18.01A Topic 9: Integration: partial fractions.
Read: TB: 10.6, SN: F

E 1 1 3r—1
xample: — = .
P r—3 x—1 a2—4x2+3

Question: How do we go backwards?

3r—1 3r—1 A B
22— 4z +3 (z-3)(x—-1) =3 a1
= 3r—1=A(x—1)+ B(x — 3).
r=1 = B=-1.
r=3 = A=4.
Coverup method: Doing the above without writing. I don’t like it because I make
mistakes. Read notes §F.

1
Example: Co te | ————dx.
P P /x2—3x+2 .
answer: Partial fractions: xL:l),Hz = (171)1(%2) = % 4 %,

Cross multiply: 1= A(z —2)+ B(z —1).

r=1= A=-1.

r=2 = B=1
= integral = [ —— + L de = —In(z — 1) + In(z — 2) + C.
Getting fancier:

Repeated linear factors:
Example: (;f;)g?;—z) = (:):—fQ)? + a:%z
Multiply out and solve:

22 —2x+2=A(x —2) + B(x +2)(z — 2) + C(z + 2)?
r=2= C=1/8

r=-2 = A=-5/2

Out of obvious substitutions. Many ways to proceed.
One way: t =0 = 2=—-2A—-4B+4C = B="7/8.

+ - —One term for each power.

(continued)



18.01A topic 9

Quadratic factor:
T +3 _|_ Bx+C

Example: (:1:2+(i z—1) 241
Multlply out and solve:
?+3=A(x*+1)+ (Bx+C)(z —1)
r=1= A=2
Out of obvious substitions. Many ways to proceed.
One way: t =0 = C = —1.
Equate coefficient of 22 on each side = 1=A+ B = B = —1.
Second way: Equate coefficients: 22 +3 = (A+ B)z?+ (C — B)z + (A - O).
= 1=A+B,0=C—-B,3=A-C ...
(This last method is really what’s going on no matter how you solve it.)

Integration example:
I‘Q X
J (r2+1)-1237—1) dv = [ Fyde— [ o dr — s w27 dv
= 2In|z —1|—3In(z® + 1) —tan"'z + C.
(Should memorize [ =tan'a+ C.)

:1:21+1
Repeated Quadratic Factor:
Pxample: (r2ly — Apsl + Cob o L
Multiply out: 2z + 1= (Az + B)(z — 1) + (Cx + D)(2? + 1)(z — 1) + E(a? + 1)?
r=1= E=3/4
Equate coefficients: (painful calculation)
1. 0=C+F = C=-3/4
3:0=D-C = D=-3/4
2:0=A+C—-D+2F = A=-3/2
. 2=—A+B—-C+D = B=1/2

1 = —B — D + F (this checks out)
Example: (more integration) Compute [ i

Cm
Substitute u = 2% + 1, du = 2z dx.
= integral = [ 1L du=—lu'+C=-1(2>+ 1) +C.

—= 8 8 8 8

dz.

Long division
For partial fractions must have degree of numerator < degree of denominator.
?+2r+1 242041

24+ —-2 (v+2)(z—1)

Example: Decompose using partial fractions.

First use long division

r—1
224+ —2 2+ 20 +1
3 4x? =2 34+ 2x+1 5r — 1
5 = — =g -1+ —-—
—x¢ +dx +1 2+ —2 224 —2
B — +2
5% —1

Now proceed as always.



