18.01A Topic 12: Infinite series, harmonic series convergence tests.
Read: TB: 13.1 and 13.2 quickly, 13.3 to top p.442, 13.5 to p.453, 13.6 to p.457

MUST get comfortable with ) notation.

Definition of series (= sum):
ap+ ay + as + ...+ a, (finite series).
ap+a;+as+...+a, + ... (infinite series).

Sigma notation: Z a, =ag+ay+as+....
n=0
Note: The index n could be another letter, e.g. 7, 7. It’s like the x in an integral.

Partial sums: Sy =ag+ a; + ...+ ay is called the N*" partial sum.

Definition of convergent series:

If A}lm Sy = S exists the series converges to the sum S, otherwise it diverges.
—00

Note If the limit is co we say the series diverges to oc.

Example: Geometric series Zr”. For |r| < 1 this converges to | For
n=0
1 — TN+1
|| > 1 the geometric series diverges. (Proof: Sy = 1—)
—r
Example: Harmonic series i L 1+ = + ! +
ple: 2.5, = 5tgte.

Claim: This diverges to oc.

Proof 1: (This is also in the book so won’t do in class.)
O+G e hede byl Ly
sum = = e —+=-+=-+-)+...
2 3 4 5 6 7 8
Each grouping of terms is > %, for instance the one starting with % has 4 terms all
> %. Continuing by taking twice as many terms in each successive group produces

an infinite sum of groups > % = diverges to co.

Proof 2 ( mtegral test):
Z / —dx = Inz|]” = o0o. (The inequality follows because the sum is a left

Rlemann sum that overestimates the area under the curve.)

AN
1 1
Left Riem. sum overest. integral Right Riem. sum underest. integral
(continued)
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[e.o]

1 1 1
Example: Z = 1+ 2 + 2 + ... converges.

Proof: Series = right Riem. sum < [° - dz = 1.

n=1

Integral Test:
If f(x) is decreasing and lim f(z) = 0 then

Tr—00

Z f(n) and / f(z) dz either both converge or both diverge.

n=ng
Proof: Left Riemann sum = % f(n) > fnos f(z)dx > right Riemann sum =
ZZOZTL()#»I (n>

N.B. the hypotheses that f(x) is decreasing and goes to 0.

= 1
Example: (p-test) Does Z — converge or diverge?
n

n="7
The function f(x) = xip satisfies the hypotheses of the integral test.
[e.e]
Since s dz converges for p > 1 so does the sum.
x

1
Likewise it diverges for p < 1.

converge?

Example: Does Z
- nlnn

.o 1 _ 4 _ 0o _ ~
answer: [, ——dr= [=d(lnz) =Inlnz|3* =00 = diverges.
1
zlnx

(Of course, must check that is decreasing.)

Comparison test:
Assume 0 < f(n) < g(n)

If Z g(n) converges then so does Z f(n).

n=ng n=ng
If Z f(n) diverges then so does Z g(n).
n=nyg n=no

Example: ) n++1 < " -5 converges.

(continued)
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Asymptotic comparison test:
Assume a,,, b, are positive.

If lim Z—n = cand ¢ # 0,00 then Y a, and > b, both converge or both diverge.

n—oo n

Proof: For large n (say for n > N) BrCe = for large n: %cbn < a, < 2cbhy,.

o
1
So ZNan converges = Z 3 cb, also converges =- Z b, converges.
n=

o0
Likewise Z b, converges = Z 2¢b,, converges =- Z a, converges.
n=N

o0 o0
Note: Z a, converges < Z a, converges.
n=N n=1
Examples: Do the following converge or diverge?

2
L. Z T (Converges —compare with >- -5.)

2
3
2. Z ?()0——(;13 (Diverges —asymptotically compare with %)

1
3. Z 37 (Converges —compare with > 5.)

n
4. ———— (Diverges —asymptotically compare with > 1.
> N (Diverg ymp y comp > 1)
tan—1
D. Z an (Converges —asymptotically compare with Z% ~recall tan~!z is

n3
bounded between —m /2 and 7/2.)

Theorem: ) a, converges = a, — 0

Proof:
Sn—l—l = Sn + ap
| | |
S S 0
Note: Converse of this is false, e.g. the harmonic series.
1
Example: (Telescoping series ———— converges by comparison to Y .
ple: ( ping )Zn<n+1) ges by comp >k
In this case we can actually compute the sum: n(n1+1) = % — #1 = telescoping series

Sv=01-3+G-D+ .. +(x—77)=1-55—1



