18.01a Practice Exam 2, ESG Fall 2007 Solutions

Problem 1.
2) T—x A Bx +C

C-D@+D) z-1 241

x =1, coverup = A=6/2=3.

Cross multiply: 7 — 2 = A(z2 + 1) + (Bz + O)(z — 1).
r=0=T=A-C = C=—-4.

Coefficient of z>: 0 =A - B = B = —3.

— 4
/(7ff»‘+1)dx=/ R dxzsln(rl)*gln@zﬂ)%tan‘lxw-

x —1)(a? r—1 2241 22+1
b) Long division gives: e +x233 +;x i = 3z + 23521—:_2)'

z+1 1 1

C ives: 2——— = — + ——.
overup gives 2z +2) m+a:+2

323 + 622+ 2 2 3
= / s e dr = ~2* +Inz +In(z +2) + C.
22 + 21 2
c) By parts:
[sinTlzdr = xsinflm—fﬁdx u=sin"'z dv =dx

1
= zsinlz—V1-224+C. du = 11_$2d$ v==1a

Let = = tan u, dr = sec?2udu :

d)
1 2 1 2
/ /Secudu—/COSQUdu:/—i_cosudu
1+ 22)2 sect 2

(
2 1 1
_g sin 2u 1 T L0

C=-tan 'o+-—"
TR ptan Tt oy

e) Letx=2sinu = dr=2cosudu; t=0—u=0, v=1—u=sin"1(1/2) =7/6.

/6 4 gin2 /6
= integral = Y ocosudu= / 4sin? u du
0 V4 —4sinu 0
™/6 1 — cos2u du  4sin2u|™"
= 4————du= — —
0 2 \[2 1,
3
= g —sin(7w/3) = g -5
Problem 2.
a) n=2, Az =m7/2.
g0 2 1 1 ™ 5
Table: | z; 0 w/2 =« /f(@)d@%(yojtélyl—{—yg)Aw:(1+8—|—1):7r.
3 3 2 3
y, 12 1
(continued)
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b) f(t)=1/t,a=1,b=N,n=N—1, Az =1.
Trapezoidal rule
1 1 1
= / —dt ~ 1+ + . +--=) Table:
N-1'2 N i 01 N-1
1 1 1 1
Z dt o~ (1l 4= x; 1 2 N
j/ +3 sty cUtst gty g1 L 1
1 1 1 1 A al
In N — 1+=-+...———
= N2 5 Ton ¥+t oty
Since f is concave up the trapezoidal rule gives an overestimate for the integral:
= dt <( 1+ +. ! + L )1
"N-1'"2 N
1 1 1 1
In N — 1+-+...———+ —).
= InN + - +2N<(+2+ N_1+N)
So we have an underestimate for the sum.
Problem 3.
3 2 3 3 _ _ .2
9 x x x x u=Inz v=uz"dx
a) BYparts:/:c lnxd:rzs—/gdx: glnm—j—ka du:%daz :L;
b) By parts: /secla:da; = rsec lx —/1da:
Va2 —1
u:sec_lf dv = dx T g
du = ————=dzr v==x
Va2 -1 1

To compute the integral on the right hand side let x = secu

secutanu

/\/de_/ tanu

) B ¢ w=sin""'z dv = sinx dx
c arts: e

v du=—(n—1)sin" ?zcoszdr v=—cosz
/sin" rdr = —sin" lzcosz+ (n—1) /sin"2 cos® x dx

= —sin" lzcosz+ (n—1) /sin"2(1 —sin’ z) dx

= —sin" lzcosz+ (n—1) /sin"2 dr — (n—1) /sin2:1:dx

= n/sin”wd:c = —sin" 'zcosz + (n — 1)/sin”2 dx

n n

. 1., n—1 e
= /sm”xdm——sm" Lycosx + sin" 2 dx

(continued)

du—/Secudu—ln(secu—i-tanu)—i-C—ln(x—i—\/x2—1)+C
= /sec rdr =xsec 'z —In(x+ 22 —-1)+C
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1
/sin6 de = —6sm5a:cosa:+2/sin4a;dx
5 1 5 3
= —gsing’xcosw 5 Esm?’xcosx—i—é 4/sin2xdac
= ——sin®zcosz — § lsm?’xcosx—f §1sinuccosalc—i—§ § 1/dx
- 6 4 6 42 6 4 2
= —fsinf’xcosx—? 1smgxcosx—f~§lsinazcosa:+§-§-1:U
- 6 4 6 42 6 4 27
N /”/2 gp_ 53 1w
sinxdr =< - —- = - -
0 6 4 2 2
| b In
Problem 4. By definition / n—fda:— lim —;dx
0 x b—oo J1 X
1 d ! d
1 1 1 1 1 u=Inzx v=—dzx
By parts: / “rd m+/2d1::m. 1 xf
z ro du=—dr v=—-
x x
1 Inb 1
/ B = n7—54—1—>13le)—>00 (So the answer is 1.)
Problem 5.
a) Limit compare with [ % (which diverges):
Rati x/Vad +1 232 )
atio = = — 1lasz— 0.
1/\/x Va3 +1
= both integrals behave the same = integral diverges.
1
b) Limit ith — (which di :
) Limit compare wi Zn (which diverges)
2 1 3 1 3
Ratio = (n”+ 1)/ (n” + ): mon — 1. = series behave the same = sum diverges.
1/n nd+1
& 1 1|~ 1
Int 1 test: ——dr=—| =—.
¢) Integral tes /2 z(lnx)? v Inz|, In2
The integral converges = the sum converges.
Problem 6. .
< 1 1 >~ 1
/ o = / dt+/ L
o 1+1t4 o 1+t4 1 1+t
1 00 00
1 1 1 4
< 1-dt —dt=1-— =14+-=-.
/0 +/1 t 323, 373

(continued)
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Problem 7.
% 1 o0 forp<1

a) We know / —dx = 1 (You should be able to derive this.)

0 P —— forp>1

p—1
) 1 S
Volume by shells: dV =7y dr =n—dz. = V = T——dx
P 1 T

Volume is finite for 2p > 1 = p > 1/2
Surface area: ds = \/1+ (y/)2dx = /1 + p2z—2(p+1) dx
1
dA = 2wy ds = 27T—p 1+ p2a—20+1) dy
A :/ 2 —1/1 + p2x—2(p+1) dg
1 xP
1

Limit compare with —, = area is infinite if p < 1.
x

Y

Thus, volume is finite and surface area is infinite for 1/2 < p < 1.

b) There is no problem. A finite volume sliced into thin enough pieces (infinitesimally
thick) can cover an infinite surface. Of course, given the finite size of the paint molecules,
I can’t really fill the volume: the molecules can’t get into the narrow part of the volume.



