Massatwusetts Institute of Tednology
Departmernt of Physics

Physics8.962 Spring 2002

SymmetryTransformationsthe
Einstein-Hilkert Action, and Gauge
Invariance

°c 2000,2002Edmund Bertschinger. All rights resened.

1 Intro duction

Action principles are widely used to expressthe laws of physics, including those of
generalrelativity. For example,freely falling particles move along gealesics,or curves
of extremal path length.

Symmetry transformations are changesin the coordinatesor variablesthat leave the
action invariant. It is well known that cortinuoussymmetriesgenerateconsenation laws
(Noether's Theorem). Consenation laws are of fundamertal importancein physicsand
soit is valuableto investigate symmetriesof the action.

It is usefulto distinguish betweentwo typesof symmetries: dynamical symmetries
correspnding to someinherert property of the matter or spacetimeewlution (e.g. the
metric componerts beingindependert of a coordinate, leadingto a consened momertum
one-form componert) and nondynamical symmetries arising becauseof the way in
which we formulate the action. Dynamical symmetries constrain the solutions of the
equationsof motion while nondynamicalsymmetriesgive riseto mathematicalidentities.
Thesenoteswill considerboth.

An exampleof a nondynamical symmetry is the parameterization-invariance of the
path length, the action for a free particle:

Z . Z . ! 1 o #1=2
. e . 1 @ dx dx
SIx ()= Li(x (&)X (&)ié) de= 9 ), der (1)
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This action is invariant under arbitrary reparameterization¢, ! ¢%¢), implying that any
solution x* (¢) of the variational problem+S = 0immediately givesriseto other solutions
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vy (¢) = X (¢9¢)). Moreover, even if the action is not extremal with LagrangianL , for
some (non-gealesic) curve x' (¢), it is still invariant under reparameterization of that
curve.

There is another nondynamical symmetry of great importance in generalrelativity,
coordinate-invariance. Being basedon tensors,equationsof motion in generalrelativity
hold regardlessof the coordinate system. Howewver, when we write an action involving
tensors, we must write the components of the tensorsin somebasis. This is because
the calculusof variations works with functions, e.g. the componerts of tensors,treated
as spacetime elds. Although the valuesof the elds are dependern on the coordinate
system chosen, the action must be a scalar, and therefore invariant under coordinate
transformations. This is true whether or not the action is extremizedand thereforeit is
a nondynamical symmetry.

Nondynamicalsymmetriesgive rise to speciallaws calledidertities. They aredistinct
from consenation laws becausehey hold whether or not one hasextremizedthe action.

The material in thesenotesis generally not preserted in this form in the GR text-
books, although much of it canbe foundin Misner et al if you seart well. Although these
symmetry principles and methods are not neededfor integrating the gealesicequation,
they are invaluable in understandingthe origin of the cortracted Bianchi idertities and
stress-energyconsenation in the action formulation of generalrelativity. More broadly,
they are the cornerstoneof gaugetheoriesof physical elds including gravity.

Starting with the simple systemof a singleparticle, we will advanceto the Lagrangian
formulation of generalrelativity asa classical eld theory. We will discover that, in the
“eld theory formulation, the cortracted Bianchi identities arise from a non-dynamical
symmetry while stress-energyconsenation arisesfrom a dynamical symmetry. Along
the way, we will exploreKilling vectors, di®eomorphismsand Lie derivatives,the stress-
energy tensor, electromagnetismand charge consenation. We will discussthe role of
cortinuous symmetries (gaugeinvariance and di®eomorphisminvariance or generalco-
variance)for a simple model of a relativistic °uid interacting with electromagnetismand
gravity. Although this material goesbeyond what is presened in lecture, it is not very
advancedmathematically and it is recommendedeadingfor studerts wishing to under-
stand gaugesymmetry and the parallels betweengravity, electromagnetism,and other
gaugetheories.

2 Parameterization-ln variance of Geodesics

The parameterization-invariance of equation (1) may be consideredin the broader con-
text of Lagrangian systems. Considera systemwith n degreesof freedom| the gen-
eralized coordinates g | with a parametert giving the ewlution of the trajectory in
con guration space.(In eq. 1, g is denotedx’ andt is ¢.) We will drop the superscript
on g whenit is clear from the cortext.



Theorem : If the action S[q(t)] is invariant under the in nitesimal transformation
t! t+ 2(t) with 2 = 0 at the endpoints, then the Hamiltonian vanishesidertically.

The proof is straightforward. Given a parameterizedtrajectory g (t), we de ne a new
parameterizedtrajectory ¢(t) = g(t + 2). The action is

z,,
Sl = L(ggt)dt: (2)
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Linearizing &(t) for small 2,
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The boundaryterm vanishesbecauseé = 0 at the endpoints. Parameterization-invariance
meansthat the integral term must vanish for arbitrary d?=dt, implying

Sl[a(t + )] i S[q(t)]

L2 +

H™ =dijlL=0: (4)

Nowheredid this derivation assumethat the action is extremal or that ¢ (t) satisfy the
Euler-Lagrangeequations. Consequetly, equation (4) is a nondynamical symmetry.

The reader may easily chedk that the Hamiltonian H; constructed from equation
(1) vanishesidertically. This symmetry does not mean that there is no Hamiltonian
formulation for geadesicmotion, only that the LagrangianL ; hasnon-dynamicaldegrees
of freedomthat must be eliminated beforea Hamiltonian can be constructed. (A similar
circumstance arisesin non-Abelian quartum eld theories, where the non-dynamical
degreesf freedomare called Faddeev-Rpov ghosts.) This can be doneby replacingthe
parameterwith oneof the coordinates, reducingthe number of degreesf freedomin the
action by one. It can alsobe doneby changingthe Lagrangianto onethat is no longer
invariant under reparameterizationse.g. L, = 2ge X' x°. In this case,@,=@ = 0 leads
to adynamial symmetry, H, = %g“’ p. po = constart alongtrajectorieswhich satisfy the
equationsof motion.

The idertity H,; = Ois very di®eren from the consenation law H, = constart arising
from atime-independen Lagrangian. The consenation law holdsonly for solutionsof the
equationsof motion; by cortrast, whenthe action is parameterization-invariant, H, = 0
holds for any trajectory. The nondynamical symmetry therefore doesnot constrain the
motion.



3 Generalized Translational Symmetry

Continuing with the medanical analogy of Lagrangian systemsexempli ed by equation
(2), in this sectionwe considertranslations of the con guration spacevariables. If the
Lagrangian is invariant under the translation ¢ (t) ! ¢ (t) + a for constart a', then
pia is consered along trajectories satisfying the Euler-Lagrangeequations. This well-
known exampleof translational invarianceis the prototypical dynamical symmetry, and
it follows directly from the Euler-Lagrangeequations. In this sectionwe generalizethe
conceptof translational invarianceby consideringspatially-varying shifts and coordinate
transformationsthat leave the action invariant. Along the way we will introduce se\eral
important new mathematical concepts.

In °at spacetimeit is commonto perform calculationsin one referenceframe with
a xed set of coordinates. In generalrelativity there are no preferred framesor coordi-
nates, which canleadto confusionunlessoneis careful. The coordinates of a trajectory
may change either becausethe trajectory has been shifted or becausethe underlying
coordinate system has changed. The consequencesf these alternatives are very dif-
ferert: under a coordinate transformation the Lagrangianis a scalar whoseform and
value are unchanged,while the Lagrangiancan changewhen a trajectory is shifted. The
Lagrangianis always takento be a scalarin order to ensurelocal Lorentz invariance (no
preferredframe of reference).In this sectionwe will carefully sort out the e®ectf both
shifting the trajectory and transforming the coordinatesin order to identify the under-
lying symmetries. As we will see,consenation laws arise when shifting the trajectory is
equivalert to a coordinate transformation.

We considera general,relativistically covariant Lagrangianfor a particle, which de-
pendson the velocity, the metric, and possibly on additional “elds:

Z &2
Six(en = L(go ;As;zi;x ) de (5)

Note that the coordinate-dependenceoccursin the elds g. (x) and A: (x). An example
of such a Lagrangianis

L= 200X+ 0AX (6)

The rst pieceis the quadratic LagrangianL , that givesrise to the gealesicequation.
The additional term givesriseto a non-gravitational force. The Euler-Lagrangeequation
for this Lagrangianis

D2x’ e
=gF o4
d¢? d¢
We seethat the non-gravitational force is the Lorentz force for a charge g, assuming

that the units of the atne parameter ¢, are chosensothat dx' =d¢, is the 4-momerum
(i.,e. md¢ is proper time for a particle of massm). The one-form eld A:(x) is the

Fo = @Aoi @A1 =r 1Aoi r oA: : (7)
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Figure 1: A vector eld and its integral curves.

electromagneticpotential. We will retain the electromagneticinteraction term in the
Lagrangianin the presenation that followsin orderto illustrate more broadly the e®ects
of symmetry.

Symmetry appearsonly when a systemis changed. Becausel is a scalar, coordinate
transformationsfor a xed trajectory changenothing and thereforereveal no symmetry.
So let us try changing the trajectory itself. Keeping the coordinates (and therefore
the metric and all other elds) xed, we will shift the trajectory along the integral
curves of somevector “eld » (x). (Here > is any vector eld.) As we will see,a vector
“eld provides a one-to-onemapping of the manifold bad to itself, providing a natural
translation operator in curved spacetime.

Figure 1 shaovs a vector eld and its integral curvesx’ (,; ¢) whereg, labelsthe curve
and, is a parameteralongead curve. Any vector eld 3(x) hasa unique set of integral
curves whosetangert vectoris @' =@ = » (x). If we think of 3(x) asa °uid velocity
“eld, then the integral curvesare streamlines,i.e. the trajectoriesof °uid particles.

The integral curvesof a vector eld provide a cortinuous one-to-onemapping of the
manifold badk to itself, called a pushforward. (The mapping is one-to-onebecausethe
integral curves cannot intersect since the tangert is unique at ead point.) Figure 2
illustrates the pushforward. This mapping ass@iatesead point on the curve x* (¢) with
a correspnding point on the curve y' (¢). For example,the point Py (, = 0;¢ = 3)
is mapped to another point P (, = 1;¢ = 3). The mapping x ! y is obtained by



Figure 2: Usingthe integral curvesof a vector eld to shift a curve x’ (¢) to a new curve
y' (¢). The shift, known as a pushforward, de nes a cortin uous one-to-onemapping of
the spacebad to itself.

integrating along the vector eld 3(x):
& S T DI
@—»(X),X(,—O,c) X(@): y@ x(=L¢: (8)
The shift amourt | = 1 is arbitrary; any shift along the integral curves constitutes a
pushforward. The inversemappingfromy! x is called a pullback.

The pushforward generalizeghe simple translations of °at spacetime.A nite trans-
lation is built up by a successiorof in nitesimal shifts y* = x' + » d,. Becausethe
vector eld »(x) is a tangert vector eld, the shifted curvesare guararteed to residein
the manifold.

Applying an in nitesimal pushforward yields the action
Z

SIx(e) + »(x()d, 1= L(ge (x+ »d, ) A (x+ »d, )X’ + 2id,)de 9)
¢l

This is similar to the usualvariation x* ! x" + " usedin deriving the Euler-Lagrange
equations,exceptthat »isa eld de ned everywherein space(not just on the trajectory)
and we do not require » = 0 at the endpoints. Our goal hereis not to nd a trajectory
that makesthe action stationary; rather it is to identify symmetriesof the action that
result in conseration laws.

We will ask whether applying a pushforward to one solution of the Euler-Lagrange
equations leaves the action invariant. If so, there is a dynamical symmetry and we
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will obtain a conseration law. Note that our shifts are more generalthan the uniform
translations and rotations consideredin nonrelativistic medanics and special relativit y
(here the shifts can vary arbitrarily from point to point, solong as the transformation
hasan inverse),sowe expectto nd more generalconsenation laws.

On the faceof it, any pushforward changesthe action:

Zo @
a @10 @ d('a

(10)
It is far from obviousthat the term in brackets ever would vanish. Howewer, we have one
more tool to useat our disposal: coordinate transformations. Becausethe Lagrangian
is a scalar,we are free to transform coordinates. In somecircumstanceshe e®ectof the
pushforward may be eliminated by an appropriate coordinate transformation, revealing
a symmetry.

We considertransformations of the coordinatesx’ ! % (x), where we assumethis
mapping is smooth and one-to-oneso that @' =@® is nonzeroand nonsingular every-
where. A trajectory x' (¢) in the old coordinates becomesk’ (x(¢)) ~ %' (¢) in the new
ones,wherey, labelsa xed point on the trajectory independerily of the coordinates.

The action dependson the metric tensor,one-formpotential and velocity componerts,
which under a coordinate transformation changeto

@ @ @ W _ @ b
e = — ; A = A i = .
P~ ¥ ar ‘@ d @ de

We have assumedthat @' =@©® is invertible. Under coordinate transformations the
action does not ewven change form (only the coordinate labels change), so coordinate
transformations alone cannot generateany nondynamical symmetries. Howewver, we will
show below that coordinate invariance can generatedynamical symmetrieswhich apply
only to solutions of the Euler-Lagrangeequations.

Under a pushforward, the trajectory x' (¢) is shifted to a di®eren trajectory with
coordinates y' (¢). After the pushforward, we transform the coordinates to X' (y(¢)).
Becausethe pushforward is a one-to-onemapping of the manifold to itself, we are free
to chooseour coordinate transformation sothat % = x, i.e. X" (y(¢)) = %' (¢) = X' (¢).
In other words, we transform the coordinates so that the new coordinates of the new
trajectory are the sameas the old coordinates of the old trajectory. The pushforward
changesthe trajectory; the coordinate transformation coversour tracks.

The combination of pushforward and coordinate transformation is an example of a
di®eomorphism . A di®eomorphisms a one-to-onemapping betweenthe manifold and
itself. In our case,the pushforward and transformation depend on one parameter, and
we have a one-parameterfamily of di®eomorphisms.After a di®eomorphismthe point
P in Figure 2 hasthe samevaluesof the transformed coordinates asthe point Py hasin
the original coordinates: X' (,; ¢) = X (¢).

#
S[x(¢) + »(x(e)d, 1= S[x(e)l + d, @ o de

(@ge )»® + %(@Al )»® +

(11)



Naively, it would seemthat a di®eomorphismautomatically leaves the action un-
changed becausethe coordinates of the trajectory are unchanged. Howewer, the La-
grangiandependsnot only on the coordinatesof the trajectory; it alsodependson tensor
componerts that changeaccordingto equation (11). More work will be required before
we can tell whether the action is invariant under a di®eomorphism.While a coordinate
transformation by itself doesnot changethe action, in generala di®eomorphismpecause
it involvesa pushforward, does. A cortinuous symmetry occurs when a di®eomorphism
doesnot changethe action. This is the symmetry we will be studying.

The di®eomorphismis an important operation in generalrelativity. We therefore
digressto considerthe di®eomorphismin greater detail beforereturning to examineits
e®ecton the action.

3.1 Innitesimal Di®eomorphisms and Lie deriv ativ es

In a di®eomorphism,we shift the point at which a tensor is evaluated by pushing it
forward using a vector eld and then we transform (pull badk) the coordinates so that
the shifted point has the samecoordinate labels as the old point. Since a di®eomor-
phism maps a manifold bad to itself, under a di®eomorphisma rank (m;n) tensor is
mapped to another rank (m; n) tensor. This subsectionaskshow tensorschangeunder
di®eomorphisms.

The pushforward mapping may be symbolically denoted A (following Wald 1984,
Appendix C). Thus, a di®eomorphismmaps a tensor T(Py) at point Py to a tensor
TP A T(Po) sud that the coordinate valuesare unchanged: X" (P) = x* (Po). (See
Fig. 2 for the rolesof the points Py and P.) The di®eomorphismmay be regardedasan
active coordinate transformation: under a di®eomorphismthe spatial point is changed
but the coordinates are not.

We illustrate the di®eomorphismby applying it to the componerts of the one-form
A = A.€ in acoordinate basis:

@@
A: (Po) A®(P)@(P) : where X' (P) = x" (Pp) : (12)

Starting with Ag at point Py with coordinatesx” (Py), we push the coordinates forward
to point P, we evaluate Ag there, and then we transform the basisbad to the coordinate
basisat P with new coordinatesx’ (P).

The di®eomorphismis a cortinuous, one-parameterfamily of mappings. Thus, a
general di®eomorphismmay be obtained from the in nitesimal di®eomorphismwith
pushforvard y* = x* + » d,. The correspnding coordinate transformation is (to st
orderin d,)

' =x i »d, (13)



sothat X' (P) = x" (Po). This yields (in the x* coordinate system)
®

Ax) " Ag(x+ wl,)% = A + PP@A (X) + Ag()@°]d, + O(d,)?:  (14)

We have inverted the Jacobian@ =@® = + i @» d, to rst orderind,, @®°=@" =
£, + @»®, + O(d,)? In a similar manner, the in nitesimal di®eomorphismof the
metric gives

go () Go(x+ m,)g? go

= go (X) + °@ge (X) + oo (X)@»° + go (X)@>°]d, + O(d,)?: (15)

In general, the innitesimal di®eomorphismT ~ A; T changesthe tensor by an
amourt rst-order in ¢, and linear in . This change allows us to de ne a linear
operator called the Lie deriv ativ e:

im A TOO 0 T(x)
¢, 0 ¢,

The Lie derivativesof A: (x) and g. (x) follow from equations(14){(16):
LyA: (X) = »®°@A: + Aeg@»® ; L,go (X) = »P@0e + Geo @»° + Gio @ : a7)

The st term of the Lie derivative, »®*@, correspnds to the pushforward, shifting a
tensorto another point in the manifold. The remaining terms arise from the coordinate
transformation badk to the original coordinate values. As we will shav in the next
subsection,this combination of terms makesthe Lie derivative a tensor in the tangert
spaceat x' .

Under a di®eomorphismthe transformed tensor componerts, regardedas functions
of coordinates, are evaluated at exactly the samenumerical values of the transformed
coordinate elds (but adi®eren point in spacetime!)asthe original tensorcomponerts in
the original coordinates. This point is fundamertal to the di®eomorphismand therefore
to the Lie derivative, and distinguishesthe latter from a directional derivative. Thinking
of the tensorcomponerts asa setof functions of coordinates, we are performing an active
transformation: the tensor componert functions are changedbut they are evaluated at
the original values of the coordinates. The Lie derivative generatesan in nitesimal
di®eomorphism. That is, under a di®eomorphismwith pushforward x* ! x" + »'d,,
any tensorT is transformedto T + L, Td, .

The fact that the coordinate valuesdo not change, while the tensor elds do, dis-
tinguishesthe di®eomorphismfrom a simple coordinate transformation. An important
implication is that, in integrals over spacetimevolume, the volume elemen d*x doesnot
changeunder a di®eomorphism ,\ﬁhile it doeschangeunder a coordinate transformation.
By cortrast, the volumeelemen = i gd*x is invariant under a coordinate transformation
but not under a di®eomorphism.

L, T~ with X (P) = x' (Po) = X' (P)j » ¢, + O(¢ ,)?: (16)




3.2 Prop erties of the Lie Deriv ativ e

The Lie derivative L ,, is similar to the directional derivative operator r ,, in its properties
but not in its value, exceptfor a scalarwhereL ,f = r ,f = » @f . The Lie derivative of
a tensoris a tensor of the samerank. To show that it is a tensor, we rewrite the partial
derivativesin equation (17) in terms of covariant derivativesin a coordinate basisusing
the Christo®elconnectioncoezxcients to obtain

LyAr = % gA: + Al 19+ T Ag»
L,ge = »2r @G + Qeol P+ Oel o2+ TE %o))7 + T(?,—gl® » X (18)
where T®- is the torsion tensor,de ned by T® = {®- | | ®, in a coordinate basis.

The torsion vanishesby assumptionin generalrelativity. Equations(18) shaw that L ,A:
and L,g. aretensors.

The Lie derivative L, di®ersfrom the directional derivative r ,, in two ways. First,
the Lie derivative requiresno connection: equation (17) gave the Lie derivative solely
in terms of partial derivatives of tensor componerts. [The derivatives of the metric
should not be regardedhere as arising from the connection;the Lie derivative of any
rank (O;2) tensor has the sameform asL,g. in eq. 17.] Second,the Lie derivative
involvesthe derivativesof the vector eld % while the covariant derivative doesnot. The
Lie derivative trades partial derivativesof the metric (present in the connectionfor the
covariant derivative) for partial derivativesof the vector eld. The directional derivative
tells how a xed tensor eld changesas one movesthrough it in direction . The Lie
derivative tells how atensor eld changesasit is pushedforward alongthe integral curves
of .

More understandingof the Lie derivative comesfrom examiningthe rst-order change
in a vector expandedin a coordinate basisunder a displacemen d, :

dA = A(x+ »d.)j A(X)= A'(x+»d)e(x+»d,)j A (X)e(X) : (19)

The nature of the derivative dependson how we obtain e (x + »d, ) from & (x). For
the directional derivative r ,, the basis vectors at di®eren points are related by the
connection: s o

e(x+»)= +,+d »®  e(x) forr,: (20)

For the Lie derivative L ,,, the basisvector is mapped bad to the starting point with

e(x+»)= %&(x) = +,jd @» e(x) forL,: (22)
Similarly, the basisone-formis mapped using
@1 _ 3 . _
e(x+x»d,)= a ¢ (X)= +-+d @ e (x) forL,: (22)
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Thesemappingsensurethat dA=d, = L,A is a tangert vector on the manifold.

The Lie derivative of any tensor may be obtained using the following rules: (1) The
Lie derivative of a scalar "eld is the directional derivative, L,f = »®@f = r ,f. (2)
The Lie derivative obeysthe Liebnitz rule, L,(TU) = (L,T)U + T(L,U), whereT and
U may be tensorsof any rank, with a tensor product or cortraction betweenthem. The
Lie derivative comnutes with cortractions. (3) The Lie derivativesof the basisvectors
areL,& = | @»°. (4) The Lie derivativesof the basisone-formsare L ., = €*@»".

Theserules ensurethat the Lie derivative of a tensoris a tensor. Using them, the
Lie derivative of any tensor may be obtained by expandingthe tensorin a basis,e.g. for
a rank (1;2) tensor,

L,S L(S.,. &-¢e-¢€) (L,S.)e-¢e-¢€
= [))®@Slo_ | S®o_ @»l + Sl®_ @»®+ Slo®@»®]el = é) - e (23)

The partial derivatives can be changedto covariant derivatives without change (with
vanishing torsion, the connectioncoezcients sointroducedwill cancelead other), con-
‘rming that the Lie derivative of a tensor really is a tensor.

The Lie derivative of a vector eld is an antisymmetric object known also as the
commutator or Lie bradket:

LyO=(V'@U'j U@V')e  [V;0]: (24)
The comnutator wasintroducedin the notesTensor Calculus, Part 2, Section2.2. With
vanishingtorsion, [V;0]=r O r yV. Usingrule (4) of the Lie derivative given after

equation (22), it follows at oncethat the comnutator of any pair of coordinate basis
vector elds vanishes:[e.;&] = 0.

3.3 Di®eomorphism-in variance and Killing Vectors

Having de ned and investigatedthe properties of di®eomorphismsnd the Lie derivative,
we return to the questionposedat the beginningof Section3: How canwe tell whenthe
action is translationally invariant? Equation (10) givesthe changein the action under a
generalizedtranslation or pushforward by the vector eld %. Howewer, it is not yet in a
form that highlights the key role played by di®eomorphisms.

To uncover the di®eomorphismwe must perform the in nitesimal coordinate trans-
formation given by equation (13). To rst orderin d, this hasno e®ecton the d, term
alreadyon the right-hand sideof equation(10) but it doesadd a pieceto the unperturbed
action. Using equation (11) and the fact that the Lagrangianis a scalar,to O(d,) we
obtain -

Z . Z . A - 1 !
. @ A v ds = P @@ ., @° dX°@& .
S[X(C)] = i "(glo ’Al 1 X_ ) d(/ - a L %7 @1 @o ’A® @1 ! dc @i dc
Z . d»
=S+ A T @@ 5@+ o (A@) i g it (29)
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The integral multiplying d, always has the value zero for any trajectory x*(¢) and
vector eld % becauseof the coordinate-invarianceof the action. Howe\er, it is a special
kind of zero becausewhen addedto the pushforward term of equation (10), it givesa
di®eomorphism:
z " #
. . _ : e @ Q .
S[x(¢) + »(x(e))d, 1= S[x(¢)] + d, ——Lygo + ——L,A: d¢: (26)
a @ @\

If the action cortains additional elds, under a di®eomorphismwe obtain a Lie derivative
term for ead eld.

Thus, we have answeredthe questionof translation-invariance: the action is transla-
tionally invariant if and only if the Lie derivative of eah tensor eld appearingin the
Lagrangianvanishes.The uniform translations of Newtonian medanicsare generalized
to di®eomorphismswhich include translations, rotations, boosts, and any cortinuous,
one-to-onemapping of the manifold bad to itself.

In Newtonian medanics, translation-invariance leads to a conserned momertum.
What about di®eomorphism-inariance? Doesit alsoleadto a conseration law?

Let us supposethat the original trajectory x' (¢) satis es the equations of motion
before being pushedforward, i.e. the action, with LagrangianL (ge (x);A:;x’), is sta-
tionary under rst-order variations x* ! X' + #x'(x) with Xed endpoints ' (¢;) =
' (¢2) = 0. From equation (26) it follows that the action for the shifted trajectory is
also stationary, if and only if L,g. = 0 and L,A. = 0. (When the trajectory is varied
x' I X+ &', cross-terms»+x are regardedas being second-orderand are ignored.)

If there exists a vector eld % such that L,g» = 0 and L,A: = 0, then we can
shift solutions of the equations of motion along %(x(¢)) and generate new solutions.
This is a new cortinuous symmetry called di®eomorphism-irariance,and it generalizes
translational-invariance in Newtonian medanics and special relativity. The result is a
dynamical symmetry, which may be deducedby rewriting equation (26):

im SXQ*2xeTi Sk _ T @ @
@.,

#
v d¢

¢,1 0 ¢, a

4 @
#85, 80

®

A

>

a ,,@ I@l dC

d¢
Z . ! H#
e d @ . @ d»

— » + — d¢
ade @ @de ¢

zZ, d )
= ;(pl») d¢
¢

P12 27)

All of the stepsare straightforward asidefrom the secondline. To obtain this we rst
expandedthe Lie derivatives using equation (17). The terms multiplying »® were then
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conbined to give @Q=@® (regarding the Lagrangian as a function of x* and x’). For
the terms multiplying the gradiert @»®, we used d» (x(¢))=d¢, = x®@» combined
with equation (6) to corvert partial derivatives of L with respect to the elds g. and
A. to partial derivatives with respect to x'. (This corversion is dependert on the
Lagrangian, of course,but works for any Lagrangianthat is a function of g» x' x” and
A:x'.) To obtain the third line we usedthe assumptionthat x’ (¢) is a solution of the
Euler-Lagrangeequations. To obtain the fourth line we usedthe de nition of canonical
momertum, a

P (28)
For the Lagrangianof equation (6), p: = go X’ + gA: is not the medanical momertum
(the rst term) but alsoincludesa cortribution from the electromagnetic eld.

Nowhere in equation (27) did we assumethat » vanishesat the endpoints. The
vector eld % is not just a variation usedto obtain equationsof motion, nor is it a
constart; it is an arbitrary small shift.

Theorem : If the Lagrangianis invariant under the di®eomorphismgeneratedby a
vector eld , then p(5) = p.» is consered along curvesthat extremizethe action, i.e.
for trajectories obeying the equationsof motion.

This result is a generalizationof consenation of momertum. The vector eld 5 may
be thought of asthe coordinate basisvector eld for a cyclic coordinate, i.e. onethat does
not appear in the Lagrangian. In particular, if @=@® = 0 for a particular coordinate
x® (e.g. ® = 0), then L is invariant under the di®eomorphismgeneratedby €, so that
Pe IS cONsered.

When gravity is the only force acting on a particle, di®eomorphism-irariance has
a purely geometricinterpretation in terms of special vector elds known asKilling vec-
tors. Using equation (18) for a manifold with a metric-compatible connection(implying
r o = 0) and vanishingtorsion (both of theseare true in generalrelativity), we nd
that di®eomorphism-inarianceimplies

Logo =T 1%+ om =0: (29)

This equation is known as Killing's equation and its solutions are called Killing vector
“elds, or Killing vectorsfor short. Thus, our theoremmay be restated as follows: If the
spacetimehas a Killing vector 5(x), then p. » is consered along any geadesic. A much
shorter proof of this theoremfollows from r y(p:» ) = »r yp + pV°r o»' . The st
term vanishesby the geaesic equation, while the secondterm vanishesfrom Killing's
equation with p' / V'. Despite being longer, howewer, the proof basedon the Lie
derivative is valuable becauseit highlights the role played by a cortinuous symmetry,
di®eomorphism-inariance of the metric.

Oneis not freeto chooseKilling vectors; generalspacetimes(i.e. oneslacking sym-
metry) do not have any solutions of Killing's equation. As shovn in Appendix C.3 of
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Wald (1984), a 4-dimensionalspacetimehas at most 10 Killing vectors. The Mink owski
metric has the maximal number, correspnding to the Poincar§ group of transforma-
tions: three rotations, three boosts, and four translations. Eacd Killing vector givesa
consened momertum.

The existenceof aKilling vectorrepreseis a symmetry: the geometryof spacetimeas
represered by the metric is invariant asone movesin the 3-direction. Sud a symmetry
is known asan isometry. In the perturbation theory view of di®eomorphismsisometries
correspnd to perturbations of the coordinatesthat leave the metric unchanged.

Any vector eld can be chosenas one of the coordinate basis elds; the coordinate
lines are the integral curves. In Figure 2, the integral curves were parameterizedby
. » Which becomesthe coordinate whosecorrespnding basisvectoris € ~ %(x). For
de niteness, let us call this coordinate , = x°. If 5= & is a Killing vector, then x° is
a cyclic coordinate and the spacetimeis stationary: @g- = 0. In suth spacetimesand
only in sud spacetimes,po is consered along gealesics(aside from special caseslike
the Robertson-Walker spacetimes,where py is consened for masslessut not massie
particles becausethe spacetimeis conformally stationary).

Another special feature of spacetimeswith Killing vectorsis that they have a con-
sened 4-vector energy-curreh S° = » T* . Local stress-energyconserationr . T = 0
then impliesr -S° = 0, which can be integrated over a volume to give the usual form
of an integral consenation law. Conversely spacetimeswithout Killing vectorsdo not
have an tensor integral energyconsenration law, exceptfor spacetimesthat are asymp-
totically °at at in nit y. (Howewer, all spacetimeshave a consered energy-mometum
pseudotensor,as discussedn the notes Stress-Enegy Pseudotensorsand Gravitational
Radiation Power.)

4 Einstein-Hilb ert Action for the Metric

We have seenthat the action principle is useful not only for conciselyexpressingthe
equations of motion; it also enablesoneto nd identities and consenation laws from
symmetriesof the Lagrangian (invariance of the action under transformations). These
methods apply not only to the trajectories of individual particles. They are readily
generalizedto spacetime elds sudt asthe electromagneticfour-potential A: and, most
signi cantly in GR, the metric g. itself.

To understandhow the action principle works for cortinuous’ elds, let usrecall how it
works for particles. The action is a functional of con guration-spacetrajectories. Given
a set of functions ¢'(t), the action assignsa number, the integral of the Lagrangian
over the parametert. For cortinuous elds the con guration spaceis a Hilbert space,
an in nite-dimensional spaceof functions. The single parametert is replacedby the
full set of spacetimecoordinates. Variation of a con guration-spacetrajectory, ¢ (t) !
q (t) + +g/(t), is generalizedo variation of the "eld valuesat all points of spacetime,e.g.
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go (X) ! go (X)+ 400 (X). In both casesthe Lagrangianis chosensothat the action is
stationary for trajectories (or eld con gurations) that satisfy the desiredequations of
motion. The action principle conciselyspeci esthoseequationsof motion and facilitates
examination of symmetriesand consenration laws.

In generalrelativity, the metric is the fundamertal "eld characterizingthe geometric
and gravitational properties of spacetime,and so the action must be a functional of

g~ (X). The standard action for the metric is the Hilbert action,
z

Selge (0] = oG R | i gd': (30)

Here,g = detg. andR» = R®g isthe Riccitensor. The factor P i g makesthe volume
elemern invariant sothat the action is a scalar(invariant under generalcoordinate trans-
formations). The Einstein-Hilbert action was rst showvn by the mathematician David
Hilbert to yield the Einstein eld equationsthrough a variational principle. Hilbert's
paper was submitted v e days before Einstein's paper presering his celebrated eld
equations, although Hilbert did not have the correct eld equationsuntil later (for an
interesting discussionof the historical issuesseel. Corry et al., Science278,1270,1997).

(The Einstein-Hilbert action is a scalar under general coordinate transformations.
As we will show in the notes Stress-Enegy Pseudotensorsand Gravitational Radiation
Power, it is possibleto choosean action that, while not a scalar under general coor-
dinate transformations, still yields the Einstein eld equations. The action considered
there di®ersfrom the Einstein-Hilbert action by a total derivative term. The only real
invarianceof the action that is required on physical groundsis local Lorentz invariance.)

In the particle actions consideredpreviously, the Lagrangian dependedon the gen-
eralized coordinates and their rst derivatives with respect to the parameter¢. In a
spacetime eld theory, the single parameter ¢, is expandedto the four coordinatesx’ . If
it is to be a scalar,the Lagrangianfor the spacetimemetric cannot depend on the rst
derivatives @g- , becauser g~ = 0 andthe rst derivativescan all be transformedto
zeroat a point. Thus, unlessonedropsthe requiremen that the action be a scalarunder
generalcoordinate transformations, for gravity oneis forcedto go to secondderivatives
of the metric. The Ricci scalarR = g° R is the simplest scalarthat can be formed
from the secondderivatives of the metric. Amazingly, when the action for matter and
all non-gravitational elds is addedto the simplestpossiblescalaraction for the metric,
the leastaction principle yields the Einstein eld equations.

To look for symmetriesof the Einstein-Hilbert action, we considerits changeunder
variation of the functions g. (x) with xed boundary hypersurfacesthe generalization
of the xed endpoints for an ordinary Lagrangian). It provesto be simpler to regard
the inversemetric componerts g° asthe “eld variables. The action dependsexplicitly
ong” and the Christo®elconnectioncoezcients, j ®. , the latter appearingin the Ricci
tensorin a coordinate basis:

Roe = @i®% i @it i®% i oi i®™i e (31)
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Lengthy algebrashovsthat rst-order variations of g° producethe following changes
in the quartities appearingin the Einstein-Hilbert action:

p— 1p— 10 1p— 10
99 = i3 109 =+5779d9 g ;

1h ~ i
4% = i 5 ra(g 2g™)+ro(g 20%)i r (0 o ¢° 2g° ) ;
R = r®(ii;®m)i roa(% ®®o);

g°#HRe = rare j2g° +9° get®

10 P 10 10 p_
i(g R i g) = (Gm g +4dg iRlo) i 0, (32)

whereGs» = Rw j 3Rge isthe Einstein tensor. The covariant derivativer : appearing
in these equationsis taken with respect to the zeroth-order metric g. . Note that,
while | ® is not a tensor, +j ®, is. Note alsothat the variations we perform are not
necessarilydi®eomorphismgqthat is, +g. is not necessarilya Lie derivative), although
di®eomorphismsare variations of just the type we are considering(i.e. variations of
the tensor componert elds for xed values of their argumers). Equations (32) are
straightforward to derive but take seeral pagesof algebra.

Equations (32) give us the changein the gravitational action under variation of the
metric:

+Se ~ Sqlg” S +g" 1i Selg" |

ﬁ (G 2g” + 1 V)P TG V' 1 o( 207 + ¢° go2g®) :(33)
Besideghe desiredEinstein tensorterm, thereis adivergenceerm arisingfrom g° +Rw =
r .v- which canbe integrated usingthe covariant Gauss'law. This term raisesthe ques-
tion of what is xed in the variation, and what the endpoints of the integration are.

In the action principle for particles (eq. 2), the endpoints of integration are xed
time values,t; and t,. When we integrate over a four-dimensionalvolume, the endpoints
correspnd instead to three-dimensionalhypersurfaces.The simplestcaseis when these
are hypersurfacesof constart t, in which casethe boundary terms are integrals over
spatial volume.

In equation (33), the divergenceerm canbe integratedto give the °ux of v' through
the bounding hypersurface. This term involves the derivatives of +g” normal to the
boundary (e.g. the time derivative of +g” , if the endpoints are constart-time hyper-
surfaces),and is thereforeincorveniert becausethe usual variational principle sets+g”
but not its derivativesto zero at the endpoints. One may either revisethe variational
principle sothat g° andj ®. areindependenly varied (the Palatini action), or onecan
add a boundary term to the Einstein-Hilbert action, involving a tensor called the extrin-
sic curvature, to cancelthe r . v' term (Wald, Appendix E.1). In the following we will
ignore this term, understandingthat it can be eliminated by a more careful treatmert.
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(The Scrddinger action presened in the later notes Stress-Enegy Pseudotensorsand
Gravitational Radiation Power eliminatesthe r .v' term.)

For conveniencebelow, we introducea new notation for the integrand of a functional
variation, the functional derivative +S=#A, de ned by

z A |
sSE]T . 2 AP g (34)

A
Here, A is any tensor "eld, e.g. g° . The functional derivative is strictly de ned only
when there are no surfaceterms arising from the variation. Neglectingthe surfaceterm
in equation (33), we seethat +Sg=4g"° = (16Y45)! Guw .

4.1 Stress-Energy Tensor and Einstein Equations

To seehow the Einstein equationsarise from an action principle, we must add to Sg
the action for matter, the sourceof spacetimecurvature. Here, \matter" refersto all
particles and elds excluding gravity, and speci cally includesall the quarks, leptons
and gaugebosonsin the world (excluding gravitons). At the classicallevel, one could
include electromagnetismand perhapsa simpli ed model of a °uid. The total action
would becomea functional of the metric and matter elds. Independeri variation of eat
“eld yields the equationsof motion for that eld. Becausethe metric implicitly appears
in the Lagrangianfor matter, matter terms will appearin the equation of motion for the
metric. This sectionshaws how this all works out for the simplest model for matter, a
classicalsum of massie particles.

Starting from equation(1), we sumthe actionsfor a discretesetof particles, weighting
ead by its mass:

X Z s . A
Sw = i Ma i Qooi 200iXai OjXaXy  dt: (35)
a
The subscript a labels eat particle. We avoid the problem of having no global proper
time by parameterizingead particle's trajectory by the coordinate time. Variation of
eat trajectory, xL(t) I xL(t) + #.(t) for particle a with ¢ Sy = 0, yields the gealesic
eguationsof motion.

Now we wish to obtain the equationsof motion for the metric itself, which we do by
combining the gravitational and matter actions and varying the metric. After a little
algebra, equation (33) givesthe variation of Sg; we must add to it the variation of Sy,.
Equation (35) gives

z 14,0 z
+Sy = dtX :—ZLmaVa Va g0 (XL(1);1) = dtx i L, Ve Var
a

v i My (600 (30

Variation of the metric naturally givesthe normalized4-velocity for ead particle, V, =
dx" =dg with V.V, = j 1, with a correction factor 1=V° = d¢;=dt. Now, if we are
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to combine equations(33) and (36), we must modify the latter to get an integral over
4-volume. This is easilydoneby inserting a Dirac delta function. The result is
e 4

X + Vo . . . .
sse=i 2 P A ) w7 0P Tad: (@)
a i g Va
The term in brackets may be rewritten in covariagt form by inserting an integral over
atne parameterwith adelta function to cancelit, d¢, Hti t(¢a))(dt=dé). Noting that
V20 = dt=d¢,, we get
21 e Py 21 P—
Bu =i STedg () igdx=+ ST g (X) igdx; (38)

wherethe functional di®eretiation has naturally producedthe stress-energyensor for
a gasof particles,

X Z 4 . .
T = M T g, O X)) e (39)
Qe a ig
p

Aside from the factor = j g neededto correct the Dirac delta function for non-°at coor-
dinates (becaus:rgﬁd“x is the invariant volume elemett), equation (39) agreesexactly
with the stress-energytensor worked out in the 8.962 notes Numkber-Flux Vector and
Stress-Enegy Tensor.

Equation (38) is a generalresult, and we take it asthe de nition of the stress-energy
tensor for matter (cf. Appendix E.1 of Wald). Thus, given any action Sy, for particles
or elds (matter), we can vary the coordinatesor elds to get the equationsof motion
and vary the metric to get the stress-energyensor,

+Sy
+Qo

Taking the action to be the sum of Sg and Sy, requiring it to be stationary with
respect to variations +g” , now givesthe Einstein equations:

Go = 8YGTw (41)

T~ 2 (40)

The pre-factor (16¥G)i 1 on Sg waschosento get the correct coexcient in this equation.
The matter action is corvertionally normalizedsothat it yields the stress-energyensor
asin equation (38).

4.2 Di®eomorphism Invariance of the Einstein-Hilbo ert Action

We return to the variation of the Einstein-Hilbert action, equation (33) without the

surfaceterm, and considerdi®eomorphismstg® = L,g” :
z z

16¥G+Sg =  Guo (|_»gl°)'°mo|4 =i2 G°(r 1»0)pﬁd4x: (42)
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Here, % is not a Killing vector; it is an arbitrary small coordinate displacemen The Lie
derivative L,g*° hasbeenrewritten in terms of jL ,go usingg®ges = * .. Note that
di®eomorphismsare a classof eld variations that correspnd to mapping the manifold
bad to itself. Under a di®eomorphism,the integrand of the Einstein-Hilbert action
is varied, including the = j g factor. Howewer, as discussedat the end of x3.1, the
volume elemen d*x is "xed under a di®eomorphismeven though it doeschangeunder
coordinate transformations. The reasonfor this is apparert in equation (16): under
a di®eomorphism,the coordinate valuesdo not change. The pushforward cancelsthe
transformation. If we simply performed either a passive coordinate transformation or
pushforward alone, d*x would not be invariant. Under a di®eomorphismthe variation
Qo = L,go is atensoron the \unp erturbed badkground” spacetimewith metric g. .

We now shaw that any scalarintegral is invariant under a di®eomorphismthat van-
isBes at the endpoints of integration. Consider the integrand of any action integral,
@ "7 g, where? is any scalar constructed out of the tensor elds of the problem; e.g.
& = R=(16%G) for the Hilbert action. From the rst of equations(32) and the Lie
derivative of the metric,

—_— l —— 10 —
L»pi g= 2pi g9 L,ge = (r ®>>®)pi g: (43)

Using the fact that the Lie derivative of a scalaris the directional derivative, we obtain
z D z D z
+#S= L, " jg)d'x= (»r.2+2r,») jgdx= 2» d8. : (44)

We have usedthe covariant form of Gauss'law, for which d3§. is the covariant hyper-
surfacearea elemen for the oriented boundary of the integrated 4-volume. Physically
it represets the di®erencebetween the spatial volume integrals at the endpoints of
integration in time.

For variations with » = 0 on the boundaries,+S = 0. The reasonfor this is
simple: di®eomorphisnmcorrespndsexactly to reparameterizingthe manifold by shifting
and relabeling the coordinates. Just as the action of equation (1) is invariant under
arbitrary reparameterizationof the path length with xed endpoints, a spacetime eld
action is invariant under reparameterization of the coordinates (with no shift on the
boundaries). The di®eomorphismdi®ersfrom a standard coordjnate transformation in
that the variation is made sothat d*x is invariant rather than =~ j gd*x, but the result
is the same: scalaractions are di®eomorphism-inariant.

In consideringdi®eomorphismswe do not assumethat g° extremizesthe action.
Thus, using £Sg = 0 under di®eomorphisms,we will get an identity rather than a
consenation law.

Integrating equation (42) by parts using Gauss'slaw gives

z z
B/G#Sc= | G » P8 + mr.G°Pigdix: (45)
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Under reparameterization,the boundary integral vanishesand +Sg = 0 from above, but
» is arbitrary in the 4-volume integral. Therefore,di®eomorphism-inarianceimplies

10

r-G =0: (46)

Equation (46) is the famous cortracted Bianchi identity. Mathematically, it is an
identity akin to equation (4). It may also be regardedas a geometric property of the
Riemann tensor arising from the full Bianchi idertities,

r yR%w + 1 1R®%y,+ 1 oR®%,, = 0: (47)

Contracting on ® and , then multiplying by g” and cortracting again gives equation
(46). One canalsoexplicitly verify equation (46) using equation (31), noting that G* =
R” i IRg” andR” = g®g’ Re . Wald givesa shorter and more sophisticatedproof
in his Section 3.2; an even shorter proof can be given using di®eretial forms (Misner
et al chapter 15). Our proof, basedon di®eomorphism-inariance, is just as rigorous
although quite di®eren in spirit from thesegeometricapproades.

The next stepis to inquire whether di®eomorphism-inariancecan be usedto obtain
true consenation laws and not just o®erelegarn derivations of idertities. Beforeanswer-
ing this question, we digressto explore an analogoussymmetry in electromagnetism.

4.3 Gauge Invariance in Electromagnetism

Maxwell's equationscan be obtained from an action principle by adding two moreterms
to the total action. In Sl units theseare
S N S P
SemlAcig ]= i qgF Feli gd'x; S[A]= AJ T igdix; (48)
A

whereFo =~ @Ac | @A: =1 :Acj I «A:. Note that g° is presen in Sgy implicitly
through raising indices of F. , and that the connectioncoexcients occurring in r : Ao
are cancelledin F» . Electromagnetismaddstwo piecesto the action, Sgy for the free
eld A. and S, for ES interaction with a source,the 4-currert density J*. Previously
we consideredS, = gA. X’ d¢ for a single particle; now we couplethe electromagnetic
“eld to the current density producedby many particles.

The action principle says that the action Sgy + S, should be stationary with respect
to variations £A. that vanish on the boundary. Applying this action principle (left asa
homework exercisefor the studert) yields the equationsof motion

10

roF” = 4vQ" : (49)

In the languageof thesenotes, the other pair of Maxwell equations,r gF» ; = 0, arises
from a non-dynamicalsymmetry, the invarianceof Sgy [A: ] under a gaugetransformation
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A. ! A.+r .0©. (Expressedusingdi®erertial forms,dF = 0becausd = dA isaclosed
2-form. A gaugetransformation addsto F the term dd©, which vanishesfor the same
reason. Seethe 8.962notesHamiltonian Dynamics of Particle Motion.) The source-free
Maxwell equationsare simple idertities in that r gF» ; = O for any di®ereriable A:,
whether or not it extremizesany action.

If we require the completeaction to be gauge-ivariant, a new consenation law ap-
pears,chargeconsenration. Under a gaugetransformation, the interaction term changes
by

z p
1S ’ S|[A1+r1©]i S|[A1]: Jl(r 1©) ﬁd4x
z z
- @8 or .3 igdx: (50)

For gaugetransformations that vanish on the boundary, gauge-irvarianceis equivalen
to conseration of charge,r :J° = 0. This is an example of Noether's theorem: a
cortinuous symmetry generatesa consened current. Gaugeinvarianceis a dynamical
symmetry becausehe action is extremizedif and only if J* obeysthe equationsof motion
for whatever chargesproduce the current. (There will be other action terms, sud as
eg. 35, to give the charges' equationsof motion.) Adding a gaugetransformation to
a solution of the Maxwell equationsyields another solution. All solutions necessarily
consere total charge.

Taking a broad view, physicists regard gauge-ivarianceas a fundamenal symmetry
of nature, from which charge consenration follows. A similar phenomenonoccurs with
the gravitational equivalernt of gaugeinvariance,as we discussnext.

4.4 Energy-Momen tum Conserv ation from Gauge Invariance

The exampleof electromagnetisnsheddight on di®eomorphism-iwariancein generalrel-
ativity. We have alreadyseenthat every pieceof the action is automatically di®eomorphism-
invariant becauseof parameterization-irvariance. However, we wish to singleout gravity
| speci cally, the metric g | to imposea symmetry requiremert akin to electromag-
netic gauge-irvariance.
We do this by de ning a gauge transformation of the metric as an in nitesimal

di®eomorphism,

Qo ! Qo + L,0o = Qo +1 15 +1 o (51)

where » = 0 on the boundary of our volume. (If the manifold is compact, it has a
natural boundary; otherwisewe integrate over a compact subvolume. SeeAppendix A
of Wald for mathematical rigor.) Gauge-irvariance (di®eomorphism-iwvariance) of the
Einstein-Hilbert action leadsto a mathematical idertity, the twice-corracted Bianchi
identity, equation (46). The rest of the action, including all particles and elds, must
alsobe di®eomorphism-inariant. In particular, this meansthat the matter action must
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be invariant under the gaugetransformation of equation (51). Using equation (38), this
requiremen leadsto a consenration law:
z z
_ 10 P— u, _ . w0 \P— 4 _ 0 _ Q.
i'SM— T (r 1))0) |gd = »o(r1T ) |ng—O ) r.T =0: (52)

In generalrelativit y, total stress-energygonsenation is a consequencef gauge-irvariance
as de ned by equation (51). Local energy-mometum consenation therefore follows as
an application of Noether's theorem (a cortinuous symmetry of the action leadsto a
consened currert) just aselectromagneticgaugeinvarianceimplies charge conseration.

There is a further analogy with electromagnetism. Physical obsenablesin general
relativity must be gauge-ivariant. If we wish to try to deducephysicsfrom the metric
or other tensors,we will have to work with gauge-ivariant quartities or imposegauge
conditionsto x the coordinates and remove the gaugefreedom. This issuewill arise
later in the study of gravitational radiation.

5 An Example of Gauge Invariance and Di®eomor-
phism Invariance: The Ginzburg-Landau Mo del

The discussionof gaugeinvariancein the precedingsectionis incomplete (although fully

correct) becausaunder a di®eomorphisnall “elds change,not only the metric. Similarly,

the matter elds for chargedparticles alsochangeunder an electromagneticgaugetrans-
formation and under the more complicated symmetry transformations of non-Abelian
gaugesymmetriessud as those presen in the theories of the electroveak and strong
interactions. In order to give a more complete picture of the role of gaugesymmetries
in both electromagnetismand gravity, we present herethe classical eld theory for the
simplestcharged eld, a complexscalar eld A(x) represeting spinlessparticles of charge
g and massm. Although there are no fundamenal particles with spin O and nonzero
electric charge,this exampleis very important in physicsasit describesthe e®ectie eld

theory for superconductivity developed by Ginzburg and Landau.

The Ginzburg-Landau model illustrates the essetial features of gauge symmetry
arising in the standard model of particle physicsand its classicalextensionto gravity.
At the classicallevel, the Ginzburg-Landau model descritesa charged‘uid, e.g. a °uid
of Cooper pairs (the electron pairs that are responsiblefor superconductivity). Here we
couplethe charged©uid to gravity aswell asto the electromagnetic eld.

The Ginzburg-Landauaction is (with a sign di®erencen the kinetic term compared
with quartum “eld theory textb ooks becauseof our choice of metric signature)

z' 1 i
SalhiAig®]= i 50" (D:A(DA) + S12KAT (A2 PTgd;  (59)
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where A” is the complex conjugate of A and
D: " r. i |QA1 (X) (54)

is called the gauge covariant deriv ative. The electromagneticone-form potential

appearsso that the action is automatically gauge-irvariant. Under an electromagnetic
gaugetransformation, both the electromagneticpotential and the scalar eld change,as
follows:

Ac(x) ! Ac()+1:0(x); Ax)! é1°WAKX) ; D:Al 9°¥D.A;  (55)

where©(x) is any real scalar eld. We seethat (D' A)°(D.A) and the Ginzburg-Landau
action are gauge-irvariant. Thus, an electromagneticgaugetransformation correspnds
to anindependert changeof phaseat eat point in spacetime,or alocal U(1) symmetry.

The gaugecovariant derivative automatically couplesour chargedscalar eld to the
electromagnetic eld sothat no explicit interaction term is needed,unlike in equation
(48). The rst term in the Ginzburg-Landauactionis a \kinetic" part that is quadratic in
the derivativesof the eld. The remaining parts are\p otertial" terms. The quartic term
with coexcient ,=4 represefts the e®ectof self-ineractions that lead to a phenomenon
called spontaneoussymmetry breaking. Although spontaneoussymmetry breaking is of
major importancein modern physics,and is an essetial feature of the Ginzburg-Landau
model, it has no e®ecton our discussionof symmetries and consenration laws so we
ignoreit in the following.

The appearanceof A: in the gaugecovariant derivative is reminiscen of the appear-
ance of the connection j 2@— in the covariant derivative of generalrelativity. Howewer,
the gravitational connectionis absen for derivativesof scalar elds. We will not discuss
the eld theory of chargedvector elds (which represen spin-1 particles in non-Abelian
theories) or spinors(spin-1/2 particles).

A complete model includesthe actions for gravity and the electromagnetic eld in
addition to Sg.: S[A;A:;9° 1= SeL[A;A:;9° 1+ Sem[A:;g° 1+ Sc[g” ]. According to
the action principle, the classicalequationsof motion follow by requiring the total action
to be stationary with respectto smallindependen variations of (A;A. ;g* ) at ead point
in spacetime.Varying the action yields

+ . B .
S g° D:D-A+ 12 A°A A;

A
iS 1 10 1
i-Al - | 4—]/4r o F + ‘JGL y
S 1 1 1
— = ———Guw j —TEM i —TEL ; 56
iglo 16VG | 2 | 2 ( )

wherethe current and stress-energytensor of the charged‘uid are
I I A A\ O AD A
oL g[A(DlA) i AD. A ;
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#
- A\ A 1 B A\ O A 1 AD A 5 AD A
TSt (D: A(D-A) + §g® (DeA)?(D-A) + éleAi Z(A A? go : (57)

The expressionfor the current density is very similar to the probability current density
in nonrelativistic quantum medanics. The expressiorfor the stress-energyensor seems
strange, so let us examinethe energydensity in locally Minkowski coordinates (where

gm = 10):
P T F
Yo = TS = éJDOA;2+ éJDiAjzi ileA+ Z(AA)2: (58)

Aside from the electromagneticcorntribution to the gaugecovariant derivativesand the
potertial terms involving A°A, this looks just like the energy density of a “eld of rela-
tivistic harmonic oscillators. (The potertial energyis minimized for jAj = =" . This
is a circle in the complex A plane, leading to spontaneous symmetry breaking as the
“eld acquiresa phase. Thosewith a knowledgeof .eld theory will recognizetwo modes
for small excitations: a massite mode with mass 2! and a masslessGoldstone mode
correspnding to the eld circulating along the circle of minima.)

The equationsof motion follow immediately from setting the functional derivatives
to zero. The equations of motion for g° and A. are familiar from before; they are
simply the Einstein and Maxwell equationswith sourceincluding the current and stress-
energyof the charged°uid. The equation of motion for A is a nonlinear relativistic wave
equation. If A: = 0,22=im? , = 0,andge = “w» then it reducesto the Klein-
Gordon equation, (@i @+ m?)A= 0where@ "~ + @@ is the spatial Laplacian. Our
equation of motion for A generalizesthe Klein-Gordon equation to include the e®ects
of gravity (through g° ), electromagnetism(through A.), and self-interactions (through
ATA).

Now we can ask about the consequencesf gaugeinvariance. First, the Ginzburg-
Landau current and stress-energytensor are gauge-irvariant, asis easily veri ed using
equations(55) and (57). The action is explicitly gauge-ivariant. Using equations(56),
we can ask about the e®ectof an in nitesimal gaugetransformation, for which +A =
iqO(X)A, +A: = r . ©, and xg° = 0. The changein the action is

Z'4s . sS Fo__
+S = +—_A(|q©A) + lLAT(r .©) i gd*
7" is A is I# )
= iqA;T&i r. i;u ©(x) i gd*x ; (59)

where we have integrated by parts and dropped a surfaceterm assumingthat ©(x)
vanisheson the boundary. Now, requiring £S = 0 under a gaugetransformation for the
total action adds nothing new becausewe already required +S=#A = 0 and +S=#A. = 0.
Howewer, we have constructed eat pieceof the action (Sg., Sem and Sg) to be gauge-
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invariant. This gives:

. 1S :
Se. = 0 ) |qA+—_Ai r.Jg. =0;

10

1
+Sev = 0 ) i4—]/4r1ro|:

For SeL, gaugeinvariance implies charge consenration provided that the “eld A obeys
the equation of motion +S=#A = 0. For Sgy, gaugeinvariance gives a trivial idertity
becauseF* is antisymmetric.

Similar results occur for di®eomorphisminvariance, the gravitational counterpart of
gaugeinvariance. Under an in nitesimal di®eomorphismz#A = L,A #A. = L,A:, and

#go = L,go =T 13 + r o . The changein the action is

=0: (60)

2" #
B S . 1S +S P—
5 LA LA bee TTad
Z S} 1
5, KoL
e —»Tr 1A+ i 4—]/4r oF + \] L»Al +
“ 1 o (o] ﬂ #p—
+ 81/661 +T° raom o jgdix; (61)

whereJ' = J; and T® = T + Tgy. As above, requiring that the total action be
di®eomorphism-imariant adds nothing new. Howewer, we have constructed ead piece
of the action to be di®eomorphism-inariant, i.e. a scalar under general coordinate
transformations. Applying di®eomorphism-irarianceto S, givesa subsetof the terms
in equation (61),

2 ss,  , o p_
0 = A raA+ 3" (0% AL + Al 1»%) + T ra» gd*
Z 45 ol P
- A CA+J% LAl T e(J®AL) G T TTSE » (x) T gd¥x
Z 45 e P
= i +—_Ar AT (r @d®DA +I%F e i r TS » (X)) T gdix ; (62)

wherewe have discardedsurfaceintegralsin the secondline assumingthat »' (x) = O on
the boundary.

Equation (62) givesa nice result. First, asalways, our cortinuous symmetry (here,
di®eomorphism-inariance) only gives physical results for solutions of the equations of
motion. Thus, +S=#A = r &J® = 0 can be dropped without further consideration. The
remaining terms individually neednot vanish from the equationsof motion. From this
we conclude

roTg = F°JS: (63)
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This has a simple interpretation: the work done by the electromagnetic eld transfers
energy-mometum to the charged°uid. Recallthat the Lorentz force on a single charge
with 4-velocity V' is gF Ve and that 4-forceis the rate of change of 4-momenum.
The current gV* for a single charge becomesthe current density J° of a cortinuous
°uid. Thus, equation (63) givesenergyconsenation for the charged°uid, including the
transfer of energyto and from the electromagnetic eld.

The readercan show that requiring £Sgy = 0 under an in nitesimal di®eomorphism
proceedsin a very similar fashionto equation (62) and yields the result

raTey =i F° IS : (64)

This result givesthe energy-mometum transfer from the viewpoint of the electromag-
netic eld: work doneby the eld onthe °uid removesenergyfrom the eld. Combining
equations(63) and (64) givesconsenration of total stress-energyr . T° = 0.

Finally, becauseSg dependsonly on g° and not on the other “elds, di®eomorphism
invarianceyields the results already obtained in equations(45) and (46).
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