
On Subsetsof Binary StringsImmuneto Multiple
RepetitionErrors

Lara Dolecek
EECSDepartment

University of California
Berkeley, CA 94720,USA

Email: dolecek@eecs.berkeley.edu

VenkatAnantharam
EECSDepartment

University of California
Berkeley, CA 94720,USA

Email: ananth@eecs.berkeley.edu

AbstractÑ In this paper we revisit previously proposedtech-
niques for constructing some families of subsets of binary
strings (codes)that are immune to multiple repetition errors. In
particular , we discussa technique to construct single repetition
error correcting codes and use number theoretic methods to
give an explicit formula for the cardinalities of these codes.
This approach results in codes the ratio of whose cardinality
to the best upper bounds approaches unity in the increasing
codelength limit (asymptotic optimality). We also discuss a
somewhat differ ent technique to construct multiple repetition
error correcting codes.Here the cardinalities are asymptotically
within a Þxed constant of the best known upper bounds. Our
constructionsare asymptotically better by a constant factor than
the bestpreviously known suchconstructions,due to Levenshtein.

I . INTRODUCTION

Substitutionerror correcting codesare traditionally used
in communicationsystemsfor encoding of a binary input
messagex into a codedsequencec = C(x). The modulated
versionof this sequenceis usuallycorruptedby additive noise,
and is seenat the receiver asa waveform s(t),

s(t) =
!

i

ci h(t ! iT ) + n(t), (1)

whereci is the i th bit of c, h(t) is the modulatingpulse,and
n(t) is thenoiseintroducedin thechannel.Thereceivedwave-
form s(t) is sampledat certain samplingpoints determined
by the timing recovery process,and the resulting sampled
sequenceis passedto the decoderwhich then producesthe
estimateof c (or x). In the analysis of substitution error
correctingcodesandtheir decodingalgorithmsit is tradition-
ally assumedthat the decoderreceivesa sequencewhich is a
properlysampledversionof the waveform s(t).

Thetiming recovery processinvolvesa substantialoverhead
in the design of communicationchips, both in terms of
occupying areaon the chip and in termsof power consump-
tion. To avoid someof this cost, particularly in high speed
systems,chip designerscouldattemptto make do with poorer
timing recovery, while oversamplingthe received waveform
to attempt to ensurethat no information is lost. Thus the
waveforms(t) insteadof beingsampledat instanceskTs + ! k

might besampledat instancesroughlyT apart,for T < Ts. In
the idealizedinÞniteSNRlimit of a PAM system,this appears

as if somesymbolsaresampledmore thanonce.As a result,
insteadof creatingn samplesfrom s(t), n + r samplesare
produced,wherer " 0. As a consequence,when r > 0, the
decoderis presentedwith a sampledsequencewhoselength
exceedsthe lengthof a codeword.

Motivated by this scenario, in this paper we study the
problemof Þndingmaximally sizedsubsetsof binary strings
(codes)that are immuneto a given numberr of repetitions,
in the sensethat no two strings in the codecan give rise to
the samestring after r repetitions.

A closely related problem of studying codescapableof
overcominga certainnumberof insertionsand deletionswas
Þrststudiedby Levenshtein[8] whereit wasshown thattheso-
called Varshamov-Tenengoltscodes[13] originally proposed
for the correctionof asymmetricerrorsare capableof over-
coming one deletionor one insertion.They were also shown
to be asymptoticallyoptimal. They have beenfurther studied
in [5] and[2]. In [11] furtherresultson their cardinalitieswere
obtained.Extensionsto constructionsfor overcomingmultiple
insertionsanddeletionshave sofar found limited success,[6],
[12].

In SectionII we Þrst introducean auxiliary transformation
thatconvertsourprobleminto thatof creatingsubsetsof binary
strings immune to the insertionsof 0Õs. In Section III we
focusonsubsetsof binarystringsimmuneto singlerepetitions.
We presentexplicit constructionsof such subsetsand use
number theoretic techniquesto give explicit formulas for
their cardinalities.Our constructionshereare asymptotically
optimal. In SectionIV we discusssubsetsof binary strings
immune to multiple repetitions.Our constructionshere are
asymptotically within a constantfactor of the best known
upperboundsand asymptoticallybetter, by a constantfactor
than the best previously known such constructions,due to
Levenshtein[7].

I I . AUXILIARY TRANSFORMATION

To constructa binary, r repetitionscorrectingcode C of
lengthn we Þrstconstructanauxiliary codeC̃ of lengthm =
n ! 1 which is an r Ô0Õ-insertionscorrectingcode.Thesetwo
codesare relatedthroughthe following transformation.

Supposec # C. We let c̃ = c $ Tn mod 2, where Tn is
n $ n ! 1 matrix, satisfying

ISIT2007, Nice, France, June 24 ÐJune 29, 2007

1-4244-1429-6/07/$25.00 c©2007 IEEE 1691



Tn (i, j ) =
"

1, if i = j , j + 1
0, else.

(2)

Now, the repetition in c in position p correspondsto the
insertionof Ô0Õin positionp! 1 in c̃, andweight(̃c) = number
of runsin c ! 1. We let C̃ bethecollectionof stringsof length
n ! 1 obtainedby applying Tn to all stringsC. Note that c
and its complementboth map into the samestring in C̃.

It is thus sufÞcient to constructa code of length n ! 1
capableof overcomingr Ô0Õ-insertionsand apply the inverse
Tn transformationto obtain r repetitionscorrectingcode of
lengthn.

I I I . ONE REPETITION CASE

Following the analysisof Sloane[11] and Levenshtein[8]
of the relatedVarshamov-Tenengoltscodes[13] known to be
capableof overcomingone deletionor one insertion,let Am

w
bethesetof all binarystringsof lengthm andw ones,for 0 %
w % m. Partition Am

w basedon the valueof the Þrstmoment
of eachstring.More speciÞcally, let Sm

w,k be thesubsetof Am
w

suchthat

Sm
w,k = { (s1, s2, ..., sm )|

m!

i =1

i $ si & k mod (w + 1)} . (3)

Lemma1: Each subsetSm
w,k is a single Ô0Õ-insertioncor-

rectingcode.
Proof: Supposethe string s′ is received.We want to uniquely
determinethe codeword s = (s1, s2, ..., sm ) # Sm

w,k suchthat
s′ is the resultof insertingat mostonezeroin s. If the length
of s′ is m, concludethatno insertionoccurred,andthats = s′.

If thelengthof s′ is m+1, azerohasbeeninserted.For s′ =
(s

!

1, s
!

2, ..., s
!

m , s
!

m +1 ), compute
# m +1

i =1 i$ s
!

i mod (w+1). Due
to the insertion,

# m +1
i =1 i $ s

!

i =
# m

i =1 i $ si + R1 whereR1

denotesthe numberof 1Õs to the right of the insertion.Note
that R1 is alwaysbetween0 andw.

Let k′ beequalto
# m +1

i =1 i $ s
!

1 mod (w +1). If k′ = k the
insertionoccurredafter the rightmostone,so we declares to
be the m leftmostbits in s′. If k′ > k we declares to be the
stringobtainedby deletingthezeroimmediatelyprecedingthe
rightmostk′ ! k ones.Finally, if k′ < k, we declares to be
thestringobtainedby deletingthezeroimmediatelypreceding
the rightmostw + 1 ! k + k′ ones. !

Since|Am
w | =

$
m
w

%
thereexists k suchthat

|Sm
w,k | "

1
w + 1

$
m
w

%
.

Sincetwo codewords of different weightscannotresult in
thesamestringwhenat mostonezerois insertedwe let C̃ be
the union of largestsetsSm

w,k "
w

over differentweightsw, i.e.

C̃ =
m&

w=0

Sm
w,k "

w
,

where Sm
w,k "

w
is the set of largest cardinality amongall sets

Sm
w,k for 0 % k % w, andthe all-zerosstring representsSm

0,k "
0
.

Thus,the cardinalityof C̃ is at least

m!

w=0

$
m
w

%
1

w + 1
=

1
m + 1

'
2m +1 ! 1

(
.

TheupperboundU1(m) on any setof stringseachof length
m capableof overcomingoneinsertionof a zerois derived in
[7] to be

U1(m) =
2m +1

m
. (4)

Hencethe proposedconstructionis asymptoticallyoptimal.
By applying the inverseTn transformationfor n = m +

1 to C̃ we obtain a code of length n and of size at least
1
n

'
2n +1 ! 2

(
.

The cardinalitiesof the setsSm
w,k may be computedexplic-

itly aswe now show.
Recall that the M ¬obius function µ(x) of a positive integer

x = pa1
1 pa2

2 . . . pak
k for distinctprimesp1, p2, . . . , pk is deÞned

as [1],

µ(x) =

)
*

+

1 for x = 1
(! 1)k if a1 = ááá= ak = 1
0 otherwise,

(5)

and that the Euler function " (x) denotesthe number of
integers y, 1 % y % x ! 1 that are relatively prime with
x. By convention" (1) = 1.

Lemma2: Let g = gcd(m + 1, w + 1). The cardinality of
Sm

w,k is
|Sm

w,k | =

1
m + 1

!

d|g

$
m +1

d
w+1

d

%
(! 1)(w+1)(1+ 1

d ) " (d)
µ

,
d

gcd(d,k )

-

"
,

d
gcd(d,k )

-

(6)
wheregcd(d, k) is the greatestcommondivisor of d and k,
interpretedasd if k = 0.
Proof: Motivated by the analysis of Sloane [11] of the
Varshamov-Tenengoltscodes, let us introduce the function
f b,n (U, V ) in which the coefÞcientof UsV k , call it gb

k ,s (n),
representsthenumberof stringsof lengthn, weight s andthe
Þrstmomentequalto k mod b

f b,n (U, V ) =
b−1!

k=0

n!

s=0

gb
k ,s (n)UsV k . (7)

Observe that f b,n (U, V ) can be written as a generating
function

f b,n (U, V ) =
n.

z=1

(1 + UV z) mod (V b ! 1) . (8)

Let a = ei 2!
b so that for V = aj

f b,n (U, ei 2! j
b ) =

b−1!

k=0

n!

s=0

gb
k ,s (n)Usei 2! j k

b . (9)
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With this substitution,we apply the inversediscreteFourier
transformandwrite

# n
s=0 gb

k ,s (n)Us

= 1
b

# b−1
j =0 f b,n (U, ei 2! j

b )e−i 2 ! j k
b

= 1
b

# b−1
j =0

/ n
z=1 (1 + Uei 2! j z

b )e−i 2 ! j k
b .

(10)

Our next goal is to evaluatethe coefÞcientUb on the right
handside.To do so we Þrstevaluatethe following expression

b.

z=1

(1 + Uei 2! j z
b ) . (11)

Let dj = b/gcd(b,j ) andsj = j /g cd(b,j ), andwrite

/ b
z=1 (1 + Uei 2! j z

b )

=
/ dj

z=1 (1 + Ue
i

2! s j z

d j ) ááá
/ dj ·gcd(b,j )

z=( dj −1) ·gcd(b,j )+1 (1 + Ue
i

2! s j z

d j )á

=
$

/ dj
z=1 (1 + Ue

i
2! s j z

d j )
%gcd(b,j )

=
$

1 + U
# dj

z1 =1 e
i

2! s j z 1
d j +

U2 # dj −1
z1 =1

# dj
z2 = z1 +1 e

i
2! s j ( z 1 + z 2 )

d j +

+ ááá+ Udj e
i

2! s j (1+2+ ááá+ d j )

d j

%gcd(b,j )

.

(12)
Sincegcd(dj , sj ) = 1, the set

V = { e
i

2! s j 1

d j , e
i

2 ! s j 2

d j . . . e
i

2! s j d j
d j }

representsall distinct solutionsof the equation

xdj ! 1 = 0 . (13)

For a polynomialequationP(x) of degreed, thecoefÞcient
multiplying xk is a scaledsymmetricfunction of d ! k roots.
Hence,symmetricfunctionsinvolving at mostdj ! 1 elements
of V evaluateto zero. The symmetricfunction involving all
elementsof V , which is their product,evaluatesto (! 1)dj +1 .

Therefore,

b.

z=1

(1 + Uei 2! j z
b ) =

'
1 + (! 1)1+ dj Udj

( gcd(b,j )
. (14)

Returningto the innerproductin (10), let usÞrstsupposethat
b|n. Then

/ n
z=1

,
1 + Uei 2! j z

b

-

=
, / b

z=1

,
1 + Uei 2! j z

b

-- n/b

=
'
1 + (! 1)1+ dj Udj

( gcd(b,j )n/b

=
# n

d j

l =0

$ n
dj

l

%
(! 1)l (1+ dj ) Ul dj .

(15)

Thus(10) becomes
n!

s=0

gb
k ,s (n)Us

=
1
b

b−1!

j =0

n
d j!

l =0

$ n
dj

l

%
(! 1)l (1+ dj ) Ul dj e−i 2 ! j k

b .

We now regroup the termswhosej Õs yield the samedj Õs

n!

s=0

gb
k ,s (n)Us =

1
b

!

d|b

n
d!

l =0

$
n
d
l

%
(! 1)l (1+ d) Udl

$
!

j :gcd( j ,b)= b/d, 0≤j ≤b−1

e−i 2 ! j k
b .

The rightmostsumcanalsobe written as
!

j :gcd( j ,b)= b/d, 0≤j ≤b−1

e−i 2 ! j k
b =

!

s:0≤s≤d−1,gcd(s,d )=1

e−i 2 ! sk
d .

(16)
This last expressionis known as the Ramanujansum [1]

andsimpliÞesto

!

s:0≤s≤d−1,gcd(s,d )=1

e−i 2 ! sk
d = " (d)

µ
,

d
gcd(d,k )

-

"
,

d
gcd(d,k )

- . (17)

Now the coefÞcientof Ub in (10) is

1
b

!

d|b

$ n
d
b
d

%
(! 1)

b
d (1+ d) " (d)

µ
,

d
gcd(d,k )

-

"
,

d
gcd(d,k )

- (18)

which is preciselythe numberof stringsof length n, weight
b, and the Þrstmomentcongruentto k mod b.

Considerthesetof stringsdescribedby Sm
w,k for m = n ! 1

and w = b! 1. Supposewe appendÔ1Õto eachsuchstring,
and call the resultingset B . Let A denotethe set of strings
describedby (18). By grouping the elementsof A basedon
their periodicity one can show that a fraction b/n of strings
in A describethe setB . Therefore,the cardinalityof Sm

w,k is

|Sm
w,k | =

1
m + 1

!

d|w+1

$
m +1

d
w+1

d

%
(! 1)

w +1
d (1+ d) " (d)

µ
,

d
gcd(d,k )

-

"
,

d
gcd(d,k )

- .

(19)
Notice that the last expression is the same as the one

proposedin Lemma2 with gcd(m + 1, w + 1) = w + 1.
Now supposethat b is not a factor of n. We work with

f g,n (U, V ) as in (8) whereg = gcd(n, b) andget

n!

s=0

gg
k ,s (n)Us =

1
g

!

d|g

n
d!

l =0

$
n
d
l

%
(! 1)l (1+ d) Udl

$
!

j :gcd( j ,g)= g/d, 0≤j ≤g−1

e−i 2 ! j k
g .
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Thus the coefÞcientof Ub hereis

1
g

!

d|g

$ n
d
b
d

%
(! 1)

b
d (1+ d) " (d)

µ
,

d
gcd(d,k )

-

"
,

d
gcd(d,k )

- . (20)

This is the numberof strings of length n, weight b, and
theÞrstmomentcongruentto k mod g. Let A denotetheset
of thesestrings.Considerthe set of stringsof length n ! 1,
weight b ! 1, and the Þrst momentcongruentto k mod g,
andcall this setB . If we appendÔ1Õto eachelementof B we
will obtain a b/n fraction of the elementsof A. SinceB is
comprisedof stringsof lengthn ! 1, weightb! 1, andtheÞrst
momentcongruentto ku = k+ug mod bfor 0 % u % b/g! 1
and sincethe evaluation in (20) is the samefor all suchku ,
it follows by symmetrythat a fraction g

b of B representsthe
setSm

w,k . Therefore|Sm
w,k | is

|Sm
w,k | =

1
m + 1

!

d|g

$
m +1

d
w+1

d

%
(! 1)(w+1+ 1

d (1+ w)) " (d)
µ

,
d

gcd(d,k )

-

"
,

d
gcd(d,k )

-

(21)
which completesthe proof of the lemma. !

A. Connectionwith necklaces

It is interesting to brießy visit the relationship between
optimal single insertionof a zero correctingcodesand com-
binatorialobjectsknown asnecklaces[4].

A necklaceconsistingof n beadscan be viewed as an
equivalenceclass of strings of length n under cyclic shift
(rotation).

Let us considertwo-colorednecklacesof length n with b
black beadsandn ! b white beads.It is known that the total
numberof distinct necklacesis

T(n) =
1
n

!

d|gcd(n,b )

$ n
d
b
d

%
" (d) . (22)

In general necklacesmay exhibit periodicity. However,
consider, for example,the casegcd(n, b) = 1. Then thereare

1
n

$
n
b

%

distinct necklaces,all of which are aperiodic.Now assume
that b+ 1|n andnote that this implies gcd(n + 1, b+ 1) = 1.
Supposewe label eachnecklacebeadin the increasingorder
1 throughn and we rotateeachnecklaceby one position at
the time relative to this labelling. At eachstepwe sum mod
(b+ 1) the positionsof the b black beads.For eachnecklace,
eachresiduek, 0 % k % b is encounteredn/ (b+1) times.The
total numberof timeseachresiduek is encounteredis thus

1
b+ 1

$
n
b

%
=

1
n + 1

$
n + 1
b+ 1

%
,

which as expectedequals the number of binary strings of
weight b, lengthn, and the Þrstmomentcongruentto k mod
(b+ 1) (samefor all k).

IV. MULTIPLE REPETITION CASE

Fix r " 1. Let a = (a1, a2, ..., ar ), and considerthe set
Ŝ(m, w, a, p) for w " 1:

Ŝ(m, w, a, p) = { s = (s1, s2, ...sm ) # { 0, 1} m :# m
i =1 si = w,

bi = vi ! vi−1 ! 1 for vi

the positionof the i th Ô1Õin s,# w+1
i =1 ibi & a1 mod p,# w+1
i =1 i 2bi & a2 mod p,

...# w+1
i =1 i r bi & ar mod p } .

(23)

We saythatb1, . . . , bw+1 denotethesizesof thebinsof 0Õs be-
tweensuccessive 1Õs. Herev0 = 0 andvw+1 = m+1. Theset
Ŝ(m, 0, 0, p) containsjust the all-zerosstring by convention.
Let a0 = 0 and let Ŝ (m, (a1, p1), (a2, p2), ..., (am, pm )) be
deÞnedas

Ŝ (m, (a1, p1), (a2, p2), ..., (am, pm )) =
m&

l =0

Ŝ(m, l, al, pl ).,

(24)
Lemma3: If each pl is prime and pl > max(r, l), the set

Ŝ (m, (a1, p1), (a2, p2), ..., (am, pm )) is r-insertionsof zeros
correcting.

Proof: It sufÞces to show that each set Ŝ(m, l, al, pl )
is r -insertions of zeros correcting. Supposea string x #
Ŝ(m, l, al, pl ) is transmitted.After experiencingr insertions
of zeros,it is received asa string x′. We now show that x is
alwaysuniquelydeterminedfrom x′.

Let i 1 % i 2 % ... % i r be the (unknown) indices of the
bins of zeros that have experiencedinsertions.For each j ,
1 % j % r , computea′j &

# w+1
i =1 i j b′i mod pl , whereb′i is the

sizeof the i th bin of zerosof x′,

a′j &
# w+1

i =1 i j b′i mod pl

& aj + (i j
1 + i j

2 + ... + i j
r ) mod pl ,

(25)

whereaj is the j th entry in the residuevectoral.
Using NewtonÕs identitiesover GF (pl ) which relatepower

sumsto symmetricfunctionsof the samevariableset,the set
{ i 1, i 2, ..., i r } is uniquelydeterminedfrom thesetof equations

(i j
1 + i j

2 + ... + i j
r ) & a′j ! aj mod pl

for 1 % j % r . For the detailsof the proof pleasesee[3]. !
Let Ŝ∗ (m, (a1, p1), (a2, p2), ..., (am, pm )) be deÞnedas

Ŝ∗ (m, (a1, p1), (a2, p2), ..., (am, pm )) =
m&

l =0

Ŝ(m, l, al
∗, pl ).

(26)
whereŜ(m, l, al

∗, pl ) hasthelargestcardinalityamongall sets
Ŝ(m, l, al, pl ) for al # { 0, 1, . . . , pl ! 1} r . The cardinalityof
Ŝ(m, l, al

∗, pl ) is at least
$

m
l

%
1
pr

l
.
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Since for all n there exists a prime betweenn and 2n it
follows that the cardinality of Ŝ(m, l, al

∗, pl ) for l " r is at
least $

m
l

%
1

(2l)r .

Thus, the cardinality of
Ŝ∗ (m, (a1, p1), (a2, p2), ..., (am, pm )) is at least

1 +
r−1!

w=1

$
m
w

%
1

(2r )r +
m!

w= r

$
m
w

%
1

(2w)r , (27)

which is lower boundedby

1 +
1

(2r )r

r−1!

w=1

$
m
w

%
+

1
(2r )(m + 1)(m + 2) . . . (m + r )

0

2m + r !
2r−1!

k=0

$
m + r

k

%1

.

(28)
The prime countingfunction #(n) which countsthe number
of primesup to n, satisÞesfor n " 67 the inequalities[10]

n
ln(n) ! 1/ 2

< #(n) <
n

ln(n) ! 3/ 2
.

With some algebra, it follows that for n " 67, there
exists a prime between n and (1 + $)n for $ " 3

ln( n ) .
Thus the lower bound on the asymptotic cardinality of
Ŝ∗ (m, (a1, p1), (a2, p2), ..., (am, pm )) canbe improved to

1
(1 + $)r (m + 1)(m + 2) . . . (m + r )

'
2m + r (

! P(m), (29)

where$ is anarbitrarily smallpositive constantandP(m) is a
polynomial in m. In the limit m ' ( , (29) is approximately

2m + r

(m + 1)r . (30)

A constructionproposedby Levenshtein[7] hasthe lower
asymptoticboundon the cardinalitygiven by

1
(log2 2r )r

2m

mr . (31)

Note that both (27) and the improved bound(29) improve
on (31) by at leasta constantfactor.

TheupperboundUr (m) on any setof stringseachof length
m capableof overcomingr insertionsof zero is

Ur (m) = c(r )
2m

mr ,

asobtainedin [7], where

c(r ) =
"

2r r ! odd r
8r / 2((r / 2)!)2 even r

which makes the proposedconstructionbe within a factorof
this bound. By applying the inverse Tn transformationfor
n = m + 1 to Ŝ∗ (m, (a1, p1), (a2, p2), ..., (am, pm )) and
noting that both strings under the inverseTn transformation
can simultaneouslybelong to the repetition error correcting

set, we obtain a code of length n capableof overcomingr
repetitions,with an asymptoticlower boundon its sizebeing

2n + r

nr . (32)

An interestingrelatedproblem is that of interactive com-
municationwhenuser1 owns an uncorruptedcopy of a data
streamanduser2 owns a corruptedcopy of the samedata.A
methodto communicatetheminimal numberof bits from user
1 to user2 when the datastreamis corruptedby modifying
the sizesof the runs of equalsymbolsis proposedin [9]. In
contrastto ourmodel,themodelconsideredin [9] assumesthat
thesecommunicatedbits are transmittedwithout themselves
beingsubjectedto repetitionerrors.

V. CONCLUSION

In this paper we discussedthe problem of constructing
repetition error correctingcodes(subsetsof binary strings).
We presentedsome explicit number-theoretic constructions
and provided someresultson the cardinalitiesof thesecon-
structions. SpeciÞc contributions included a generalization
of a generatingfunction calculation of Sloane [11] and a
constructionof multiple repetitionerror correctingcodesthat
is asymptoticallya constantfactor better than the previously
bestknown constructiondue to Levenshtein[7].
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