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1 In tro duction

The ¯rst set of 8.962 notes, Intr oduction to Tensor Calculus for General Relativity,
discussedtensors, gradients, and elementary integration. The current notes continue
the discussionof tensor calculuswith orthonormal basesand commutators (x2), parallel
transport and geodesics(x3), and the Riemann curvature tensor (x4).

2 Orthonormal Bases, Tetrads, and Comm utators

A vector basis is said to be orthonormal at point X if the dot product is given by the
Minkowski metric at that point:

f ~e¹̂ g is orthonormal if and only if ~e¹̂ ¢~eº̂ = ´ ¹º : (1)

(We have suppressedthe implied subscript X for clarity.) Note that we will always place
a hat over the index for any component of an orthonormal basisvector. The smoothness
properties of a manifold imply that it is always possibleto choosean orthonormal basis
at any point in a manifold. One simply choose a basis that diagonalizesthe metric
g and furthermore reducesit to the normalized Minkowski form. Indeed, there are
in¯nitely many orthonormal basesat X related to each other by Lorentz transformations.
Orthonormal basescorrespond to locally inertial frames.

For each basisof orthonormal vectors there is a corresponding basisof orthonormal
one-formsrelated to the basisvectorsby the usual duality condition:

D
~e¹̂ ;~eº̂

E
= ±¹

º : (2)

The existenceof orthonormal basesat onepoint is very useful in providing a locally
inertial frame in which to present the components of tensorsmeasuredby an observer at
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rest in that frame. Consideran observer with 4-velocity ~V at point X . Since~V ¢~V = ¡ 1,
the observer's rest framehastimelike orthonormal basisvector~e0̂ = ~V. The observer has
a set of orthonormal spaceaxesgiven by a set of spatial unit vectors~êi . For a given ~ê0,
there are of coursemany possiblechoicesfor the spatial axesthat are related by spatial
rotations. Each choice of spatial axes, when combined with the observer's 4-velocity,
gives an orthonormal basisor tetrad. Thus, an observer carries along an orthonormal
basesthat we call the observ er's tetrad . This basis is the natural one for splitting
vectors,one-forms,and tensorsinto timelike and spacelike parts. We usethe observer's
tetrad to extract physical, measurablequantities from geometric,coordinate-freeobjects
in generalrelativit y.

For example,considera particle with 4-momentum ~P. The energyin the observer's
instantaneousinertial local rest frame is E = ¡ ~V ¢~P = ¡ ~ê0 ¢~P = h~e0̂; ~Pi . The observer
can de¯ne a (2; 0) projection tensor

h ´ g¡ 1 + ~V ­ ~V (3)

with components (in any basis)h®¯ = g®¯ + V ®V ¯ . This projection tensor is essentially
the inversemetric on spatial hypersurfacesorthogonal to ~V; the corresponding (0; 2)
tensor is h¹º = g®¹ ḡ º h®¯ . The readercan easily verify that h¹º V ¹ = h¹º V º = 0, hence
in the observer's tetrad, h¹̂ º̂ = h¹̂ º̂ = diag (0; 1; 1; 1). Then, the spatial momentum
components follow from P î = h~eî ; ~Pi = Pî = ~êi ¢~P. (Normally it is meaninglessto equate
components of one-formsand vectorssincethey cannotbeequalin all bases.Hereweare
restricting ourselvesto a singlebasis| the observer's tetrad | where it happensthat
spatial components of one-formsand vectorsare equal.) Note that P î~êi = h(g( ~P )): the
spatial part of the momentum is extractedusingh. Thus, in any basis,P ¹ = EV ¹ + h¹

º P º

splits ~P into parts parallel and perpendicular to ~V. (Note h¹
º ´ g·º h¹· .)

2.1 Tetrads

If onecan de¯ne an orthonormal basisfor the tangent spaceat any point in a manifold,
then onecan de¯ne a set of orthonormal basesfor every point in the manifold. In this
way, equation (1) applieseverywhere.At all spacetimepoints, the dot product hasbeen
reduced to the Minkowski form: g¹̂ º̂ = ´ ¹̂ º̂ . One then has an orthonormal basis, or
tetrad, for all points of spacetime.

If spacetimeis not °at, how canwereducethe metric at every point to the Minkowski
form? Doesn't that require a globally °at, Minkowski spacetime?How can onehave the
Minkowski metric without having Minkowski spacetime?

The resolution of this paradox lies in the fact that the metric we introduced in a
coordinate basis has at least three di®erent roles, and only one of them is played by
´ ¹̂ º̂ . First, the metric gives the dot product: ~A ¢ ~B = g¹º A ¹ B º = ´ ¹̂ º̂ A ¹̂ B º̂ . Both g¹º
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and ´ ¹̂ º̂ ful¯ll this role. Second,the metric components in a coordinate basisgive the
connectionthrough the well-known Christo®elformula involving the partial derivatives
of the metric components. Obviously since´ ¹̂ º̂ has zero derivatives, it cannot give the
connection. Third, the metric in a coordinate basis gives spacetimelength and time
through d~x = dx¹ ~e¹ . Combining this with the dot product gives the line element,
ds2 = d~x ¢d~x = g¹º dx¹ dxº . This formula is true only in a coordinate basis!

Usually when we speak of \metric" we meanthe metric in a coordinate basis,which
relates coordinate di®erentials to the line element: ds2 = g¹º dx¹ dxº . An orthonormal
basis, unless it is also a coordinate basis, does not have enough information to pro-
vide the line element (or the connection). To determine these, we must ¯nd a linear
transformation from the orthonormal basisto a coordinate basis:

~e¹ = E ¹̂
¹ ~e¹̂ : (4)

The coe±cients E ¹̂
¹ arecalledthe tetrad comp onents. Note that ¹̂ labelsthe (tetrad)

basisvector while ¹ labels the component in somecoordinate system(which may have
no relation at all to the orthonormal basis). For a given orthonormal basis,E ¹̂

¹ may be
regardedas (the components of) a set of 4 one-form ¯elds, one one-form ~E ¹̂ = E ¹̂

¹ ~e¹

for each value of ¹̂ . Note that the tetrad components are not the components of a (1,1)
tensor becauseof the mixture of two di®erent bases.

The tetrad may be inverted in the obvious way:

~e¹̂ = E ¹
¹̂ ~e¹ where E ¹

¹̂ E ¹̂
º = ±¹

º : (5)

The dual basisone-formsare related by the tetrad and its inverseas for any changeof
basis: ~e¹ = E ¹

¹̂ ~e¹̂ , ~e¹̂ = E ¹̂
¹ ~e¹ ,

The metric components in the coordinate basisfollow from the tetrad components:

g¹º = ~e¹ ¢~eº = ´ ¹̂ º̂ E ¹̂
¹ E º̂

º (6)

or g = E T ´ E in matrix notation. Sometimesthe tetrad is called the \square root of the
metric." Equation (6) is the key result allowing us to useorthonormal basesin curved
spacetime.

To discussthe curvature of a manifold we ¯rst need a connection relating nearby
points in the manifold. If thereexistsany basis(orthonormal or not) such that h~e¸ ; fr ~e¹ i ´
¡ ¸

¹º ~eº = 0 everywhere,then the manifold is indeed °at. However, the converseis not
true: if the basisvectors rotate from onepoint to another even in a °at space(e.g. the
polar coordinate basis in the plane) the connectionwill not vanish. Thus we will need
to computethe connectionand later look for additional quantities that give an invariant
(basis-free)meaningto curvature. First we examinea more primitiv e object related to
the gradient of vector ¯elds, the commutator.
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2.2 Comm utators

The di®erencebetweenan orthonormal basisand a coordinate basisarisesimmediately
when one considersthe commutator of two vector ¯elds, which is a vector that may
symbolically be de¯ned by

[ ~A; ~B ] ´ r A r B ¡ r B r A (7)

where r A is the directional derivative (r A = A ¹ @¹ in a coordinate basis). Equation
(7) introducesa new notation and new concept of a vector since the right-hand side
consistssolelyof di®erential operators with no arrows! To interpret this, we rewrite the
right-hand side in a coordinate basis using, e.g., r A r B f = A ¹ @¹ (B º @º f ) (where f is
any twice-di®erentiable scalar¯eld):

[ ~A; ~B ] =

Ã

A ¹ @B º

@x¹
¡ B ¹ @Aº

@x¹

!
@

@xº
: (8)

This is equivalent to a vector becausef @=@xº g provide a coordinate basis for vectors
in the formulation of di®erential geometry introduced by Cartan. Given our heuristic
approach to vectorsasobjects with magnitude and direction, it seemsstrangeto treat a
partial derivative asa vector. However, Cartan showed that directional derivativesform
a vector spaceisomorphicto the tangent spaceof a manifold. Following him, di®erential
geometryexperts replaceour coordinate basisvectors~e¹ by @=@x¹ . (MTW introducethis
approach in Chapter 8. On p. 203,they write ~e® = @P=@x® whereP refersto a point in
the manifold, as a way to indicate the association of the tangent vector and directional
derivative.) With this choice,vectorsbecomedi®erential operators (e.g. ~A = A ¹ @¹ ) and
thus the commutator of two vector ¯elds involves derivatives. However, we need not
follow the Cartan notation. It is enoughfor us to de¯ne the commutator of two vectors
by its components in a coordinate basis,

[ ~A; ~B ] = (A ¹ @¹ B º ¡ B ¹ @¹ Aº )~eº in a coordinate basis; (9)

wherethe partial derivative operators act only on B º and Aº but not on ~eº .
Equation (9) implies

[ ~A; ~B ] = r A
~B ¡ r B

~A + T ¹
®¯ A®B ¯ ~e¹ ; (10)

where T ¹
®¯ ´ ¡ ¹

®¯ ¡ ¡ ¹
¯ ® in a coordinate basis is a quantit y called the torsion tensor.

The readermay easilyshow that the torsion tensor alsofollows from the commutator of
covariant derivativesapplied to any twice-di®erentiable scalar¯eld,

(r ®r ¯ ¡ r ¯ r ®)f = T ¹
®¯ r ¹ f (11)
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This equationshows that the torsion is a tensor even though the connectionis not. The
torsion vanishesby assumption in general relativit y. This is a statement of physics,
not mathematics. Other gravit y theories allow for torsion to incorporate possiblenew
physical e®ectsbeyond Einstein gravit y.

The basisvector ¯elds ~e¹ (x) are vector ¯elds, so let us examinetheir commutators.
From equation (9) or (10), in an coordinate basis, the commutators vanish identically
(even if the torsion doesnot vanish):

[~e¹ ;~eº ] = 0 in a coordinate basis: (12)

The vanishing of the commutators occursbecausethe coordinate basisvectorsare dual
to an integrable basisof one-forms: ~e¹ = fr x¹ for a set of 4 scalar ¯elds x ¹ . It may be
shown that this integrability condition (i.e. that the basisone-formsmay be integrated
to give functions) is equivalent to equation (12) (seeWald 1984,problem 5 of Chapter
2).

Now let us examinethe commutator for an orthonormal basis. We useequation (9)
by expressingthe tetrad components in a coordinate basisusingequation(5). The result
is

[~e¹̂ ;~eº̂ ] = @̂¹ ~eº̂ ¡ @̂º ~e¹̂ ´ ! ®̂
¹̂ º̂ ~e®̂ ; (13)

where @̂¹ ´ E ¹
¹̂ @¹ . Equation (13) de¯nes the comm utator basis coe±cien ts ! ®̂

¹̂ º̂
(cf. MTW eq. 8.14). Using equations(5), (12), and (13), onemay show

! ®̂
¹̂ º̂ = E ®̂

®

³
r ¹̂ E ®

º̂ ¡ r º̂ E ®
¹̂

´
= E ¹

¹̂ E º
º̂

³
@¹ E ®̂

º ¡ @º E ®̂
¹

´
: (14)

In generalthe commutator basiscoe±cients do not vanish. Despite the appearanceof
a second(coordinate) basis, the commutator basis coe±cients are independent of any
other basisbesidesthe orthonormal one. The coordinate basis is introduced solely for
the convenienceof partial di®erentiation with respect to the coordinates.

The commutator basiscoe±cients carry information about how the tetrad rotates as
onemovesto nearby points in the manifold. It is useful practice to derive them for the
orthonormal basisf ~er̂ ;~eµ̂g in the Euclideanplane.

2.3 Connection for an orthonormal basis

The connectionfor the basisf ~e¹̂ g is de¯ned by

@̂º ~e¹̂ ´ ¡ ®̂
¹̂ º̂ ~e®̂ : (15)

(The placement of the lower subscripts on the connection agreeswith MTW but is
reversedcomparedwith Wald and Carroll.) From the local °atness theorem (metric
compatibilit y with covariant derivative) discussedin the ¯rst set of notes,

r ®̂g¹̂ º̂ = E ®
®̂@®g¹̂ º̂ ¡ ¡

^̄
¹̂ ®̂g^̄º̂ ¡ ¡

^̄
º̂ ®̂g¹̂ ^̄ = 0 : (16)
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In an orthonormal basis, g¹̂ º̂ = ´ ¹̂ º̂ is constant so its derivatives vanish. We conclude
that, in an orthonormal basis,the connectionis antisymmetric on its ¯rst two indices:

¡ ¹̂ º̂ ®̂ = ¡ ¡ º̂ ¹̂ ®̂ ; ¡ ¹̂ º̂ ®̂ ´ g¹̂ ^̄¡
^̄
º̂ ®̂ = ´ ¹̂ ^̄¡

^̄
º̂ ®̂ : (17)

In an orthonormal basis, the connection is not, in general, symmetric on its last two
indices. (That is true only in a coordinate basis.)

Another equationfor the connectioncoe±cients comesfrom combining equations(13)
with equation (15):

! ®̂¹̂ º̂ = ¡ ¡ ®̂¹̂ º̂ + ¡ ®̂º̂ ¹̂ ; ! ®̂¹̂ º̂ ´ g®̂ ^̄!
^̄
¹̂ º̂ = ´ ®̂ ^̄!

^̄
¹̂ º̂ : (18)

Combining theselast two equationsyields

¡ ®̂¹̂ º̂ =
1
2

(! ¹̂ ®̂º̂ + ! º̂ ®̂¹̂ ¡ ! ®̂¹̂ º̂ ) in an orthonormal basis: (19)

The connectioncoe±cients in an orthonormal basisare alsocalled Ricci rotation coe±-
cients (Wald) or the spin connection(Carroll).

It is straightforward to generalizethe results of this sectionto generalbasesthat are
neither orthonormal nor coordinate. The commutator basiscoe±cients are de¯ned as in
equation (12). Dropping the caretson the indices, the generalconnectionis (MTW eq.
8.24b)

¡ ®¹º ´ g®¯ ¡ ¯
¹º =

1
2

(@¹ g®º + @º g®¹ ¡ @®g¹º + ! ¹®º + ! º ®¹ ¡ ! ®¹º ) in any basis: (20)

The results for coordinate bases(where ! ®¹º = 0) and for orthonormal bases(where
@®g¹º = 0) follow as special cases.

3 Parallel transp ort and geodesics

3.1 Di®eren tiation along a curv e

As a prelude to parallel transport we consideranother form of di®erentiation: di®eren-
tiation along a curve. A curve is a parametrizedpath through spacetime:x(¸ ), where
¸ is a parameter that varies smoothly and monotonically along the path. The curve
has a tangent vector ~V ´ d~x=d¸ = (dx¹ =d¸) ~e¹ . Here one must be careful about the
interpretation: x¹ are not the components of a vector; they are simply 4 scalar ¯elds.
However, ~V = d~x=d¸ is a vector (i.e. a tangent vector in the manifold).

If we wish, we could make ~V a unit vector (provided ~V is non-null) by setting d¸ =
jd~x ¢d~x j1=2 to measurepath length along the curve. However, we will imposeno such
restriction in general.
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Now, supposethat we have a scalar ¯eld f X de¯ned along the curve. We de¯ne the
derivative along the curve by a simple extensionof equations(36) and (38) of the ¯rst
set of lecture notes:

df
d¸

´ r V f ´ h~r f ; ~V i = V ¹ @¹ f ; ~V =
d~x
d¸

: (21)

We have introduced the symbol r V for the directional deriv ativ e, i.e. the covariant
derivative along ~V, the tangent vector to the curve x(¸ ). This is a natural generalization
of r ¹ , the covariant derivative along the basisvector ~e¹ .

For the derivative of a scalar ¯eld, r V involvesjust the partial derivatives@¹ . Sup-
pose,however, that we di®erentiate a vector ¯eld ~AX along the curve. Now the compo-
nents of the gradient r ¹ Aº are not simply the partial derivatives but also involve the
connection. The sameis true when we project the gradient onto the tangent vector ~V
along a curve:

d~A
d¸

´
DA ¹

d¸
~e¹ ´ r V

~A ´ h~r ~A; ~Vi = V º (r º A ¹ ) ~e¹ =

Ã
dA¹

d¸
+ ¡ ¹

·º A · V º

!

~e¹ : (22)

We retain the symbol r V to indicate the covariant derivative along ~V but we have
introducedthe new notation D=d¸ = V ¹ r ¹ 6= d=d¸ = V ¹ @¹ .

3.2 Parallel transp ort

The derivative of a vector along a curve leadsus to an important conceptcalledparallel
transport. Supposethat we have a curve x(¸ ) with tangent ~V and a vector ~A(0) de¯ned
at onepoint on the curve (call it ¸ = 0). We de¯ne a procedurecalledparallel transport
by de¯ning a vector ~A(¸ ) alongeach point of the curve in such a way that DA ¹ =d¸ = 0:

r V
~A = 0 , parallel transport of ~A along ~V. (23)

Over a small distanceinterval this procedureis equivalent to transporting the vector ~A
along the curve in such a way that the vector remains parallel to itself with constant
length: ~A(¸ + ¢ ¸ ) = ~A(¸ ) + O(¢ ¸ )2. In a locally °at coordinate system, with the
connectionvanishingat x(¸ ), the components of the vector do not changeas the vector
is transported along the curve. If the spacewere globally °at and we used rectilinear
coordinates (with vanishing connectioneverywhere), the components would not change
at all no matter how the vector is transported. This is not the casein a curved spaceor
in a °at spacewith curvilinear coordinates becausein thesecasesthe connectiondoes
not vanish everywhere.
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3.3 Geodesics

Parallel transport can be used to de¯ne a special classof curves called geodesics. A
geodesic curve is one that parallel-transports its own tangent vector ~V = d~x=d¸ , i.e.,
a curve that satis¯es r V

~V = 0. In other words, not only is ~V kept parallel to itself
(with constant magnitude) along the curve, but locally the curve continues to point
in the samedirection all along the path. A geodesic is the natural extension of the
de¯nition of a \straigh t line" to a curved manifold. Using equations(22) and (23), we
get a second-orderdi®erential equation for the coordinatesof a geodesiccurve:

DV ¹

d¸
=

dV ¹

d¸
+ ¡ ¹

®¯ V ®V ¯ = 0 for a geodesic; V ¹ ´
dx¹

d¸
: (24)

Indeed, in locally °at coordinates (such that the connectionvanishesat a point), this
is the equation of a straight line. However, in a curved spacethe connectioncannot be
madeto vanish everywhere. A well-known exampleof a geodesicin a curved spaceis a
great circle on a sphere.

There are several technical points worth noting about geodesiccurves. The ¯rst is
that ~V ¢~V = g(~V; ~V) is constant along a geodesic becaused~V=d¸ = 0 (eq. 24) and
r V g = 0 (metric compatibilit y with gradient). Therefore,a geodesicmay be classi¯ed
by its tangent vector as being either timelike (~V ¢~V < 0), spacelike (~V ¢~V > 0) or null
(~V ¢~V = 0). The secondpoint is that a nonlinear transformation of the parameter¸ will
invalidate equation (24). In other words, if x ¹ (¸ ) solvesequation (24), y¹ (¸ ) ´ x¹ (»(¸ ))
will not solve it unless» = a¸ + b for someconstants a and b. Only a special classof
parameters,called a±ne parameters, can parametrizegeodesiccurves.

The a±ne parameterhasa special interpretation for a non-null geodesic. We deduce
this relation from the constancyalongthe geodesicof ~V¢~V = (d~x¢d~x)=(d¸ 2) ´ a, implying
ds = ad¸ and therefore s = a¸ + b where s is the path length (ds2 = g¹º dx¹ dxº ). For
a non-null geodesic(~V ¢~V 6= 0), all a±ne parametersare linear functions of path length
(or proper time, if the geodesicis timelike). The linear scalingof path length amounts
simply to the freedom to change units of length and to choose any point as ¸ = 0.
Note that originally we imposedno constraints on the parameterization. However, the
solutionsof the geodesicequationautomatically have ¸ beingan a±ne parameter. There
is no fundamental reasonto usean a±ne parameter; one could always take a solution
of the geodesicequation and reparameterizeit or eliminate the parameteraltogether by
replacing it with one of the coordinates along the geodesic. For example,for a timelike
tra jectory, x i (t) is a perfectly valid descriptionand is equivalent to x ¹ (¸ ). But the spatial
components as functions of t = x0 clearly do not satisfy the geodesicequation for x ¹ (¸ ).

Another interesting point is that the total path length is stationary for a geodesic:

±
Z B

A
ds = ±

Z B

A

¯
¯
¯
¯
¯
g¹º

dx¹

d¸
dxº

d¸

¯
¯
¯
¯
¯

1=2

d¸ = 0 (25)
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if ¸ is an a±ne parameter. The ± refers to a variation of the integral arising from
a variation of the curve, x ¹ (¸ ) ! x¹ (¸ ) + ±x¹ (¸ ), with ¯xed endpoints. The metric
components are consideredhere to be functions of the coordinates. The variational
principle is discussedin section2 of the 8.962notes\Hamiltonian Dynamics of Particle
Motion," whereit is shown that stationary path length implies the geodesicequation(24)
if the parameterizationis a±ne. Equation (25) is invariant under reparameterization,so
its stationary solutions are a broader classof functions than the solutions of equation
(24). In general, the tangent vector of the stationary solutions are not normalized:
j~V ¢~Vj1=2 = Q(¸ ) 6= constant, implying that ¸ is not a±ne. It is easyto show that any
stationary solution may be reparameterized,¸ ! ¿ through d¿=d¸ = Q(¸ ), and that
the resulting curve x¹ (¸ (¿)) obeys the geodesicequation with a±ne parameter¿. This
transformation replacesthe unnormalized tangent vector ~V by ~V=Q(¸ ). For an a±ne
parameterization, the tangent vector must always have constant length.

Equation (25) is a curved spacegeneralizationof the statement that a straight line
is the shortest path betweentwo points in °at space.

3.4 In tegrals of motion and Killing vectors

Equation (24) is a set of four second-ordernonlinear ordinary di®erential equationsfor
the coordinates of a geodesic curve. One may ask whether the order of this system
can be reducedby ¯nding integrals of the motion. An integral, also called a conserved
quantit y, is a function of x ¹ and V ¹ = dx¹ =d¸ that is constant along any geodesic. At
leastoneintegral always exists: ~V ¢~V = g¹º V ¹ V º . (For an a±ne parameterization, ~V ¢~V
is constant alongthe curve.) Are there others? Sometimes.Onemay show that equation
(24) may be rewritten as an equation of motion for V¹ ´ g¹º V º , yielding

dV¹

d¸
=

1
2

(@¹ g®¯ )V ®V ¯ : (26)

Consequently, if all of the metric components are independent of someparticular coor-
dinate x¹ , the corresponding component of the tangent one-form is constant along the
geodesic. This result is very useful in reducing the amount of integration neededto
construct geodesicsfor metrics with high symmetry. However, the condition @¹ g®¯ = 0
is coordinate-dependent. There is an equivalent coordinate-freetest for integrals, based
on the existenceof special vector ¯elds ~K call Kil ling vectors. Killing vectors are, by
de¯nition, solutions of the di®erential equation

r ¹ K º + r º K ¹ = 0 : (27)

(The Killing vector components are, of course,K ¹ = g¹º K º .) The Killing equation (27)
usually has no solutions, but for highly symmetric spacetimemanifolds there may be
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oneor more solutions. It is a nice exerciseto show that each Killing vector leadsto the
integral of motion

h~V; ~K i = K ¹ V¹ = constant along a geodesic: (28)

Note that if oneof the basisvectors(for somebasis)satis¯es the Killing equation, then
the corresponding component of the tangent one-formis an integral of motion. The test
for integrals implied by equation(26) is a special caseof the Killing vector test whenthe
Killing vector is simply a coordinate basisvector.

The discussionhere has focusedon geodesicsas curves. The notes \Hamiltonian
Dynamics of Particle Motion" interprets them as worldlines for particles because,as
we will see,a fundamental postulate of generalrelativit y is that, in the absenceof non-
gravitational forces,particlesmovealonggeodesics.Given this fact, wearefreeto choose
units of the a±ne parameter ¸ so that dx¹ =d¸ is the 4-momentum P ¹ , normalized by
~P ¢~P = ¡ m2 for a particle of massm (instead of dx¹ =d¸ = V ¹ , ~V ¢~V = ¡ 1). Thus,
the tangent vector, denoted ~V above, is equivalent to the particle 4-momentum vector.
The a±ne parameter ¸ then measuresproper time divided by particle mass. Although
one might fear this makesno sensefor a masslessparticle, in fact it is the only way to
a±nely parameterizenull geodesicsbecausethe proper time changed¿ vanishesalong a
null geodesicsodx¹ =d¿is unde¯ned. For a masslessparticle, onetakesthe limit m ! 0
starting from the solution for a massive particle, with the result that d¸ = d¿=m is ¯nite
as m ! 0.

4 Curv ature

Weintroducecurvature by consideringparallel transport arounda general(non-geodesic)
closedcurve. In °at space,in a globally °at coordinate system(for which the connection
vanisheseverywhere), parallel transport leaves the components of a vector unchanged.
Thus, in °at space,transporting a vector around a closedcurve returns the vector to its
starting point unchanged. Not so in a non°at space. This changeunder a closedcycle
is called an \anholonomy."

Consider,for example,a sphere.Supposethat we have a vector pointing easton the
equator at longitude 0±. We parallel transport the vector eastward on the equator by
180±. At each point on the equator the vector points east. Now the vector is parallel
transported along a line of constant longitude over the pole and back to the starting
point on the equator. At each point on this secondpart of the curve, the vector points
at right anglesto the curve, and its direction never changes.Yet, at the endof the curve,
at the samepoint wherethe curve started, the vector points west!

The reader may imagine that the example of the sphereis special becauseof the
sharp changesin direction made in the path. However, parallel transport around any
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dx1

dx2

Figure 1: Parallel transport around a closedcurve. The vector in the lower-left corner is
parallel transported in a counter-clockwise direction along around 4 segments d~x1, d~x2,
¡ d~x1, and ¡ d~x2. At the end of the journey, the vector hasbeenrotated. This mismatch
(\anholonomy") doesnot occur for parallel transport in a °at space;its existenceis the
de¯ning property of curvature.

smooth closedcurve results in an anholonomy on a sphere. For example, consider a
latitude circle away from the equator. Imagine you are an airline pilot °ying East from
Boston. If you were °ying on a great circle route, you would soon be °ying in a south-
east direction. If you parallel transport a vector along a geodesic, its direction relative
to the tangent vector (direction of motion) does not change, i.e. r V ( ~A ¢~V ) = 0 for
parallel transport of ~A along tangent ~V. Parallel transport implies r V

~A = 0; moreover,
r V

~V = 0 for a geodesic. However, a constant-latitude circle is not a geodesic, hence
r V

~V 6= 0. In order to maintain a constant latitude, you will have to constantly steer
the airplane north comparedwith a great circle route. Consequently, the anglebetween
~A (which is parallel-transported) and the tangent changes:r V ( ~A ¢~V ) = A ¢(r V

~V ). A
nonzerorotation accumulates during the trip, leading to a net rotation of ~A around a
closedcurve.

We can re¯ne this into a de¯nition of curvature as follows. Supposethat our closed
curve consistsof four in¯nitesimal segments: d~x1, d~x2, ¡ d~x1 and ¡ d~x2. In a °at space
this would be called a parallelogramand the di®erenced ~A betweenthe ¯nal and initial
vectors would vanish. In a curved spacewe can create a parallelogram by taking two
pairs of coordinate lines and choose d~x1 and d~x2 to point along the coordinate lines
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(e.g. in directions ~e1 and ~e2). Parallel transport around a closedcurve gives a change
in the vector d ~A that must be proportional to ~A, to d~x1, and to d~x2. Remarkably, it is
proportional to nothing else. Therefore, d ~A is given by a rank (1; 3) tensor called the
Riemann curvature tensor:

d~A( ¢) ´ ¡ R( ¢; ~A; d~x1; d~x2) = ¡ ~e¹ R¹
º ®¯ Aº dx®

1 dx¯
2 : (29)

The dots indicate that a one-form is to be inserted; recall that a vector is a function
of a one-form. The minus sign is purely conventional and is chosenfor agreement with
MTW. Note that the Riemann tensor must be antisymmetric on the last two slots be-
causereversing them amounts to changing the direction around the parallelogram, i.e.
swapping the ¯nal and initial vectors ~A, hencechanging the sign of d ~A.

All standard GR textbooks show that equation (29) is equivalent to the following
important result known as the Ricci iden tit y

(r ®r ¯ ¡ r ¯ r ®)A ¹ = R¹
º ®¯ Aº in a coordinate basis: (30)

In a non-coordinate basis, there is an additional term on the left-hand side, ¡r CA ¹

where ~C ´ [~e®;~ē ]. This commutator vanishesfor a coordinate basis(eq. 12).
Equation (30) is a remarkable result. In general,there is no reasonwhatsoever that

the derivatives of a vector ¯eld should be related to the vector ¯eld itself. Yet the
di®erenceof secondderivativesis not only related to, but is linearly proportional to the
vector ¯eld! This remarkable result is a mathematical property of metric spaceswith
connections. It is equivalent to the statement that parallel transport around a small
closedparallelogram is proportional to the vector and the oriented area element (eq.
29).

Equation (30) is similar to equation (11). The torsion tensor and Riemann tensor
are geometricobjects from which onemay build a theory of gravit y in curved spacetime.
In general relativit y, the torsion is zero and the Riemann tensor holds all of the local
information about gravit y.

It is straightforward to determinethe components of the Riemanntensorusingequa-
tion (30) with ~A = ~eº . The result is

R¹
º ®¯ = @®¡ ¹

º ¯ ¡ @̄¡ ¹
º ® + ¡ ¹

·® ¡ ·
º ¯ ¡ ¡ ¹

·¯ ¡ ·
º ® in a coordinate basis: (31)

Note that someauthors (e.g., Weinberg 1972) de¯ne the components of Riemann with
opposite sign. Our sign convention follows Misner et al (1973), Wald (1984) and Schutz
(1985).

Note that the Riemann tensor involves the ¯rst and secondpartial derivatives of
the metric (through the Christo®elconnectionin a coordinate basis). Weinberg (1972)
showsthat the Riemanntensoris the only tensorthat canbeconstructedfrom the metric
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tensor and its ¯rst and secondpartial derivativesand is linear in the secondderivatives.
Recall that onecan always de¯ne locally °at coordinatessuch that ¡ ¹

º ¸ = 0 at a point.
However, onecannot choosecoordinatessuch that ¡ ¹

º ¸ = 0 everywhereunlessthe space
is globally °at. The Riemann tensor vanisheseverywhereif and only if the manifold is
globally °at. This is a very important result.

If we lower an index on the Riemann tensor components we get the components of a
(0; 4) tensor:

R¹º ·¸ = g¹® R®
º ·¸ =

1
2

(g¹¸;º · ¡ g¹·;º ¸ + gº ·;¹¸ ¡ gº ¸;¹· ) + g®¯

³
¡ ®

¹¸ ¡ ¯
º · ¡ ¡ ®

¹· ¡ ¯
º ¸

´
;

(32)
wherewehaveusedcommasto denotepartial derivativesfor brevity of notation: g¹¸;º · ´
@· @º g¹¸ . In this form it is easyto determine the following symmetry properties of the
Riemann tensor:

R¹º ·¸ = R·¸¹º = ¡ Rº ¹·¸ = ¡ R¹º ¸· ; R¹º ·¸ + R¹·¸º + R¹¸º · = 0 : (33)

It can be shown that thesesymmetriesreducethe number of independent components
of the Riemann tensor in four dimensionsfrom 44 to 20.

4.1 Bianc hi iden tities, Ricci tensor and Einstein tensor

We note here several more mathematical properties of the Riemann tensor that are
neededin general relativit y. First, by di®erentiating the components of the Riemann
tensor onecan prove the Bianchi identities:

r ¾R¹
º ·¸ + r · R¹

º ¸¾ + r ¸ R¹
º ¾· = 0 : (34)

Note that the gradient symbols denote the covariant derivatives and not the partial
derivatives (otherwise we would not have a tensor equation). The Bianchi identities
imply the vanishingof the divergenceof a certain (2; 0) tensorcalledthe Einstein tensor.
To derive it, we ¯rst de¯ne a symmetric contraction of the Riemann tensor, known as
the Ricci tensor:

R¹º ´ R®
¹®º = Rº ¹ = @· ¡ ·

¹º ¡ @¹ ¡ ·
·º + ¡ ·

·¸ ¡ ¸
¹º ¡ ¡ ·

¹¸ ¡ ¸
·º : (35)

One can show from equations (33) that any other contraction of the Riemann tensor
either vanishesor is proportional to the Ricci tensor. The contraction of the Ricci tensor
is called the Ricci scalar:

R ´ g¹º R¹º : (36)

Contracting the Bianchi identities twice and using the antisymmetry of the Riemann
tensor oneobtains the following relation:

r º G¹º = 0 ; G¹º ´ R¹º ¡
1
2

g¹º R = Gº ¹ : (37)
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The symmetric tensor G¹º that we have introducedis called the Einstein tensor. Equa-
tion (37) is a mathematical identit y, not a law of physics. Through the Einstein equations
it provides a deepillustration of the connectionbetweenmathematical symmetriesand
physical conservation laws.
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