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152 Learning Values and Policies Chap. 3

Clearly, for the success of approximation in value space, it is important to
select a class of lookahead function approximations J̃k that is suitable for
the problem at hand. In the preceding chapter we discussed several meth-
ods for choosing J̃k based mostly on rollout. In this chapter we discuss how
J̃k is chosen to be a member of a parametric class of functions, including
neural networks, with the parameters “optimized” or “trained” by using
some algorithm.

The training methods used for parametric approximation in value
space can also be used for approximation in policy space, as we will discuss
in Section 3.4. The training data may be obtained, for example, from
rollout calculations, thus enabling the construction of value and policy
networks that can be used for perpetual rollout. This approach to learning
an approximate cost function and policy will be reconsidered and extended
in the context of infinite horizon problems and approximate policy iteration
in Chapter 4.

3.1 APPROXIMATION ARCHITECTURES

The starting point for the schemes of this chapter is a class of functions
J̃k(xk, rk) that for each k, depend on the current state xk and a vector
rk = (r1,k, . . . , rmk,k

) of mk “tunable” scalar parameters. By adjusting the

parameters, one can change the “shape” of J̃k so that it is a reasonably
good approximation to some “target” function, usually the true optimal
cost-to-go function J*

k , or the cost-to-go function Jk,π of some policy π.

The class of functions J̃k(xk, rk) is called an approximation architecture,
and the process of choosing the parameter vectors rk is commonly called
training or tuning the architecture. We will focus initially on approximation
of cost functions, hence the use of the J̃k notation. In Section 3.4 we will
consider the other major use of parametric approximation architectures, of
the form µ̃k(xk, rk), where the target function is a control function µk that
is part of some policy.

The simplest training approach for parametric architectures is to do
some form of semi-exhaustive or semi-random search in the space of pa-
rameter vectors and adopt the parameters that result in best performance
of the associated one-step lookahead controller (according to some crite-
rion). There are methods of this type that have been used primarily in
cases where the number of parameters is relatively small.

Random search methods have also been used to tune hyperparameters
of an approximation architecture, relating to the structure of the architec-
ture; for example, the number of layers in a neural network, or the number
of clusters in the context of partitioning discrete spaces into clusters, etc.
In particular, one such method, known as Bayesian optimization, has been
used in the training of the AlphaZero architecture [SHS17]. We refer to
the literature for further discussion.
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Figure 3.1.1 The structure of a linear feature-based architecture. We use a
feature extraction mapping to generate an input φk(xk) to a linear mapping
defined by a parameter vector rk.

Other systematic approaches are based on numerical optimization,
such as for example a least squares fit that aims to match the cost ap-
proximation produced by the architecture to a “training set,” i.e., a large
number of pairs of state and cost values that are obtained through some
form of sampling process. Throughout this chapter we will focus primarily
on this approach.

3.1.1 Feature-Based Architectures

There is a large variety of approximation architectures, based for example
on polynomials, wavelets, radial basis functions, discretization/interpolation
schemes, neural networks, and others. A particularly interesting type of
cost approximation involves feature extraction, a process that maps the
state xk into some vector φk(xk), called the feature vector associated with
xk at time k. The vector φk(xk) consists of scalar components

φ1,k(xk), . . . , φmk,k
(xk),

called features . A feature-based cost approximation has the form

J̃k(xk, rk) = Ĵk
(

φk(xk), rk
)

,

where rk is a parameter vector and Ĵk is some function. Thus, the cost
approximation depends on the state xk through its feature vector φk(xk).

Note that we are allowing for different features φk(xk) and different
parameter vectors rk for each stage k. This is necessary for nonstationary
problems (e.g., if the state space changes over time), and also to capture
the effect of proximity to the end of the horizon. On the other hand,
for stationary problems with a long or infinite horizon, where the state
space does not change with k, it is common to use the same features and
parameters for all stages. The subsequent discussion can easily be adapted
to infinite horizon methods, as we will discuss later.

Features are often handcrafted, based on whatever human intelli-
gence, insight, or experience is available, and are meant to capture the
most important characteristics of the current state. There are also sys-
tematic ways to construct features, including the use of data and neural
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networks, which we will discuss shortly. In this section, we provide a brief
and selective presentation of architectures.

One idea behind using features is that the optimal cost-to-go functions
J*
k may be complicated nonlinear mappings, so it is sensible to try to break

their complexity into smaller, less complex pieces. In particular, if the
features encode much of the nonlinearity of J*

k , we may be able to use a

relatively simple architecture Ĵk to approximate J*
k . For example, with a

well-chosen feature vector φk(xk), a good approximation to the cost-to-go
is often provided by linearly weighting the features, i.e.,

J̃k(xk, rk) = Ĵk
(

φk(xk), rk
)

=

mk
∑

ℓ=1

rℓ,kφℓ,k(xk) = r′kφk(xk), (3.1)

where rℓ,k and φℓ,k(xk) are the ℓth components of rk and φk(xk), respec-
tively, and r′kφk(xk) denotes the inner product of rk and φk(xk), viewed
as column vectors of ℜmk (a prime denotes transposition, so r′k is a row
vector); see Fig. 3.1.1.

This is called a linear feature-based architecture, and the scalar param-
eters rℓ,k are also called weights . Among other advantages, these architec-
tures admit simpler training algorithms than their nonlinear counterparts.
Mathematically, the approximating function J̃k(xk, rk) can be viewed as a
member of the subspace spanned by the features φℓ,k(xk), ℓ = 1, . . . ,mk,
which for this reason are also referred to basis functions . We provide a few
examples, where for simplicity we drop the index k.

Example 3.1.1 (Piecewise Constant Approximation)

Suppose that the state space is partitioned into subsets S1, . . . , Sm, so that
every state belongs to one and only one subset. Let the ℓth feature be defined
by membership to the set Sℓ, i.e.,

φℓ(x) =
{

1 if x ∈ Sℓ,
0 if x /∈ Sℓ.

Consider the architecture

J̃(x, r) =

m
∑

ℓ=1

rℓφℓ(x),

where r is the vector consists of the m scalar parameters r1, . . . , rm. It can
be seen that J̃(x, r) is the piecewise constant function that has value rℓ for
all states within the set Sℓ; see Fig. 3.1.2.

The piecewise constant approximation is an example of a linear fea-
ture-based architecture that involves exclusively local features . These are
features that take a nonzero value only for a relatively small subset of
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J̃(x, r) =
∑

m

ℓ=1
rℓφℓ(x)

x S1 Sℓ ℓ Sm

. . . . . . ) x S

. . . r1

rℓ rm

1 rℓ

Figure 3.1.2 Illustration of a piecewise constant architecture. The state space
is partitioned into subsets S1, . . . , Sm, with each subset Sℓ defining the feature

φℓ(x) =

{

1 if x ∈ Sℓ,
0 if x /∈ Sℓ,

with its own weight rℓ.

states. Thus a change of a single weight causes a change of the value of
J̃(x, r) for relatively few states x. At the opposite end we have linear
feature-based architectures that involve global features . These are features
that take nonzero values for a large number of states. The following is an
example.

Example 3.1.2 (Polynomial Approximation)

An important case of linear architecture is one that uses polynomial basis
functions. Suppose that the state consists of n components x1, . . . , xn, each
taking values within some range of integers. For example, in a queueing
system, xi may represent the number of customers in the ith queue, where
i = 1, . . . , n. Suppose that we want to use an approximating function that
is quadratic in the components xi. Then we can define a total of 1 + n+ n2

basis functions that depend on the state x = (x1, . . . , xn) via

φ0(x) = 1, φi(x) = xi, φij(x) = xixj , i, j = 1, . . . , n.

A linear approximation architecture that uses these functions is given by

J̃(x, r) = r0 +

n
∑

i=1

rix
i +

n
∑

i=1

n
∑

j=1

rijx
ixj ,



156 Learning Values and Policies Chap. 3

Figure 3.1.3 Illustration of a tetris board.

where the parameter vector r has components r0, ri, and rij , with i, j =
1, . . . , n. Indeed, any kind of approximating function that is polynomial in
the components x1, . . . , xn can be constructed similarly.

A more general polynomial approximation may be based on some other
known features of the state. For example, we may start with a feature vector

φ(x) =
(

φ1(x), . . . , φm(x)
)′
,

and transform it with a quadratic polynomial mapping. In this way we obtain
approximating functions of the form

J̃(x, r) = r0 +

m
∑

i=1

riφi(x) +

m
∑

i=1

m
∑

j=1

rijφi(x)φj(x),

where the parameter r has components r0, ri, and rij , with i, j = 1, . . . ,m.
This can also be viewed as a linear architecture that uses the basis functions

w0(x) = 1, wi(x) = φi(x), wij(x) = φi(x)φj(x), i, j = 1, . . . , m.

The preceding example architectures are generic in the sense that they
can be applied to many different types of problems. Other architectures rely
on problem-specific insight to construct features, which are then combined
into a relatively simple architecture. We present two examples involving
games.

Example 3.1.3 (Tetris)

Tetris is a popular video game played on a two-dimensional grid. Each square
in the grid can be full or empty, making up a “wall of bricks” with “holes”
and a “jagged top” (see Fig. 3.1.3). The squares fill up as blocks of different
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shapes fall from the top of the grid and are added to the top of the wall. As a
given block falls, the player can move horizontally and rotate the block in all
possible ways, subject to the constraints imposed by the sides of the grid and
the top of the wall. The falling blocks are generated independently according
to some probability distribution, defined over a finite set of standard shapes.
The game starts with an empty grid and ends when a square in the top row
becomes full and the top of the wall reaches the top of the grid. When a
row of full squares is created, this row is removed, the bricks lying above this
row move one row downward, and the player scores a point. The player’s
objective is to maximize the score attained (total number of rows removed)
within N steps or up to termination of the game, whichever occurs first. We
can model the problem of finding an optimal playing strategy as a stochastic
shortest path infinite horizon problem, where the termination state is the end
of the game.

The state here is the pair of the board position x and the shape of
the current falling block y. We viewed as control, the horizontal positioning
and rotation applied to the falling block. The optimal cost-to-go function is
a vector of huge dimension (there are 2200 board positions in a “standard”
tetris board of width 10 and height 20). However, it has been successfully
approximated in practice by low-dimensional linear architectures.

In particular, the following features have been proposed in [BeI96]: the
heights of the columns, the height differentials of adjacent columns, the wall
height (the maximum column height), the number of holes of the board, and
the constant 1 (the unit is often included as a feature in cost approximation
architectures, as it allows for a constant shift in the approximating function).
These features are readily recognized by tetris players as capturing impor-
tant aspects of the board position.† There are a total of 22 features for a
“standard” board with 10 columns. Of course the 2200 × 22 matrix of fea-
ture values cannot be stored in a computer, but for any board position, the
corresponding row of features can be easily generated, and this is sufficient
for implementation of the associated approximate DP algorithms. For recent
works involving approximate DP methods and the preceding 22 features, see
[Sch13], [GGS13], and [SGG15], which reference several other related papers.

Example 3.1.4 (Computer Chess)

Computer chess programs that involve feature-based architectures have been
available for many years, and are still used widely (they have been upstaged
in the mid-2010s by alternative types of chess programs, which use neural
network techniques that will be discussed later). These programs are based
on approximate DP for minimax problems, a feature-based parametric archi-
tecture, and multistep lookahead.

† The use of feature-based approximate DP methods for the game of tetris
was first suggested in the paper [TsV96], which introduced just two features (in
addition to the constant 1): the wall height and the number of holes of the board.
Most studies have used the set of features of [BeI96] described here, but other
sets of features have also been used; see [ThS09] and the discussion in [GGS13].
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Figure 3.1.4 A feature-based architecture for computer chess.

The fundamental principles on which all computer chess programs (as
well as most two-person game programs) are based were laid out by Shannon
[Sha50], before Bellman started his work on DP.† Shannon proposed limited
lookahead and evaluation of the end positions by means of a “scoring function”
(in our terminology this plays the role of a cost function approximation). This
function may involve, for example, the calculation of a numerical value for
each of a set of major features of a position that chess players easily recognize
(such as material balance, mobility, pawn structure, and other positional
factors), together with a method to combine these numerical values into a
single score. Shannon then went on to describe various strategies of exhaustive
and selective search over a multistep lookahead tree of moves.

We may view the scoring function as a feature-based architecture for
evaluating a chess position/state (cf. Fig. 3.1.4). In most computer chess pro-
grams, the features are weighted linearly, i.e., the architecture J̃(x, r) that is
used for limited lookahead is linear [cf. Eq. (3.1)]. In many cases, the weights
are determined manually, by trial and error based on experience. However,
in some programs, the weights are determined with supervised learning tech-
niques that use examples of grandmaster play, i.e., by adjustment to bring
the play of the program as close as possible to the play of chess grandmas-
ters. This is a technique that applies more broadly in artificial intelligence;
see Tesauro [Tes89b], [Tes01].

In a recent computer chess breakthrough, the entire idea of extracting
features of a position through human expertise was abandoned in favor of
feature discovery through self-play and the use of neural networks. The first
program of this type to attain supremacy over humans, as well as over the best
computer programs that use human expertise-based features, was AlphaZero
(Silver et al. [SHS17]). This program is based on DP principles of policy
iteration and Monte Carlo tree search.

Our next example relates to a methodology for feature construction,
where the number of features may increase as more data is collected. For a
simple example, consider the piecewise constant approximation of Example
3.1.1, where more pieces are progressively added based on new data.

† We have discussed DP and rollout for finite horizon minimax problems in
Section 2.9. Two-player games admit a similar DP treatment, and the ideas of
approximation in value space apply to these contexts as well; see [Ber17] for a
discussion that is focused on computer chess.
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Example 3.1.5 (Feature Extraction from Data)

We have viewed so far feature vectors φ(x) as functions of x, obtained through
some unspecified process that is based on prior knowledge about the cost func-
tion being approximated. On the other hand, features may also be extracted
from data. For example suppose that with some preliminary calculation using
data, we have identified some suitable states x(ℓ), ℓ = 1, . . . ,m, that can serve
as “anchors” for the construction of Gaussian basis functions of the form

φℓ(x) = e
−

‖x−x(ℓ)‖2

2σ2 , ℓ = 1, . . . ,m, (3.2)

where σ is a scalar “variance” parameter, and ‖ · ‖ denotes the standard
Euclidean norm. This type of function is known as a radial basis function. It
is concentrated around the state x(ℓ), and it is weighed with a scalar weight rℓ
to form a parametric linear feature-based architecture, which can be trained
using additional data. Several other types of data-dependent basis functions,
such as support vector machines, are used in machine learning, where they
are often referred to as kernels.

While it is possible to use a preliminary calculation to obtain the an-
chors x(ℓ) in Eq. (3.2), and then use additional data for training, one may also
consider enrichment of the set of basis functions simultaneously with training.
In this case the number of the basis functions increases as the training data
is collected. A motivation here is that the quality of the approximation may
increase with additional basis functions. This idea underlies a field of machine
learning, known as kernel methods or sometimes nonparametric methods.

A further discussion is outside our scope. We refer to the literature; see
e.g., books such as Cristianini and Shawe-Tylor [ChS00], [ShC04], Scholkopf
and Smola [ScS02], Bishop [Bis06], Kung [Kun14], surveys such as Hofmann,
Scholkopf, and Smola [HSS08], Pillonetto et al. [PDC14], RL-related discus-
sions such as Dietterich and Wang [DiW02], Ormoneit and Sen [OrS02], En-
gel, Mannor, and Meir [EMM05], Jung and Polani [JuP07], Reisinger, Stone,
and Miikkulainen [RSM08], Busoniu et al. [BBS10], Bethke [Bet10], and re-
cent developments such as Tu et al. [TRV16], Rudi, Carratino, and Rosasco
[RCR17], Belkin, Ma, and Mandal [BMM18]. In what follows, for the sake of
simplicity, we will focus on parametric architectures with a fixed and given
feature vector, since the choice of approximation architecture is somewhat
peripheral to our main focus.

The next example considers a feature extraction strategy that is par-
ticularly relevant to problems of partial state information.

Example 3.1.6 (Feature Extraction from Sufficient Statistics)

The concept of a sufficient statistic, which originated in inference methodolo-
gies, plays an important role in DP. As discussed in Section 1.3, it refers to
quantities that summarize all the essential content of the state xk for optimal
control selection at time k.



160 Learning Values and Policies Chap. 3

In particular, consider a partial information context where at time k we
have accumulated an information record (also called the past history)

Ik = (z0, . . . , zk, u0, . . . , uk−1),

which consists of the past controls u0, . . . , uk−1 and the state-related mea-
surements z0, . . . , zk obtained at the times 0, . . . , k. The control uk is al-
lowed to depend only on Ik, and the optimal policy is a sequence of the
form

{

µ∗
0(I0), . . . , µ

∗
N−1(IN−1)

}

. We say that a function Sk(Ik) is a suffi-

cient statistic at time k if the control function µ∗
k depends on Ik only through

Sk(Ik), i.e., for some function µ̂k, we have

µ∗
k(Ik) = µ̂k

(

Sk(Ik)
)

,

where µ∗
k is optimal.

There are several examples of sufficient statistics, and they are typically
problem-dependent. A trivial possibility is to view Ik itself as a sufficient
statistic, and a more sophisticated possibility is to view the belief state bk
as a sufficient statistic (this is the conditional probability distribution of xk

given Ik; cf. Section 1.3.6). For a proof that bk is indeed a sufficient statistic
and for a more detailed discussion of other possible sufficient statistics, see
[Ber17], Chapter 4. For a mathematically more advanced discussion, see
[BeS78], Chapter 10.

Since a sufficient statistic contains all the relevant information for opti-
mal control purposes, an idea that suggests itself is to introduce features of a
given sufficient statistic and to train a corresponding approximation architec-
ture accordingly. As examples of potentially good features, one may consider
some special characteristic of Ik (such as whether some alarm-like “special”
event has been observed), or a partial history (such as the last m measure-
ments and controls in Ik, or more sophisticated versions based on the concept
of a finite-state controller proposed by White [Whi91], and White and Scherer
[WhS94], and further discussed by Hansen [Han98], Kaelbling, Littman, and
Cassandra [KLC98], Meuleau et al. [MPK99], Poupart and Boutilier [PoB04],
Yu and Bertsekas [YuB06], Saldi, Yuksel, and Linder [SYL17]). In the case
where the belief state bk is used as a sufficient statistic, examples of good
features may be a point estimate based on bk, the variance of this estimate,
and other quantities that can be simply extracted from bk.

Of course it is possible to supplement a sufficient statistic with fea-
tures of other sufficient statistics, and thus obtain an enlarged/richer sufficient
statistic. In problem-specific contexts, and in the presence of approximations,
this may yield improved results.

Example 3.1.7 (Feature-Based Aggregation)

The use of a feature vector φ(x) to represent the state x in an approximation
architecture of the form J̃

(

φ(x), r
)

implicitly involves state aggregation, i.e.,
the grouping of states into subsets. In particular, let us assume that the
feature vector can take only a finite number of values, and let us define for
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each possible value v, the subset of states Sv whose feature vector is equal to
v:

Sv =
{

i | φ(x) = v
}

.

We refer to the sets Sv as the aggregate states induced by the feature vector.
These sets form a partition of the state space. An approximate cost-to-go
function of the form J̃

(

φ(x), r
)

is piecewise constant with respect to this

partition; that is, it assigns the same cost-to-go value J̃(v, r) to all states in
the set Sv.

An often useful approach to deal with problem complexity in DP is
to introduce an “aggregate” DP problem, whose states are some suitably
defined feature vectors φ(x) of the original problem. The precise form of
the aggregate problem may depend on intuition and/or heuristic reasoning,
based on our understanding of the original problem. Suppose now that the
aggregate problem is simple enough to be solved exactly by DP, and let Ĵ(v)
be its optimal cost-to-go when the initial value of the feature vector is v. Then
Ĵ
(

φ(x)
)

provides an approximation architecture for the original problem,
i.e., the architecture that assigns to state x the (exactly) optimal cost-to-
go Ĵ

(

φ(x)
)

of the feature vector f(i) in the aggregate problem. There is
considerable freedom on how one formulates and solves aggregate problems.
We refer to the DP textbooks [Ber12], [Ber17], and the RL textbook [Ber19a]
for a detailed treatment.

The next example relates to an architecture that is particularly useful
when parallel computation is available.

Example 3.1.8 (Feature-Based Partitioning)

A simple method to construct complex and sophisticated approximation ar-
chitectures, is to partition the state space into several subsets and construct
a separate approximation in each subset. For example, by using a separate
linear or quadratic polynomial approximation in each subset of the partition,
we can construct piecewise linear or piecewise quadratic approximations over
the entire state space. Similarly, we may use a separate neural network ar-
chitecture on each set of the partition. An important issue here is the choice
of the method for partitioning the state space. Regular partitions (e.g., grid
partitions) may be used, but they often lead to a large number of subsets and
very time-consuming computations.

Generally speaking, each subset of the partition should contain “simi-
lar” states so that the variation of the optimal cost-to-go over the states of the
subset is relatively smooth and can be approximated with smooth functions.
An interesting possibility is to use features as the basis for partition. In par-
ticular, one may use a more or less regular partition of the space of features,
which induces a possibly irregular partition of the original state space. In
this way, each subset of the irregular partition contains states with “similar
features;” see Fig. 3.1.5.

As an illustration consider the game of chess. The state here consists
of the board position, but the nature of the position progresses over time
through opening, middlegame, and endgame phases. Moreover each of these
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Figure 3.1.5 Feature-based state partitioning using a partition of the space
of features. Each set Y of the feature space partition induces a set SY of the
state space partition that consists of states with “similar” features, i.e., states
that map into the same subset of the feature-space partition.

phases may be affected differently by special features of the position. For
example there are several different types of endgames (rook endgames, king-
and-pawn endgames, minor-piece endgames, etc), which are characterized by
identifiable features and call for different playing strategies. It would thus
make sense to partition the set of chess positions according to their features,
and use a separate strategy on each set of the partition. Indeed this is done
to some extent in various chess programs.

A potential difficulty with partitioned architectures is that there is dis-
continuity of the approximation along the boundaries of the partition. For this
reason, a variant, called soft partitioning , is sometimes employed, whereby
the subsets of the partition are allowed to overlap and the discontinuity is
smoothed out over their intersection. In particular, once a function approx-
imation is obtained in each subset, the approximate cost-to-go in the over-
lapping regions is taken to be a smoothly varying linear combination of the
function approximations of the corresponding subsets.

Partitioning and local approximations can also be used to enhance the
quality of approximation in parts of the space where the target function has
some special character. For example, suppose that the state space S is par-
titioned in subsets S1, . . . , SM and consider approximations of the form

J̃(x, r) = Ĵ(x, r̂) +

M
∑

m=1

Km
∑

k=1

rm(k)φk,m(x), (3.3)

where each φk,m(x) is a basis function which contributes to the approximation
only on the set Sm; that is, it takes the value 0 for i /∈ Sm. Here Ĵ(x, r̂) is an
architecture of the type discussed earlier, and the parameter vector r consists
of r̂ and the coefficients rm(k) of the basis functions. Thus the portion Ĵ(x, r̂)
of the architecture is used to capture “global” aspects of the target function,
while each portion

Km
∑

k=1

rm(k)φk,m(i)

is used to capture aspects of the target function that are “local” to the subset
Sm. The book [BeT96] describes some special methods for training local-
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global approximation architectures, which take advantage of their special
structure.

Architectures with Automatic Feature Construction

Unfortunately, in practice we often do not know an adequate set of features,
so it is important to have methods that construct features automatically, to
supplement whatever features may already be available. Indeed, there are
architectures that do not rely on the knowledge of good features. We have
noted the kernel methods of Example 3.1.5 in this connection. Another very
popular possibility is neural networks , which we will describe in Section 3.2.
Some of these architectures involve training that constructs simultaneously
both the feature vectors φ(x) and the parameter vectors r that weigh them.

Generally, architectures that construct features automatically do not
preclude the use of additional features that are based on a priori knowledge
or understanding of the problem at hand. In particular these architectures
may, in addition to x, use as inputs additional hand-crafted features that
are relevant for the problem at hand. Another possibility is to combine
automatically constructed features with other a priori known good features
into a (mixed) linear architecture that involves both types of features. The
weights of the latter linear architecture may be obtained with a separate
second stage training process, following the first stage training process that
constructs automatically suitable features using a nonlinear architecture
such as a neural network.

3.1.2 Training of Linear and Nonlinear Architectures

In this section, we discuss briefly the training process of choosing the pa-
rameter vector r of a parametric architecture J̃(x, r), focusing primarily
on incremental gradient methods. The most common type of training is
based on a least squares optimization, also known as least squares regres-
sion. Here a set of state-cost training pairs (xs, βs), s = 1, . . . , q, called
the training set , is collected and r is determined by solving the problem

min
r

q
∑

s=1

(

J̃(xs, r)− βs
)2
. (3.4)

Thus r is chosen to minimize the sum of squared errors between the sample
costs βs and the architecture-predicted costs J̃(xs, r). Here there is some
target cost function J that we aim to approximate with J̃(·, r), and the
sample cost βs is the value J(xs) plus perhaps some error or “noise.”

The cost function of the training problem (3.4) is generally nonconvex,
and can be quite complicated. This may pose challenges, since there may
exist multiple local minima. However, for a linear architecture the cost
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function is convex quadratic, and the training problem admits a closed-
form solution. In particular, for the linear architecture J̃(x, r) = r′φ(x),
the problem becomes

min
r

q
∑

s=1

(

r′φ(xs)− βs
)2
.

By setting the gradient of the quadratic objective to 0, we obtain

q
∑

s=1

φ(xs)
(

r′φ(xs)− βs
)

= 0,

or
q
∑

s=1

φ(xs)φ(xs)′r =

q
∑

s=1

φ(xs)βs.

Thus by matrix inversion we obtain the minimizing parameter vector

r̂ =

(

q
∑

s=1

φ(xs)φ(xs)′

)−1 q
∑

s=1

φ(xs)βs. (3.5)

If the inverse above does not exist, an additional quadratic in r, called a
regularization function, is added to the least squares objective to deal with
this, and also to help with other issues to be discussed later. A singular
value decomposition approach may also be used to deal with the matrix
inversion issue; see [BeT96], Section 3.2.2.

Thus a linear architecture has the important advantage that the train-
ing problem can be solved exactly and conveniently with the formula (3.5)
(of course it may be solved by any other algorithm that is suitable for lin-
ear least squares problems, including iterative algorithms). By contrast, if
we use a nonlinear architecture, such as a neural network, the associated
least squares problem is nonquadratic and also nonconvex, so it is hard
to solve in principle. Despite this fact, through a combination of sophis-
ticated implementation of special gradient algorithms, called incremental ,
and powerful computational resources, neural network methods have been
successful in practice.

Incremental Gradient Methods

We will now discuss briefly special methods for solution of the nonlinear
least squares training problem (3.4), assuming a parametric architecture
that is differentiable in the parameter vector. This methodology can be
properly viewed as a subject in nonlinear programming and iterative al-
gorithms, and as such it can be studied independently of the approximate
DP methods of this book. Thus the reader who has already some exposure
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to the subject may skip to the next section. The nonlinear programming
textbook [Ber16a] and the RL book [Ber19a] provide more detailed presen-
tations.

We view the training problem (3.4) as a special case of the minimiza-
tion of a sum of component functions

f(y) =

m
∑

i=1

fi(y), (3.6)

where each fi is a differentiable scalar function of the n-dimensional column
vector y (this is the parameter vector). Thus we use the more common
symbols y and m in place of r and q, respectively, and we replace the

squared error terms
(

J̃(xs, r)−βs
)2

in the training problem (3.4) with the
generic terms fi(y).

The (ordinary) gradient method for problem (3.6) generates a se-
quence {yk} of iterates, starting from some initial guess y0 for the minimum
of the cost function f . It has the form†

yk+1 = yk − γk∇f(yk) = yk − γk

m
∑

i=1

∇fi(yk), (3.7)

where γk is a positive stepsize parameter. The incremental gradient method
is similar to the ordinary gradient method, but uses the gradient of a single
component of f at each iteration. It has the general form

yk+1 = yk − γk∇fik (y
k), (3.8)

where ik is some index from the set {1, . . . ,m}, chosen by some determin-
istic or randomized rule. Thus a single component function fik is used
at iteration k, with great economies in gradient calculation cost over the
ordinary gradient method (3.7), particularly when m is large.

The method for selecting the index ik of the component to be iterated
on at iteration k is important for the performance of the method. Three
common rules are:

(1) A cyclic order , the simplest rule, whereby the indexes are taken up in
the fixed deterministic order 1, . . . ,m, so that ik is equal to (k modulo
m) plus 1. A contiguous block of iterations involving the components

f1, . . . , fm

† We use standard calculus notation for gradients; see, e.g., [Ber16a], Ap-

pendix A. In particular, ∇f(y) denotes the n-dimensional column vector whose

components are the first partial derivatives ∂f(y)/∂yi of f with respect to the

components y1, . . . , yn of the column vector y.
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in this order and exactly once is called a cycle.

(2) A uniform random order , whereby the index ik chosen randomly by
sampling over all indexes with a uniform distribution, independently
of the past history of the algorithm. This rule may perform better
than the cyclic rule in some circumstances.

(3) A cyclic order with random reshuffling, whereby the indexes are taken
up one by one within each cycle, but their order after each cycle is
reshuffled randomly (and independently of the past). This rule is used
widely in practice, particularly when the number of components m is
modest, for reasons to be discussed later.

Note that in the cyclic cases, it is essential to include all components in
a cycle, for otherwise some components will be sampled more often than
others, leading to a bias in the convergence process. Similarly, it is neces-
sary to sample according to the uniform distribution in the random order
case.

The choice of the stepsize γk plays an important role in the perfor-
mance of incremental gradient methods. In practice, it is common to use
a constant stepsize for a (possibly prespecified) number of iterations, then
decrease the stepsize by a certain factor, and repeat, up to the point where
the stepsize reaches a prespecified floor value. An alternative possibility is
to use a diminishing stepsize rule of the form

γk = min

{

γ,
β1

k + β2

}

,

where γ, β1, and β2 are some positive scalars. There are also variants of the
method that use a constant stepsize throughout, and generically converge
to a stationary point of f under reasonable assumptions. In one type of such
method the degree of incrementalism gradually diminishes as the method
progresses (see [Ber97a]). Another incremental approach with similar aims,
is the aggregated incremental gradient method, which is discussed in the
author’s textbooks [Ber15a], [Ber16a], [Ber19a].

Regardless of whether a constant or a diminishing stepsize is ulti-
mately used, to maintain the advantage of faster convergence when far
from the solution, the incremental method must use a much larger step-
size than the corresponding nonincremental gradient method (as much asm
times larger, so that the size of the incremental gradient step is comparable
to the size of the nonincremental gradient step).

One possibility is to use an adaptive stepsize rule, whereby, roughly
speaking, the stepsize is reduced (or increased) when the progress of the
method indicates that the algorithm is (or is not) oscillating. There are
formal ways to implement such stepsize rules with sound convergence prop-
erties (see [Tse98], [MYF03]).

The difficulty with stepsize selection may also be addressed with di-
agonal scaling, i.e., using a stepsize γk

j that is different for each of the
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components yj of y. Second derivatives can be very useful for this purpose.
In generic nonlinear programming problems of unconstrained minimization
of a function f , it is common to use diagonal scaling with stepsizes

γk
j = γ

(

∂2f(yk)

∂2yj

)−1

, j = 1, . . . , n,

where γ is a constant that is nearly equal 1 (the second derivatives may also
be approximated by gradient difference approximations). However, in least
squares training problems, this type of scaling is inconvenient because of
the additive form of f as a sum of a large number of component functions:

f(y) =

m
∑

i=1

fi(y),

cf. Eq. (3.6). The neural network literature includes a number of practical
scaling schemes, some of which have been incorporated in publicly and
commercially available software. The RL book [Ber19a] (Section 3.1.3)
describes another type of diagonal scaling with second derivatives, which
is based on Newton’s method and is well suited to the additive character
of the cost function f .

3.2 NEURAL NETWORKS

There are several different types of neural networks that can be used for
a variety of tasks, such as pattern recognition, classification, image and
speech recognition, and others. In this section, we focus on our finite
horizon DP context, and the role that neural networks can play in approxi-
mating the optimal cost-to-go functions J*

k . As an example within this
context, we may first use a neural network to construct an approximation
to J*

N−1. Then we may use this approximation to approximate J*
N−2, and

continue this process backwards in time, to obtain approximations to all
the optimal cost-to-go functions J*

k , k = 1, . . . , N − 1, as we will discuss in
more detail in Section 3.3.

To describe the use of neural networks in finite horizon DP, let us
consider the typical stage k, and for convenience drop the index k; the
subsequent discussion applies to each value of k separately. We consider
parametric architectures J̃(x, v, r) of the form

J̃(x, v, r) = r′φ(x, v) (3.9)

that depend on two parameter vectors v and r. Our objective is to select
v and r so that J̃(x, v, r) approximates some cost function that can be
sampled (possibly with some error). The process is to collect a training
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Figure 3.2.1 A perceptron consisting of a linear layer and a nonlinear layer.
It provides a way to compute features of the state, which can be used for cost
function approximation. The state x is encoded as a vector of numerical values
y(x), which is then transformed linearly as Ay(x) + b in the linear layer. The
m scalar output components of the linear layer, become the inputs to nonlinear

functions that produce the m scalars φℓ(x, v) = σ
(

(Ay(x) + b)ℓ
)

, which can be
viewed as features that are in turn linearly weighted with parameters rℓ.

set that consists of a large number of state-cost pairs (xs, βs), s = 1, . . . , q,
and to find a function J̃(x, v, r) of the form (3.9) that matches the training
set in a least squares sense, i.e., (v, r) minimizes

q
∑

s=1

(

J̃(xs, v, r)− βs
)2
.

We postpone for later the question of how the training pairs (xs, βs) are
generated.† Notice the different roles of the two parameter vectors here:
v parametrizes φ(x, v), which in some interpretation may be viewed as a
feature vector, and r is a vector of linear weighting parameters for the
components of φ(x, v).

A neural network architecture provides a parametric class of functions
J̃(x, v, r) of the form (3.9) that can be used in the optimization framework
just described. The simplest type of neural network is the single layer per-
ceptron; see Fig. 3.2.1. Here the state x is encoded as a vector of numerical
values y(x) with components y1(x), . . . , yn(x), which is then transformed
linearly as

Ay(x) + b,

† The least squares training problem used here is based on nonlinear re-

gression. This is a classical method for approximating the expected value of a

function with a parametric architecture, and involves a least squares fit of the

architecture to simulation-generated samples of the expected value. We refer to

machine learning and statistics textbooks for more discussion.
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ξ)
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Figure 3.2.2 The rectified linear unit σ(ξ) = ln(1 + eξ). It is the function
max{0, ξ} with its corner “smoothed out.” Its derivative is σ′(ξ) = eξ/(1 + eξ),
and approaches 0 and 1 as ξ → −∞ and ξ → ∞, respectively.

where A is an m×n matrix and b is a vector in ℜm.‡ This transformation
is called the linear layer of the neural network. We view the components
of A and b as parameters to be determined, and we group them together
into the parameter vector v = (A, b).

Each of the m scalar output components of the linear layer,
(

Ay(x) + b
)

ℓ
, ℓ = 1, . . . ,m,

becomes the input to a nonlinear differentiable function σ that maps scalars
to scalars. Typically σ is differentiable and monotonically increasing. A
simple and popular possibility is the rectified linear unit (ReLU for short),
which is simply the function max{0, ξ}, approximated by a differentiable
function σ by some form of smoothing operation; for example σ(ξ) = ln(1+
eξ), which is illustrated in Fig. 3.2.2. Other functions, used since the early
days of neural networks, have the property

−∞ < lim
ξ→−∞

σ(ξ) < lim
ξ→∞

σ(ξ) < ∞;

see Fig. 3.2.3. Such functions are called sigmoids , and some common
choices are the hyperbolic tangent function

σ(ξ) = tanh(ξ) =
eξ − e−ξ

eξ + e−ξ
,

and the logistic function

σ(ξ) =
1

1 + e−ξ
.

In what follows, we will ignore the character of the function σ (except for
differentiability), and simply refer to it as a “nonlinear unit” and to the
corresponding layer as a “nonlinear layer.”

‡ The method of encoding x into the numerical vector y(x) is problem-

dependent, but it is important to note that some of the components of y(x)

could be some known interesting features of x that can be designed based on

problem-specific knowledge.
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Figure 3.2.3 Some examples of sigmoid functions. The hyperbolic tangent func-
tion is on the left, while the logistic function is on the right.

At the outputs of the nonlinear units, we obtain the scalars

φℓ(x, v) = σ
(

(Ay(x) + b)ℓ
)

, ℓ = 1, . . . ,m.

One possible interpretation is to view φℓ(x, v) as features of x, which are
linearly combined using weights rℓ, ℓ = 1, . . . ,m, to produce the final
output

J̃(x, v, r) =
m
∑

ℓ=1

rℓφℓ(x, v) =
m
∑

ℓ=1

rℓσ
(

(Ay(x) + b)ℓ
)

.

Note that each value φℓ(x, v) depends on just the ℓth row of A and the ℓth
component of b, not on the entire vector v. In some cases this motivates
placing some constraints on individual components of A and b to achieve
special problem-dependent “handcrafted” effects.

State Encoding and Direct Feature Extraction

The state encoding operation that transforms x into the neural network in-
put y(x) can be instrumental in the success of the approximation scheme.
Examples of possible state encodings are components of the state x, numer-
ical representations of qualitative characteristics of x, and more generally
features of x, i.e., functions of x that aim to capture “important nonlin-
earities” of the optimal cost-to-go function. With the latter view of state
encoding, we may consider the approximation process as consisting of a
feature extraction mapping, followed by a neural network with input the
extracted features of x, and output the cost-to-go approximation; see Fig.
3.2.4.

The idea here is that with a good feature extraction mapping, the
neural network need not be very complicated (may involve few nonlinear
units and corresponding parameters), and may be trained more easily. This
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Figure 3.2.4 Nonlinear architecture with a view of the state encoding process
as a feature extraction mapping preceding the neural network.

intuition is borne out by simple examples and practical experience. How-
ever, as is often the case with neural networks, it is hard to support it with
a quantitative analysis.

Universal Approximation Property of Neural Networks

An important question is how well we can approximate the target function
J*
k with a neural network architecture, assuming we can choose the num-

ber of the nonlinear units m to be as large as we want. The answer to
this question is quite favorable and is provided by the so-called universal
approximation theorem.

Roughly, the theorem says that assuming that x is an element of a
Euclidean space X and y(x) ≡ x, a neural network of the form described
can approximate arbitrarily closely (in an appropriate mathematical sense),
over a closed and bounded subset S ⊂ X , any piecewise continuous func-
tion J : S 7→ ℜ, provided the number m of nonlinear units is sufficiently
large. For proofs of the theorem at different levels of generality, we refer
to Cybenko [Cyb89], Funahashi [Fun89], Hornik, Stinchcombe, and White
[HSW89], and Leshno et al. [LLP93]. For intuitive explanations we refer
to Bishop ([Bis95], pp. 129-130) and Jones [Jon90].

While the universal approximation theorem provides some assurance
about the adequacy of the neural network structure, it does not predict
how many nonlinear units we may need for “good” performance in a given
problem. Unfortunately, this is a difficult question to even pose precisely,
let alone to answer adequately. In practice, one is reduced to trying increas-
ingly larger values ofm until one is convinced that satisfactory performance
has been obtained for the task at hand. Experience has shown that in many
cases the number of required nonlinear units and corresponding dimension
of A can be very large, adding significantly to the difficulty of solving the
training problem. This has given rise to many suggestions for modifications
of the neural network structure. One possibility is to concatenate multiple
single layer perceptrons so that the output of the nonlinear layer of one
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perceptron becomes the input to the linear layer of the next, giving rise to
deep neural networks, which we will discuss later.

3.2.1 Training of Neural Networks

Given a set of state-cost training pairs (xs, βs), s = 1, . . . , q, the parameters
of the neural network A, b, and r are obtained by solving the training
problem

min
A,b,r

q
∑

s=1

(

m
∑

ℓ=1

rℓσ
((

Ay(xs) + b
)

ℓ

)

− βs

)2

. (3.10)

Note that the cost function of this problem is generally nonconvex, so there
may exist multiple local minima.

In practice it is common to augment the cost function of this problem
with a regularization function, such as a quadratic in the parameters A,
b, and r. This is customary in least squares problems in order to make
the problem easier to solve algorithmically. However, in the context of
neural network training, regularization is primarily important for a different
reason: it helps to avoid overfitting, which occurs when the number of
parameters of the neural network is relatively large (comparable to the
size of the training set). In this case a neural network model matches the
training data very well but may not do as well on new data. This is a well
known difficulty in machine learning, which is the subject of much current
research, particularly in the context of deep neural networks.

An important issue is to select a method to solve the training problem
(3.10). While we can use any unconstrained optimization method that is
based on gradients, in practice it is important to take into account the cost
function structure of problem (3.10). The salient characteristic of this cost
function is that it is the sum of a potentially very large number q of com-
ponent functions. This makes the computation of the cost function value
of the training problem and/or its gradient very costly. For this reason
the incremental methods of Section 3.1.2 are universally used for training.†
Experience has shown that these methods can be vastly superior to their
nonincremental counterparts in the context of neural network training.

The implementation of the training process has benefited from expe-
rience that has been accumulated over time, and has provided guidelines
for scaling, regularization, initial parameter selection, and other practi-
cal issues; we refer to books on neural networks such as Bishop [Bis95],

† The incremental methods are valid for an arbitrary order of component

selection within the cycle, but it is common to randomize the order at the begin-

ning of each cycle. Also, in a variation of the basic method, we may operate on

a batch of several components at each iteration, called a minibatch, rather than

a single component. This has an averaging effect, which reduces the tendency

of the method to oscillate and allows for the use of a larger stepsize; see the

end-of-chapter references.
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Figure 3.2.5 A deep neural network, with multiple layers. Each nonlinear layer
constructs the inputs of the next linear layer.

Goodfellow, Bengio, and Courville [GBC16], and Haykin [Hay08], and to
the overview paper on deep neural network training [Sun19] for related
accounts. Still, incremental methods can be quite slow, and training may
be a time-consuming process. Fortunately, the training is ordinarily done
off-line, possibly using parallel computation, in which case computation
time may not be a serious issue. Moreover, in practice the neural network
training problem typically need not be solved with great accuracy.

3.2.2 Multilayer and Deep Neural Networks

An important generalization of the single layer perceptron architecture in-
volves a concatenation of multiple layers of linear and nonlinear functions;
see Fig. 3.2.5. In particular the outputs of each nonlinear layer become the
inputs of the next linear layer. In some cases it may make sense to add
as additional inputs some of the components of the state x or the state
encoding y(x).

In the early days of neural networks practitioners tended to use few
nonlinear layers (say one to three). However, more recently a lot of success
in certain problem domains (including image and speech processing, as well
as approximate DP) has been achieved with so called deep neural networks ,
which involve a considerably larger number of layers.

There are a few questions to consider here. The first has to do with the
reason for having multiple nonlinear layers, when a single one is sufficient to
guarantee the universal approximation property. Here are some qualitative
(and somewhat speculative) explanations:

(a) If we view the outputs of each nonlinear layer as features, we see that
the multilayer network produces a hierarchy of features, where each
set of features is a function of the preceding set of features [except for
the first set of features, which is a function of the encoding y(x) of
the state x]. In the context of specific applications, this hierarchical
structure can be exploited to specialize the role of some of the layers
and to enhance some characteristics of the state.
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(b) Given the presence of multiple linear layers, one may consider the
possibility of using matrices A with a particular sparsity pattern,
or other structure that embodies special linear operations such as
convolution, which may be well-matched to the training problem at
hand. Moreover, when such structures are used, the training problem
often becomes easier, because the number of parameters in the linear
layers is drastically decreased.

(c) Overparametrization (more weights than data, as in a multilayer neu-
ral network) may help to mitigate the detrimental effects of overfit-
ting, and the attendant need for regularization. The explanation for
this fascinating phenomenon (observed as early as the late 90s) is the
subject of much current research; see [ZBH16], [BMM18], [BRT18],
[DZP18], [SJL18], [ADH19], [BLL19], [HMR19], [MVS19], [SuP19]
for representative works. See also [Sun19] for an overview of training
issues, including overparametrization.

We finally note that the use of deep neural networks has been an
important factor for the success of the AlphaGo and AlphaZero programs
that play Go and chess, respectively; see [SHM16], [SHS17]. By contrast,
Tesauro’s backgammon program and its descendants (cf. Section 2.4.2) have
performed well with one or two nonlinear layers [PaR12].

3.3 TRAINING OF COST FUNCTIONS IN APPROXIMATE DP

In the context of RL, architectures are mainly used to approximate either
cost functions or policies. When a neural network is involved, the terms
value network and policy network are commonly used, respectively.† In this
section we will illustrate the use of value networks in finite horizon DP, while
in the next section we will discuss the use of policy networks. We will also
illustrate in Section 3.4.1 the combined use of policy and value networks
in perpetual rollout , a form of repeated rollout, whereby the rollout policy
and its cost function are approximated by a policy and a value network,
respectively, to generate a sequence of (approximately) improved rollout
policies; see also Chapter 4.

3.3.1 Fitted Value Iteration

Let us describe a popular approach for training an approximation architec-
ture J̃k(xk, rk) for a finite horizon DP problem. The parameter vectors rk
are determined sequentially, starting from the end of the horizon, and pro-
ceeding backwards as in the DP algorithm: first rN−1 then rN−2, and so
on. The algorithm samples the state space for each stage k, and generates

† The alternative terms critic network and actor network are also used often.

In this book, we will use the terms “value network” and “policy network.”
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a large number of states xs
k, s = 1, . . . , q. It then determines sequentially

the parameter vectors rk to obtain a good “least squares fit” to the DP
algorithm. The method also can be used in the infinite horizon case, in
essentially identical form, and it is commonly called fitted value iteration.

In particular, each rk is determined by generating a large number of
sample states and solving a least squares problem that aims to minimize
the error in satisfying the DP equation for these states at time k. At
the typical stage k, having obtained rk+1, we determine rk from the least
squares problem

rk ∈ argmin
r

q
∑

s=1

(

J̃k(xs
k, r)

− min
u∈Uk(x

s
k
)
E
{

gk(xs
k, u, wk) + J̃k+1

(

fk(xs
k, u, wk), rk+1

)

}

)2

where xs
k, i = 1, . . . , q, are the sample states that have been generated for

the kth stage. Since rk+1 is assumed to be already known, the complicated
minimization term in the right side of this equation is the known scalar

βs
k = min

u∈Uk(x
s
k
)
E
{

gk(xs
k, u, wk) + J̃k+1

(

fk(xs
k, u, wk), rk+1

)

}

, (3.11)

so that rk is obtained as

rk ∈ argmin
r

q
∑

s=1

(

J̃k(xs
k, r)− βs

k

)2
. (3.12)

The algorithm starts at stage N − 1 with the minimization

rN−1 ∈ argmin
r

q
∑

s=1

(

J̃N−1(xs
N−1, r)

− min
u∈UN−1(x

s
N−1

)
E
{

gN−1(xs
N−1, u, wN−1) + gN

(

fN−1(xs
N−1, u, wN−1)

)

}

)2

and ends with the calculation of r0 at k = 0.
In the case of a linear architecture, where the approximate cost-to-go

functions are

J̃k(xk, rk) = r′kφk(xk), k = 0, . . . , N − 1,

the least squares problem (3.12) greatly simplifies, and admits the closed
form solution

rk =

(

q
∑

s=1

φk(xs
k)φk(xs

k)
′

)−1 q
∑

s=1

βs
kφk(xs

k);



176 Learning Values and Policies Chap. 3

cf. Eq. (3.5). For a nonlinear architecture such as a neural network, incre-
mental gradient algorithms may be used.

An important implementation issue is how to select the sample states
xs
k, s = 1, . . . , q, k = 0, . . . , N − 1. In practice, they are typically obtained

by some form of Monte Carlo simulation, but the distribution by which
they are generated is important for the success of the method. In particu-
lar, it is important that the sample states are “representative” in the sense
that they are visited often under a nearly optimal policy. More precisely,
the frequencies with which various states appear in the sample should be
roughly proportional to the probabilities of their occurrence under an op-
timal policy. This point will be discussed later, in the context of infinite
horizon problems.

Aside from the issue of selection of the sampling distribution that
we have just described, a difficulty with fitted value iteration arises when
the horizon is very long, since then the number of parameters may become
excessive. In this case, however, the problem is often stationary, in the sense
that the system and cost per stage do not change as time progresses. Then
it may be possible to treat the problem as one with an infinite horizon and
bring to bear additional methods for training approximation architectures;
see the relevant discussions in Chapter 4.

3.3.2 Q-Factor Parametric Approximation

We will now consider an alternative form of approximation in value space
and fitted value iteration. It involves approximation of the optimal Q-
factors of state-control pairs (xk, uk) at time k, with no intermediate ap-
proximation of cost-to-go functions. The optimal Q-factors are defined by

Q*
k(xk, uk) = E

{

gk(xk, uk, wk)+J*
k+1

(

fk(xk, uk, wk)
)

}

, k = 0, . . . , N−1,

(3.13)
where J*

k+1 is the optimal cost-to-go function for stage k+1. ThusQ*
k(xk, uk)

is the cost attained by using uk at state xk, and subsequently using an op-
timal policy.

As noted in Section 1.2, the DP algorithm can be written as

J*
k (xk) = min

u∈Uk(xk)
Q*

k(xk, uk),

and by using this equation, we can write Eq. (3.13) in the following equiv-
alent form that relates Q*

k with Q*
k+1:

Q*
k(xk, uk) = E

{

gk(xk, uk, wk)

+ min
u∈Uk+1(fk(xk,uk,wk))

Q*
k+1

(

fk(xk, uk, wk), u
)

}

.
(3.14)
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This suggests that in place of the Q-factorsQ*
k(xk, uk), we may use Q-factor

approximations and Eq. (3.14) as the basis for suboptimal control.
We can obtain such approximations by using methods that are similar

to the ones we have considered so far. Parametric Q-factor approximations
Q̃k(xk, uk, rk) may involve a neural network, or a feature-based linear ar-
chitecture. The feature vector may depend on just the state, or on both
the state and the control. In the former case, the architecture has the form

Q̃k(xk, uk, rk) = rk(uk)′φk(xk), (3.15)

where rk(uk) is a separate weight vector for each control uk. In the latter
case, the architecture has the form

Q̃k(xk, uk, rk) = r′kφk(xk, uk), (3.16)

where rk is a weight vector that is independent of uk. The architecture
(3.15) is suitable for problems with a relatively small number of control
options at each stage. In what follows, we will focus on the architecture
(3.16), but the discussion with few modifications, also applies to the archi-
tecture (3.15) and to nonlinear architectures as well.

We may adapt the fitted value iteration approach of the preceding
section to compute sequentially the parameter vectors rk in Q-factor para-
metric approximations, starting from k = N − 1. This algorithm is based
on Eq. (3.14), with rk obtained by solving least squares problems similar
to the ones of the cost function approximation case [cf. Eq. (3.12)]. As
an example, the parameters rk of the architecture (3.16) are computed se-
quentially by collecting sample state-control pairs (xs

k, u
s
k), s = 1, . . . , q,

and solving the linear least squares problems

rk ∈ argmin
r

q
∑

s=1

(

r′φk(xs
k, u

s
k)− βs

k

)2
, (3.17)

where

βs
k = E

{

gk(xs
k, u

s
k, wk) + min

u∈Uk+1(fk(x
s
k
,us

k
,wk))

r′k+1φk+1

(

fk(xs
k, u

s
k, wk), u

)

}

.

(3.18)
Thus, having obtained rk+1, we obtain rk through a least squares fit that
aims to minimize the sum of the squared errors in satisfying Eq. (3.14).
Note that the solution of the least squares problem (3.17) can be obtained
in closed form as

rk =

(

q
∑

s=1

φk(xs
k, u

s
k)φk(xs

k, u
s
k)

′

)−1 q
∑

s=1

βs
kφk(xs

k, u
s
k);
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[cf. Eq. (3.5)]. Once rk has been computed, the one-step lookahead control
µ̃k(xk) is obtained on-line as

µ̃k(xk) ∈ arg min
u∈Uk(xk)

Q̃k(xk, u, rk), (3.19)

without the need to calculate any expected value. This latter property is a
primary incentive for using Q-factors in approximate DP, particularly when
there are tight constraints on the amount of on-line computation that is
possible in the given practical setting.

The samples βs
k of Eq. (3.18) involve the computation of an expected

value. In an alternative implementation, we may replace βs
k with an average

of just a few samples (even a single sample) of the random variable

gk(xs
k, u

s
k, wk) + min

u∈Uk+1(fk(x
s
k
,us

k
,wk))

r′k+1φk+1

(

fk(xs
k, u

s
k, wk), u

)

, (3.20)

collected according to the probability distribution of wk. This distribu-
tion may either be known explicitly, or in a model-free situation, through
a computer simulator; cf. the discussion of Section 2.1.4. In particular,
to implement this scheme, we only need a simulator that for any pair
(xk, uk) generates a sample of the stage cost gk(xk, uk, wk) and the next
state fk(xk, uk, wk) according to the distribution of wk.

Note that the samples of the random variable (3.20) do not require
the computation of an expected value like the samples (3.11) in the cost
approximation method of the preceding chapter. Moreover the samples of
(3.20) involve a simpler minimization than the samples (3.11). This is an
important advantage of working with Q-factors rather than state costs.

Having obtained the weight vectors r0, . . . , rN−1, and hence the one-
step lookahead policy π̃ = {µ̃0, . . . , µ̃N−1} through Eq. (3.19), a further
possibility is to approximate this policy with a parametric architecture.
This is approximation in policy space built on top of approximation in value
space; see the discussion of Section 2.1.5. The idea here is to simplify even
further the on-line computation of the suboptimal controls by avoiding the
minimization of Eq. (3.19).

3.3.3 Advantage Updating

Let us now focus on an important alternative to computing Q-factor ap-
proximations. It is motivated by the potential benefit of approximating
Q-factor differences rather than Q-factors. In this method, called ad-
vantage updating, instead of computing and comparing Q*

k(xk, uk) for all
uk ∈ Uk(xk), we compute

Ak(xk, uk) = Q*
k(xk, uk)− min

u∈Uk(xk)
Q*

k(xk, u).
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The function Ak(xk, uk) can serve to compare controls, i.e., at state xk

select
µ̃k(xk) ∈ arg min

u∈Uk(xk)
Ak(xk, u),

and this can also be done when Ak(xk, uk) is approximated with a value
network.

Note that in the absence of approximations, selecting controls by
advantage updating is clearly equivalent to selecting controls by comparing
their Q-factors. By contrast, when approximation is involved, comparing
advantages instead of Q-factors can be important, because the former may
have a much smaller range of values than the latter. In particular, Q*

k may
embody sizable quantities that depend on xk but are independent of uk,
and which may interfere with algorithms such as the fitted value iteration
(3.17)-(3.18). Thus, when training an architecture to approximate Q*

k, the
training algorithm may naturally try to capture the large scale behavior of
Q*

k, which may be irrelevant because it may not be reflected in the Q-factor
differences Ak. However, with advantage updating, we may instead focus
the training process on finer scale variations of Q*

k, which may be all that
matters.

For an example (from the neuro-dynamic programming book [BeT96]),
consider the deterministic scalar linear system

xk+1 = xk + δuk,

and the quadratic cost per stage

g(xk, uk) = δ(x2
k + u2

k),

where δ is a very small positive constant [think of δ-discretization of a
continuous-time problem involving the differential equation dx(t)/dt =
u(t)]. Let us focus on the stationary policy

µ(x) = −2x,

and view it as the base policy of a rollout algorithm. The Q-factors of µ
over an infinite number of stages can be calculated to be

Qµ(x, u) =
5x2

4
+ δ

(

9x2

4
+ u2 +

5

2
xu

)

+O(δ2).

(We omit the details of this calculation, which is based on the classical
analysis of linear-quadratic optimal control problems; see e.g., [Ber17a],
Section 3.1.) Thus the important part of Qµ(x, u) for the purpose of policy
improvement is

δ

(

u2 +
5

2
xu

)

. (3.21)
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Figure 3.3.1. Illustration of the idea of subtracting a baseline constant from a
cost or Q-factor approximation. Here we have samples h(u1), . . . , h(uq) of a scalar
function h(u) at sample points u1, . . . , uq , and we want to approximate h(u) with
a linear function h̃(u, r) = ru, where r is a scalar tunable weight. We subtract a
baseline constant b from the samples, and we solve the problem

r̄ ∈ argmin
r

q
∑

s=1

(

(

h(us)− b
)

− rus

)2

.

By properly adjusting b, we can improve the quality of the approximation, which

after subtracting b from all the sample values, takes the form h̃(u, b, r) = b+ ru.
Conceptually, b serves as an additional weight (multiplying the basis function 1),
which enriches the approximation architecture.

However, when a value network is trained to approximate Qµ(x, u), the

approximation will be dominated by 5x2

4 and the important part (3.21)
will be “lost” when δ is very small. By contract, the advantage function
can be calculated to be

Aµ(x, u) = Qµ(x, u)−min
v

Qµ(x, v) +O(δ2)

= δ

(

u2 +
5

2
xu−min

v

(

v2 +
5

2
xv

))

+O(δ2)

= δ

(

u2 +
5

2
xu+

52

4
x2

)

+O(δ2),

and when approximated with a value network, the approximation will be
essentially unaffected by δ.

The idea of advantage updating is also related to the useful technique
of subtracting a suitable constant (often called a baseline) from a quantity
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that is estimated; see Fig. 3.3.1 (in the case of advantage updating, the
constants depend on xk, but the same general idea applies). This idea
can also be used in the context of the fitted value iteration method given
earlier, as well as in conjunction with other simulation-based methods in
RL.

3.3.4 Differential Training of Rollout Policies

Let us now consider ways to approximate Q-factor differences (cf. our ad-
vantage updating discussion of the preceding section) by approximating
cost function differences first. We recall here that given a base policy
π = {µ0, . . . , µN−1}, the computation of an approximate rollout policy
π̃ = {µ̃0, . . . , µ̃N−1} consists of two steps:

(1) In a preliminary phase, we compute approximations J̃k to the cost
functions Jk,π of the base policy π, possibly using simulation and a
least squares fit from a parametrized class of functions.

(2) Given J̃k and a state xk at time k, we compute the approximate
Q-factor

Q̃k(xk, u) = E
{

gk(xk, u, wk) + J̃k+1

(

fk(xk, u, wk)
)

}

for all u ∈ Uk(xk), and we obtain the (approximate) rollout control
µ̃k(xk) from the minimization

µ̃k(xk) = arg min
u∈Uk(xk)

Q̃k(xk, u).

Unfortunately, this method also suffers from the error magnification
inherent in the Q-factor differencing operation, which we discussed in con-
nection with advantage updating in Section 2.4.2. This motivates an alter-
native approach, called differential training, which is based on cost-to-go
difference approximations. To this end, we note that to compute the rollout
control µ̃k(xk), it is sufficient to have the differences of costs-to-go

J̃k+1

(

fk(xk, u, wk)
)

− J̃k+1

(

fk(xk, µk(xk), wk)
)

, (3.22)

where µk(xk) is the control applied by the base policy at xk.
We thus consider a function approximation approach, whereby given

any two states xk+1 and x̂k+1, we obtain an approximation G̃k+1(xk+1, x̂k+1)
of the cost difference (3.22). We then compute the rollout control by

µ̃k(xk) = arg min
u∈Uk(xk)

E
{

gk(xk, u, wk)− gk(xk, µk(xk), wk)

+ G̃k+1

(

fk(xk, u, wk), fk(xk, µk(xk), wk)
)

}

,

(3.23)
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where µk(xk) is the control applied by the base policy at xk. Note that
the minimization (3.23) aims to simply subtract the approximate Q-factor
of the base policy control µk(xk) from the approximate Q-factor of every
other control u ∈ Uk(xk).

An important point here is that the training of an approximation
architecture to obtain G̃k+1 can be done using any of the standard training
methods, and a “differential” system, whose “states” are pairs (xk, x̂k) and
will be described shortly. To see this, let us denote for all k and pair of
states (xk, x̂k)

Gk(xk, x̂k) = Jk,π(xk)− Jk,π(x̂k)

the cost function differences corresponding to the base policy π. We con-
sider the DP equations corresponding to π, and to xk and x̂k:

Jk,π(xk) = E
{

gk
(

xk, µk(x), wk

)

+ Jk+1,π

(

fk(xk, µk(x), wk)
)

}

,

Jk,π(x̂k) = E
{

gk
(

x̂k, µk(x̂k), wk

)

+ Jk+1,π

(

fk(x̂k, µk(x̂k), wk)
)

}

,

and we subtract these equations to obtain

Gk(xk, x̂k) = E
{

gk
(

xk, µk(xk), wk

)

− g
(

x̂k, µk(x̂k), wk

)

+Gk+1

(

fk(xk, µk(xk), wk), fk(x̂k, µk(x̂k), wk)
)

}

,

for all (xk, x̂k) and k. Therefore, Gk can be viewed as the cost-to-go func-
tion for a problem involving a fixed policy (the base policy), the state
(xk, x̂k), the cost per stage

gk
(

xk, µk(xk), wk

)

− gk
(

x̂k, µk(x̂k), wk

)

, (3.24)

and the system equation

(xk+1, x̂k+1) =
(

fk
(

xk, µk(xk), wk

)

, fk
(

x̂k, µk(x̂k), wk

)

)

. (3.25)

Thus, it can be seen that any of the standard methods that can be used
to train architectures that approximate Jk,π, can also be used for training
architectures that approximate Gk. For example, one may use simulation-
based methods that generate pairs of trajectories starting at the pair of
initial states (xk, x̂k), and generated according to Eq. (3.25) by using the
base policy π. Note that a single random sequence {w0, . . . , wN−1} may be
used to simultaneously generate samples of Gk(xk, x̂k) for several triples
(xk, x̂k, k), and in fact this may have a substantial beneficial effect.

A special case of interest arises when a linear, feature-based architec-
ture is used for the approximator G̃k. In particular, let φk be a feature
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extraction mapping that associates a feature vector φk(xk) with state xk

and time k, and let G̃k be of the form

G̃k(xk, x̂k) = r′k
(

φk(xk)− φk(x̂k)
)

,

where rk is a tunable weight vector of the same dimension as φk(xk) and
prime denotes transposition. The rollout policy is generated by

µ̃k(xk) = arg min
u∈Uk(xk)

E
{

gk(xk, u, wk) + r′kφk

(

fk(xk, u, wk)
)

}

,

which corresponds to using r′kφk(xk) (plus an unknown inconsequential
constant) as an approximation to Jk,π(xk). Thus, in this approach, we
essentially use a linear feature-based architecture to approximate the cost
functions Jk,π of the base policy, but we train this architecture using the
differential system (3.25) and the differential cost per stage of Eq. (3.24).
This is done by selecting pairs of initial states, running in parallel the cor-
responding trajectories using the base policy, and subtracting the resulting
trajectory costs from each other.

3.4 TRAINING OF POLICIES IN APPROXIMATE DP

We have focused so far on approximation in value space using parametric
architectures. In this section we will discuss briefly how the cost function
approximation methods of this chapter can be suitably adapted for the
purpose of approximation in policy space, whereby we select the policy by
using optimization over a parametric family of some form.

In particular, suppose that for a given stage k, we have access to
dataset of “good” sample state-control pairs (xs

k, u
s
k), s = 1, . . . , q, obtained

through some unspecified process, such as rollout or problem approxima-
tion. We may then wish to “learn” this process by training the parameter
vector rk of a parametric family of policies µ̃k(xk, rk), using least squares
minimization/regression:

rk ∈ argmin
rk

q
∑

s=1

∥

∥us
k − µ̃k(xs

k, rk)
∥

∥

2
; (3.26)

cf. our discussion of approximation in policy space in Section 2.1.
It is useful to make the connection of this regression approach with

classification, an important problem in machine learning. This is the prob-
lem of constructing an algorithm, called a classifier , which assigns a given
“object” to one of a finite number of “categories” based on its “charac-
teristics.” Here we use the term “object” generically. In some cases, the
classification may relate to persons or situations. In other cases, an ob-
ject may represent a hypothesis, and the problem is to decide which of the
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hypotheses is true, based on some data. In the context of approximation
in policy space, objects correspond to states, and categories correspond to
controls to be applied at the different states. Thus in this case, we view
each sample

(

xs
k, u

s
k

)

as an object-category pair.
Generally, in (multiclass) classification we assume that we have a

population of objects, each belonging to one of m categories c = 1, . . . ,m.
We want to be able to assign a category to any object that is presented to
us. Mathematically, we represent an object with a vector x (e.g., some raw
description or a vector of features of the object), and we aim to construct
a rule that assigns to every possible object x a unique category c.

To illustrate a popular classification method, let us assume that if we
draw an object x at random from this population, the conditional probabil-
ity of the object being of category c is p(c |x). If we know the probabilities
p(c |x), we can use a classical statistical approach, whereby we assign x to
the category c∗(x) that has maximal posterior probability, i.e.,

c∗(x) ∈ arg max
c=1,...,m

p(c |x). (3.27)

This is called the Maximum a Posteriori rule (or MAP rule for short; see
for example the book [BeT08], Section 8.2, for a discussion).

When the probabilities p(c |x) are unknown, we may try to estimate
them using a least squares optimization, based on the following property,
which is proved in the book [Ber19a], Section 3.5.

Proposition 3.4.1: (Least Squares Property of Conditional
Probabilities) Let ξ(x) be any prior distribution of x, so that the
joint distribution of (c, x) is

ζ(c, x) =
∑

x

ξ(x)

m
∑

c=1

p(c |x).

Let z(c, x) be the function of (c, x) defined by

z(c, x) =
{

1 if x is of category c,
0 otherwise.

For any function h(c, x) of (c, x), consider

E
{

(

z(c, x)− h(c, x)
)2
}

,

the expected value with respect to the distribution ζ(c, x) of the ran-

dom variable
(

z(c, x)−h(c, x)
)2
. Then p(c |x) minimizes this expected

value over all functions h(c, x), i.e., for all functions h, we have
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E
{

(

z(c, x)− p(c |x)
)2
}

≤ E
{

(

z(c, x)− h(c, x)
)2
}

. (3.28)

The proposition states that p(c |x) is the function of (c, x) that min-
imizes

E
{

(

z(c, x)− h(c, x)
)2
}

(3.29)

over all functions h of (c, x), independently of the prior distribution of
x. This suggests that we can obtain approximations to the probabilities
p(c |x), c = 1, . . . ,m, by minimizing an empirical/simulation based approx-
imation of the expected value (3.29).

More specifically, let us assume that we have a training set consisting
of q object-category pairs (xs, cs), s = 1, . . . , q, and corresponding vectors

zs(c) =

{

1 if cs = c,
0 otherwise,

c = 1, . . . ,m,

and adopt a parametric approach. In particular, for each category c =
1, . . . ,m, we approximate the probability p(c |x) with a function h̃(c, x, r)
that is parametrized by a vector r, and optimize over r the empirical ap-
proximation to the expected squared error of Eq. (3.29). In particular, we
obtain r by the least squares regression:

r̄ ∈ argmin
r

q
∑

s=1

m
∑

c=1

(

zs(c)− h̃(c, xs, r)
)2
, (3.30)

perhaps with some quadratic regularization added. The functions h̃(c, x, r)
may be provided for example by a feature-based architecture or a neural
network.

Note that each training pair (xs, cs) is used to generate m examples
for use in the regression problem (3.30): m − 1 “negative” examples of
the form (xs, 0), corresponding to the m − 1 categories c 6= cs, and one
“positive” example of the form (xs, 1), corresponding to c = cs. Note also
that the incremental gradient method described in Section 3.1.2 can be
applied to the solution of this problem.

The regression problem (3.30) approximates the minimization of the
expected value (3.29), so we conclude that its solution h̃(c, x, r̄), c =
1, . . . ,m, approximates the probabilities p(c |x). Once this solution is ob-
tained, we may use it to classify a new object x according to the rule

Estimated Object Category = c̃(x, r̄) ∈ arg max
c=1,...,m

h̃(c, x, r̄), (3.31)

which approximates the MAP rule (3.27); cf. Fig. 3.4.1.
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Figure 3.4.1. Illustration of the MAP classifier c∗(x) for the case where the
probabilities p(c |x) are known [cf. Eq. (3.27)], and its data-trained version c̃(x, r̄)
[cf. Eq. (3.31)]. The classifier may be obtained by using the data set (xs

k
, us

k
), s =

1, . . . , q, and an approximation architecture such as a feature-based architecture
or a neural network.

.

.

.

.

.

.

Next Partial Tours, MAP Classifier Data-Trained Max MAX max

Next Partial Tours, MAP Classifier Data-Trained Max MAX max

State xk k Policy µ̃k(xk, rk)

) Randomized Policy
) Randomized Policy

) h̃(u, xk, rk)

Maxu

Figure 3.4.2 Illustration of classification-based approximation in policy space.
The classifier, defined by the parameter rk, is constructed by using the train-
ing set (xs

k
, us

k
), s = 1, . . . , q. It yields a randomized policy that consists of the

probability h̃(u, xk, rk) of using control u ∈ Uk(xk) at state xk. This policy is ap-
proximated by the deterministic policy µ̃k(xk, rk) that uses at state xk the control
that maximizes over u ∈ Uk(xk) the probability h̃(u, xk, rk) [cf. Eq. (3.31)].

Returning to approximation in policy space, for a given training set
(xs

k, u
s
k), s = 1, . . . , q, the classifier just described provides (approximations

to) the “probabilities” of using the controls uk ∈ Uk(xk) at the states xk,
so it yields a “randomized” policy h̃(u, xk, rk) for stage k [once the values
h̃(u, xk, rk) are normalized so that, for any given xk, they add to 1]; cf. Fig.
3.4.2. In practice, this policy is usually approximated by the deterministic
policy µ̃k(xk, rk) that uses at state xk the control of maximal probability
at that state; cf. Eq. (3.31).

For the simpler case of a classification problem with just two cate-
gories, say A and B, a similar formulation is to hypothesize a relation of
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the following form between object x and its category:

Object Category =

{

A if h̃(x, r) = 1,
B if h̃(x, r) = −1,

where h̃ is a given function and r is the unknown parameter vector. Given
a set of q object-category pairs (x1, z1), . . . , (xq, zq) where

zs =

{

1 if x is of category A,
−1 if x is of category B,

we obtain r by the least squares regression:

r̄ ∈ argmin
r

q
∑

s=1

(

zs − h̃(xs, r)
)2
.

The optimal parameter vector r̄ is used to classify a new object with data
vector x according to the rule

Estimated Object Category =

{

A if h̃(x, r̄) > 0,
B if h̃(x, r̄) < 0.

In the context of DP, this classifier may be used, among others, in stopping
problems where there are just two controls available at each state: stopping
(i.e., moving to a termination state) and continuing (i.e., moving to some
nontermination state).

There are several variations of the preceding classification schemes,
for which we refer to the specialized literature. Moreover, there are sev-
eral commercially and publicly available software packages for solving the
associated regression problems and their variants. They can be brought
to bear on the problem of parametric approximation in policy space using
any training set of state-control pairs, regardless of how it was obtained.

3.4.1 Perpetual Rollout with Value and Policy Networks -
Multiprocessor Parallelization

As we have noted in Section 2.1.3, it is possible to start with a base policy
and a terminal cost approximation, and generate state-control samples of
the corresponding truncated rollout policy. These samples can in turn be
used with the approximation in policy space scheme of this section to obtain
a policy network that approximates the truncated rollout policy; cf. Fig.
3.4.3.

The cost function of the policy network can in turn be approximated
with a value network using the methodology of Section 3.3. Then the
value network can be used as a terminal cost function approximation in
a truncated rollout scheme where the previously obtained policy network
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Terminal Cost Supplied bu Local Value Network
Terminal Cost Supplied by Local Value Network

Terminal Cost Supplied by Local Value Network

State Space Partition

Terminal Cost Supplied by Local Value Network Terminal State

Initial State Truncated Rollout Using Local Policy Network
k Using the

Using the Base Policy

Initial State Current State

Figure 3.4.3 Illustration of a truncated rollout scheme with a partitioned archi-
tecture. A local value network is used for terminal cost function approximation.

can be used as a base policy. In this way a perpetual rollout scheme is
obtained, which involves a sequence of value and policy networks.

Parallelization and distributed computation can be used in several
different ways in such a scheme, including Q-factor, Monte Carlo, and mul-
tiagent parallelization; see Section 2.4.5. Moreover, when feature-based
partitioning of the state space is used (cf. Example 3.1.8), we may consider
multiprocessor parallelization, which involves multiple local value and pol-
icy networks, one per subset of the state space partition; see Fig. 3.4.4.

3.5 NOTES AND SOURCES

Section 3.1: Our discussion of approximation architectures, neural net-
works, and training has been limited, and aimed just to provide the con-
nection with approximate DP and a starting point for further exploration.
The literature on the subject is vast, and the textbooks mentioned in the
references to Chapter 1 provide detailed accounts and many sources, in
addition to the ones given in Sections 3.1 and 3.2.

There are two broad directions of inquiry in parametric architectures:

(1) The design of architectures, either in a general or a problem-specific
context. Research in this area has intensified following the increased
popularity of deep neural networks.

(2) The training of neural networks as well as linear architectures.

Research on both of these issues has been extensive and is continuing.
An important direction, which we have emphasized here, is how to take
advantage of distributed computation, particularly in conjunction with
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Initial State

Rollout Using Local Policy Network

Terminal Cost Supplied bu Local Value Network
Terminal Cost Supplied by Local Value Network

Terminal Cost Supplied by Local Value Network

State Space Partition

Terminal Cost Supplied by Local Value Network Terminal State

Initial State Truncated Rollout Using Local Policy Network
k Using the

Each Set Has a Local Value Network and a Local Policy Network
Each Set Has a Local Value Network and a Local Policy Network

Each Set Has a Local Value Network and a Local Policy Network
Using the Base Policy a Local Value Network

Figure 3.4.4 Illustration of a perpetual truncated rollout scheme with a parti-
tioned architecture. A local value network and a local policy network are used for
each subset of the partition. The policy network is used as the base policy and
the value network is used to provide a terminal cost function approximation.

State-control training pairs for the corresponding rollout policy are ob-
tained by starting at an initial state within some subset of the partition, generat-
ing rollout trajectories using the local policy network, which are truncated once
the state enters a different subset of the partition, with the corresponding terminal
cost function approximation supplied by the value network of that subset.

When a separate processor is used for each subset of partition, the cor-

responding value networks are communicated between processors. This can be
done asynchronously, with each processor sharing its value network as soon it be-
comes available. In a variation of this scheme, the local policy networks may also
be shared selectively among processors for selective use in the truncated rollout
process.

partitioned architectures (see also [BeT96], Section 3.1.3, and [BeY10],
[BeY12]).

Methods for selection of basis functions have received much attention,
particularly in the context of neural network research and deep reinforce-
ment learning (see e.g., the book by Goodfellow, Bengio, and Courville
[GBC16]). For discussions that are focused outside the neural network
area, see Bertsekas and Tsitsiklis [BeT96], Keller, Mannor, and Precup
[KMP06], Jung and Polani [JuP07], Bertsekas and Yu [BeY09], and Bhat-
nagar, Borkar, and Prashanth [BBP13]. Moreover, there has been consid-
erable research on the optimal feature selection within given parametric
classes (see Menache, Mannor, and Shimkin [MMS05], Yu and Bertsekas
[YuB09b], Busoniu et al. [BBD10], and Di Castro and Mannor [DiM10]).

Incremental algorithms are supported by substantial theoretical anal-
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ysis, which addresses issues of convergence, rate of convergence, stepsize se-
lection, and component order selection. Moreover, incremental algorithms
have been extended to constrained optimization settings, where the con-
straints are also treated incrementally, first by Nedić [Ned11], and then by
several other authors: Bertsekas [Ber11c], Wang and Bertsekas [WaB14],
[WabB16], Bianchi [Bia16], Iusem, Jofre, and Thompson [IJT18]. It is be-
yond our scope to cover this analysis. The author’s surveys [Ber10] and
[Ber15b], and convex optimization and nonlinear programming textbooks
[Ber15a], [Ber16a], collectively contain an extensive account of incremental
methods, including the Kaczmarz, and incremental gradient, subgradient,
aggregated gradient, Newton, Gauss-Newton, and extended Kalman filter-
ing methods, and give many references. We also refer to the book [BeT96]
and paper [BeT00] by Bertsekas and Tsitsiklis, and the survey by Bottou,
Curtis, and Nocedal [BCN18] for a theoretically oriented treatments.

Section 3.2: The publicly and commercially available neural network
training programs incorporate heuristics for scaling and preprocessing data,
stepsize selection, initialization, etc, which can be very effective in special-
ized problem domains. We refer to books on neural networks such as Bishop
[Bis95], Goodfellow, Bengio, and Courville [GBC16], and Haykin [Hay08].

Deep neural networks have created a lot of excitement in the machine
learning field, in view of some high profile successes in image and speech
recognition, and in RL with the AlphaGo and AlphaZero programs. One
question is whether and for what classes of target functions we can enhance
approximation power by increasing the number of layers while keeping the
number of weights constant. For analysis and speculation around this
question, see Bengio [Ben09], Liang and Srikant [LiS16], Yarotsky [Yar17],
Daubechies et al. [DDF19], and the references quoted there.

Another important research question relates to the role of overparame-
trization in the success of deep neural networks. With more weights than
training data, the training problem has infinitely many solutions. The ques-
tion then is how to select a solution that works well on test data (i.e., data
outside the training set); see Zhang et al. [ZBH16], Belkin, Ma, and Mandal
[BMM18], Belkin, Rakhlin, and Tsybakov [BRT18], Soltanolkotabi, Javan-
mard, and Lee [SJL18], Bartlett et al. [BLL19], Hastie et al. [HMR19],
Muthukumar, Vodrahalli, and Sahai [MVS19].

Section 3.3: Fitted value iteration has a long history; it has been men-
tioned by Bellman among others. It has interesting properties, and at times
exhibits pathological/unstable behavior due to accumulation of errors over
a long horizon (see [Ber19a], Section 5.2).

Advantage updating was proposed by Baird [Bai93], [Bai94], and is
discussed further in Section 6.6 of the book [BeT96]. The differential train-
ing approach of Section 3.3.4 was proposed in the author’s paper [Ber97b].

Section 3.4: Classification (sometimes called “pattern classification” or
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“pattern recognition”) is a major subject in machine learning, for which
there are many approaches and an extensive literature; see e.g. the text-
books by Bishop [Bis95], [Bis06], and Duda, Hart, and Stork [DHS12].
Approximation in policy space was formulated as a classification problem
in the context of DP by Lagoudakis and Parr [LaP03], and was followed
up by several other authors; see our subsequent discussion of rollout-based
policy iteration for infinite horizon problems in Chapter 4. While we have
focused on a classification approach that makes use of least squares re-
gression and a parametric architecture, other classification methods may
also be used. For example the paper [LaP03] discusses the use of nearest
neighbor schemes, support vector machines, as well as neural networks.

The multiprocessor parallelization ideas, using state space partition-
ing with multiple policy and value networks have been applied to large-scale
POMDP problems in the paper by Bhattacharya et al. [BBW20]. Asyn-
chronous policy iteration with partitioned architectures has been analyzed
by Bertsekas and Yu [BeY10] for the case of lookup table representation of
policies and cost functions.


