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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
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DIS at high energy

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix
element of a two-Wilson-line operator (color dipole):
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DIS at high energy

The structure function of a hadron is proportional to a matrix element
of this color dipole operator

. 1 . X
UT(X,y1) =1— N—Tr{U”(xL)UT"(yL)}
C

switched between the target’s states (N = 3 for QCD). The gluon
parton density is approximately:

xsG(Xg, 1° = Q%) ~ (p|U"(x.,0)|p)

x4 =Q2

—Int
where n = InXB
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Propagation in the shock wave: Wilson line
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Propagation in the shock wave: Wilson line

>

Boosted Field
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Propagation in the shock wave: Wilson line

>

Boosted Field
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Propagation in the shock wave: Wilson line
Boosted Field

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.
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Propagation in the shock wave: Wilson line

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

5/54

Next-to-leading order evolution of color dipole  EIC Hampton 2008 May 22, 2008

G. A. Chirilli and |. Balitsky (JLAB & ODU)



Propagation in the shock wave: Wilson line

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

>

Wilson Line
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Propagation in the shock wave: Wilson line

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

Wilson Line
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Propagation in the shock wave: Wilson line

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.

Wilson Line
U; = [cop1 + 21, —oop1 + 2 ]
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Propagation in the shock wave: Wilson line

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor

along the actual path with the one along the straight-line path.

Wilson Line

Uz = [oop1 + 21, —oop1 + 21 ]
X, y] = P9 o du(x—y)"Au (Ut (1-w)y)
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Evolution Equation

|
To get the evolution equation, consider the dipole with the rapidies up
to 1 and integrate over the gluons with rapidities ;1 > 1 > 7. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).
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Evolution Equation

To get the evolution equation, consider the dipole with the rapidies up
to 1 and integrate over the gluons with rapidities ;1 > 1 > 7. This
integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).
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Leading order: BK equation

d_ . . -
%Tr{uxuj} = KoT{U U} + ... =

d A . n
%(Tr{uxug}ﬁhockwave = (KLOTr{UxUj/Hshockwave
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Leading order: BK equation

d_ . . -
%Tr{UXUJ} = KoT{U U} + ... =

d A . n
d—(TI’{U U;}>shockwave = (KLoTr{Uy UJ}>shockwave

[ x — z free propagation] x
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Leading order: BK equation

d_ . . -
%Tr{UXUJ} = KoT{U U} + ... =

d A . n
d—(TI’{U U;}>shockwave = (KLoTr{Uy UJ}>shockwave

[ x — z free propagation] x
[U®(z,) - instantaneous interaction with the i < 1, shock wave]x
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Leading order: BK equation

d_ . . -
%Tr{UXUJ} = KoT{U U} + ... =

d A . n
d—(TI’{U U;}>shockwave = (KLoTr{Uy UJ}>shockwave

[ x — z free propagation] x
[U®(z,) - instantaneous interaction with the i < 1, shock wave]x
[z — y: free propagation]
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Non linear evolution equation

U = Tr{ttUA U]} = (UUJ)™ — (UUS)™ + as(n — n2) (UxUJULU)™
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Non linear evolution equation

U = Tr{ttUA U]} = (UUJ)™ — (UUS)™ + as(n — n2) (UxUJULU)™

. 1 . .
Uxy =1- N—CTr{U(xL)UT(yL)}

d - asNe [ d?z (x —y)?
B /(X— 2)2(y - 2)

(U2 +U@y) - Uxy) - Ux 2U(zY) }

Alternative approach: JIMWLK (1997-2000)
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Non linear evolution equation

U2 = Tr{tfUAU]} = (UxU))™ — (UxU])™ + ais(m — n2) (UxUTUU))™

ti(cy) = 1- L Tr{00)U 1))

d - asNe [ dPz(x—y)? - x . . .
Y = 50 /(X_ 220y - )Z{U(x, 2)+U(zy) - Uxy) - UK 2UzY) |
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD =- BFKL (LLA: as < 1, agn ~ 1)
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Non linear evolution equation

U = Tr{ttUAU]} = (UxU))™ — (UxU])™ + as(m — n2) (UxUTUU))™

ti(cy) =1 TrO)0!(01)

d - asNe [ dz(x—y)? - 5 . . .
g0y = ot [ (i) +ay) ~liey) ~ Uix 2 2y))
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: as < 1, asn ~ 1)

LLA for DIS in sSQCD = BK eqn (LLA: as < 1, agy ~ 1, a2AY3 ~ 1)

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008 10/54



y NLO correction?
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Why NLO correction?

m To get the region of application of the leading order evolution
equation.
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Why NLO correction?

m To get the region of application of the leading order evolution
equation.

m To determine the argument of the coupling constant:
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Why NLO correction?

m To get the region of application of the leading order evolution
equation.

m To determine the argument of the coupling constant:
m Theoretical view point: Whether the coupling constant is
determined by the size of the original dipole or by the size of the
parent dipole, we have different behavior of the solutions.
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Why NLO correction?

m To get the region of application of the leading order evolution
equation.

m To determine the argument of the coupling constant:

m Theoretical view point: Whether the coupling constant is
determined by the size of the original dipole or by the size of the
parent dipole, we have different behavior of the solutions.

m Experimental view point: The cross section is proportional to some
power of the coupling constant, so the argument of the coupling
constant determined how big or how small the cross section is.
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Non linear evolution equation in the NLO

d

%Tr{UXUJ} =
d*z (x—y)?
/ o2 <as(x ~ 2%z —yP + adKnio(X ¥, 2) | [Tr{UUS}Tr{UUJ} — NeTr{UU]}] +

o? / d?zd?Z (K4<x, ¥,2,Z){Uyx, U}, Uz, UJ} + Ke(x, Y, 2, Z){Uy, UL, Uz, Uz, U], u;}>

KnLo is the next-to-leading order correction to the dipole kernel and K4 and K6 are the
coefficients in front of the (tree) four- and six-Wilson line operators with arbitrary white
arrangements of color indices.
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Definition of the NLO kernel

d_ . . - -
%Tr{uxu;} = KLoTr{UxU]} + KnioTr{U, U} + ...
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Definition of the NLO kernel

d_ . . - -
%Tr{uxu;} = KLoTr{UxU]} + KnioTr{U, U} + ...

(KnLoTrH{U0]}) = %(Tr{UXUJD — (KLoTr{U,U]})
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Definition of the NLO kernel

d_ . . - -
%Tr{uxu;} = KLoTr{UxU]} + KnioTr{U, U} + ...

(KnLoTrH{U0]}) = %(Tr{UXU;D — (KLoTr{U,U]})

Where (...) is evaluated in the background of the shock wave
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Definition of the NLO kernel

d_ . . - -
%Tr{uxu;} = KLoTr{UxU]} + KnioTr{U, U} + ...

(KnLoTrH{U0]}) = %(Tr{UXU;D — (KLoTr{U,U]})

Where (...) is evaluated in the background of the shock wave

Subtraction of BK? contribution = [%] prescription
+
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Definition of the NLO kernel

d_ . . - -
%Tr{uxu;} = KLoTr{UxU]} + KnioTr{U, U} + ...

NN d NN NN
(KnLoTr{U,0]}) = OT<Tr{uxu;}> — (KLoTr{U,0 })
7
Where (...) is evaluated in the background of the shock wave

Subtraction of BK? contribution = [%] prescription
+

/duf /du /duf /du
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Regularization of the rapididty divergence

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

La- 1
Jo « o J—00

dn = o

G. A. Chirilli and |. Balitsky (JLAB & ODU)
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Regularization of the rapididty divergence

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

o o} d OO
/ - / dn =
JO & J —o00

Regularization by: slope

U7(xy) = Pexp{ig/ du n, A*(un+ xl)} n = ph +e 21y

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008 14 /54



Regularization of the rapididty divergence

Regularization by:slope

Ul(x,) = P@(p{ig/::du n,, A*(un+ xL)}
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Regularization of the rapididty divergence
Regularization by:slope

Ul(x,) = P@(p{ig/_i:du n,, A*(un+ xL)}

Regularization by:Rigid cut-off

Uy = Pexp[ig/ du p/fAZ(ulerxL)]

4 .
A = [ %9(@7 = o) A, (K)
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Regularization of the rapididty divergence
Regularization by:slope

U'(x,) = Pexp{ig/ du n, A*(un+ xL)}
Regularization by:Rigid cut-off

Uy = Pexp[ig/ du p/fAZ(ulerxL)]

4 .
A = [ %9(@7 = o) A, (K)

The rigid cut-off leads to (almost) conformal result

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008 15/54



Argument of coupling constant

~ as(7)Ne —_ V)2 N ~ ~ ~
grtitey) = 22 [ eI {iea) ) ~ doey) ~ e 22y}
7§nf — b= %ch gnf
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Argument of coupling constant

Bubble chain sum:

as((X —y)? () J.0 U, U
% THOU]} — % / oz [Tr{0xU}}Tr{0,0f} — NeTr{0,0}}]

<[+ el ) el 9]+

X2Y2 X2
|.Balitsky; Yu. Kovchegov and H. Weigert (2006)
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Argument of coupling constant

Bubble chain sum:
d o os(X= Y% [ @2y 0.0 10 10
%Tr{UXUJ} = =5 / d?z [Tr{UxUJ} Tr{U.0]} — NcTr{U,U }]

dE A ICRREIC RIS

|.Balitsky; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

_\2 )2

es((xy)) (o) X—y| < [x—12,y—2
s(X)?
as(X) X—2 < |x—yl|,ly—2
s(Y)?
as()) y—2 < [x—y,[x—2
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Argument of coupling constant

Bubble chain sum:
d o os(X= Y% [ @2y 0.0 10 10
%Tr{UXUJ} = =5 / d?z [Tr{UxUJ} Tr{U.0]} — NcTr{U,U }]

dE A ICRREIC RIS

|.Balitsky; Yu. Kovchegov and H. Weigert (2006)

When the sizes of the dipoles are very different the kernel reduces to:

_\2 )2

es((xy)) (o) X—y| < [x—12,y—2
s(X)?
as(X) X—2 < |x—yl|,ly—2
s(Y)?
as()) y—2 < [x—y,[x—2

= the argument of the coupling constant is given by the size of the
smallest dipole.
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Diagrams with 2 gluons interaction

& . g .
% o )\ K 2
o . . N
d (XXXI) M (XXX o (XXXIIT) - (XXXIV)

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008



Diagrams with 2 gluons interaction

%Q" (XXXI) M (XXX o (XXXIIT) o (XXXIV)

Extracting the UV divergencies

Tr{t?UPU] } = Tr{t2UAPU], — t2UPUJ} + Tr{t2UtPU]}

|.Balitsky 2006; Y. Kovchegov, H. Weigert 2006
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"Running coupling” diagrams

[
% 0

\.(é" ' ()
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1 — 2 dipole transition diagrams
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Quark and gluon loop in the shock wave

typical diagram: gluon in the shock wave
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Quark loop in the shock wave

W{WQW + WIMW

QCD conterterms
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Quark loop in the shock wave

W{WQW + WIMW

QCD conterterms

If we simply subtract the divergence using MS, we could be missing
some extra finite terms.
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Quark loop in the shock wave

Balitsky 2006

A way to get potential extra terms is to consider the exact calculation of
the light-cone expansion of UXUJ, atx, — Yy, in QCD and compare it
with the expansion of the sum of the diagrams:

bt

Exact calculation means:

25/54
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Quark loop in the shock wave

Consider the quark-loop contribution to the gluon propagator in
external field

- +

meaning...
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Quark loop in the shock wave

1

ma
x’)

(A = [ ooy (

X’ P2Ge,, 1 2iGuy, + Oa,

e () )} s ran )
Oep = % D'Gi,
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Quark loop in the shock wave

1

ma
x’)

(A = [ ooy (

X’ P2Ge,, 1 2iGuy, + Oa,

e () )} s ran )
Oep = % D'Gi,

then take the limit d, — 2 (which gives a finite result after adding the conterterms),
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Quark loop in the shock wave

1

ma
x’)

(A = [ ooy (

X’ P2Ge,, 1 2iGuy, + Oa,

e () )} s ran )
Oep = % D'Gi,

then take the limit d, — 2 (which gives a finite result after adding the conterterms),
and finally impose the condition that the external field is very narrow by taking
the limit Az, — 0
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Quark loop in the shock wave

However...

Balitsky (2006) Commutativity of the two limits

[dL—>2,Az*—>O]:0
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light-cone expansion

Typical diagrammatic expression of the light-cone expansion of the
quark-loop contribution to the gluon propagator in the external field is

BTt A

Which coincides with the expansion of

Fo-g--ot

=- no additional terms at one loop level.
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Gluon contribution to the NLO kernel

d
%Tr{uxu;} = % / d?z ([Tr{uxu;}Tr{UZU;} — NeTr{UyU/ }]

(X_y)z aSNC 11 2 2 67 7T2
><{XZYZ {1 ar (3 XYt g 3)}
11achx2—Y2|nx2 asNe (x—y)2In X2 In Y2 }
3 47 X2yz Y2 27 X2Y2 T (x—y)2 " (x—y)2

«
+ ﬁz / 4 {[Tr{UXUQ}Tr{UZUL}{UZU;} — Tr{UUjU,Uju,Ul }

; 1 X'2Y2 4 Y2X2 — 4(x —y)2(z— Z)? _X'?Y?
—= Z)]W { —er 2(X12Y2 — Y12X2) Y’ZXZ}
+ [Tr{U U} Tr{UU] U Ul } - Tr{uuluuju, Ul — (2 — 2)]

(x=y* (x=y? 7, X2v?
X2Y2(X2Y'2 - X12Y2)  (z—Z)2X2Y2] T Xr2Y?
< Jina)
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Gluon contribution to the NLO kernel

d o
%Tr{uxuj} = ﬂsz / d?z ([Tr{uxui}Tr{uzug} — NeTr{UU }]

(X— y)2 (l/SNC 11 2 2 67 7'('2
X{ X2Y2 [1 a7 (3 NX=Yt g 3)]
11 agNg X2 — Y2 n X2 agNe (x — y)? In X2 In Y2 }
3 47 X2yz Y2 27 X2Y2Z T (x—y)2 " (x—y)2

«
+ ﬁz / &4 {[Tr{UXUQ}Tr{Uzu;}{UZu;} — Tr{UUjU,Uju,Ul }

; 1 X'2Y2 4 Y2X2 — A(x — y)2(2— Z)? | X'2y2
= Z)]W { - 2(X12Y2 — Y72X2) " Y’ZXZ}
+ [Tr{U U} Tr{UU] U Ul } - Tr{uu}uuju, Ul — (2 — 2)]

(x-y* x=y? 1,7 _
X2Y2(X2Y72 — X12Y2) - (z—Z)2X2yr2] T xey2S)
“| JinSvat)

Running coupling part
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Gluon contribution to the NLO kernel

d
%Tr{uxuj} = % / d?z ([Tr{uxug}Tr{uzug} — NeTr{UyU }]

(X— y)2 aSNC 11 2 2 67 71'2
X{ X2Y?2 [1 ar (3 XYt g 3)}
11 agNg X2 — Y2 Inx2 asNc (X —y)? In X? In Y? }
3 47 X2yz Y2 2 X2Y2 T (x—y)2 " (x—y)?

«
+ ﬁz / 4 {[Tr{UXUQ}Tr{Uzu;}{UZu;} — Tr{UUjU,Uju,Ul }

12\j2 12902 C\W\2(7_ A2 12\/2
_(Z—2) 1 {_ JrXY+Y X2 4(x2y)(z Z) nsz}
(Z* 2/)4 z(x/ Y2 —Y X2) Y/ XZ

+ [Tr{U U} Tr{UU] U, Ul } - Tr{uuluuju, Ul — (2 — 2)]

(x—y)* (x=y)? 7, X2YZyy
X2Y2(X2Y12 - X12Y2) © (z—Z)2X2yr2) T xey2S)
< JinZvat)

Running coupling part + Non-conformal part
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Gluon contribution to the NLO kernel

d o
%Tr{uxuj} = ﬁ / d?z ([Tr{uxui}Tr{uzug} — NeTr{UyU }]

O P iy e T

X2Y2 4r ' 3 9 3
11 agNg X2 — Y2 n X2 agNe (x—y)? In X2 In Y2 }
3 47 X2yz Y2 27 X2Y2Z T (x—y)2 " (x—y)2

« 4 .
+ 4—7:2/d22' {[Tr{uxuzf}Tr{uzU;}{uz,u;} — Tr{UyUjU,UjU,Ul }

; 1 X'2Y2 4 Y2X2 — 4(x — y)2(2— Z)? | X'2y2
_( — Z)} W [ - 2(x/2Y2 B Y/2x2) n Y/2x2:|
+ [Tr{U U} Tr{UU] U, Ul } - Tr{uuluuju, Ul — (2 — 2)]

(x-y)* x=y? 1, Y% _
X2Y2(X2Y72 — X12Y2) © (z—Z)2X2y'2] T xey2S)
“| )

Running coupling part + Non-conformal part + Conformal
"non-analytic" part
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Gluon contribution to the NLO kernel

d «
%Tr{uxuj,} = 2—7:2 / d’z ([Tr{uxui}Tr{uzuj} — NTr{UyU }]

(X_ y)2 CKSNC 11 2 2 67 ’/T2
X{ X2Y2 {1 ar (3 XYt g 3)}
11 agNg X2 — Y2 In X2 agNg (x — y)? In X2 n Y2 }
3 4r  X2y2 Y2 27 X2Y2 T (x—y)2 T (x—y)2

Q!
+ 4—7:2 / d?Z {[Tr{uxug}Tr{UZU;}{uz,u;} — Tr{UU}U,UjuUl Y

{ o X2Y2 4 Y2X2 — A(x — y)2(z— Z)? n X’ZYZ}
(z— Z/)4 2(x/2Yz _ Y/2x2) Y722
+ [Tr{U U} Tr{UU] U, Ul } - Tr{uu}uuju, Ul — (Z — 2)]
(x—y)* (x=y? 7,20 _
XZY/Z(XZY/Z B X/2Y2) (Z _ Z/)zsz/Z} n X/2Y2 }) -

—(Z -2

Running coupling part + Non-conformal part + Conformal
"non-analytic" part + "conformal-analytic" (A = 4) part
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Gluon contribution to the NLO kernel

d
%Tr{uxu;} = % / dz ([Tr{uxu;}Tr{uzuj} — NeTr{U,UJ}]

X{ X2Y2 [1+ 27 (3 M=yt 3)}
UaNe X2 - Y2 X2 aNo(x—y)? =~ X2 Y2 }
3 4r  X2y2 Y2 2 X2Y2 T (x—y)2 (x—y)?

«
+ 4—7:2 / d?Z {[Tr{UXU;}Tr{UZU;}{UZ,U;} — Tr{UUju,Uju,Ul}

1 { o X2Y2 £ Y'2X2 — 4(x — y)2(z— Z)? . X’ZYZ}
(z—2)4 2(X12Y2 — Y12X2) Y/2x2
+ [Tr{U U} Tr{UU} }{U U]} — Tr{UUJU,UjU U} — (Z — 2)]

(x—y)* (x=y)? 7, X2YZyy | alNZ o
XZY’Z(XZY’Z _ X’ZYZ) (Zf z)zxzy/z} In X/2Y2 }) + 472 C(S)TI’{UXU;} -

—(Z = 2)]

Our result + Extra term =- Agrees with NLO BFKL
(Comparing the eigenvalue of the forward kernel)
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Gluon contribution to the NLO kernel

d
g, U} = - / 6?7 ([TH{UULHTH{UU]} — NeTHUU ]

(X_y)z aSNC 11 2 2 67 ’/T2
X{XZYZ {1 ar (3 NX=Yt g 3)}
11<;45ch2—\(2|nx2 asNe (x—y)2|n X2 In Y2 }
3 4 X2¥2 Y2 2r  X2Y2 T (x—y)2 T (x—y)?

«
+ 4—7:2 / d?Z {[Tr{UXU;}Tr{UZU;}{uZ,u;} ~ Tr{UU}u,Uju,Ul

1 [ o X2Y? L Y20 Ax—y)*(2-2)° | X/ZYZ]
(z—2)* 2(X'2Y2 — Y2X2) Y2X2
+ [TH{UUTH{UUL U US ) — TrHUULUU U Uf) — (7 — 2)]
_v)¥4 _v)2 X212 2N 2
X[ (x—Y) (x—Y) }m })+@s ¢
X2Y12(X2Y'2 — X12Y2) © (z—Z)2X2Y72) T X2y2 4r2

—(Z — 2]

C(RTr{UU}

2N 2
However the term ‘:;'\ic

X=Y.

(3)TrU,U{ contradicts the requirement d%uxui —0Oat
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Conformal and non-conformal diagrams

Conformal Non—Conformal
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Slope vs. rigid cut-off regularization

(Ko Tr (0011799 L (Tr{00)) " — (KLoTr{0,0}))5°
= {Q(Tr{UxUj,})} o

n » 4

38/54
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Slope vs. rigid cut-off regularization

N - d o -, A "
(KnLoTr{UxUj})"9d = a(Tr{uxuj})”g'd — (KLoTr{U,Uj})"ed
d A rigid

— 4 i
= [n<Tr{uXuy}>L+”

But
%(Tr{oxug}f‘ope — (KLoTr{U,Uj})sore
# [Smo)

<KNL0TF{UXU;}>S|Ope =
slope
ny»

(KLoTr{U,Uj}"9¢ — K oTr{U,0 })9% £ 0

The regularization by slope adds an extra term to the Ky_o calculated
using rigid cut-off regularization. This extra term is not conformal
invariant.

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008



Quark-contribution to the NLO

[.Balitsky; Yu. Kovchegov and H. Weigert (2006)

d

%Tr{uxuj} — % / d%z [Tr{UxUJ}Tr{U U]} — NTr{U, U] }]

{ X2Y2 (1_ or INX=Y)n +§])+ 6r  X2Y2 'nﬁ}

2
e} b b b 1_
+W_infTr{tauxt Ui} / d?zd?Z Tr{t2U,PU], — 2U,PU]} Z—7)

L X2Y2 4 Y2X2 — (x — y)2(z— Z)? | X'2y2
8 { - 2(X'2Y2 — Y2X2) n Y'2x2}

X=x—2z X =x-7Z, Y=y-2z Y =y-7

G. A. Chirilli and |I.Balitsky (JLAB & ODU)  Next-to-leading order evolution of color dipole EIC Hampton 2008 May 22, 2008



Quark-contribution to the NLO

d
%Tr{uxuj} = 20‘—7:2 / d?z [Tr{uxu;}Tr{uZu;} - NCTr{uXu;}]

(x—y)? asly 22 O ashy X2 — Y2, X2
x [ B (1= 2 fingx - y)2u? 4+ 3]) + S ]

2

« b 212 b b 1

X/2Y2 Y/2x2 —(X—=V)2(z— 7Z)2 X/2Y2
X{l_ TYeX (x 2y) (z-2)" i }
2(X2YZ — Y72X2) Y2x2

X=x—-2z X=x-2Z, Y=y—27 Y=y-7

Running coupling
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Quark-contribution to the NLO

d
%Tr{uxuj} = 20‘—7:2 / d?z [Tr{uxu;}Tr{uZu;} - NCTr{uXu;}]

(X—y)z aghe 2 2 5 gl X2 — Y2 X2
X [ oY (1— o (In(x —y)“p +§]>+ In }

2
+O‘—jnfTr{tauxtbu§} / d?zd?Z Tr{t2U U], — BUPU]}
T

6r X2Y2 Y2
1
(z—-2)4

x/2Y2 Y/2x2 o W\ 2(5 _ Z 2 X/2Y2
X{l_ X (x 2y) (z2-2)" i }
2(X12Y2 — Y2x2) Y12x2

X=x—-z X=x-7Z, Y=y—-z Y =y-7

Running coupling + Conformal part
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NLO kernel

d N
d—nTr{UxUJ,}

X2-Y2 X2 67 n? 10
)c gnf

_ as [0 (x—y? Qs 2,2 _ A 2T
= 5o | P2 ey {1+ 42 [pinx =y b=y M2 T g 73

2N | x? I v Tr{U, 05} Tr{0,0}} — NTr{0, 0§
- cnwnm]}[r{XZ}r{Zy}*cr{Xy}]
X2 + XPY2 — 4(x — y)*(z— 2)?

2
As 212 4
1674 /d w7 {( C(z-2)* + {2 (z— Z)4X2Y"2 — X12v?

JF
N (x—y)* [ 1 N 1 ]+(x7y)2[ 11 }}lnXZY’Z)
X2Y12 _ xr12y2 Lx2yr2 - oy2xr? (z— 1)2 X2Y12  xr2y2 X'2y2
x [TH{00§3TH{000 yTr{0, 0]} — Tr{0,0§0,0j 005} - (Z — 2)]
(K-YPT 1L eyt ) YR o

" {(Z* z)? [XZY’Z * YZX/Z] - x2Yf2x’2Y2} In < zye THUUZITH{UU, Tr{UZUj}

4 X224 Y2X2 — (x —y)2(z—Z)%, XY b b
" 4nf{ z-2% (z—Z)4(X2Y2 — X12Y2) In S 7v2 }Tr{tauxtbuj}[Tr{tauzth;} -(Z—2)]
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Gluon-loop in the shock wave

From NLO BK kernl

(P LI

s (n) = S~ TN SR x(n)

asbrl i, 2y
o [Exz(n, 7) = 5x () = @X(v)]
+2e [ (n9) — 2 AN (9) +4(3) + F(n7) — 28(0, ) ~ 28(n, 1~ )]}, )
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Gluon-loop in the shock wave

From NLO BK kernl

bas d 2
ajTNc{[l (g (67777r) 10 n¢

- e -F r@N—g]x(n,v)

d -
so W(nm) = T

asb 1 1 / 2fy
= [EXZ(VL 7) = 5x () = mx(ﬂ]
+20e[— x(1,7) = 2N (1) + 4(3) + F(,7) = 28(n, ) — 28(n, 1 - 7)] @0, )

From NLO BFKL kernel

sy = {1 d (T Ty XX

- Ed’y W 9 - ?
ashrl i, 2y
+t [éxz(n, 7 =X (M) = @X(V)]
+a;'jc =X (n,7) = 2x(n,)x'(n,7) +6(3) +F(n,7) — 28(n,7) — 28(n, 1~ 7)] }(L?(n, gl
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Gluon-loop in the shock wave

From NLO BK kernl

bas d 2
ajTNc{[l (g (67777r) 10 n¢

- e -F r@N—g]x(n,v)

d -
so W(nm) = T

asb 1 1 / 2fy
= [EXZ(VL 7) = 5x () = mx(ﬂ]
+20e[— x(1,7) = 2N (1) + 4(3) + F(,7) = 28(n, ) — 28(n, 1 - 7)] @0, )

From NLO BFKL kernel

sy = {1 d (T Ty XX

- Ed’y W 9 - ?
ashrl i, 2y
+t [éxz(n, 7 =X (M) = @X(V)]
+a;'jc =X (n,7) = 2x(n,)x'(n,7) +6(3) +F(n,7) — 28(n,7) — 28(n, 1~ 7)] }(L?(n, gl

The coincidence of terms with the nontrivial v dependence proves that there is no additional O(«s)
correction to the vertex of the gluon-shock wave interaction coming from the small loop inside the
shock wave
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About the discrepancy

From BK NLO side

The extra term Cf’ﬂ'\iczC(3)TrUXU;f, would contradict the requirement

%UXU\T,:Oatx:y

From BFKL NLO side

The coefficient 6¢(3) agrees with the j — 1 asymptotics of the
three-loop anomalous dimensions of leading-twist gluon operators
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(scalar and gluino loops )

R 1) ~ Q)
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Evolution equationin N =4 (I. Balitsky and G.A.C)

d
%Tr{uxuj} = 20‘—7:2 / d’z ([Tr{uxu;}Tr{uzuj} — NTr{UxUJ}]

(x—y)? asNe 2 asNe (x — y)? X2 Y?
1 1-7?)| - ! |
X{ X2Y2 [ EE A )} 2r X2 " (x—y)2 ”(X_y)z}
Q.
+ 152 / d?Z [Tr{UU}}Tr{UU}}{UzUJ} — Tr{UUju,UjuuL}

~Tr{UUlUUfUUf} - (7 — 2)]

(x=y)* (x=y)° 7,,%X°Y°
{xzvfz(xz\ﬂ2 - X?Y2)  (z- 2’)2X2Y’2] " X’2Y2)
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Evolution equationin N =4 (I. Balitsky and G.A.C)

d «
%Tr{uxuj,} = 55 / d’z ([Tr{UXU;}Tr{UZUJ} — NeTH{UUJ}]

(x—y)? asNe . 57 asNe (x— y)? X2 \G
{Seve 1+ o )] - S v In(x—y)2|n(x—y)2}

/ d?Z [Tr{U U} Tr{UU}}{U>U]} — Tr{UUju,UjuUL}

Qs

t 1602

~Tr{UU}UUfU,Uf} — (Z — 2)]

(x—y)* (x=¥)" 7,,%°Y°
{XZY’Z(XZY’Z —X12Y2)  (z— z’)2X2Y’2] n X’ZYZ)

Conformal scheme-dependent part
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Evolution equationin N =4 (I. Balitsky and G.A.C)

d «
%Tr{UXUJ} = 55 / d’z ([Tr{UXU;}Tr{UZUJ} — NeTr{UUJ}]

(x—y)? asNe . 57 asNe (x—y)? X2 \&
X{ v |1 T ) = S ey In(x—y)2|”(x—y)2}

16”2 / d?Z [Tr{U U} Tr{UU}}{U>U]} — Tr{UUju,UjuUL}

~Tr{UU}UUfU,Uf} — (Z — 2)]
(x=y)* (x=y? 7,,%°Y?
{XZY’Z(XZY’Z - X?Y2)  (z- 2’)2X2Y’2] " X’ZYZ)

Conformal scheme-dependent part + Non-conformal part
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Evolution equationin N =4 (I. Balitsky and G.A.C)

d
%Tr{UXUJ} = % / d’z ([Tr{uxu;}Tr{uzuj} — NTr{UxUJ}]

(x—y)? asNe . 57 asNe (x— y)? X2 \&
| X2Y2 1+ 127 1 &l 2r  X2Y2 In(x-y)?'n(x—y)z}

16“2/de [Tr{UU}}Tr{UU] H{U U]} - Tr{uU]u,Uju,Ul }

~Tr{UUlUUfU,Uf} — (7 — 2)]
< (x=y)* (x—y)? }lnXZY’Z)
x2Y/2(X2Y/2 B x/2y2) (Z _ Z/)ZxZY/Z x/2y2

Conformal scheme-dependent part + Non-conformal part
+ Conformal analitic part
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Evolution equationin N =4 (I. Balitsky and G.A.C)

d
%Tr{UXUj,} = 2“—7:2 / d’z ([Tr{UXU;}Tr{UZuT} — NeTr{UyU}}]

(x —y)? asNe asNe (x — y)? X2 Y2
X{ X2Y2 1+ 2 17 ™)) - 2r  XoY? Ir'(x—y)2|n(x—y)2}

/ d?Z [Tr{UUj}Tr{UU} }{UUJ} — Tr{UujU,UjUUL}

* 1612
~Tr{UU} UUfU,Uf} — (Z — 2)]

o . y)* (x—=¥)° Jin xzv/z) a3N3
XZYIZ(XZY/Z _ X/ZYz) (Z _ Z/)ZXZY/2 x/2y2

CATr{UUf} =

Our result + Extra term = Agrees with NLO BFKL in A/ = 4
Lipatov and Kotikov, 2004

(Comparing the forward kernel)
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Checking for the missing term

We have checked the possible missing term using gauge/scalar links
at infinity

Gauge/scalar links

Tr{UxU)T/} = L”_[Qo Tr{{Lps + X1, —Lp1 + X1 |[-Lpr + X1, —Lp1 + Y]
X [=Lpy +Yi,Lpr +yi][Lpt + Yo, Lpr + X ]}
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Conclusions

m The NLO kernel for the evolution of the color dipole has been
calculated. It consists of three parts: the running-coupling part
proportional to 5-function, the conformal part describing 1 — 3
dipoles transition and the non-conformal term.

m The result agrees with the forward NLO BFKL kernel up to a term
proportional a2¢(3) times the original dipole.

m For the creation of dipoles in the small-x evolution, the coupling
constant is determined by the size of the smallest dipole.

m The NLO evolution kernel depends on the precise definition of the
cutoff in the longitudinal momenta.

m With |a| < o cutoff, the NLO-BK and the NLO-BFKL for V' = 4 is
(almost) conformally invariant in the transverse plane.
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Outlook

m Comparing the forward kernels also in the QCD case
m Leading BK is conformal, what about Ky o inthe N =47
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