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56 Abstract

57 A methodology for interpreting instrumented sharp indentation with dual sharp indenters with different tip apex
58 angles is presented by recourse to computational modeling within the context of finite element analysis. The forward
59 problem predicts an indentation response from a given set of elasto-plastic properties, whereas the reverse analysis
60 seeks to extract elasto-plastic properties from depth-sensing indentation response by developing algorithms derived
61 from computational simulations. The present study also focuses on the uniqueness of the reverse algorithm and its
62 sensitivity to variations in the measured indentation data in comparison with the single indentation analysis on
63 Vickers/Berkovich tip (Dao et al. Acta Mater 49 (2001) 3899). Finite element computations were carried out for 76
64 different combinations of elasto-plastic properties representing common engineering metals for each tip geometry.
65 Young’s modulus,E, was varied from 10 to 210 GPa; yield strength,sy, from 30 to 3000 MPa; and strain hardening
66 exponent,n, from 0 to 0.5; while the Poisson’s ratio,n, was fixed at 0.3. Using dimensional analysis, additional closed-
67 form dimensionless functions were constructed to relate indentation response to elasto-plastic properties for different
68 indenter tip geometries (i.e., 50°, 60° and 80° cones). The representative plastic strainer, as defined in Dao et al. (Acta
69 Mater 49 (2001) 3899), was constructed as a function of tip geometry in the range of 50° and 80°. Incorporating the
70 results from 60° tip to the single indenter algorithms, the improved forward and reverse algorithms for dual indentation
71 can be established. This dual indenter reverse algorithm provides a unique solution of the reduced Young’s modulus
72 E∗, the hardnesspave and two representative stresses (measured at two corresponding representative strains), which
73 establish the basis for constructing power-law plastic material response. Comprehensive sensitivity analyses showed
74 much improvement of the dual indenter algorithms over the single indenter results. Experimental verifications of these
75 dual indenter algorithms were carried out using a 60° half-angle cone tip (or a 60° cone equivalent 3-sided pyramid76
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78 tip) and a standard Berkovich indenter tip for two materials: 6061-T6511 and 7075-T651 aluminum alloys. Possible
79 extensions of the present results to studies involving multiple indenters are also suggested.
80  2003 Acta Materialia Inc. Published by Elsevier Science Ltd. All rights reserved.
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85 1. Introduction

86 Depth-sensing instrumented indentation, where
87 the indenter penetration force P can be continu-
88 ously monitored as a function of the depth of pen-
89 etration h into a substrate during both loading and
90 unloading, has been a topic of considerable experi-
91 mental and theoretical studies during the past two
92 decades (e.g., [1–15]). Methods to extract material
93 properties from instrumented indentation response
94 have been investigated in a number of studies (e.g.,
95 [1,4,6,12,13,16–23]).
96 The underlying theoretical framework of plastic
97 indentation dates back to the work by Hill et al.
98 [25], who developed a self-similar solution for
99 spherical indentation of a power law plastic
100 material. Extending such an approach to sharp
101 (Berkovich and Vickers) indentation, elastic–plas-
102 tic analyses of Berkovich and Vickers indentation
103 have been reported within the context of small-
104 strain finite element simulations [19,26]. Exten-
105 sions of these computational models included
106 attempts to extract elasto-plastic properties from a
107 single indentation load–displacement curve
108 [17,21,22]. With the application of dimensional
109 analysis to the computational results of large defor-
110 mation sharp indentation, correlations between ela-
111 sto-plastic properties and indentation response
112 have also been proposed for bulk [1,12,13,20] and
113 coated [24] material systems.
114 Our previous study [1] of instrumented inden-
115 tation involving a single sharp indenter established
116 a set of dimensionless functions, which took into
117 account the pile-up/sink-in effects and finite strain
118 beneath the indenter. These functions were used to
119 predict the indentation response from a given set
120 of elasto-plastic properties (forward algorithms),
121 and to extract the elasto-plastic properties from a
122 given set of indentation data (reverse algorithms).
123 A representative strain of er=3.3% for a Berkovich
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124or Vickers indenter (equivalent to a 70.3° cone)
125was identified with which the indentation loading
126curvature could be normalized independently of
127the material hardening exponent for a very wide
128range of elasto-plastic properties. For most com-
129mon metallic systems, a single set of elasto-plastic
130properties was extracted from a single P–h curve.
131The accuracy of the analysis, however, was found
132to be sensitive to the small experimental errors [1].
133Cheng and Cheng [20] and Venkatesh et al. [22]
134discussed the uniqueness issue and presented a
135number of computationally non-unique cases.
136It is clear that two important fundamental issues
137remain which require further investigation:

1381. 139Uniqueness of the reverse analysis for the range
140of material properties examined; and
1412. 142The accuracy and sensitivity of the reverse
143analysis.

144In this paper, these issues will be addressed
145within the context of dual sharp indentation, con-
146tinuum analysis and experimental observations.

1472. Framework for analysis

1482.1. Problem formulation and nomenclature

149Fig. 1(a) schematically shows the typical P–h
150response of an elasto-plastic material to sharp
151indentation. The loading response is governed by
152Kick’ s Law,

153P � Ch2 (1) 154

155where C is the loading curvature. At the maximum
156depth hm, the indentation load Pm makes a pro-
157jected contact area of Am. The average contact
158pressure is thus defined as pave = Pm /Am, com-
159monly referred as the hardness of the indented
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853 Fig. 1. (a) Schematic illustration of a typical P–h response of
854 an elasto-plastic material to instrumented sharp indentation. (b)
855 The power law elasto-plastic stress–strain behavior used in the
856 current study.857

160 material, in accordance with the standard for com-
161 mercially available indenter. Upon unloading, the

162 initial unloading slope is defined as
dPu

dh |
hm

, where

163 Pu is the unloading force. At the complete
164 unloading, the residual depth is hr. The area under
165 the loading portion is defined as the total work Wt;
166 the area under the unloading portion is defined as
167 the recovered elastic work We; and the area
168 enclosed by the loading and unloading portions is
169 defined as the residual plastic work Wp = Wt�We.
170 Fig. 1(b) schematically shows the typical stress–
171 strain response of power law material, which, to a
172 good approximation, can be used for many pure
173 and alloyed engineering metals. The elasticity fol-

1
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174lows Hook’s law, whereas the plasticity follows
175von Mises yield criterion and power law hardening.
176True stress and true strain are related via the fol-
177lowing equation:

178s � �Ee for s�sy

Ren for s�sy

(2)
179

180where E is the Young’s modulus, R a strength coef-
181ficient, n the strain hardening exponent and sy the
182initial yield stress at zero offset strain. In the plastic
183region, true strain can be further decomposed to
184strain at yield and true plastic strain: e = ey + ep.
185For continuity at yielding, the following condition
186must hold.

187sy � Eey � Reny (3) 188

189Thus when s � sy, Eqs. (2) and (3) yield

190s � sy�1 �
E
sy

ep�n

. (4)
191

192A comprehensive framework using dimensional
193analysis to extract closed form universal functions
194was developed earlier [1]. A representative plastic
195strain er was identified as a strain level which
196allows for the construction of a dimensionless
197description of indentation loading response, inde-
198pendent of strain hardening exponent n; er=3.3%
199for Berkovich, Vickers or 70.3° apex-angle cone
200tip. It was also found that for most cases, three

201independent quantities—C,
dPu

dh |
hm

and
hr

hm

—

202obtained from a single P–h curve are sufficient to
203uniquely determine the indented material’ s elasto-
204plastic properties under certain ranges of validity
205(see Table 6 of [1]). Although the estimation of sy

206and n in certain ranges could be prone to consider-
207able sensitivity from a variation in these three P–
208h characteristics (see Table 7 of [1]), a reverse
209analysis algorithm proposed in [1] predicts stress
210at representative strain, s0.033, robustly.
211It is expected that, with different indenter geo-
212metries (i.e., different apex angles), the representa-
213tive strain would be different (e.g., er=er(q)). In
214fact, a ±2° variation in apex angle can result in a
215±20% change in loading curvature C (see Fig. 12
216of [1]). This observation suggests a possibility of
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217 determining sy and n more precisely using dual
218 indenter geometries (two representative stresses).
219 An additional representative stress sr can be ident-
220 ified from a loading curvature of a P–h curve using
221 a second indenter of which its tip geometry is dif-
222 ferent from Berkovich/Vickers. The question
223 remains whether two P–h curves from two differ-
224 ent indenter tips can yield unique solution for a
225 broader range of material’ s elasto-plastic properties
226 with improved accuracy than previously demon-
227 strated with a single indentation.

228 2.2. Dimensional analysis and universal
229 functions

230 For a sharp indenter of apex angle q, the load
231 required to penetrate into a power law elasto-plas-
232 tic solid (E, n, sy and n) can be written as

233 P � P(h,E∗,sy,n,q), (5)234

235 where

236 E∗ � �1�n2

E
�

1�n2
i

Ei
��1

(6)
237

238 is reduced Young’s modulus, commonly intro-
239 duced [27] to include elasticity effect (Ei, ni) of
240 an elastic indenter. Define sr as the stress at the
241 representative strain er in Eq. (4); Eq. (5) can be
242 rewritten as

243 P � P(h,E∗,sr,n,q) (7)244

245 Using dimensional analysis, Eq. (7) becomes

246 P � srh2�1q�E∗

sr

,n,q�, (8a)
247

248 and from Eq. (1),

249 C �
P
h2 � sr�1q�E∗

sr

,n,q�. (8b)
250

251 where �1q is a dimensionless function.
252 A complete set of universal dimensionless func-
253 tions for a single indenter is listed in Appendix A
254 (Eqs. (A.1)–(A.6)) for an apex angle of 70.3°
255 (Berkovich and Vickers equivalent). In the current
256 study, �1q functions at different apex angles (e.g.,
257 50°, 60° or 80°) will be constructed. The original
258 algorithms in [1] can be modified to accurately pre-

1
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259dict the P–h response from known elasto-plastic
260properties (forward algorithms) and to systemati-
261cally and uniquely extract the indented material’ s
262elasto-plastic properties from two sets of P–h data
263of two different indenter geometries (reverse
264algorithms).

2652.3. Computational model

266It is generally known that an axisymmetric two-
267dimensional finite element model can be used to
268capture the result of a full three-dimensional model
269as long as the projected area/depth of the two mod-
270els are equivalent. Computations were performed
271using the general purpose finite element package
272ABAQUS [28]. Fig. 2(a) schematically shows the
273conical indenter, where

274q = the included half angle of the indenter
275hm= the maximum indentation depth
276am= the contact radius measured at hm

277Am= the true projected contact area with pile-up or
278sink-in effects taken into account.

279For both Berkovich and Vickers indenters, the
280corresponding apex angle q of the equivalent cone
281was chosen as 70.3°. Fig. 2(b) shows the mesh
282design for the axisymmetric analysis. The indented
283solid spanned over a hundred times contact radius
284to ensure semi-infinite boundary condition. The
285model comprised of 8100 four-noded, bilinear axi-
286symmetric quadrilateral elements with a fine mesh
287near the contact region and a gradually coarser
288mesh further away to ensure numerical accuracy.
289At the maximum load, the minimum number of
290contact elements in the contact zone was no less
291than 12 in each FEM computation. The mesh was
292well-tested for convergence and was determined to
293be insensitive to far-field boundary conditions. In
294all finite element computations, the indenter was
295modeled as a rigid body; the contact was modeled
296as frictionless; and large deformation FEM compu-
297tations were performed.

2982.4. Comparison of experimental and
299computational results

300Two aluminum alloys (6061-T6511 and 7075-
301T651) were prepared, as described elsewhere [1],



1
2

3 ARTICLE IN PRESS
4

5
6

1 52 N. Chollacoop et al. / Acta Materialia XX (2003) XXX–XXX

3860
861862

863
864865

866 Fig. 2. Computational modeling of instrumented sharp indentation. (a) Schematic drawing of the conical indenter, (b) mesh design
867 for axisymmetric finite element calculations868

302 for indentation using a Berkovich tip and a second
303 indenter tip with different geometry. The speci-
304 mens were indented on a commercial nanoindenter
305 (MicroMaterials, Wrexham, UK) with the Berkov-
306 ich, 60° cone and 60° cone equivalent 3-sided
307 pyramid1 at a loading/unloading rate of approxi-
308 mately 4.4 N/min. For the Berkovich tip, the
309 maximum loads for both aluminum alloys were 3
310 N with a repetition of six tests. For the other two
311 indenter tips, the Al6061-T6511 specimens were
312 indented to 1.8 and 2.7 N with a repetition of 3
313 and 10 tests, respectively; whereas the Al7075-
314 T651 specimens were indented to 3 N with a rep-
315 etition of six tests. From all the tests, the data were
316 repeatable. For comparison with the single inden-
317 tation results, the Berkovich indentation data of
318 Al6061-T6511 specimens examined in the current
319 study were taken directly from [1].
320 Fig. 3 shows the typical indentation response of
321 the 6061-T6511 aluminum specimens under
322 Berkovich and 60° cone indenter tips, superim-
323 posed with the corresponding finite element com-
324 putations. Fig. 4 shows the same for the 7075-T651
325 aluminum. Using experimental uniaxial com-
326 pression (see Fig. 4 of [1]) as an input for the
327 simulation, the resulting P–h curves agree well

1

844
1

845 The 60° cone equivalent 3-sided pyramid is designed such
846 that its projected contact area/depth equals to that of 60° cone.

1
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876Fig. 3. Experimental (Berkovich and 60° cone tips) versus
877computational indentation responses of both the 6061-T6511
878aluminum specimens. 879

328with the experimental curves, as demonstrated in
329Figs. 3 and 4.

3303. Computational results

331A comprehensive parametric study of 76 cases
332was conducted (see Appendix B for a complete list
333of parameters) representing the range of para-
334meters of mechanical behavior found in common
335engineering metals. Values of Young’s modulus E
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887 Fig. 4. Experimental (Berkovich and 60° cone tips) versus
888 computational indentation responses of both the 7075-T651
889 aluminum specimens.890

336 ranged from 10 to 210 GPa, yield strength sy from
337 30 to 3000 MPa, strain hardening exponent n from
338 0 to 0.5, and Poisson’ s ratio n was fixed at 0.3.
339 The axisymmetric finite element model was used
340 to obtain computational results, unless otherwise
341 specified.
342 The dimensionless functions �1q for different
343 apex angles (e.g., 50°, 60° or 80°) were constructed
344 in addition to the �1q function at 70.3° angle
345 (Berkovich and Vickers equivalent) presented earl-
346 ier [1]. It is noted that the apex angle of 60° is
347 commonly used in commercial indenters for scan-
348 ning the surface profile or performing indentation
349 tests. The second indenter tip geometry is chosen
350 to be 60° cone.

351 3.1. Representative strain and dimensionless
352 function �1 as a function of indenter geometry

353 The first dimensionless function of interest is
354 �1q in Eq. (8a,b). Using subscript “a” to denote
355 q = 70.3° in Eq. (8a,b), it follows that

356 �1a�E∗

sr,a

,n,q � 70.3°� �
Ca

sr,a

(9)
357

358 It was found in [1] that for q = 70.3° a representa-
359 tive strain of 0.033 could be identified, such that a

360 polynomial function �1a� E∗

s0.033
� =

Ca

s0.033

fits all 76

1
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361data points within a ±2.85% error (see Appendix
362A for a complete listing of the function). It is worth
363noting that the corresponding dimensionless func-
364tion �1a normalized with respect to s0.033 was
365found to be independent of the strain hardening
366exponent n.
367Following the same procedure, one can identify
368the �1q functions with different apex angles (i.e.,
369different tip geometries). Three additional angles
370were studied here. For q = 60°, a representative
371strain of 0.057 could be identified, where a closed-

372form function �1b� E∗

s0.057
� =

Cb

s0.057

(see Appendix

373A for a complete listing of the function) fits all 76
374data points within a ±2.51% error; here the
375subscript “b” is used to denote the case for q =
37660°. For q = 80°, a representative strain of 0.017
377could be identified, where a closed form function

378�1c� E∗

s0.017
� =

Cc

s0.017
(see Appendix A for a com-

379plete listing of the function) fits all 76 data points
380within a ±2.71% error; here the subscript “c” is
381used to denote the case for q = 80°. For q = 50°,
382a representative strain of 0.082 could be identified,

383where a closed-form function �1d� E∗

s0.082
� =

Cd

s0.082

384(see Appendix A for a complete listing of the
385function) fits all 76 data points within a ±2.49%
386error; here the subscript “d” is used to denote the
387case for q = 50°. The representative strain can be
388correlated with the half tip angle via a simple linear
389function (see Fig. 5(a)).

390er(q) � �2.185 � 10�3q (10a)

391� 0.1894 for q in degree 392

393or a more accurate quadratic function, within
394±1.63% error,

395er(q) � 2.397 � 10�5q2�5.311 � 10�3q (10b)

396� 0.2884 for q in degree 397

398To extend the capability of the present dual
399indentation algorithm, the choice for the second
400indenter geometry can be chosen between 50° and
40180°. By correlating the coefficients in Eqs. (A.1),
402(A.7), (A.8) and (A.9) with apex angle q,
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898 Fig. 5. (a) A relationship between representative strain and
899 indenter apex angle. (b) A generalized dimensionless function
900 �1q for q = 50°, 60°, 70.3° and 80°.901

403 �1q�E∗

ser
,q� =

Cq
ser

(see Appendix A for a complete

404 listing of the function) fits all 4 × 76 = 304 data
405 points within a ±3% error, as shown in Fig. 5(b).

406 3.2. Forward analysis algorithms

407 In the following sections, the dual indenter geo-
408 metries of the 70.3° and 60° pair are examined.
409 The forward analysis leads to prediction of the P–
410 h response from known elasto-plastic properties.
411 Following the procedure outlined in [1], an
412 updated forward analysis algorithm for generalized
413 dual indentation is shown in Fig. 6. The complete
414 prediction of P–h response can be readily con-
415 structed for q = 70.3° using dimensionless func-
416 tions �1a to �6a, while the prediction of loading
417 curvature can be obtained for any q�[50°,80°]
418 using �1q.
419 To verify the accuracy of the proposed algor-
420 ithms, uniaxial compression and Berkovich inden-

1
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421tation experiments were conducted in two well-
422characterized materials: 6061-T6511 aluminum
423and 7075-T651 aluminum (see Fig. 4 of [1]).
424Additional indentation experiments using a differ-
425ent tip geometry (either a 60° cone or an equivalent
4263-sided pyramid) were performed on both 6061-
427T6511 and 7075-T651 aluminum samples. The
428mechanical property values used in the forward
429analysis were obtained directly from Table 3 of [1],
430where (E, n, sy, n) are (66.8 GPa, 0.33, 284 MPa,
4310.08) and (70.1 GPa, 0.33, 500 MPa, 0.0122) for
432Al6061-T6511 and Al7075-T651, respectively.
433Tables 1–3 list the predictions from the forward
434analysis (using �1a to �6a and �1b) for 6061-
435T6511 aluminum specimens, along with the values
436extracted from the Berkovich indentation, the 60°
437cone indentation, and the 60° cone equivalent 3-
438sided pyramid indentation experiments, respect-
439ively. Tables 4 and 5 list the predictions from the
440forward analysis (using �1a to �6a and �1b) for
4417075-T651 aluminum specimens, along with the
442values extracted from the Berkovich indentation
443and the 60° cone equivalent 3-sided pyramid
444indentation experiments, respectively. From Tables
4451–5, it is evident that the present forward analysis
446results are in good agreement with the experi-
447mental P–h curves.

4483.3. Reverse analysis algorithms

449Since a single P–h curve is sufficient for esti-
450mation of the elasto-plastic properties, the use of
451two complete P–h curves would give redundant
452information. Therefore, there are many possible
453ways to construct the reverse analysis algorithm;
454however, the most reliable path is presented here.
455The proposed reverse algorithm utilizes a complete
456P–h curve obtained under Berkovich or Vickers
457indenter and a loading portion of a second P–h
458curve under a conical indenter of apex angle
459q�[50°,80°] (or its equivalent 3-sided pyramid). In
460the present study, q = 60° is chosen. The dimen-
461sionless functions �1a to �6a and �1q allow us to
462construct an improved reverse algorithm. A set of
463the dual indentation reverse analysis algorithms is
464shown in Fig. 7.
465To verify the dual indentation reverse algor-
466ithms, six Berkovich indentation curves shown in
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905906

907
908909

910 Fig. 6. Dual indentation forward analysis algorithms.911

467 Table 1 and three 60° cone indentation curves
468 shown in Table 2 from 6061-T6511 aluminum
469 specimens were first analyzed (using �1a to �6a

470 and �1b). Table 6 shows the dual indentation
471 results, along with the single indentation results
472 from [1]. In the reverse analyses, each case com-
473 prises one set of Berkovich indentation parameters
474 shown in Table 1 and an average loading curvature
475 Cb shown in Table 2 for the 60° cone indentation.
476 Additional verification for the dual indentation
477 algorithms was performed on 7075-T651 alumi-
478 num specimens. Six Berkovich indentation P–h
479 curves shown in Table 4 and six 60° cone equival-
480 ent 3-sided pyramid indentation curves shown in
481 Table 5 were analyzed (using �1a to �6a and

1
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482�1b). Table 7 shows the dual indentation results,
483along with the single indentation results. In the
484reverse analyses, each case comprises one set of
485Berkovich indentation parameters shown in Table
4864 and an average loading curvature Cb shown in
487Table 5 for the 60° cone equivalent 3-sided pyra-
488mid indentation.
489According to the flow chart shown in Fig. 7, the
490predictions of E∗ and s0.033 by the dual indentation
491algorithm should yield the similar accuracy to
492those by the single indentation algorithm.
493From Tables 6 and 7, it is clear that the proposed
494reverse algorithms yield accurate estimates of
495s0.033, s0.057 and E∗, and give reasonable estimates
496of sy (especially after taking an average from the
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944 Table 1
945 Forward analysis on Al 6061-T6511 for Berkovich indentation experiments (max. load = 3 N) [1]946

954962
970

971 Al 6061-T6511 Ca (GPa) %error Ca
a Wp /Wt %error Wp /WtdPu

dh |
hm

(kN/m) %error
dPu

dh |
hm

978

979986987994
9951002

1003 Test A1 27.4 �1.6 4768 1.6 0.902 0.81010

1011 Test A2 28.2 1.2 4800 2.3 0.905 1.21018

1019 Test A3 27.2 �2.4 4794 2.2 0.904 1.11026

1027 Test A4 27.3 �2.2 4671 �0.4 0.889 �0.61034

1035 Test A5 27.0 �3.2 4762 1.5 0.889 �0.61042

1043 Test A6 27.6 �0.9 4491 �4.2 0.891 �0.41050

1051 Average 27.4 4715 0.8961058

1059 Forward prediction 27.9 4691 0.894
1060 (assume n = 0.33 and
1061 Berkovich c∗)1068

1069 STDEVb 0.6 110.9 0.0071074

1075 STDEV/Xprediction 2.1% 2.4% 0.8%1080

1081108610871092
1093

1098
a All errors were computed as Xtest�Xprediction /Xprediction, where X represents a variable.

1099
b STDEV = �1

N
ΣN

i = 1(Xtest�Xprediction)2, where X represents a variable.

1101

1102 Table 2
1103 Forward analysis on Al 6061-T6511 for 60° cone experiments
1104 (max. load = 1.8 N)1105

1106110911101113
11141117

1118 Al 6061-T6511 Cb (GPa) %error Cb
a

1121

1122112511261129
11301133

1134 Test B1c 11.27 0.01137

1138 Test B2c 11.23 �0.41141

1142 Test B3c 11.32 0.51145

1146 Average 11.271149

1150 Forward prediction (60° 11.27
1151 cone)1154

1155 STDEVb 0.041157

1158 STDEV/Xprediction 0.3%1160

1161116311641166
1167

1169
a All errors were computed as Xtest�Xprediction /Xprediction, where

1170 X represents a variable.

1171
b STDEV = �1

N
ΣN

i = 1(Xtest�Xprediction)2, where X represents

1172 a variable.

497 six indentation results), which agree well with
498 experimental uniaxial compression data. It is noted
499 that changing the definition of sy to 0.1% or 0.2%
500 (instead of 0%) offset strain would not affect the
501 conclusions. According to the flow chart shown in
502 Fig. 7, the improvement of the dual indentation
503 algorithm over the single indentation algorithm
504 reflects upon yield strength (and consequently

1
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1174

1175Table 3
1176Forward analysis on Al 6061-T6511 for 60° cone equivalent 3-
1177sided pyramid indentation experiments (max. load = 1.8 N) 1178

1179118211831186
11871190

1191Al 6061-T6511 Cb (GPa) %error Cb
a

1194

1195119811991202
12031206

1207Test B1p 12.03 6.8 1210

1211Test B2p 11.39 1.1 1214

1215Test B3p 11.97 6.2 1218

1219Average 11.80 1222

1223Forward prediction (60° cone 11.27
1224equivalent 3-sided pyramid) 1227

1228STDEVb 0.60 1230

1231STDEV/Xprediction 5.4% 1233

1234123612371239
1240

1242
a All errors were computed as Xtest�Xprediction /Xprediction, where

1243X represents a variable.

1244
b STDEV = �1

N
ΣN

i = 1(Xtest�Xprediction)2, where X represents

1245a variable.

505strain hardening exponent) estimation, as clearly
506illustrated by comparing the first and last columns
507in Tables 6 and 7. This improved calculation of
508plastic properties is likely due to the fact that the
509second indenter geometry results in more accurate
510estimations of the second representative stress
511s0.057 at 5.7% plastic strain in addition to the rep-
512resentative stress s0.033 at 3.3% plastic strain.
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31248

1249 Table 4
1250 Forward analysis on Al 7075-T651 for Berkovich indentation experiments (max. load = 3 N)1251

1252125912601267
12681275

1276 Al 7075-T651 C (GPa) %error Ca Wp /Wt %error Wp /WtdPu

dh |
hm

(kN/m) %error
dPu

dh |
hm

1283

1284129112921299
13001307

1308 Test A1 40.7 �7.1 3636 1.4 0.839 1.81315

1316 Test A2 42.6 �2.8 3637 1.4 0.831 0.91323

1324 Test A3 41.5 �5.5 3498 �2.5 0.829 0.61331

1332 Test A4 40.7 �7.2 3636 1.4 0.835 1.31339

1340 Test A5 40.8 �7.0 3566 �0.5 0.834 1.21347

1348 Test A6 41.2 �6.0 3600 0.4 0.831 0.81355

1356 Average 41.2 3595 0.8331363

1364 Forward prediction 43.9 3585 0.824
1365 (assume n = 0.33 and
1366 Berkovich c∗)1373

1374 STDEVb 1.6 51.7 0.009561378

1379 STDEV/Xprediction 3.7% 1.4% 1.2%1383

1384138813891393
1394

1398
a All errors were computed as Xtest�Xprediction /Xprediction, where X represents a variable.

1399
b STDEV = �1

N
ΣN

i = 1(Xtest�Xprediction)2, where X represents a variable.

1401

1402 Table 5
1403 Forward analysis on Al 7075-T651 for 60° cone equivalent 3-
1404 sided pyramid indentation experiments (max. load = 3 N)1405

1406140914101413
14141417

1418 Al 7075-T651 Cb (GPa) %error Cb
a

1421

1422142514261429
14301433

1434 Test B1p 17.41 �7.91437

1438 Test B2p 17.52 7.41441

1442 Test B3p 16.95 �10.41445

1446 Test B4p 17.75 �6.21449

1450 Test B5p 18.08 �4.41453

1454 Test B6p 17.90 �5.41457

1458 Average 17.601461

1462 Forward prediction (60° cone equi-
1463 valent 3-sided pyramid) 18.921466

1467 STDEVb 1.371469

1470 STDEV/Xprediction 7.2%1472

1473147514761478
1479

1481
a All errors were computed as Xtest�Xprediction /Xprediction, where

1482 X represents a variable.

1483
b STDEV = �1

N
ΣN

i = 1(Xtest�Xprediction)2, where X represents

1484 a variable.

513 4. Uniqueness of the dual indentation forward
514 and reverse analysis

515 4.1. Uniqueness of the forward analysis

516 In order to verify the proposed forward algor-
517 ithms, computational results from the 76 sets of

1
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518elasto-plastic parameters were taken as input to
519predict the entire P–h responses of q = 70.3° and
520the loading curvature for q = 60°. Each of the for-
521ward analyses resulted in a single set of output

522�Ca,
hr

hm

,
dPu

dh |
hm

and Cb�, which agrees well with the

523FEM-predicted P–h response.

5244.2. Uniqueness of the reverse analysis

525In order to verify the proposed reverse analysis
526algorithms, the 76 cases of the forward analysis
527(output) results were used as input to verify the
528uniqueness of the reverse analysis algorithms. All
52976 cases resulted in a single, accurate re-construc-
530tion of the initial elasto-plastic parameters. For the
531single indentation reverse algorithm in [1], two
532cases out of the same group of 76 cases resulted in
533no solution. The improvement over our previously
534proposed reverse algorithm [1] came from the fact
535that the dimensionless function �2a or �3a, which
536is not monotonic in n when E∗ /s0.033 � 50 for
537�2a or s0.033 /E∗ � 0.005 for �3a, is no longer
538used in the present reverse algorithm. Within the
539range of our current study, the dual indentation
540algorithm resolves the uniqueness problem.
541Cheng and Cheng [20] discussed the non-
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917
918919

920 Fig. 7. Dual indentation reverse analysis algorithms.921

542 uniqueness issues by showing that multiple stress–
543 strain curves could result in a visually similar load-
544 ing and unloading curve. However, such cases
545 were based on the FEM results of 68° apex angle.
546 Following an approach similar to that in Cheng and
547 Cheng [20] for our FEM results of 70.3° apex
548 angle, Fig. 8 shows a set of three visually similar
549 FEM indentation responses of steel with different
550 yield strength and strain hardening exponent. It is
551 worth noting two points here. First, when these
552 three visually similar FEM indentation responses
553 (small but with finite differences in the P–h
554 characteristics) were input into the single indenter
555 reverse algorithm [1], three unique sets of mechan-
556 ical properties can still be obtained, although the
557 accuracy is sensitive to small experimental scatters.

1
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558Second, using the second indenter for analysis
559helps in reducing the non-uniqueness problem and
560improving the accuracy, as clearly shown by the
561different loading curvatures of the second inden-
562tation response from 60° cone tip. The dual inden-
563tation reverse algorithm is thus capable of accu-
564rately performing the reverse analysis on these
565three curves.

5665. Sensitivity of the dual indentation analysis

5675.1. Sensitivity of the forward analysis

568Similar to the sensitivity analysis performed in
569our previous work [1], a ±5% change in any one
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31487

1488 Table 6
1489 Dual Indentation Reverse Analysis on Al 6061-T6511 (assume n = 0.3)1490

1491149414951498
14991502

1503 Al 6061-T6511 Single [1] Dual (+Bave)1506

15091512
1515

sy (MPa) %err sy E∗ (GPa) %err E∗ s0.033 %err s0.033 s0.057 %err s0.057 sy (MPa) %err sy

1516 (MPa) (MPa)1529

1530154115421553
15541565

1566 Test A1 333.1 17.3 67.6 �3.7 334.5 �1.0a 353.9 0.7 261.7 �7.91577

1578 Test A2 349.4 23.0 66.1 �5.8 349.4 3.4 355.3 1.1 322.7 13.61589

1590 Test A3 332.8 17.2 66.5 �5.3 332.8 �1.5 355.0 1.0 246.5 �13.21601

1602 Test A4 171.0 �39.8 75.0 6.8 322.9 �4.5 348.0 �1.0 225.2 �20.71613

1614 Test A5 128.0 �54.9 77.8 10.8 315.9 �6.5 346.0 �1.6 204.4 �28.01625

1626 Test A6 278.5 �1.9 67.9 �3.4 337.4 �0.2 353.7 0.6 272.9 �3.91637

1638 Average 265.5 70.1 332.1 352.0 255.61649

1650 Uniaxial Exp 284 70.2 338 351.6 2841661

1662 STDEVb 87.7 4.5 12.2 3.6 47.11673

1674 STDEV/Xexp 30.9% 6.5% 3.6% 1.0% 16.6%1685

1686169716981709
1710

1721
a All errors were computed as Xrev. analysis�Xexp /Xexp, where X represents a variable.

1722
b STDEV = �1

N
ΣN

i = 1(Xrev. analysis�Xexp)2, where X represents a variable.

1725

1726 Table 7
1727 Dual indentation reverse analysis on Al 7075-T651 (assume n = 0.3)1728

1729173217331736
17371740

1741 Al 7075-T651 Single Dual (+Bave)1744

17471750
1753

sy (MPa) %err sy E∗ (GPa) %err E∗ s0.033 %err s0.033 s0.057 %err s0.057 sy (MPa) %err sy

1754 (MPa) (MPa)1767

1768177917801791
17921803

1804 Test A1 320.2 �36.0 79.5 0.5 537.6 �12.9a 585.2 �10.5 380.4 �12.31815

1816 Test A2 314.6 �37.1 81.5 �2.6 566.9 �8.2 581.9 �11.0 511.1 �26.71827

1828 Test A3 332.1 �33.6 77.2 0.8 557.6 �9.7 589.4 �9.8 447.8 �9.11839

1840 Test A4 289.7 �42.1 79.7 2.8 536.8 �13.1 584.9 �10.5 376.7 2.41851

1852 Test A5 316.0 �36.8 78.0 4.4 542.5 �12.1 587.8 �10.1 390.1 8.01863

1864 Test A6 279.7 �44.1 80.0 4.2 545.4 �11.7 584.5 �10.6 410.3 23.81875

1876 Average 308.7 79.3 547.8 585.6 419.41887

1888 Uniaxial exp 500 73.4 617.5 653.6 5001899

1900 STDEVb 192.14 6.1 70.6 68.0 93.51906

1907 STDEV/Xexp 38.4% 8.3% 11.4% 10.4% 18.7%1913

1914192019211927
1928

1934
a All errors were computed as Xrev. analysis�Xexp /Xexp, where X represents a variable.

1935
b STDEV = �1

N
ΣN

i = 1(Xrev. analysis�Xexp)2, where X represents a variable.

570 input parameter (i.e., E∗, sy or n) would lead to
571 variations of less than ±7.6% in the predicted

572 results �Ca,
hr

hm
,
dPu

dh |
hm

and Cb�. The rather small

573 variability confirms the robustness of the forward
574 algorithm.

1
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5755.2. Sensitivity of the reverse analysis

576The sensitivity of the estimated mechanical
577properties to variations in the input parameters
578obtained from dual P–h curves was investigated for
579the 76 cases examined in this study. For each of
580these cases, the sensitivity of the estimated elasto-
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929 Fig. 8. Dual indentation forward analysis algorithms.930

581 plastic properties to variations in the four P–h

582 curve parameters—Ca,
dPu

dh |
hm

,
Wp

Wt

and Cb—about

583 their respective reference values (as estimated from
584 the forward analysis) was analyzed. The variations

585 of ±1%, ±2%, ±3% and ±4% in Ca,
dPu

dh |
hm

,
Wp

Wt
and

586 Cb about their forward prediction values were fed
587 into the reverse algorithm. The outputs from
588 reverse algorithm were statistically compared with
589 the original values of elasto-plastic properties. The
590 standard deviations (STDEV) were calculated for
591 each ±x% variation, thus sampled over 2 × 76 =
592 152 data points, and compared with that of single
593 indentation. Table 8 lists the specific values of
594 STDEV of the dual indentation normalized with
595 that of the single indentation at ±2% Ca, ±2%

596

dPu

dh |
hm

and ±1%
Wp

Wt
, typically found in the experi-

597 mental scattering. Other variations in the P–h curve
598 parameters follow the similar trend shown in Table
599 8. Significant improvement of yield strength (for a
600 two-parameter power law plastic constitutive law)
601 was achieved due to the second plasticity para-
602 meter, s0.057, which can be predicted as robustly
603 as s0.033. For instance, within ±1% experimental
604 error in Wp /Wt, the average error in the estimated
605 yield strength was reduced by 80% using the dual
606 indentation algorithm.

1
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1937

1938Table 8
1939Normalized standard deviations in properties estimation using
1940dual indentation reverse algorithm 1941

1942194619471951
1952

1956

±2% ±2% ±1% Wp /
Ca WtdPu

dh |
hm 1957

(Output)
change in

(Input)
change in

19581965

1966197019711975
19761980

1981Normalized STDEV E∗ 1 1 1 1986

1987in estimated s0.033 1 1 1 1992

1993propertiesa sy (n� 1 0.45 0.20
0.1) 1999

2000sy (n 0.83 0.34 0.18
� 0.1) 2006

2007pave 1 1 0.53 2012

2013201820192024
2025

2030
a The normalized STDEV is calculated from STDEVdual /

2031STDEVsingle, where STDEV = �1
N

ΣN
i = 1(Xvaried�Xreference)2 and

2032Xvaried represents a percentage deviation from Xreference.

6076. Extension to multiple-indentation analysis

608To further improve the accuracy and reduce the
609sensitivity of the reverse algorithm, multiple
610indenter geometries may be used. This multiple
611indentation analysis requires a complete inden-
612tation curve of Vickers/Berkovich indenter and a
613loading indentation curve of other tip geometries,
614q�[50°,80°]. A set of the multiple indentation
615reverse algorithms is shown in Fig. 9. It is similar
616to that of dual indentation except at the last step
617where yield strength and strain hardening exponent
618are to be determined. For each indenter geometry
619(q), a pair of representative strain and stress can
620be determined using generalized dimensionless
621function �1q and erq in Eqs. (A.10) and (10a,b),
622respectively. By statistically fitting (least square
623error) these stress/strain values with the power
624hardening equation (Eq. (4)), sy and n can be
625determined.
626On the other hand, the dual indentation algor-
627ithms shown in Fig. 6 can be easily extended to
628different tip geometries q�[50°,80°]. Given a set
629of elasto-plastic properties, one can predict a com-
630plete indentation response for Vickers/Berkovich
631indenter and a loading indentation response for
632arbitrary indenter tip geometries.
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633 7. Conclusions

634 In this study, dimensional analyses and large
635 deformation finite element studies were performed
636 to address the uniqueness problem in the extraction
637 of material properties from instrumented sharp
638 indentation and to improve the accuracy and sensi-
639 tivity of the algorithms used to extract such proper-
640 ties. The key results of this investigation can be
641 summarized as follows:

642 1.643 Using dimensional analysis, additional univer-
644 sal, dimensionless functions were constructed to
645 correlate elasto-plastic properties of materials
646 with indentation response for 50°, 60° and 80°
647 cone (or their equivalent 3-sided pyramids).
648 Choosing a pair of Berkovich (or Vickers) and
649 60° cone (or its equivalent 3-sided pyramid),
650 forward and reverse analysis algorithms were
651 established based on the identified dimen-
652 sionless functions. These algorithms allow for
653 the calculation of indentation response for a

1
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654given set of properties, and also for extraction
655of some plastic properties from a dual set of
656indentation data, thus obviating the need for
657large-scale finite element computations after
658each indentation test.
6592. 660Assuming large deformation FEM simulations
661and an isotropic power law elasto-plastic consti-
662tutive description within the specified range of
663material parameters, the present reverse algor-
664ithms using dual indenters (Berkovich/Vickers
665and cone of 60° apex angle) were able to predict
666a single set of values for E∗, sy and n. Further-
667more, the full stress–strain response can be esti-
668mated from the power law assumption.
6693. 670The accuracy of the dual indentation
671forward/reverse algorithms were verified in two
672aluminum alloys (6061-T6511 and 7075-T651)
673with an improvement over the single indentation
674forward/forward algorithms.
6754. 676The proposed dual indentation forward algor-
677ithms work well and robustly with similar sensi-
678tivity to the single indentation forward algor-
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679 ithms; a ±5% error in any input parameter
680 results in less than ±7.6% in the predicted values

681 of Ca,
hr

hm
,
dPu

dh |
hm

or Cb.

682 5.683 The proposed dual indentation reverse algor-
684 ithms were found to predict E∗, s0.033 and
685 s0.057 quite well, and sy reasonably well for the
686 cases studied. Comprehensive sensitivity analy-
687 ses show that sy displayed much reduced sensi-
688 tivity to all P–h parameters due to the second
689 plasticity parameter that can be robustly esti-
690 mated; whereas, E∗, s0.033, s0.057 and pave dis-
691 played similar sensitivity to the single inden-
692 tation algorithms.
693 6.694 The extension of forward/reverse algorithms to
695 using multiple indenter geometries, 50°�q�
696 80°, was proposed with generalized functions of
697 representative strain and indentation loading
698 curvature.

699

700
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714 Appendix A

715 In this appendix, eight dimensionless functions
716 used in the current study are listed.
717 �1a,�2a,�3a,�4a,�5a,�6a were constructed in our
718 earlier work [1], and �1b,�1c and �1d are con-
719 structed in the current study. These functions can

1

1 AM: acta materialia - Elsevier - MODEL 3 - ELSEVIER2 22-05-03 10:14:08 Rev 16.04x AM$$$$294P

720be used to formulate dual indentation forward and
721reverse algorithms in addition to single inden-
722tation algorithms.

723�1a �
Ca

s0.033
� �1.131�ln� E∗

s0.033
��3

724� 13.635�ln� E∗

s0.033
��2

(A.1)

725�30.594�ln� E∗

s0.033
�� � 29.267

726

727�2a� E∗

s0.033
,n� �

1
E∗hm

dPu

dh |
hm

� (

728�1.40557n3 � 0.77526n2 � 0.15830n

729�0.06831)�ln� E∗

s0.033
��3

� (17.93006n3

730�9.22091n2�2.37733n (A.2)

731� 0.86295) �ln� E∗

s0.033
��2

� (

732�79.99715n3 � 40.55620n2 � 9.00157n

733�2.54543) �ln� E∗

s0.033
�� � (122.65069n3

734�63.88418n2�9.58936n � 6.20045) 735

736�3a�s0.033

E∗ ,n� �
hr

hm
� (0.010100n2

737� 0.0017639n

738�0.0040837) �ln�s0.033

E∗ ��3

739� (0.14386n2 � 0.018153n (A.3)

740�0.088198)�ln�s0.033

E∗ ��2

� (0.59505n2

741� 0.034074n�0.65417)�ln�s0.033

E∗ ��
742� (0.58180n2�0.088460n�0.67290) 743

744�4a �
pave

E∗ �0.268536�0.9952495 (A.4)
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745 �
hr

hm
�1.1142735

746

747 �5a �
Wp

Wt
� 1.61217�1.13111

748 �1.74756��1.49291�
h

r
h

m
�

2.535334

� (A.5)

749 �0.075187�hr

hm
�1.135826�

750

751 �6a �
1

E∗	Am

dPu

dh |
hm

� c∗ (A.6)
752

753 where values of c∗ are tabulated in Table A.1.
754 For q = 60°,

755 �1b �
Cb

s0.057
� �0.154�ln� E∗

s0.057
��3

756 � 0.932�ln� E∗

s0.057
��2

� 7.657�ln� E∗

s0.057
�� (A.7)

757 �11.773758

759 For q = 80°,

760 �1c �
Cc

s0.017
� �2.913�ln� E∗

s0.017
��3

761 � 44.023�ln� E∗

s0.017
��2

(A.8)

762 �122.771�ln� E∗

s0.017
�� � 119.991

763

764 For q = 50°,

2034

2035 Table A.1
2036 The values of c∗ used in the study [1]2037

2038204120422045
20462049

2050 c∗ Small deformation Large deformation
linear elastic solutiona elasto-plastic solutionb

2055

2056205920602063
20642067

2068 Conical 1.128 1.19572071

2072 Berkovich 1.167 1.23702075

2076 Vickers 1.142 1.21052079

2080208320842087
2088

2091
a King [29].

2092
b Proposed in the current study.
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765�1d �
Cd

s0.082

� 0.0394�ln� E∗

s0.082
��3

766�1.098�ln� E∗

s0.082
��2

� 9.862�ln� E∗

s0.082
�� (A.9)

767�11.837 768

769For any q in [50°,80°], the general fit function for
770�1q is

771�1q �
Cq
ser

� (�2.3985 � 10�5q3

772� 6.0446 � 10�4q2 � 0.13243q

773�5.0950)�ln�E∗

ser
��3

� (0.0014741q3

774�0.21502q2 � 10.4415q

775�169.8767)�ln�E∗

ser
��2

� (�3.9124 (A.10)

776� 10�3q3 � 0.53332q2�23.2834q

777� 329.7724)�ln�E∗

ser
�� � (2.6981

778� 10�3q3�0.29197q2 � 7.5761q

779� 2.0165) 780

781Appendix B

782In this study, large deformation finite element com-
783putational simulations of depth-sensing indentation
784were carried out for 76 different combinations of
785elasto-plastic properties that encompass the wide
786range of parameters commonly found in pure and
787alloyed engineering metals; Young’s modulus, E,
788was varied from 10 to 210 GPa, yield strength, sy,
789from 30 to 3000 MPa, and strain hardening
790exponent, n, from 0 to 0.5, and the Poisson’ s ratio,
791n, was fixed at 0.3. Table B.1 tabulates the elasto-
792plastic parameters used in these 76 cases.
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2095 Table B.1
2096 Elasto-plastic parameters used in the present study2097

2098210221032107
21082112

2113 E (GPa) sy (MPa) sy/E2117

2118212221232127
21282132

2133 19 combinations 10 30 0.0032137

2138 of E and σya 10 100 0.012142

2143 10 300 0.032147

2148 50 200 0.0042152

2153 50 600 0.0122157

2158 50 1000 0.022162

2163 50 2000 0.042167

2168 90 500 0.0055562172

2173 90 1500 0.0166672177

2178 90 3000 0.0333332182

2183 130 1000 0.0076922187

2188 130 2000 0.0153852192

2193 130 3000 0.0230772197

2198 170 300 0.0017652202

2203 170 1500 0.0088242207

2208 170 3000 0.0176472212

2213 210 300 0.0014292217

2218 210 1800 0.0085712222

2223 210 3000 0.0142862227

2228223222332237
2238

2242
a For each one of the 19 cases listed above, strain hardening

2243 exponent n is varied from 0, 0.1, 0.3 to 0.5, resulting in a total
2244 of 76 different cases.
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