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Abstract

The objects in many real-world domains can be organizedigi@rchies, where
each internal node of a hierarchy picks out a category ofotdjesiven a collec-
tion of features and relations defined over a set of objentanaotatechierarchy

includes a specification of the categories that are mostlefdescribing each
individual feature and relation. We define a generative mfmeannotated hier-
archies and the features and relations that they descmiged@velop a Markov
chain Monte Carlo scheme for learning annotated hieraschiée show that our
model discovers interpretable structure in several realddata sets.

1 Introduction

Researchers in Al and cognitive science [1, 7] have proptsadhierarchies are useful for rep-
resenting and reasoning about the objects in many reabvamnains. Each node in a hierarchy
represents a category that includes all of its descendamdspne of the reasons that hierarchies are
valuable is that they compactly specify categories at mawgl$ of resolution. Consider, for exam-
ple, the simple hierarchy shown in Figure 1a, which picksfiwat categories relevant to a typical
university department: employees, staff, faculty, pretes, and assistant professors.

Suppose that we are given a large data set describing thedsaif these employees and the in-
teractions among these employees. Each of the five categeifleaccount for some aspects of
the data, but different categories will be needed for urtdading different features and relations.
“Faculty,” for example, is the single most useful categanydescribing the employees that publish
papers (Figure 1b), but three categories may be neededdolethe social interactions among the
employees (Figure 1c). In order to understand the structiitee department, it is important not
only to understand the hierarchical organization of thelegges, but to understand which levels of
this hierarchy are appropriate for describing each feadnrkeach relation. Suppose, then, that an
annotated hierarchys a hierarchy along with a specification of the levels in thexdrchy that are
relevant to each feature and relation.

The idea of an annotated hierarchy is one of the oldest pad@wscognitive science, and researchers
including Collins and Quillian [1] and Keil [7] have argudtht semantic knowledge is organized
into representations with this form. Previous treatmeh&nmotated hierarchies, however, usually
suffer from two limitations. First, annotated hierarch@e usually hand-engineered, and there
are few proposals describing how they might be learned frata.dSecond, annotated hierarchies
typically capture knowledge only about the features of otsjerelations between objects are rarely
considered. We address both problems by defining a generatidel for objects, features, relations,
and hierarchies, and showing how it can be used to recoverratated hierarchy from raw data.

Our generative model for feature data assumes that thetslajgelocated at the leaves of a rooted
tree, and that each feature is generated from a partitiolmeoblbjects “consistent” with the tree. A
tree-consistent partitiorof the objects with respect to a rooted tree is a partitionhef ebjects
into disjoint classes such that the objects in each clasegmonds exactly with the leaves de-
scending from some node in the tree (Figure 1a,b). Thereéoteee-consistent partition can be
encoded uniquely as the set of nodes whose leaf descenaenpsise the classes. The simplest
tree-consistent partition is the singleton set contaitiiegroot node, which places all objects into a
single class. The most complex tree-consistent partisdhe set of all leaves, which assigns each
object to its own class. Given the tree-consistent pantitay a particular feature, its value for one
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Figure 1: (a) A hierarchy over 15 members of a university dpent: 5 staff members, 5 professors
and 5 assistant professors. (b) Three binary features ofadtich is associated with a different tree-
consistent partition of the objects. Each class in eaclitiparts labeled with the corresponding node
in the tree. (c) Three binary relations, each of which is eiséed with a different tree-consistent
partition of the set of object pairs. Each class in eachuamtis labeled with the corresponding pair
of nodes.

object is conditionally independent of its value for all etfs in different classes. Within each class,
the feature is independently and identically distributebas the objects. Therefore, finding the cat-
egories in the tree most relevant to a feature can be forawhiz finding the simplest tree-consistent
partition that best accounts for the distribution of thetdiea (Figure 1b). We therefore define an
annotated hierarchy as a hierarchy together with a set@efdoasistent partitions for all features.

Although most discussions of annotated hierarchies foouteatures, much of the data available
to human learners comes in the form of relations. Undergtarttie structure of social groups, for
instance, involves inferences about relations BEldenireg-, -), friend of(-, -) andbrother of(-, -).
Like the feature case, our generative model for relatioath dissumes that each (binary) relation
is generated from a tree-consistent partition of the setl afrdered pairs of objectsvhich can be
viewed as an annotation of the tree. Each class in a tredstentspartition now corresponds to a
pair of nodes (Figure 1c). As in the feature case, the pamtftr each relation asserts independence
between classes. Within each class, the relation will exitst some probability between every ob-
ject pair in the class. Again, every partition must be “cetesit” with the same tree in the feature
case. As in the feature case, finding the categories in teenost relevant to a relation can be for-
malized as finding the tree-consistent partition that besvants for the distribution of the relation.
Intuitively, this is the simplest partition in which the @lgj pairs within each class have roughly the
same probability of exhibiting the relation. The final piefeur generative model is a prior distri-
bution over rooted trees representing hierarchies. At ha keigel, the best hierarchy will be the one
that provides categories with which the features and mratcan be most compactly summarized.

Like other methods for discovering structure in data, oyrapch may be useful both as a tool
for data analysis and as a model of human learning. Afterribésg our approach, we apply it to
several data sets inspired by problems faced by human lsa@er first analysis suggests that the
model recovers coherent domains given objects and fedtarasseveral domains (animals, foods,
tools and vehicles). Next we show that the model discoveespretable structure in kinship data,
and in data representing relationships between ontolbigivds.

2 A generative model for features and relations

Our approach is organized around a generative model fanredata and relational data. For sim-
plicity, we present our model for feature and relationabdsgparately, focusing on the case where
we have a single binary feature or a single binary relatiofter®presenting our generative model,
we describe how it can be used to discover annotated hiéearftbm data.

We begin with the case of a single binary feature and definenaddstribution over three entities:

a rooted, weighted, binary tréewith the O objects at the leaves; a tree-consistent partition of the
objects; and feature observations organized into a colundata,d, whered, is the value of the
feature for objecb. Lete,, be the edge (with weight,,) connecting the node to its parent. For
brevity, we identify the root of the treE with 7' itself and each leaf;, with the object it represents.
When clear from context, we also identify the subtree roa@ted noden with n itself. A tree-
consistent partitionr is represented by a set of subtrdes, ns, ..., nt}, such that each object
belongs to exactly one subtreesinin Figure 1b, three tree-consistent partitions assatiatth the
hierarchy are represented and each class in each parstiabdled with the corresponding subtree.

The joint distributionP (T, , d|X, vy) is induced by the following generative process:



i. Sample a tred” from a uniform distribution over rooted binary trees withleaves (each
leaf will represent an object and there &bjects).

ii. For each edge,,, generate its weighty,,, according to an exponential prior distribution
with parameten, i.e. p(w,|\) = Ae= ¥,

ii. Generate a tree-consistent partitian = {n1,no,...,n,} according to the following,
recursively-defined, mutation process starting at the mog€T":

1. If nis aleaf, letr; := 7y U {n}.
2. With probabilityl — e=", let7; := 7y U {n};
3. Otherwise, recurse on the left and right childrem of

Intuitively, if an edge in the tree has a large weight, thecpss is more likely to stop
at the edge and group all the data below it. For pblishesfeature in Figure 1b, the
tree-consistent partition isF, S}.

iv. Foreach subtree € 7y, generate a paramet@y ~ Beta(~ys,v¢), whered,, is the proba-
bility that objects in the subtreeexhibit the featuref. Returning to th@ublishesexample
in Figure 1b, two parameter@; andfg, would be drawn for this feature.

v. For each objeat, drawd, ~ Bernoulli(d,,), wheren € 7 is the subtree containing

Consider now the case where we have a single binary relagfinedl over all ordered pairs of
objects{(0;,0,)}. In the relational case, our joint distribution is definecoa rooted, weighted,
binary tree; a tree-consistent partition @idered pairsof objects; and observed, relational data
represented as a matiXx whereD, ; = 1 if the relation holds betwees ando; .

Given a pair of subtree@:;, n;), letn; x n; be the set of all pairs of objects;, o;) such thab;

is an object in the subtreg ando; is an object in the subtree;. With respect to pairs of objects,
a tree-consistent partitiom, is a set of pairs of subtred$n;, ,n;,), (ni;,ns,), ... } such that, for
every pair of objectgo; , 02), there exists exactly one pait;, n;) € 7 such thatoy, 02) € n; x n;.

If we reordered the columns and rows of the maiaccording to an in-order traversal of the binary
treeT’, each tree-consistent partition would split the matriwiobntiguous, rectangular blocks (see
Figure 1c, where each rectangular block is labeled withukdree pair). Assuming we have already
generated a rooted, weighted binary tree, we now specifgéherative process for a single binary
relation (c.f. steps iii through v in the feature case):

iii. Generate a tree-consistent partition = {(n,, 14, ), - - ., (R, , N4y, ) } @ccording to the
following, recursively-defined, mutation process defineer@ pair of treegn, m), starting
atthe nodes =m =T

Lett,, be the total sum of the weights of all edges above edge the path to the root (i.e.
including the weight of the root but not the weightof Letn* = nif ¢, + w, <t +wpm,
andn* = m otherwise. That isp* is the “lighter” node. Letw* = max{t,, t,,}. Then,

1. If n andm are both leaves or if* is a leaf, thenr, := 7, U {(n,m)}.
2. With probabilityl — e=2(wn*=") letr, := m, U {(n,m)}.
3. Otherwise, recurse on the left and right childremtfkeeping the other node fixed.

Intuitively, if a pair of edges in the tree both have largegtds, the process is more likely to
group all pairs of objects below those two edges. In Figurétictree-consistent partition
for theworks withrelation is{ (S, S), (S, F), (F, S), (F, F)}.

iv. For each pair of subtre€s.;,n;) € ., generate the parametéy,, ,,, ~ Betay,,v,),
whered,,, ,,; is the probability that the relation holds between any patgects inn; x n;.

For theworks withrelation in Figure 1c, parameters would be drawn for eacthefour
classes in the tree-consistent partition.

v. For each pair of object®;, o;), drawD; ; ~ Bernoulli(f,,, », ), where(n;,ny) € m, is
the subtree containin@;, o;). That is, the probability that the relation holds between a
pair is the same for all pairs in a given class.

For data sets with multiple relations and features, we asestimat all relations and features are
conditionally independent given the weighted tiée



2.1 Inference

Given a data set of features and/or relations defined on af ssdjects, we would like to deter-
mine the maximuna posteriori(MAP) weighted tree, having marginalized over the treeststent
partitions and class parameters. Given the MAP tree, we dietgrmine the MAP tree-consistent
partition for each feature and relation. We find an approxMAP tree using a Markov chain
Monte Carlo (MCMC) scheme to search the space of weighted tr&he marginal likelihood of
each candidate tree is efficiently computed by a dynamicrarog

The posterior probability of the weighted treE, given dataD = ({df}jle, {D,}% ) over©
objects,F features ant relations and parameteksandy = ({vs}7_, {7 }7%1) is

20-1 F R
P(T|D, )\, 7) « P(T|N) P(D|T,~) = ] Ae™ " [] P(delT,vy) [ [ P(D:IT, )
i=1 f=1 r=1
We first present a dynamic prograffi;(n) = T;(T,n,d¢,vs) for calculatingT;(T) =

P(d¢|T,~y), the marginal probability of the data associated with femty conditioned on the
weighted tree and the hyperparametgr The programT is defined in terms oMy (n) =
M (T, n,ds,vy), the marginal probability of the data associated with thab in the subtree
rooted at the node. For our binary data setd[;(n) is the standard marginal likelihood for the
_beta-bijnomial model. If parts of the data are missing cotepteat random, they can simply be
ignored.

First observe that, for all objects (i.e. leaf nodesY ¢ (o) = My (o). Assume the mutation process
has reached node At this point, the process either terminates with probgbll — e~*~, in which
case the contribution tf; will be M (t), or it continues onto both children @f .1 eft andn.rignt.

If it continues, then the possible ways in which the data undéen will be grouped include every
tree-consistent partition of the objects beléwert paired with every tree-consistent partition of
t.rignt. Altogether, this yields the following recurrence:

T (n) = (1 —e ™ )Mys(n) 4+ e *“nTs(nieft) Ty(nright) if nisaninternal node
=AMy (n) otherwise

It is important to note that, the progrdihis effective only ifM can be efficiently computed over
trees. Fortunately, this includes many standard conjuggenential models, allowing this model
to handle a wide variety of data.

In the relational case, we define a progray(n,m) = T..(T,n,m,D,,~,) over pairs of nodes
(n,m) that calculatesT,. (T, T) = P(D.|T,~.), the marginal probability of the data associated
with relationr, conditioned on the weighted tree and the hyperparametefhe prograntl,. is
defined in terms oM., (n, m) = M,.(T, n, m, d¢, 7,-), the marginal probability of the relational data
associated with the pairs of objectssiinx m. For relationsM(n, m) is the beta-binomial. Let
w* = max{t,,t,, }, wheret,, is the total sum of the weight of the edges above the edgket

n* = nif t, + w, < t, +w, andn* = m otherwise. That isp* is the “lighter” node. Ifn and

m are both leaves or* is a leaf, therT,.(n, m) = M,.(n, m). Otherwise,

T, (n,m)

(1 = e 2= )M, (n,m) 4+ e~ 2Wn =T, (nireft, m)T,(nright,m) if nis lighter
T = e 2wm=wIN)ML (n, m) + e 2@m=WIDT, (n,mieft )T, (n, mright) if m is lighter

For all the results in this paper, we fixed the hyperparameteall beta distributions tee = 0.5
(i.e. the asymptotically least informative prior) and repbe MAP tree and MAP tree-consistent
partitions conditioned on the tree. The MCMC scheme we usedoch the space of weighted trees
is adapted from [13]. In particular, we cycle through threetidpolis-Hastings moves:

i. Subtree Pruning and Regrafting: Choose a nedmiformly at random (except the root).
Choose another nodé that is not a descendant of Sampleu ~ Uniform(0, 1). Detach
n from its parent and reattach it aboné Then setw,, := uw,  and setw, := (1 —
u)wy,/. Note that this move yields a symmetric proposal, so thaMb#&opolis-Hastings
acceptance ratio for this move reduces to the ratio of theymalrlikelihoods of the tree
before and after the move.

ii. Edge Weight Adjustment: Choose a nodeuniformly at random (including the root).
Propose a new value far,, distributed as Normélog(w,), 1).



iii. Subtree Swapping: Choose a nadeniformly at random (except the root). Choose another
noden’ such that neithen norn’ are descendants of each other, and swapdn’. (This
is a symmetric proposal.)

The first two moves suffice to make the chain ergodic; subtnegpping is included to improve
mixing. The initial tree topology was generated by runnitandard, agglomerative, hierarchical
clustering (HC) with the Hamming distance mettiGiven the initial topology, the weights of all
edges were set to a fixed, constant value and the chain was hafk for roughly 10,000 iterations
(after which point it rarely improved on the MAP topology)iven the initial topology, the MCMC
procedure refines the topology and adjusts the weights toHfensialient categories in the data. Given
a weighted tree, the MAP tree-consistent partition for ef@etture and relation can be efficiently
calculated by a straightforward modification of the aboveaiyic programs, replacing sums with
max operations and maintaining a list of nodes represemtiadV/AP tree-consistent partition at
each subtree.

2.2 Related Work

There are several methods that discover hierarchicaltateim feature data. Hierarchical clustering
[4] has been successfully used for analyzing both bioldgiata [17] and psychological data, but
cannot learn the annotated hierarchies that we considgesian hierarchical clustering [6]is a re-
cent alternative with a principled probabilistic founaetj and could be extended to learn annotated
hierarchies from feature data. An extended version of trethimd may produce results similar to
our own approach when only feature data are available. Odehfor feature data is most closely
related to methods for Bayesian phylogenetics [13]. Thesthads typically assume that features
are generated directly by a stochastic process over a treem@del adds an intervening layer of
abstraction by assuming that partitions are generated ligcaastic process over a tree, and that
features are generated from these partitions. By intradpipartition for each feature, we gain the
ability to annotate a hierarchy with the levels most relévamach feature.

There are several methods for discovering hierarchicatsire in relational data [5, 12], but none
of these methods provides a general purpose solution tortitdgm we consider. Most of these
methods take a single relation as input, and assume thatdtrert¢hy captures an underlying com-
munity structure: in other words, objects that are oftemguhin the input are assumed to lie nearby
in the tree. Our approach handles multiple relations samgbusly, and allows a more flexible map-
ping between each relation and the underlying hierarchffei2nt relations may depend on very
different regions of the hierarchy, and some relations nsgt#ish connections between categories
that are quite distant in the tree (see Figure 4).

Many non-hierarchical methods for relational clusteriagénalso been developed [8, 9, 15, 16]. One
family of approaches is based on the stochastic blockmddg| vhich handles multiple relations
simultaneously, and does not assume that each relationnuslying community structure. The
blockmodel, however, does not discover hierarchical stine¢ instead it partitions the objects into
a set of non-overlapping categories. Our relational maglein extension of the blockmodel that
discovers a nested set of categories, and that discovedsliticm which categories are useful for
understanding each relation in the data set.

3 Resaults

We applied our model to three problems inspired by taskshtinaian learners are required to solve.
Ouir first application used data collected in a feature listask by Cree and McRae [2]. Participants
in this task listed the features that came to mind when theyght about a given object: when asked
to think about a lemon, for example, subjects listed featlike “yellow,” “sour,” and “grows on
trees.? We analyzed a subset of the full data set including 60 comnbjects and the 100 features
most commonly listed for these objects. The 60 objects ave/slin Figure 2, and were chosen to
represent four domains: animals, food, vehicles and tools.

Figure 2 shows the MAP tree identified by our algorithm. Thedelaliscovers the four domains
as well as superordinate categories (e.g. “living thingstluding fruits, vegetables, and animals)
and subordinate categories (e.g. “wheeled vehicles”)urgi@ also shows MAP partitions for 10
representative features. The model discovers that sontgrésaare associated only with certain
parts of the tree: “is juicy” is associated with the fruitagd'is metal” is associated with the man-
made items. Discovering domains is a fundamental cognireblem that may be solved early

For the purpose of initialization only, we flatten the redatil data into features.
2Note that some of the features are noisy — according to these dnions are not edible, since none of the
participants chose to list this feature for onion.
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Figure 2: The MAP tree recovered from a data set includingl§éas from four domains. MAP
partitions for several features are shown: the model dscp¥or example, that “is juicy” is associ-
ated with only one part of the tree. The weight of each edgkeériree is proportional to its vertical
extent.
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Figure 3: The MAP tree recovered from 49 relations betweditienfrom a biomedical data set.
Four of the relations are shown, and the entities along tivs mnd the columns are arranged ac-

cording to an in-order traversal of the MAP tree. For instrisign or symptom” corresponds to
the top row and the leftmost column of each relation.

in development [10], but that is ignored by many cognitivedis, which consider only carefully
chosen data from a single domain (e.g. data including orimals and only biological features). By
organizing the 60 objects into domains and identifying asstibf features that are associated with
each domain, our model begins to suggest how infants mayg plaeg environment into coherent
domains of objects and features.

Our second application explores the acquisition of ontclidknowledge, a problem that has been
previously discussed by Keil [7]. We demonstrate that oudehaiscovers a simple biomedical
ontology given data from the Unified Medical Language SystgMLS) [11]. The full data set in-
cludes 135 entities and 49 binary relations, where theiegtire ontological categories like ‘Sign or
Symptom’, ‘Cell’, and ‘Disease or Syndrome,’ and the relas include verbs likeausesanalyzes
andaffects We applied our model to a subset of the data including then8es shown in Figure 3.

The MAP tree is an ontology that captures several naturalgings, including a category for “living
things” (plant, bird, animal and mammal), a category fold'stances” (amino acid, lipid, antibiotic,
enzyme etc.) and a category for abnormalities. The MAP t@ns for each relation identify the
relevant categories in the tree relatively cleanly: the ebdliscovers, for example, that the distinc-
tion between “living things” and “substances” is irrelevamthe second place of the relatioauses



Figure 4: The MAP tree recovered from kinship relations leetv64 members of the Alyawarra
tribe. Individuals have been labelled with their age, gerate kinship section (e.g. “YF1" is a
young female from section 1). MAP partitions are shown fanrfeepresentative relations: the
model discovers that different relations depend on theitrgery different ways.

since neither of these category can be caused by any entitg thata set. This distinction, however,

is relevant to the first place @fauses substances can cause abnormalities and dysfunctions, but
living things cannot. Note that the MAP partitions frausesandanalyzesre rather different: one

of the reasons why discovering separate tree-consistetitigyes for each relation is important is
that different relations can depend on very different pafen ontology.

Our third application is inspired by the problem childrendavhen learning the kinship structure
of their social group. This problem is especially acute fuitdren growing up in Australian tribes,
which have kinship systems that are more complicated in meayg than Western kinship systems,
but which nevertheless display some striking regularitis focus here on data from the Alyawarra
tribe [3]. Denham [3] collected a large data set by askingtlibé members to provide kinship terms
for each other. Twenty-six different terms were mentiomegbtal, and four of them are represented
in Figure 4. More than one kinship term may describe theimiahip between a pair of individuals
— since the data set includes only one term per pair, someeotéhos in each matrix represent
missing data rather than relationships that do not hold. siaplicity, however, we assume that
relationships that were never mentioned do not exist.

The Alyawarra tribe is divided into four kinship sectionadahese sections are fundamental to the
social structure of the tribe. Each individual, for instanis permitted only to marry individuals from
one of the other sections. Whether a kinship term appliesdest a pair of individuals depends on
their sections, their ages and their genders [3, 8]. We ardlg subset of the full data set including
64 individuals chosen to equally represent all four sestiboth genders, and people young and old.
The MAP tree divides the individuals perfectly accordingittship section, and discovers additional
structure within each of these sections. Group three, famgte, is split first according to age and
then according to gender. The MAP partitions for each mhaindicate that different relations
depend very differently on the structure of the trefdiadyarefers to a classificatory brother or
sister: that is, to a younger member of one’s own kinship@eceven if he or she is not a biological
sibling. The MAP partition for this relation contains finevkel structure only along the diagonal,
indicating that the model has discovered that the term opplies between individuals from the
same kinship sectionUmbaidyacan be used only between members of sections 1 and 3, and
members of sections 2 and 4. Again the MAP partition indg#tat the model has discovered this
structure. In some places the MAP partitions appears tdibtles data: the partition fddmbaidya

for example, appears to capture some of the noise in thisaelaThis result may reflect the fact
that our generative process is not quite right for these datzarticular, it does not capture the idea
that some of the zeroes in each relation represent missiag da

4 Conclusions

We developed a probabilistic model that assumes that fesiumd relations are generated over an
annotated hierarchy, and showed how this model can be useddweer annotated hierarchies from
raw data. Three applications of the model suggested thatlble to recover interpretable structure
in real-world data, and may help to explain the computatipriaciples which allow human learners
to acquire hierarchical representations of real-world dims



Our approach opens up several avenues for future work. Aittiey specifies a set of categories,
and an annotated hierarchy indicates which of these caésgane important for understanding spe-
cific features and relations. A natural extension is to lesats of categories where the categories are
no longer hierarchically organized, but possess some &théof structure, such as factorial struc-
ture [16]. For example, the kinship data we analyzed may dedescribed by a set of categories
where each individual belongs to a kinship section, a gemahelan age group.

Our generative model for relational data extends natutallgata sets that specify relationships
between two distinct sets of objects. Given informatiory, sdbout the book-buying habits of a

set of customers, this extension of our model could discavikierarchical representation of the

customers and a hierarchical representation of the boaokisgiacover the categories of books that
tend to be preferred by different kinds of customers. In il we could easily extend our model

to handle higher-order relations, non-binary data, or ipleltrees, each describing disjoint subsets
of the features and relations. A challenging but intriguaxgension might then consider learning

the number of these trees and which features and relatiepsigscribe.

Although statistical relational learning has been stufiiednany years, recent advances in machine
learning have greatly expanded the scope of relational lmolidels of human learning, however,
have yet to explore the cognitive implications of these méghes. Our approach represents one
attempt to understand how humans acquire structured kdgelabout objects, features, and rela-
tions, and future work in this direction should find furthegaitive applications of machine-learning
techniques.
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