs : expected number of stages to return under p to s starting from s.

The optimal average cost per stage A\* starting from s, satisfies A\* < A, for
all p, so from Eq. (7.2) we obtain

Cl, — NEA* >0, (7.3)

with equality holding if p is optimal. Thus, to attain an optimal u, we
must minimize over p the expression Cks — NLsA\*, which is the expected
cost of p starting from s in the associated stochastic shortest path problem
with one-stage cost

Let us denote by h*(i) the optimal cost of this stochastic shortest path
problem when starting at the nontermination states ¢ = 1,...,n. Then

by Prop. 2.1(a), h*(1),..., h*(n) solve uniquely the corresponding Bellman
equation, which has the form

he(i) = min > pii(u)(9(i,u,4) = X)) + Y py(wh*(j)|,  (7.5)

j=1 J#s

since in the stochastic shortest path problem, the transition probability
from 4 to j # s is p;j(u) and the transition probability from ¢ to s is zero
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under all u. If p* is an optimal stationary policy for the average cost
problem, then this policy must satisty, in view of Eq. (7.2),

and from Eq. (7.3), this policy must also be optimal for the associated
stochastic shortest path problem. It follows that we must have

h(s) = Css(1*) = Nos(n*)A* = 0, (7.6)

so that the missing term p;s(u)h*(s) in the second summation in Eq. (7.5)
are zero. By including these terms, we can write this equation as

A+ e (i) = . D4hG), i=1,....m (77
+ = min, Zpa (9(i,u, 3) +2*(4)), i n. (7.7)

Note that h* (i) has the interpretation of a relative or differential cost; it is
the minimum of the difference between the expected cost to reach s from
for the first time and the cost that would be incurred if the cost per stage
was the average A*.

Equation (7.7), which is really Bellman’s equation for the associated
stochastic shortest path problem, will be viewed as Bellman’s equation for
the average cost per stage problem. The preceding argument indicates that
if A\* is given, this equation has a unique solution as long as we impose the
constraint h*(s) = 0. Furthermore, by minimization of its right-hand side
we should obtain an optimal stationary policy. These together with some
additional facts (including that the optimal average cost per stage A* is
well-defined and is the same for all initial states) are summarized in the
following proposition. A formal proof can be found in [Ber95a], Vol. I,
Section 7.4. In the proposition as well as in the remainder of this section,
we will use the shorthand notation involving the mappings 1" and 7},, which
take the form

n

(Th)0) = min > ps(u) (960, u.d) +h().  P=Loom,

n

(Tuh) (@) =Y pij (@) (9 (6, n0), §) + 1(5)),  i=1,...,n.

j=1

We will also denote by e the n-vector that has all its components equal to
1; that is, e(i) = 1 for all 3.
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Proposition 7.1: Under Assumption 7.1, the following hold for the
average cost per stage problem:

(a) The optimal average cost per stage A* is the same for all ini-
tial states and together with some vector h* satisfies Bellman’s
equation

A<e + h* = Th*. (7.8)

Furthermore, out of all vectors h* satisfying this equation, there
is a unique vector for which h*(s) = 0. In addition, if for some
solution h* of the above equation and some stationary policy u*,
we have T)«h* = Th*, then p* is optimal.

(b) If a scalar A and a vector h satisfy Bellman’s equation, then A is
the average optimal cost per stage for each initial state.

(¢) Given a stationary policy p with corresponding average cost per
stage A, there is a unique vector h, such that h,(s) =0 and

Ape + hy = Tyhy,. (7.9)

Furthermore, if a scalar A and a vector h satisfy the equation
Ae+h=T,h, then A = \,.

We note that Prop. 7.1 can be shown to be true under considerably
weaker conditions (see Section 4.2 of [Ber95al], Vol. II). In particular, it
can be proved assuming that all stationary policies have a single recurrent
class, even if their corresponding recurrent classes do not have a state s in
common. Proposition 7.1 can also be proved assuming that for every pair of
states 7 and j, there exists a stationary policy under which there is positive
probability of reaching j starting from i. However, we will continue to use
Assumption 7.1 because it is essential to some of the subsequent algorithmic
analysis.

7.1.2 Value Iteration Methods

The most natural version of the value iteration method for the average
cost problem is simply to select arbitrarily a terminal cost function, say Jo,
and to generate successively the corresponding optimal k-stage costs J(4),
k =1,2,... This can be done by executing the DP algorithm starting with
Jo, that is, by using the recursion

Jir1 =T J. (7.10)
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It is natural to expect that the ratios J(¢)/k converge to the optimal
average cost per stage A* as k — oo, that is,

lika—(Z):)\*, i=1,...,n.

k—oo k
Indeed, it can be shown that Jj(¢)/k converges to A* under any conditions
that guarantee that Bellman’s equation (7.8) holds for some vector h* (see
[Ber95a], Vol. I, Section 7.4).

The value iteration method just described is simple and straight-
forward, but it is numerically cumbersome, since typically some of the
components of Jj, diverge to co or —oo. Furthermore, the method is not
well-suited to simulation-based approximations. In what follows in this
section, we discuss several value iteration methods that, to a great extent,
do not suffer from these drawbacks.

Relative Value Iteration

One way to bypass the difficulty with Jj diverging to oo is to subtract the
same constant from all components of the vector J, so that the differ-
ence remains bounded. In particular, we can introduce an algorithm that
iterates on the differences

hi(i) = Ju(i) — Ju(s),  i=1,....n, (7.11)

which have the meaning of cost relative to the reference state s. (Actually,
any state can be used in place of s, as can be verified from the following
calculations.) By using Eq. (7.10), we obtain

b1 = Jpg1 — Jk+1(s)e =TJ, — (TJk)(S)e. (7.12)

On the other hand, from the definition hy = Jx — Jx(s)e, we have the two
relations

Th;C = TJk - Jk(s)e

and
(Thi)(s)e = (TJr)(s)e — Jx(s)e,

which when subtracted, yield
TJ, — (TJi)(s)e = Thy, — (Thi)(s)e. (7.13)
By combining Egs. (7.12) and (7.13), we obtain
hi+1 = Thy — (Thi)(s)e. (7.14)

The above algorithm, known as relative value iteration, is mathe-
matically equivalent to the value iteration method (7.10) that generates
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the sequence Ji. The iterates generated by the two methods merely differ
by a constant [cf. Eq. (7.11)], and the minimization problems involved in
the corresponding iterations of the two methods are essentially the same.
However, under Assumption 7.1, it can be shown that the iterates hg()
generated by the relative value iteration method are bounded.

Note from Eq. (7.14), that if the sequence hj converges to some vector
h, then we have

(Th)(s)e+ h = Th.

By Prop. 7.1(b), this implies that (Th)(s) is the optimal average cost per
stage for all initial states, and h is an associated differential cost vector.

On the other hand, Assumption 7.1 is not sufficient to guarantee that
the sequence hj, converges to some vector. For this, it is necessary to in-
troduce an additional assumption that in effect implies that the Markov
chains corresponding to the stationary policies of the problem are aperi-
odic. We refer to [Ber95a] (Vol. II, Section 4.3) for a statement of this
assumption and for a proof that it implies convergence of hy. We men-
tion parenthetically that we can bypass the need for this assumption by a
slight modification of the relative value iteration algorithm. This modified
algorithm is given by

hier = (1= B)hi + T(Bhi) — (T(Bhi)) (s)e, (7.15)

where 3 is a scalar such that 0 < 3 < 1. Note that as  — 1, we obtain the
relative value iteration (7.14). The variant (7.15) of relative value iteration
can be shown to converge under just Assumption 7.1 (see Section 4.3 of
[Ber95a], Vol. II).

We mention also another variant of relative value iteration that has
the form

hk+1 = Thk - hk(s)e, (7.16)

This iteration will be useful to us later. It can be shown to be equivalent to
the relative value iteration method (7.14) for the slightly modified average
cost per stage problem that involves one additional state from which the
system moves with probability 1 to state s at cost 0 under all policies [the
transition probabilities p;;(u) for all other states are unaffected]. We leave
the verification of this fact for the reader.

Contracting Value Iteration and the A-SSP

Contrary to the value iteration methods for discounted and stochastic
shortest path problems, relative value iteration does not involve a weighted
maximum norm contraction or even a contraction of any kind. It is possible
to develop a value iteration method that does involve a weighted maximum
norm contraction by exploiting the connection with the stochastic shortest
path problem that we developed earlier (cf. Fig. 7.1). We consider this



394 Extensions Chap. 7

problem for a one-stage cost equal to g(i,u,j) — A\, where X\ is a scalar
parameter, and we refer to it as the A\-SSP.

Let hy,, 2 (%) be the cost of stationary policy p for the A\-SSP, starting
from state ; that is, h,, A(¢) is the total expected cost incurred starting
from state i up to the first positive time that we reach the termination
state s, which is the fixed reference state of Assumption 7.1. Let hy(i) =
min, b, A(¢) be the corresponding optimal cost of the A-SSP. Then the
following can be shown (see Fig. 7.2):

(a) For all u, and all scalars A and )\, we have
hu,a(8) = R, () + (X = A Nu(0), i=1,...,n,

where N, (i) is the expected value of the first positive time that s
is reached under u starting from state ¢. This is because the only
difference between the A-SSP and the A-SSP is that the one-stage
costs in the A-SSP are offset from the one-stage costs in the A\-SSP
by A — \. Thus, in particular, for all scalars X, we have

By A(0) = B, () + O = MNW(),  i=1,...,m,  (7.17)

where A, is the average cost per stage of p. Furthermore, because
Py, z,(s) = 0 [compare with Eq. (7.6)], we have

Buoa(8) = Oy = AN, (s). (7.18)

(b) The functions

ha(i) = min by, 2(7), 1=1,...,n, (7.19)
"

are concave, monotonically decreasing, and piecewise linear as func-
tions of A\, and we have

hxa(s)=0  ifand only if A= A*. (7.20)
Furthermore, the vector hy+, together with \*, satisfies Bellman’s
equation A*e 4+ hy+ = Thy*.

We can use Fig. 7.2 to provide several different algorithms for com-
puting A* using the solution of a sequence of A-SSPs, corresponding to
different values of A (see [Ber95a], Vol. II, pp. 236-239). One possibility is
to update A by an iteration of the form

Akg1 = Mg+ Brehoa, (5), (7.21)

where (i is a positive stepsize parameter. This iteration is motivated by
Fig. 7.2 where it is seen that A* < X if and only if hx(s) < 0. Indeed, it can
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~

hy 3 ()= (- 1IN, (9)

hy, (8)

>y

A* A

uw

Figure 7.2: Relation of the costs of stationary policies in the average cost problem
and the A-SSP. Here, h,, » is the cost-to-go vector of policy u in the A-SSP, while
hy is the corresponding optimal cost-to-go vector; that is, hy (i) = miny hy, x (%)
for all i. Note that h, » is linear in X, cf. Eq. (7.17), and that hy (i) is piecewise
linear and concave as a function of A\. Furthermore, for the reference state s, we
have

by, () = (Au — A)Nu(s),

since hy,, 5, (s) = 0 [cf. Eq. (7.18)].

be seen that the sequence Ay thus generated converges to A* provided the
stepsize Oy is the same for all iterations and does not exceed the threshold
value 1/ max,, N, (s). Such a stepsize is sufficiently small to guarantee that
once the difference A — A\* becomes positive, it does not change sign during
the remainder of the algorithm (7.21). Note that each A-SSP can be solved
by value iteration, which has the form

hk—‘rl( = urenl}r(ll szj Z u ] +§p“ _)\ Z = 1 n,

(7.22)
with A kept fixed throughout the value iteration method.

The preceding value iteration process can be approximated by using
an iteration of the form (7.21), but with hy,(s) replaced by the current
value iterate hy4+1(s). Such an algorithm may be viewed as a value iteration
algorithm for a stochastic shortest path problem with slowly varying one-
stage costs. It has the form

h = min g(i,u,j) + — X, 0=1,...,n,
w1 () = min me ) ;pm .
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Met1 = Ak + Brhes1(s), (7.24)

where [ is a positive stepsize. The motivation for this method is that it in-
volves a weighted maximum norm contraction. In particular, the mapping
F : R — R with components given by

n
(FR)(i) = min | Y pi(w)g(i,u,j) + > pis(whe(i)|, i=1,...,n,
wueU (i) | < -
Jj=1 J#s

(7.25)
is a contraction with respect to some weighted maximum norm as shown
in Prop. 2.2. For this reason, we refer to iteration (7.23)-(7.24) as the
contracting value iteration method. Convergence of this method can be
proved for a variety of stepsize rules, including the case where [Fi is a
sufficiently small constant (see Bertsekas [Ber95f]).

We note that the issue of stepsize selection is crucial for the fast
convergence of the contracting value iteration. In particular, if Gy is chosen
constant but very small, or diminishing at the rate of 1/k (as is common in
stochastic approximation algorithms), then A changes slowly relative to h,
which leads to slow convergence. On the other hand, if Oy is too large, g
will oscillate and diverge. One possibility that seems to work reliably and
efficiently is to start with a fairly large stepsize (a typical value is Gy = 1),
and gradually diminish it if the value hy(s) changes sign frequently; for
example, we may use

Ok = — (7.26)
where my, is equal to 1 plus the number of times that h(s) has changed
sign up to iteration k. The contracting value iteration can also benefit by
projecting A\ onto an interval defined by some upper and lower bounds on
A*, due to Odoni [Odo69], that are obtained in the natural course of the
computation with little computational overhead. We refer to [Ber95f] for
a discussion of this and other related computational issues.

The maximum norm contraction structure is helpful when @Q-learning
variants of the contracting value iteration are considered. Furthermore, it
is responsible for the validity of Gauss-Seidel and asynchronous variants of
the method, as we now discuss.

Asynchronous Variants of Value Iteration

In the value iteration methods discussed so far, all the components of h are
simultaneously updated. One may consider asynchronous variants where
the components are updated one-at-a-time in arbitrary order as in the cor-
responding asynchronous value iteration algorithm of Section 2.2. Unfor-
tunately, no convergent asynchronous version of the relative value iteration
(7.14) is known. In fact, simple counterexamples show that the straight-
forward asynchronous variant of this method may diverge (for one such
counterexample, see [Ber82a]).
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On the other hand, the weighted maximum norm contraction property
of the mapping F of Eq. (7.25) can be exploited to construct a valid asyn-
chronous variant of the contracting value iteration, where the components
of h are updated sequentially. In particular, one can show convergence for
the Gauss-Seidel version of the method, given by

hk+1(i):Gi(hk,)\k), i:L...,n,

Aot1 = Ak + Brhit1(s),

where G : R7+1 — R» has components given by

G1(h,\) = min Zplj g(1,u,7) +2p1j(u)hk(j) - A

uGU(l) = 7
i—1
Gi(h, A) _urenl}n lzpzj g(i,u, j) + Z pij(uw)Gj(h, A)
J=1,j#s

+ Z pij(w)h(j)

J=i, j#s

For a proof of this and other related results, we refer to Bertsekas [Ber95f].
Generally, the Gauss-Seidel variant of the contracting value iteration tends
to be faster than the original version of Eqs. (7.23) and (7.24).

7.1.3 Policy Iteration

It is possible to use a policy iteration algorithm for the average cost prob-
lem. This algorithm is similar to the policy iteration algorithms of Ch.
2: given a stationary policy, we obtain an improved policy by means of
a minimization process, and we proceed sequentially until no further im-
provement is possible. In particular, at the typical step of the algorithm,
we have a stationary policy pg. We then perform a policy evaluation step;
that is, we obtain corresponding average and differential costs \x and hg (i)
satisfying

e+ hg = Tuk hi, (727)

hi(s) =0, (7.28)

where s is the fixed reference state of Assumption 7.1. We subsequently
perform a policy improvement step; that is, we find a stationary policy

i1, where
T,

HE+1

hie = Thy,. (7.29)

If Agx1 = Mg and hgy1(i) = hg(é) for all ¢, the algorithm terminates;
otherwise, the process is repeated with pg41 replacmg -



398 Extensions Chap. 7

To prove that the policy iteration algorithm terminates, it is suffi-
cient that each iteration make some irreversible progress towards optimal-
ity, since there are finitely many stationary policies. Indeed, by using an
argument similar to the one used in the proof of Prop. 2.4, it can be shown
that for all & we have A\p4+1 < Ag. Thus, for each k there are two possibil-
ities: either A\gy1 < Ag, in which case there is irreversible progress in the
value of A, or else A1 = Ak, in which case we essentially revert to policy
iteration for the \;-SSP, making irreversible progress towards the solution
of that problem. In this way we can prove the following proposition (see
[Ber95a], Vol. I, Section 7.4).

Proposition 7.2: Under Assumption 7.1, in the policy iteration al-
gorithm, for each k we either have

)‘k-i-l < Ak, (7.30)
or else we have
Akt1 = Ak, hrt1(i) < hg(i), i=1,...,n. (7.31)

Furthermore, the algorithm terminates and the policy obtained upon
termination is optimal.

We note that policy iteration can be shown to terminate under less
restrictive conditions than Assumption 7.1, such as for example, that every
stationary policy corresponds to a Markov chain with a single recurrent
class (see [Ber95a], Vol. II, Section 4.3).

7.1.4 Linear Programming

A linear programming-based solution method is also possible for the aver-

age cost problem. Consider the following linear program in the variables A
and h(i),

maximize A
subject to A+ h(i) < Zpij(u)(g(i,u,j) +h(j), Vi, ueU().
j=1

It can be shown that if A* is the optimal average cost and h* is a corre-
sponding differential cost vector, then (A*, h*) is an optimal solution of the
above linear program. Furthermore, in any optimal solution (X,%) of this
linear program, we have X = \* (see [Ber95a], Vol. II, pp. 221-222).
When the number of states is very large, we may consider finding an
approximation to the differential cost vector, which can be used in turn to



Sec. 7.1 Average Cost per Stage Problems 399

obtain a (suboptimal) policy by minimizing in Bellman’s equation. One
possibility is to approximate the differential costs k(i) with the linear form

h(i,r) =Y r(k)ér(i),

k=1

where 7 = (r(1),...,7(m)) is a vector of parameters, and ¢, are some
given basis functions. We then obtain a corresponding linear program in
the parameter vector r, similar to Section 6.12.

7.1.5 Simulation-Based Value Iteration and ()-Learning

We now discuss how the value iteration methods discussed earlier can form
the basis for constructing ()-learning algorithms.

(Q-Learning Based on Relative Value Iteration

To derive a Q-learning algorithm for the average cost problem, we argue as
in Section 5.6. We form an auxiliary average cost problem by augmenting
the original system with one additional state for each possible pair (i,u)
with u € U(i). The probabilistic transition mechanism from the original
states is the same as for the original problem, while the probabilistic tran-
sition mechanism from an auxiliary state (i,u) is that we move only to
states j of the original problem with corresponding probabilities p;;(u) and
costs g(¢,u, j). It can be seen that the auxiliary problem has the same op-
timal average cost per stage A\ as the original, and that the corresponding
Bellman equation is

A+h(i) = min > pij(u)(g(i,u,j) +h(5), i=1...,n, (7.32)

A+ Qliu) = pi(u)(gli,u,5) + h(5)),  i=1,...,n, ueU),

(7.33)
where Q(i,u) is the differential cost corresponding to (i,u). Taking the
minimum over v in Eq. (7.33) and substituting in Eq. (7.32), we obtain

h(i) = min Q(i,u), i=1,...,n. (7.34)
weU (3)

Substituting the above form of h(i) in Eq. (7.33), we obtain Bellman’s
equation in a form that exclusively involves the Q-factors:

A Q4 u) = Zpij(u) (g(i,u,j) + UglUig) Q(J, v)) ,i=1,...,n,ueU®).
= (7.35)
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Let us now apply to the auxiliary problem the following variant of
relative value iteration

hk+1 = Th}c — hk(s)e,

[see Eq. (7.16)]. We then obtain the iteration

hi (i) = min Y pij(u) (90, u, ) + hi(§) = hils),  i=1,....m,
j=1

u€eU (1)
(7.36)
Qk+1 7’ U Zplj Z uv])+hk(]))7hk(s)7 i:17"'5n7 UEU(Z)
(7.37)
From these equations, we have that
hi(i) = min Qg (4, u), i=1,...,n, (7.38)

uweU (3)

and by substituting the above form of hj in Eq. (7.37), we obtain the
following relative value iteration for the Q-factors

veU(5) veU(s)

Qk+1 Z U szj ( Z U ])+ min Qk(]a )) — min Qk(s U)

(7.39)
This iteration is analogous to the value iteration for the Q-factors in the
stochastic shortest path context. The sequence min,ey (s) Qx(s,u) is ex-
pected to converge to the optimal average cost per stage and the sequences
min, ey ;) Qr (7, u) are expected to converge to the optimal differential costs
h*(i)
A small-step version of the preceding iteration that involves a positive
stepsize «y is given by

QUi,u) == (1—7)Q(i,U)+7<Zpij(U)( (i,u,5) + min Q(j,v))
j=1

veU(j)

— min Q(s,v)).

veU(s)
(7.40)
A natural form of the Q-learning method based on this iteration is obtained
by replacing the expected value above by a single sample, i.e.,

Qi) = (1 =1)QU )+ (g0 w.9) + min Qo) min Qs,v)).
(7.41)

where j and ¢(i, u, j) are generated from the pair (i, u) by simulation.
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@Q-Learning Based on the Contracting Value Iteration

We now consider an alternative @Q-learning method, which is based on the
contracting value iteration method discussed in Section 7.1.2 [cf. Egs. (7.23)
and (7.24)]. If we apply this value iteration method to the auxiliary problem
used above, we obtain the following analogs of Egs. (7.36) and (7.37):

h - 7, ] 77 ] - .
k1 (i urenl}n Zpg (4w, ) + ij(u)hk(]) Ak, (7.42)
Jj#s
Q11 (i, u) szg g(i,u,7) +Zp” — Ak, (7.43)
J#s

A1 = Mg + Brhrt1(s).

From these equations, we have that

hi(i) =
k(i) = ug%)Qk(Z ;u),

and by substituting the above form of hy in Eq. (7.43), we obtain the
following relative value iteration for the Q-factors and for A:

Qi1 (i, u) pr gli,u,j) + Y pij(u) min Qx(j,v) — A,

iz vel(j)

)‘k—O—l = M; + Br min Qk+1(s,v).
veU(s)

This iteration parallels the relative value iteration (7.39) for the Q-factors.
A small-step version of the preceding iteration is given by

Qli,u) :=(1—7)Q(,u Jr’y(Zp” g(i,u,7)

+ pij(u) Juin Q(j,v) - A>,

J#s
A=A+
ﬂvén[}?s)Q(s ,0),

where v and 3 are positive stepsizes. A natural form of the Q-learning
method based on this iteration is obtained by replacing the expected values
by a single sample, i.e.,

QUi,w) = (1 =1)QU ) +y(g(iw.9) + min QGv) =A),  (T44)

veU(j



402 Extensions Chap. 7

A=A+ min Q(s,v), (7.45)
veU(s)
where
oY _ Q(j,'U)7 1f_]7é8,
QU,v) = {0, otherwise, (7.46)

and j and ¢(i,u,j) are generated from the pair (i,u) by simulation. Here
the stepsizes v and 3 should be diminishing, but 8 should diminish “faster”
than ~; that is, the ratio of the stepsizes 3/~ should converge to zero. For
example, we may use ¥ = C/k and 8 = ¢/klog k, where C and c are positive
constants and k is the number of iterations performed on the corresponding
pair (i,u) or A, respectively.

The algorithm has two components: the iteration (7.44), which is es-
sentially a Q-learning method that aims to solve the A-SSP for the current
value of A, and the iteration (7.45), which updates A towards its correct
value A*. However, A is updated at a slower rate than (), since the step-
size ratio 3/ converges to zero. The effect of this is that the Q-learning
iteration (7.44) is fast enough to keep pace with the slower changing A-SSP.

Convergence Analysis of )-Learning Algorithms

Let us now discuss briefly the convergence of the @Q-learning algorithms
(7.41) and (7.44)-(7.46). Unfortunately, the general convergence results of
Ch. 4 do not apply, because these algorithms involve mappings that are nei-
ther monotone nor contracting. [Note that while iteration (7.44) involves a
contraction, its companion iteration (7.45) does not.] As a result, we need
an entirely different line of analysis than the one given for stochastic short-
est path and discounted problems in Section 5.6. In particular, we turn
to the ODE approach, which was introduced in Section 4.4. Convergence
proofs based on this approach have been developed by Abounadi, Bertsekas,
and Borkar [ABB96]. These proofs rely on a sophisticated ODE-type anal-
ysis for asynchronous stochastic iterative algorithms due to Borkar [Bor95].
We will only sketch the assumptions and the convergence analysis, and we
refer to [ABBY96] for a detailed account.

Consider first a formal description of the Q-learning algorithm (7.41),
based on relative value iteration. Using the type of notation established in
Section 5.6, we have

Qe (i) = (1= 72(i, w) Qi iy ) + (i) (9i, w, ) + min Qi(7,0)
veU (i
- i Q:(s, v)),
(7.47)
where 7 is the next state generated from the pair (i,u) according to the
transition probabilities p,;(u). Here we assume that the stepsizes ;(i,u)
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satisfy the following conditions [for a set of more general conditions on
~e(4,u), we refer to Borkar [Bor95]]:

(a) Each Q-factor Q(i,u) is updated at an infinite set of times T%%, and
(i, u) = 0 for all ¢ ¢ Tou.

(b) For some positive constants ¢ and d, we have

(i) :

i) = —————

et v(t,i,u) +d’

where v(t,4,u) is the cardinality of the set {k < ¢ | k € T4}, which
is the number of updates of Q(i,u) until time ¢.

(¢) There exists a (deterministic) scalar § > 0 such that with probability
1 we have
‘i
litminf vt b u) >4, Y (i, u).
Under the above assumptions, an analysis of Borkar [Bor95] can be
used to establish a relation between the Q-learning algorithm (7.47) and

the following ODE

Q=HQ-Q - min) Q(s,v)e, (7.48)

veU(s

where @ is the vector with components the Q-factors Q (¢, u), and H is the
mapping defined by

n

(1Q)(i0) = 3 pis(w) (sGo.d) + iy Q) ) i =1L, w € U

j=1

(7.49)

The convergence results in [Bor95] state that if the ODE (7.48) has a unique

globally stable equilibrium @* and H has certain special properties, and

also if the generated sequences Q+(i,u) are guaranteed to be bounded with

probability 1, then Q¢(i,u) converges to Q*(i,u) with probability 1 for all
(i,u).

The convergence proof given in [ABB96] shows that the ODE (7.48)
has the stability property just described and that the mapping H of Eq.
(7.49) has the required properties. In particular, the unique globally stable
equilibrium of the ODE (7.48) is the unique optimal Q-factor vector of the
average cost problem that satisfies the normalization condition

min Q*(s,v) =0.
vEU(s)Q ( )

The proof of this is based on a remarkable result of Borkar and Soumyanath
[BoS93], which asserts that if a mapping H is nonexpansive with respect
to the maximum norm and has a nonempty set of fixed points, then the
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solution of the ODE Q = HQ — Q converges to some fixed point of H
(which depends on the initial condition). The proof of asymptotic stability
of the ODE (7.48) uses the fact that its solution differs from the solution of
the ODE Q = HQ — Q by a multiple of the vector e = (1,...,1) (assuming
the two ODEs start at the same initial condition). A complete convergence
proof also requires that boundedness of the generated sequence Q+(i,u) be
shown rather than assumed. Whether this is possible is a question that is
presently being investigated.

The ODE approach can also be used to prove convergence of the
Q-learning algorithm (7.44)-(7.46), that is based on the contracting value
iteration method. The stepsize v;(¢, w) used in iteration (7.44) is required to
satisfy the conditions (a)-(c) given above. The stepsize 3: used in iteration
(7.45) must satisfy

lim B

. y = 0’
t—o00 TN (G ) | ¢ (d,u) >0} VE (7’7 u)

as well as Efi 0Bt = oo. Here it is possible to prove boundedness with
probability 1 of the generated sequences Q¢(i,u), once we make sure that
the sequence \; is kept bounded. This can be done by projection on an
interval of real numbers that is known to contain A*. Once this projec-
tion device is introduced, the boundedness proof is similar to the one for
stochastic shortest path problems assuming that all policies are proper (cf.
Prop. 5.5 in Section 5.6). We refer to [ABB96] for a detailed account.

@-Learning with Function Approximation

Let us now consider the case where we have approximate @Q-factors of the
form Q(z, u,r), where r is a parameter vector. One possibility is to fix A,
apply @Q-learning with function approximation to the corresponding A-SSP
(cf. Section 6.6), and then adjust A as indicated by Fig. 7.2. On the other
hand, as discussed in Section 6.6, there is no real mathematical justification
for this type of algorithm, even when A is fixed. Alternatively, one may be
tempted, following the heuristic reasoning of Section 6.6, to use a method
of the form [cf. Eqgs. (7.44)-(7.46)]

ri= (1 - ’Y)T + ’YVQ(% u, T) (g(la u7.7) + vg%]lg) Q(J) v, T) - /\>7

A=A+ min Q(s,v,7),
5@2}}&)@3@7«)

where

Q(j,v,r) — {Q(j,U,T), lf] # S,

0, otherwise.

Then the situation becomes even less clear, because A is now changing,
and if the Q-factor approximations Q(s,v,r) are poor, the iteration of A is
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strongly affected. For example, if Q(sm,r) remains bounded from below
by a positive number, we see that A diverges to co. Thus the proper use
of @-learning in conjunction with function approximation for average cost
problems is unclear at present.

7.1.6 Simulation-Based Policy Iteration

We now describe how the simulation-based policy iteration methods of
Chs. 5 and 6 can be adapted to work for average cost problems. Given
a stationary policy p, we may accurately calculate A\, by simulating the
system under policy p over a very large number of stages and by then
dividing the total accumulated cost by the number of stages. Once we
have the value of )\, for the policy p, the corresponding differential costs
can be obtained as the costs-to-go of the associated A\,-SSP. In the case of a
lookup table representation, these costs can be calculated exactly by using
the simulation methods of Ch. 5. If function approximation is involved,
one can use methods described in Ch. 6, such as Monte-Carlo simulation
followed by a least squares fit, or temporal difference methods.

Note that it is not necessary to strictly separate the calculation of
Au and the corresponding differential costs. For example to calculate the
differential costs by Monte-Carlo simulation, one may obtain sample costs
starting from various states up to reaching the termination/reference state
s, record the corresponding number of stages to reach s, and then subtract
out the appropriate multiple of A\, once an accurate enough value of A,
has been calculated via the simulation. Note also a potential weakness
of the method: the termination state s must be reached sufficiently often
from the various states in order to accumulate enough cost samples in
reasonable time. In problems with many states there may not exist a
natural termination state with this property.

To analyze the practically more interesting case where function ap-
proximation is used for the differential costs, we consider a method that
involves approximate policy evaluation and approximate policy improve-
ment. In particular, this method generates a sequence of stationary poli-
cies ik, a corresponding sequence of average costs Ay, , and a sequence of
approximate differential cost functions hy satisfying

hi(s) =0, ‘maxn|hk(i)—huk,,\k(i)]ge, k=0,1,...

i=1,.

where
A= min A\
0,1,k Hm’

P A, (1) is the cost-to-go from state ¢ to the reference state s for the -
SSP under policy ur, and € is a positive scalar quantifying the accuracy of
evaluation of the cost-to-go function of the A\;-SSP. Note that we assume
exact calculation of the average costs A, . Note also that we may calculate
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approximate differential costs Bk(L r) that depend on a parameter vector r
without regard to the reference state s (for example, by using the Bellman
equation error method to be discussed in Section 7.1.7). These differential
costs may then be replaced by

hk(i):}}k(i?r)iﬁ(sar)a i=1,...,n,

so that the normalization condition hj(s) = 0 holds.

As in the analysis of Ch. 6, we assume that policy improvement is
carried out by approximate minimization in the DP mapping. In particular,
we assume that there exists a tolerance § > 0 such that for all ¢ and k,
tk+1(2) attains the minimum in the expression

n
min ;pm () (9(i,w, 5) + b (),
within a tolerance § > 0.

We now note that since A\, is monotonically nonincreasing and is
bounded below by \*, it must converge to some scalar \. Since Ay can
take only one of the finite number of values A, corresponding to the finite
number of stationary policies u, we see that A\p must converge finitely to
A; that is, for some k, we have

Me = A, Yk >k

Let hx(s) denote the optimal cost-to-go from state s in the A-SSP. Then,
by using Prop. 6.3 in Section 6.2, we have

lim sup(huk 5(8) — hx(s)) < n(l = p+n)(0 +2) (7.50)

k—o0 ’ (1—p)? ’
where
p= max P(z'k;«fés,k:1,...7n|@'0:i,,u)7
i=1,...n,u

and iy denotes the state of the system after k stages. On the other hand,
as can also be seen from Fig. 7.3, the relation A < A,, implies that

P 5(8) 2 Iy n,, (5) = 0.
It follows, using also Fig. 7.3, that

h 5(s) = hsls) > —hs(s) > —h_. 5(s) = (\ = ) Nyr, (7.51)

2R

where p* is an optimal policy for the A*-SSP (and hence also for the original
average cost per stage problem) and N« is the expected number of stages
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A

Sy

hyp 9=y - 2N,

s, (8= A* - 2N

h7 (9)

Figure 7.3: Relation of the costs of stationary policies for the A-SSP in the
approximate policy iteration method (compare with Fig. 7.2). Here, N, is the
expected number of stages to return to state s, starting from s and using p. Since
Ay, > A, we have

By 5(8) 2 by, () = 0.

Furthermore, if p* is an optimal policy for the A*-SSP, we have

hx(s) < b 5(s) = (A = XNy

to return to state s, starting from s and using p*. Thus, from Egs. (7.50)
and (7.51), we have

X < n(l—p+n)(d+ 2e)
B Nyx(1—p)?

(7.52)

This relation provides, an estimate on the steady state error of the approx-
imate policy iteration method.

We finally note that the form of an appropriate optimistic version of
the preceding approximate policy iteration method is unclear at present.
The reason is our assumption that the average cost A, of every generated
policy p is exactly calculated; in an optimistic policy iteration method
the current policy p does not remain constant for sufficiently long time
to estimate accurately A,. We may consider schemes where an optimistic
version of policy iteration is used to solve the A-SSP for a fixed A\. The
value of A\ may occasionally be adjusted downward by calculating “exactly”
through simulation the average cost A, of some of the (presumably most
promising) generated policies p, and by then updating A according to A :=
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min{, A\, }. However, this type of algorithm has not been tested as of the
present writing.

7.1.7 Minimization of the Bellman Equation Error

There is a straightforward extension of the method of Section 6.10 for ob-
taining an approximate representation of the average cost A and associated
differential costs h(i), based on minimizing the squared error in Bellman’s
equation. Here we approximate h(i) by ﬁ(i,r), where r is a vector of un-
known parameters/weights. We minimize the error in Bellman’s equation
by solving the problem

2
mlnz ( )\+h Z 7’ — uren[}r(l)me 7’ uv])—’_ﬁ(]vr))) 9

ieS

where S is a suitably chosen subset of “representative” states. This min-
imization may be attempted by using some gradient method of the type
discussed in Section 6.10. Much of our discussion in Section 6.10 remains
applicable.

The Bellman equation error approach may also be used for approxi-
mate evaluation of a given stationary policy in the context of approximate
policy iteration. Within this context it has an advantage over alternative
methods in that it does not require a termination/reference state. Fur-
thermore, the corresponding least squares problem can be solved by the
two-sample gradient method discussed in Section 6.10. However, there are
no error bounds such as the estimate (7.52) for the corresponding approx-
imate policy iteration method.

DYNAMIC GAMES

In this section, we briefly consider generalizations of the discounted and
stochastic shortest path DP models to the case where there is an opponent
who, at each state ¢ and simultaneously with the choice of u, chooses an-
other control v from a finite constraint set V' (¢) with the aim of maximizing
the cost-to-go. To be specific, let us consider the discounted cost problem
with the difference that the transition probabilities and the one-stage costs
have the form

pij(u,v),  g(i,u,v,j).
We follow the game theoretic terminology where v and v are chosen by

players that are referred to as the minimizer and the mazimizer, respec-
tively.
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We introduce randomized strategies for the choice of u and v. In
particular, we assume that at a given state ¢, the minimizer chooses a
probability distribution y = {y. | v € U(i)} over the set U(i) and the
maximizer chooses a probability distribution z = {z, | v € V (i)} over
the set V(). Here, y,, and z, are the probabilities of selecting u and v,
respectively. The system moves from state i to state j with probability

Z Z YuzoPij(u,v),

weU (i) vEV (7)

and the incurred expected cost is

zy, Z ZyuzUZp”uv (4, u,v, 7).

weU (1) vEV (3)

A policy mar = {po, ft1, ...} for the minimizer consists of functions
uk that choose at state ¢ the probability distribution uy(7) over the set
U(i). A policy nny = {vo,v1,...} for the maximizer is analogously defined.
Stationary policies for the minimizer and the maximizer have the form
{p, ity ...} and {v,v,...}, and are referred to as the stationary policies y
and v, respectively. The cost-to-go corresponding to an initial state ¢ and
a pair of policies (7w, mN) is

J7MTN (4 ZakE[G(’Lk,Mk(lk) Vk(lk)) | 0 = Z}
k=0

where i, denotes the state of the system at the kth stage, and either « is
equal to 1 or else « is a discount factor from the interval (0,1). The cost-
to-go corresponding to an initial state ¢ and a pair of stationary policies
(u,v) is denoted by Jwv (7).

We consider the min-max and max-min costs

J(4) = minmax J™M 7N (i),
™ TN

and

J (i) = max min J™m7N (7)),
™ TM
which correspond to the different orders in which the maximizer and mini-
mizer choose their policies. A question of primary interest is whether J(¢)
and J(i) are equal to a common value J*(i) that can be viewed as the value
or equilibrium value of the game.
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7.2.1 Discounted Games

Let us consider the discounted case where 0 < o < 1. For this case, it
was shown in an important early paper by Shapley [Shab3] that indeed
J(i) and J(i) are equal to an equilibrium value J*(i), and that there exist
stationary policies p* and v* such that for all ¢ = 1,...,n, we have

JWw* (3) = max Ji v (i) = min Juv" (4) = J(i) = J(i) = J*(i).  (7.53)

v H

Generally, as long as one considers randomized policies, the results and
algorithms of Ch. 2 for the one-player discounted case have counterparts for
the two-player discounted case. In particular, there are analogs of Bellman’s
equation, of value iteration, and of policy iteration, which we now proceed
to discuss.

For stationary policies p and v, and states 7, the components of the
corresponding probability distributions p(i) and v(i) will be denoted by
1 (1), w € U(3), and v, (7), v € V (i), respectively. We introduce the map-
pings

(T )@ = D D palive(@) Y pis(us0) (g, usv, §) + ad (7)),
i=1

weU (i) veEV (4)
(L, 7)(#) = max(T,, J)(0),

(T J)(i) = min(T},» J) (D),

(TTD)(@) = m:n myax(ﬂt,,,.])(i) = myaxmgn(T,L’VJ)(i).
The minima and maxima in the above relations are taken over the corre-
sponding unit simplices, that is, the sets of probability distributions on U (¢)
and V (i), respectively. The interchange of “min” and “max” in the last
relation is justified by a fundamental result of game theory, the minimax
theorem (see e.g., [Ber95b], Section 5.4.3), which applies because (T}, ..J) (%)
is linear in u(7) when v(7) is held fixed, and is also linear in v(¢) when p(4)
is held fixed.

A key property of the mappings 7', T, T,, and T}, is that they
are all contraction mappings with respect to the maximum norm, and with
contraction modulus «. This is fairly straightforward to show along the
lines of the corresponding proof for the DP (one-player) contraction prop-
erty of the mapping 7. The contraction property shows that Bellman’s
equation, which is J* = T'J* has a unique solution, and is responsible for
the following proposition, which we state without proof.
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Proposition 7.3: The following hold for the discounted dynamic
game problem:

(a) There exist stationary policies p* and v* such that for all i =
1,...,n, we have

JH* v (4) = max Jr* v (i) = min Jur" (i) = J(i) = J(i). (7.54)

v H

Furthermore, the common value of the vectors J and J, denoted
by J*, satisfies
J* =TJ*,
and is the only solution of Bellman’s equation J = T'J.
(b) Stationary policies p* and v* satisfy the equilibrium relation
(7.54) if and only if

I#*J* :TV*J* :TJ*

The contraction property of the mappings T', T, T,, and T, also
implies the validity of various value iteration methods, such as the method
that starts from some vector J and sequentially generates T'.J,72J,... We
have

lim TkJ = J*. (7.55)

k—oo

There are also Gauss-Seidel and asynchronous variants of this value itera-
tion method, which also draw their validity from the contraction property
of T

Finally, one can show the validity of the natural policy iteration al-
gorithm. Here, we start with a stationary policy puo and we generate a
sequence of stationary policies p. At the generic step, we have py and we
evaluate the corresponding cost-to-go to the minimizer using pj, assum-
ing that the maximizer knows py and plays optimally; that is, we find the
vector J#k defined by

JEk (1) = max JHeV (i), i=1,...,n.

Note that J#& is the optimal reward-to-go vector for a maximization DP
problem: the a-discounted (single player) problem that has a one-stage
reward equal to g(Luk(i),v,j), and involves maximization of J#k¥ over
v. This problem can be solved using some form of value iteration or policy
iteration and J#k satisfies the Bellman equation

ik (i) = (T, Jow) (i) = max(Ty 0 J9) (@), i=1,...,n.  (750)
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Once J#k has been evaluated, we obtain pgy1 by a policy improvement
step, whereby

pk+1(i) = argmin(L, J#x) (i), i=1,...,n. (7.57)
m

This equation requires solving a (static) game problem for each state i.

It can be shown that this policy iteration algorithm is convergent, in
the sense that limg_,o, J#* = J*. Note that there is also a symmetrical
version of the policy iteration algorithm, where we take the point of view
of the maximizer. In particular, in this version we generate a sequence vy
such that

vkt1(i) = arg max(T, J¥k ) (i), Vi=1,...,n,

where JVk = T,,k JVk .
7.2.2 Stochastic Shortest Path Games

Consider now the case where @ = 1 and there exists a cost-free and ab-
sorbing termination state. If we assume that this state is reached with
probability 1 under all policies for the minimizer and the maximizer, a
small adaptation of the proof of Prop. 2.2 shows that the mappings T', T,
and T, are all contraction mappings with respect to some weighted maxi-
mum norm (see Patek and Bertsekas [PaB96a] for a proof). Furthermore,
the theory and algorithms outlined above for discounted games go though,
with the obvious notational changes.

A more challenging situation arises when the maximizer can force the
game to be prolonged indefinitely for some policies of the minimizer; that is,
with appropriate choice of the minimizer’s and maximizer’s policies, there
is positive probability that the termination state will never be reached.
Then it is necessary to introduce an appropriately modified notion of proper
policies and to provide an analysis that parallels the one given for stochastic
shortest path problems in Section 2.2. This has been done by Patek and
Bertsekas [PaB96a], to which we refer for a detailed development. In what
follows in this section we will focus on discounted and stochastic shortest
path problems for which the mappings 7', T',,, and T, are all contraction
mappings. This will allow us to provide a common analysis for both types
of problems.

7.2.3 Sequential Games, Policy Iteration, and ()-Learning
We now focus on an important subclass of dynamic games, where the min-

imizer and the maximizer take turns in selecting u and v (rather that
selecting u and v simultaneously). The choice of each player is selected
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with full knowledge of the preceding choice of the other player and the
state transition resulting from that choice (as is done in board games like
chess and backgammon). We refer to this type of games as a sequential
game.

We can embed sequential games within the general framework given
earlier by using the following device: we introduce a state space of the form
SUS. At a state i of S, only the minimizer is allowed to choose a u € U (i)
and the system then moves to a state j with probability p;;(u,v), where T
is a special “dummy” selection for the maximizer. Similarly, at a state ¢ of
S, only the maximizer is allowed to choose a v € V(i) and the system then
moves to a state j with probability p;;(u,v), where w is a special “dummy”
selection for the maximizer. We continue to assume that the sets S, S,
U(i), and V(i) are all finite.

This special structure has some important ramifications. A policy for
the minimizer (or the maximizer) need only be defined on the correspond-
ing portion S (or S, respectively) of the state space. Furthermore, the
mappings ', and T, are only defined on the corresponding portions of the
state space, and do not involve a maximization over v and a minimization
over u, respectively. In particular, we have

(LN = Y i) Y p,)(gliug) +al()), Vies,

u€eU (i) jesus

To)@) = > w() Y. by (Giv,j) + (), Vies,

veV (i) jesus

where we use the notations

Bij (u) = Dij (u, ), Dij (v) = Dij (u, v),

g(/L?u’]):g(?Wu’ﬁ?J)? 5(27’07‘7):9(2’@71}7])'

A major consequence of this fact is that the minimum of (I,.J)(i) over
all probability distributions p(7) is attained by a single-point distribution.
In particular, there is a distribution that attains the minimum and that
assigns probability 1 to a single u and probability 0 to all other u € U(4);
this is the u € U(7) that minimizes the expression

> v, W9l u. ) +ad(5).
j=1

There is also a symmetric property that holds for the maximizer. As a
result, the minimization over probability distributions u(¢) can be replaced
by minimization over all v € U(i), and the maximization over probability
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distributions v(#) can be replaced by maximization over all v € V'(i). Thus,
the mapping T' can be defined by
minuGU(i) Zj€§u§ Bij (u) (2(27 U, .7) + O[J(j)), ifi € S,

maXqyev (i) Z]‘egugﬁij (’U) (E(Z, v, J) + OéJ(])), ifi € §7
(7.58)

(T7)(i) = {

thereby greatly simplifying the value iteration algorithm.
Policy Iteration

There is also simplification in the policy iteration algorithm of Eqs. (7.56)
and (7.57). In particular, since the set of choices available at each state is
finite, the number of stationary policies is also finite, and this can be used
to show that the policy iteration algorithm terminates in a finite number
of iterations.

We note, however, that there is an intuitively appealing version of the
policy iteration algorithm that does not necessarily work. In this version, we
start with a pair of stationary policies (1o, o) and we generate a sequence of
stationary policies (ug, vk) as follows: at the generic step, we have (ug, vi)
and we evaluate the corresponding cost-to-go J#k-Vk by solving the system
of linear equations

5 s 2y (D) (i, (i), §) + 0T (7)), ifi € 8,

> jesus P (ve(D) (@ (6 v (), ) + admeve(h)), ifieS.
(7.59)

JHkVE (z) = {

We then obtain (pg+1, Vk+1) using a policy “improvement” step

prt1(i) = arg min) Z Qij(u)(g(@%j) + aJ e (5)), Viels,

welU(i _
jeESUS
(7.60)
VkJrl(i) = arg m‘E}X Tjij (U) (g(la U’j) + ko VE (J))v Vie ?
veV (1) Py
(7.61)

It has been shown by Pollatschek and Avi-Itzhak [PoA69] that this
method can be interpreted as Newton’s method for solving the Bellman
equation J = T'J. (This interpretation, however, stretches the definition of
Newton’s method because T'J is not differentiable everywhere as a function
of J.) If this method terminates [i.e., we have (tp41,Vk+1) = (g, vk)], it
can be seen that the pair (uk, 1) is an equilibrium pair. However, while the
method frequently terminates, there are examples where it fails to do so.
Nonetheless, this version of policy iteration may be worth trying, since it is
much simpler than the provably correct version of Egs. (7.56) and (7.57);
instead of solving a maximizer’s DP problem at each iteration, it involves
the much simpler policy evaluation/solution of the linear Eq. (7.59).
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It is also possible to introduce a positive stepsize v, in the above
policy iteration algorithm, so that it takes the form

Je1 = Ji + v (JHevk — Jy), (7.62)

where J#k vk is obtained by solving the policy evaluation equation (7.59),
and the policy pair (ug, ) is obtained from the equations

pi (i) = arg Iengl(l.) > p,(W)(gli,u,j) +adi(j)),  ViesS, (7.63)
jESUS

v (i) = arg max _ﬁij(v) (9(i,v,5) + ai(4)), VieS. (7.64)

When ~, = 1 for all k, we have Ji11 = J#Vk and the algorithm (7.62)-
(7.64) reduces to the algorithm (7.59)-(7.61).

The convergence properties of the stepsize-based policy iteration al-
gorithm (7.62)-(7.64) are not known at present. However, there has been
encouraging experimentation with a version of the algorithm where vy is
chosen to reduce the square of the norm of the Bellman equation error;
see Filar and Tolwinski [FiT91], who view the algorithm (7.62)-(7.64) as a
form of damped Newton’s method.

Q-Learning

It is possible to derive a Q-learning algorithm for sequential games similar
to the DP cases we have discussed so far in Sections 5.6 and 7.1.5. We form
an auxiliary sequential game by augmenting the original system with one
additional state for each possible pair (i,u) with ¢ € S and v € U(i), and
one additional state for each possible pair (i,v) with i € S and v € V (i).
The probabilistic transition mechanism from the original states is the same
as for the original problem. The probabilistic transition mechanism from
an auxiliary state (i,u) with ¢ € S is that we move only to states j of the
original problem with corresponding probabilities P, (u) and costs g(i,u, j),

while from an auxiliary state (i,v) with i € S we move only to states j
of the original problem with corresponding probabilities p,;(v) and costs
g(i,v,4). Similar to our earlier developments, we can obtain a Bellman
equation satisfied by the @Q-factors Q(i,u), i € S, and by the Q-factors
Q(i,v), i € S. It has the form

Qi,u) = Z Qij(u) (g(i,u,j) + aJ(j)) , ieS,ueU(i), (7.65)
jeSuS

QGiv) = > Py(v) @,v,5) +al(j)), i€8,veV(), (7.66)

jESUS
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where ) . o
J(j) o { MmNy ey (5) Q(]a U)7 lf.] S §7
max,cv ;) Q(j,v), ifjeSs.

The natural form of the Q-learning algorithm for the sequential game
problem is thus

Qi u) == Qi u) +7(g(i,u, j) + aJ (j) — QGG w)),  i€S, ueU(),

Q(i,v) = Q(i,v) +7(g(i,v,j) + aJ(j) = Q(i,v)), i€ S, veV(i),

where j and g(i,u, j) or g(i,v, j) are generated from the pair (¢, u) or (i,v),
respectively, by simulation. Convergence results for this method can be
obtained, similar to the cases of discounted and stochastic shortest path
problems, by appealing to the general convergence theory of Ch. 4 for
stochastic iterative methods involving maximum norm contractions. The
only difference from the analysis of Section 5.6 is that the minimization
becomes maximization for some of the states. However, the underlying
algorithmic mapping is still a maximum norm contraction. As a result,
the proof of Prop. 5.5 applies nearly verbatim, and shows convergence with
probability 1 of the sequence of Q-factors to their optimal values.

A further simplification occurs in symmetric sequential games. These
are games like chess and backgammon, where there is a one-to-one corre-
spondence between the two portions of the state space S and S, and the
maximizer and the minimizer have the same controls available and face
transition costs of opposite signs when they are at the corresponding states
of S and S, respectively. Then if i and 7 are corresponding states of S and S,
respectively, we have U(i) = V (i), and it can be seen that J*(i) = —J*(i),
and Q(i,u) = —Q(i,v) when u = v. This reduces by a factor of two the
number of cost-to-go values and @ factors that one has to calculate, and
accordingly simplifies the value iteration and @Q-learning algorithms.

7.2.4 Function Approximation Methods

The NDP methodology with cost-to-go function approximation is not very
well developed at present for dynamic games. However, there have been
reports of success with some of the natural extensions of the one-player
NDP methods to sequential games. An interesting and straightforward
possibility is to implement an approximate version of the (flawed) policy
iteration algorithm of Eqs. (7.59)-(7.61). In particular, we may replace the
policy evaluation of Eq. (7.59) with an approximate evaluation Jhevi (78),
involving a function approximation architecture. This evaluation involves
the stationary Markov chain corresponding to the policy pair (pg, vk ), and
can be performed using Monte-Carlo simulation or TD()), in exactly the
same way as for discounted and stochastic shortest path problems. The
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“damped” version (7.62) of the policy iteration algorithm then takes the
form

Tt = Jo + e (JHeve — Jy). (7.67)

Unfortunately, there are no results that are comparable to the ones of
Section 6.2 regarding the steady-state accuracy of the approximate version.

There are also optimistic versions of the approximate policy iteration
scheme just discussed. For example, a TD(\)-based method that parallels
the first method given in Section 6.4 operates as follows. At the typical
iteration, we are at some state iy and we have a current parameter vector
ri. If i, € S, we select uy € U(iy) such that

w, = arg min > (@ (glin,w5) +ad (Gry)),
u 1

jESUS

we generate the next state ix1 by simulating a transition according to the
transition probabilities P (uk), and finally we perform the TD(X) update

k
Tk41 =Tk + 'kak Z (aA)k_nLVj(ima Tm)a
m=0
where dj, is the temporal difference

di = g(ik,ukyilwrl) + Oéj(ik+1,Tk) - j(ik,Tk).

If i, € S, we use the corresponding formulas where uy, is replaced by

veV (ig)
jeESU

VU = arg max Z pzkj(v) (g(lka Uaj) + aj(.77 Tk))a
S

g(ik, ug,j) is replaced by G(ik,vg,7), and the next state i1 is generated
by simulating a transition according to the transition probabilities Diyj (vk)-
Similar to the one-player case, no guarantees of success can be offered for
this type of method.

Finally, it is possible to implement a cost function approximation
method based on minimizing the squared residual of the Bellman equation
J =TJ [cf. Eq. (7.58)] using some gradient-like method of the type dis-
cussed in Section 6.10. The Bellman equation error approach may also be
used for approximate evaluation of given stationary policies in the context
of approximate policy iteration. The corresponding least squares problem
can be solved by the two-sample gradient method discussed in Section 6.10.
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PARALLEL COMPUTATION ISSUES

It is well-known that Monte-Carlo simulation is very well-suited for par-
allelization; one can simply carry out multiple simulation runs in parallel
and occasionally merge the results. Also several DP-related methods are
well-suited for parallelization; for example, each value iteration can be par-
allelized by executing the cost-to-go updates at different states in different
parallel processors. In fact the parallel updates can be asynchronous. By
this we mean that different processors may execute cost updates as fast as
they can, without waiting to acquire the most recent updates from other
processors; these latter updates may be late in coming because some of
the other processors may be slow or because some of the communication
channels connecting the processors may be slow. Asynchronous parallel
value iteration can be shown to have the same convergence properties as
its synchronous counterpart, and is often substantially faster. We refer to
[Ber82a] and [BeT89] for an extensive discussion.

There are similar parallelization possibilities in approximate DP, in
several off-line and on-line contexts. These include the generation of tra-
jectories by simulation to use either for training architectures or for im-
plementation of rollout policies, the minimization over all controls in the
right-hand side of Bellman’s equation, and the parallelization of various
training algorithms. For example, approximate policy iteration with Monte
Carlo simulation may be viewed as a combination of two operations:

(a) Simulation, which produces many pairs (z’, c(z)) of states ¢ and sample
costs ¢(4) associated with a policy pu.

(b) Training, which obtains the state-sample cost pairs produced by the
simulator and uses them in the least squares optimization of the pa-
rameter vector r of the approximate cost-to-go function J#(-, 7).

The simulation operation can be parallelized in the usual way by
executing multiple independent simulations in multiple processors. The
training operation can also be parallelized to a great extent. For example,
one may parallelize the gradient iteration

N

ri=r— ’yzvj“(ikﬂ")(j”(ikﬂ") - C(ik))v
k=1

that is used for training. There are two possibilities here:

(1) To assign different components of r to different processors and to
execute the component updates in parallel.

(2) To parallelize the computation of the sample gradient

N
Z V. Jn (i, r)(Jr(ig, ) — clir))
k=1
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in the gradient iteration, by assigning different blocks of state-sample
cost pairs to different processors.

There are several straightforward versions of these parallelization methods,
and it is also valid to use asynchronous versions of them (see [BeT89], Ch.
7).

There is still another parallelization approach for the training process
when a partitioned architecture is used (cf. Section 3.1.3). In this case, the
state space is divided into several subsets Sy,, m = 1,..., M, and a different
approximation jﬂ(i, rm) is calculated for each subset S,,. The parameter
vectors r,, can then be obtained by a parallel training process using the
applicable simulation data, that is, the state-sample cost pairs (i, c(z)) with
1€ Sm.

NOTES AND SOURCES

7.1. The theory of the average cost DP problem is discussed in all DP
textbooks. The line of development used here, in terms of the as-
sociated stochastic shortest path problem, was introduced in Bert-
sekas [Ber95a]. The relative value iteration method is due to White
[Whi63] and the contracting value iteration method is due to Bert-
sekas [Ber95f]. Another value iteration algorithm that may be par-
ticularly relevant to the simulation context is given by Jalali and
Ferguson [JaF92]. Q-learning algorithms based on the relative value
iteration have been proposed by Schwartz [Sch93], Singh [Sin94], and
Mahadevan [Mah96]. The version given here differs slightly from
the ones in these references. The @-learning algorithm based on the
contracting iteration was given in Bertsekas [Ber95al. None of the
above references on Q-learning contains a convergence analysis. The
convergence results described in Section 7.1.5 are due to Abounadi,
Bertsekas, and Borkar [ABB96]. The error bound of Section 7.1.6 for
the approximate policy iteration method is new.

7.2. Dynamic games with finite state space and discounted cost were in-
troduced by Shapley [Sha53]. The properties of policy iteration for
these problems were analyzed by Pollatschek and Avi-Itzhak [PoA69],
who proposed the simplified policy iteration (7.59) under some re-
strictive conditions. A counterexample to the convergence of this
iteration was given by van der Wal [Van78], and a modification that
improves the convergence properties is proposed by Filar and Tolwin-
ski [FiT91]. For an extensive literature survey on dynamic games,
we refer to Raghavan and Filar [RaF91]. Stochastic shortest path
games were analyzed by Patek and Bertsekas [PaB96a]. Undiscounted
dynamic games that are more general than stochastic shortest path
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games were studied by Kumar and Shiau [KuS81]. The convergence
of @-learning algorithms for discounted dynamic games was proved
by Littman [Lit96].
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Our discussion so far has focused primarily on theoretical analysis. How-
ever, success with the solution of challenging problems also requires skill in
applying the NDP methodology. In this chapter we describe some experi-
ences of ourselves and of others using NDP algorithms. We also illustrate
the interplay between problem structure, the choice of approximation ar-
chitecture, and the choice of training methods, through the use of examples
and case studies.

All of the case studies are organized roughly along the following se-
quence:

(a) Formulation of the DP problem, insight into its optimal solution, and
description of the difficulties in solving the problem optimally.

(b) Description of the approximation architectures used with NDP meth-
ods.

(¢) Description of the NDP training methods implemented.

(d) Evaluation of the accuracy of the solutions obtained, including a com-
parison with the optimal performance when possible.

(e) Evaluation of the effectiveness of the NDP methodology through com-
parisons with alternative heuristic solution methods when appropri-
ate.

We have chosen a fairly broad cross-section of case studies and NDP
methods to illustrate many of the major ideas of the preceding chapters.
The computational results presented here are a small but representative
sample of our experimentation. We have made an effort to illustrate some
of the failures as well as some of the successes of the NDP methodology.
Hopefully, this mixture of success and failure conveys to the reader our
own overall impression that the NDP methodology is capable of impressive
achievement, yet requires a lot of time-consuming trial and error experi-
mentation with various methods and parameter settings. Vitally important
for the success of this trial and error process is the understanding of the
properties and limitations of the various NDP methods, as well as the ex-
ploitation of whatever insight can be developed about the practical problem
at hand.

PARKING

Our first case study involves a well-known academic example. Our objective
is to demonstrate some of the aspects of approximate policy iteration in a
simple and intuitive problem setting.

A driver is looking for inexpensive parking on the way to his destina-
tion. The parking area contains N spaces. The driver starts at space N and
traverses the parking spaces sequentially; that is, from space i he goes next
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to space 7 — 1, etc. The destination corresponds to parking space 0. Each
parking space is free with probability p independently of whether other
parking spaces are free or not. The driver can observe whether a parking
space is free only when he reaches it, and then, if it is free, he makes a
decision to park in that space or not. If he parks in space 4, he incurs a
cost ¢(4) > 0. If he reaches the destination without having parked, he must
park in the destination’s garage, which is expensive and costs C' > 0. The
problem is to characterize the optimal parking policy and to approximate
it computationally.

We formulate the problem as a stochastic shortest path problem. In
addition to the termination state, we have state 0 that corresponds to reach-
ing the expensive garage, and states (¢, F') and (i,F), i=1,...,N, where
(i, F) Jor (i, F')] corresponds to space i being free (or not free, respectively).
The second component of the states (i, F) and (i, F) is uncontrollable (cf.
Section 2.4), so we can write Bellman’s equation in terms of the reduced
state i:

J*(i) = pmin{c(i), J*(i — 1)} 4+ (1 — p)J*(i — 1), i=1,...,N, (8.1)

J+(0) = C. (8.2)

The exact costs-to-go J*(i) can be easily calculated recursively from these
equations, starting from ¢ = 0 and proceeding to higher values of 7. Fur-
thermore, an optimal policy has the form

“(i) = park, if space 4 is free and c(i) < J*(i — 1),
=9 do not park, otherwise.

From Eq. (8.1), we have for all i,

J*(i) = pmin{c(i), J*(i — 1)} + (1 — p)J*(i — 1)
<pJ*(i—1)+ (1 —p)J*(i—1)
= J*(i—1).

Thus J*(4) is monotonically nonincreasing in 4. From this it follows that if
¢(7) is monotonically increasing in i, there exists an integer ¢* such that it
is optimal to park at space 7 if and only if 7 is free and 7 < i*, as illustrated
in Fig. 8.1.

To illustrate the approximate policy iteration method, we consider
the case where

p=005 c@)=1i, C=100, N =200, (8.3)

and we introduce two approximation architectures for J*. The first is the
quadratic architecture

J(i,r) =7(0) +r(1)i + r(2)i2, (8.4)
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and the second is the piecewise linear/quadratic architecture

iy = L) () (r(2) —1)%, ifi < r(2),
s {T(0)7 ( ) ifi>r(2). (8:5)

The choice of the latter architecture is somewhat artificial, because it re-
quires insight into the form of the optimal cost-to-go function. We have
used this architecture to contrast the corresponding results with those for
the quadratic architecture, which is less capable of approximating the op-
timal cost-to-go function J*.

Optimal Policy and Cost

120t
35
= 100} 12
2
o S
s 807 3
= <
g — Optimal cost-to-go function
O 6ol Optimal Action: 11
1 = Park if free, 2 = Don't Park
401
0 50 100 150 200
Position

Figure 8.1: Optimal cost-to-go and optimal policy for the parking problem with
the data in Eq. (8.3). The optimal policy is to park at the first available space
after the threshold space 35 is reached.

We trained these architectures using approximate policy iteration and
Monte-Carlo simulation. Each policy was evaluated using cost samples
from 1000 trajectories. Each trajectory visited a number of states and gen-
erated one cost sample for each of these states. The initial state of each tra-
jectory was randomly chosen from the range [1,200]. The parameter vector
r corresponding to a policy was determined by solving the corresponding
least squares problem by a gradient-like method. The starting policy was
the (poor) policy of parking at the first free space encountered. All the
policies generated by the approximate policy iteration method turned out
to be threshold policies, that is, for some threshold i, they park at the first
free space after reaching space 1.

Figure 8.2 illustrates the sequence of approximate cost-to-go functions
J (i,7) and corresponding policies generated using the quadratic architec-
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Quadratic Architecture

After 1 iteration After 2 iterations

Action
Action

0 50 100 150 200 0 50 100 150 200
Position Position
After 4 iterations After 8 iterations

Cost

0 50 100 150 200
Position Position
__ Average cost from _ _ Estimated cost using Policy action:
Monte-Carlo simulation 3-parameter architecture 1 = Park if free, 2 = Don't park

Figure 8.2: Sequence of approximate cost-to-go functions j(i,rk) and corre-
sponding policies generated using approximate policy iteration, in conjunction
with Monte-Carlo simulation, and the quadratic architecture. The actual cost-to-
go of the policy (as estimated by Monte-Carlo simulation) and the approximate
cost-to-go (as estimated by the quadratic architecture) are shown as functions of
position. Each generated policy is a threshold policy, that is, a policy that parks
at the first available space after a certain threshold space is reached. The sequence
of generated thresholds is 200, 100, 59, 45, 44, 42, 43, 44, 43, 44. The threshold
200 corresponds to the initial policy that parks at the first available space. The
irregularities of the average cost (solid) curve for ¢ near 200 are due to the way
that trajectories are initialized, which results in fewer sample costs for i near 200.

ture, while Fig. 8.3 shows the corresponding sequences for the piecewise
linear /quadratic architecture. The quadratic architecture cannot provide a
good approximation of J* and the thresholds of the generated policies oscil-
late between 43 and 44. On the other hand the piecewise linear/quadratic
architecture approximates J* much better and the thresholds of the gener-
ated policies oscillate between 34 and 37. (Recall that the optimal threshold
is 35.) We observe here a generic feature of approximate policy iteration:
the generated policies oscillate. However, the performance of the policies
involved in the oscillation depends on the power of the architecture. When
the policy evaluation steps involve substantial error, the oscillation may
occur far from the optimum, as illustrated in Fig. 8.2 for the quadratic
architecture.
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Piecewise Linear/Quadratic Architecture

After 1 iteration After 2 iterations

Action
Action

0 50 100 150 200 0 50 100 150 200
Position Position
After 4 iterations After 8 iterations
120 120
37 34
100 2 100 2
3 § B 5
8 80 g 8 80 g
60 1 60 1
400 SN - 40 N _ B
0 50 100 150 200 0 50 100 150 200
Position Position
__ Average cost from _ _ Estimated cost using Policy action:
Monte-Carlo simulation 3-parameter architecture 1 = Park if free, 2 = Don't park

Figure 8.3: Sequence of approximate cost-to-go functions j(i,rk) and corre-
sponding policies generated using approximate policy iteration, in conjunction
with Monte-Carlo simulation, and using the piecewise linear/quadratic architec-
ture. The actual cost-to-go of the policy (as estimated by Monte-Carlo simulation)
and the approximate cost-to-go (as estimated by the linear/quadratic architec-
ture) are shown as functions of position. Each generated policy is a threshold
policy, that is, a policy that parks at the first available space after a certain
threshold space is reached. The sequence of generated thresholds is 200, 100, 68,
49, 37, 35, 37, 36, 34, 36. The threshold 200 corresponds to the initial policy that
parks at the first available space.

8.2 FOOTBALL

In this section, we discuss a simplified version of the game of American
football, which we cast as a stochastic shortest path problem. We focus
on a single offensive drive by one of the teams. The objective is to obtain
a play selection policy that maximizes the expected score during the drive
minus the estimated score of the opposing team at the next drive. We used
two different types of architectures and several versions of policy iteration
to obtain reward-to-go approximations and corresponding play selection
policies. Here are some of the salient features of this case study:

(a) Despite the substantial number of states (of the order of 15,000), it is
possible to compute the optimal reward-to-go function and an optimal
policy exactly, and to use them to assess the performance of the NDP



Sec. 8.2 Football 427

methods.

(b) We partitioned the state space in four subsets (one for each “down”),
and we used a separate approximation architecture within each sub-
set. We experimented with two different types of architectures: (1)
a multilayer perceptron, and (2) a quadratic polynomial architecture
with feature iteration, whereby we progressively added features to be
used, together with the state, in the quadratic function approxima-
tion.

(¢) We used various forms of approximate and optimistic policy iteration.
The performance of the best policies obtained with these methods was
very close to being optimal and was also substantially better than the
performance of well-designed heuristic policies. We also implemented
rollout policies based on some of the policies obtained by the policy
iteration methods, and we verified that rollout can lead to substantial
performance improvements.

Problem Formulation

We will assume that the reader is somewhat familiar with the game of
American football. The state here is the triplet (x,y,d), where x is the
number of yards to the goal (field position ranging from 1 to 100), y is the
number of yards to go until the next 1st down (ranging from 1 to z), and
d is the down number (which can be 1, 2, 3, or 4). We restrict  and y to
take integer values only. The team starts at some field position with a 1st
down and 10 yards to go to the next 1st down, unless < 10 in which case
we set y = x. At each state the quarterback must choose one out of four
play options: run, pass attempt, punt, and field-goal attempt. If a play
yields a smaller number of yards than y, the down number is incremented;
otherwise the team starts again with a 1st down and 10 yards to go to
the next 1st down, unless x < 10 in which case we set y = x. There is
a termination state, which is reached when a touchdown or a field goal
is scored. The termination state is also reached when the ball is turned
over to the opposing team through a punt, or an interception, or when the
team fails to reach a 1st down on a 4th down play. Upon termination,
there is a corresponding reward if a touchdown is scored (6.8 points, that
is, 6 points for the touchdown itself and 1 point for an extra point with
probability 0.8) or a field goal is scored (3 points) or a safety occurs (—2
points). There is also a terminal cost that depends on the field position at
which the opposing team obtains the ball. This latter cost represents our
estimate of the expected score of the opposing team at the next drive and is
assumed to be known. The transitions from state to state are governed by
known probabilities, which depend on the play selected (the precise details
of the model can be found in [PaB96b]; generally we guessed numbers that
seemed reasonable). With our model, termination is inevitable under all
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policies, and in fact, depending on the initial state, the maximum number
of transitions to termination is of the order of 40.

The problem is small enough to be solved exactly (the total number
of states is 15,100). On a 120 MHz Pentium PC-type machine, it took
about 2.5 minutes to compute the optimal reward-to-go function and the
optimal policy shown in Fig. 8.4 using policy iteration. To evaluate the
reward-to-go function for each iterate policy, we used value iteration until
the maximum norm difference between successive iterates was less than
106 football points. Starting from an initial policy that may be described
as “always run,” six policy iterations were required to determine an optimal
policy.

1st Down Expected net score

T T T T T T T T T 2nd Down

Expected net score

15

40

1
60
Yards to Next st Down ~ ©

[ 10 20 3 40 50 60 70 80 90 100
Vards to goal Yards to Goal
Optimal policy Optimal policy
Pass
207
15 / 40
Run Vards to Next 1st Down 60
. . . . . . ards foRext Tst Down Yards to Goal
0 10 20 30 40 50 60 70 80 90 100 o 100
Yards to goal
31 Down Expected net score 4th Down Expected net score
10 5
0 0
-10
20 52
15 20 0 2 15
1o 5 60 40 10 5 = 0 20
Yards to Next 1st Down 0100 % dsioGoal Yards to Next 1st Down 100 Yards to Goal
Optimal policy Optimal policy

207

207
15 ~40

10~
Yards to Next 1stDown g — Yards to Next 1st Down 5 —

~60
Yards to Goal Yards to Goal

Figure 8.4: Optimal reward-to-go and optimal policy for each of the four downs
in the football problem.
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Approximation Architectures

For a given policy p, the approximate reward-to-go function J«(i,r) was
realized as the output of one of the four independently trained parametric
approximators .J4 (i,74), where 7 is the state and d € {1,2, 3,4} is the down
number. Thus, we can think of r as consisting of the four components
r1,7T2,73,74.

One of the two architectures consisted of a multilayer perceptron
(MLP). The MLP corresponding to down d accepts as input the field posi-
tion x and the yards-to-next-first down y, produces as output J @y, ra),
and involves a single hidden layer consisting of 20 hyperbolic tangent sig-
moidal units.

The second architecture we used was based on a quadratic polynomial
architecture and feature iteration. In the simplest version of this architec-
ture, for each down d = 2, 3, 4, the corresponding approximate reward-to-go
function J 1 (z,y,rq) was given by a quadratic polynomial in z and y. Thus
for each d = 2,3,4, the vector of parameters rqy had 6 components, cor-
responding to the 6 coefficients of the quadratic polynomial. For d = 1
we can only have y = 10, so the architecture was quadratic in z only,
and involved 3 parameters. This is an extremely simple, linear architec-
ture, which did not produce a performance comparable to the one obtained
with a multilayer perceptron. In an effort to improve the performance, we
used feature iteration; that is, we augmented the state with extra features,
which were the approximate reward-to-go functions of several past policies.
In particular, we fixed an integer m > 0, and we evaluated the approxi-
mate reward-to-go of the current policy u as a quadratic polynomial of
x, y, and the approximate reward-to-go functions of the past m policies
jg’““ (x,y, rsfl), A jf;k’f” (z, y,rsfm), where i = min{k, m}. We thus
obtained a richer architecture, which in the end resulted in better perfor-
mance. This architecture is still linear, and leads to linear least squares
problems that can be solved with exact algorithms such as the SVD (cf.
Section 3.2.2).

Training Methods

The methods used for training the architectures were the approximate pol-
icy iteration methods of Sections 6.2-6.4. There is a broad range of possi-
bilities here. In particular, one can use several different methods for policy
evaluation, and one can also use different amounts of training data (num-
bers of simulated system trajectories) between policy updates.

We experimented with the following methods for policy evaluation.

(a) For the multilayer perceptron architecture, we used TD(A) for A = 0,
A = 0.5, and A = 1. We also used the minimization of the Bell-
man equation error method with the two-sample gradient method
described in Section 6.10.
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(b) For the quadratic polynomial architecture, we formulated the pol-
icy evaluation problem as a linear least squares problem (cf. Section
3.2.2), which we solved with the SVD method or with variants of the
Kalman filtering algorithm.

Each of these methods, was implemented in two basic versions:

(1) Approximate policy iteration, which involved using a very large num-
ber of simulated trajectories to train for each generated policy. Here,
to economize in computation time in the case of the MLP architec-
ture, we used the device of recycling trajectories, that is, generating
a fairly large number of trajectories and reusing them in the training
process several times.

(2) Optimistic policy iteration, which involved using a relatively small
number of simulated trajectories to train for each generated policy.

The method for choosing the initial state for the simulated trajectories
proved to be significant. We tried several possibilities:

(i) Start from a limited set of initial states [1st down, 10 yards to go to
the next 1st down, and a range of yards to go to the goal (around 80
yards)].

(ii) Sequentially step through each element of the state space, ensuring
that all states are used as initial states of trajectories at least a fixed
number of times.

(iii) Randomly select initial states according to some probability distribu-
tion, which gives preference to regions of the state space that “need”
special attention.

The performance obtained with the first method for choosing the initial
state was not as good as with the other methods. Regarding the second
method, it seems that the ordering itself may cause the approximation
results to become biased. This problem can be avoided with the third
method (the precise probability distribution of the initial state selection is
described in [PaB96b]). All of the subsequent experimental results were
obtained using method (iii) for initial state sampling.

Experimental Results

Figure 8.5 gives results obtained with the MLP architecture and approx-
imate policy iteration. The figure shows the expected net score achieved
by successive policies starting with a 1st down at the 80-yard line (as com-
puted by Monte-Carlo simulation with 8000 sample trajectories). (The
optimal score starting with a 1st down at the 80-yard line was calculated
to be —0.945.) An oscillation fairly close to the optimum can be observed.
The figure also shows an essentially exact evaluation of the error between
the expected score of the “best” of the approximate policies generated and
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Figure 8.5: Performance of approximate policy iteration with the MLP archi-
tecture using TD(A) for A = 0,0.5,1, and the Bellman equation error method.
Each approximate policy evaluation was based on 10000 trajectories, which were
recycled 100 times each. Each figure shows the expected net score from a 1st
down, and an initial field position of z = 80, as a function of policy number. The
figures also show the difference between the average score of one of the policies
(judged to be the “best” generated by the corresponding training method) and
the optimal average score, for various starting field positions and a 1st down. The
dotted plots give the average score of the “best” policy, as predicted by the neural

network.
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the optimal policy, as a function of field position. It can be seen that all
methods produce policies that come within 0.08 of the optimal score. The
best policy, produced by TD(1), is very close to optimal. We also generated
a rollout policy based on that policy, which as shown in the figure, is also

very close to optimal.

Figure 8.6 gives results that are analogous to the ones of Fig. 8.5,
except that optimistic policy iteration was used in place of approximate



432

TD(0.0)

Lo
LoL
PN

-16

Expected Net Score

'
. L
)

Expected Net Score

Case Studies

Chap. 8

< <
2z H
g H
8 8
% 02f b % 02 1
< oaf 5 oaf
E E
§ 0 = Error of best policy 1 g 0 = Etror of best policy ’
g Error of NN approximation g Error of NN approximation
S04t 1 £-01r 1
s s
£ ; ; H ; ; ; H H ; £ i ; ; ; ; H H ; ;
0 10 20 3 4 5 6 70 8 9 100 0 10 2 3 40 5 6 70 80 9 100
Yards to goal Yards to goal
TD(1.0) Bellman Error
2 -1 g -1
3 3
212 D -1.2
3 2
Z-14 Z-14
g H
§-16 §_1'6
£
-1 18
~ 2 . . . . 1 1 .
0 1 2 3 4 5 6 7 8
Policy lteration number “10
<
H H
g 3
S 02} |7 Error of best policy % o02f 4
z Error of NN approximation bt
& 0.} |~ Emor ot rollout policy /_/J 5 01F 4
£ I B s £
3 o L R Lo ek N g of B
£ g —— Error of best policy
s S o1l 1
201t = Error of NN approximation
s s
5o H H H ; H ; H H H 5-o . . 1 " " " ; H H
0 10 20 30 40 50 60 70 80 9 100 0 i 2 3 4 50 60 70 80 % 100
Yards to goal Yards to goal

Figure 8.6: Performance of optimistic policy iteration with the MLP architecture
using TD(A) for A = 0, 0.5, 1, and the Bellman equation error method. Each policy
evaluation was based on a single trajectory. Note the improvement obtained using
a rollout policy (bottom left figure).

policy iteration. The plots shown in the top figures for each method show
fairly accurate performance estimates of the policies (using Monte-Carlo
simulation with 8000 samples). Chattering is clearly occurring here. The
performance achieved was quite good (except perhaps for the Bellman error
method), but not as good as the performance achieved using approximate
policy iteration. Note that using a rollout policy substantially improves
the performance, as shown in the bottom left figure.

Figures 8.7 and 8.8 parallel Figs. 8.5 and 8.6, respectively, for the case
of the quadratic architecture. The performance, however, is not as good as
for the MLP architecture. On the other hand, substantial improvement is
obtained when feature iteration is introduced, as indicated in Figs. 8.9 and
8.10.
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Figure 8.7: Performance of approximate policy iteration with the quadratic poly-
nomial architecture using the SVD method of training. Each policy evaluation was
based on 4000 trajectories and also on 30000 trajectories. Note the improvement
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Performance of optimistic policy iteration with the quadratic poly-
nomial architecture using a Kalman filtering method for training, with the ex-
ponential fading factor set at A = 0.95 and A = 1. Each policy evaluation was
based on a single trajectory. Note the improvement obtained using a rollout policy
(bottom left figure).

Comparison with a Heuristic Policy

We also compared the policies obtained with NDP methods with some

reasonable heuristic policies.

class of policies and we optimized over the free parameters.

In particular, we introduced a parametric

Basically,
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Figure 8.9: Performance of approximate policy iteration with the quadratic poly-
nomial architecture using the SVD method of training, and feature iteration using
Each policy evaluation was based on 30000 tra-
jectories. Comparing with the results of Fig. 8.7, we see that feature iteration
significantly improves the performance.

the last 2, 5, and 7 policies.

the parameters consisted of thresholds for yards-to-go to the 1st down
separating the regions within which a particular type of play (run, pass,
etc.) was used. Separate thresholds were chosen for each down and a
total of 1286 heuristic policies were generated. We evaluated these policies
using Monte-Carlo simulation, and we selected the one that achieves the
best expected score, starting with a 1st down at the 80-yard line. This

policy is shown in Fig. 8.11 together with its expected score.

Starting

with a 1st down at the 80-yard line, this policy achieves a score of about
—1.261, which is substantially smaller than the ones obtained with the
NDP generated policies.
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Figure 8.10: Performance of optimistic policy iteration with the quadratic poly-
nomial architecture using TD(X) for A = 0,0.5,1, and feature iteration. Each
policy evaluation was based on a single trajectory. A new feature was added ev-
ery 40000 iterations. This feature was the approximate reward function of one
of the policies generated within the preceding 40000 iterations (this policy was
selected by a special screening procedure).

8.3 TETRIS

100

This case study relates to the game of tetris, which was described in Ex-

ample 2.3 of Section 2.4. As discussed in that example, the problem can

be

formulated as a stochastic shortest path problem with a very large number
of states. Since some effective features of the state are easily identifiable,
it is natural to consider a linear feature-based approximation architecture.

After some experimentation, the following features were used:

(a) The height hj of the kth column of the wall.
features, where w is the wall’s width.

There are w such
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Figure 8.11: Reward-to-go of the best heuristic policy that we have been able
to construct.

(b) The absolute difference |hy — hi41| between the heights of the kth
and the (k 4 1)st column, k=1,...,w — 1.

(¢) The maximum wall height maxy, hy.

(d) The number of holes L in the wall, that is, the number of empty
positions of the wall that are surrounded by full positions.

Thus, there are 2w + 1 features, which together with a constant offset,
require 2w + 2 weights in a linear architecture of the form

J(@i,r) =7(0) + > r(k)hi + z_: r(k +w)|h — hioga|
k=1 k=1

+ r(2w) max hi +r(2w+1)L.
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We tried an approximate version of the A-policy iteration method,
discussed in Section 2.3. To describe the typical iteration of this method,
let r; be the weight vector after ¢ iterations, and let u; be the greedy policy
with respect to r;. The policy u: is evaluated using a batch of M (of the
order of 100) games, and the corresponding weight vector r¢41 is obtained
as

M Np
T¢+1 = argmin E E (J(im,k,r) — J(im ey Tt)
T
m=1 k=0

(8.6)

Np—1 )

- E AS=Ed(im,s, Z.m,erl)) )

s=k

where (im,0, im,1, - - - s bm, Ny —1, bm,N,, ) 18 the sequence of states comprising

the mth game in the batch, with 4., n,, being equal to the termination
state, and

d(im,s; 7:Tn,s—‘,-l) = g(im,s; Mt (Z.m,,s), Z'm,,s—o—l) + j(im,s+1, Tt) - j(im,s, Tt)

are the corresponding temporal differences with J (4m, Ny, 7¢) being equal
to the terminal value 0. All games were started from the empty board
position (things did not change much when the initial board position was
chosen more randomly).

We also tried an optimistic version of the A-policy iteration method,
whereby a weight vector 7; was calculated by solving the minimization
problem in Eq. (8.6), with the number M of games in the batch being
relatively small (of the order of 5). The new weight vector r¢11 was then
computed by interpolation between r; and 7y, i.e.,

rer1 =1t + e (Pe — 1e), (8.7)

where v; is a stepsize that satisfies 0 < ¢ < 1 and is diminishing with ¢.

We now describe some of the results of the computational experimen-
tation. The wall width w was taken to be 10, the wall height was taken
to be 20, and the types of falling objects were the 7 possible shapes that
consist of 4 pieces. Each falling object was chosen with equal probability
from the 7 possible shapes, independently of the shapes of the preceding
objects. The starting set of weights in our experiments was r(2w) = 10,
r(2w+1) =1, and r(k) = 0 for £ < 2w (this set of weights was derived
from those used by Van Roy [Van95]). With the weights fixed at these
initial values, the corresponding greedy policy scores in the low tens.

The approximate A-policy iteration method quickly gave playing poli-
cies that score in the thousands, except when A = 1, in which case the
method failed to make satisfactory progress. Generally, the maximum score
achieved depended on the value of A. Table 8.1 gives some illustrative re-
sults with different values of A. Figure 8.12 shows the sequence of tetris
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scores obtained during training for the case where A =0, A = 0.3, A = 0.5,
and A = 0.7. These results were obtained using training with 100 games
per policy update. Similar results were obtained using 300 games per up-
date. An interesting and somewhat paradoxical observation is that a high
performance is achieved after relatively few policy iterations, but the per-
formance gradually drops significantly. We have no explanation for this
intriguing phenomenon, which occurred with all of the successful methods
that we tried.

Score |2909 |2818 [2730 [2968 |3014 | 2786 |3183 |1941 |2103 | 1054

Table 8.1: Average scores of the highest scoring policies obtained using differ-
ent values of X\ after 15 policy/weight updates, with 100 games between policy
updates. Each data point is the average of the scores of 100 games.

The optimistic version of the method produced similar results to the
nonoptimistic version. Figure 8.13 shows the sequence of tetris scores ob-
tained during training for the case where 5 games were used per policy
iteration and A = 0.6. The stepsize v; used was of the form ¢/(t + d),
where t is the policy index and ¢ and d are positive scalars. The proper
value of ¢ strongly depends on A. In particular, smaller values of ¢ are
required for A close to 1, since the weight update increments tend to be
larger as A increases. On the whole, however, it was not difficult to obtain
reasonable stepsize parameter values by trial and error.

Note that the variance of the scores obtained with various policies
(and particularly the high scoring ones) is very high. This may explain the
relatively poor performance of the methods for values of A\ that are near 1.

We finally mention two additional approaches that were used for
training tetris players. The first was a policy iteration approach, where
the weights of the architecture were updated using the TD(\) method de-
scribed in Section 6.4. This approach ran into serious difficulties, typically
failing to make substantial progress, and was abandoned in favor of the
much better performing A-policy iteration method.

In the second approach, the problem was altered by imposing a cost
structure that provides an incentive for not losing quickly rather than for
achieving a high score. In particular, the objective was reformulated so that
maximization of the average game score, was replaced by minimization of
the total number of wall height increases in the course of placing the next NV
falling objects, where N is a fixed integer (values between 10 and 100 were
used). Thus, for a given stage where the maximum wall height changes
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Average score of Tetris player with Approximate Policy Iteration
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Figure 8.12: Sequence of tetris scores of the policies generated using approximate
A-policy iteration, for four different values of A. Each data point is the average of
the scores of 100 games.

from a value of h to a value of h, the cost is max{0, h — h}. Also, to
discourage termination of the game, a fixed terminal cost was introduced
(values between 5 and 20 were used). Thus the problem was transformed to
a stochastic shortest path problem, where the termination occurs in at most
N stages. The two problem formulations are substantially different, but it
was reasoned that a good policy under one formulation should also be good
for the other. Note that it is essential to fix the number of stages within
which to count height increases, because otherwise a good tetris playing
policy, which achieves a high score, would perform very poorly in terms of
number of height increases over a long horizon. Note also that because the
horizon is limited, the cost samples obtained through simulation have much
lower variance than the game scores, and this appears to be significant for
the effectiveness of the training process.

Based on the alternative problem formulation just described, an ap-
proximate and an optimistic version of the A-policy iteration method of
Section 2.3 were tried. The results obtained were similar but somewhat
more favorable than the ones presented in Table 8.1. This occurred uni-
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Figure 8.13: Sequence of tetris scores of the policies generated using optimistic
A-policy iteration, where A = 0.6. Each data point is the average of the scores of
5 games. The cumulative average score is also shown.

formly for all values of A. In particular, a maximum score of 3554 was
obtained for A = 0.3, which should be compared with the best score of
3183 given in Table 8.1 (A = 0.6).

COMBINATORIAL OPTIMIZATION - MAINTENANCE AND
REPAIR

We discussed in Example 2.6 of Section 2.4 and also in Section 3.1.4 how
NDP techniques can be used to address deterministic discrete optimization
problems, by first converting them to DP problems. In this section, we
provide an example of this solution process. In particular, we consider a
two-stage version of the maintenance problem of Example 2.4 in Section
2.4. There is a simple optimal policy for the second stage, so this problem
is in reality a one-stage problem. Still, the first stage problem can be a
difficult combinatorial problem, so we apply the approach in Section 3.1.4,
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which uses heuristics as feature extraction mappings in an architecture that
is trained using various NDP methods.

Referring to Example 2.4 in Section 2.4, we have T types of ma-
chines. A machine of type ¢ that is operational at the beginning of a stage
breaks down during that stage with probability p;, independently of other
breakdowns, and may be repaired at the end of the stage, so that it is op-
erational at the beginning of the next stage. Each repair requires the use
of one spare part. The problem is to find the repair policy that maximizes
the total value of surviving machines at the end of the two stages, using
a fixed number of spare parts. Equivalently, the objective is to minimize
the total cost of machines that break down and do not get repaired. The
essence of the problem is to trade off repairing the first stage breakdowns
with leaving enough spare parts to repair the most expensive of the second
stage breakdowns. We note that the maintenance problem of this section
is typical of a broad and important class of two-stage problems known as
stochastic programming problems.

The state has the form (m,y, s); here s is the number of available
spare parts at the beginning of the first stage, and m and y are the vectors

m=(my,...,mp), y=(y1,---,y1),

where my, ¢ = 1,...,T, is the number of working machines of type t at
the beginning of the first stage, and 3¢, t = 1,...,T, is the number of
breakdowns of machines of type ¢ during the first stage. The control is

U= (Url,--.,UT),

where u; is the number of spare parts used to repair breakdowns of machines
of type t at the end of the first stage. We note that during the second
stage, it is optimal to use the remaining spare parts to repair the machines
that break in the order of their cost (that is, repair the most expensive
broken machines, then if spare parts are left over, consider the next most
expensive broken machines, etc). Thus, if we start the second stage with 5
spare parts, and 77; machines of type t = 1,...,T, and during the second
stage, ¥, machines of type t break, t = 1,...,T, the optimal cost-to-go of
the second stage, which is denoted by G(m,7,s), where

m:(ml,...,mT), y:(ylv"'ayT)v

can be calculated analytically. We will not give the formula for G, be-
cause it is quite complicated, although it can be easily programmed for
computation.

Let us denote by R the expected value, over the second stage break-
downs, of the second stage cost
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Then in the first stage, the problem is to find v = (u1,...,ur) that solves
the problem

T

minimize Z Ci(ye — ue) + V(m,y&) (u)
t=1

T
subject to Zutgs, 0<us <y, t=1,....T,
t=1

where

T
‘/(m)yhs)(u) =R (ml _yl‘i‘U;l,...,mT—yT+uT75_Zut> ,
t=1

and CY is the cost of a machine of type t. For any given values of the vectors
(m,y, s) and u, the second stage expected cost V{,, <) (u) is computed using
a relatively simple, if time-consuming, routine.

We reformulate this first stage problem as a DP problem, as discussed
in Section 6.1.4. In the reformulated problem, at any state where Z?:l Y >
0, the control choices are to select a particular breakdown type, say ¢, with
y: > 0, and then select between two options:

(1) Leave the breakdown unrepaired, in which case the state evolves to

(mla"'amt—lamt_lamt-'rl)'" 7mTay17'"7yt—17yt_1ayt+17"'7yT)S)

and the cost C; of permanently losing the corresponding machine is
incurred.

(2) Repair the breakdown, in which case the state evolves to

(mlu"'7mT7yl7"'Jyt—layt_17yt+1>"'7yTu8_1)7

and no cost is incurred.

Once we reach a state of the form (my,...,mr,0,...,0,3), where y; =
.-+ =y = 0, there is no decision to make, and we simply pay the optimal
cost-to-go of the second stage, R(m1,...,mr,$), and terminate.

We consider an approximation architecture based on heuristic al-
gorithms. We used the following two heuristics, which given the state
(m,y, s), produce a first stage solution wu:

(1) Proportional Heuristic: In this heuristic, given the state, we compute
an estimate N of the total number of second stage breakdowns based
on the probabilities p; of breakdown of individual machines of type ¢,
and on a preliminary estimate of the number of remaining machines
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at the start of the second stage. We form the estimated ratio of first
stage to second stage breakdowns,

T
_ Zt:1 Yt )
N

We then fix the number of spare parts to be used in the first stage to

f

s1=afs,

where a is a positive parameter. The first stage problem is then
solved by allocating the s; spare parts to machines of type ¢ in the
order of the costs C¢(1 — pt). (The factor of 1 — p; is used to account
for the undesirability of repairing machines that are likely to break
again.) The constant a provides a parametrization of this heuristic. In
particular, when a < 1, the heuristic is conservative, allocating more
spare parts to the second stage than the projected ratio of breakdowns
suggests, while if a > 1, the heuristic is more myopic, giving higher
priority to the breakdowns that have already occurred in the first
stage. The cost of the solution produced by the proportional heuristic
for a given value of a is denoted by Hy(m,y, s).

Value-Based Heuristic: In this heuristic, given the state, we assign
values of C; and Ct(1—p;) to each spare part used to repair a machine
of type t in the second stage and the first stage respectively. Note
that a repair of a machine in the first stage is valued less than a
repair of the same machine in the second stage, since a machine that
is repaired in the first stage may break down in the second stage and
require the use of an extra spare part. We rank-order the values Ct
and Cy(1 —py), t = 1,...,T, and we repair broken down machines
in decreasing order of value, using the estimate p;(m; — y) for the
number of machines to break down in the second stage. The cost
of the solution produced by the value-based heuristic is denoted by
Hy(m,y,s).

The architectures we used involve affine combinations of the costs

H,(m,y,s) of the solutions of various proportional heuristics, involving
different values of the proportionality parameter a, and the cost H,(m, y, s).
of the solution of the value-based heuristic (cf. Section 3.1.4). In particular,
we considered the single proportional heuristic architecture

j(ma Y, S, 7’) = T(O) + T(G)Ha(m, Y, 5)7

in which a single fixed value of a was used; the multiple proportional heuris-
tic architecture

K
J(mv Y, s, ’/‘) = T(O) + Z T(ak)Hak (mv Y, S),
k=1
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where a1, ...,ax are K different values of a; the single value-based heuristic
architecture

J(m,y,s,7) =r(0) +r(v)Ho(m, y, 5);

and the combined proportional and value-based heuristic architecture

J(m,y,s,7) =7(0) + r(a)He(m,y,s) + r(v)Hy,(m,y, s),

in which a single fixed value of a was used. In the above representations,
r(0), 7(a;), r(a), and r(v) are tunable weights.

An architecture, together with a set of weights, defines a policy that
generates a suboptimal solution for any given problem by looking at the
given first stage breakdowns, and deciding which of them to repair. We
refer to this as the reqular NDP solution. An improvement over the regular
NDP solution is the extended NDP solution. This solution is obtained by
augmenting the decision space of the DP problem so that at any one state,
in addition to selecting a part type and deciding whether to repair it or
not, we have available some additional decisions, namely whether to adopt
the solution obtained by one of the heuristic algorithms from that state
and then terminate (see the discussion at the end of Section 3.1.4). The
expanded decision space is used in the process of training the architecture.
When calculating a solution to a given problem, after the architecture is
trained, we generated the NDP solution in ), , ¥ steps, and we stored
the best solution obtained by completing all the intermediate partial solu-
tions using the heuristics. The extended NDP solution is obtained at the
end, by selecting either the NDP solution or the best of the intermediately
obtained solutions using the heuristics, whichever results in smaller cost.
It can be seen that given any cost-to-go approximation, when a problem
is submitted for solution by the corresponding greedy policy, the extended
NDP solution will never be worse than the solution obtained by any one
of the heuristic algorithms for the same problem. Thus the extended NDP
solution offers a minimum performance guarantee that is not afforded by
the regular NDP solution. At the same time, the extended NDP solution
method requires very little additional computation both for training and
for solving individual problems after training. In our experiments to be
discussed shortly, we have tested both the regular and the extended NDP
solution methods.

We implemented an NDP solution approach for a class of problems
involving 5 machine types. The costs of these machine types are 2, 4, 6, 8,
and 10, respectively. A problem from the class considered involves 0 to 10
machines of each type, a number of spare parts from 0 to the total number
of machines, and a breakdown probability for each machine type randomly
drawn from the range [0,1]. We used approximate policy iteration, with
policy evaluation performed by Monte Carlo simulation. The initial policy
was the greedy policy that repairs as many breakdowns as possible in the
first stage, in the order of their cost. Each generated policy was trained
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Figure 8.14: Approximate policy iteration results using single heuristic architec-
tures. Each data point is an average over a 5000-problem test set of the costs of
the solutions generated by the corresponding policy. The horizontal lines corre-
spond to the performances of each of the heuristics applied to the original problem
without training. The proportional heuristic uses a value a = 1. The optimal cost
(averaged over the 5000 test problems) is 33.71.
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using a fixed set of 5000 problems that were randomly chosen, and was
evaluated using a different but fixed set of 5000 problems, also randomly
chosen. The SVD algorithm was used to solve the corresponding linear
least squares problem.

The average costs (over the 5000-problem test set) corresponding
to the policies generated by the approximate policy iteration method are
shown in Figs. 8.14-8.17 for various architectures, and are compared with
the average costs corresponding to the various heuristics, and also with the
average optimal cost. This latter cost, which is equal to 33.71, was ob-
tained by optimally solving each of the 5000 test problems using a form of
exhaustive enumeration of the feasible solutions. In these figures, the hori-
zontal lines correspond to the performances of each of the heuristics applied
to the original problem without training. Generally, the NDP methodol-
ogy uniformly produced improvements to the performance of the various
heuristics. A significant part of these improvements, however, can be at-
tributed to the multistage application of the heuristics (one breakdown at
a time). This is suggested by the excellent performance of the extended
NDP solution, even without any training. In particular, our experimental
findings are as follows:

(a) The extended NDP solutions using a single-heuristic architecture are
substantially better than the solutions obtained when that heuristic
is applied to the original problem without training (see Fig. 8.14).

(b) The NDP solutions using multiple-heuristic architectures are better
than the solutions obtained when each of the heuristics is applied to
the original problem without training (see Figs. 8.15-8.17).

(¢) The NDP solutions using the multiple-heuristic architectures are some-
what better on the average that the ones obtained using the one-
heuristic architectures.

(d) For the multiple-heuristic architectures, the extended NDP solution
produced a small improvement over the regular NDP solution.

We have also tried more powerful architectures such as the ones dis-
cussed in Section 3.1.4, which use feature-dependent weights r(k). How-
ever, these architectures produced NDP solutions of roughly the same qual-
ity as the corresponding architectures that use state independent weights
r(k). This is probably due to the fact that the heuristics we employed are
apparently very effective for the class of problems considered.

As this example illustrates, the NDP methodology can be a powerful
supplement to heuristics in combinatorial optimization. However, much
more research and computational experimentation is needed to provide an
accurate assessment of the potential of NDP methods within the broad and
application-rich context of discrete optimization.
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DYNAMIC CHANNEL ALLOCATION

In this section we discuss the use of NDP methods to solve the channel al-
location problem discussed in Example 2.5 of Section 2.4. We have trained
a feature-based linear architecture using optimistic policy iteration in con-
junction with TD(0). Our experimentation shows that the policies obtained
outperform the best heuristic that we could find in the literature.

The dynamic channel allocation problem can be formulated as a DP
problem, as discussed in Section 2.4. Here, we will restrict ourselves to
the case where there are no handoffs. Thus, state transitions occur when
channels become free due to user departures, or when a user arrives at a
given cell and wishes to be assigned a channel. The state at each time
consists of two components:

(1) The list of occupied and unoccupied channels at each cell. We call
this the configuration of the cellular system.

(2) The event that causes the state transition (arrival or departure). This
component of the state is uncontrollable.

The decision/control applied at the time of a call departure is the
rearrangement of the channels in use with the aim of creating a more fa-
vorable channel packing pattern among the cells (one that will leave more
channels free for future assignments). We restrict this rearrangement to
just the cell where the current call departure occurs. The decision exer-
cised at the time of a call arrival is the assignment of a free channel, or
the blocking of the call if no free channel is currently available. (A channel
is defined to be free in a given cell if it can be used in that cell without
violating the reuse constraint.) Note that we never block a call if it can
be accepted, that is, if there is a free channel in the cell where the call
originates. The objective is to obtain a policy that assigns channels so as

to maximize
E {/ eﬁtn(t)dt] )
t=0

where n(t) is the number of ongoing calls at time ¢, and [ is a discount factor
that makes immediate profit more valuable than future profit. Maximizing
this cost is equivalent to minimizing the (discounted) number of blocked
calls.

Note that this is a continuous-time problem. It turns out, however,
that such problems can be converted to discrete-time problems with a state-
dependent discount factor (see e.g., [Ber95a], Vol. II, Ch. 5). In particular,
the methodology presented in previous chapters is valid with only nota-
tional changes to account for a state-dependent discount factor.

We have introduced a linear feature-based approximation architec-
ture using two sets of features that depend only on the configuration of the
system, which is the controllable part of the state: one availability feature
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for each cell and one packing feature for each cell-channel pair. The avail-
ability feature for a cell is the number of free channels in that cell, while the
packing feature for a cell-channel pair is the number of times that channel
is used within a radius equal to the channel reuse distance. This architec-
ture has the advantage that even though training is centralized, the policy
obtained is decentralized because the features are local: to choose decisions
in a given cell, only the weights of the features from the neighboring cells
(those within the reuse distance) are needed.

The architecture was trained using optimistic policy iteration and
TD(0). We used a single, infinitely long trajectory for training. As the
weights of the architecture were trained, the reward-to-go approximation
was used to generate decisions as follows:

Call Arrival: When a call arrives in a given cell, evaluate the next
configuration for each free channel in that cell, and assign the channel
that leads to the configuration with the largest estimated value. If
there is no free channel at all, the call is blocked and no decision has
to be made.

Call Termination: When a call terminates in a given cell, each on-
going call in that cell is considered for reassignment to the just freed
channel; the resulting configurations are evaluated and compared to
the value of not doing any reassignment at all. The decision that
leads to the highest value configuration is then chosen.

In our experimentation, all arrivals were simulated as Poisson pro-
cesses with a separate mean for each cell, and call durations were simu-
lated with an exponential distribution. We compared the NDP solution
with a highly regarded heuristic, which is the method of Borrowing with
Directional Channel Locking (BDCL) of Zhang and Yum [ZhY89]. This
heuristic partitions and assigns the channels to cells taking into account
the reuse constraint. The channels assigned to a cell are its nominal chan-
nels. The channels are ordered by their identification number. The idea
of the BDCL heuristic is to try to use low-numbered channels within their
assigned cells, and to allow borrowing of the nominal channels of a given
cell by neighboring cells, starting with the high-numbered channels. In
particular, if a nominal channel is available when a call arrives in a cell,
the smallest numbered such channel is assigned to the call. If no nominal
channel is available, then the set of free channels for the cell (those that are
not in use within the reuse distance) is determined, and the neighbor with
the most nominal channels that are free is selected. The largest numbered
nominal channel that is free is then borrowed from that neighbor and is
assigned to the call. The call is blocked if there are no free channels at
all. When a call terminates in a cell and the channel so freed is a nominal
channel, say numbered ¢, of that cell, then if there is a call in that cell on
a borrowed channel, the call on the smallest numbered borrowed channel



450 Case Studies Chap. 8

is reassigned to ¢ and the borrowed channel is returned to the appropriate
cell. On the other hand, if there is no call on a borrowed channel, then if
there is a call on a nominal channel numbered larger than ¢, the call on
the highest numbered nominal channel is reassigned to . If the call just
terminated was itself on a borrowed channel, the call on the smallest num-
bered borrowed channel is reassigned to it and that channel is returned to
the cell from which it was borrowed. Notice that when a borrowed channel
is returned to its original cell, a nominal channel becomes free in that cell
and triggers a reassignment. Thus, in the worst case a call termination in
one cell can sequentially cause reassignments in arbitrarily far away cells.
BDCL is quite sophisticated and is widely viewed as one of the best if not
the best practical dynamic channel assignment algorithm. In particular,
the simulations of [ZhY89] show that BDCL is superior to all of its main
competitors in terms of blocking probability performance.

Figure 8.18: Cellular system used in our experiments. Cells with the same
number are at the minimum distance at which the simultaneous use of the same
channel is possible.

The first set of results relates to the 7 by 7 cellular array of Fig. 8.18
with 70 channels and a channel reuse constraint of 3 (this problem is bor-
rowed from the paper by Zhang and Yum [ZhY89]). In Fig. 8.19, we give
results for the case of uniform call arrival rates of 150, 200, and 350 calls/hr
respectively in each cell. The mean call duration for all the experiments re-
ported here is 3 minutes. Each plot gives the empirical cumulative blocking
probability during training as a function of simulated time. In particular,
each data point is the percentage of system-wide calls that were blocked
up until that point in time. Thus, for the NDP case the data points do not
correspond to performance of any one policy, but rather provide a time av-
erage of the blocking probability corresponding to the channel assignment
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Figure 8.19: These figures compare performance of the NDP solution (denoted
RL), the fixed channel allocation (FA), and BDCL on the 7 by 7 cellular array
of Fig. 8.18. The means of the call arrival (Poisson) processes are shown in the
graph titles. Each curve presents the cumulative empirical blocking probability
as a function of simulated time measured in minutes.

policies generated during the training interval. We compare the perfor-
mance of the NDP policies (denoted by RL for “reinforcement learning”)
with BDCL and with a nearly optimal fized allocation policy denoted FA.
The RL curves in Fig. 8.19 show the empirical blocking probability while
training. Note that the performance improvement is quite rapid. As the
mean call arrival rate is increased, the relative difference between the three
algorithms decreases. In fact, it can be shown that FA is asymptotically
optimal as call arrival rates increase because with many calls in every cell,
there are no short-term fluctuations to exploit. However, as demonstrated
in Fig. 8.19, for practical traffic rates, the NDP solution outperforms FA
and to a smaller but significant extent BDCL.

Figure 8.20 presents multiple sets of bar graphs of asymptotic blocking
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probabilities for the three algorithms for a system that consists of a 20 by
1 cellular array with 24 channels and a channel reuse constraint of 3. For
each set, the average per-cell call arrival rate is the same (120 calls/hr;
mean duration of 3 minutes), but the pattern of call arrival rates across
the 20 cells is varied. The patterns are shown on the left of the bar-
graphs and are explained in the caption. The NDP algorithm was trained
using the uniform traffic pattern, but was used without any modification
of the feature weights for various nonuniform traffic patterns. It can be
seen that the NDP algorithm is much less sensitive to varied patterns of
non-uniformity than both BDCL and FA.

Patterns

(Ihlhihihlhlhlhihlhib)
(IIhiihliklinlihIhi)
(hhihhihhlhhihhihhihh)
(IhlihiiklikliRlKIR)
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Empirical Blocking Probability

Figure 8.20: Sensitivity of channel assignment methods to non-uniform traffic
patterns. This figure plots asymptotic empirical blocking probability for the three
algorithms for a 20 by 1 linear array of cells with a channel reuse constraint of
3. For each set of bars, the pattern of mean call arrival rates varied, but the
per-cell mean call arrival rate was the same (120 calls/hr). The traffic patterns
are indicated on the left of each set of bars. For example, the topmost set of bars
are for a uniform pattern with medium traffic intensity, and the second from top
set of bars are for the pattern low-high repeated.

8.6 BACKGAMMON

The development of a world-class computer backgammon player (“TD-
gammon”) by Tesauro has been the most spectacular use of NDP methods
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to date. Besides providing insights into the behavior of NDP in practice,
it has also been a source of optimism about the potential for success in
dealing with truly complex problems.

Backgammon is an old two-player board game. Each one of two play-
ers (call them white and black) has control of 15 checkers that move in
opposite directions along an essentially linear track. Each player tries to
move the checkers into the last quadrant and then “collect” them, accord-
ing to some rules. (For the purposes of this exposition, we will disregard
certain complicating aspects of the game, such as “gammons” and “dou-
bling.”) The two players alternate in rolling a pair of dice and then selecting
a legal move. The set of available legal moves depends on the outcome of
the dice roll and the board configuration. The game is complex because
the position of the checkers of one player can restrict the moves available
to the opponent. In addition, single (“unprotected”) checkers of one player
can be “hit” by the other player and sent back to the first quadrant. De-
spite the randomness in the outcome of the dice rolls, good play requires
sophisticated tactics and strategy, so that backgammon is mostly a game
of skill rather than a game of chance.

The game can be modeled as a sequential Markov game of the type
discussed in Section 7.2. A typical state consists of a description of the
board configuration (the position of the 30 checkers), the outcome of the
current dice roll, and the identity of the player who is to make a move.
The state space is huge, its cardinality estimated to be of the order of 1020,
An additional feature of this game, that distinguishes it from chess, is a
large branching factor: there are 21 possible dice roll outcomes and for each
one of them there are typically about 20 legal moves. Thus, the branching
factor is of the order of 400, and unlike chess, only a shallow lookahead is
possible.

Earlier approaches to computer backgammon had involved one of two
methods:

(a) Supervised learning

Here, an approximation architecture such as a multilayer perceptron
is fed with a large database of example states together with the move
chosen by an expert human player. Then, the approximation architec-
ture is “trained” and learns how to emulate the moves of the human
trainer. A backgammon player of this type (“Neurogammon”), also
developed by Tesauro [Tes89], won the 1989 Computer Olympiad, but
did not seem able to challenge the best human players.

(b) Handcrafted position evaluators
Many commercial backgammon programs employ a “position evalu-
ator” and each move is selected so as to lead to a state with the best
evaluation. Such an evaluation function is often a linear combination
of handcrafted features, judged to be important by expert players,
and its parameters are usually hand-tuned.
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The centerpiece of TD-gammon is also a position evaluator (or cost-
to-go function), except that its parameters are selected automatically, based
on self-play and a temporal difference training method. In the course of
self-play, there is no teacher available to advise the program as to the desir-
ability of each particular move and learning is only based on the outcomes
of the different games. Figuring out which moves in the course of a game
were responsible for a win or a loss, and how to take this information into
account in order to update the cost-to-go function, seems like a formidable
task that has been referred to as the “credit assignment problem” in the
artificial intelligence literature. While exact DP provides a perfect — but
theoretical — solution to the credit assignment problem, it was far from
clear whether NDP could provide an effective solution.

We now provide an overview of the method employed by Tesauro. Let
i stand for a generic board configuration. Let J*(i,0) be the probability
that white wins, given that the current board position is 7, and that it is
white’s turn to roll the dice, assuming that both players follow optimal
policies. Similarly, we define J*(i,1) as the probability that white wins,
given that it is black’s turn to roll the dice. The function J*(i,1) is ap-
proximated by the output of a multilayer perceptron J (i,1,r), with inputs
i and [ € {0,1}, and a vector of weights r.

Tesauro has experimented extensively with a variety of MLP archi-
tectures, by varying the number of hidden layers and the number of units
at each layer, with 40 being a representative choice for the number of hid-
den units. In early work, the input to the MLP was a raw encoding of the
board configuration ¢, and this was enough to obtain a backgammon player
outperforming all other computer programs. In later versions, a number
of handcrafted functions of the state (features) were also fed as separate
inputs, which led to improved performance.

The training method employed was optimistic TD(A). In more detail,
the algorithm is as follows. Consider a typical stage in the game where
the parameter vector is r;, the board configuration is i;, and it is the
turn of player I € {0,1}. The player rolls the dice, and then chooses a
legal move for which the next position i;+1 has the best possible value of
j(it+1, lt+1,7¢). Upon the completion of a move, we compute the temporal
difference

di = J(it1, i1, 7e) — J(ie, by 1e),

and we are ready to proceed to the next stage. The only exception to
the above formula is if a move ends the game in which j(iH_l, leg1,7¢) 18
replaced by 1 or 0, depending on whether white or black was the winning
player. After each move, and once the temporal difference d; is generated,
the parameter vector r; is updated according to the on-line TD(A) rule,
which is

t
Ti41 = T¢ + ydy Z )\t_kvj(iln Uiy k)
k=0
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At the end of a game (i.e., at the end of a trajectory, in our terminology),
a new game is started, with o set at the value obtained at the end of the
preceding game.

The parameter vector r was initialized randomly. The stepsize v was
usually kept to a constant value, chosen through experimentation. Also,
several values for A were tried, although the choice of A was not reported as
being particularly important. Training was carried out for a large number
of games ranging from 200,000 to more than a million, and the amount of
CPU time spent ranged from a few hours to several weeks, depending on
the architecture and the number of games.

Once training is completed, the available cost-to-go function J (i,1,7)
leads to a greedy policy that can be implemented for playing against an
opponent. While the greedy policy corresponds to one-stage lookahead,
even better performance was obtained by performing multistage lookahead.
Due to the high branching factor, such lookahead has to be limited to a
couple of dice rolls, but it is nevertheless beneficial. Another improvement
involved the use of a rollout policy, as discussed in Section 6.1. This requires
the ability to simulate up to completion a fair number of games before each
move is chosen, and a parallel computer was deployed in order to keep the
time between moves at an acceptable level [TeG96].

An interesting aspect of the final cost-to-go function “learned” by TD-
gammon is that it provides a fairly inaccurate estimate of the probability of
winning. Nevertheless, the comparison of different candidate states (which
is all that is needed for move selection) turned out to be much more reliable.
The reasons why training with TD(\) results in this desirable property are
not understood.

Backgammon has some special features that seem to have helped to
the success of TD-gammon. First, there is a fair amount of randomness,
which eliminates the need for explicit exploration. Thus, despite the strict
adherence to a greedy policy in the course of self-play, most of the important
parts of the state space were apparently explored. A second aspect, again
due to randomness, is that the cost-to-go function is a relatively “smooth”
function of position, which often makes approximation easier. This is in
contrast to deterministic problems like chess, where the function J* can
only take values 1 (for a win), 0 (for a draw), and —1 (for a loss), and
which can be strongly affected by seemingly minor changes in the board
configuration. Finally, the game has a certain directionality that drives the
state towards termination, no matter what policy is used. (All meaningful
policies — if not all policies — are proper.) In a sense, we are close to
a situation of a layered state space, which is in general favorable to the
effectiveness of DP.

As of this writing, TD-gammon has been assessed to play “at a strong
grandmaster level and is extremely close to equaling the world’s best human
players” [Tes95]. It is not at all unlikely that it will outperform all human
players in the near future.
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NOTES AND SOURCES

8.1.

8.2.

8.3.

8.4.

8.5.

8.6.

The experimental results of this section were obtained by Keith Rogers.

The material on football comes from the paper by Patek and Bert-
sekas [PaB96b], which contains further analytical and experimental
information.

The NDP approach and the implementation used for tetris was based
on unpublished work by Sergey Ioffe.

The material on the maintenance problem is based on experiments
conducted by Cynara Wu.

The material on channel allocation is due to Singh and Bertsekas
[SiB96].

Tesauro’s backgammon work is described in [Tes89], [Tes92], [Tes94],
[Tes95], and [TeG96]. The exposition given here is mostly based on
[Tes95].

We briefly mention two more case studies that involve truly large
scale problems that arise in real-world applications. Zhang and Di-
etterich [ZhD95] consider a job-shop scheduling problem that arises
in the planning of NASA space shuttle missions. Any particular in-
stance of the problem is solved by using a sequence of modifications
(“repairs”) of a candidate (possibly infeasible) schedule. The ques-
tion is which particular type of modification to apply, given a current
schedule. This leads to a DP formulation similar to the one described
in Example 2.7 of Section 2.4. Zhang and Dietterich used a multi-
layer perceptron architecture and applied optimistic TD(A). They
report obtaining schedules that outperform the best existing conven-
tional methods. See also [ZhD96] for further results using a more
sophisticated neural network architecture.

Crites and Barto [CrB96] considered the problem of dispatching a
number of elevators that serve a multi-story building. They applied
Q-learning, with a separate set of Q-factors associated with each ele-
vator, and they reported improvements over the best available heuris-
tics for some cases. In their approach, the parametric representation
of the approximate Q-factors consisted of a multilayer perceptron
whose input was the entire state of the system. Pepyne, Looze, Cas-
sandras and Djaferis [PLC96] also used Q-learning on the elevator
dispatching problem and obtained a dispatcher that outperformed a
commercial one. In contrast to the approach of Crites and Barto,
they used state aggregation to obtain a problem with a manageable
number of states. They then applied @Q-learning with a lookup ta-
ble representation, which is closely related to the method that was
described in Section 6.7.7.
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The purpose of this appendix is to provide notation, mathematical def-
initions, and results that are used frequently in the text. For detailed
discussions of linear algebra and analysis, see references [HoK61], [Roy68],
[Rud64], and [Str76].

SETS

If z is a member of a set S, we write z € S. We write z ¢ S if = is not
a member of S. A set S may be specified by listing its elements within
braces. For example, by writing S = {x1,z2,..., 2, } we mean that the set
S consists of the elements x1,2,...,z,. A set S may also be specified in
the generic form

S = {z | x satisfies P},

as the set of elements satisfying property P. For example,
S={z|zreal, 0 <x <1},

denotes the set of all real numbers z satisfying 0 < x < 1.

The union of two sets S and T is denoted by SUT', and the intersection
of S and T is denoted by S NT. The union and intersection of a sequence
of sets S1,52,...,Sk,... is denoted by U2 Sk and N2, Sk, respectively.
If S is a subset of T' (i.e., if every element of S is also an element of T), we
write SCT orT D S.

Finite and Countable Sets

A set S is said to be finite if it consists of a finite number of elements.
It is said to be countable if the elements of S can be put into one-to-one
correspondence with a subset of the nonnegative integers. Thus, accord-
ing to our definition, a finite set is also countable but not conversely. A
countable set S that is not finite may be represented by listing its elements
Zo,X1,x2,... (le, S ={xo,x1,22,...}).

Sets of Real Numbers

If a and b are real numbers or +0o, —oo, we denote by [a,b] the set of
numbers z satisfying ¢ < z < b (including the possibility x = +oo or
x = —00). A rounded, instead of square, bracket denotes strict inequality in
the definition. Thus (a,b], [a,b), and (a, b) denote the set of all  satisfying
a<zx<b a<z<b and a < z < b, respectively.

If S is a set of real numbers that is bounded above, then there is a
smallest real number y such that x < y for all x € S. This number is called
the least upper bound or supremum of S and is denoted by sup{z | z € S}.
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Similarly, the greatest real number z such that z < z for all x € S is called
the greatest lower bound or infimum of S and is denoted by inf{z | z € S}.
If S is unbounded above, we write sup{xz | z € S} = 400, and if it is
unbounded below, we write inf{z | x € S} = —co. If S is the empty set,
then by convention we write inf{z | v € S} = 400 and sup{z | x € S} =
—00.

EUCLIDEAN SPACE

The set of all n-tuples of real numbers z = ((1),...,2z(n)) constitutes
the n-dimensional Fuclidean space, denoted by R™. The elements of §n
are referred to as nm-dimensional vectors or simply vectors when confusion
cannot arise. The one-dimensional Euclidean space R! consists of all the
real numbers and is denoted by R. Vectors in #* can be added by adding
their corresponding components. They can be multiplied by some scalar
by multiplication of each component by that scalar.

A set of vectors a1, as,...,ax is said to be linearli{ dependent if there
exist scalars A1, A2,..., Ak, not all zero, such that >, A\ja; = 0. If no
such set of scalars exists, the vectors are said to be linearly independent.

The inner product of two vectors z = (z(1),...,2(n)) and y =
(y(1),...,y(n)) is denoted by z'y and is equal to > i, (i)y(i). Two
vectors in R are said to be orthogonal if their inner product is equal to
7Zero.

A norm || - || on R" is a mapping that assigns a scalar ||z|| to every
x € R and that has the following properties:

a) ||zl > 0 for all z € R~.

—~

—~

||z|| = 0 if and only if z = 0.

)
b) |lex|| = |¢| - ||| for every ¢ € R and every x € Rn.
c)

)

d

—~

e +yll < [lz]] + [lyll for all z,y € R
The Euclidean norm of a vector z = (z(1),...,z(n)) € R is denoted

by [|z|| and is equal to (z/z)1/2 = (37, (i)?) "2 The Schwartz inequality
applies to the Euclidean norm and states that for any two vectors x and v,
we have

[’y < fl=[| - llyll;

with equality holding if and only if x = ay for some scalar a. The mazimum
norm || - ||eo (also called sup-norm or £s-norm) is defined by

[#]loe = max{|z(1)], [z(2)],..., l=(n)]}.
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A generalization of the maximum norm, called weighted mazximum norm,
is defined by

_ lz()] |z(2)] |z(n)]
||x|\§—max 1 ’ 9 )ty ’
§(1) 7 £(2) £(n)
where £ = (5(1),5(2),...,§(n)) is a vector with positive components.
Given any two norms || - |1 and || - ||2 in $7, there exists a constant ¢
(that depends on these norms) such that ||z]1 < cfjz||2 for all z € R.
This is also called the norm equivalence property of R”.

MATRICES

An m xn matriz is a rectangular array of numbers, referred to as elements,
which are arranged in m rows and n columns. If m = n the matrix is said
to be square. The element in the ith row and jth column of a matrix A is
denoted by a subscript ij, such as a;j, in which case we write A = [a;;]. The
n x n identity matriz, denoted by I, is the matrix with elements a;; = 0
for i # j and a;; = 1, for i = 1,...,n. The sum of two m x n matrices A
and B is written as A+ B and is the matrix whose elements are the sum of
the corresponding elements in A and B. The product of a matrizx A and a
scalar X\, written as AA or A\, is obtained by multiplying each element of
A by A. The product AB of an m x n matrix A and an n X p matrix B is the
m x p matrix C' with elements ¢;; = > _; aixbr;. If b is an n x 1 matrix
(i.e., an n-dimensional column vector) and A is an m x n matrix, then Ab is
an m-dimensional (column) vector. We follow the convention, that unless
otherwise explicitly stated, a vector is treated as a column vector.

The transpose of an m X n matrix A is the n X m matrix A’ with
elements a;j = aj;. A square matrix A is symmetricif A’ = A. Ann xn
matrix A is called nonsingular or invertible if there is an n x n matrix
called the inverse of A and denoted by A—1, such that A=1A=1=AA-1,
where [ is the n x n identity matrix. An n X n matrix is nonsingular if
and only if the n vectors that constitute its rows are linearly independent
or, equivalently, if the n vectors that constitute its columns are linearly
independent. Thus, an n X n matrix A is nonsingular if and only if the
relation Av = 0, where v € R*, implies that v = 0.

Rank of a Matrix

The rank of a matrix A is equal to the maximum number of linearly in-
dependent rows of A. It is also equal to the maximum number of linearly
independent columns. Thus, the rank of an m X n matrix is at most equal
to the minimum of the dimensions m and n. An m X n matrix is said to
be of full rank if its rank is maximal, that is, if it is equal to the minimum
of m and n. A square matrix is of full rank if and only if it is nonsingular.
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Eigenvalues

Given a square n X n matrix A, the determinant of the matrix yvI — A,
where [ is the n x n identity matrix and  is a scalar, is an nth degree
polynomial. The n roots of this polynomial are called the eigenvalues of A.
Thus, ~ is an eigenvalue of A if and only if the matrix vI — A is singular,
or equivalently, if and only if there exists a nonzero vector v such that
Av = «yv. Such a vector v is called an eigenvector corresponding to . The
eigenvalues and eigenvectors of A can be complex even if A is real. The
matrix A is singular if and only if it has an eigenvalue that is equal to zero.
If A is nonsingular, then the eigenvalues of A—1 are the reciprocals of the
eigenvalues of A. The eigenvalues of A and A’ coincide.

If v1,...,vn are the eigenvalues of A, then the eigenvalues of ¢l + A,
where c is a scalar and [ is the identity matrix, are ¢+ 1, ...,c=+ V,. The
eigenvalues of A*, where k is any integer, are equal to 7¥,...,vk. From
this it follows that limg_.., A¥ = 0 if and only if all the eigenvalues of A
lie strictly within the unit circle of the complex plane. Furthermore, if the
latter condition holds, the iteration zpy1 = Axy + b, where b is a given
vector, converges to T = (I — A)~1b, which is the unique solution of the
equation x = Az + b.

If the n eigenvalues of A are distinct, there exists a set of correspond-
ing linearly independent eigenvectors. In this case, if ~v1,...,7, are the
eigenvalues and vy, ..., v, are these eigenvectors, every vector z € " can

be decomposed as
n
z=Y &,
i=1

where the & are some unique (possibly complex) numbers. Furthermore,
we have for all positive integers k,

n
Akm = Z ’}/Zkfﬂji.
i=1

A symmetric n X n matrix A has real eigenvalues and a set of n real
linearly independent eigenvectors, which are orthogonal (the inner product

of any pair is 0). If 7,...,v, are the eigenvalues of a symmetric matrix
A, we have
B ' Ax
max{yi,...,m} = rggg}( W,
|| Az|]
max{|71\7 EERE) |’7n|} - I;l;zé( ”17” )
where || - || denotes the Euclidean norm. If in addition A has nonnegative

eigenvalues, we have

' Az | Az]|

max{m,---ﬁn}:gl%( 2|2 =) |||
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Positive Definite and Semidefinite Matrices

A square n X n matrix A is said to be positive semidefinite if ' Az > 0 for
all z € Rn. Tt is said to be positive definite if '’ Ax > 0 for all nonzero
x € . The matrix A is said to be negative semidefinite (definite) if —A
is positive semidefinite (definite). It can be shown that if A is positive
definite, then there exists a positive scalar 8 such that '’ Az > Bz’z for all
x € R

A positive (negative) definite matrix is invertible and its inverse is
also positive (negative) definite. Also, an invertible positive (negative)
semidefinite matrix is positive (negative) definite. If A and B are n x n
positive semidefinite (definite) matrices, then the matrix AA + uB is also
positive semidefinite (definite) for all A > 0 and > 0. If Aisann x n
positive semidefinite matrix and C is an m X n matrix, then the matrix
CAC" is positive semidefinite. If A is positive definite, and C has rank m
(equivalently, if m < n and C has full rank), then CAC" is positive definite.

An n x n positive definite and symmetric matrix A can be written
as CC’" where C' is a square invertible matrix. If A is positive semidefinite
and symmetric, and its rank is m, then it can be written as CC’, where C'
is an n X m matrix of full rank.

If A is positive semidefinite (definite) and symmetric, its eigenval-
ues are nonnegative (respectively, positive). A positive semidefinite and
symmetric matrix A can be factored as

A=QXQ,

where ¥ is a diagonal matrix with the eigenvalues of A along the diagonal,
and @ is a matrix that has as columns corresponding orthonormal eigen-
vectors (orthogonal eigenvectors, which are scaled so that their Euclidean
norm is equal to 1).

ANALYSIS

Convergence of Sequences

A sequence of vectors xo, x1, ..., Tk, ... in R7, is denoted by {z\}, or some-
times, with a slight abuse of notation, just by zj. Let us fix a norm || - ||
in ®". A sequence {zy} is said to converge to a limit x if ||zx — x| — 0
as k — oo (i.e., if, given any ¢ > 0, there is an N such that for all k > N
we have ||z — z|| < €). If {zx} converges to z, we write z, — z or
limg oo zx = x. We have Axp + Byy — Az + By if xp — x, yp — v,
and A, B are matrices of appropriate dimensions. The convergence of a
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sequence does not depend on the choice of norm; that is, if a sequence
converges with respect to one norm, it converges with respect to all norms;
this is due to the norm equivalence property of R”.

A vector z is said to be a limit point of a sequence {xy} if there is
a subsequence of {zy} that converges to z, that is, if there is an infinite
subset K of the nonnegative integers such that for any € > 0, there is an
N such that for all k € K with k > N we have ||z, — z|| <e.

A sequence of real numbers {rj}, which is monotonically nondecreas-
ing (nonincreasing), that is, it satisfies r, < rg41 (rp > rgp1) for all k,
must either converge to a real number or be unbounded above (below).
In the latter case we write limg_oo 7 = 00 (—00). Given any bounded
sequence of real numbers {ry}, we may consider the sequence {sj}, where
s = sup{r;|¢ > k}. Since this sequence is monotonically nonincreasing
and bounded, it must have a limit. This limit is called the limit superior
of {ri} and is denoted by limsup,_, . rx. The limit inferior of {ry} is
similarly defined and is denoted by liminfy_,o rg. If {rx} is unbounded
above, we write lim sup;,_, ., rx = 00, and if it is unbounded below, we write
liminfy oo 7 = —00.

Open, Closed, and Compact Sets

A subset S of R is said to be open if for every vector z € S one can find
an € > 0 such that {z | [z —z|| < €} C S. A set S is closed if and only
if every convergent sequence {x} with elements in S converges to a point
that also belongs to S. A set S is said to be compact if and only if it is
both closed and bounded (i.e., it is closed and for some M > 0 we have
|z]| < M for all z € S). A set S is compact if and only if every sequence
{x}} with elements in S has at least one limit point that belongs to S. Any
bounded sequence is contained in a compact set and therefore has at least
one limit point.

Continuous Functions

A function f mapping a set S into a set Sa is denoted by f : S; — Sz. A
function f : R — Rm™ is said to be continuous if for all =, f(zx) — f(z)
whenever x; — x. Equivalently, f is continuous if, given z € 1" and € > 0,
there is a 6 > 0 such that whenever ||y —z[| <4, we have || f(y) — f(2)[| <e.
The function

(a1 f1 +a2f2)(") = a1 fi(-) + a2 fo()

is continuous for any two scalars a1, a2 and any two continuous functions
fi, fo: |/ RmLIf Sy, So, S3 are any sets and fi : S1— Sz, fo: Sa+— S3
are functions, the function fz o f1 : S1 +— S3 defined by (f2 0o f1)(z) =
fa (fl(x)) is called the composition of fi and fo. If fi : & — R™ and
f2 : R™ — RP are continuous, then f3 o f1 is also continuous.
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Weierstrass’ Theorem asserts that a continuous function f : R” — R
attains a minimum over any nonempty compact set A, i.e., there exists

x* € A such that f(z*) = infiea f(x).
Derivatives

Let f : R — R be some function. For a fixed z € R", the first partial
derivative of f at the point = in the ith coordinate is defined by
Of() _ . fla+ac) ~ ()

8$(l) a—0 o

)

where e; is the ith unit vector. If the partial derivatives with respect to
all coordinates exist, f is called differentiable at x and its gradient at x is
defined to be the column vector

Vi) =

The function f is called differentiable if it is differentiable at every x € R.
If Vf(z) exists for every x and is a continuous function of z, f is said to
be continuously differentiable. Such functions admit the first order Taylor
expansion

fl@+y) = f@) +y' Vi) +ollyl),

where o([|y]|) is a function of y with the property lim,—o o(|ly[) /[yl — 0.
A related result is the mean value theorem, which states that if f : R7 +— R
is continuously differentiable, then for every z,y € R, there exists some
a € [0, 1] such that

) = f(@) = Vf(z+aly — ) (y —z).

If the gradient V f(x) is itself a differentiable function, then f is said
to be twice differentiable. We denote by V2f(z) the Hessian matrix of f
at x, that is, the matrix

V2f(x) = [%}

the elements of which are the second partial derivatives of f at x.

If f is twice continuously differentiable, that is, if V2 f(z) exists and
is continuous, then we have second order versions of the Taylor expansion
and the mean value theorem. In particular, for all  and y, we have

fx+y) = flx) +y Vi) + 39 V2f(@)y +o(|lyl?),
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and there exists some « € [0, 1] such that

fl@+y) = f2)+y V(@) + sy V2f(z+ ay)y.

A vector-valued function f : R* — R™ is called differentiable (re-
spectively, continuously differentiable) if each component f; of f is differ-
entiable (respectively, continuously differentiable). The gradient matriz of

f, denoted by V f(x), is the n X m matrix whose ith column is the gradient
Vfi(x) of fi. Thus,

V(@)= [VA) -V fule)]-

The transpose of V f is the Jacobian of f, that is, the matrix whose ijth
entry is equal to the partial derivative df;/0z(j).

Let f: RF — R™ and g : ™ — R" be continuously differentiable
functions, and let h(x) = g(f(z)). The chain rule for differentiation states
that

Vh(z) =V f(2)Vg(f(z)), for all x € Rk.

If f: %" — Rm is of the form f(z) = Az, where A is an m X n matrix, we
have Vf(z) = A’. Also, if f: R? — R is of the form f(z) = 2’ Ax/2, where
A is a symmetric n X n matrix, we have Vf(z) = Az and V2f(x) = A.

CONVEX SETS AND FUNCTIONS

A subset C of R” is said to be convez if for every z,y € C and every scalar
a with 0 < o < 1, we have az + (1 — @)y € C. In words, C is convex if
the line segment connecting any two points in C' belongs to C'. A function
f: C+— R defined over a convex subset C' of R™ is said to be convez if for
every x,y € C and every scalar a with 0 < o < 1 we have

flaz+ (1 —a)y) <af(z)+ (1 —a)f(y).

The function f is said to be concave if (—f) is convex, or, equivalently, if
for every z,y € C and every scalar o with 0 < o < 1, we have

flaz + (1= a)y) = af(@) + (1 - a)f(y).

If f:C — R is convex, then the sets I'y = {z | 2 € C, f(z) < A} are
also convex for every scalar \. An important property is that a real-valued
convex function on R is continuous.

If f1, fo, ..., fm are convex functions over a convex subset C' of R” and
Qi1,Qe,. ..,y are nonnegative scalars, then the function o f1+- - -4+ am fin
is also convex over C. If f : R™ +— R is convex, A is an m X n matrix,
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and b is a vector in ™, the function g : R» — R defined by g(x) =
f(Axz + b) is also convex. If f : R — R is convex, then the function
g(z) = E[f(z+w)], where w is a random vector in R", is a convex function
provided the expected value is finite for every xz € R.

For functions f : R — R that are differentiable, there are alternative
characterizations of convexity. Thus, the function f is convex if and only
if

fy) =z f(@) + V() (y — =), for all z,y € Rn.

If f is twice differentiable, then f is convex if and only if V2 f(x) is a positive
semidefinite symmetric matrix for every x € ®*. A quadratic function of
the form f(x) = a’ Az + ¥z is convex if and only if the matrix A is positive
semidefinite.

For more material on convex functions and their role in optimization,
we refer to the classic treatise [Roc70] and also to the simpler presentation
in Appendix B of [Ber95b].
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This appendix lists selectively some of the basic probabilistic notions we
will be using. Its main purpose is to familiarize the reader with some of the
terminology we will adopt. It is not meant to be exhaustive, and the reader
should consult references such as [Ash70], [Fel68], [Pap65], and [Ros85] for
detailed treatments, particularly regarding operations with random vari-
ables, conditional probability, Bayes’ rule, and so on. For fairly accessible
treatments of measure theoretic probability, see [AdG86] and [Ash72]. For
detailed presentations on finite-state Markov chains, see [Ash70], [Chu60],
[KeS60], [Ros83], and [Ros85].

PROBABILITY SPACES

A probability space consists of:
(a) A set Q.

(b) A collection F of subsets of €, called events, which includes © and
has the following properties:

(1) If A is an event, then the complement A = {w € Q | w ¢ A}
is also an event. (The complement of €2 is the empty set and is
considered to be an event.)

(2) If A1, Ay, ..., Ay, ... are events, then U2, Aj and N2, Ay are
also events.

(c) A function P(-) assigning to each event A a nonnegative number P(A),
called the probability of the event A, and satisfying

(1) P(Q) = 1.

(2) P(U, Ak) = Yoo P(Ag) for every sequence of mutually dis-
joint events Ay, A, ..., Ak, ...

The function P is referred to as a probability measure.
Convention for Finite and Countable Probability Spaces

When Q is finite or countable, we implicitly assume that the associated
collection of events is the collection of all subsets of Q (including €2 and
the empty set). Then, if Q is a finite set @ = {w1,w2,...,wp}, the
probability space is specified by the probabilities pi,p2,...,pn, Where p;
denotes the probability of the event consisting of w;. Similarly, if Q =
{wi,ws, ..., wk, ...}, the probability space is specified by the correspond-
ing probabilities p1,p2,...,pk,. .. In either case we refer to (p1,p2,...,Pn)
or (p1,p2,-..,Dk,--.) as a probability distribution over §Q.
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RANDOM VARIABLES

Given a probability space (Q, F, P), a random variable on the probability
space is a function z : 2 — R such that for every scalar A the set

{weQlaw) <A}

is an event (i.e., belongs to the collection F). An n-dimensional random
vectorz = (x(1),...,z(n)) is an n-tuple of random variables z(1), ..., z(n),
each defined on the same probability space.

We define the distribution function F : R — R of a random variable
x by

F(z) = P({w € 2| 2(w) < 2}),

that is, F'(z) is the probability that the random variable takes a value less
than or equal to z. We define the distribution function F' : " +— R of a
random vector z = (z(1),...,z(n)) by

F(z(1),...,2(n)) =P{w e Q] z(l,w) < 2(1),...,x(n,w) < z2(n)}).

Given the distribution function of a random vector z = ( (n ),
the (marginal) distribution function F; of each random varlable a:(z is
obtained from

Fi(z(i)) = lim  F(2(1),...,2(n)).
2(j)—00, j#i
The random variables z(1),...,z(n) are said to be independent if

F(z(1),...,2(n)) = Fi(2(1)) -+ Fa(2(n)),

for all scalars z(1),..., z(n).
The ezpected value of a random variable x with distribution function
F is defined as

Elz] = /  LaF()

— 00

provided the integral is well defined. The expected value of a random vector
z = (z(1),...,z(n)) is the vector
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CONDITIONAL PROBABILITY

We shall restrict ourselves to the case where the underlying probability
space ) is a countable (possibly finite) set and the set of events is the set
of all subsets of 2.

Given two events A and B with P(A4) > 0, we define the conditional
probability of B given A by

P(ANB)
PB|A) = —+=
(514 =5
If By, Ba,... are a countable (possibly finite) collection of mutually exclu-

sive and exhaustive events (i.e., the sets B; are disjoint and their union is
Q) and A is an event, then we have

P(A) =Y P(ANB).

From the two preceding relations it is seen that

mm:i}wmwu&)

We thus obtain for every k,

P =) T e B
provided P(A) > 0. This relation is referred to as Bayes’ rule.

Consider now two random vectors z and y on the (countable) prob-
ability space taking values in R™ and R™, respectively [i.e., z(w) € R7,
y(w) € Rm for all w € Q). Given two subsets X and Y of R* and R™,
respectively, we denote

P(X|Y) :P({w|x(w) €eX} ‘ {w]yw) GY}).

For a fixed vector v € R, we define the conditional distribution function
of x given v by

F(zv) = P({w | a() < 2} | {w | y(@) = 0}),
and the conditional expectation of x given v by
mﬂﬂz/'wnﬂm,

provided the integral is well defined. Note that E[x|v] is a function map-
ping v into ", and is itself a random variable. Its expectation is E[z],
that is,

Furthermore, if w is another random variable, then
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STATIONARY MARKOV CHAINS

A square n X n matrix [p;;] is said to be a stochastic matrix if all of its
elements are nonnegative, that is, if p;; > 0, 4,5 = 1,...,n, and the sum of
the elements of each of its rows is equal to 1, that is, 22‘;1 pi; = 1 for all
1=1,...,n.

Suppose we are given a stochastic n x n matrix P together with a
finite set of states S = {1,...,n}. The pair (S, P) will be referred to as
a stationary finite-state Markov chain. We associate with (S, P) a process
whereby an initial state zo € S is chosen in accordance with some initial
probability distribution

T = (71'0(1),7‘(()(2)7 e ,m](n)).

Subsequently, transitions are made sequentially from a current state x to a
successor state x4 in accordance with a probability distribution specified
by P as follows. The probability that the successor state will be j is equal
to pi; whenever the current state is ¢, independently of the preceding states;
that is

P(xk+1 Zj | T = i71'k_1, e 7:L'Q) = P(xk+1 :j | T = Z) = pij, (B.l)
for all ¢ and j. The probability that after the kth transition the state xj
will be j, given that the initial state x¢ is i, is denoted by

Pl =Par =j | xo = 1), i,j=1,...,n. (B.2)

A straightforward calculation shows that these probabilities are equal to
the elements of the matrix P*¥ (P raised to the kth power), in the sense
that pfj is the element in the ith row and jth column of Pk:

P = k). (B.3)

Given the initial probability distribution 7y of the state zo (viewed as a row
vector in ™), the probability distribution of the state xj after k transitions

e = (Wk(1)7ﬂ-k(2)7 sy 7Tk(n))a
(viewed again as a row vector) is given by
m, = mo Pk, k=1,2,... (B.4)

This relation follows from Egs. (B.2) and (B.3) once we write
m(j) = > Plax = j [ wo = i)mo(i) = Y plymo(i).
i=1 i=1

Finally, if g(zk) is a function of the state x (such as a cost function in the
context of dynamic programming), the expected value E[g(zx) | zo = i] is
the ith component of the vector P*g, where g is the vector with components

g(1),...,g(n).
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CLASSIFICATION OF STATES

Given a stationary finite-state Markov chain (5, P), we say that two states
i and j communicate if there exist two positive integers k1 and k2 such that
pfjl > 0 and pff > 0. In words, states ¢ and j communicate if one can be

reached from the other with positive probability. A subset of states S is
said to be a recurrent class, if all states in S communicate, and for all 7 € S
and j ¢ S, we have pf’j =0 for all k.

If S forms by itself a recurrent class (i.e., if all states communicate
with each other), then we say that the Markov chain is irreducible. It is
possible that there exist several recurrent classes. It is also possible to prove
that at least one recurrent class must exist. States that do not belong to
any recurrent class are called transient. We have

klim pk = 0 if and only if 4 is transient.
e

In other words, if the process starts at a transient state, the probability
of returning to the same state after k transitions diminishes to zero as k
tends to infinity.

The definitions imply that if the process starts within a recurrent
class, it stays within that class. If it starts at a transient state, it eventually
(with probability one) enters a recurrent class after a number of transitions
and subsequently remains there.

LIMITING PROBABILITIES

An important property of any stochastic matrix P is that the matrix P*
defined by

1 N-1
* — 4 _ k
Pr= lim ];) P (B.5)

exists [in the sense that the sequences of the elements of (1/N) kN:_Ol Pk
converge to the corresponding elements of P*]. The elements p;; of P*
satisfy

n
pi; >0, dopi=1,  dj=1....n
j=1

That is, P* is a stochastic matrix. (For a proof see Prop. 1.1, Ch. 4 of
[Ber95a], Vol. I1.)

Note that the (i, j)th element of the matrix P* is the probability that
the state will be j after k transitions starting from state . With this in
mind, it can be seen from the definition (B.5) that pj; can be interpreted
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as the long term expected fraction of time that the state is j given that
the initial state is 7. This suggests that for any two states ¢ and i/ in the
same recurrent class we have pij = Pjrs and this can indeed be proved.
In particular, if a Markov chain is irreducible, the matrix P* has identical
rows. Also, if j is a transient state, we have

p;kj:O, foralli=1,...,n,

so the columns of the matrix P* corresponding to transient states are
identically zero.
A vector 7 = (7*(1), 7*(2),...,m*(n)) such that 7P = 7*, that is,

S o ()P =m(),  Vi=1....n,
=1

is called an invariant or steady-state distribution. If the probability distri-
bution of the initial state xg is 7*, then the probability distribution of the
state xy after any number k of transitions will also be 7* [cf. Eq. (B.4)].

FIRST PASSAGE TIMES

Let us denote by qu the probability that the state will be j for the first
time after exactly £ > 1 transitions given that the initial state is ¢, that is,

g5 =P(ak =j, xm # 4, 1 <m <k |z =1i).
Denote also, for fixed i and j,
Kij = mln{k Z 1 | Tk Zj, xro = ’L}

Then K;; is a random variable, called the first passage time from i to j.
We have, for every k=1,2,...,

and we write
P(Kiyj=o00) =P(ar#j, k=12 [zo=1)=1-Y qf.
k=1

Note that it is possible that Y -, qz’?j < 1. This will occur, for example, if

j cannot be reached from ¢ in which case qu =0 forall k=1,2,... The
mean first passage time from 4 to j is the expected value of K;:

o0 k 3 oo kE
E[K;j;) = {Zk_l kqij’ ?f 2130:1 qzj =1,
o if Zkzl ;5 < 1.
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It can be proved that if 4 and j belong to the same recurrent class then

In fact if there is only one recurrent class and ¢ is a state of that class, the
mean first passage times F[K:| are the unique solution of the following
linear system of equations

ElKul =1+ pyE[Kjl, i=1,...,ni#t
J#t

(see Section 2.4, Example 2.1). If ¢ and j belong to two different recurrent
classes, then E[K;;] = F[Kj;] = co. If i belongs to a recurrent class and j
is transient, we have E[K;;] = oco.
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TD(A), 195, 429, 438, 454
approximate policy evaluation, 284
choice of A, 200
convergence, 199
discounted problems, 204, 290, 294
divergence, 291
every-visit, 197, 202
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first-visit, 197, 202
games, 417
least squares, 252
off-line, 198, 208, 286
on-line, 198, 204, 219, 224, 252,
286
optimistic, 225, 313, 314, 454
replace, 252
restart, 202, 252
stepsize selection, 218
synchronous, 232
Temporal differences, 41, 180, 193,
381
general temporal difference meth-
ods, 201
least squares, 252
Monte Carlo simulation, 193
Termination state, 15, 17
Tetris, 50, 58, 435
Training, 6, 60, 76
Transient states, 472
Two-pass methods, 147, 178
Two-sample methods, 366, 368, 382

U
Unbiased estimator, 181
A%

Value iteration, 25, 42
approximate, 329, 341, 353, 362
asynchronous, 26, 58, 396
average cost problems, 391
contracting, 393, 401
Gauss-Seidel, 26, 28
incremental, 335
relative, 392, 399
simulation-based, 237
with state aggregation, 341

w

Wald’s identity, 185

Weighted maximum norm, 23, 155
contractions, 23

Weights, neural network, 64
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