18.02a Problem Set 8 Solutions

Part II (22 points)
Problem 1 (Class 30, 7 pts:1,2,2,2)
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a) y=uaxtand (see Fig. 1). Area = w = zy = 2% tand.

1
= (ZZ;)O =ztanf =y, and <?;g>x = 51’2 sec? 6.

b) As before, y = ztanf and w, = %y, Wy = %x

8710 = % + @ —1 —i—ltne— tan @ =

owy _ oz AN Lo 2, 1o o
<a9)x—wx (89)x+wy (ae)z—0+2m sec’ ) = 2m sec” 6.

c) dw= %yd:n + %xdy, dy = tan 6 dx + z sec® 0 df.
Eliminate dy from the equation for dw.
dw = Lydr + Lz(tanfdx + zsec? 0d0) = (Ly + Lz tan0)dz + (322 sec® )db.

0 1 1 0 1
= <a:>0 =3Y + iaztane =y, and (;g)x = 5:52 sec 6.

d) If we fix § and vary x then (see Fig. 2)
Aw = area of trapezoidal strip at right = Ax - %(y +y+ Ay) = yAx + %Aw - Ay = yAz.
(We ignore second order terms.) = Aw SETRES <8w> =y.

Az ox /,
If we fix x and vary 6 then (see Fig. 3) Aw = area of thin wedge.
The angle of the wedge is A and Aw = 3r(r + Ar) sin(Af) ~ Sr(r + Ar)Af ~ $r2A6.
(Here, we’ve used sinx ~ x and then dropped second order terms.)

:>MN2T—2:L‘sec0:> 20 m—zmsece.

Problem 2 (Class 30, 4 pts)
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(continued)
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Problem 3 (Class 30, 3 pts)
We do this in small steps.
oU oV oV
iginal f la: | — T — — ] =0.

Original formula <3p>T+ <8T>p+p<8p>T 0 (%)

Step 1. Chain rule:
(39),=(39),(3),+ (%) (&), (39.=(),®.+(%). ().
Step 2. Write in matrix form:

%),
(), @) - (@), (2)) ( (5 )
Step 3. Decide which variables are (z,y) and which are (u,v):

Want U, V to become the independent variables, i.e. want U, V' in denominator of Jacobian
matrix: = (z,y) < (p,T), and (u,v) < (U,V).
Step 4. Substitute into formula in step 2:
p p
(G o = (5, ) () () ),

orT
(W)v (W)U
In this case there is no confusion, so for ease of notation we’ll let w, = (d%)v etc.

=T

U pU

Step 5. Call the matrix A, find A=1: A~l = ‘7}| < Ty —py ) .

Step 6. Choose various w to get all the pieces in formula (%x):

w=U = <(%%>T, (g#)p) - ((%)V’ (%)U)'Ail = (L 0)"471 - |7,}1|(Tv7 _pv)
w=V = (%), G,) = (@B o)A = 0047 = Gr(-Tym).
te (%), =t o (5), == v ), = (),

Step 7. Substitute into the law (%x):

fr(G)u+T(8), ~pE)y) =0 = | (F)u+T (%), —r (&) =0.

(continued)
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Problem 4 (Class 31, 3 pts)
z
c Equation of top plane: z = Ax + By + C.

Vol = [[,zdA = foafObA:J:—i—By—i—Cdydx.

Inner: Azy + By?/2 + Cyl} = Abx + Bb?/2 + Cb.
Outer: [ Abx 4+ Bb*/2+ Cbdx = Aa*b/2+ Bb?a/2+ Cab
= ab(aA/2+bB/2+ C).

Length of four legs: C, Aa+ C, Bb+ C, Aa+ Bb+C
Y = average = C' + Aa/2 + Bb/2.

a = volume = (area base)- (average of legs).

x

Problem 5 (Class 31, 3 pts)

The original integral is over the triangular region shown.

Changing the order of integration we need to break it into two

pieces.
Piece 1: y : 0 to 1; For fixed y, = : 0 to y.
Piece 2: y : 1 to 2; For fixed y,  : 0 to 2 — y. Y
1 Yo 2 2—y T
= integral:/ / da:dy+/ / —dz dy.
o Jo ¥ 1 Jo Yy =9 _
21y = Y
Inner; = —| =2 -
nner; = @ . = 5 piecey
22—y I B ./
2 — 2
Inners = r = 7( y) =—-——2+4+ g. piecer
2y 1o 2y Y 2 -
1 =Y
2
Y 1
Outer; = =—| = -.
utery 4 . 4 T

212

1
Outers = 21ny—2y+yZ —2m2—d+1+2-7.

1

Integral = outer; 4+ outers =| 2In2 — 1.

You could do this integral in the original order, but it involves more difficult integrals.

Problem 6 (Class 31, 2 pts)
Since the inner integral has dz it is over x —it should not have = as a limit of integration.



