18.02A Topic 33: Change of variable.
Read: SN: CV

18.01 example: Compute I = [ zv/1 — 22 du.

Direct substitution: u© = 1 — 22,

= I =-1[udu.

Inverse substitution: = =sinu, dz =cosudu = I = [sinucos®udu.

Double integration: [ [, f(z,y) dA.
Direct substitution: u = u(z,y), v = v(zx,y).

du = —2xdx — xdx = —%du

Inverse substitution: = = z(u,v), y = y(u,v).
Example: x = rcosf, y = rsiné.

Finding dA = dx dy:

. _ (zy) | Tu Ty A(uw) | Uz Uy
Jacobian = 8(%3) =y | @ | v,
4A = dw dy = | 328 dudv = oy dude.

’ a(@y)

(Reason soon)

Change of variable for [ [, f(z,y) dz dy:
(A) Change f(z,y) to u,v coordinates.
(B) Express dA in terms of du dv.

(C) Find u, v limits on R.

Example: Given the region R shown, compute I = [ [,(42* — y*)* dy dz.
Change of variable: u = 2x —y, v =2z +y.
(A) d2? —y?* =wv = f(x,y) = u'oh.

A(uw) | Uz Uy | 2 -1
(B) 0y) v, v, | |2 1 4 2 u=-2
20 +y =2
ozy) _ _1 _
= B(u,Z)_i' = drdy = jdudv. . v =2
(C) Limits: R
x:():>u:—y7q;:y:>v:_u' 21'—y:0 V=—U w=0
u: -2to0; fixu = v: —u to 2. — _
5 1
2 1
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I / / v 4dvdu
-2 Juv=—u

(Easy to compute.)

(continued)



18.02A topic 33

Reason for change of variables formula:
Draw ’grid’ lines u = ¢1, v = ¢ (in xy-plane).
AA = area PQRS =~ parallelogram.
— —
In a moment we will see that PQ =~ (z,Au,y,Au) and PS = (z,Av,y,Av).
Using this we have:

Tz, Au 1, Av
Adr~+ YuAu Yy, Av

= dA = %dudv. -

Ty Lo
Yu Yo

AuAv = 2EY) Ay Ay,

== O(u,v)

Now we show P—(i ~ (T, Au, Yy, Au).

Let P—d = (Ax, Ay) (see picture).

The approximation formula says: Az ~ x,Au+ z,Av and Ay =~ y,Au + y,Av.
Going from P to Q we have Av =0 = Az =~ z,Au and Ay = y,Au.

= P—Q> ~ (v, Au, Yy, Au). m

Likewise for PS ~ (x,Av, y, Av).

v =10y + Av

Remark on the chain rule:

ANz,y) O(u,v) Ty T, Up Uy \
O(u,v) 9I(z,y) =1 or Yu Yo Vg Uy =1
ox B OrOdu  Ox Ov




