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Motivation: low-x is a novel exciting regime of QCD:
• strong classical Gauge Fields ↔ nonlinear QED

• decay of CGC ↔ quantum tunneling, QGP formation, Early Universe etc. 

There are many open questions about the dynamics in transition regions, 
validity of the mean-field approximation, NLO effects etc. Need more 
quantitative study!

Study of diffractive hadron production at EIC can provide important insights 

Evidence for gluon saturation in ep DIS (diffraction, geometric scaling etc.) and 
in pA and AA at RHIC (inclusive processes). 
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fig. courtesy by 
Arneodo and 

Diehl 

Poisson’s spot

What are you going to see on a 
distant screen?
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 Diffraction: light is a wave!

4

Fresnel Poisson

(1818)



 Diffraction: light is a wave!

4

Fresnel Poisson

Arago experiment 

(1818)



Diffraction in pp collisions
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Elastic pp 
scattering



Diffraction in pp collisions

5

Elastic pp 
scattering

proton isn’t 
completely 

opaque



Diffraction in particle physics
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Diffraction in particle physics
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fig. courtesy by 
Arneodo and Diehl 

Pomerantchuk theorem: in any process a+b → X  t-channel state must have 
vacuum quantum numbers at s→∞.



Diffraction in particle physics
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fig. courtesy by 
Arneodo and Diehl 

Pomerantchuk theorem: in any process a+b → X  t-channel state must have 
vacuum quantum numbers at s→∞.

⇒ Diffraction directly probes the high energy asymptotic.
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Diffraction at HERA
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Unlike in pp, in DIS at |t|>>Λ2 diffractive cross section can be calculated in 
pQCD

At low x Qs>>Λ, so that even for small Q2: αs(Qs)<<1.
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This IR scale breaks the 
geometric scaling
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This IR scale breaks the 
geometric scaling
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Coherent scattering if

⇒ interaction is instantaneous
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Two possible topologies:

RAu = 6.5 fm = 32 GeV-1

x<<0.016

Simple model: onium-nucleus collisions
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Two possible topologies:
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If log is dropped these integrals can be done.
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Diffractive vs Inclusive gluon production 

Unlike the inclusive gluon production, the diffractive one vanishes when the onium 
size r=x-y larger than 1/Qs. 

color 
singlet
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color not 
fixed
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Figure 3: Schematic representation of a single rung of the BFKL evolution.

The equation is illustrated in Fig. 3, where the dashed vertical line denotes the cut. The equation
in Fig. 3 states that the blob can either consist of just a two gluon exchange without any evolution
(the first term on the right hand side of Fig. 3), corresponding to the initial condition in Eq. (20), or
the blob may have small-x evolution corrections included. The evolution corrections can be real (the
second term on the right in Fig. 3) and virtual (the third and fourth terms on the right of Fig. 3). The
real term contains a gluon in the final state (crossing the cut) and corresponds to the first term on
the right hand side of Eq. (21). The gluon is emitted off the t-channel gluons via the effective Lipatov
vertices [27], denoted by thick dots in Fig. 3, which represent the sum of all possible emissions. The
virtual terms in Fig. 3 contain no gluon in the final state and correspond to the last term on the right
of Eq. (21).
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Figure 4: BFKL evolution as a ladder diagram.

The solution of the BFKL equation should contain all iterations of the kernel depicted in Fig. 3.
Iterating the BFKL kernel leads to the ladder diagrams, like the one shown in Fig. 4. It depicts
interaction of two onia characterized by typical transverse momentum scales Q1 and Q2 interacting via
a BFKL-evolved amplitude. Fig. 4 shows the structure of the blob in Fig. 2 in more detail. Again,
the triple gluon vertices in Fig. 4 are not the usual QCD vertices: they are effective Lipatov vertices
responsible for the real part of the BFKL kernel [27]. Similarly, the t-channel gluon lines do not
correspond to the usual QCD gluon propagators: they give the so-called reggeized gluon propagators
[27].

The emissions resummed by a Lipatov vertex are shown in Fig. 5. There we consider scattering
of two ultrarelativistic quarks leading to production of a soft gluon with momentum k+ ! p+ and
k− ! p′− [27, 45, 28, 29, 30, 31]. The correct emission amplitude, which is obtained by summing
diagrams A-E in Fig. 5, can be written as the first diagram in Fig. 5 with the effective vertex triple

10
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All slow gluons can be resumed into the forward elastic gluon dipole 
r’ scattering amplitude N(r’,b,y)

if 
the measured gluon is adjacent to the rapidity gap 

(this is the most interesting case for phenomenology: M2=k2/x)
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A more general case:
(this is true only for the total inclusive) 
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III. REDERIVING EVOLUTION EQUATION WITH AGK CUTTING RULES

Eq. (9) can also be derived using the technique employing the AGK cutting rules [16]. In this section we
will not employ the dipole model. Instead we will consider pomeron fan diagrams in the usual perturbation
theory, imposing a restriction that there are only triple pomeron vertices in the theory. This assumption is
true only in the large Nc limit, as was shown in the dipole model.

AGK cutting rules [16] apply to the BFKL pomerons in QCD (see [22] for a detailed discussion). For the
BFKL pomeron one can write

2 ImaBFKL
el = GBFKL

in , (10)

where aBFKL
el is the one BFKL pomeron contribution to the forward scattering amplitude and GBFKL

in is
the total inelastic cross section. In writing Eq. (10) we have neglected the elastic contribution to the cross
section, which is a justified assumption for the BFKL pomeron exchange [22]. Eq. (10) tells us that the
inelastic cross section in one pomeron exchange approximation is twice the forward amplitude of the process,
since the latter is purely imaginary.

CA B

2

O

2

2DN N4 NO- D N

FIG. 8. Different pomeron cuts contributing to the cross section of diffractive dissociation which lead to different
terms on the right hand side in Eq. (9).

Different cuts of pomeron fan diagrams corresponding to the terms on the right hand side of Eq. (9) are
displayed in Fig. 8. The first (linear) term on the right hand side of Eq. (9) corresponds to just usual
linear BFKL evolution with the factor of 2 arising from Eq. (10) and is not shown in Fig. 8. The non-
linear evolution corresponds to a pomeron splitting into two via the triple pomeron vertices. Let us now
concentrate on the first (topmost) triple pomeron vertex in the diagrams of Fig. 8. This is where one step
of non-linear evolution takes place in our picture. The graph of Fig. 8A corresponds to the case when a cut
pomeron splits into two cut pomerons, which later on produce rapidity gaps. That is the cross section of
diffractive dissociation ND splits into two similar cross sections. Therefore this term gives rise to N2

D term
in Eq. (9). The factor in front of this term results from multiplying 2 from the cut pomeron on top of the
vertex by the symmetry factor of 1/2. The diagram of Fig. 8B corresponds to a cut pomeron splitting into
another cut pomeron, which then develops a rapidity gap (ND), and an uncut pomeron, corresponding to
the forward scattering amplitude N0. Since there are two of such diagrams, multiplying the factor of 2 of the
cut pomeron by 2 and putting a minus sign since one of the resulting pomerons is completely on one side of
the cut we will get −4NDN0, which is the contribution of that diagram in Eq. (9). Finally the graph of Fig.
8C corresponds to the case when both of the pomerons below the vertex are uncut. Each uncut pomeron
gives a factor of N0. The factor of 2 arises from the cut pomeron above [Eq. (10)].

Therefore we were able to reproduce all the terms on the right hand side of Eq. (9) from the usual pomeron
fan diagrams using the AGK cutting rules. We note that a similar result was obtained in the framework of
reggeon theory in [23]. The cut (or uncut) pomeron specifies t = ∞ final state very precisely: if the pomeron
is cut it insures that there will be particles produced in the final state. Uncut pomeron insures that nothing
is produced in the t = ∞ final state. Thus in this section we have demonstrated the consistency of our
analysis of the evolution of the dipole state after the interaction with the target which was employed in the
previous section.

9

fig. courtesy by 
Kovchegov and Levin

 Various terms in the Kovchegov-Levin equation comply with the AGK cutting rules

A) (cut Pomeron 2) × (symmetry factor 1/2) = 1

B) (cut Pomeron 2) × (number of diagrams 2) = 4

C) (cut Pomeron 2) = 2

2Im a
BFKL

el = G
BFKL

in

one Pomeron
(in forward amplitude) 

Total inelastic c.s.
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where

As rapidity interval Y-y between the onium and the gluon increases, the dipole density 
evolves with BFKL:
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dipole

intermediate 
dipole

ψ(ν) =
Γ′(ν)

Γ(ν)
.

np(r, r
′, 0) = δ(r − r

′)

we assume 
cylindrical nuclei
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This behavior is reminiscent of the Pomeranchuk singularity in the reggeon calculus, and is, there-
fore, sometimes referred to as the pomeron or the hard pomeron (to distinguish it from the soft non-
perturbative interaction phenomenon).

Problems of the BFKL Evolution

The BFKL equation poses some important questions even in the case of heavy onium-onium scat-
tering and at the leading order in αs in the kernel.

(i) The power of energy growth of the total cross section (Eq. (39)) violates Froissart unitarity
bound, which states that the growth of the total cross sections with energy at asymptotically high
energies is bounded by [25]

σ ≤ const

m2
π

ln2 s (40)

with mπ the pion’s mass. (For a good pedagogical derivation of the Froissart bound we refer the readers
to [66].) This implies that some new physical effects should modify the BFKL equation at very large s
making the resulting amplitude unitary.

(ii) The solution in Eq. (34) includes a diffusion term, which is the last term in its exponent. To
see the potential danger of this term, let us consider a half of the ladder of Fig. 4, stretching from one
of the onia (the top one) to some intermediate gluon in the middle of the ladder carrying transverse
momentum l⊥ and having rapidity Y/2. Applying Eq. (36) to that half-ladder we see that it includes
a term

exp

[

− ln2(l/Q1)

14 ζ(3) αs (Y/2)

]

. (41)

This term is responsible for diffusion of the transverse momenta from the initial perturbative scale
Q1 both to high and low momenta, i.e., into infrared and ultraviolet. It implies that the distribution
of gluons’ transverse momentum in the ladder, while still centered around Q1, may have significant
fluctuations towards high and low momenta l as shown in Fig. 6, where we plot the typical range of
transverse momentum l in the ladder of Fig. 4 as a function of rapidity of gluons in the ladder. The width
of the diffusion grows with rapidity Y allowing for larger fluctuations at higher energies. Thus, no matter
how large the starting scale Q1 is, at certain very high energy the momentum of some gluons in the
middle of the ladder would become of the order of ΛQCD leading to the coupling constant αs(ΛQCD) ∼ 1
and thus invalidating further application of perturbative QCD (αs $ 1) and, consequently, of the BFKL
evolution [26]. The diffusion starts from the scale Q1 at one end of the ladder and from the scale Q2 at
the other end (see Fig. 6). At high energy the allowed momentum range broadens towards the middle

Q
1

Q
2

!

0 Y/2 Y

l

Figure 6: Diffusion of the gluon transverse momentum in the BFKL ladder. Non-perturbative region
is denoted by the scale Λ.
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Diffusion approximation:

Particularly, there appear many dipoles of 
smaller size r<<1/Qs ⇒ no suppression!

np(r, r
′, Y − y) =

1

2π2

1

rr′

√

π

14ζ(3)ᾱs d (Y − y)
e(αP−1)(Y −y) e

−

ln2 r
r′

14ζ(3)ᾱs d (Y −y) .

αs(Y − y) " ln2
r

r′

For large enough (Y-y) (corresponding to central and backward rapidities at 
RHIC), BFKL evolution produces dipoles of various sizes.

χ(ν) ≈ 2 ln 2 − 7ζ(3)ν2 ,
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Effect of evolution on diffractive hadron multiplicity



N(r,b, 0) = 1 − e−
1

8
r
2 Q2

s0 .N(r,b, y)

rQs ! 1

N(r,b, y)LT =
1

8π

∫
∞

−∞
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ln2(rQs0)
14ζ(3)ᾱsy , αsy ! ln2

(

1

rQs0

)

N(r,b, y)DLA =

√

π

16π

ln1/4

(

1

rQs0

)

(2ᾱsy)3/4
r2Q2

s0

(

1 +

√

2αsy

ln 1

rQs0

ln
Qs0

Λ

)

e
2

q

2ᾱsy ln
1

rQs0 ln
1

rQs0

! αsy

χ(ν)DLA ≈

1

1 − 2iν
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Evolution in nucleus

satisfies the BK equation with the initial condition

Linear regime

Diffusion approximation

Double-log approximation

r

w
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Gluon saturation regime
r

w~1/Qs

∂N(x − y,b, y)

∂y
=

αsNc

2π2

∫

d2z
(x − y)2

(x − z)2(y − z)2

[

N(x−z,b, y)+N(y−z,b, y)−N(x−y,b, y)−N(x−z,b, y)N(y−z,b, y)
]

∂N(r,b, y)

∂y
≈

αsCF

π
2

∫ r2

1/Q2
s

dw2

w2
[N(w,b, y) − N(w,b, y)N(r,b, y)]

−
∂{1 − N(r,b, y)}

∂y
≈

αsCF

π
2

∫ r2

1/Q2
s

dw2

w2
{1−N(r,b, y)} =

2 αsCF

π
ln(r2Q2

s) {1−N(r,b, y)}

Define the scaling variable τ = ln(r2Q2

s
)

N(r,b, y) = 1 − S0 e−τ2/8 = 1 − S0 e−
1

8
ln2(r2Q2

s
) , r "

1

Qs
Levin, KT, 99
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Possible kinematic regions:

• Small onium r<<Qs

• Large onium r>>Qs

• Hard gluon kT>>Qs 

• Soft gluon kT<<Qs



dσ

d2k dy
=

αsCF

π5/2

1

k2
SA N2(k−1

k̂,b, y)
1

(2ᾱs(Y − y) ln(rk))1/4
e2
√

2ᾱs(Y −y) ln(rk) , r >
1

Qs
>

1

k
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Emission of hard gluons by large onium r

∝ 1/k6

Emission of soft gluons by large onium r

dσ

d2k dy
=

αsCF

8π5/2

SA

Q2
s

(2ᾱs(Y − y))1/4

ln3/4(rQs)
e2
√

2ᾱs(Y −y) ln(rQs) , r,
1

k
>

1

Qs

Multiplicity comes from the cut Pomeron 
connecting the incident onium and the 
daughter dipole r’

A

P

k

y

Y

high twist!

γ*



dσ

d2k dy
=

αsCF

π5/2
SA r2 N2(k−1

k̂,b, y)
1

(

2ᾱs(Y − y) ln 1
kr

)1/4
e2
√

2ᾱs(Y −y) ln 1

kr , r <
1

k
<

1

Qs

dσ

d2k dy
=

αsCF

4π5/2
SA r2 1

(

2ᾱs(Y − y) ln 1
rQs

)1/4
e
2

q

2ᾱs(Y −y) ln 1

rQs , r <
1

Qs
<

1

k
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Color transparency

Emission of hard gluons by small onium r

Emission of soft gluons by small onium r A

P

k

y

Y

γ*



xG
Qs !Qs

4"Γ!k4"Γ xGk2
1
r
" Qs

1
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k10#4
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1

dN
dy k dk

1
N$

r2xG !Qs
4"Γ!k4"Γ r2xG

!Qs
4"Γ!k4"Γ xGk2

1
r
" Qs

Qs 2 1
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k

10#4
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Diffractive gluon spectrum: Summary

28

color transparency
small oniumbig onium

different dependence on Qs(y,A) in different kinematic regions

In the geometric scaling region: γ≈1/2, in hard perturbative QCD γ~1 ⇒



RpA(k, y) =
SA

A Sp

√

√

√

√

ln k
Qs0

ln k
Λ

Q4
s0

Λ4

(

1 +

√

2ᾱsy

ln k
Qs0

)2

e
4
√

2ᾱsy
“q

ln
k

Qs0
−

√
ln

k
Λ

”

, k " Qg

RpA(k, y) ≈ A1/3

(

1 − 32 ᾱs y
ln Qs0

Λ
ln k

Qs0

ln k
Λ

)

RpA(k, y) =
1

7ζ(3)

k2

Λ2

ln2
(

Qs0

Λ

)√

2ᾱsy
√

ln k
Λ

exp

{

2(αP − 1)y − 4

√

2ᾱsy ln
k

Λ
−

2 ln2
(

Qs0

k

)

14ζ(3)ᾱsy

}

RpA(Qg(y), y) ∼ A1/3 e−4
√

ᾱsλ y

Nuclear dependence
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pQCD limit (DLA):

enhancement since it’s a  
higher twist!

Geometric scaling  
region (LLA):

suppression at higher 
energies/rapidities

“Nuclear modification factor”:

no A dependence!

ROA(k, y) =

dσOA(k,y)
d2kdy

A dσOP (k,y)
d2kdy
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Comparing diffractive and inclusive production
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KT, 2007

Inclusive gluon production at not very high momenta is expected to 
be rather trivial ... unlike the diffractive production
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Large dipoles at RHIC energy 
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A

P

k

y

Y

γ*Decrease with y is due to: 

1) unitarization of N(r’,b,y)
2) less diffusion in n(r,r’,Y-y)
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Large dipoles at RHIC energy 
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np(r, r
′, y) ∝ exp

{

−

ln2(r′/r)

14ζ(3) d ᾱsy

}
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Effect of diffusion in onium

5

Suppression of diffusion can be 
indicative of the gluon saturation in 
onium.

A

P

k

y

Y

γ*Decrease with y is due to: 

1) unitarization of N(r’,b,y)
2) less diffusion in n(r,r’,Y-y)
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Small dipoles at RHIC energy 
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Small dipoles are much less sensitive to the details of the low-x evolution in onium 
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Small dipoles are much less sensitive to the details of the low-x evolution in onium 



RHIC vs LHC
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Summary
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1. Diffractive gluon production in eA and pA collisions has remarkable sensitivity 
to the low-x dynamics in onium and nucleus. 

2. Dependence on r, y, A and k provide a convenient handles on behavior of 
gluon densities in various kinematic regions.

3. It can become a valuable tool for pA and DIS phenomenology at RHIC, LHC 
and EIC.


