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Abstracf In this paper we revisit previously proposedtech-
niques for constructing some families of subsets of binary
strings (codes)that are immune to multiple repetition errors. In
particular, we discussa technigque to construct single repetition
error correcting codes and use number theoretic methods to
give an explicit formula for the cardinalities of these codes.
This approach results in codesthe ratio of whose cardinality
to the best upper bounds approachesunity in the increasing
codelength limit (asymptotic optimality). We also discuss a
somewhat different technique to construct multiple repetition
error correcting codes.Here the cardinalities are asymptotically
within a bxed constant of the best known upper bounds. Our
constructions are asymptotically better by a constantfactor than
the bestpreviously known suchconstructions,dueto Levenshtein.

. INTRODUCTION

Substitutionerror correcting codes are traditionally used
in communicationsystemsfor encodingof a binary input
messagex into a codedsequencee = C(x). The modulated
versionof this sequencés usuallycorruptedby additive noise,

andis seenat the recever asa waveform s(t),
|

s(t) = ch(t! iT)+n(t), )
I

wherec is thei™ bit of c, h(t) is the modulatingpulse,and
n(t) is thenoiseintroducedn the channelTherecevedwave-

form s(t) is sampledat certain sampling points determined
by the timing recovery process,and the resulting sampled
sequencds passedto the decoderwhich then producesthe

estimateof ¢ (or x). In the analysisof substitutionerror
correctingcodesandtheir decodingalgorithmsit is tradition-

ally assumedhat the decodemrecevesa sequencevhich is a

properly sampledversionof the waveform s(t).

Thetiming recovery processnvolvesa substantiabverhead
in the design of communicationchips, both in terms of
occupying areaon the chip andin termsof power consump-
tion. To avoid someof this cost, particularly in high speed
systemschip designercould attemptto make do with poorer
timing recovery, while oversamplingthe received waveform
to attemptto ensurethat no information is lost. Thus the
waveform s(t) insteadof beingsampledat instancekTs + !
might be sampledatinstancesoughly T apart,for T < Ts. In
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asif somesymbolsare sampledmorethanonce.As aresult,
insteadof creatingn samplesfrom s(t), n + r samplesare
producedwherer " 0. As a consequencexhenr > 0, the
decoderis presentedvith a sampledsequencevhoselength
exceedsthe length of a codevord.

Motivated by this scenario,in this paper we study the
problemof Pndingmaximally sized subsetsof binary strings
(codes)that are immuneto a given numberr of repetitions,
in the sensethat no two stringsin the code can give rise to
the samestring afterr repetitions.

A closely related problem of studying codes capable of
overcominga certainnumberof insertionsand deletionswas
prststudiedby Levenshteir8] whereit wasshavn thattheso-
called Varshama-Tenengoltscodes[13] originally proposed
for the correctionof asymmetricerrors are capableof over
coming one deletionor oneinsertion. They were also shavn
to be asymptoticallyoptimal. They have beenfurther studied
in [5] and[2]. In [11] furtherresultson their cardinalitieswere
obtained Extensiongo constructiondor overcomingmultiple
insertionsanddeletionshave sofar foundlimited success|6],
[12].

In Sectionll we prstintroducean auxiliary transformation
thatcorvertsour probleminto thatof creatingsubset®f binary
strings immune to the insertionsof 0®. In Sectionlll we
focuson subset®f binary stringsimmuneto singlerepetitions.
We presentexplicit constructionsof such subsetsand use
number theoretic techniquesto give explicit formulas for
their cardinalities.Our constructionshere are asymptotically
optimal. In SectionlV we discusssubsetsof binary strings
immune to multiple repetitions.Our constructionshere are
asymptotically within a constantfactor of the best known
upperboundsand asymptoticallybetter by a constantfactor
than the best previously known such constructions,due to
Levenshtein[7].

Il1. AUXILIARY TRANSFORMATION

To constructa binary, r repetitionscorrectingcode C of
lengthn we brstconstructan auxiliary codeC of lengthm =
n! 1 whichis anr O00-insertionsrrectingcode. Thesetwo
codesarerelatedthroughthe following transformation.

Supposec # C. Welet¢ = ¢$ T, mod2, whereT, is

theidealizedinbnite SNR limit of a PAM systemthisappears n$ n! 1 matrix, satisfying
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Now, the repetitionin c in position p corresponddo the
insertionof OO0 positionp! 1 in & andweight€) = number
of runsin ¢! 1. We let C bethe collectionof stringsof length
n! 1 obtainedby applying T, to all stringsC. Note that c
andits complementoth mapinto the samestringin C.

It is thus sufbcientto constructa code of lengthn! 1
capableof overcomingr O00-insertioand apply the inverse
T, transformationto obtainr repetitionscorrectingcode of
lengthn.

1. ONE REPETITION CASE

Following the analysisof Sloane[11] and Levenshtein[8]
of the relatedVarshamwu-Tenengoltscodes[13] known to be
capableof overcomingone deletionor one insertion,let A
bethesetof all binarystringsof lengthm andw onesfor 0 %
w % m. Partition A} basedon the value of the brstmoment

of eachstring. More specibcallylet Si, bethe subsebf A
suchthat
!m
Swk ={(s1,82,...,sm)| i$s &kmod(w-+1)}. (3)

i=1

Lemmal: EachsubsetS[, is a single O00-insertiaror-

recting code.
Proof: Supposehe strings’ is receved. We wantto uniquely
determinethe codevord s = (sq, Sp, ..., Sm) # S suchthat
s’ is theresultof insertingat mostonezeroin s. If the Iength
of ' is m, concludethatnoinsertionoccurredandthats = s’.

If thelengthofs ism+1, ag@rohasbeenlnsertedFors =
(51,52, sh,srw ) compute #=1 i$s; mod(w+1). Due
to the insertion, ["Il i$s _1 i$si +R; whereR,
denotesthe numberof 18 to the right of the insertion.Note
thatR; is always betyveem anqw.

Letk’ beequalto ;' i$'s; mod (w+1). If k' =k the
insertionoccurredafter the rightmostone, so we declares to
be the m leftmostbits in s’. If k’ > k we declares to be the
string obtainedby deletingthe zeroimmediatelyprecedinghe
rightmostk’ ! k ones.Finally, if k’ < k, we declares to be
the string obtainedby deletingthe zeroimmediatelypreceding
therightmostw + 1! k + k’ ones. !

$ %

Since|Al| = thereexists k suchthat

$ %
m
w+1 w

ISWk!l ™

Sincetwo codevords of different weights cannotresultin
the samestringwhenat mostone zerois insertedwe let C be
the union of largestsetsS{ . over differentweightsw, i.e.

. &
C= Sik,.
w=0
where Sy K, is the set of largest cardinality amongall sets
, for 0 %k % w, andthe all- -zerosstring representSSg,
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Thus, the cardinality of C is at least
Im $ % [
: m

11 (
woowt1

om+l oy 1t

w=0 m+41
TheupperboundU; (m) on ary setof stringseachof length
m capableof overcomingoneinsertionof a zerois derivedin

[7] to be
om +1

U]_(m) =

(4)

m

Hencethe proposedconstructionis asymptoticallyoptimal.

By applying the inverseT, transformationfor n = m +

1t C we Pbtaln a code of length n and of size at least
r]1. 2n+1 1 2.

The cardinalitiesof the setsS)] , may be computedexplic-
ity aswe now shaw. '

Recall that the Mebius function p(x) of a positive integer

x = pitp5? ...pg« for distinctprimespy, p2, .. ., p« is debPned
as[1],
2* 1 forx =1
nx) =, Dk if ag = d8a=a =1 %)
0 otherwise,

and that the Euler function "

integersy, 1 %y % x !

X. By corvention" (1) = 1.
Lemma2: Let g = gcd(m + 1,w + 1). The cardinality of

(x) denotesthe number of
1 that are relatively prime with

Wk 1S
ISl =
$ % .

l —_—
L' % (! 1)(W+1)(1+ %).. (d)m
m+1 w i

o ged(d,k)

(6)

where ged(d, k) is the greatestcommondivisor of d andk,
interpretedasd if k = 0.

Proof: Motivated by the analysis of Sloane [11] of the
Varshamu-Tenengoltscodes, let us introduce the function
fun (U, V) in which the coebcientof USV¥, call it gf ((n),
representshe numberof stringsof lengthn, weights andthe
pPrstmomentequalto k mod b

_bfl In
fb,n (va) = gE,s(n)USVk'
k=0 s=0

(7)

Obsere that fy,,(U,V) can be written as a generating
function

n

fon(U, V)= (14+UV?) mod (VP! 1). (8)
z=1
Leta—= €% sothatfor V = al
L, b
fon(U,€ 75 ) = g (Muse o 9)
k=0 s=0
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With this substitution we apply the inversediscreteFourier Thus (10) becomes

transformand write In
i o0 gES(n)US gE’s(n)US
- s=0
17 b1 j2Li j2lik b-1,5 $ %
= 5 joofea(U @)™ (10) _ U Cn (1 1)@ d)yld g 55
b | ! .
_ %#Jb:_oll ( +Ue|212) % j=0 1=0 o )
We now regroup the termswhosej @ yield the samed, G
Our next goal is to evaluatethe coebcientU® on the right i Lo $ %
. . . ! ! ! n
handside.To do so we Prstevaluatethe following expression Q. (nUs = % TT (1 1)@ dyd
b i s=0 dlb 1=0
- 22z \
(1 +Ue ™ ) . (12) $ o 2tk
z=1 j:gcd(j ,b)= bid, 0<j <b—1
Letd; = b/gcd(b,j) ands; =j/gcd(b,j), andwrite The rightmostsum canalso be written as
! _j2tik ! _j 2! sk
e = =4
/ ( ) / L j:gcd(j,b)= b/d, 0<j <b—-1 s:0<s<d-1,gcd(s,d)=1 ( )
S.JZ o4 d-ged(by)) i 16
_ 1 d i 9 1 d
$ L (1+Ue 21 )aa%cz (.dj —1)-ged(bj)+1 (1+Ue aTh|s last expressionis known as the Ramanujansum [1]
_ / L (1+Ué 7 Z) and simplibesto
2'siz ' d i
d, =gt ! 21 o H geaaxy
= 14U JaeTT 4 el = () e (17)
Uz# d-1# g e T s:0<s<d-lgecd(sd)=1 " ged@ry
z1=1 Zp=271+1 J
' N i‘ Sjlﬂ*zg s o)) Yoed(b) Now the coebcientof U in (10) is
+ &84+ Udi e i . , -
(12) 1! 5% H d?d )
: q b gca(dg,
] - | 1 d(l+ d)n d —_— 18
Sinceged(d;, s;) = 1, the set b % t1) ( )-- (18)
dfb gcd(dk)
.20 s . 20s;2 .20 sid;
={€ d;’ e o e } which is preciselythe numberof stringsof length n, weight
b, andthe Prstmomentcongruentto k mod b.
representsll distinct solutionsof the equation Considerthe setof strmgsdescrlbeday Sy form=n!1
N andw = b! 1. Supposewe append01G eachsuchstrmg,
x5 1=0. (13) andcall the resultingsetB. Let A denotethe set of strings

describedby (18). By groupingthe elementsof A basedon
their periodicity one can shav that a fraction b/n of strings
in A describethe setB. Therefore the cardinality of Sj , is

For a polynomialequationP (x) of degreed, the coefcient
multiplying x¥ is a scaledsymmetricfunctionof d! k roots.
Hence ,symmetricfunctionsinvolving at mostd; ! 1 elements
of V evaluateto zero. The symmetricfunction involving all

m —
elementsof V, which is their product,evaluatesto (! 1)% ** . ISuxl = i
Therefore, % " d
1 P % L+ dyn (g " GEAEK)
b 21 ' (ged(bj m+1 wh (1) )"(d),id-
(14U )= 14 (1 1)rdyd® ® ) djw+1 d god(dK)
z=1

Notice that the last expressionis the same as the one

Returningto the inner productin (10), let us bPrstsupposeghat proposedn Lemma2 with ged(m +1,w + 1) = w + 1.

bin. Then Now supposethat b is not a factor of n. We work with
n ' RTALEE fgn (U,V) asin (8) whereg = gcd(n, b) andget
oy = nib In | !%$ﬂ%
= = (15) 93,5 (n>Us — a (Ij (! 1)|(1+ d)UdI
= L (gt gua et s=0 dlg 1=0. .
_ # ijo % (1 Dardyly $ e T

j:gcd(j,g)= g/d, 0<j <g—1
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Thusthe coebcientof U hereis
! $ %

d
(! 1)3(1+ d)u (d) “, ged(dk)

g (20)

aloals

dlg gcd(d,K)

This is the numberof strings of length n, weight b, and
the Prstmomentcongruento k mod g. Let A denotethe set
of thesestrings. Considerthe setof stringsof lengthn! 1,
weight b! 1, and the bPrst momentcongruentto k mod g,
andcall this setB. If we appendO1@ eachelementof B we
will obtaina b/n fraction of the elementsof A. SinceB is
comprisedof stringsof lengthn! 1, weightb! 1, andthe brst
momentcongruento k, = k+ug mod bfor0 %u %b/g! 1
and sincethe evaluationin (20) is the samefor all suchk,,
it follows by symmetrythat a fraction % of B representghe
setSy . Therefore|S7 | is

ISwl =
$ % T
I —
LT e sy g 9O
m+ 1 wit v W4
dig ged(dK)
(21)

which completesthe proof of the lemma. !

A. Connectionwith nedklaces

It is interestingto brieRy visit the relationship between
optimal single insertionof a zero correctingcodesand com-
binatorial objectsknown as necklaced4].

A necklaceconsistingof n beadscan be viewed as an
equialenceclass of strings of length n under cyclic shift
(rotation).

Let us considertwo-colorednecklacesof length n with b
black beadsandn ! b white beadslt is known that the total

numberof distinct necklaceds o
0

"(d) . (22)

—
~—~
S
—

I
\
oloa|S

d|gcd(n,b)

In general necklacesmay exhibit periodicity However,

consider for example,the casegcd(n, b) = 1. Thenthereare
%
1 n

n b

distinct necklacesall of which are aperiodic. Now assume

thatb+ 1|n and note that this impliesged(n + 1,b+ 1) = 1.

Supposewe label eachnecklacebeadin the increasingorder
1 throughn and we rotate eachnecklaceby one position at
the time relative to this labelling. At eachstepwe sum mod
(b+ 1) the positionsof the b black beads For eachnecklace,
eachresiduek, 0 %k % bis encountered/ (b+1) times.The
total numberof times eachresiduek is encountereds thus

$ % $ %

1 n 1 n+1
b+1 b b+1
which as expected equalsthe number of binary strings of

weight b, lengthn, andthe brstmomentcongruentto k mod
(b+ 1) (samefor all k).

T h+l
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IV. MULTIPLE REPETITION CASE

_Fixr 1. Let a = (a1, ay,...,& ), and considerthe set
S(m,w,a,p) forw" 1:
S(m,w,a,p) ={ = (S1,S2,..5m) # {0,1}™ :
m
i=1 Si =W,
bh=v! vi_1! 1forvy;
(he positionof the i O1dh s,
"L by & a; mod p,
"*1i2p & a, modp,

(23)

B oy
"li'h & a modp}.

We saythatby, ..., by+1 denotethesizesof the binsof 08 be-
tweensuccessie 18. Herevy = 0 andvy 41 = m+1. Theset
é(m, 0,0, p) containsjust the all-zerosstring by corvention.
Let ag = 0 andlet S(m, (a1, p1), (a2, P2), ..., (@m, Pm)) be

debnedas
&

S(m, (a1, pa), (a2, P2), -+ (am, Pm)) = S(M, 1, a1, p).,

1=0 (24)

Lemma3: If each p, is prime and p; > maxr, 1), the set
S(m, (a1, p1), (az, P2), .. (Aam, Pm)) IS r-insertionsof zewos
correcting

Proof: It sufbcesto shav that each set S(m, |, a;, p)
is r-insertions of zeros correcting. Supposea string x #
é(m, [,a;, pr) is transmitted.After experiencingr insertions
of zeros,it is receved asa string x’. We now shav thatx is
always uniquely determinedirom x’.

Leti; % i, % ... % i, be the (unknawvn) indices of the
bins of zerosthat have eéperiencedinsertions.For eachj,
1%]j %r, computea) & :”:11 il mod p, wherel is the
size of the it bin of zerosof x,

# .
& 4 ilg modp

&a + (i} +iL+...+il) modp,

3 (25)

whereg; is thej ™ entryin the residuevector a;.

Using Newton®identitiesover GF (p;) which relatepower
sumsto symmetricfunctionsof the samevariableset, the set
{i1,i2,...,ir } isuniquelydeterminedrom the setof equations

(L +ib+..+il)&a ! a modp

for 1 %j %r. For the detailsof the proof pleasesee[3]. !
Let S*(m, (a1, p1), (az,P2), ..., (am, Pm)) be debPnedas

& |
" (M, (a1,P1), (a2, P2), -+ (am, Pm)) = S(M, L a™, p).

1=0
. (26)
whereS(m, |, a;*, pi) hasthelargestcardinalityamongall sets

(0p8

S:(m, l,a,p) for aj # {0,1,...,p ! 1}". The cardinality of
S(m, I, a1, p) is atleast
$ %
m JR—
I o}
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Sincefor all n there exists a prime betweenn and 2n it

follows that the cardinality of é(m, l,ay*,p) for 1 " r is at
least $ %
m 1
I (21"
_Thus, the cardinality of
S*(m, (a1, p1), (az, P2), ..., (@m, Pm)) is at least
1+!_l$m% ! +!m$m% 1 @7
T )
w=1 w (2r) w=r w (2w)l’
which is lower bounde
|_1% %y
141 mo4
@)y W
0 ar71$ 0/01
1 gmr g m-+r
2H)m+1)(m+2)...(m+r) ' - k
(28)

The prime countingfunction #(n) which countsthe number
of primesup to n, satispedor n " 67 the inequalities[10]
n n
- < <
NIRRT
With some algebra, it follows that for n " 67, there

exists a prime betweenn and (1 + $n for $ " .
Thus the lower bound on the asymptotic cardinality of
S*(m, (a1, p1), (a2, P2), -.., (am, Pm)) canbe improved to

1
1+ (M+1)(M+2)...(m+r)

where$is anarbitrarily small positive constanandP (m) is a
polynomialin m. In thelimit m " ( , (29) is approximately

g+ P(m), (29)

2m+ r
(m+1)r
A constructionproposedby Levenshtein[7] hasthe lower
asymptoticboundon the cardinality given by
7
(logy, 2r)" mr *
Note that both (27) and the improved bound (29) improve
on (31) by at leasta constantfactor

TheupperboundU, (m) on ary setof stringseachof length
m capableof overcomingr insertionsof zerois

(30)

(31)

2m
Ur(m) = c(r)w,
asobtainedin [7], V\{'here
)= ey o
82 ((rf2)h)*  evenr

which makesthe proposedconstructionbe within a factor of
this bound. By applying the inverse T, transformationfor
n=m+1toS*(m,(a1,p1), (az,p2), ..., (@m,pm)) and
noting that both strings underthe inverseT,, transformation
can simultaneouslybelong to the repetition error correcting
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set, we obtain a code of length n capableof overcomingr
repetitions,with an asymptoticlower boundon its size being

2n+r

— (32)

An interestingrelated problemis that of interactive com-
municationwhenuser1 owns an uncorruptedcopy of a data
streamanduser2 owns a corruptedcopy of the samedata.A
methodto communicatehe minimal numberof bits from user
1 to user2 when the datastreamis corruptedby modifying
the sizesof the runs of equalsymbolsis proposedn [9]. In
contrasto our model,themodelconsideredn [9] assumeshat
thesecommunicatedits are transmittedwithout themseles
being subjectedo repetitionerrors.

V. CONCLUSION
In this paperwe discussedthe problem of constructing

.repetition error correcting codes(subsetsof binary strings).

We presentedsome explicit numbertheoretic constructions
and provided someresultson the cardinalitiesof thesecon-
structions. Specibc contritutions included a generalization
of a generatingfunction calculation of Sloane[11] and a
constructionof multiple repetitionerror correctingcodesthat
is asymptoticallya constantfactor betterthan the previously
bestknown constructiondueto Levenshtein[7].
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