18.02A Topic 31: Double and iterated integrals.
Read: TB: 20.1, 20.2

Double integral —geometric
Iterated integral —analytic

Iterated integrals

1 p2
Example: / / xy dx dy

Inner integral:

2
O

xydx— —

Outer integral:

[
[

2y dy = 1> |0—1

Example: / / (2x + 2y) dy dx
0 Ja2

Inner integral: / (22 + 2y) dy = 2zy + o ; =207 + 2% - (22 + 1Y) =327 —22° — 1
1 4 511
1 1
Outer integral: / 3% — 223 — atde = 23 — S R
0 2 5, 2 5
Double integrals Mass example
1 dimension:
density = 5 ( ) y
dm = (5 } l;
a b
- /
2 dimensions:
density = (z,y)
dm = 0(x,y) dA = 6(x,y) dx dy L
M = //5xydA // (x,y) dx dy
= Double integral dy
b
To compute: mass (horiz.) strip (fix y) = / d(z,y) dx cr dr
—

d b
M = "sum” mass of strips = / / d(z,y) dxdy

= iterated integral.

(continued)
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Limits of integration
Example: Find the mass of region R bounded by

y=z+1
y=x+1, y=2* =0, x=1, density = §(x,y) = zy
x is between 0 and 1.
As x moves the vertical lines sweep out R.

- 2 R _ 2
Fix x then y runs from x* to x + 1. y=a
= M= //5xydA / / xy dy dx 7—4—?

=0 Jy=x2
. p Y2 r+1 :c(:v+1)2 20 x3+ 2+x 25

e TR 2, 2 2~ 2 22
Out /1$3+ 2, 7 x5d 934+l'3+$2 28| 1+1+1 1 5

er: —4rrt+-——dr=—4+—+———| ==+ - — — = —,

el 2 2 8§ '3 4 12/, 8371 12 8

Note: The syntax y = 22 in limits is redundant but useful. We know it must be y
because of the dy matching the integral sign...

Volume Like area: volume = 'sum’ of rectangular boxes.

Ing = f(z,y)
1
,' 1 ‘
dV =zdA Tetrahedron Region R
Example: Volume of tetrahedron (see above pictures)
Surface: z=1—z —y.
i =129 R e
Limits: 2: 0Otol; y: O0tol—ux. 2=0 Jy=0
1-z y2 1-z iL‘
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Changing order of integration
Example: / / — dydx. —Inner integral is too hard —so change order:
vz Y

1) Find limits for region R: x from 0 to 1; fix x: y from /x to 1.

2) Reverse limits: y from 0 to 1; fix y: o from 0 to y2. : y=1

— a2
3) Compute integral: / / —dx dy y=yzrorx=y
z=0 Y

v |V

1
Inner: x—| =ye’ = Outer: / ye? = ye! — ey‘(l) =1
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