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Quantum mechanical basis for the Geiger-Nuttal Law. Determination of the half-lives of several
species in the Uranium, Thorium and Actinium series through the use of a scintillator, solid-state
detector and coincidence circuitry. The half-lives of Po218, Rn222 and Po214 are determined at
181 ± 5 s, 4.49 ± .01 days and 163 ± 1 µs, respectively. Verification of the theoretical relationship
between half-life and alpha particle energy, with a χ2

ν of 1.1. Qualitative investigation of modeling
decay dynamics with the Bateman equations.

1. INTRODUCTION

Though simple experimental results describing the al-
pha decay of unstable atoms had already been accepted
for several decades, a firm theoretical view that took ad-
vantage of the new quantum theory was not derived until
the late 1920’s. Using a number of methods to isolate the
decay rates of radon gas and unstable species present in
uraninite rocks, we can experimentally validate its pre-
dictions.

2. THEORY

It is well-known that many atoms spontaneously de-
cay into another species, releasing an alpha particle and
energy in the process. However, the observed alpha parti-
cle’s energy is significantly lower than the Coulomb bar-
rier of the nucleus. Classical mechanics has no elegant
explanation for how an alpha particle overcomes the en-
ergy barrier, so we turn to a wave mechanical description
of the situation to provide one.

2.1. Alpha particle barrier penetration and the
Geiger-Nuttal Law

We claim that the mechanism for Alpha decay is quan-
tum tunneling through the potential of the nucleus. Con-
sider an alpha particle with mass µ bound with energy Eα

inside a nuclear with continuous potential V (r) = ZnZαe2

r
for some r > a. Condon and Gurney [1] give this as the
probability of its penetrating the potential barrier at a
single approach.

P ≈
{
−2~

∫ √
2µ(V (r)− Eα)dr

}
(1)

The integral above is to be taken across the barrier.
Let Eα = ZnZαe2

b , such that the alpha particle is free after
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tunneling past r = b. As described in [2], the integrand
can be rewritten to remove the common term, and for
values of a < b, can be approximated by

∫ b

a

dr
√

V (r)− Eα =
√

ZnZαe2

∫ b

a

dr

√
1
r
− 1

b
(2)

≈
√

ZnZαe2
√

b (3)

If the alpha particle has speed v inside the well, then
it encounters the potential barrier 2a

v times per second,
with a probability P to tunnel out every time. Thus, the
mean time until the nucleus “decays” and releases the
alpha particle is P

v/2a . Rewriting
√

b = e
√

Zα

√
Zn

Eα
, we

have, as a good approximation to the decay constant:

λ ≈ exp
{
−2~e2Zα

√
2µ

Zn√
Eα

}
(4)

ln λ ≈ C1 −
(
2~e2Zα

√
2µ

) Zn√
Eα

(5)

This is known as the theoretical version of the Geiger-
Nuttal Law, and its verification is the primary aim of this
experiment.

2.2. Bateman equations

The Bateman equations provide a numerical solution
to the dynamics of a decay chain. Let N(t) be a vector of
the number of nuclides of each element in a decay chain.
Consider the dynamics of an element of this vector B(t),
which is caused by the decay of its parent A(t). The
change in B(t) is given by

dB(t)
dt

=
A(t)
τA

− B(t)
τB

= A(t)λA −B(t)λB

The activity of the decay series evolves deterministi-
cally, and can be numerically integrated. Given an initial
condition vector N0, we can determine the the number
of nuclides of each species in the decay chain with



2

N(t) = eΛt N0, Λ =


. . . . . .

. . . 0 λi−1 −λi 0 . . .
. . . . . .

 (6)

Above, eΛt is defined by its Taylor expansion. It is
customary to diagonalize Λ with rotation matrix V into
D to make the evaluation of this easier:

eΛt N0 = eV −1DV t N0 = V −1eDtV N0 (7)

In the two-element case when A(t) >> 0, B(t) = 0
and τA >> τB , it can be easily shown that the activity
of B is given by

rB(t) ≈ 1− e−tλB (8)

We will later use the former result to our advantage,
and qualitatively investigate the predictions of (6).

3. EXPERIMENTAL SETUP

Two primary pieces of equipment, along with appro-
priate electronic circuitry were used in this experiment.
The schematic in Figure 1 shows a diagram of the setup.

3.1. Uraninite rocks and the solid-state detector

Uraninite rocks in a can were sealed with a rubber
stopper with a Canberra PIPS solid-state detector em-
bedded into it. When radon gas in the can decays, the
ionized polonium child is drawn to the detector by the
high-voltage across the can. A good fraction of the emit-
ted alpha particles hit the detector, causing a voltage
pulse conveying information about the energy of the de-
cay to be amplified and received by a multi-channel an-
alyzer (MCA), which records and displays the spectrum.

We took several readings of the long-term steady-state
activity inside the uraninite can. On October 27th, we
opened the can, released the built-up radon gas, re-sealed
the can, and recorded the activity inside for ten hours.

3.2. Radon gas and the liquid scintillator

The liquid scintillator is capable of detecting with pho-
tomultiplier tubes high-energy decays by the light they
produce when traveling through liquid scintillation cock-
tail. The sum of the signal received by either can be
used to return a spectrum of observed alpha decays to
the MCA. Additionally, the coincidence output of the
machine, when paired with a Time-to-Channel converter,
can be used to measure the distribution between the start

FIG. 1: Experimental setup. Above is a schematic of the
uraninite can system. Below is a schematic of the liquid scin-
tillator system, with optional coincidence circuitry indicated.
Modified from [3].

and stop time of correlated events. We will use this fea-
ture to determine the half-life of polonium-214.

After filling a vial with liquid scintillator cocktail, we
infused it with radon-222 gas from a pure source, inserted
it into the liquid scintillator, and began taking readings
over the next several hours. After allowing polonium-214
to build to an appreciable level in the vial, we attempted
to measure its mean life with the coincidence circuitry.

4. DATA AND ANALYSIS

4.1. Identification of decaying nuclides

We used a bootstrap calibration to determine the iden-
tity of the alpha peaks of mature uraninite spectra. In
particular, we expected that the highest-energy alpha
peak visible to us would correspond to the alpha decay
of Po212, at 8.784MeV. Since the MCA is a very linear
device, this data point, along with setting the first chan-
nel to 0 MeV, was enough to classify the seven remaining
peaks with the help of the CRC HCP[4].

To determine the identity of the peaks in the liquid
scintillator spectra, we superimposed the spectrum of a
known, strong americium-243 source. This, along with
the knowledge that the peaks corresponded to the decay
products of radon gas, was enough for us to classify them.

Figure 2 shows the uraninite spectra used for this pur-
pose, and Table I displays the results. The uncertainty in
the energies is due to the granularity of a single channel:

σE =
1
2

8.784 MeV
1704

= .005 MeV

This, along with fitting uncertainty, was the chief
source of error in our calculations.
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FIG. 2: Calibrated and labeled mature (ten-hour) uraninite
spectrum.

TABLE I: Classification of alpha peaks

Peak Accepted energy Observed energy Intensity

Po218 6.003 MeV 5.999 ± .005 1.00

Po214 7.686 MeV 7.691 ± .005 .94

Po210 5.304 MeV 5.302 ± .005 .12

Po216 6.778 MeV 6.783 ± .005 .45

Po212 8.784 MeV 8.784 .17

Bi211
6.623 MeV 6.628 ± .005 .51

6.279 MeV 6.282 ± .005 .15

4.2. Use of the Bateman equations to determine of
the half-lives of Po218 and Rn222

After identifying the visible alpha peaks, we deter-
mined the total activity associated with that decay pro-
cess by adding up the number of counts that made up
that particular peak. Plotting the activity over time, we
can determine the half-lives of two species, one from each
spectrum.

Polonium-218, which is initially absent in a pre-
pared scintillator vial, has a much shorter half-life than
radon-222, which is initially present in large quantities.
Thus, (8) is an appropriate approximation of its activ-
ity over time. Fitting to this, we obtain a value for the
half-life of polonium-218:

τPo218 = 181± 5 s, χ2
ν = 3.4

Figure 3 shows the plotted data and fitted curve.
The situation is similar in the case of when the urani-

nite can is first sealed - there is an abundance of radium-
226, but essentially no radon-222. We cannot observe
radon-222 directly in the spectrum data, and must there-
fore use the activity curve of Po218 as an indicator of
its half-life. Since we are considering the evolution over

FIG. 3: Evolution of Polonium-218 activity in the liquid scin-
tillator.

FIG. 4: Calibrated Po214 lifetime distribution, with fitted
line.

many hours, the small half-life of polonium-218 makes
this a good approximation. Again, we fit to (8). The
obtained value for the half-life of radon-222 is τRn222 =
4.49± 1 days with χ2

ν = 3.6.

4.3. Determination of the half-life of Po214

Using coincidence circuitry, we were able to obtain sev-
eral calibrated plots of the distribution of the time be-
tween the birth and decay of a polonium-214 atom. We
chose to use only the last plot, shown in 4, since the
amount of polonium-214 would be highest here.

Since decaying is a Poisson process, we expect the dis-
tribution of times until decay occurs to fall off as a neg-
ative exponential with the same parameter as the de-
cay. Fitting to this, we obtain a value for the half-life of
polonium-214 at τPo218 = 163± 1 µs with χ2

ν = 1.06.
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FIG. 5: The pluses are the experimentally determined activity
of Po214. The curve is the Bateman equation simulation of
this scenario.

4.4. Qualitative modeling with the Bateman
equations

Consider the Ra226 → Po214 decay chain inside the
uraninite can. At the long-term steady-state, each of
these have reached the same activity. If the can if left
open for a half hour, Ra226 activity remains unchanged,
Rn222 diffuses away and its child Po218 decays away as
well. However, Pb214 has only half-decays, and Bi214

and Po214 are rate-limited by lead. Thus, these ini-
tial conditions can be described as an activity vector
(A0 0 0 A0

2
A0
2

A0
2 ) for some initial activity A0. We re-

duce the activity to one comparable with the number of
Po214 counts, and plot theory versus reality in Figure 5.

4.5. Verification of the Geiger-Nuttal Law

We plot Po218,Po214 and Rn222 on log(λ) vs. Z/
√

Eα

axes in Figure 6, and fit a line to these. We then plot
every decay for which we were able to determine the en-
ergy, as well as the alpha decays of the parent nuclides
of the three radioactive series. The slope of the line is
given by −.296± .006 with χ2

ν = 1.1.

5. CONCLUSIONS

That the calibrated positions of the alpha decay peaks
we have identified in our spectra correspond with a high

accuracy to the accepted values is evidence of their cor-
rectness. In every case, we were able to ascertain the
energy of decay with only 0.1% error.

Our experimentally determined values of the half-lives
of polonium-218 and polonium-214 are in excellent agree-
ment with the literature.

However, our value for radon-222 deviates from the
accepted value of 3.8 days by many standard devia-
tions. Possible causes for this include careless modeling
of (8), or the fact that we did not obtain readings of the
polonium-218 activity over long enough periods of time.

FIG. 6: The circles are experimentally obtained values. The
diamonds are values whose energies we obtained, but whose
half-lives had to be filled in from the literature. The squares
are extreme values from literature, for comparison.

The Geiger-Nuttal line fitted from these points is a
very good fit. It is an excellent predictor of the time-
energy coordinates of other alpha decays we observed.
We can say with certainty that our results are in excellent
agreement with the Geiger-Nuttal Law.

Due to malfunctioning equipment and scheduling dif-
ficulties with the other lab groups, we were unable to
acquire a reasonable value for the half-life of polonium-
212. This data would be useful as an additional check on
the Geiger-Nuttal Law.
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