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1 In tro duction

Action principles are widely used to expressthe laws of physics, including those of
generalrelativit y. For example, freely falling particles move along geodesics,or curves
of extremal path length.

Symmetry transformationsare changesin the coordinatesor variablesthat leave the
action invariant. It is well known that continuoussymmetriesgenerateconservation laws
(Noether's Theorem). Conservation laws are of fundamental importance in physicsand
so it is valuable to investigatesymmetriesof the action.

It is useful to distinguish betweentwo typesof symmetries:dynamical symmetries
corresponding to someinherent property of the matter or spacetimeevolution (e.g. the
metric components beingindependent of a coordinate, leadingto a conservedmomentum
one-form component) and nondynamical symmetries arising becauseof the way in
which we formulate the action. Dynamical symmetriesconstrain the solutions of the
equationsof motion while nondynamicalsymmetriesgive rise to mathematical identities.
Thesenoteswill considerboth.

An exampleof a nondynamical symmetry is the parameterization-invarianceof the
path length, the action for a free particle:

S[x¹ (¿)] =
Z ¿2

¿1

L1 (x¹ (¿); _x¹ (¿); ¿) d¿ =
Z ¿2

¿1

"

g¹º (x)
dx¹

d¿
dxº

d¿

#1=2

d¿ : (1)

This action is invariant under arbitrary reparameterization¿ ! ¿0(¿), implying that any
solution x¹ (¿) of the variational problem±S = 0 immediately givesriseto other solutions
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y¹ (¿) = x¹ (¿0(¿)). Moreover, even if the action is not extremal with LagrangianL 1 for
some(non-geodesic) curve x¹ (¿), it is still invariant under reparameterizationof that
curve.

There is another nondynamical symmetry of great importance in generalrelativit y,
coordinate-invariance. Being basedon tensors,equationsof motion in generalrelativit y
hold regardlessof the coordinate system. However, when we write an action involving
tensors, we must write the components of the tensors in somebasis. This is because
the calculusof variations works with functions, e.g. the components of tensors,treated
as spacetime¯elds. Although the valuesof the ¯elds are dependent on the coordinate
system chosen, the action must be a scalar, and therefore invariant under coordinate
transformations. This is true whether or not the action is extremizedand thereforeit is
a nondynamicalsymmetry.

Nondynamicalsymmetriesgive rise to special lawscalledidentities. They aredistinct
from conservation laws becausethey hold whether or not onehasextremizedthe action.

The material in thesenotes is generally not presented in this form in the GR text-
books,although much of it canbefound in Misner et al if you search well. Although these
symmetry principles and methods are not neededfor integrating the geodesicequation,
they are invaluable in understandingthe origin of the contracted Bianchi identities and
stress-energyconservation in the action formulation of generalrelativit y. More broadly,
they are the cornerstoneof gaugetheoriesof physical ¯elds including gravit y.

Starting with the simplesystemof a singleparticle, wewill advanceto the Lagrangian
formulation of generalrelativit y as a classical¯eld theory. We will discover that, in the
¯eld theory formulation, the contracted Bianchi identities arise from a non-dynamical
symmetry while stress-energyconservation arisesfrom a dynamical symmetry. Along
the way, we will exploreKilling vectors,di®eomorphismsand Lie derivatives,the stress-
energy tensor, electromagnetismand charge conservation. We will discussthe role of
continuous symmetries(gaugeinvarianceand di®eomorphisminvarianceor generalco-
variance)for a simplemodel of a relativistic °uid interacting with electromagnetismand
gravit y. Although this material goesbeyond what is presented in lecture, it is not very
advancedmathematically and it is recommendedreading for students wishing to under-
stand gaugesymmetry and the parallels betweengravit y, electromagnetism,and other
gaugetheories.

2 Parameterization-In variance of Geodesics

The parameterization-invarianceof equation (1) may be consideredin the broader con-
text of Lagrangian systems. Considera systemwith n degreesof freedom| the gen-
eralized coordinates qi | with a parameter t giving the evolution of the tra jectory in
con¯guration space.(In eq. 1, qi is denotedx¹ and t is ¿.) We will drop the superscript
on qi when it is clear from the context.
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Theorem : If the action S[q(t)] is invariant under the in¯nitesimal transformation
t ! t + ²(t) with ² = 0 at the endpoints, then the Hamiltonian vanishesidentically.

The proof is straightforward. Givena parameterizedtra jectory qi (t), we de¯ne a new
parameterizedtra jectory ¹q(t) = q(t + ²). The action is

S[q(t)] =
Z t2

t1

L(q; _q; t) dt : (2)

Linearizing ¹q(t) for small ²,

¹q(t) = q+ _q² ;
d¹q
dt

= _q+
d
dt

( _q²) :

The changein the action under the transformation t ! t + ² is, to ¯rst order in ²,

S[q(t + ²)] ¡ S[q(t)] =
Z t2

t1

"
@L
@t

² +
@L
@qi

_qi ² +
@L
@_qi

d
dt

( _qi ²)

#

dt

=
Z t2

t1

"
dL
dt

² +

Ã
@L
@_qi

_qi

!
d²
dt

#

dt

= [L² ]t2
t1

+
Z t2

t1

Ã
@L
@_qi

_qi ¡ L

!
d²
dt

dt : (3)

The boundaryterm vanishesbecause² = 0 at the endpoints. Parameterization-invariance
meansthat the integral term must vanish for arbitrary d²=dt, implying

H ´
@L
@_qi

_qi ¡ L = 0 : (4)

Nowheredid this derivation assumethat the action is extremal or that qi (t) satisfy the
Euler-Lagrangeequations. Consequently, equation (4) is a nondynamicalsymmetry.

The reader may easily check that the Hamiltonian H1 constructed from equation
(1) vanishesidentically. This symmetry does not mean that there is no Hamiltonian
formulation for geodesicmotion, only that the LagrangianL 1 hasnon-dynamicaldegrees
of freedomthat must be eliminated beforea Hamiltonian can be constructed. (A similar
circumstancearises in non-Abelian quantum ¯eld theories, where the non-dynamical
degreesof freedomare calledFaddeev-Popov ghosts.) This can be doneby replacingthe
parameterwith oneof the coordinates,reducingthe number of degreesof freedomin the
action by one. It can alsobe doneby changing the Lagrangian to one that is no longer
invariant under reparameterizations,e.g. L 2 = 1

2g¹º _x¹ _xº . In this case,@L 2=@¿ = 0 leads
to a dynamical symmetry, H2 = 1

2g¹º p¹ pº = constant alongtra jectorieswhich satisfy the
equationsof motion.

The identit y H1 = 0 is very di®erent from the conservation law H2 = constant arising
from a time-independent Lagrangian. The conservation law holdsonly for solutionsof the
equationsof motion; by contrast, when the action is parameterization-invariant, H 1 = 0
holds for any tra jectory. The nondynamicalsymmetry thereforedoesnot constrain the
motion.
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3 Generalized Translational Symmetry

Continuing with the mechanical analogyof Lagrangiansystemsexempli¯ed by equation
(2), in this sectionwe considertranslations of the con¯guration spacevariables. If the
Lagrangian is invariant under the translation qi (t) ! qi (t) + ai for constant ai , then
pi ai is conserved along tra jectories satisfying the Euler-Lagrangeequations. This well-
known exampleof translational invarianceis the prototypical dynamical symmetry, and
it follows directly from the Euler-Lagrangeequations. In this sectionwe generalizethe
conceptof translational invarianceby consideringspatially-varying shifts and coordinate
transformations that leave the action invariant. Along the way we will introduceseveral
important new mathematical concepts.

In °at spacetimeit is common to perform calculations in one referenceframe with
a ¯xed set of coordinates. In generalrelativit y there are no preferred framesor coordi-
nates,which can lead to confusionunlessoneis careful. The coordinatesof a tra jectory
may change either becausethe tra jectory has been shifted or becausethe underlying
coordinate system has changed. The consequencesof these alternatives are very dif-
ferent: under a coordinate transformation the Lagrangian is a scalar whoseform and
value are unchanged,while the Lagrangiancan changewhena tra jectory is shifted. The
Lagrangianis always taken to be a scalarin order to ensurelocal Lorentz invariance(no
preferredframe of reference).In this sectionwe will carefully sort out the e®ectsof both
shifting the tra jectory and transforming the coordinates in order to identify the under-
lying symmetries.As we will see,conservation laws arisewhen shifting the tra jectory is
equivalent to a coordinate transformation.

We considera general,relativistically covariant Lagrangian for a particle, which de-
pendson the velocity, the metric, and possiblyon additional ¯elds:

S[x(¿)] =
Z ¿2

¿1

L(g¹º ; A ¹ ; : : : ; _x¹ ) d¿ : (5)

Note that the coordinate-dependenceoccursin the ¯elds g¹º (x) and A ¹ (x). An example
of such a Lagrangian is

L =
1
2

g¹º _x¹ _xº + qA ¹ _x¹ : (6)

The ¯rst pieceis the quadratic Lagrangian L 2 that gives rise to the geodesicequation.
The additional term givesrise to a non-gravitational force. The Euler-Lagrangeequation
for this Lagrangian is

D 2x¹

d¿2
= qF ¹

º
dxº

d¿
; F¹º = @¹ Aº ¡ @º A ¹ = r ¹ Aº ¡ r º A ¹ : (7)

We seethat the non-gravitational force is the Lorentz force for a charge q, assuming
that the units of the a±ne parameter ¿ are chosenso that dx¹ =d¿ is the 4-momentum
(i.e. md¿ is proper time for a particle of massm). The one-form ¯eld A ¹ (x) is the
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Figure 1: A vector ¯eld and its integral curves.

electromagneticpotential. We will retain the electromagneticinteraction term in the
Lagrangianin the presentation that follows in order to illustrate morebroadly the e®ects
of symmetry.

Symmetry appearsonly when a systemis changed.BecauseL is a scalar,coordinate
transformations for a ¯xed tra jectory changenothing and thereforereveal no symmetry.
So let us try changing the tra jectory itself. Keeping the coordinates (and therefore
the metric and all other ¯elds) ¯xed, we will shift the tra jectory along the integral
curvesof somevector ¯eld »¹ (x). (Here ~» is any vector ¯eld.) As we will see,a vector
¯eld provides a one-to-onemapping of the manifold back to itself, providing a natural
translation operator in curved spacetime.

Figure 1 shows a vector ¯eld and its integral curvesx ¹ (¸; ¿) where¿ labels the curve
and ¸ is a parameteralongeach curve. Any vector ¯eld ~»(x) hasa unique set of integral
curveswhosetangent vector is @x ¹ =@̧ = »¹ (x). If we think of ~»(x) as a °uid velocity
¯eld, then the integral curvesare streamlines,i.e. the tra jectoriesof °uid particles.

The integral curvesof a vector ¯eld provide a continuousone-to-onemapping of the
manifold back to itself, called a pushforward. (The mapping is one-to-onebecausethe
integral curves cannot intersect since the tangent is unique at each point.) Figure 2
illustrates the pushforward. This mapping associateseach point on the curve x ¹ (¿) with
a corresponding point on the curve y¹ (¿). For example, the point P0 (¸ = 0; ¿ = 3)
is mapped to another point P (¸ = 1; ¿ = 3). The mapping x ! y is obtained by
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Figure 2: Using the integral curvesof a vector ¯eld to shift a curve x ¹ (¿) to a new curve
y¹ (¿). The shift, known as a pushforward, de¯nes a continuous one-to-onemapping of
the spaceback to itself.

integrating along the vector ¯eld ~»(x):

@x¹

@̧
= »¹ (x) ; x¹ (¸ = 0; ¿) ´ x¹ (¿) ; y¹ (¿) ´ x¹ (¸ = 1; ¿) : (8)

The shift amount ¸ = 1 is arbitrary; any shift along the integral curves constitutes a
pushforward. The inversemapping from y ! x is called a pullback.

The pushforward generalizesthe simple translations of °at spacetime.A ¯nite trans-
lation is built up by a successionof in¯nitesimal shifts y¹ = x¹ + »¹ d¸ . Becausethe
vector ¯eld ~»(x) is a tangent vector ¯eld, the shifted curvesare guaranteed to residein
the manifold.

Applying an in¯nitesimal pushforward yields the action

S[x(¿) + »(x(¿))d¸ ] =
Z ¿2

¿1

L(g¹º (x + »d¸ ); A ¹ (x + »d¸ ); _x¹ + _»¹ d¸ ) d¿ : (9)

This is similar to the usual variation x ¹ ! x¹ + ±x¹ usedin deriving the Euler-Lagrange
equations,exceptthat » is a ¯eld de¯ned everywherein space(not just on the tra jectory)
and we do not require » = 0 at the endpoints. Our goal here is not to ¯nd a tra jectory
that makes the action stationary; rather it is to identify symmetriesof the action that
result in conservation laws.

We will ask whether applying a pushforward to one solution of the Euler-Lagrange
equations leaves the action invariant. If so, there is a dynamical symmetry and we
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will obtain a conservation law. Note that our shifts are more generalthan the uniform
translations and rotations consideredin nonrelativistic mechanicsand special relativit y
(here the shifts can vary arbitrarily from point to point, so long as the transformation
hasan inverse),so we expect to ¯nd more generalconservation laws.

On the faceof it, any pushforward changesthe action:

S[x(¿) + »(x(¿))d¸ ] = S[x(¿)] + d¸
Z ¿2

¿1

"
@L

@g¹º
(@®g¹º )»® +

@L
@A ¹

(@®A ¹ )»® +
@L
@_x¹

d»¹

d¿

#

d¿ :

(10)
It is far from obvious that the term in brackets ever would vanish. However, we have one
more tool to useat our disposal: coordinate transformations. Becausethe Lagrangian
is a scalar,we are free to transform coordinates. In somecircumstancesthe e®ectof the
pushforward may be eliminated by an appropriate coordinate transformation, revealing
a symmetry.

We considertransformations of the coordinates x ¹ ! ¹x¹ (x), where we assumethis
mapping is smooth and one-to-oneso that @¹x ¹ =@x® is nonzeroand nonsingular every-
where. A tra jectory x¹ (¿) in the old coordinates becomes¹x ¹ (x(¿)) ´ ¹x¹ (¿) in the new
ones,where¿ labels a ¯xed point on the tra jectory independently of the coordinates.

The action dependson the metric tensor,one-formpotential andvelocity components,
which under a coordinate transformation changeto

g¹¹ ¹º = g®¯
@x®

@¹x¹

@x¯

@¹xº
; A ¹¹ = A®

@x®

@¹x¹
;

d¹x¹

d¿
=

@¹x¹

@x®

dx®

d¿
: (11)

We have assumedthat @¹x¹ =@x® is invertible. Under coordinate transformations the
action does not even change form (only the coordinate labels change), so coordinate
transformations alonecannot generateany nondynamicalsymmetries.However, we will
show below that coordinate invariancecan generatedynamical symmetrieswhich apply
only to solutions of the Euler-Lagrangeequations.

Under a pushforward, the tra jectory x ¹ (¿) is shifted to a di®erent tra jectory with
coordinates y¹ (¿). After the pushforward, we transform the coordinates to ¹x ¹ (y(¿)).
Becausethe pushforward is a one-to-onemapping of the manifold to itself, we are free
to chooseour coordinate transformation so that ¹x = x, i.e. ¹x ¹ (y(¿)) ´ ¹x¹ (¿) = x¹ (¿).
In other words, we transform the coordinates so that the new coordinates of the new
tra jectory are the sameas the old coordinates of the old tra jectory. The pushforward
changesthe tra jectory; the coordinate transformation coversour tracks.

The combination of pushforward and coordinate transformation is an exampleof a
di®eomorphism . A di®eomorphismis a one-to-onemapping betweenthe manifold and
itself. In our case,the pushforward and transformation depend on oneparameter¸ and
we have a one-parameterfamily of di®eomorphisms.After a di®eomorphism,the point
P in Figure 2 hasthe samevaluesof the transformedcoordinatesas the point P0 has in
the original coordinates: ¹x ¹ (¸; ¿) = x¹ (¿).
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Naively, it would seemthat a di®eomorphismautomatically leaves the action un-
changed becausethe coordinates of the tra jectory are unchanged. However, the La-
grangiandependsnot only on the coordinatesof the tra jectory; it alsodependson tensor
components that changeaccordingto equation (11). More work will be required before
we can tell whether the action is invariant under a di®eomorphism.While a coordinate
transformation by itself doesnot changethe action, in generala di®eomorphism,because
it involvesa pushforward, does. A continuoussymmetry occurswhen a di®eomorphism
doesnot changethe action. This is the symmetry we will be studying.

The di®eomorphismis an important operation in general relativit y. We therefore
digressto considerthe di®eomorphismin greater detail beforereturning to examineits
e®ecton the action.

3.1 In¯nitesimal Di®eomorphisms and Lie deriv ativ es

In a di®eomorphism,we shift the point at which a tensor is evaluated by pushing it
forward using a vector ¯eld and then we transform (pull back) the coordinates so that
the shifted point has the samecoordinate labels as the old point. Since a di®eomor-
phism maps a manifold back to itself, under a di®eomorphisma rank (m; n) tensor is
mapped to another rank (m; n) tensor. This subsectionaskshow tensorschangeunder
di®eomorphisms.

The pushforward mapping may be symbolically denoted Á¸ (following Wald 1984,
Appendix C). Thus, a di®eomorphismmaps a tensor T(P0) at point P0 to a tensor
¹T(P) ´ Á¸ T(P0) such that the coordinate valuesare unchanged: ¹x ¹ (P) = x¹ (P0). (See
Fig. 2 for the rolesof the points P0 and P.) The di®eomorphismmay be regardedasan
active coordinate transformation: under a di®eomorphismthe spatial point is changed
but the coordinatesare not.

We illustrate the di®eomorphismby applying it to the components of the one-form
~A = A ¹ ~e¹ in a coordinate basis:

¹A ¹ (P0) ´ A®(P)
@x®

@¹x¹
(P) ; where ¹x¹ (P) = x¹ (P0) : (12)

Starting with A® at point P0 with coordinatesx¹ (P0), we push the coordinates forward
to point P, we evaluate A® there, and then we transform the basisback to the coordinate
basisat P with new coordinates ¹x ¹ (P).

The di®eomorphismis a continuous, one-parameterfamily of mappings. Thus, a
general di®eomorphismmay be obtained from the in¯nitesimal di®eomorphismwith
pushforward y¹ = x¹ + »¹ d¸ . The corresponding coordinate transformation is (to ¯rst
order in d¸ )

¹x¹ = x¹ ¡ »¹ d¸ (13)
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so that ¹x¹ (P) = x¹ (P0). This yields (in the x¹ coordinate system)

¹A ¹ (x) ´ A®(x + »d¸ )
@x®

@¹x¹
= A ¹ (x) + [»®@®A ¹ (x) + A®(x)@¹ »®] d¸ + O(d¸ )2 : (14)

We have inverted the Jacobian@¹x ¹ =@x® = ±¹
® ¡ @®»¹ d¸ to ¯rst order in d¸ , @x®=@¹x¹ =

±®
¹ + @¹ »®d¸ + O(d¸ )2. In a similar manner, the in¯nitesimal di®eomorphismof the

metric gives

¹g¹º (x) ´ g®¯ (x + »d¸ )
@x®

@¹x¹

@x¯

@¹xº

= g¹º (x) + [»®@®g¹º (x) + g®º (x)@¹ »® + g¹® (x)@º »®] d¸ + O(d¸ )2 : (15)

In general, the in¯nitesimal di®eomorphism¹T ´ Á¢ ¸ T changesthe tensor by an
amount ¯rst-order in ¢ ¸ and linear in ~». This change allows us to de¯ne a linear
operator called the Lie deriv ativ e:

L »T ´ lim
¢ ¸ ! 0

Á¢ ¸ T(x) ¡ T(x)
¢ ¸

with ¹x¹ (P) = x¹ (P0) = x¹ (P) ¡ »¹ ¢ ¸ + O(¢ ¸ )2 : (16)

The Lie derivativesof A ¹ (x) and g¹º (x) follow from equations(14){(16):

L »A ¹ (x) = »®@®A ¹ + A®@¹ »® ; L »g¹º (x) = »®@®g¹º + g®º @¹ »® + g¹® @º »® : (17)

The ¯rst term of the Lie derivative, »®@®, corresponds to the pushforward, shifting a
tensor to another point in the manifold. The remaining terms arisefrom the coordinate
transformation back to the original coordinate values. As we will show in the next
subsection,this combination of terms makes the Lie derivative a tensor in the tangent
spaceat x¹ .

Under a di®eomorphismthe transformed tensor components, regardedas functions
of coordinates, are evaluated at exactly the samenumerical valuesof the transformed
coordinate ¯elds (but a di®erent point in spacetime!)asthe original tensorcomponents in
the original coordinates. This point is fundamental to the di®eomorphismand therefore
to the Lie derivative, and distinguishesthe latter from a directional derivative. Thinking
of the tensorcomponents asa setof functions of coordinates,weareperformingan active
transformation: the tensor component functions are changedbut they are evaluated at
the original values of the coordinates. The Lie derivative generatesan in¯nitesimal
di®eomorphism. That is, under a di®eomorphismwith pushforward x ¹ ! x¹ + »¹ d¸ ,
any tensor T is transformed to T + L »Td¸ .

The fact that the coordinate valuesdo not change,while the tensor ¯elds do, dis-
tinguishesthe di®eomorphismfrom a simple coordinate transformation. An important
implication is that, in integralsover spacetimevolume, the volumeelement d4x doesnot
changeunder a di®eomorphism,while it doeschangeunder a coordinate transformation.
By contrast, the volumeelement

p
¡ gd4x is invariant under a coordinate transformation

but not under a di®eomorphism.
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3.2 Prop erties of the Lie Deriv ativ e

The Lie derivative L » is similar to the directional derivative operator r » in its properties
but not in its value,exceptfor a scalarwhereL »f = r »f = »¹ @¹ f . The Lie derivative of
a tensor is a tensor of the samerank. To show that it is a tensor, we rewrite the partial
derivativesin equation (17) in terms of covariant derivativesin a coordinate basisusing
the Christo®elconnectioncoe±cients to obtain

L »A ¹ = »®r ®A ¹ + A®r ¹ »® + T®
¹¯ A®»¯ ;

L »g¹º = »®r ®g¹º + g®º r ¹ »® + g¹® r º »® + T®
¹¯ g®º »¯ + T®

º ¯ g¹® »¯ ; (18)

where T®
¹¯ is the torsion tensor, de¯ned by T®

¹¯ = ¡ ®
¹¯ ¡ ¡ ®

¯ ¹ in a coordinate basis.
The torsion vanishesby assumptionin generalrelativit y. Equations(18) show that L »A ¹

and L »g¹º are tensors.
The Lie derivative L » di®ersfrom the directional derivative r » in two ways. First,

the Lie derivative requiresno connection: equation (17) gave the Lie derivative solely
in terms of partial derivatives of tensor components. [The derivatives of the metric
should not be regardedhere as arising from the connection; the Lie derivative of any
rank (0; 2) tensor has the sameform as L »g¹º in eq. 17.] Second,the Lie derivative
involvesthe derivativesof the vector ¯eld ~» while the covariant derivative doesnot. The
Lie derivative trades partial derivativesof the metric (present in the connectionfor the
covariant derivative) for partial derivativesof the vector ¯eld. The directional derivative
tells how a ¯xed tensor ¯eld changesas one moves through it in direction ~». The Lie
derivative tells how a tensor¯eld changesasit is pushedforward alongthe integral curves
of ~».

More understandingof the Lie derivativecomesfrom examiningthe ¯rst-order change
in a vector expandedin a coordinate basisunder a displacement ~»d¸ :

d~A = ~A(x + »d¸ ) ¡ ~A(x) = A ¹ (x + »d¸ )~e¹ (x + »d¸ ) ¡ A ¹ (x)~e¹ (x) : (19)

The nature of the derivative depends on how we obtain ~e¹ (x + »d¸ ) from ~e¹ (x). For
the directional derivative r », the basis vectors at di®erent points are related by the
connection:

~e¹ (x + »¸ ) =
³
±¯

¹ + d¸ »®¡ ¯
¹®

´
~ē (x) for r » : (20)

For the Lie derivative L », the basisvector is mapped back to the starting point with

~e¹ (x + »d¸ ) =
@¹x¯

@x¹
~ē (x) =

³
±¯

¹ ¡ d¸ @¹ »¯
´

~ē (x) for L » : (21)

Similarly, the basisone-formis mapped using

~e¹ (x + »d¸ ) =
@x¹

@¹x¯
~e¯ (x) =

³
±¹

¯ + d¸ @̄»¹
´

~e¯ (x) for L » : (22)
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Thesemappingsensurethat d ~A=d¸ = L »
~A is a tangent vector on the manifold.

The Lie derivative of any tensor may be obtained using the following rules: (1) The
Lie derivative of a scalar ¯eld is the directional derivative, L »f = »®@®f = r »f . (2)
The Lie derivative obeys the Liebnitz rule, L »(TU) = (L »T)U + T(L »U), whereT and
U may be tensorsof any rank, with a tensor product or contraction betweenthem. The
Lie derivative commutes with contractions. (3) The Lie derivativesof the basisvectors
are L »~e¹ = ¡ ~e®@¹ »®. (4) The Lie derivativesof the basisone-formsare L »~e¹ = ~e®@®»¹ .

Theserules ensurethat the Lie derivative of a tensor is a tensor. Using them, the
Lie derivative of any tensormay be obtained by expandingthe tensor in a basis,e.g. for
a rank (1; 2) tensor,

L »S = L »(S¹
º · ~e¹ ­ ~eº ­ ~e· ) ´ (L »S¹

º · ) ~e¹ ­ ~eº ­ ~e·

= [»®@®S¹
º · ¡ S®

º · @®»¹ + S¹
®· @º »® + S¹

º ®@· »®]~e¹ ­ ~eº ­ ~e· : (23)

The partial derivatives can be changed to covariant derivatives without change (with
vanishing torsion, the connectioncoe±cients so introducedwill canceleach other), con-
¯rming that the Lie derivative of a tensor really is a tensor.

The Lie derivative of a vector ¯eld is an antisymmetric object known also as the
commutator or Lie bracket:

L V
~U = (V ¹ @¹ Uº ¡ U¹ @¹ V º )~eº ´ [~V; ~U] : (24)

The commutator wasintroducedin the notesTensorCalculus,Part 2, Section2.2. With
vanishingtorsion, [~V; ~U] = r V

~U ¡ r U
~V. Using rule (4) of the Lie derivative given after

equation (22), it follows at once that the commutator of any pair of coordinate basis
vector ¯elds vanishes:[~e¹ ;~eº ] = 0.

3.3 Di®eomorphism-in variance and Killing Vectors

Having de¯ned and investigatedthe propertiesof di®eomorphismsand the Lie derivative,
we return to the questionposedat the beginningof Section3: How can we tell when the
action is translationally invariant? Equation (10) givesthe changein the action under a
generalizedtranslation or pushforward by the vector ¯eld ~». However, it is not yet in a
form that highlights the key role played by di®eomorphisms.

To uncover the di®eomorphismwe must perform the in¯nitesimal coordinate trans-
formation given by equation (13). To ¯rst order in d¸ this hasno e®ecton the d¸ term
alreadyon the right-hand sideof equation(10) but it doesadd a pieceto the unperturbed
action. Using equation (11) and the fact that the Lagrangian is a scalar, to O(d¸ ) we
obtain

S[x(¿)] =
Z ¿2

¿1

L(g¹º ; A ¹ ; _x¹ ) d¿ =
Z ¿2

¿1

L

Ã

g®¯
@x®

@¹x¹

@x¯

@¹xº
; A®

@x®

@¹x¹
;
dx®

d¿
@¹x¹

@x®

!

d¿

= S[x(¿)] + d¸
Z ¿2

¿1

"
@L

@g¹º
(g®º @¹ »® + g¹® @º »®) +

@L
@A ¹

(A®@¹ »®) ¡
@L
@_x¹

d»¹

d¿

#

d¿ : (25)
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The integral multiplying d¸ always has the value zero for any tra jectory x ¹ (¿) and
vector ¯eld ~» becauseof the coordinate-invarianceof the action. However, it is a special
kind of zero because,when added to the pushforward term of equation (10), it givesa
di®eomorphism:

S[x(¿) + »(x(¿))d¸ ] = S[x(¿)] + d¸
Z ¿2

¿1

"
@L

@g¹º
L »g¹º +

@L
@A ¹

L »A ¹

#

d¿ : (26)

If the action contains additional ¯elds, under a di®eomorphismweobtain a Lie derivative
term for each ¯eld.

Thus, we have answeredthe questionof translation-invariance: the action is transla-
tionally invariant if and only if the Lie derivative of each tensor ¯eld appearing in the
Lagrangianvanishes.The uniform translations of Newtonian mechanicsare generalized
to di®eomorphisms,which include translations, rotations, boosts, and any continuous,
one-to-onemapping of the manifold back to itself.

In Newtonian mechanics, translation-invariance leads to a conserved momentum.
What about di®eomorphism-invariance?Doesit also lead to a conservation law?

Let us supposethat the original tra jectory x ¹ (¿) satis¯es the equationsof motion
beforebeing pushedforward, i.e. the action, with Lagrangian L(g¹º (x); A ¹ ; _x¹ ), is sta-
tionary under ¯rst-order variations x ¹ ! x¹ + ±x¹ (x) with ¯xed endpoints ±x ¹ (¿1) =
±x¹ (¿2) = 0. From equation (26) it follows that the action for the shifted tra jectory is
also stationary, if and only if L »g¹º = 0 and L »A ¹ = 0. (When the tra jectory is varied
x¹ ! x¹ + ±x¹ , cross-terms»±x are regardedas being second-orderand are ignored.)

If there exists a vector ¯eld ~» such that L »g¹º = 0 and L »A ¹ = 0, then we can
shift solutions of the equations of motion along ~»(x(¿)) and generatenew solutions.
This is a new continuoussymmetry called di®eomorphism-invariance,and it generalizes
translational-invariance in Newtonian mechanics and special relativit y. The result is a
dynamical symmetry, which may be deducedby rewriting equation (26):

lim
¢ ¸ ! 0

S[x(¿) + »(x(¿))¢ ¸ ] ¡ S[x(¿)]
¢ ¸

=
Z ¿2

¿1

"
@L

@g¹º
L »g¹º +

@L
@A ¹

L »A ¹

#

d¿

=
Z ¿2

¿1

"
@L
@x®

»® +
@L
@_x¹

d»¹

d¿

#

d¿

=
Z ¿2

¿1

"
d
d¿

Ã
@L
@_x¹

!

»¹ +
@L
@_x¹

d»¹

d¿

#

d¿

=
Z ¿2

¿1

"
d
d¿

(p¹ »¹ )

#

d¿

= [p¹ »¹ ]¿2
¿1

: (27)

All of the stepsare straightforward asidefrom the secondline. To obtain this we ¯rst
expandedthe Lie derivativesusing equation (17). The terms multiplying »® were then
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combined to give @L=@x® (regarding the Lagrangian as a function of x ¹ and _x¹ ). For
the terms multiplying the gradient @¹ »®, we used d»¹ (x(¿))=d¿ = _x®@®»¹ combined
with equation (6) to convert partial derivatives of L with respect to the ¯elds g¹º and
A ¹ to partial derivatives with respect to _x ¹ . (This conversion is dependent on the
Lagrangian, of course,but works for any Lagrangian that is a function of g¹º _x¹ _xº and
A ¹ _x¹ .) To obtain the third line we usedthe assumptionthat x ¹ (¿) is a solution of the
Euler-Lagrangeequations. To obtain the fourth line we usedthe de¯nition of canonical
momentum,

p¹ ´
@L
@_x¹

: (28)

For the Lagrangianof equation (6), p¹ = g¹º _xº + qA ¹ is not the mechanical momentum
(the ¯rst term) but also includesa contribution from the electromagnetic¯eld.

Nowhere in equation (27) did we assumethat »¹ vanishesat the endpoints. The
vector ¯eld ~» is not just a variation used to obtain equations of motion, nor is it a
constant; it is an arbitrary small shift.

Theorem : If the Lagrangian is invariant under the di®eomorphismgeneratedby a
vector ¯eld ~», then ~p(~») = p¹ »¹ is conserved along curvesthat extremizethe action, i.e.
for tra jectoriesobeying the equationsof motion.

This result is a generalizationof conservation of momentum. The vector ¯eld ~» may
bethought of asthe coordinate basisvector ¯eld for a cyclic coordinate, i.e. onethat does
not appear in the Lagrangian. In particular, if @L=@x® = 0 for a particular coordinate
x® (e.g. ® = 0), then L is invariant under the di®eomorphismgeneratedby ~e® so that
p® is conserved.

When gravit y is the only force acting on a particle, di®eomorphism-invariance has
a purely geometricinterpretation in terms of special vector ¯elds known as Killing vec-
tors. Using equation (18) for a manifold with a metric-compatible connection(implying
r ®g¹º = 0) and vanishing torsion (both of theseare true in generalrelativit y), we ¯nd
that di®eomorphism-invarianceimplies

L »g¹º = r ¹ »º + r º »¹ = 0 : (29)

This equation is known as Killing's equation and its solutions are called Killing vector
¯elds, or Killing vectorsfor short. Thus, our theoremmay be restatedas follows: If the
spacetimehasa Killing vector ~»(x), then p¹ »¹ is conserved along any geodesic. A much
shorter proof of this theorem follows from r V (p¹ »¹ ) = »¹ r V p¹ + p¹ V º r º »¹ . The ¯rst
term vanishesby the geodesicequation, while the secondterm vanishesfrom Killing's
equation with p¹ / V ¹ . Despite being longer, however, the proof basedon the Lie
derivative is valuable becauseit highlights the role played by a continuous symmetry,
di®eomorphism-invarianceof the metric.

One is not free to chooseKilling vectors;generalspacetimes(i.e. oneslacking sym-
metry) do not have any solutions of Killing's equation. As shown in Appendix C.3 of
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Wald (1984), a 4-dimensionalspacetimehasat most 10 Killing vectors. The Minkowski
metric has the maximal number, corresponding to the Poincar¶e group of transforma-
tions: three rotations, three boosts, and four translations. Each Killing vector gives a
conserved momentum.

The existenceof a Killing vector represents a symmetry: the geometryof spacetimeas
represented by the metric is invariant asonemovesin the ~»-direction. Such a symmetry
is known asan isometry. In the perturbation theory view of di®eomorphisms,isometries
correspond to perturbations of the coordinates that leave the metric unchanged.

Any vector ¯eld can be chosenas one of the coordinate basis¯elds; the coordinate
lines are the integral curves. In Figure 2, the integral curves were parameterizedby
¸ , which becomesthe coordinate whosecorresponding basis vector is ~e¸ ´ ~»(x). For
de¯niteness, let us call this coordinate ¸ = x0. If ~» = ~e0 is a Killing vector, then x0 is
a cyclic coordinate and the spacetimeis stationary: @0g¹º = 0. In such spacetimes,and
only in such spacetimes,p0 is conserved along geodesics(aside from special caseslike
the Robertson-Walker spacetimes,where p0 is conserved for masslessbut not massive
particles becausethe spacetimeis conformally stationary).

Another special feature of spacetimeswith Killing vectors is that they have a con-
served 4-vector energy-current Sº = »¹ T ¹º . Local stress-energyconservation r ¹ T ¹º = 0
then implies r º Sº = 0, which can be integrated over a volume to give the usual form
of an integral conservation law. Conversely, spacetimeswithout Killing vectors do not
have an tensor integral energyconservation law, except for spacetimesthat are asymp-
totically °at at in¯nit y. (However, all spacetimeshave a conserved energy-momentum
pseudotensor,as discussedin the notes Stress-Energy Pseudotensorsand Gravitational
Radiation Power.)

4 Einstein-Hilb ert Action for the Metric

We have seenthat the action principle is useful not only for conciselyexpressingthe
equationsof motion; it also enablesone to ¯nd identities and conservation laws from
symmetriesof the Lagrangian (invarianceof the action under transformations). These
methods apply not only to the tra jectories of individual particles. They are readily
generalizedto spacetime¯elds such as the electromagneticfour-potential A ¹ and, most
signi¯cantly in GR, the metric g¹º itself.

To understandhow the action principle works for continuous¯elds, let usrecall how it
works for particles. The action is a functional of con¯guration-spacetra jectories. Given
a set of functions qi (t), the action assignsa number, the integral of the Lagrangian
over the parameter t. For continuous ¯elds the con¯guration spaceis a Hilbert space,
an in¯nite-dimensional spaceof functions. The single parameter t is replacedby the
full set of spacetimecoordinates. Variation of a con¯guration-spacetra jectory, qi (t) !
qi (t) + ±qi (t), is generalizedto variation of the ¯eld valuesat all points of spacetime,e.g.
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g¹º (x) ! g¹º (x) + ±g¹º (x). In both cases,the Lagrangianis chosenso that the action is
stationary for tra jectories (or ¯eld con¯gurations) that satisfy the desiredequationsof
motion. The action principle conciselyspeci¯es thoseequationsof motion and facilitates
examination of symmetriesand conservation laws.

In generalrelativit y, the metric is the fundamental ¯eld characterizing the geometric
and gravitational properties of spacetime,and so the action must be a functional of
g¹º (x). The standard action for the metric is the Hilbert action,

SG[g¹º (x)] =
Z 1

16¼G
g¹º R¹º

p
¡ gd4x : (30)

Here,g = detg¹º and R¹º = R®
¹®º is the Ricci tensor. The factor

p
¡ g makesthe volume

element invariant sothat the action is a scalar(invariant under generalcoordinate trans-
formations). The Einstein-Hilbert action was ¯rst shown by the mathematician David
Hilbert to yield the Einstein ¯eld equations through a variational principle. Hilbert's
paper was submitted ¯v e days before Einstein's paper presenting his celebrated¯eld
equations,although Hilbert did not have the correct ¯eld equationsuntil later (for an
interestingdiscussionof the historical issuesseeL. Corry et al., Science278,1270,1997).

(The Einstein-Hilbert action is a scalar under general coordinate transformations.
As we will show in the notes Stress-Energy Pseudotensorsand Gravitational Radiation
Power, it is possibleto choosean action that, while not a scalar under generalcoor-
dinate transformations, still yields the Einstein ¯eld equations. The action considered
there di®ersfrom the Einstein-Hilbert action by a total derivative term. The only real
invarianceof the action that is requiredon physical groundsis local Lorentz invariance.)

In the particle actions consideredpreviously, the Lagrangian dependedon the gen-
eralized coordinates and their ¯rst derivatives with respect to the parameter ¿. In a
spacetime¯eld theory, the singleparameter¿ is expandedto the four coordinatesx ¹ . If
it is to be a scalar, the Lagrangian for the spacetimemetric cannot depend on the ¯rst
derivatives@®g¹º , becauser ®g¹º = 0 and the ¯rst derivativescan all be transformed to
zeroat a point. Thus, unlessonedropsthe requirement that the action be a scalarunder
generalcoordinate transformations, for gravit y one is forced to go to secondderivatives
of the metric. The Ricci scalar R = g¹º R¹º is the simplest scalar that can be formed
from the secondderivativesof the metric. Amazingly, when the action for matter and
all non-gravitational ¯elds is addedto the simplestpossiblescalaraction for the metric,
the least action principle yields the Einstein ¯eld equations.

To look for symmetriesof the Einstein-Hilbert action, we considerits changeunder
variation of the functions g¹º (x) with ¯xed boundary hypersurfaces(the generalization
of the ¯xed endpoints for an ordinary Lagrangian). It proves to be simpler to regard
the inversemetric components g¹º as the ¯eld variables. The action dependsexplicitly
on g¹º and the Christo®elconnectioncoe±cients, ¡ ®

¹º , the latter appearing in the Ricci
tensor in a coordinate basis:

R¹º = @®¡ ®
¹º ¡ @¹ ¡ ®

®º + ¡ ®
¹º ¡ ¯

®¯ ¡ ¡ ®
¯ ¹ ¡ ¯

®º : (31)
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Lengthy algebrashowsthat ¯rst-order variations of g¹º producethe following changes
in the quantities appearing in the Einstein-Hilbert action:

±
p

¡ g = ¡
1
2

p
¡ gg¹º ±g¹º = +

1
2

p
¡ gg¹º ±g¹º ;

±¡ ®
¹º = ¡

1
2

h
r ¹ (gº ¸ ±g®¸ ) + r º (g¹¸ ±g®¸ ) ¡ r ¯ (g¹· gº ¸ g®¯ ±g·¸ )

i
;

±R¹º = r ®(±¡ ®
¹º ) ¡ r ¹ (±¡ ®

®º ) ;

g¹º ±R¹º = r ¹ r º

³
¡ ±g¹º + g¹º g®¯ ±g®¯

´
;

±(g¹º R¹º
p

¡ g) = (G¹º ±g¹º + g¹º ±R¹º )
p

¡ g ; (32)

whereG¹º = R¹º ¡ 1
2Rg¹º is the Einstein tensor. The covariant derivative r ¹ appearing

in these equations is taken with respect to the zeroth-order metric g¹º . Note that,
while ¡ ®

¹º is not a tensor, ±¡ ®
¹º is. Note also that the variations we perform are not

necessarilydi®eomorphisms(that is, ±g¹º is not necessarilya Lie derivative), although
di®eomorphismsare variations of just the type we are considering(i.e. variations of
the tensor component ¯elds for ¯xed values of their arguments). Equations (32) are
straightforward to derive but take several pagesof algebra.

Equations (32) give us the changein the gravitational action under variation of the
metric:

±SG ´ SG[g¹º + ±g¹º ] ¡ SG[g¹º ]

=
1

16¼G

Z
(G¹º ±g¹º + r ¹ v¹ )

p
¡ gd4x ; v¹ ´ r º (¡ ±g¹º + g¹º g®¯ ±g®¯ ) :(33)

Besidesthe desiredEinstein tensorterm, there is a divergenceterm arisingfrom g¹º ±R¹º =
r ¹ v¹ which canbe integrated using the covariant Gauss'law. This term raisesthe ques-
tion of what is ¯xed in the variation, and what the endpoints of the integration are.

In the action principle for particles (eq. 2), the endpoints of integration are ¯xed
time values,t1 and t2. When we integrate over a four-dimensionalvolume, the endpoints
correspond instead to three-dimensionalhypersurfaces.The simplest caseis when these
are hypersurfacesof constant t, in which casethe boundary terms are integrals over
spatial volume.

In equation(33), the divergenceterm canbe integrated to give the °ux of v¹ through
the bounding hypersurface. This term involves the derivatives of ±g¹º normal to the
boundary (e.g. the time derivative of ±g¹º , if the endpoints are constant-time hyper-
surfaces),and is thereforeinconvenient becausethe usual variational principle sets±g¹º

but not its derivatives to zero at the endpoints. One may either revise the variational
principle sothat g¹º and ¡ ®

¹º are independently varied (the Palatini action), or onecan
add a boundary term to the Einstein-Hilbert action, involving a tensorcalled the extrin-
sic curvature, to cancelthe r ¹ v¹ term (Wald, Appendix E.1). In the following we will
ignore this term, understandingthat it can be eliminated by a more careful treatment.
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(The SchrÄodinger action presented in the later notes Stress-Energy Pseudotensorsand
Gravitational Radiation Power eliminates the r ¹ v¹ term.)

For conveniencebelow, we introducea new notation for the integrand of a functional
variation, the functional derivative ±S=±Ã, de¯ned by

±S[Ã] ´
Z Ã

±S
±Ã

!

±Ã
p

¡ gd4x : (34)

Here, Ã is any tensor ¯eld, e.g. g¹º . The functional derivative is strictly de¯ned only
when there are no surfaceterms arising from the variation. Neglectingthe surfaceterm
in equation (33), we seethat ±SG=±g¹º = (16¼G)¡ 1G¹º .

4.1 Stress-Energy Tensor and Einstein Equations

To seehow the Einstein equationsarise from an action principle, we must add to SG

the action for matter, the sourceof spacetimecurvature. Here, \matter" refers to all
particles and ¯elds excluding gravit y, and speci¯cally includes all the quarks, leptons
and gaugebosonsin the world (excluding gravitons). At the classicallevel, one could
include electromagnetismand perhapsa simpli¯ed model of a °uid. The total action
would becomea functional of the metric and matter ¯elds. Independent variation of each
¯eld yields the equationsof motion for that ¯eld. Becausethe metric implicitly appears
in the Lagrangianfor matter, matter terms will appear in the equationof motion for the
metric. This sectionshows how this all works out for the simplest model for matter, a
classicalsum of massive particles.

Starting from equation(1), wesumthe actionsfor a discretesetof particles,weighting
each by its mass:

SM =
X

a

Z
¡ ma

³
¡ g00 ¡ 2g0i _x i

a ¡ gij _x i
a _x j

a

´ 1=2
dt : (35)

The subscript a labels each particle. We avoid the problem of having no global proper
time by parameterizingeach particle's tra jectory by the coordinate time. Variation of
each tra jectory, x i

a(t) ! x i
a(t) + ±x i

a(t) for particle a with ¢ SM = 0, yields the geodesic
equationsof motion.

Now we wish to obtain the equationsof motion for the metric itself, which we do by
combining the gravitational and matter actions and varying the metric. After a little
algebra,equation (33) givesthe variation of SG; we must add to it the variation of SM .
Equation (35) gives

±SM =
Z

dt
X

a

1
2

ma
V ¹

a V º
a

V 0
a

±g¹º (x i
a(t); t) =

Z
dt

X

a
¡

1
2

ma
Va¹ Vaº

V 0
a

±g¹º (x i
a(t); t) : (36)

Variation of the metric naturally givesthe normalized4-velocity for each particle, V ¹
a =

dx¹ =d¿a with Va¹ V ¹
a = ¡ 1, with a correction factor 1=V0

a = d¿a=dt. Now, if we are
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to combine equations(33) and (36), we must modify the latter to get an integral over
4-volume. This is easily doneby inserting a Dirac delta function. The result is

±SM = ¡
Z "

1
2

X

a

map
¡ g

Va¹ Vaº

V 0
a

±3(x i ¡ x i
a(t))

#

±g¹º (x)
p

¡ gd4x : (37)

The term in brackets may be rewritten in covariant form by inserting an integral over
a±ne parameterwith a delta function to cancelit,

R
d¿a ±(t ¡ t(¿a))( dt=d¿a). Noting that

V 0
a = dt=d¿a, we get

±SM = ¡
Z 1

2
T¹º ±g¹º (x)

p
¡ gd4x = +

Z 1
2

T ¹º ±g¹º (x)
p

¡ gd4x ; (38)

where the functional di®erentiation has naturally produced the stress-energytensor for
a gasof particles,

T ¹º = 2
±SM

±g¹º
=

X

a

Z
d¿a

±4(x ¡ x(¿a))
p

¡ g
maV ¹

a V º
a : (39)

Aside from the factor
p

¡ g neededto correct the Dirac delta function for non-°at coor-
dinates(because

p
¡ gd4x is the invariant volumeelement), equation(39) agreesexactly

with the stress-energytensor worked out in the 8.962 notes Number-Flux Vector and
Stress-Energy Tensor.

Equation (38) is a generalresult, and we take it as the de¯nition of the stress-energy
tensor for matter (cf. Appendix E.1 of Wald). Thus, given any action SM for particles
or ¯elds (matter), we can vary the coordinates or ¯elds to get the equationsof motion
and vary the metric to get the stress-energytensor,

T ¹º ´ 2
±SM

±g¹º
: (40)

Taking the action to be the sum of SG and SM , requiring it to be stationary with
respect to variations ±g¹º , now givesthe Einstein equations:

G¹º = 8¼GT¹º : (41)

The pre-factor (16¼G)¡ 1 on SG waschosento get the correct coe±cient in this equation.
The matter action is conventionally normalizedso that it yields the stress-energytensor
as in equation (38).

4.2 Di®eomorphism In variance of the Einstein-Hilb ert Action

We return to the variation of the Einstein-Hilbert action, equation (33) without the
surfaceterm, and considerdi®eomorphisms±g¹º = L »g¹º :

16¼G ±SG =
Z

G¹º (L »g¹º )
p

¡ gd4x = ¡ 2
Z

G¹º (r ¹ »º )
p

¡ gd4x : (42)
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Here, ~» is not a Killing vector; it is an arbitrary small coordinate displacement. The Lie
derivative L »g¹º has beenrewritten in terms of ¡L »g¹º using g¹® g®º = ±¹

º . Note that
di®eomorphismsare a classof ¯eld variations that correspond to mapping the manifold
back to itself. Under a di®eomorphism,the integrand of the Einstein-Hilbert action
is varied, including the

p
¡ g factor. However, as discussedat the end of x3.1, the

volume element d4x is ¯xed under a di®eomorphismeven though it doeschangeunder
coordinate transformations. The reasonfor this is apparent in equation (16): under
a di®eomorphism,the coordinate values do not change. The pushforward cancelsthe
transformation. If we simply performed either a passive coordinate transformation or
pushforward alone, d4x would not be invariant. Under a di®eomorphismthe variation
±g¹º = L »g¹º is a tensor on the \unp erturbed background" spacetimewith metric g¹º .

We now show that any scalar integral is invariant under a di®eomorphismthat van-
ishes at the endpoints of integration. Consider the integrand of any action integral,
ª

p
¡ g, where ª is any scalar constructed out of the tensor ¯elds of the problem; e.g.

ª = R=(16¼G) for the Hilbert action. From the ¯rst of equations (32) and the Lie
derivative of the metric,

L »
p

¡ g =
1
2

p
¡ gg¹º L »g¹º = (r ®»®)

p
¡ g : (43)

Using the fact that the Lie derivative of a scalar is the directional derivative, we obtain

±S =
Z

L »(ª
p

¡ g) d4x =
Z

(»¹ r ¹ ª + ª r ¹ »¹ )
p

¡ gd4x =
Z

ª »¹ d3§ ¹ : (44)

We have usedthe covariant form of Gauss' law, for which d3§ ¹ is the covariant hyper-
surfacearea element for the oriented boundary of the integrated 4-volume. Physically
it represents the di®erencebetween the spatial volume integrals at the endpoints of
integration in time.

For variations with »¹ = 0 on the boundaries, ±S = 0. The reason for this is
simple: di®eomorphismcorrespondsexactly to reparameterizingthe manifold by shifting
and relabeling the coordinates. Just as the action of equation (1) is invariant under
arbitrary reparameterizationof the path length with ¯xed endpoints, a spacetime¯eld
action is invariant under reparameterization of the coordinates (with no shift on the
boundaries). The di®eomorphismdi®ersfrom a standard coordinate transformation in
that the variation is madeso that d4x is invariant rather than

p
¡ gd4x, but the result

is the same:scalaractions are di®eomorphism-invariant.
In consideringdi®eomorphisms,we do not assumethat g¹º extremizesthe action.

Thus, using ±SG = 0 under di®eomorphisms,we will get an identit y rather than a
conservation law.

Integrating equation (42) by parts using Gauss'slaw gives

8¼G ±SG = ¡
Z

G¹º »º d3§ ¹ +
Z

»º r ¹ G¹º p
¡ gd4x : (45)
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Under reparameterization,the boundary integral vanishesand ±SG = 0 from above, but
»º is arbitrary in the 4-volume integral. Therefore,di®eomorphism-invarianceimplies

r ¹ G¹º = 0 : (46)

Equation (46) is the famous contracted Bianchi identit y. Mathematically, it is an
identit y akin to equation (4). It may also be regardedas a geometricproperty of the
Riemann tensor arising from the full Bianchi identities,

r ¾R®
¯ ¹º + r ¹ R®

¯ º ¾ + r º R®
¯ ¾¹ = 0 : (47)

Contracting on ® and ¹ , then multiplying by g¾̄ and contracting again givesequation
(46). Onecanalsoexplicitly verify equation(46) usingequation(31), noting that G¹º =
R¹º ¡ 1

2Rg¹º and R¹º = g¹® gº ¯ R®¯ . Wald givesa shorter and more sophisticatedproof
in his Section 3.2; an even shorter proof can be given using di®erential forms (Misner
et al chapter 15). Our proof, basedon di®eomorphism-invariance, is just as rigorous
although quite di®erent in spirit from thesegeometricapproaches.

The next step is to inquire whether di®eomorphism-invariancecan be usedto obtain
true conservation laws and not just o®erelegant derivations of identities. Beforeanswer-
ing this question,we digressto explorean analogoussymmetry in electromagnetism.

4.3 Gauge In variance in Electromagnetism

Maxwell's equationscan be obtained from an action principle by adding two more terms
to the total action. In SI units theseare

SEM [A ¹ ; g¹º ] =
Z

¡
1

16¼
F ¹º F¹º

p
¡ gd4x ; SI [A ¹ ] =

Z
A ¹ J ¹ p

¡ gd4x ; (48)

whereF¹º ´ @¹ Aº ¡ @º A ¹ = r ¹ Aº ¡ r º A ¹ . Note that g¹º is present in SEM implicitly
through raising indices of F¹º , and that the connectioncoe±cients occurring in r ¹ Aº

are cancelledin F¹º . Electromagnetismadds two piecesto the action, SEM for the free
¯eld A ¹ and SI for its interaction with a source,the 4-current density J ¹ . Previously
we consideredSI =

R
qA ¹ _x¹ d¿ for a singleparticle; now we couple the electromagnetic

¯eld to the current density producedby many particles.
The action principle says that the action SEM + SI shouldbe stationary with respect

to variations ±A ¹ that vanish on the boundary. Applying this action principle (left as a
homework exercisefor the student) yields the equationsof motion

r º F ¹º = 4¼J ¹ : (49)

In the languageof thesenotes,the other pair of Maxwell equations,r [®F¹º ] = 0, arises
from a non-dynamicalsymmetry, the invarianceof SEM [A ¹ ] undera gaugetransformation
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A ¹ ! A ¹ + r ¹ ©. (Expressedusingdi®erential forms,dF = 0 becauseF = dA is a closed
2-form. A gaugetransformation adds to F the term dd©, which vanishesfor the same
reason.Seethe 8.962notesHamiltonian Dynamics of Particle Motion.) The source-free
Maxwell equationsare simple identities in that r [®F¹º ] = 0 for any di®erentiable A ¹ ,
whether or not it extremizesany action.

If we require the completeaction to be gauge-invariant, a new conservation law ap-
pears,chargeconservation. Under a gaugetransformation, the interaction term changes
by

±SI ´ SI [A ¹ + r ¹ ©] ¡ SI [A ¹ ] =
Z

J ¹ (r ¹ ©)
p

¡ gd4x

=
Z

©J ¹ d3§ ¹ ¡
Z

©(r ¹ J ¹ )
p

¡ gd4x : (50)

For gaugetransformations that vanish on the boundary, gauge-invariance is equivalent
to conservation of charge, r ¹ J ¹ = 0. This is an example of Noether's theorem: a
continuous symmetry generatesa conserved current. Gaugeinvariance is a dynamical
symmetry becausethe action is extremizedif andonly if J ¹ obeysthe equationsof motion
for whatever chargesproduce the current. (There will be other action terms, such as
eq. 35, to give the charges' equationsof motion.) Adding a gaugetransformation to
a solution of the Maxwell equationsyields another solution. All solutions necessarily
conserve total charge.

Taking a broad view, physicists regardgauge-invarianceasa fundamental symmetry
of nature, from which charge conservation follows. A similar phenomenonoccurs with
the gravitational equivalent of gaugeinvariance,as we discussnext.

4.4 Energy-Momen tum Conserv ation from Gauge In variance

The exampleof electromagnetismshedslight on di®eomorphism-invariancein generalrel-
ativit y. Wehavealreadyseenthat every pieceof the action is automatically di®eomorphism-
invariant becauseof parameterization-invariance. However, we wish to singleout gravit y
| speci¯cally, the metric g¹º | to imposea symmetry requirement akin to electromag-
netic gauge-invariance.

We do this by de¯ning a gauge transformation of the metric as an in¯nitesimal
di®eomorphism,

g¹º ! g¹º + L »g¹º = g¹º + r ¹ »º + r º »¹ (51)

where »¹ = 0 on the boundary of our volume. (If the manifold is compact, it has a
natural boundary; otherwisewe integrate over a compact subvolume. SeeAppendix A
of Wald for mathematical rigor.) Gauge-invariance (di®eomorphism-invariance) of the
Einstein-Hilbert action leads to a mathematical identit y, the twice-contracted Bianchi
identit y, equation (46). The rest of the action, including all particles and ¯elds, must
alsobe di®eomorphism-invariant. In particular, this meansthat the matter action must

21



be invariant under the gaugetransformation of equation (51). Using equation (38), this
requirement leadsto a conservation law:

±SM =
Z

T ¹º (r ¹ »º )
p

¡ gd4x = ¡
Z

»º (r ¹ T ¹º )
p

¡ gd4x = 0 ) r ¹ T ¹º = 0 : (52)

In generalrelativit y, total stress-energyconservation is a consequenceof gauge-invariance
as de¯ned by equation (51). Local energy-momentum conservation therefore follows as
an application of Noether's theorem (a continuous symmetry of the action leads to a
conserved current) just aselectromagneticgaugeinvarianceimplies chargeconservation.

There is a further analogy with electromagnetism. Physical observables in general
relativit y must be gauge-invariant. If we wish to try to deducephysics from the metric
or other tensors,we will have to work with gauge-invariant quantities or imposegauge
conditions to ¯x the coordinates and remove the gaugefreedom. This issuewill arise
later in the study of gravitational radiation.

5 An Example of Gauge In variance and Di®eomor-
phism In variance: The Ginzburg-Landau Mo del

The discussionof gaugeinvariancein the precedingsectionis incomplete(although fully
correct) becauseunder a di®eomorphismall ¯elds change,not only the metric. Similarly,
the matter ¯elds for chargedparticles alsochangeunder an electromagneticgaugetrans-
formation and under the more complicated symmetry transformations of non-Abelian
gaugesymmetriessuch as those present in the theories of the electroweak and strong
interactions. In order to give a more completepicture of the role of gaugesymmetries
in both electromagnetismand gravit y, we present here the classical¯eld theory for the
simplestcharged¯eld, a complexscalar¯eld Á(x) representing spinlessparticlesof charge
q and massm. Although there are no fundamental particles with spin 0 and nonzero
electric charge,this exampleis very important in physicsasit describesthe e®ective ¯eld
theory for superconductivity developed by Ginzburg and Landau.

The Ginzburg-Landau model illustrates the essential features of gauge symmetry
arising in the standard model of particle physics and its classicalextensionto gravit y.
At the classicallevel, the Ginzburg-Landaumodel describesa charged°uid, e.g. a °uid
of Cooper pairs (the electronpairs that are responsiblefor superconductivity). Here we
couplethe charged°uid to gravit y as well as to the electromagnetic¯eld.

The Ginzburg-Landauaction is (with a sign di®erencein the kinetic term compared
with quantum ¯eld theory textbooks becauseof our choiceof metric signature)

SGL [Á;A ¹ ; g¹º ] =
Z "

¡
1
2

g¹º (D ¹ Á)¤(D º Á) +
1
2

¹ 2Á¤Á¡
¸
4

(Á¤Á)2

#
p

¡ gd4x ; (53)
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whereÁ¤ is the complexconjugateof Á and

D ¹ ´ r ¹ ¡ iqA ¹ (x) (54)

is called the gauge covarian t deriv ativ e. The electromagneticone-form potential
appearsso that the action is automatically gauge-invariant. Under an electromagnetic
gaugetransformation, both the electromagneticpotential and the scalar¯eld change,as
follows:

A ¹ (x) ! A ¹ (x) + r ¹ ©(x) ; Á(x) ! eiq©(x)Á(x) ; D ¹ Á ! eiq©(x)D ¹ Á ; (55)

where©(x) is any real scalar¯eld. We seethat (D ¹ Á)¤(D º Á) and the Ginzburg-Landau
action are gauge-invariant. Thus, an electromagneticgaugetransformation corresponds
to an independent changeof phaseat each point in spacetime,or a local U(1) symmetry.

The gaugecovariant derivative automatically couplesour chargedscalar ¯eld to the
electromagnetic¯eld so that no explicit interaction term is needed,unlike in equation
(48). The ¯rst term in the Ginzburg-Landauaction is a \kinetic" part that is quadratic in
the derivativesof the ¯eld. The remainingparts are \p otential" terms. The quartic term
with coe±cient ¸= 4 represents the e®ectof self-interactions that lead to a phenomenon
called spontaneoussymmetry breaking. Although spontaneoussymmetry breaking is of
major importancein modern physics,and is an essential featureof the Ginzburg-Landau
model, it has no e®ecton our discussionof symmetries and conservation laws so we
ignore it in the following.

The appearanceof A ¹ in the gaugecovariant derivative is reminiscent of the appear-
ance of the connection ¡ ¹

®¯ in the covariant derivative of general relativit y. However,
the gravitational connectionis absent for derivativesof scalar¯elds. We will not discuss
the ¯eld theory of chargedvector ¯elds (which represent spin-1 particles in non-Abelian
theories)or spinors(spin-1/2 particles).

A complete model includes the actions for gravit y and the electromagnetic¯eld in
addition to SGL : S[Á;A ¹ ; g¹º ] = SGL [Á;A ¹ ; g¹º ] + SEM [A ¹ ; g¹º ] + SG[g¹º ]. According to
the action principle, the classicalequationsof motion follow by requiring the total action
to bestationary with respect to small independent variations of (Á;A ¹ ; g¹º ) at each point
in spacetime.Varying the action yields

±S
±Á

= g¹º D ¹ D º Á+
³
¹ 2 ¡ ¸Á ¤Á

´
Á ;

±S
±A ¹

= ¡
1

4¼
r º F ¹º + J ¹

GL ;

±S
±g¹º

=
1

16¼G
G¹º ¡

1
2

TEM
¹º ¡

1
2

TGL
¹º ; (56)

wherethe current and stress-energytensor of the charged°uid are

J GL
¹ ´

iq
2

[Á(D ¹ Á)¤ ¡ Á¤(D ¹ Á)] ;
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TGL
¹º ´ (D ¹ Á)¤(D º Á) +

"

¡
1
2

g®¯ (D®Á)¤(D ¯ Á) +
1
2

¹ 2Á¤Á¡
¸
4

(Á¤Á)2

#

g¹º : (57)

The expressionfor the current density is very similar to the probability current density
in nonrelativistic quantum mechanics. The expressionfor the stress-energytensorseems
strange, so let us examinethe energydensity in locally Minkowski coordinates (where
g¹º = ´ ¹º ):

½GL = TGL
00 =

1
2

jD0Áj2 +
1
2

jD i Áj2 ¡
1
2

¹ 2Á¤Á+
¸
4

(Á¤Á)2 : (58)

Aside from the electromagneticcontribution to the gaugecovariant derivativesand the
potential terms involving Á¤Á, this looks just like the energydensity of a ¯eld of rela-
tivistic harmonic oscillators. (The potential energyis minimized for jÁj = ¹=

p
¸ . This

is a circle in the complex Á plane, leading to spontaneoussymmetry breaking as the
¯eld acquiresa phase.Thosewith a knowledgeof ¯eld theory will recognizetwo modes
for small excitations: a massive mode with mass

p
2¹ and a masslessGoldstonemode

corresponding to the ¯eld circulating along the circle of minima.)
The equationsof motion follow immediately from setting the functional derivatives

to zero. The equations of motion for g¹º and A ¹ are familiar from before; they are
simply the Einstein and Maxwell equationswith sourceincluding the current and stress-
energyof the charged°uid. The equationof motion for Á is a nonlinear relativistic wave
equation. If A ¹ = 0, ¹ 2 = ¡ m2, ¸ = 0, and g¹º = ´ ¹º then it reducesto the Klein-
Gordon equation, (@2

t ¡ @2 + m2)Á = 0 where@2 ´ ±ij @i @j is the spatial Laplacian. Our
equation of motion for Á generalizesthe Klein-Gordon equation to include the e®ects
of gravit y (through g¹º ), electromagnetism(through A ¹ ), and self-interactions (through
¸Á ¤Á).

Now we can ask about the consequencesof gaugeinvariance. First, the Ginzburg-
Landau current and stress-energytensor are gauge-invariant, as is easily veri¯ed using
equations(55) and (57). The action is explicitly gauge-invariant. Using equations(56),
we can ask about the e®ectof an in¯nitesimal gaugetransformation, for which ±Á =
iq©(x)Á, ±A ¹ = r ¹ ©, and ±g¹º = 0. The changein the action is

±S =
Z "

±S
±Á

(iq©Á) +
±S
±A ¹

(r ¹ ©)

#
p

¡ gd4x

=
Z "

iqÁ
±S
±Á

¡ r ¹

Ã
±S
±A ¹

!#

©(x)
p

¡ gd4x ; (59)

where we have integrated by parts and dropped a surface term assumingthat ©(x)
vanisheson the boundary. Now, requiring ±S = 0 under a gaugetransformation for the
total action addsnothing new becausewe already required ±S=±Á = 0 and ±S=±A ¹ = 0.
However, we have constructedeach pieceof the action (SGL , SEM and SG) to be gauge-
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invariant. This gives:

±SGL = 0 ) iqÁ
±S
±Á

¡ r ¹ J ¹
GL = 0 ;

±SEM = 0 ) ¡
1

4¼
r ¹ r º F ¹º = 0 : (60)

For SGL , gaugeinvariance implies charge conservation provided that the ¯eld Á obeys
the equation of motion ±S=±Á = 0. For SEM , gaugeinvariance gives a trivial identit y
becauseF ¹º is antisymmetric.

Similar results occur for di®eomorphisminvariance,the gravitational counterpart of
gaugeinvariance. Under an in¯nitesimal di®eomorphism,±Á = L »Á, ±A ¹ = L »A ¹ , and
±g¹º = L »g¹º = r ¹ »º + r º »¹ . The changein the action is

±S =
Z "

±S
±Á

L »Á+
±S
±A ¹

L »A ¹ +
±S

±g¹º
L »g¹º

#
p

¡ gd4x

=
Z "

±S
±Á

»¹ r ¹ Á+
µ

¡
1

4¼
r º F ¹º + J ¹

¶

L »A ¹ +

+
µ

¡
1

8¼G
G¹º + T ¹º

¶

r ¹ »º

#
p

¡ gd4x ; (61)

where J ¹ = J ¹
GL and T ¹º = T ¹º

GL + T ¹º
EM . As above, requiring that the total action be

di®eomorphism-invariant adds nothing new. However, we have constructed each piece
of the action to be di®eomorphism-invariant, i.e. a scalar under general coordinate
transformations. Applying di®eomorphism-invarianceto SGL givesa subsetof the terms
in equation (61),

0 =
Z "

±S
±Á

»¹ r ¹ Á+ J ¹ (»®r ®A ¹ + A®r ¹ »®) + T ¹º
GL r ¹ »º

#
p

¡ gd4x

=
Z "

¡
±S
±Á

r ¹ Á+ J ®r ¹ A® ¡ r ® (J ®A ¹ ) ¡ r º TGL
¹º

#

»¹ (x)
p

¡ gd4x

=
Z "

¡
±S
±Á

r ¹ Á¡ (r ®J ®)A ¹ + J ®F¹® ¡ r º TGL
¹º

#

»¹ (x)
p

¡ gd4x ; (62)

wherewe have discardedsurfaceintegrals in the secondline assumingthat »¹ (x) = 0 on
the boundary.

Equation (62) givesa nice result. First, as always, our continuous symmetry (here,
di®eomorphism-invariance) only gives physical results for solutions of the equationsof
motion. Thus, ±S=±Á = r ®J ® = 0 can be dropped without further consideration. The
remaining terms individually neednot vanish from the equationsof motion. From this
we conclude

r º T ¹º
GL = F ¹º J GL

º : (63)
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This has a simple interpretation: the work done by the electromagnetic¯eld transfers
energy-momentum to the charged°uid. Recall that the Lorentz forceon a singlecharge
with 4-velocity V ¹ is qF ¹º Vº and that 4-force is the rate of change of 4-momentum.
The current qV ¹ for a single charge becomesthe current density J ¹ of a continuous
°uid. Thus, equation (63) givesenergyconservation for the charged°uid, including the
transfer of energyto and from the electromagnetic¯eld.

The readercan show that requiring ±SEM = 0 under an in¯nitesimal di®eomorphism
proceedsin a very similar fashion to equation (62) and yields the result

r ¹ T ¹º
EM = ¡ F ¹º J GL

º : (64)

This result gives the energy-momentum transfer from the viewpoint of the electromag-
netic ¯eld: work doneby the ¯eld on the °uid removesenergyfrom the ¯eld. Combining
equations(63) and (64) givesconservation of total stress-energy, r ¹ T ¹º = 0.

Finally, becauseSG dependsonly on g¹º and not on the other ¯elds, di®eomorphism
invarianceyields the results already obtained in equations(45) and (46).
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