18.01A Topic 8: Integration: substitution, trigonometric integrals, completing the
square.
Read: TB: 10.2, 10.3, 10.4.

Integration techniques Only practice will make perfect. These techniques are
important, but not the intellectual heart of the class.

1. Inspection: [ z?dx = “”—; +C.
2. Guess/memorize: [secfdf =1In|secf + tand| + C. Memorize this!

3. Direct substitution: v = g(x) = du = ¢'(z)dz.
Examples:

a. Compute [ sin'z cosz dz.

answer: Let u =sinz = du = cosxdz.

Substitute for all pieces in integral: = [u*du =u"/5+ C.
Back substition: integral = % +C.

b. Compute [ sin®z dz.

answer: [sin’zdr = [sin'zsinzdr = [(1 — cos’z)?sinx dz.

Let u =cosz = du= —sinxdz.

Substitute: integral = — [(1 — u?)? du (Easy to compute and back substitute)

Trig formulas you have to know:
. sin?z + cos?x = 1.

1
2. Double angle: sin 2z = 2sinzcosz  cos 2z = cos®x — sin® z.
3. Half angle: cos?z = £(1 + cos2x)  sin®z = 1(1 — cos 2x).
4. 1+ tan’x =sec’x sec’zr — 1 =tan’z.
d . _ d o
5. =—slnx =Ccosxr - CcosSx = sinwx.
dx dx
4 tanz =sec?r L secx = secztanz.
dx dx
Examples:

1. Compute [ sin®zdz.

answer: sin'z = (1=20)2 = 1 — 1cos 2z + 1 cos? 2z =

1
This last expression is easy to integrate.

T — 5082z + (14 cosdx).
2. Compute [ tan? zsec? z dz.

answer: Notice sec? z is the derivative of tanz.

= substitute u = tanx, du = sec® z dx.

= integral = [w*du=u*/3+C.

Back substitute: integral = tan®z/3 + C'.

(continued)
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3. Compute [ tan? zsecz dz.

answer: Notice sec® z = (1 + tan?z) sec? z = (1 + tan® z) d tan x.
Substitute u = tanz

= integral = [w*(1 +u®)du.  (Easy to integrate and back substitute.)

Inverse trig substitution Examples:

1. Compute fﬁ [ 1

answer: Substitute x =sinf = dxr = cosfdf = integral = | ——— cosfdf.
- V/1-sin20

(Notice how easy the substitution is.)

Trig identities = integral = [ 1 os7 cosfdf = [df =0 —i— C.
Back substitution (Use # = sin™'x) = integral = sin"*z + C.
Check answer by differentiation.

2. Compute [ W
answer: Substitute z = asinf = dx = acos8db.
Now similar to example 1.

3. Compute f\/ﬁ

answer: Substitute r = atanf = dx = asec®>6df

= integral : f'm& SeC2 9(19

Algebra + trig identities =

integral = [ = sec?0df = [secfdf =In|sec + tanb| + C

Back subst1tut1on (Use sect = \/1+ (z/a)?)) =

integral = In|y/1+ (z/a)? +z/a|+C =In|vVa? + 22+ 2| —Ina+C
=In|va®+ 22 +z|+C.

(In the last equality we replaced the constant Ina + C' by C.)

Check answer by differentiation.

Example: Moment of inertia of uniform disk of radius a around a diameter.
Moment of inertia of point mass about an axis is / = md>?,

where m is the mass and d is the distance from the axis.
Choose the diameter to be along the y-axis.

Let total mass of disk = M "

T
(so uniform density 6 = M/(ra?)).

Vertical strip is (approximately) a distance z from axis.
Area of strip = dA =2y dx.

Mass of strip = dm = d dA = 62y dx.

Moment of inertia of strip = dI = 2? dm = 2?62y dx.

Usual slice and sum technique: / Y ,

Total moment of inertia = I = [ 20z%y d.

(continued)
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Always use symmetry —it suffices to compute for half disk (and multiply by 2).
Adding limits and y = Va2 —22: [ =2 foa 2022\ a2 — x2 dx.

Substitute x = asinf, dxr = acosfdb.

= 2=0-0=0,z=a<0="7/2.

= [ =4 fOW/Q a’sin? v/ a? — a?sin® G acos O df = 46 foﬂm a*sin? 6 cos? 0 d.
Trig identities: sin”6@ cos? § =  sin®260 = £(1 — cos 46)

= [ =3a% foﬂm 1 —cos40df = $a*6(0 — sin(40)/4) 3/2

= a*dm/4 = Ma?*/4.
Completing the square:
(This is how you derive the quadratic formula)
Example: Compute [ ———dz.
Complete the square: 2> +2r+5=2>+2r+1+5—-1=(z+1)?+4.
1 _ 1
= J rargs dr = J @z 4o
Substitute z + 1 = 2tanu, dr = 2sec? udu
= integral = [ % du=1tu+C=itan } (&) +C

4 sec?

Example: 5D-11. Compute [ 2v/—8 + 6z — 22 dx.

answer: Complete the square inside the square root:
—(2* =62 4+8)=—(2*—6r+9—-9+8)=—(x —3)*+ 1.
= integral = [2y/1 — (z — 3)?dx  (Substitue sinu = z — 3, cosudu = dz.)

= [(sinu+ 3) cos® u du.
Two pieces: )
i) [sinucos®udu = —3 cos’ u. (z —3)
i [3cos®udu=32 [1+cos2udu=3(u+sin(2u)/2).

os?’u—%sin2u—%u+0

= integral = —% ¢
—2(—=8+4 61 —2?)32 + 3(z +3)(—8+6c— 2?2+ 2sin" ! (z —3) + C.



