18.02a Practice Midterm Questions, Fall 2007 Solutions

Problem 1. N 1,2,3) ”
a) Distance = PQ- — = (—19,1,1) - 7L = — =| V/14.
) QN = LD T =

b) ] Line: P+ tN = (204¢,2t,3t) < x=20+1 y=2t; z = 3L. \

c) Put equation for line into equation of plane:
(20+1)+4t+9t=6 = 14t=-14 = t=-1. = | R=(19,-2,-3). |
d) Let § =ZPQR: |QP||QR|costd = QP -QR = (19,—1,—1) - (18, -3, —4) = 349 =

349
cosf = ——— ~ 0.98 = 0~ 2radians ~ 11°.
V/363v/349
e) RP=(1,2,3) = |RP|=V14. (Same as part (a).)
i j k
f) Area= 3JPQxPR|. PQxPR=| -19 1 1 |=-i—58j+39%
-1 -2 -3
= area = 3v/1 4582+ 392 =| /4886 = 34.9.

Problem 2.
Parametrize by 6: r(§) = OP = 0Q + QP.

0Q = (2cos¥, 2sin6),

QP is vertical of length 20 = QP = (0, 26).
= ’ r() = (2cosf, 2sinf + 20). ‘
Physically this makes sense for 0 < 6 < 7.

Problem 3. a) v(t) = (4cost, —5sint, 3cost). i |v| = 5.
Vo (2 cost, —sint, > cost)
= — = (= cost, —sint, — cost).
v 5 ’ "5
a = (—4sint, —5cost, —3sint) = axv =(-15,0,20) = k= |a| X’3V| =5
v

b) r-(3,0,—4) =12sint — 12sint =0 = they’re perpendicular.
This means P moves in a plane with normal (3,0, —4).

Problem 4. gz =sint, y = cos2t = cos’t —sin’t =1 —2sin?t = y=1— 222
Coordinates:

A=(1,-1), B=(/2/2,0), C=(0,1), D=(—+/2/2,0), E=(—1,-1).

Path:
Pos. C—- B— A— B— C— D— E— D— C (repeat)
: . s 3 s 3 s
time: 0 % b vy m e 5 e 2
(continued)
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Problem 5.
a) Have to show B- Ay =1
3 1 =2 1 01 3+3-2 0+2-2 3+1-4
il -5 1 2 321 |=3| -54+34+2 0+2+2 —5+1+4
1 -1 2 1 1 2 1-3+2 0-2+2 1-1+4
4 00
= 0 40
0 0 4
1 1 =5
b) The system is Asx = O = x=A4'10 | =] - 3
4
4 4 9
¢) There are non-zero solutions to the homogeneous solution when the determinant of the
1 01
coefficient matrixis0. = |3 2 1 |=0 = 2¢=0 =
11 ¢

— — —
d) A=(1,0,1), B=(3,2,1) and C = (1,1,0) are the rows of the matrix.
Determinant equal 0 means they all lie in a plane (volume of parallelpiped = 0)
k

=
= Want perp. to plane: A x B = 1| =-2i+2j+ 2k.
1

W M
N O e

’ Answer: (—2,2,2) ‘(or any multiple of this).

1 0 1
e) Ai=1 3 2 1 |.Determinant = 2.
1 1 1
1 2 1 1 -2 1 1 -2
Minors: -1 0 1 |, Cofactors: 1 0 -1 ], Adjoint: -2 0 2],
-2 =2 2 -2 2 2 1 -1 2
1 1 1 =2
Inverse: 3 -2 0 2
1 -1 2
Problem 6.

a) Let w = 23 + 932, then the normal = Vw = (322, 3y%2, 3°)
= at (1,1,2) the normal =| (3,6,1).
b) The graph of z = f(x,y) is the same as the level surface:

g(mvyuz) = f(-%',y) —z=0.
Direct computation: Vg = (%, 2—5, —1).
Since Vg is perpendicular to the level surface the result follows.

(continued)
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Problem 7.
Level curves:

z=c=y’ -2 = rx=y>—c
= sideways parabolas.
Graph:
Fixy=0 = line z = —z.
Fix © = ¢ = parabola z = y2 — ¢
Looks like a half-cylinder sloping up along
the line z = —=z.
The vertical cross-sections parallel to the
yz-plane are parabolas.

Problem 8.

i cdw _ Ofde 4 Ofdy _ v
a) Chainrule: G =50 % + 5,9 =V/f r.

b) Along a level curve w is constant = %’ = 0.

Part (a) = Vf.-r'=0 = Vf Llr.
r’ is tangent to the curve = V[ L curve.

Problem 9. a) % = ycos(xy) and %—Z’ = zcos(zy) = x‘g—g‘j — y%—z’ = zycos(zy) —

yx cos(xy) = 0.

b) (Same as part (a) but replace cos(zy) by %.

: . Ow _ df ow _ df ow 0w _ .. df o df
Chain rule: g7 = 5-y and oy — dul = Toy Yo, = TWay — YTy =

Problem 10.
a) i) Apply chain rule to w: (%—Z’)x =2z (%)z + 2y (%) + 2z (%)z
x

Easily: (%)w =0 and (%)x =1
Implicit diff:: 0= (32), = £, (3¢) + £ (), ==(3) +v=2(3) +v

) _ 0 _ 2
= (ai;’)x_—ﬂ. = |(%%), = 2% + 2z

z

ii) Differentials: dw = 2z dx + 2y dy + 2z dz; dx = zdy + ydz.
Independent variables are z, x so want to remove dy from formula for dw.
Solve the second equation for dy: dy = %dm —Ydz.

Substitute: dw = 2z dx + 2y(L dz — L dz) + 2z d=.

Collect terms:  dw = (22 + 2y1) dx + (—2y¥ + 22) d=.

(B~ 2 2] (ot (), 20240

(continued)
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b) i) Apply chain rule to w: (%—f)w =2z (%)x +2y (%) + 2z (%):p'
Easily: (%£) =0and (%), =1.
Implicit differentiation: 0 = (%)x = fy (%) + /2 (%)x =Jy (%) + /-

o\ _ _f dw\ _ o fe
= (a%)x—*ﬁ = | (32), = —2u(5) + 2=

ii) Differentials: dw = 2z dx + 2ydy + 2zdz; dx = f,dy+ f.dz.
Independent variables are z, x so want to remove dy from formula for dw.

Solve the second equation for dy: dy = ﬁ dx — % dz.
Substitute: dw = 2xdx + 2y(ﬁ dx — }% dz) + 2z dz.
Collect terms: dw = (2x + 2yf—1y) dzr + (—2y§—; + 22) dz.

= (%), = =2y +22.| (Also get (%9), =22+ ny%-)

Problem 11. 5 o b o

w _ OJw Oz w oY —

ou = orout oy ou Orwu—wxqurwyyu
dw _ dwdz  Owdy Wy = WyTqy + WyY
8v_8x8v+8y8v v L yov

a) Chain rule:

In matrix form: (wy,w,) = (wg, wy) ( Ty Ty > ‘
Yu Yo

g (%) (%) )= ((32) (5. ) ( (&) (&),

. cosf —rsinf
b) x=rcosh, y=rsind = (w,,wy) = (Wz, wy) < sind  reosd ) .
c¢) We have, x =z and y = x tan .
Here, it’s best to set up the correspondence: x,y < x,y and u,v < x,0.

All we have to do is substitute for u, v in the (fully glorious) equation of part (a):
oz ox

(), (22)) = ()G ) (& (8 )
= (), (5).) Cont et )

Problem 12. a) Vuw = (3z%y+1/y, 2* — 2/y?) = | Vulp = (13,6). |

b) %sz- <\1/’1%> = 31/4/10.

c) Need u such that Vw -1 =0 : Take u in the direction of | (—6,13).

d) Aw ~ 13Az + 6Ay = 13(.1) + 6(—.1) = .7.
w(P) =10 = w(2.1,0.9) ~ (Exact answer is 10.668.)

(continued)
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Problem 13. Normal = gradient = (2 + 42, 22y + 22, 2yz).
At (1,2,3): grad = (6,13,12)
Tangent plane: ’ 6(x—1)+13(y —2)+12(z—3) =0 or 6x+ 13y + 12z = 68.

Problem 14. a) You draw the picture.
V = volume = xyz =4, S = surface area = 2xy + 2zz + yz.
Substituting z = 4/xy = ’ S =2xy+8/y+4/x. ‘

b) Find critical points:
Solve g—g = 2y—4/:n2 =0, ‘g—g = 2x—8/y2 =0.

4

= y=2/2, 2 =4/y> = z=2* = r=0,1.

x = 0 gives undefined y = only critical point is (1,2)

’Answer:le,yzQ,z:Z ‘

8/x3 2
2 16/y?
D >0and A>0 = minimum (second derivative test).

A=Wz B=wyy

% D:' B =wgy C=wy

8 2
|32

d) ’ R = first quadrant. Boundary = positive axes. ‘

e) When x =0 or y = 0 the formula in part (a) gives S = oc.
f) Lagrange:

2u+2z = Ayz
2r+z = Arz
Vw=AVuy, V=4 =
2e+y = vy
TYZ = 4
Solving symetrically: % + % =\ % + % =\ % + % =\

The first 2 equations give: = 4. The second and third give: z = y.
Substituting in the formula for V gives 33/2 =4 = y = 2.

Answer: z =1, y =2, z = 2. (Same as before.)

Problem 15. Call the function w.

Derivatives: w, = 2z — 2y2, wy = —4xy + 4y,

A=wyy =2, B=wyy =4y, C =wy, =—4r+4 = D= AC — B> = -8z + 8 — 16y°.
Critical points: w, = 2z — 2y? = 0, wy = —4xy +4y =0

Second equation = y=0or z =1 = critical points are (0,0), (1,1), (1,—1).

(0,0): D=8>0, A>0 = minimum.
(1,1): D = —16 = saddle.
(1,-1): D =—-16 = saddle.

(continued)
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Problem 16.
The region of integration is R.

Reverse the limits:

Outer var. y: from 0 to 1; inner var. z: from 0 to y5.

1 y3 4
= Integralz/ / e’ dx dy.
0o Jo
y3

4 < 4
Inner: xe =y3e¥".

1

1
1 1
Outer: / y?’ey4 dy = —ev'| = —(e! —1).
o 4 4

0

Problem 17.
a) [ = 5// d?> dm, where dm = ddA,
R

and d = moment arm = r, 0 = (constant) density.

For this part, put point at origin

Limits for R: outer var. 6 : 0 to 27; inner var. r: 0 to a.

27 a
1:5/ / r2rdrdf.
0 0

b) Put point at origin.
Limits for R:

outer var. 0 : —7w/2 to w/2; inner var. r: 0 to 2acos®f.

Moment arm d = r.

w/2 pr2acosf w/2 r2acosf
I:é/ / r2rdrdf = 25/ / r2rdrdo.
—7/2J0 0 0

¢) Line = y-axis
Limits for R: same as part (a).

Moment arm d = z = rcos 6.

2 a
125/ / r? cos? 0 rdrdo.
0 0

(continued)
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d) Line = y-axis
Limits for R: same as part (b).

Moment arm d = x = r cos 6.

I=56§

<

dm

w/2  r2acosf
/ r? cos® 0 r dr do
—7/2J0

w/2 r2acosf
25/ / r2 cos? O r dr do.
0 0

)

Limits for S:

Moment arm d = r.

w/4 ,2cosf
1:5/ / r2rdrdo.
0 0

outer var. 6: 0 to w/4; inner var. r: 0 to 2cosf

Problem 18.
Mass = [ [0 dA.

Limits of integration:

outer variable #: 0 to 27;  inner variable r: 0 to a(1 + cos ).

2m  pa(l4-cosf) 1 2w pl4cosd
Mass = / / —rdrdf = / / dr do.
0 0 r 0 0

Inner integral: T\S(H_COS o a(l+ cosf).

2T
Outer integral: / a(l+ cosf)df =
0

2,2

Problem 19. Convert integrand: f(x,y) = v°u®.
IR0 W I S N

Compute dA: dey) = |9 3 |= 5

= dA = %du dv.

Limits of integration:

r=0=>u=y,v=-3y = u=—v/3.
y=0=> u=z,v=22r = u=0v/2.

Outer var. v: 0 to 4; inner var. u: —v/3 to v/2.

(Note: in the other order you need to break the region into 2

pieces.)
1 4 v/2
Integral = / / .
5.Jo Jou3
1 V2 11
Inner: —ov?u? = (= +—).
15 o3 150 0827
1o 1 1" 451 1
Outer: ——(=+ —)| =| —(= + —).
uter: 175 (5 27)| 7| 90z T 27

If you’ve read to here, thank you. It’s been fun

Cardiod: r = a(1 + cos6)

o~



