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Introduction

A good classifier must accurately and efficiently separate patterns from one another,
given a set of training data. By maximizing the minimal distance from the training data to
the decision boundary, support vector machines (SVMs) can achieve an errorless
separation of the training data if one exists and a relatively low error separation if the data
IS inseparable. Maximizing the minimum margin takes SVMs one step forward from
earlier perceptron algorithms [Hastie 2001, p. 107-111]. One advantage of SVMs is the
ability to ignore outliers that may cause problems in other classifiers such as those that
minimize mean squared errors. In addition, since SVMs are formulated as quadratic
programming problems, they do not suffer from the complicated local minima issues of
multilayer neural network classifiers.

1. Support Vector Machines

I will first address SVMs used in two class problems, and then cover SVMs used in
multiple class problems.

1.1 Two Class Problem Formulation

In the most basic setup, the training data is drawn from an m-dimensional universe with
just two classes. Each training datum is represented by an m-dimensional vector x that
belongs to either class A or B, where the union of A and B is the universe. Much of the
two class SVM derivations are referenced from [Boser 1992] and [Abe 2005].

The training data consists of a set of vectors x,,x,,...x,,...x ,; we label each x, either

+1 or -1 to associate it with a class: e.g. +1 for class A and —1 for class B. A training set
containing p training points of vectors x, and labels /; would look like:

[, =1 if x, eclassA
[, =-1 ifx, eclassB

A AN A where{ )

1.1.1 Decision Function

Given the training data, the algorithm must derive a decision function (i.e. classifier)
D(x) to divide the two classes. The decision function may or may not be linear in x
depending on the properties of the corpus and which kernel is chosen. For a classification
scheme shown in Equation 1, a decision value of D(x)=0 would be on the boundary



between the classes. Any new, unknown vector x can be classified by determining its
decision value: a positive decision value places x in class A, and a negative value places
x in class B.

The decision function is a multidimensional surface that optimally divides the different
classes. In our simple pedagogical example, D is some linear function of x = (x, y) that
divides the two classes by maximizing the distance between itself and the nearest points
in the corpus, as shown in Figure 1.

D= f(x,y)

Figure 1: Decision function for the pedagogical example

The decision function of an unknown input vector x can be described in either direct
space or dual space. In direct space, the representation of the decision function is:

D)= Y w0, (x)+, @

where the ¢, are previously defined functions of x, andw,and b are adjustable weight

parameters of D. Here, b is the bias, i.e. offset of D. In dual space, the decision function
IS represented by:

D(x)=Zp:akK(xk,x)+b, (3)

where the @, and b are adjustable parameters, and x; are the training patterns. The direct

space and dual space representations of D, i.e. Equations 2 and 3, are related to each other
via the following relation:

w; :Zi:ak%(xk)- 3)

K is a predefined kernel function of the form



K(X'X’): Z¢i(x)¢i(x!)' 4)

1.1.2 Kernel Functions

There are many different options for the kernel function, depending on the structure of
the training data. Since D is linear in all other parameters, the function K determines the
complexity of D: e.g. D is linear if K is linear and D is exponential if K is exponential.

A common kernel is the linear or first order kernel given by:
K(x,x')=x-x'. (5)

For data that cannot be separated using hyperplanes, one might try a higher order
polynomial kernel. Polynomial kernels of degree d is given by:

K(x, X') = (XT . x'+1)d : (7)

Many other kernel functions have been developed for support vector machines [Shawe-
Taylor 2004], including radial basis function kernels, neural network kernels, spline
functions, and Mahalanobis kernels. Some of these special kernels were developed for
specific applications such as image processing or speech recognition. In the situations
that I am focusing on, it does not seem necessary to go into these other kernels, so the
scope of my implementation shall be the family of polynomial kernels. Of course, it is a
trivial task to change the kernel to a special application kernel by adjusting the K
function.

1.1.3 Maximizing the Margin
Assume the training data is separable. Given m-dimensional vector w and bias
b, D(x)/|w] is the distance between the hypersurface D and pattern vector x. Define M as

the margin between data patterns and the decision boundary:

>M (8)
Maximizing the margin M produces the following minimax problem to derive the most

optimal decision function:

max min/, D(x, ). (9)

winlt &

Figure 2 shows a visual representation of obtaining the optimal decision function.



Figure 2: Finding the decision function. The decision function is obtained by determining the maximum
margin M*. Encircled are the three support vectors.

The following Lagrangian in the dual space can be used to solve the optimization:

1 p
L(w,b,m)=5||w||2 - a1, D(x,)-1] (10)

k=1
subject to a, 20, k=12,...,p (11)
and satisfies o, D(x,)-1]=0, k=12,...p (12)

where the «, are the Lagrange multipliers, and Equation 12 is the Karush-Kuhn-Tucker

condition. Taking the partial derivatives of the Lagrangian with respect to w and b
produces two equations:

)4
W=Zaklk(0k (13)
k=1
and
P
>l =0 (14)
k=1

Substituting Equations 13 and 14 into Equation 10 gives:

D
J(u):Zak—iu-H-a (15)
p=i 2
V4
subject to Y a,l, =0 and (16)
k=1



a, 20, k=12,....,p. 17
The kernel function K is contained in the p x p matrix H, which is defined by
Hkm = ZklmK(Xk’Xm) (18)

The optimal parameters a* can be found by maximizing the Lagrangian using quadratic
programming. The training data that corresponds to non-zero values in a* are the support
vectors. There are usually fewer support vectors than the total number of data points. The
constraint in Equation 16 requires at least one support vector in each class. Assuming two
arbitrary support vectors x , € class Aand x, e class B, the bias 5 can be found:

* 1 Z *
b :_Ezlkak[K(XA'Xk)+K(XB'Xk)]' (19)
k=1
The decision function is therefore:
D(x)zzpllkaZK(xk,XHb*. (20)
k=1

Each datum x is classified according to

sgn[D(x)]. 1)

1.1.4 Soft Margin Classifier
When the data is not completely separable, slack variables are needed to allow some level
of error. Define a set of slack variables &, , k£ =1...p so that

,D(x,)=1-¢&,, (22)

as illustrated in Figure 3. .-

Figure 3. Examples of slack variables for soft margin classifiers.



There are two architectures for soft margin classifiers. One penalizes the linear sum of
the slack variables, and the other penalizes the square sum. | will be using the first
architecture. More information on least squares SVMs can be found in [Suykens 2003,
Ch. 8].

The soft margin Lagrangian can be reduced to the form:

P
J(a):Zak—la-H-u (23)
k=1 2
p
subject to D a,l, =0 and (24)
k=1
C>a, 20, k=1..,p, (25)

which is identical to that of the hard margin Lagrangian (Equation 15) except for the
constraint C >, >0, where C is some sufficiently large number. Now the optimal

parameters can have three possible range of values: «,=0, C > ¢, >0, or a,=C . Data
corresponding to C > «, > Oare unbounded support vectors, for which the corresponding
slack variables equal zero. Data corresponding to «,= C are bounded support vectors.

Like the example shown in Figure 3, if the corresponding slack variable is between 0 and
1, then the datum is classified correctly; if the slack variable is greater than 1, then the
datum is misclassified.

Once the optimal parameters a* are found, the bias and decision function is determined
in the same way as discussed in Section 1.1.3.

1.2 Multiple Class Problem Formulation

Since SVMs were originally designed for two class problems [Vapnik 1996], when there
are more than two classes in the universe, the problem is formulated a little differently.
The four main types of SVMs that handle multi-class problems as discussed in [Abe
2005] are:

1. One-against-all SVMs,

2. Pairwise SVMs [Li 2002],

3. Error-correcting output code SVMs,

4. All-at-once SVMs.

There are advantages and disadvantages to each kind of method. One-against-all and
pairwise SVMs often have regions in the space that are not classifiable. Figures 4 and 5
show examples of unclassifiable regions by the one-against-all and pairwise SVMs in 2-
D environments having three classes using first order kernels. These unclassifiable
regions can be reduced or eliminated by using more involved architectures such as
decision trees, directed acyclic graphs, fuzzy SVMs, or cluster-based SVMs.

The advantage of the all-at-once SVM is the resolution of unclassifiable regions in the
other methods without using any fancy architectures. The implementation is quite clean



and can be built directly upon the two class problem structure. The only difference in the
problem formulations is the structure of the class labels.

DB(X) - DAB(X) = 0

X2 X2
DA(X) =0

> K

J

Dyc(x) =0

/ »
/ DC(X) =0 DBC(X) =0

0 X, 0 X
Figure 4. Unclassifiable regions by one-against- Figure 5 Unclassifiable regions by pairwise
all SVM. [Abe 2005, p. 85] SVM. [Abe 2005, p. 97]

Of the two formulations mentioned in [Abe 2005, p. 118-122] for all-at-once SVMs, |
choose to represent the class labels as a p x ¢ dimensional matrix, where ¢ is the number

of classes, and for each label:

(26)

; {n—l for x, eclassj
k

-1 otherwise.

The advantage of this formulation is the relatively small number of changes that need to
be made to the two class quadratic programming optimizer in order to handle multiple
classes.

1.2.1 Multi-Class All-At-Once Optimizer

The all-at-once SVM optimizer follows the same derivation steps as those shown for the
two class classifier in Section 1.1.3. The resulting soft margin Lagrangian is very similar:

P
J(a):Zak—ia-H-u (27)
k=1 2
p
subject to >l =0, j=1..,c and (28)
k=1
C>(c-1)a, 20, k=1..p. (29)

The matrix H, is now defined by:



c

Hkm = zllflhiK(Xk’an) (30)

j=1

The decision function for each class is now given by:

D,(x)=Ylja;K(x,,x)+b]. (31)

P
k=1

And the datum x is classified into class

argmax D, (x). (32)

j=Ll..c

2 Implementation

| first implemented two class support vector machines and tried the algorithm on a simple
2-D toy problem, which is discussed in Section 3. I then adjusted the kernel functions,
which produced different decision functions, as expected. To apply the algorithm to a real
problem, | chose to use a set of hand drawn circle-line data (i.e. 0, 1 digits) on which to
apply the SVM classifier. | also developed an error computation function to judge the
performance of the classifier.

The next step was to expand the two class SVM to multi-class SVM. Again, the
algorithm was first applied to the 2-D toy problem and then to the 0-9 handwritten digits
problem.

The SVM implementation was developed in MATLAB 7.0.4.

2.1 Two Class

There are several primary components to the SVM implementation: the decision function,
the soft margin optimizer Lagrangian J, and the kernel function, in addition to some
secondary components: an input data script, a helper function to extract the supports, an
output script for 2-D data, and a run script.

The input data script defines a p xm matrix called xTrain, which is the set of all the
training data, and a p x1 matrix called labels, which contains the values +1 and -1
depending on the corresponding class of the training data.

The optimizer is of the form [alpha, b] = J(XTrain, labels). It uses the
training data and labels to first find the H matrix via Equation 18, and then uses quadratic
programming (MATLAB’s quadprog function) to find the optimal alpha vector via
Equations 23-25. It calls the function supports to obtain one support from each class,
and uses them to calculate the bias b via Equation 19.



The helper function supports extracts the unbounded support vectors given a set of
alpha by testing that each element in alpha is >0 and <C. It also returns another
matrix containing one arbitrary support from each class, which is used for finding the
bias b in the optimizer.

The kernel function is of the form K = Kernel (x1, x2). For this function, | have
simply implemented Equation 7 with variable d.

The decision function is of the form D = Decision(alpha, b, x, XTrain,
labels) and follows Equations 20 and 21.

The output2D script plots the training data for each class, and then plots the line or
curve for which the decision function is zero.

The RunSVM script calls the input data script, the optimizer, and the output script (for 2-
D data only).

2.2 Multiple Class

The implementation for multi-class SVM can be built upon the two class SVM with a
few changes to the input data script, the optimizer, and the decision function.

The input data script either defines the labels directly according to Equation 26 or
converts existing labels from a different format. In the optimizer function, the H matrix is
calculated with another summation over the classes, as dictated in Equation 30, and the
quadratic programming requires a whole set of equality constraints found in Equation 28.
The decision function computes one decision value for each class, and returns the index
of the maximum decision value via Equations 31 and 32. The indices correspond to the
class into which the datum x is classified.

The output script for 2-D data plots the training data for each class using different sized
markers, and also shades the regions determined by the decision function using different
shades of color.

2.3 Error

To generate some metric which can be used to judge the performance of the algorithm, |
implemented an error function of the form lossO_1 = error0O_1(alpha, b,
xTrain, labels, xTest, labTest). This function runs the decision function
on all of the test data xTest using a set of alpha and b values which had been trained
from xTrain and labels. For every instance that the decision function output does not
match the test data labels labTest (i.e. the test datum is misclassified), then a loss of 1
is incurred. In the end, the rate of error is given as a decimal by dividing the accumulated
loss by the total number of test data.



2.4 Cross Validation

For a limited set of data, the error of the classifier can be estimated using cross validation.
Usually it is sufficient and computationally advantageous to use k-fold cross validation,
but in the case of support vector machines, the leave-one-out (LOO) method is not too
computationally poor. This is because the LOO only needs to be applied to support
vectors (bounded and unbounded) and not all data points [Abe 2005, p. 74], since any
datum that is not a support vector can be eliminated and the same classifier will be
generated, ensuring that the datum that had been left out will definitely be classified
correctly when being tested against.

Cross validation is implemented in the form cvErr = crossValidation
(XTrain, labels). It first generates a set of alpha and b values by training all of
the data. Then it calls the supports helper function to find all support vectors. Iterating
through the support vectors, the optimizer function is called with the training data leaving
out the current support vector and accumulates an error by calling the error0_1 function
on the LOO data. In the end, the cumulative error is normalized by the total number of
data points.

3 Performance Demonstration on 2-D Example Problem

A randomly generated 2-D toy problem is used to visually observe the results of the
classifier. Although the actual values of the example data are not important, | include it in
the figures of this section just for reference. The labels can be changed for demonstrating
different data configurations.

3.1 Two Class Classifier

The first thing to do is to run the two class SVM on the data shown in Figure 6 using a
linear decision function. The resulting divider uses three support vectors, as expected.

1OE_xampIe Problem Data with Linear Decision Function x| x2 / a

8t 3|5 |+1 0
67 4 |6 |+1 0
4t 2 | 2 |+1]0.065
& 714 |+1 0
£ 0 918 |+1| O
2 51-2|-1| 0
N -8 |2 |-1]0.015
- 21-9/-1] 0
5 1|-4|-1] 0.05

-10

Figure 6. Linear decision function for example data. Encircled are the support vectors. The data point
values, labels, and optimal parameters o are shown on the right.

10



Notice that there are three support vectors in the example problem shown in Figure 6. It
may seem that the number of support vectors must be at least the Vapnik-Chervonenkis
(VC) dimension (i.e. p +1) of the data, but this is not necessarily true. Figure 7 shows an

example of data in 2-D that is classifiable using only two support vectors.

. Example Data with Only Two Support Vectors x| x2 )i a
s} S 315]|-1 1
6 416 |-1 1
ar + 2|12 +1| O
a8 % 714 |+1 0

< 0r 918 |+1| O
2 : S51-2]-1 0
| ) 8(2|-1| O
i 2|9(-1] 0
o X , 1]|-4(-1] 0
-10 g 5 4 0 2 4 g 8 10

Figure 7. Example of 2-D data that only has two support vectors

Not all training data situations may be completely separable. In these cases, the soft
margin classifier should minimize the error of misclassified points while also maximizing
the minimum margin of the unbounded support vectors. In Figure 8, there are two
bounded support vectors and three unbounded support vectors. Of the two bounded
support vectors, one of them is misclassified.

"o Inseparable Data with Linear Decision Function x; | x; )i a

8 3|15 |-1] 100
6 4 |6 |+1|30.58
at 2|2 |+1] 100
2 7|4 |+1 0

<0 918 |+1 0

el S51-2]-1 0

K| 82 |-1| 093
o 2/-9/-1| 0

o A 1]-4|-1]29.64
08 6 4 2 0 2 4 6 8 10

Figure 8. Example data which is linearly inseparable. Encircled are the unbounded support vectors. The
arbitrary bound C is set to 100.

In order to better separate the data, one might try a higher order kernel function. Figure 9
shows the same data that is separable by a hyperbola.
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i Example Data with 2™ Order Decision Function x; | x [ o
5l i, 3]5]-1]04918
5} 4 |6 |+1|0.3061
at % 2 |2 |+1]0.2423
r o 74 |+1 0
<0 918 |+1 0
2 -51-2| -1 0.0565
i : 8|l2|-1| o0
| 219|-1 0
g B ‘ 114|-1 0
-10 8 53 4 0 2 4 6 3 10

Figure 9. A quadratic decision function cleanly separates the example data.

The second order decision function may separate the data without misclassifications,
however it may not be the best choice for the example data in general. To check this, |
found the LOO cross validation errors for both the linear and second order decision
functions. It turns out that the cross validation error for the linear classifier is 0.33 and for
the second order classifier is 0.44. Thus I can conclude that a linear classifier is probably
the better choice for the example data in Figures 8 and 9, even though the data are not
linearly separable.

3.2 Multiple Class Classifier

Running a multiple class linear classifier on the example data with different class labels
produce the results shown in Figure 10, as expected.

. Ex‘ample Multi-class Data with Linear Dividers X; X2 / a
a % 3 | 5 |+2-1-1] 0
y \\ 4| 6 |+2-1-1] 0
4 \ 2 2 | +2-1-1| 0.007
2 o N : 7 | 4 |[+2-1-1] O
R \\ 9 | 8 |[+2-1-1| ©
’ °©f 5 | -2 | -1+2-1 0.007
! fo0° 8| 2 |-1+2-1| 0
i 2| -9 |-11+2| 0
. % 1 | -4 |-1-1+2| 0.007

e
=)
<o
(o]
(o2}
N
(o]
=
[an]
oy
(2]
[es]
=y
[l

Figure 10. Linear separators for a 3 class example problem. Data with different labels are represented
as circles of varying sizes.

A more interesting case is when the data is inseparable. Figure 11 shows a new label
assignment that results in data that is inseparable with linear decision functions. Many of
the points are misclassified.
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o0 Inseparable Data with Linear Dividers X; X5 Ji o
8t 3 5 |+2-1-1 0
B 4 6 |+2-1-1 0
4 2 2 | +2-1-1|0.0157
5 8 7 4 | -1+2-1|0.0073
<o 9 8 |-1+42-1 0
* 5 | -2 |-1+2-10.0084
Al 7 8| 2 [-1+2-1| 0
i 2| -9 [-1-1+2] o0
b A 1 -4 | -1-1+2|0.0157

iy
=)
[l
(o]
(o2}
I
[y
=gl
(g}
i
(2]
[es]
—y
[l

Figure 11. Linear separators for an inseparable example problem

Now trying a second order divider in Figure 12 produces a much better result in which
only one point is misclassified. The divider looks disconnected due to the resolution of

the graphing function.

- Inseparable Data with 2" Order Dividers X; X2 / o
gl ' 35 [+2-1-1] o0
6t 4 6 | +2-1-1 | 0.00005
4 2 2 | +2-1-1]0.00042
2 7 4 |-1+2-1 0
<O 9 8 |-1+2-1 0
N -5 | -2 | -1+2-1|0.00047
o 8| 2 |[-1+2-1| O
) 2|9 [-1-142| O
1 | -4 |-1-1+20.00047

3
L)
[e4]
[
Eis
=]
="
(o]
I
@
[es)
—
o

Figure 12. Second order separators greatly improve the performance.

Trying a third order divider in Figure 13 worsens the result. In fact, one of the regions
contains no training data. The poor performance is likely because the optimizer does not

find the optimal curves which are of third order.
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- Inseparable Data with 3" Order Dividers X; X ] a

8l 3|5 [+2-11 0

3 4 | 6 |+2-1-1 0
al 2 | 2 | +2-1-10.00004
o : 7 | 4 | -1+2-110.00001

<0 X 9 | 8 |-1+2-1 0
B 5 5 | -2 | -1+2-1|0.00004

il @ 8| 2 |-142-1] o0

N 2|9 |-1-1+2] O
.9 e 1 | -4 | -1-1+2 |0.00005

e
e

!
o
[ee]
[a2]
I
ka
ok
ka
Ia
(=)
fe)
—
[

Figure 13. Third order separators perform quite poorly.

Therefore, for this particular setup of training data, the best classifier is most likely of
second order.

4 Pen Digits Problem

Handwritten numerals classification is a useful real-world application for support vector
machines. It is also the fortunate case that an abundance of data already exists for this
problem.

4.1 Training and Testing Data

The handwritten numerals data can be obtained from the UCI Repository of machine
learning databases [Newman 1998], under the “pendigits” directory. E.Alpaydin and F.
Alimoglu of Bogazici University in Istanbul, Turkey provided the database, which
contains a total of 10992 data points. Such a large collection of data, while theoretically
able to reach very accurate results, is too much for most personal computers to handle—
either it takes an unreasonable amount of time to solve the optimization or the machine
runs out of memory. Moreover, very reasonable classifiers can be achieved with far fewer
data. Therefore, | generally use one or two hundred data points for training, and a few
more hundred for testing.

Each data holds the (X, y) position information of 8 sample points within a handwritten
numeral, so the dimension of the data is 16. All of the data are normalized to be within
{0, 0} and (100, 100).

4.2 Zero-One Classification

To demonstrate the performance of the two class SVM, | used only the 0 and 1 digits
from the database. One hundred data points were used for training and 627 other data
points were used for testing. | used fewer training data to save time during optimization
and cross validation.
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| ran the cross validation errors on the training data even though there was plenty of data
because | was curious to see how it compares to the test data. The classifier was run for
several different ordered kernels. It turned out that the cross validation error for each of
the kernels happened to all be the same: 0.01. The error results are shown in Figure 10.

0.010

0.009

0008

Test Error
o o
o b=
o o
[w)] -l

0005

0.004F

0003

Kernel Order

Figure 14. Performance of zero-one classification over different ordered kernels

From the results in Figure 14, it appears that the most optimal kernel for classifying the 0
and 1 digits is around third order. Anything above a fourth order kernel shows signs of

over-fitting from the increasing test errors.

4.3 All Digits Classification

To demonstrate the performance of multi-class SVM, | applied the algorithm to 500
training and 1000 testing data in the pendigits database. Since there were plenty of data
and cross validation would take too much time, | used only test error as the performance
metric. Running the classifier with different ordered kernels produces the test errors in
Figure 15.

Test Error

2 3 4 5 6 7 8 @9
Kernel Order
Figure 15. Performance of all digits classification over different ordered kernels

The results in Figure 15 show that the most optimal kernel is of seventh order. Using the
seventh order kernel, | found the recognition rates for each digit, as shown in Figure 16.
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0.9 — -

0.8 ~

0.7 — —

0.6 —

0.5 ~

0.4 -

Recognition Rate

0.3+ . -

0.2 — —

0.1 — —

0 1 2 3 4 5 6 7 8 9
Digit

Figure 16. Recognition rate for each digit

From the results in Figure 16, it appears that SVMs have a difficult time recognizing a 1
or a 7. This may be the downfall of using only 8 sample points from a handwritten
numeral to represent the numeral. Often, the data for 1 and 7 are extremely similar. For
example, here are two typical pieces of data:

X label

59 |65 |91 110084 |96 |72 |50 |51 |8 |0 |O [45|1 |100|0 1

O [78 129 1100[94 |86 |70 148 |42 |11 |32 |0 |25 |36 |100 )40 7

For the most part, many of the corresponding elements in each x vector are similar. Also,
because the data is sampled over time, the horizontal piece on the 7 digit tends to only
have 1 point associated with it, since most people tend to spend more time writing the
vertical portion of the 7 than the horizontal portion. This may be contributing to much of
the problem with distinguishing the 1 digit from the 7 digit.

5 Conclusions and Future Research

In this paper, | have discussed the derivations of support vector machines for two class
hard margin classification, soft margin classification, classification using different kernel
functions, and multi-class classification. After implementing all of these SVM
capabilities into MATLAB, | used a 2-D example data set to illustrate the performance of
the SVMs through visual output for both two class and multi-class examples.

I then applied SVMs to the handwritten numerals recognition problem, starting with
distinguishing between 0 and 1 digits, and concluding with classifying all the digits from
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0 to 9 all at once. I found that the most optimal kernel for classifying the 0 and 1 digits is
around third order, and the most optimal kernel for classifying all digits at once is fifth
order.

Classifying handwritten digits is only one problem at which SVMs perform very well. In
addition to digits recognition, SVMs are useful for many other applications, such as those
mentioned in [Byun 2002]. My future research interest is in gesture recognition, so it
would be interesting to see how well SVMs perform on gesture recognition, whether
temporal gesture data improves the performance of SVMs, and what kinds of kernels
would best serve this purpose.
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